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Abstract
Strong gravitational fields are well-described by Einstein’s theory of gravity. In

the last decades, observational breakthroughs have supported the milestones of gen-
eral relativity, stimulating increasing scientific activity. Together with observations,
numerical relativity became a very important instrument to validate and extend the
comprehension of such observations.

In the first part of this thesis, we present new results through the full three-
dimensional (3D) evolution of black holes, in binary- and multiple-body systems.
After a brief review of Einstein’s theory and of the "3+1" formalism adopted, we de-
scribe the Spectral FIltered Numerical Gravity CodE (SFINGE). This is a numerical
code based on the Fourier decomposition, accompanied by different filtering tech-
niques. The accuracy of the model has been validated through standard testbeds,
revealing that the filtered pseudo-spectral technique is highly accurate. We evolve
black hole dynamics in vacuum conditions and small domains. The gravitational
wave signals have been inspected by employing both Fourier and wavelet analy-
ses, showing net differences among the global configurations. We observe strong
nonlinear emission in the case of three-black holes, which can be a template for fu-
ture observational campaigns. Finally, we introduced also the presence of matter in
spacetime, presenting some preliminary results of general relativistic hydrodynam-
ics.

In the second part of the thesis, we focus on the plasma in the neighboring re-
gions of black holes, by using numerical models for plasmas in trans-relativistic
regimes. We present a very comprehensive campaign of two-dimensional (2D) ki-
netic Particle-In-Cell (PIC) simulations of special-relativistic turbulence by using the
Zeltron code. Imposing a realistic mass ratio between electrons and protons, we an-
alyze the energization of electrons, by varying several plasma parameters. The sim-
ulations have been designed to cover several regimes of turbulence in the vicinity
of compact objects. These results can find application in a wide range of astrophys-
ical scenarios, including the accretion and the jet emission onto supermassive black
holes, such as M87* and Sgr A*.
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Notation and conventions

Throughout this thesis, we will use the so-called geometric units, in which the speed
of light c and Newton’s gravitational constant G are taken to be equal to one. In
geometric units, all physical quantities have dimensions of length to some power. In
particular, time will be measured in meters: a meter of time being equal to the time
it takes light to travel one meter. Mass will also be measured in meters: a meter of
mass is equal to the mass of a point particle that in Newton’s theory has an escape
velocity equal to the speed of light at a distance of two meters. (The reason for using
two meters instead of one comes from the factor 2 in the expression for the kinetic
energy EK = mv2/2). In these units, a meter of time is ≃ 3 × 10−9 seconds, and
a meter of mass is ≃ 1.3 × 1027 kilograms, i.e. roughly 200 times the mass of the
Earth. So, the mass of the Earth is about half a centimeter and the mass of the Sun
is about one and a half kilometers. We will also adopt Einstein’s summation rule:
unless otherwise stated, repeated indices are summed over all their possible values.
An example is: Ak Ak = ∑k Ak Ak = A1A1 + A2A2 + A3A3 + ... + An An, where n
is the space dimension of Ak. We will display a tensor in spacetime by a symbol
in boldface when emphasizing its coordinate-free character, or by its components
when the tensor has been expanded in a particular set of basis tensors.

As follows, we present, in a more schematic way, the basic conventions used.

Signature
We will use the conventions of Misner, Thorne, and Wheeler (Misner, Thorne,

and Wheeler, 1973) for the metric signature together with all the sign conventions.
In particular, the signature of the Minkowski 4-metric will be taken to be:

ηµν =


−1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1

 .

Objects in four-dimensional spacetime
Greek indices (µ, ν, ρ, σ, ...) refer to four-dimensional spacetime and can take val-

ues from 0 to 3, with 0 indicating the time variable, while the other refers to spatial,
Cartesian coordinates:

• The 4-metric tensor is gµν which depends on the four-vector xµ = (t, x, y, z);

• The proper distance is ds2 = ηµν dxµdxν = −dt2 + dx2 + dy2 + dz2;

• Covariant derivatives along xµ are defined as ∇µ.

Objects in three-dimensional space
Latin indices (i, j, k, l, ...) refer to three-dimensional space and take values from 1

to 3:
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• The 3-metric tensor is γij, the three-vector xi = (x, y, z);

• The proper distance is dl2 = ηij dxidxj = dx2 + dy2 + dz2;

• Covariant spatial derivatives along xi are defined as Di;

• Partial derivatives along xi are defined in both cases as ∂i =
∂

∂xi .

Indices symmetries

• The symmetric part of a tensor Tµν is defined as T(µν) =
1
2 (Tµν + Tνµ);

• The antisymmetric part of a tensor Tµν is defined as T[µν] =
1
2 (Tµν − Tνµ).

The above relations are used to simplify notations, for example:

Tµ (νTρ )σ =
1
2

(
Tµν Tρσ + Tµρ Tνσ

)
,

Tµ [νTρ ]σ =
1
2

(
Tµν Tρσ − Tµρ Tνσ

)
.
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Introduction

Massive compact bodies such as black holes and neutron stars represent the most
suggestive and extraordinary objects in astrophysics. Their incredible compactness
leads to a strong curvature of the spacetime. The real challenge today is the com-
prehension of the spacetime dynamics whenever such compact bodies interact with
each other, especially during their collapsing stage where the evolution is fully non-
linear. In these extreme events, the mass of the final object is smaller than the sum
of the two separate bodies, and the missing mass is converted into energy via grav-
itational waves, following the Einstein theory. Gravitational waves are only one of
the predictions of Einstein’s theory of general relativity and give us the possibility
to collect several pieces of information that cannot be obtained from direct observa-
tions.

The main result of general relativity are the Einstein’s field equations, ten coupled
nonlinear partial differential equations, that relate the curvature of spacetime to the
presence of mass-energy. The famous equation reads

Gµν =
8πG

c4 Tµν. (1)

Apart from the elegance and compactness, the take-home message of the above equa-
tion is that the curvature of spacetime (left-hand side) is proportional to the presence
of energy-matter (right-hand side)1. The proportional constant is extremely small,
since one has G/c4 ∼ 10−50, and this means that the spacetime is relatively stiff 2.
In other words, a large amount of mass-energy – in a relatively small volume – is
required to have appreciable curvatures of spacetime.

Since the presence of plasma is ubiquitous in the Universe, it plays a central role
in the detection of black holes, otherwise non-emitting objects by definition. The
plasma can be captured by the extreme curvature and rotate around supermassive
compact objects. And plasma, actually, is what the Event Horizon Telescope Col-
laboration captured, for the first-ever images of the two supermassive black holes,
M87* in April 2019 (Event Horizon Telescope Collaboration et al., 2019a), and Sgr A*
in May 2022 (Event Horizon Telescope Collaboration et al., 2022a), captured by the
EHT astronomers of four continents who coordinated their efforts.

In order to understand phenomena such as multi-body collisions, production
of gravitational waves, and plasma dynamics around black holes, numerical meth-
ods are needed. Numerical approaches become very important to modeling and
supporting these breakthroughs, helping to improve the comprehension of the Uni-
verse. Given the high non-linearity and complexity of Einstein’s equations, is nec-
essary to solve them through the use of supercomputers. Many efforts have been
dedicated over the last years to modeling the plasma onto supermassive black holes
and neutron stars (Font, 2008), and many codes to solve general relativistic magne-
tohydrodynamic (GRMHD) equations have been developed worldwide. They are
worth mentioning, among all, BHAC (Porth et al., 2017), WhiskyMHD (Giacomazzo and

1For the purpose of this thesis, in equation (1) we have neglected the cosmological term Λgµν.
2Note that the above result holds in CGS units, but in geometric units one has G/c4 = 1.
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Rezzolla, 2007), SpEC (Szilágyi, 2014), IllinoisGRMHD (Etienne et al., 2015), GRHydro
(Mösta et al., 2014), CAFE (Lora-Clavijo, Cruz-Osorio, and Guzmán, 2015), Athena++
(Stone et al., 2008), ECHO (Londrillo and Del Zanna, 2000), H-AMR (Gammie, McKin-
ney, and Tóth, 2003), and many others. With modern computational resources and
due to the intrinsic huge physical dimensions, fluid (global) approaches can describe
the entire system.3 These equations can only describe the thermal (fluid) behavior of
the plasma, leaving completely undetermined the non-thermal particle phenomena
and the electron scales dynamics. It becomes important, at this point, to support
global fluid simulations by local, kinetic approaches, in order to capture microphysi-
cal plasma dynamics otherwise not modeled.

The thesis is essentially composed of two parts.

In the first part, we focus on the dynamics of a vacuum spacetime, and in a
variety of different conditions. We start with a brief overview of general relativ-
ity, and we introduce the main concepts of the theory and the recent detections
that confirmed Einstein’s predictions. Then, we move to the needful numerical
treatments of the field equations, namely the Arnowit-Deser-Misner (ADM), and
the Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima (BSSNOK) formulation.
Here we introduce the "3+1" formulation, in which a foliation of spacetime is em-
ployed to overcome the intrinsic coupling between space and time of Einstein for-
malism. We then present the ADM and the BSSNOK set of equations, that have to be
solved together with the constraint prescriptions. To model the field equations (1),
we present the Spectral FIltered Numerical Gravity CodE (SFINGE), a new numerical
algorithm based on a filtered pseudo-spectral scheme, and developed entirely at the
University of Calabria. Our code solves the Einstein equations using either the ADM
or the BSSNOK formulation, in fully three-dimensional space. The main approach is
as follows: products are computed in the physical space, while derivatives are com-
puted in the spectral space via simple and efficient Fast Fourier Transforms (FFTs).
The code shows a very low violation of the constraints via standard gravitational
testbeds, due to the precision of spectral methods which are high-order accurate.

We introduce a number of techniques to improve the stability of the algorithm,
such as the Running Stability Check (RSC), which monitors the strength of the time
derivatives and provides an optimal time-step. The Implicit Hyperviscous Bound-
ary (IHB) method, borrowed from fluid and plasma dynamics, is used to model non-
periodic problems such as black hole dynamics. In particular, it is able to suppress
spurious boundary effects, typical limitations of periodicity in pseudo-spectral, FFT-
based methods. In practice, we match the ideal solution in the center of the domain,
based on the pseudo-spectral solution equations, with a semi-implicit, second-order
Crank-Nicholson technique at the boundaries, where we added hyper-viscous diffu-
sion. We test this strategy via a simple gravitational wavepacket absorption, as well
as more challenging singular dynamical spacetimes. We present a detailed analysis
of the aliasing instabilities by monitoring, in the complex Fourier space, the behav-
ior of higher harmonics, both for the ADM and BSSNOK variables. Two types of
anti-aliasing filters are used, in order to suppress numerical artifacts that are due to
the intrinsic nonlinear nature of the governing equations.

We move then to a more realistic and nonlinear scenario, namely the dynam-
ics of multiple BHs collisions. We consider both the evolution of the binary and
the three black hole problem, in a number of different initial configurations. We

3Also other models are being developed, such as pair-plasma, kinetic simulations of accreting su-
permassive black hole (Parfrey, Philippov, and Cerutti, 2019; Crinquand et al., 2022).
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compare the binary merger and the three-body gravitational signals, by computing
the Fourier and the Shannon wavelet spectra, revealing net differences between the
two- and three-body cases. These results could be of interest for future observational
campaigns, in which one can achieve better signal-to-noise sensibility, investigating
whether such extreme events might occur and be detected. Finally, we move to-
wards simulations in which the matter is taken into account. In particular, by us-
ing our SFINGE algorithm, we simulate the propagation of a simple 1D sound wave
in a nonlinear regime. We make use of an implicit Crank-Nicolson method and a
smoothed filter technique, to handle the correct dynamics and suppress numerical
artifacts.

In the second part of the thesis, we start presenting a GRMHD simulation making
use of the BHAC code (Porth et al., 2017). We evolve a toroidal structure immersed
in the equatorial plane of a rotating Kerr black hole, showing that the dynamic of
the plasma becomes highly turbulent and leads to large-scale vortexes. Such fluid
approaches are widely used to describe astrophysical compact objects, in a number
of realistic scenarios, but leave completely unmodeled the nonthermal plasma and
the electron scales of the plasma.

With the focus to obtain a deeper understanding of the microphysical properties
of accreting black holes, we finally study the plasma in trans-relativistic regimes via
kinetic models. To this scope, we briefly introduce the Particle-In-Cell method, in
flat geometry and Cartesian coordinates. In particular, we make use of the Zeltron
code (Cerutti et al., 2013) to carry out a large campaign of 2D simulations of special-
relativistic, decaying plasma turbulence. We span over a large portion of the param-
eter space encountered in astrophysical plasmas. Our goal is to connect the micro-
physical properties of the plasma with the macrophysical ones. In particular, this
campaign of simulations allows us to present 2D fitting functions, relating the elec-
tron spectral index, the efficiency in generating nonthermal particles, and the ratio
between the electron and proton temperatures, with the magnetization σ and the
plasma−β parameters. Our work represents a very systematic PIC exploration of
trans-relativistic turbulence, and these expressions provide compact and reasonably
accurate descriptions of the behavior of the microphysical plasma properties. The
results that we obtain can be employed in a wide range of astrophysical systems,
such as jets and accretion disks around supermassive black holes, and their imag-
ing campaign (Event Horizon Telescope Collaboration et al., 2019b; Event Horizon
Telescope Collaboration et al., 2022b). In the very last part, we present preliminary
results by performing direct, global GRMHD simulations of the morphology of M87
jet. To this scope, we used both the BHAC and the BHOSS codes, employing our self-
consistent prescriptions obtained from our kinetic simulations. The results of such
analysis will be material for future works.

The thesis is structured as follows.
In Chapter 1, we introduce the main concepts of general relativity, presenting

the formulation of the theory in the tensorial, standard form. We discuss the re-
cent detections that confirmed Einstein’s predictions, and the importance to build
numerical methods in order to model the gravitational equations.

In Chapter 2, we present SFINGE, a new numerical algorithm that solves Ein-
stein’s equations in vacuum conditions, and with matter distributions. We introduce
the "3+1" formulation of spacetime, in which "space" and "time" have been decou-
pled, making the equations more suitable for numerical modeling.
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In Chapter 3, by performing direct numerical simulations, we test our algorithm
in vacuum conditions through a variety of different standard testbeds. Then we
move to the more challenging, singular spacetimes, evolving the full three-dimensional
dynamics of multiple black holes. We analyze the gravitational waves emitted from
such systems via Fourier and wavelet spectra, revealing net differences among the
two- and the three-body configuration.

In Chapter 4, by introducing one of the main novelties of our work, we show
results from a campaign of large-scale PIC simulations, by using the Zeltron code.
Here, we present important relationships between microphysical and global prop-
erties of relativistic plasmas surrounding black holes. These expressions can be em-
ployed in a wide range of astrophysical systems, such as jets and accretion disks
around supermassive black holes, and, of course, their imaging.
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Chapter 1

The Einstein theory of gravity

In this Chapter, we will introduce the main objects that are at the basis of Einstein’s
theory of gravity and the formulation adopted for the Einstein field equations. We
write down the Schwarzchild and the Kerr–Newman metric, two analytical solutions
that describe the curvature around singular and stationary spacetimes. Finally, we
present recent breakthroughs and observations, discussing the importance to build
numerical methods in order to model such extraordinary phenomena.

1.1 A brief introduction

The main result of Einstein’s theory of general relativity are the celebrated field equa-
tions, ten coupled nonlinear partial differential equations given by 1

Gµν = Rµν −
1
2

gµν R = 8πTµν, (1.1)

where Gµν is the Einstein tensor, R = gµνRµν is the Ricci scalar, gµν = gµν(xσ) is the 4-
metric tensor, and the Ricci tensor Rµν = gρ

σ gδ
ρ Rσ

νδµ is the trace of the Riemann tensor.
The latter is defined as

Rµ
νρσ =

∣∣∣∣∣ ∂ρ ∂σ

Γµ
νρ Γµ

νσ

∣∣∣∣∣+
∣∣∣∣∣Γ

µ
γρ Γµ

γσ

Γγ
νρ Γγ

νσ

∣∣∣∣∣ .

In the above, we made use of the Christoffel symbols expressed in terms of gµν, namely:

Γµ
νρ =

1
2

gµσ
(
∂ρ gσν + ∂ν gσρ − ∂σ gνρ

)
.

An equivalent way to define the Riemann tensor is given by

Rσ
ρνµ Aσ = 2∇[ν∇µ]Aρ,

for any tensor Aν, where ∇µ Aν = ∂µ Aν − Γρ
µν Aρ are the covariant derivatives in terms

of the 4-metric.
One of the most important identities for the Riemann tensor, among the others,

is the Bianchi identities, which reads

∇κ Rµνρσ +∇σ Rµνκρ +∇ρ Rµνσκ = 0.

As a consequence of the above relation, the covariant divergence of the Einstein
tensor vanishes, i.e. ∇µGµν = 0.

1Note that we keep using the geometric units.



6 Chapter 1. The Einstein theory of gravity

For n = 4 dimensions, the Riemann tensor Rσ
µρν contains 20 independent com-

ponents, of which 10 are expressed in its trace Rµν. The other 10 independent com-
ponents of the Riemann tensor are expressed in its traceless part, the Weyl tensor, and
can be obtained by subtracting out various traces, as follows:

Cµνρσ = Rµνρσ −
(

gµ[ρ Rσ]ν − gν[ρ Rσ]µ

)
+

1
3

gµ[ρgσ]νR.

Proof

One can easily see that the Weyl tensor is traceless:

Cνσ =gµρCµνρσ

=gµρRµνρσ −
1
2

gµρ
(

gµρ Rσν − gµσ Rρν − gνρ Rσµ + gνσ Rρµ

)
+

1
6

gµρ
(

gµρgσν − gµσgρν

)
R

=Rνσ − 2Rνσ +
1
2

(
δ

ρ
σ Rρν + δ

µ
ν Rσµ − gνσ R

)
+

1
6

(
4gσν − δ

µ
ν gµσ

)
R

=− Rνσ + Rνσ −
1
2

gνσ R +
1
2

gσνR

=0,

(1.2)

where we have used the property of the metric tensor gµνgµσ = δσ
ν .

In Einstein field equations (1.1) also appear source terms through the Tµν tensor,
which is called the stress-energy tensor (or sometimes the energy-momentum tensor).
In a locally inertial frame T00 is the energy density, T0i is the energy which flows per
unit time across the unit surface orthogonal to the axis xi, and Tij is the amount of
the i−th-component of momentum which flows per unit time across the unit surface
orthogonal to the axis xj2. Let us consider a fluid element and the associated locally
inertial comoving frame. In this frame, the fluid is at rest and the (fluid) stress-energy
tensor can be written as3

Tµν =
(
ε + P

)
uµuν + Pgµν = Tµν

fluid. (1.3)

In this comoving frame, T00 is again the energy density, while T0i = 0 means that
the fluid element does not exchange energy with its surroundings, because there is
no heat flow. On the other hand, Tij = P δij means that the force exerted on the
surface orthogonal to the axis xj must be orthogonal to the surface, and this force
per unit surface is, by definition, the pressure4. A schematic picture of Tµν in the
local rest frame of a comoving observer is reported in figure 1.1.

Equation (1.3) is a tensorial expression and it must be valid in any other reference
frame, by the general covariance principle. Note that ε and P are defined as the
energy density and the pressure of the fluid element measured by a locally inertial,
comoving observer. These quantities are, by definition, scalar fields on the manifold,
and their value in a given point does not depend on the coordinate frame. Also, note
that a comoving observer sees the fluid as isotropic.

2In a perfect fluid, both viscosity and heat flow are absent.
3Note that in a locally inertial comoving frame one has gµν = ηµν.
4In other words, in a perfect fluid no tangential stresses are allowed.
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FIGURE 1.1: Schematic diagram illustrating the different parts composing
the energy–momentum tensor of a perfect fluid in the local rest frame of a
comoving observer. Note the location of the energy density T00 (red), of the
energy flux T0i and momentum density Ti0 (violet), of the momentum flux
Tij (green), and of the isotropic pressure Tii (yellow). Figure from Rezzolla

and Zanotti, 2013

In many scenarios, the effect of the magnetized gas on the metric cannot be
ignored, and the gas, the magnetic fields, and the metric must be evolved self-
consistently. Consider the case of an electromagnetic field described by the potential
4-vector A = (φ, Ai), with φ the scalar potential and Ai the vector potential5

In such cases, one has to consider the total stress-energy tensor defined as

Tµν = Tµν
fluid + Tµν

EM =


ε + 1

8π

(
E2 + B2) ζx ζy ζz

ζx P − σxx −σxy −σxz

ζy −σyx P − σyy −σyz

ζz −σzx −σzy P − σzz

 ,

where Tµν
EM =

[
FµρFν

ρ − 1
4 ηµνFρσFρσ

]
/(4π) is the purely electromagnetic stress-energy

tensor, Fµν = 2∇[µ Aν] is the Faraday tensor, ζ i = E × B/(4π) is the Poynting vector,
and

σij =
1

4π

[
EiEj + BiBj

]
− 1

8π

[
E2 + B2

]
δij

is the Maxwell stress tensor. As a consequence of the divergenceless of the Einstein
tensor, from the Einstein equations (1.1) one has

∇µTµν = 0.

The above is the equation of motion governing the flow of energy and momentum
for the matter, and is the statement that the total energy-momentum of the Universe
is conserved (Alcubierre, 2006).

Obviously, the high complexity of the Einstein equations implies that it is very
difficult (and often impossible) to find an analytical solution for a generic case. The
simplicity of the compact form of the Einstein equations is only apparent since each
term is a short-hand for considerably more complex mathematical objects. Written

5Notice that in tensorial terms neither φ is a scalar nor Ai a vector; they are in fact different compo-
nents of the same 4-vector.
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in their most general form, in an arbitrary coordinate system, and with all terms
expanded out, the Einstein equations become a system of ten coupled, nonlinear,
second-order partial differential equations with hundreds of terms. However, it is
possible to find a few simple solutions in vacuum conditions to the field equations
that are worth mentioning, as we describe in the following Section.

1.2 Analytical solutions

One particularly important application of general relativity is related to the exterior
gravitational field of a static and spherically symmetric object. In early 1916, the
astrophysicist Karl Schwarzschild found the first non-trivial exact solution to the
Einstein field equations in vacuum, for a spherical, non-rotating, and non-electrically
charged mass distribution, that can be written as:

ds2 = −
(

1 − 2M
r

)
dt2 +

(
1 − 2M

r

)−1

dr2 + r2(dθ2 + sin2θ dϕ2), (1.4)

where M is the gravitational mass, r is the distance from the singularity and
(
dθ2 +

sin2θ dϕ2) = dΩ2. Equation (1.4) is known as Schwartzschild metric.6

This solution holds in the vacuum region of any spherical spacetime, including
a spacetime containing matter. The mass of this spacetime, as measured by a distant
static observer in the vacuum exterior, is M. When the vacuum extends down to
r = 2M, the interior spacetime corresponds to a vacuum black hole of mass M. The
black hole event horizon is located at r = 2M and is called the Schwarzschild radius.
It is also referred to as the “surface of infinite redshift” because photons emitted by a
static source just outside r = 2M will have infinite wavelength when measured by a
static observer at infinity. The Schwartzschild metric seems to have two singularities,
namely at r = 0 and at r = 2M, but only the first one is a physical singularity; the
second point is just a singularity due to the choice of the coordinates that can be
eliminated, for example, by using Kruskal coordinates (Alcubierre, 2006).

A solution for a spherical black hole with an electric charge was found inde-
pendently by Reissner and Nordstrom soon after Schwarzschild’s work (Reissner,
1916). For a non-spherically symmetric black hole solution, we have to wait until
1963 when Kerr found the spacetime metric for a rotating black hole (Kerr, 1963).
Finally, in 1965 the charged rotating black hole solution, which contains all other
previous solutions as special cases, was found by Newman et al. (Newman et al.,
1965). The metric is uniquely specified by just three parameters: the mass M, the
angular momentum parameter a, and the charge Q of the black hole. The metric for
this so-called Kerr–Newman black hole is given by:

ds2 =−
[

∆ − a2 sin2 θ

ρ2

]
dt2 − 2a sin2 θ(r2 + a2 − ∆)

ρ2 dtdϕ

+

[
(r2 + a2)2 − ∆a2 sin2 θ

ρ2

]
sin2θdϕ2 +

ρ2

∆
dr2 + ρ2dθ2,

(1.5)

6 Even though the Schwartzschild metric is a vacuum solution, the mass M appears in the metric.
Similarly to electrostatic, masses are sources of gravitational perturbations.
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where 
∆ = r2 + a2 + Q2 − 2Mr,

ρ2 = r2 + a2 cos2 θ,

and a = J/M is an angular momentum parameter. Note that for a = Q = 0 the
solution reduces to the Schwarzschild metric (1.4), for a = 0 and Q ̸= 0 it reduces
to the Reissner–Nordstrom solution, while for Q = 0 and a ̸= 0 it reduces to the Kerr
solution.

Still today, it is not clear how Kerr obtained this solution, and is not that easy
to obtain it starting from first principles (Teukolsky, 2015). A detailed mathematical
study of the metric in Equation (1.5) reveals that black holes might have two distinct
event horizons, one inside the other. Moreover, the solution includes a narrow shell
that surrounds the outer horizon, in which the matter is trapped and rotate very
fast, co-moving with the spinning black hole. This region is called ergosphere and is
supposed to be a very energetic plasma-sphere, with trapped, energetic matter and
light. The Kerr–Newman spacetime is clearly stationary (i.e. the metric coefficients
are time-independent), and axisymmetric (the metric is independent of the angle ϕ).

Another analytical solution that is worth mentioning is related to gravitational
waves (GWs). The perturbations caused by the propagation of GWs through the de-
tectors are incredibly small, of the order of O(h) ∼ 10−22, where h is proportional to
the amplitude of the waves. Keeping only terms linear in h at very large distances
from the sources is therefore an excellent approximation, in analytical models. The
main approach is to start from the Minkowski metric ηµν adding a small perturba-
tion, namely

gµν = ηµν + hµν,

where hµν ≪ 1 is a tensor field defined on Minkowski spacetime which transforms
as a rank-2 tensor. From the assumption that ∂σηµν = 0 and after some algebra, one
can write the variation of the Ricci tensor as

δRµν = δRσ
µσν =

1
2

(
∂σ∂µhσ

ν + ∂ν∂σhµσ

)
− ∂σ∂σhµν − ∂µ∂νh, (1.7)

with h = ηµνhµν the trace of the perturbation. Introducing a new vector field ζµ =
∂νhν

µ − (∂µh)/2 and the d’Alembert operator 2 = ηµν∂µ∂ν, equation (1.7) becomes

δRµν =
1
2

(
−2hµν + ∂µζν + ∂νζµ

)
. (1.8)

We now make an infinitesimal coordinate transformation of the type

(xµ)′ = xµ + ϵµ,

where ϵµ is an arbitrary vector such that ∂ϵµ/∂xν ∼ hµν. Then it is possible to show
that, up to O(h2), holds the relation

h′µν = hµν − ∂µϵν − ∂νϵµ. (1.9)

Note that both h′µν and hµν describe the same physical situation, since the (linearized)
Einstein’s equations do not fix uniquely hµν. Applying the transformation (1.9) to the
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variation of the Ricci tensor (1.8) and in vacuum conditions, one finally obtains

2hµν = 0, (1.10)

where the harmonic gauge ζ = 0 is employed. The above is the familiar wave equation
and holds for all the ten independent components of the perturbation hµν. In the so-
called transverse and traceless (TT) gauge, GWs have only two physical degrees of
freedom, which correspond to the two possible polarization states, named h+ and
h×.

Because of the complexity of Einstein’s equations, exact solutions are only known
in such a few cases with high symmetry, either in space or in time, and making
some assumptions. The wave equation (1.10), for instance, is valid only in the weak-
field limit and at very large distances from the sources. The same holds for the
black hole solutions (1.4) and (1.5), in which certain symmetries are assumed. If
we are interested in studying systems with astrophysical relevance, which involve
strong and dynamical gravitational fields with no assumption of any symmetry, it is
simply impossible to obtain exact analytical solutions. The need to study this type
of system has given birth to the field of numerical relativity, which solves the Einstein
field equations using numerical techniques and complex computational codes.

1.3 Recent breakthroughs

More than a century has passed since Einstein’s theory of general relativity has been
formulated, but only in the last years, with the improvement of technology and en-
gineering equipment, we are able to observe and measure some of Einstein’s predic-
tions.

The first-ever direct detection of gravitational waves has been made on Septem-
ber 2015 (exactly one century later the formulation of Einstein’s theory) by researchers
working on the Laser Interferometer Gravitational-wave Observatory (LIGO) and
announced by the LIGO and Virgo collaborations on February 2016 (Abbott et al.,
2016b). The signal was named GW150914 (from the date of observation). In this
event, the waveform detected by observatories matched the predictions of general
relativity for a gravitational wave, emanating from the inspiraling and merger of a
pair of spinning black holes of 29 and 36 solar masses. After the subsequent ring-
down of the single new-born black hole, about 3 solar masses are lost via gravitational
waves. The single black hole created by such a violent collision is initially highly dis-
torted and loses its deformity almost instantly by ringing like a bell and producing
further gravitational radiation. The signal also revealed that the resulting black hole
is a rotating Kerr black hole, with a spin parameter of 0.67.

Figure 1.2 shows the two waveforms measured by the LIGO detectors, with dif-
ferent colors. Apart from the background noise, it is possible to distinguish the two
sinusoidal-type signals, arrived within seven milliseconds of each other and lasted
for about 0.2 seconds on the detectors. A time-frequency representation of the strain
data is also reported, showing that the signal increases in frequency and amplitude
in about 8 cycles, from 35 to 200 Hz, revealing the inspiral, chirp and ringdown fea-
tures.

The gravitational waves of this event were detected only by the two LIGO’s in-
terferometers, (located in Hanford, Washington, and in Livingstone, Louisiana). The
Virgo detector (Cascina, Pisa) was being upgraded, and GEO 600 (Sarstedt, Han-
nover), though not sufficiently sensitive to detect this event was operating but not in
observational mode. The data showed that gravitational waves travel at the speed
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FIGURE 1.2: GW150914 signal detected by the LIGO Hanford and LIGO
Livingstone interferometers. A time-frequency representation of the strain
data is also reported, revealing that the signal increases in frequency and

amplitude. Image credit: https://www.ligo.caltech.edu

of light and that the currently unknown carriers of the force, the gravitions, are mass-
less, as predicted by general relativity. This event was also the first observation of a
stellar-mass binary black hole merger, demonstrating the existence of binary stellar-
mass black hole systems and the fact that such mergers could occur.

In April 2019 and in May 2022, the Event Horizon Telescope (EHT) collaboration
produced images of two supermassive black holes: the one in the center of a galaxy
Messier 87 (also called Virgo A), and the one at the center of our galaxy, the Milky
Way (Event Horizon Telescope Collaboration et al., 2019b; Event Horizon Telescope
Collaboration et al., 2022b). This project involved hundreds of scientists worldwide
and made use of the very long baseline interferometry (VLBI) technique. In par-
ticular, the VLBI used a global network of radio telescopes spread across different
continents to form a "virtual" giant (Earth-sized) telescope. The radio wave signals
emitted by the hot plasma surrounding the black holes are recorded separately at
the individual telescopes. Afterward, the signals are cross-correlated for all pairs of
antennas at a central location, and an image of the emission surrounding the black
holes has been reconstructed.

The two supermassive objects are called, respectively, M87* and SgrA*, and are
both Kerr-type black holes, described in the previous Section. The estimated masses
are, respectively, about 6 billion and 4 million solar masses, with a distance from the
Earth of 55 million and 27000 light years. In particular, M87* interested scientists not
only because is one of the largest known supermassive black holes. Unlike SgrA*,
it is an active black hole, with matter falling into it and throwing out in the form of
relativistic jets of particles that are accelerated to velocities near the speed of light.
The two images obtained by the EHT are shown in figure 1.3. The central compact
objects are resolved and show a circular ring of emission, which encompasses a de-
pression in brightness. It is also evident the asymmetry of the rings in both images,
likely due to doppler boosting of material orbiting the black holes.

Magnetic fields pervade the relativistic plasma that envelops black holes. As
the electrons turn around the field lines, they lose energy via synchrotron radiation,
which is linearly polarized in the plane of the gyration. As the radiation makes its
way through the plasma along the observer’s line of sight, another electromagnetic
process, the Faraday rotation, comes into play. The turbulence of the field causes

https://www.ligo.caltech.edu/
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FIGURE 1.3: The two supermassive black holes captured by the EHT
collaboration, M87* to the left, and SgrA* to the right. Image credit:

http://eventhorizontelescope.org

particles to collide and lose energy and angular momentum, allowing them to fall
into the black hole rather than just orbit around it. In 2021, the EHT collaboration
released new images of M87* (Event Horizon Telescope Collaboration et al., 2021),
showing a significant linear polarization due to the synchrotron nature of the emis-
sion. This shows that the magnetic field structure in the emitting region is predomi-
nantly poloidal, implying that magnetic fields should be dynamically important.

Numerical simulations of supermassive black holes clearly become very impor-
tant to have a solid validation of such phenomena. In this thesis, we will focus on
the above observations by performing numerical simulations of compact-objects dy-
namics with relative production of GWs, and simulations of plasmas near BHs. In
the next Chapter, we introduce some manipulations to Einstein’s formalism, which
makes the gravitational equations less frightening and more suitable for numerical
modeling.

http://eventhorizontelescope.org/
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Chapter 2

A new numerical code for the
Einstein field equations: SFINGE

In this Chapter we will present a new numerical algorithm to solve Einstein’s equa-
tions, the SFINGE code, that solves both spacetimes in vacuum conditions, and with
matter distributions. Because of the intrinsic coupling between space and time, the
field equations of general relativity are not suitable – in their original formulation –
for numerical approaches. It has become necessary, then, to manipulate the equa-
tions in order to facilitate the numerical approach. We start to introduce the "3+1"
formalism, in which a foliation of the spacetime is employed to decouple "space" and
"time", and where it is possible to write new spatial variables that evolve in time.
After writing down the ADM and the BSSNOK formulation, we describe our algo-
rithm in detail, presenting the method and main features implemented to improve
stability and robustness.

2.1 The foliation of the spacetime

We here introduce the ADM formalism (Arnowitt, Deser, and Misner, 2008), a Hamil-
tonian formulation of general relativity supposing that spacetime is foliated into a
family of spacelike surfaces, each of them labeled by their time coordinate t and
with coordinates given by xi. The dynamic variables of this theory are taken to be
the metric tensor of three-dimensional spatial slices γij and their conjugate momenta
πij. Using these variables it is possible to define a Hamiltonian and thereby write
the equations of motion for general relativity in the form of Hamilton’s equations.
The standard “ADM equations” that we will discuss in this Section, though equiv-
alent, are not identical to the original ones1. In fact, in numerical relativity is often
used a non-trivial rewriting due to the work by York (York, 1979), where the canon-
ical conjugate momentum πij is replaced by a new tensor, the extrinsic curvature Kij,
described in the next Section.

If we denote with M the 4-dimensional spacetime manifold, we can assume that
it can be foliated into a family of nonintersecting spacelike 3-surfaces Σt, as shown
in figure 2.1. Every hypersurface arises, at least locally, as the level surfaces of a
scalar function t that can be interpreted as a global time function (Baumgarte and
Shapiro, 2010). At this point it is possible to define a direction of time as a vector field
Ωµ = ∇µt, with normalization

∥Ωµ∥2 = gµν∇µt ∇νt = − 1
α2 .

1 The original goal of ADM was to write a Hamiltonian formulation for general relativity that could
be used as a basis for quantum gravity and not a system of evolution equations for dynamical simula-
tions.
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FIGURE 2.1: Slicing of spacetime. The hypersurfaces Σi are level surfaces of
the coordinate time t. Figure from Gourgoulhon, 2012

In the above equation, α is a very important quantity, defined as the lapse function. It
measures how much proper time elapses between neighboring time slices along the
normal vector Ωµ to the slice. The unit normal n to the slices Σ is given by:

nµ = −α gµν Ων = −α gµν∇ν t,

where the negative sign has been chosen so that nµ points in the direction of increas-
ing t. The lapse of proper time dτ between two hypersurfaces Σ measured by an
observer moving along the direction normal n to the hypersurfaces is then

dτ = α(t, xi) dt.

If now we contract two normal unit vectors, we obtain:

nµnµ = α2gµν
(
∇µt

)(
∇νt

)
=


−1 for nµ time-like, (2.1a)

+1 for nµ space-like. (2.1b)

The lapse α is assumed nonnegative so that Ωµ is timelike and the hypersurface Σ

is spacelike everywhere. Given this decomposition it is useful to introduce a spatial
metric γµν that only acts on slices Σ. The full 4-metric gµν and the 3-metric γµν are
related by the following relationship:

γµν = gµν + nµ nν.

Since the 3-metric γµν is purely spatial, γ0ν = 0, ∀ν. There are two useful tensors:
the spatial projection operator, and the time-like projection operator, that read re-
spectively

γ ν
µ = g ν

µ + nµ nν, (2.2)

Nµ
ν = −nµnν. (2.3)

The first projects a generic tensor on the spatial slice Σ, while the second projects a
generic tensor aligned with n and hence orthogonal to Σ.

Using the above, each tensor T can be decomposed in its spatial part and its nor-
mal part. From equations (2.2)-(2.3) and using the relationship g ν

µ = δν
µ, a first rank
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tensor Tµ can be decomposed as

Tµ = δ
µ
ν Tν = g µ

ν Tν = γ
µ

ν Tν︸ ︷︷ ︸
Spatial proj.

−nµnν Tν︸ ︷︷ ︸
Normal proj.

,

and for a second rank tensor Tµν we obtain

Tµν =g ρ
µ g σ

ν Tρσ = (γ
ρ

µ − nµnρ)(γ σ
ν − nνnσ)Tρσ

= γ
ρ

µ γ σ
ν Tρσ︸ ︷︷ ︸

Purely Spatial

−nµnργ σ
ν Tρσ︸ ︷︷ ︸

Purely Normal

−nν nσ γ
ρ

µ Tµν + nµ nν nρ nσ Tρσ︸ ︷︷ ︸
Mixed term

.

Hortogonality between normal and spatial projections

A spatial projection of a purely normal tensor, and a normal projection of a
purely spatial tensor, will give a null result.
As an example, a spatial projection of the normal nν reads

γ ν
µ nν = g ν

µ nν + nµ nν nν = nµ − nµ = 0,

where we have used the relations g ν
µ nν = nµ and nν nν = −1.

The two projectors are obviously orthogonal and holds

Nµ
ν γ ν

µ = −nµnν

(
g ν

µ + nµ nν
)
= −nµnµ − nµnµ nνnν = 0.

When considering the spatial hypersurfaces that constitute the foliation of space-
time, it is important to distinguish between the intrinsic curvature of those hypersur-
faces coming from their internal geometry and the extrinsic curvature associated with
the way in which those hypersurfaces are immersed in four-dimensional spacetime.
The intrinsic curvature is given by the three-dimensional Riemann tensor defined
in terms of the 3-metric γij. The extrinsic curvature Kµν, on the other hand, can be
found by projecting gradients of the normal vector into the slice Σ. In other terms
this tensor can be defined as:

Kµν = γ
ρ

µ γ σ
ν ∇ρ nσ. (2.4)

The above is know as Form I for the extrinsic curvature and in figure 2.2 a geomet-
ric representation is shown. Extrinsic curvature Kµν is pure spatial, and it is also a
symmetric tensor, i.e. Kµν = Kνµ.

One can write equation (2.4) expanding the spatial metrics γµν obtaining

Kµν = −
(

g ρ
µ + nµ nρ

)(
g σ

ν + nν nσ
)
∇ρ nσ = −

(
g ρ

µ + nµ nρ
)
∇ρ nν,

where we have used that g σ
ν = δσ

ν and nσ∇ρ nσ = 0. If one identifies nρ∇ρ nν = aν

as an acceleration, it is possible to write the extrinsic curvature in the so-called, Form
II:

Kµν = −∇µ nν − nµ aν = −∇(µ nν) − n(µ aν). (2.5)
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FIGURE 2.2: Concept of the extrinsic curvature. n denotes the timelike unit
normal vector field of a spatial hypersurface Σt and n′ denotes a timelike
vector that is obtained by the parallel transportation of n from P to Q along
a spatial geodesic (in green) for which the tangent vector is u (in red). The
extrinsic curvature denotes the degree of the difference n′ − n which does
not vanish if the spatial hypersurface is embedded in a bent manner for given

spacetime. Figure from Shibata, 2016

Let us now consider the Lie derivative of the γµν metric along the normal vector
n, which gives

Lnγµν =nρ∇ργµν + γρσ∇µnρ + γµρ∇νnρ

=nρ∇ρ

(
gµν + nµnν

)
+
(

gρσ + nρnσ

)
∇µnρ +

(
gµρ + nµnρ

)
∇ν nρ

=nµ nρ∇ρ nν + nν nρ∇ρ nµ +∇µnν +∇νnµ,

where we have used that ∇ρ gµν = 0 and nρ∇µ nρ = 0. Now, identifying aν =
nρ∇ρ nν and aµ = nρ∇ρ nµ, we get

Lnγµν = 2
[
∇(µn ν) + n(µa ν)

]
.

Finally, by using Eq. (2.5) one can find the Form III for the extrinsic curvature which
reads

Kµν = −1
2
Lnγµν.

The latter will be very important to obtain the evolution equations in the ADM for-
malism. Interestingly, the extrinsic curvature Kµν and the three-metric γµν can be
considered as the equivalent of velocity and position in classical mechanics: they
measure the instantaneous state of the gravitational field. Since they are both spatial
tensors, we refer to them often writing Kij and γij (Latin subscripts).

To build numerical codes, it is necessary to specify a coordinate basis. Let’s
choose, as the basis, three space vectors of the type eµ

(i) and hence tangents to the

slice Σ2, plus a fourth purely normal vector eµ

(0). From the properties of orthogonal-
ity, one has

nµeµ

(i) = 0, γν
µeµ

(0) = 0.

Let’s now consider the vector
tµ = αnµ + βµ, (2.6)

where α is the lapse function, and β is the spatial shift vector. It will prove useful to
choose tµ to be the congruence along which we propagate the spatial coordinate grid
from one time slice Σt to the next slice Σt+dt. In other words, tµ will connect points

2An example can be
(
ea
(x), ea

(y), ea
(z)

)
in Cartesian coordinates, or

(
ea
(r), ea

(θ)
, ea

(ϕ)

)
in spherical ones.
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FIGURE 2.3: Schematic representation of the 3+1 decomposition of space-
time. The four-vector t represents the direction of evolution of the time coor-
dinate t and can be split into a timelike component αn, where n is a timelike
unit normal to the hypersurface, and into a spacelike component, represented

by the spacelike four-vector βi. Figure from Baumgarte and Shapiro, 2010.

with the same spatial coordinates on neighboring time slices. Then the shift vec-
tor βµ will measure the amount by which the spatial coordinates are shifted within
a slice concerning to the normal vector n, and the lapse function α measures how
much proper time elapses between neighboring time slices along the normal vector.
Solving equation (2.6) for the normal vector

nµ =
1
α

(
tµ − βµ

)
=

1
α

(
1,−βi),

and using the normalization of nµ, one gets

nµ =
(
− α, 0, 0, 0

)
, nµnµ = n0n0 =

n0

α
= −1.

Recalling the relation γµν = gµν + nµnν one obtains, for the spatial components,
γij = gij. The full covariant 4-metric gµν can be represented in a matrix form as

gµν =

−α2 + βmβm βi

β j γij

 ,

as well as its contravariant expression

gµν = γµν − nµnν =


− 1

α2

βi

α2

βj

α2 γij − βiβj

α2

 .

Within this 3+1 description, from a slice Σt to a neighboring slice Σt+dt, a generic
event pass from the point A of coordinates xi to the point B of coordinates xi + dxi, as
shown in figure 2.3. The change in position of B concerning to the normal projection
of A, is given not only by the amount dxi, but also by the shift between the two slices,
namely βidt. The total amount of change is then δi = βidt + dxi.
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The proper distance ds2 between A and B can be found using the Pythagorean
theorem in 3+1 spacetime, which reads

ds2 = −α2dt2 + γij
(
dxi + βidt

)(
dxj + βjdt

)
.

2.2 The ADM equations

In the standard 3+1 decomposition, the Einstein field equations (1.1) are decom-
posed in a set of two evolution equations and two constraint equations3. The set of
Partial Differential Equations (PDE) for the evolution of the 3-metric and the extrin-
sic curvature is given by

∂0γij = −2αKij, (2.7a)

∂0Kij = α
(

Rij − 2KikKk
j + KKij

)
− DiDjα

−8πα

[
Sij −

1
2

γij
(
S − ρ

)]
.

(2.7b)

Note that ∂0 = ∂t −Lβ, where Lβ is the Lie derivative with respect to the shift βk. The
above system of equations has to be solved together with the constraint equations,
given by 

R + K2 − KijKij = 16π ρ, (2.8a)

Di
(
Kij − γijK

)
= 8πSi. (2.8b)

Equations (2.7) and (2.8) are equivalent to the Einstein’s equations (1.1).
Note that we have highlighted the source terms with a lighter color, i.e. in vac-

uum conditions all the source terms vanish. It is interesting to note that, with this
decomposition, only spatial indices appear in the ADM formalism, and space and
time have been somehow “detached”. Moreover, applying the Lie derivative to a
generic tensor Tµ

ν with respect to tσ =
(
1, 0, 0, 0

)
, one obtain LtTµ

ν = t0 ∂0 Tµ
ν = ∂t Tµ

ν.
In other terms, the Lie derivative Lt becomes a simple derivative ∂t.

Now we briefly discuss the stability of the ADM equations (2.8) and (2.7). In
mathematics, an hyperbolic PDE of order n is a PDE that has a well-posed "initial
value problem" for the first n − 1 derivatives. More precisely, the Cauchy problem can
be locally solved for arbitrary initial data along any non-characteristic hypersurface.
The same holds for a system of partial differential equations, so the property of well-
posedness implies that its solutions depend continuously on the initial data or, in
other words, that small changes in the initial data will correspond to small changes
in the solution. More formally, if the solution of a system of PDEs is given by a
certain function u(x⃗, t), this system is called "well-posed" if one can define a norm
|| · || such that

||u(x⃗, t)|| ≤ Cekt||u(x⃗, 0)||, C, k ∈ R,

where C and k are constants that are independent of the initial data. That is, the norm
of the solution at time t is at most exponentially larger concerning to the norm of the
solution at the initial time t = 0. By virtue of this, when the system is hyperbolic the

3For n = 3 dimensions one has 4 scalar constraint equations and 6 scalar evolution equations.
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solution will not explode exponentially, if it explodes. It can be shown that the ADM
evolution equations (2.8) and (2.7) are only weekly hyperbolic.

Hyperbolicity of ADM equations

We discuss here the hyperbolicity of the ADM equations, where for simplicity
we assume that we are in vacuum. This system is first order in time but second
order in space. In order to have a purely first order system we introduce the
quantities

Ai = ∂i ln α, Dijk =
1
2

∂iγjk.

We consider the lapse α as a dynamical quantity that evolves through an equa-
tion of the form ∂0α = −αΘ, where Θ denotes the explicit form of the gauge
function, while the shift βi is a know function.
In terms of the Dijk, the "principal part" of the Ricci tensor can be written as

Rij ≃ −∂kδk
ij + 2 ∂(iδ

k
kj) − ∂(iD k

j)k .

The evolution equations for Ai,Dijk and Kij then read



∂0Ai ≃ −α∂iΘ, (2.9a)

∂0Dijk ≃ −α∂iKjk, (2.9b)

∂0Kij ≃ −α∂mΛm
ij, (2.9c)

where we define Λm
ij = Dm

ij + δk
(i

[
Aj) +D k

j)k − 2Dk
kj)

]
.

The idea is then to find 27 independent eigenfunctions that will allow us to
recover the 27 original quantities in (2.9). With eigenfunctions here, we mean
linear combinations of the original quantities u = (Ai,Dijk, Kij) of the form
wi = ∑j Cijuj, that up to principal part evolve as ∂twi + λi∂xwi ≃ 0, with
λi the corresponding eigenspeeds. To proceed with the characteristic analysis
we will choose a specific direction x and ignore derivatives along the other
directions, reducing the system to seven fields Ax,Dxxi and Kxi. It is possible
to write the evolution equation for Λx

xq as

∂0Λx
xq = ∂0Dx

xq +
1
2

∂0

[
Aq +D k

qk − 2Dk
kq

]
≃ αγxp ∂xKpq,

with p, q ̸= x. In the above equation, we note that while Kxq evolves through
derivatives of Λx

xq, the evolution of Λx
xq is independent of Kxq and only in-

volves derivatives of Kpq . This subsystem can therefore not be diagonalized.
In particular, if the metric γij is diagonal, Λxxq will remain constant up to the
principal part, which implies that Kxq will grow linearly unless Λxxq vanishes
initially. This shows that the ADM system is not strongly hyperbolic; it is
only weakly hyperbolic as we can show that the eigenvalues of the principal
symbol are all real.

Over the past few decades, and particularly since researchers started to work
with full three-dimensional evolution codes for numerical relativity, it was realized
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that the ADM formulation lacked the necessary stability properties to have long-
term numerical simulations. It is possible, however, to introduce some changes to
the ADM formulation that allow writing the system into a hyperbolic form accord-
ing to the so-called "BSSNOK formulation". In this thesis we will compare the nu-
merical performances of both ADM and BSSNOK, by developing a new code.

2.3 The BSSNOK equations

In 1987, T. Nakamura, K. Oohara, and Y. Kojima presented a new reformulation of
the ADM evolution equations based on a conformal transformation that showed im-
proved stability properties when compared to the original ADM formulation (Naka-
mura, Oohara, and Kojima, 1987). This formulation remained largely unnoticed by
the numerical relativity community, until in 1998 T. Baumgarte and S. Shapiro com-
pared it to ADM in a series of spacetimes testbeds, showing that the new formulation
had far superior stability properties in all cases considered. It was only at this point
that this reformulation became more noticed, and today it is used in different forms
by most large three-dimensional codes in the numerical relativity community.

The more common version of this formulation is based on the work of M. Shi-
bata and T. Nakamura (Shibata and Nakamura, 1995), together with the work of T.
Baumgarte and S. Shapiro (Baumgarte and Shapiro, 1998), and is commonly known
as the BSSN formulation (from Baumgarte, Shapiro, Shibata, and Nakamura), or in
other cases, as the BSSNOK formulation (when adding the Oohara and Kojima con-
tributes).4

Instead of evolving the spatial metric γij and the extrinsic curvature Kij, the BSS-
NOK formulation evolves a conformal factor and the trace of the extrinsic curvature
separately. So, let’s consider first a conformal rescaling of the spatial metric (also
called conformally related metric) of the form

γ̃ij = ψ−4γij,

Here ψ is a conformal factor that can in principle be chosen in a number of different
ways, but in our case, we choose the conformal factor in such a way that the conformal
metric γ̃ij has unit determinant (det[γ̃ij] = γ̃ = 1), that is

ψ4 = γ1/3 =⇒ ψ = γ1/12,

with γ the determinant of the physical three-metric γij. Usually the conformal factor
is taken to be ϕ = ln ψ = (ln γ)/12, so that γ̃ij = e−4ϕγij, but it has been suggested by
Campanelli et al., 2006 that evolving instead χ = 1/ψ4 = e−4ϕ is a better alternative
when considering black hole spacetimes. In these cases, infact, ψ typically has a 1/r
singularity (and ϕ has a logarithmic singularity), while χ is a C4 function at r = 0.
For regular spacetimes, of course, it should make no difference if one evolves ψ, ϕ or
χ, but from here on we will adopt the conformal rescaling γ̃ij = χγij.

The BSSN formulation also separates the extrinsic curvature into its trace K and
its trace-free part, namely:

Aij = Kij −
1
3

γijK.

4Throughout this thesis, we will refer to this formalism as BSSN or BSSNOK, indifferently.
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We further make a conformal rescaling of the traceless extrinsic curvature (also called
conformally related extrinsic curvature) of the form

Ãij = ψ−4Aij.

A crucial point is that BSSN also introduces three auxiliary variables known as the
conformal connection functions and defined as

Γ̃i = γ̃jkΓ̃i
jk = −∂jγ̃

ij, (2.10)

where Γ̃i
jk are the Christoffel symbols associated with the conformal metric and can

be expressed in terms of the Γi
jk as

Γ̃k
ij = Γk

ij +
1

2χ
γlk
[
γil∂jχ + γjl∂iχ − γij∂lχ

]
.

The second equality in Equation (2.10) comes from the definition of the Christof-
fel symbols in the case of the determinant γ̃ is equal to 1 (which must be true by
construction).

Proof of equation (2.10)

The general case of (2.10) reads

γ̃jkΓ̃i
jk = − 1√

|γ̃|
∂l

(√
|γ̃| γ̃il

)
. (2.11)

We can assume that γij has signature (1, 1, 1), so that we don’t need the abso-
lute value for γ. Using the product rule and Jacobi’s formula for calculating
the derivative of a determinant ∂lγ̃ = γ̃ γ̃ij∂lγ̃ij, one can rewrite the RHS of
(2.11) as

− 1√
γ̃

∂l

(√
γ̃ γ̃il

)
= −∂lγ̃

il − 1√
γ̃

γ̃il∂l
√

γ̃ = −∂lγ̃
il − 1

2
γ̃ilγ̃jk∂lγ̃jk. (2.12)

On the other hand, one can write explicitly the LHS of (2.11) as

γ̃jkΓ̃i
jk =

1
2

γ̃jkγ̃is
(

∂jγ̃ks + ∂kγ̃js − ∂sγ̃jk

)
=

1
2

γ̃jkγ̃is∂jγ̃ks +
1
2

γ̃jkγ̃is∂kγ̃js −
1
2

γ̃jkγ̃is∂sγ̃jk

=γ̃jkγ̃is∂kγ̃js −
1
2

γ̃jkγ̃is∂sγ̃jk

=∂kγ̃ik − 1
2

γ̃jkγ̃is∂sγ̃jk,

(2.13)

where we have played with indices and used ∂kγ̃ik = −γ̃jkγ̃is∂kγ̃js. Matching
the results (2.12) and (2.13) we obtain an identity, proving the correctness of
Equation (2.11).
In the case of γ̃ = 1 and in Cartesian coordinates, we obtain Equation (2.10)

Γ̃i = γ̃jkΓ̃i
jk = −∂lγ̃

il .
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So, instead of the 12 ADM variables γij and Kij, the BSSNOK formalism uses the
17 variables ϕ, K, γ̃ij, Ãij and Γ̃i. We can take the point of view that there are only 15
dynamical variables since Ãij is traceless and γ̃ij has unit determinant, but here we
will take the point of view that we are freely evolving all components of Ãij and γ̃ij.
However, enforcing the constraint Ã = 0 during a numerical calculation does seem
to improve the stability of the simulations significantly, so it has become standard
practice in most numerical codes.

The BSSNOK system of evolution equations reads

∂0γ̃ij = −2αÃij, (2.14a)

∂0χ =
2
3

χαK, (2.14b)

∂0Ãij = α
(

KÃij − 2Ãilγ̃
ml Ãmj

)
+ χ

[
αRij − DiDjα

]TF

+ 4παχ
[
γij(S − ρ)− 2Sij

]TF
, (2.14c)

∂0K = −DkDkα + α

(
Ãlm Ãlm +

1
3

K2
)

, (2.14d)

∂tΓ̃i = γ̃lm∂l∂mβi +
1
3

γ̃il∂l∂mβm + βk∂kΓ̃i − Γ̃k∂kβi +
2
3

Γ̃i∂kβk − 2Ãik∂kα

+α

(
2Γ̃i

lm Ãlm − 3
χ

Ãik∂kχ − 4
3

γ̃ik∂kK−16πSi
)

, (2.14e)

where again we highlighted the source terms with a lighter color, and TF denotes
the trace-free part of the expression inside the brackets, i.e.[

αRij − DiDjα
]TF

= αRij − DiDjα − 1
3

γijγ
lm
[
αRlm − Dl Dmα

]
.

In equations (2.14) we have adopted the convention that indices of conformal quan-
tities are raised and lowered with the conformal metric so that, for example, Ãij =

χ2γikγjm Ãkm. It is also important to notice that, in the evolution equation for K, the
Hamiltonian constraint

R = KijKij − K2 + 16πρ

has been used in order to eliminate the Ricci scalar. We must be careful with the fact
that, in the BSSNOK formulation, we are computing Lie derivatives with respect to
βk of tensor densities, that is tensors multiplied by powers of the determinant of the
metric γ. If a given object is a tensor times γζ/2, then we say that it is a tensor density
of weight ζ.
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Lie derivative of tensor densities

A tensor density is a generalization of the tensor field concept. A tensor den-
sity transforms as a tensor field when passing from one coordinate system to
another, except that it is additionally multiplied or weighted by a power ζ of
the Jacobian determinant of the coordinate transition function or its absolute
value. Examples of tensor density are the related metric γ̃ij, the conformal
trace-free part of the curvature Ãij, and the conformal factor χ.
The Lie derivative of a generic tensor density Tµ

ν reads

LβTµ
ν =βρ∇ρTµ

ν − Tρ
ν∇ρβµ + Tµ

ρ∇νβρ + ζTµ
ν∇ρβρ

=βρ∂ρTµ
ν − Tρ

ν∂ρβµ + Tµ
ρ∂νβρ + ζTµ

ν∂ρβρ,

where ζ is the weight of the tensor density. We note that the Lie derivative of a
tensor density is the same as the Lie derivative of a standard tensor, except for
the weight contribution of the tensor density. "Normal" tensors are therefore
tensor densities with ζ = 0.
The density weight of the conformal factor χ = γ−1/3 is clearly ζ = −2/3. We
have the same density weight for the conformal metric γ̃ij = χγij = γ−1/3γij

and for the traceless extrinsic curvature Ãij, but notice that in the contravari-
ant form, both γ̃ij and Ãij have weight ζ = +2/3.
The explicit form of the Lie derivative for χ, γ̃ij and Ãij is then



Lβχ = βj∂jχ − 2
3

χ∂iβ
i, (2.15a)

Lβγ̃ij = βk∂kγ̃ij + γ̃ik∂jβ
k + γ̃jk∂iβ

k − 2
3

γ̃ij∂kβk, (2.15b)

Lβ Ãij = βk∂k Ãij + Ãik∂jβ
k + Ãjk∂iβ

k − 2
3

Ãij∂kβk. (2.15c)

The Lie derivative of a tensor density of weight ζ is again a tensor density of
the same weight.

In the BSSNOK formulation, the Ricci tensor associated with the physical metric
is separated into two contributions as Rij = Rχ

ij + R̃ij, where

R̃ij = −1
2

γ̃lm∂l∂mγ̃ij + γ̃k(i∂j)Γ̃
k + Γ̃kΓ̃(ij)k + γ̃lm(2Γ̃k

l(iΓ̃j)km + Γ̃k
imΓ̃klj)

is the Ricci tensor related to the conformal metric and

R̃χ
ij =

1
2χ

{[
∂i∂jχ − 1

2χ
∂iχ∂jχ − Γ̃k

ij∂kχ

]
+ γ̃ijγ̃

lm
[

∂l∂mχ − 3
2χ

∂lχ∂mχ − Γ̃k
lm∂kχ

]}

denotes the additional term that depends on the conformal factor χ.
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In addition to the evolution equations, the BSSN variables must satisfy also the
Hamiltonian and the momentum constraints, that are respectively:

H = R − Ãlm Ãlm +
2
3

K2 = 16πρ, (2.16a)

Mi = ∂k Ãik + Γ̃i
lm Ãlm − 3

2χ
Ãik∂kχ − 2

3
γ̃ik∂kK = 8πSi. (2.16b)

In addition to the previous equations, as discussed in (Zlochower et al., 2005; Gund-
lach and Martin-Garcia, 2006; Brown, 2009), the BSSN variables must satisfy also the
constraints

G i = Γ̃i + ∂jγ̃
ij = 0,

γ̃ − 1 = 0, (2.17)

Ã = 0. (2.18)

During the numerical simulations, we enforce the algebraic constraints in equations
(2.17) and (2.18). The remaining constraints, H, Mi and G i are not actively enforced
and are used to monitor the accuracy of the numerical solutions (Alcubierre et al.,
2004). Note that in all the above equations, Γ̃i is replaced by −∂jγ̃

ij, wherever it is
not differentiated (Campanelli et al., 2006).

2.3.1 The Gauge choice

Since the coordinates can be chosen freely, it is natural to expect some degrees of
freedom in the choice of some variables. These are the Gauge variables, namely the
lapse function α and the shift vector βi, which determine a foliation of spacetime into
space-like hypersurfaces. The Einstein equations say nothing about the choice of the
gauge. This allows one to choose the coordinates in a way that either simplifies the
evolution equations or makes the solution better behaved.

Here we give the details about the specific gauges used in our simulations. In
particular, in the framework of the Bona-Massó formalism (Bona and Massó, 1989),
we have used "hyperbolic K-driver slicing conditions" of the form

(∂t −Lβ)α = −α2 f (α) (K − K0) , (2.19)

with f (α) > 0 (but arbitrary) and K0 = K(t = 0) (Alcubierre, 2003). In the case
in which f (α) = 1, the above equation describes the harmonic slicing for the lapse,
while by setting f (α) = n/α, with n an integer, we recover the generalized "1+log"
slicing condition (Bona et al., 1995).

As for the spatial gauge, we use one of the “Gamma-driver” shift conditions
proposed in (Campanelli et al., 2006), that essentially act so as to drive the Γ̃i to
be constant. In this respect, the “Gamma-driver” shift conditions are similar to the
“Gamma-freezing” condition ∂tΓ̃i = 0, which, in turn, is closely related to the well-
known minimal distortion shift condition (Smarr and York, 1978). The differences
between these two conditions involve the Christoffel symbols and, while the mini-
mal distortion condition is covariant, the Gamma-freezing condition is not.
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One of the most used gauges for the evolution of the shift vector is the hyperbolic
Gamma-driver condition, which reads:

(∂t −Lβ)βi =
3
4

Bi, (2.20)

(∂t −Lβ)Bi = ∂tΓ̃i − βj∂jΓ̃i − ηBi, (2.21)

where the factor 3/4 is somewhat arbitrary but leads to good numerical results. Note
that for the hyperbolic Gamma-driver conditions, it is important to add a dissipation
term with coefficient η to avoid strong oscillations in the shift. Experience has shown
that by tuning the value of this dissipation coefficient it is possible to almost freeze
the evolution of the system at late times (Baumgarte and Shapiro, 1998). In all our
simulations we set η = 2.8 and constant in time.

Hyperbolicity of BSSNOK equations

We discuss here the hyperbolicity of the BSSNOK equations.
This formulation takes as independent variables the conformal metric γ̃ij,
the conformal factor ϕ = −1/4 ln χ, the trace of the extrinsic curvature K,
the conformal tracefree extrinsic curvature Ãij, and the contracted conformal
Christoffel symbols Γ̃i = γ̃kmΓ̃i

km, plus the lapse α and shift vector βi. In order
to study its characteristic structure we will again introduce the spatial deriva-
tives of α, γ̃ij, and ϕ as independent quantities

Ai = ∂i ln α, D̃ijk =
1
2

∂iγ̃jk, Φi = ∂iϕ,

and we consider the βi to be a given function of spacetime.
Note that we have to consider only 30 quantities u = (Ai, Φi, D̃ijk, K, Ãij, Γ̃i),
because Ãij is traceless and also γ̃jkD̃ijk = 0, as a consequence that the deter-
minant of the conformal metric is unitary, i.e. γ̃ = 1.
From the BSSNOK evolution equations (2.14), we find that up to the principal
part, the evolution equations for our dynamical quantities become



∂0Ai ≃ −α∂iΘ,

∂0Φi ≃ −1
6

α∂iK,

∂0Dijk ≃ −α∂i Ãjk,

∂0K ≃ −αe−4ϕγ̃km∂kAm,

∂0Ãij ≃ −αe−4ϕ∂mΛm
ij,

∂0Γ̃i ≃ −α∂k

[
(ζ − 2)Ãik − 2

3
ζγ̃ikK

]
,

where we have defined Λ̃m
ij =

[
D̃m

ij + δk
(i

(
Aj) + Γ̃j) + 2Φj

)]TF
. Note that

standard BSSNOK corresponds to choosing ζ = 2.
(continue)
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Hyperbolicity of BSSNOK equations

(continued)
For the hyperbolicity analysis, we again consider only derivatives along the
x−direction. We immediately find that there are 18 fields that propagate along
the time lines with speed −βx, namely

Aq, Φq, D̃qij, Ax − 6 f Φx, Γ̃i + (ζ − 2)D̃ mi
m − 4ζγ̃ikΦk,

where we have assumed that we are using a slicing condition of the
Bona–Masso family so that Θ = f K, and q ̸= x.
For our analysis, the only two important characteristic fields represent the
trace of the transverse components and are given by

e2ϕ
√

γ̃xx(2ζ − 1)
[

Ãxx − 2
3

γ̃xxK
]
∓
[

Λ̃xxx − 2
3

γ̃xxÃx
]

,

where Ãx = γ̃xkAk. These eigenfields propagate with the characteristic
speeds

λ = −βx + αe−2ϕ
√

γ̃xx(2ζ − 1)/3,

which will only be real if ζ >
1
2

.
We then conclude that the standard BSSNOK system, corresponding to ζ = 2,
is strongly hyperbolic.

2.4 A self-consistent BSSNOK model with matter

Relativistic plasmas are important sources of stress-energy in many astrophysical
applications. A hydrodynamic description of matter is appropriate whenever the
mean free path of a particle due to collisions with neighboring particles is much
shorter than the characteristic size or local scale length of the system. Many of the
global properties of relativistic stars, like neutron stars, are described by using a
fluid approach. In other terms, hydrodynamic (HD) and magnetohydrodynamic
(MHD) simulations tell us about the global dynamics of the system. Here we briefly
introduce the basic equations of general relativistic hydrodynamics (GRHD), written
into forms most suitable for building dynamical spacetimes numerically, i.e., into
forms best suited for numerical integration together with the Einstein equations, in
3 + 1 form for the gravitational field.

In nonvacuum spacetimes, the stress-energy tensor Tµν discussed in Chapter 1.1
accounts for all sources of energy-momentum in spacetime, excluding gravity. For
brevity, we shall sometimes refer to these sources collectively as the “matter sources”
and the terms that they contribute in the 3 + 1 equations as the “matter source terms”.
Matter source terms appear in the evolution equations (2.14) and in the constraint
equations (2.16), highlighted with a lighter color. The GRHD equations, neglecting
for simplicity the terms from electromagnetic fields, can be derived from (Rezzolla
and Zanotti, 2013) 

∇νTµν = 0, (2.23a)

∇µ (ρuµ) = 0, (2.23b)
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which express the local conservation of the energy-momentum, and the conserva-
tion of rest-mass, respectively. In the above Tµν is the stress-energy tensor, ρ is the
rest-mass density, and uµ is the fluid 4-velocity. These conservation equations must
be solved simultaneously with the 3 + 1 evolution equations for the gravitational
field, to determine the entire foliation of spacetime. The resulting equations can be
cast in a number of forms, depending on the fluid variables chosen for numerical
integration.

One of the most straightforward schemes that readily lends itself to numerical
integration is the Wilson scheme (Alcubierre, 2008). This scheme was designed to
mimic the standard Eulerian equations of hydrodynamics in Newtonian theory and
to accomplish this goal, one has to define some auxiliary variables. The final form of
the evolution equations reads

∂tD = αKD − Dk
(
αDvk)+ βk∂kD, (2.24a)

∂tSi −Lβ⃗Si = −(E + D)Diα + αKSi − Dk

[
α(Sivk + γik p)

]
, (2.24b)

∂tE = (E + p + D)(αvmvnKmn − vm∂mα) + αK(E + p)− Dk

[
αvk(E + p)

]
+ βk∂kE , (2.24c)

where the rest mass density D = ρW, the momentum density Si = ρhW2vi, and the
difference between the total energy density to the mass-energy density E = ρhW2 −
p − D, are the auxiliary variables5, W = 1/

√
1 − vivi is the Lorentz factor, h =

1 + ε + p/ρ is the enthalpy density, vi = ui/W is the 3-velocity, ε is the specific
internal energy, and p is the pressure. Note that the auxiliary variables are called
conserved variables, to distinguish from ρ, v and p that are called primitive variables.
This fluid approach is widely used in the general relativity community, to describe
large-scale astrophysical objects, in a number of astrophysical, realistic scenarios.

2.5 The SFINGE code

In this Section, we introduce the Spectral FIltered Numerical Gravity codE (SFINGE),
a numerical algorithm developed by scratch at the University of Calabria (and con-
tinuously improved) that solves either the ADM or the BSSNOK equations, dis-
cussed above. SFINGE solves both spacetimes in vacuum conditions, and recently
also with matter, i.e. adding the source terms via the stress-energy tensor. It makes
use of a parallel architecture based on MPI directives. In order to solve the gravita-
tional fields equations, we make use of spectral techniques (Canuto, Hussaini, and
Quarteroni, 1988; Dutykh, 2016; McCrory and Orszag, 1980; Gottlieb and Orszag,
1977b).

Classical spectral and pseudo-spectral methods are widely used for complex
problems that involve strong couplings and nonlinearities, such as Einstein’s equa-
tions (Grandclément and Novak, 2009). It is worth mentioning, among all, the work
of Dimmelmeier et al., 2005, which combines for the first time spectral methods and
Godunov-type methods, to study core-collapse supernovae in general relativity. A
limitation of this approach is that the gravitational-field equations are approximated
within the so-called Conformal-Flatness Condition (CFC), which neglects the GW

5Note that D, Si and E are assumed to be measured in the Eulerian reference frame (the one associ-
ated with the observers whose 4-velocity is normal to the spatial hypersurface), which will in general
differ from the fluid’s frame of reference (the Lagrangian frame).
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degrees of freedom. This is an excellent approximation in the case of core collapse,
where the amplitude of the emitted gravitational waves is so small to hardly affects
the dynamics. The CFC approach has also been extended to full GR in a Fully Con-
strained Formulation (FCF), in a number of works (Cordero-Carrión, Cerdá-Durán,
and Ibáñez, 2012; Cordero-Carrión et al., 2014). Pseudo spectral methods, in full GR,
have been also used to model the evolution of neutron star binaries, in harmonic
coordinates (Duez et al., 2008).

Currently, the most accurate numerical relativity code in the market, that uses
spectral methods, is the SpEC code (Szilágyi, 2014; Gold et al., 2014; Bohn et al.,
2015). Their binary black hole merger waveforms are used by all data-analysis
groups working on the development of GW approximants (waveform models) to
conduct match-filtered searches of compact binary coalescences in LIGO-Virgo-KAGRA
(LVK) data (e.g. the NR Surrogate approximants used to analyze discovery events in
the third Gravitational-wave Transient Catalog (GWTC-3) are calibrated using SpEC
waveforms) and also to perform Bayesian inference and parameter estimation of the
sources (Abbott et al., 2016a; Blackman et al., 2017; Huerta et al., 2017; The LIGO
Scientific Collaboration et al., 2017; Abbott et al., 2021).

In our code we use the pseudo-spectral method, which is a technique characterized
by a recurrent switch, back-and-forth, between the physical (real) and the Fourier
(complex) space. The rule is quite simple: derivatives are computed in the spectral
space while products are computed in the physical space (in order to avoid convolu-
tions). This iterative transformation, as we will see in the next subsection, needs to
be regularized via a dealiasing procedure. The main advantage of these techniques
relies on the fact that each field and all its derivatives are represented at the colloca-
tion points in a very accurate way. This leads to very precise solutions, with an error
in the computation of derivatives that is on the order of the machine truncation er-
ror. To compute any spatial derivative, imposing periodic boundary conditions in all
three spatial dimensions, our code makes use of standard Fast Fourier Transforms
(FFTs). More specifically, each field f (x, t) is projected on a 3D spatial box, over a
lattice with a number of meshes N = (Nx, Ny, Nz). We decompose the ADM and the
BSSN fields as:

fN(x, t) = ∑
k

f̃k(t) eik·x, (2.25)

with fN being the fields of the 3+1 foliation (i.e. γij, Kij, χ and so on.), at the grid
points. As usual, f̃k(t) ∈ C are the Fourier coefficients and k = (kx, ky, kz) is
the k-vector. In each Cartesian direction, k = 2πm/L0, L0 is the box length, m =
0,±1,±2, · · · ± Nk with Nk = N/2 being the Nyquist mode and N is the number of
points along this direction.

Even if pseudo-spectral methods are among the most precise numerical tech-
niques, particularly suitable for solving small-scale complex problems such as wave
dynamics, turbulence, and so on, great care must be dedicated to the computation
of nonlinear terms. Nonlinearity characterizes gravitation, as in the case of hydro-
dynamics and plasma-dynamics (although in these cases the level of nonlinearity is
certainly lower, as we shall discuss later.) In the spectral methods representation, the
nonlinear terms become a convolution and there are several transform-based tech-
niques for evaluating it efficiently (Canuto, Hussaini, and Quarteroni, 1988; Boyle
et al., 2007; Cooley and Tukey, 1965). Numerical problems might arise from the so-
called aliasing instabilities (Hossain, Matthaeus, and Ghosh, 1992), since any prod-
uct among fields creates new k-components (spectral leakage).
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In discrete Fourier transforms, alias happens when the size Nk of sampled Fourier
modes is less than the effective size of modes. In such cases, due to the cyclic as-
sumption in discrete Fourier transform, a Fourier mode with a wavenumber out of
the size-range is aliased to another wavenumber in the domain. In a time-evolving
system, this aliasing creates numerical instabilities. The importance of eliminating
the aliasing error (dealiasing) has been studied since pioneering works by Orszag et
al. (Orszag, 1971). As follows, we briefly mention this problem, well-known in hy-
drodynamics, and propose a similar “cure” to this numerical instability in the case
of gravitational dynamics.

2.5.1 The dealiasing filters

Let’s consider the simplest possible nonlinearity, i.e. the product of two functions
f (x) and g(x) in a 1D, periodic domain (the 3D extension is straightforward). The
truncated Fourier series with a set of {Nk} modes are, respectively

fN(x) = ∑
p∈{Nk}

f̃p eipx, gN(x) =
m

∑
q∈{Nk}

g̃q eiqx,

where f̃p and g̃q are the complex Fourier coefficients, as defined in (2.25). The prod-
uct of the above two functions Q(x) = f (x)g(x) becomes a convolution product in
Fourier space, namely

Q̃k =
∫

∑
p

∑
q

f̃p g̃q ei(p+q−k)xdx = ∑
k=p+q

f̃p g̃q, (2.26)

where the last sum is the convolution on all the possible modes p and q of the
set {Nk} that satisfies the resonance k = p + q. It can be seen that the product
(2.26) generates high-order harmonics concerning the Fourier series truncated at Nk.
They will contribute to the well-known aliasing error (Boyd, 2001b). The dealias-
ing technique consists of making the maximum number of Fourier modes k∗ in the
above centered convolution free of aliasing, by extending the vector on both sides
by zeros, to a larger vector of size Nk (zero padding). Analogously, it is easy to
demonstrate that the full dealiasing can be achieved by defining a k∗ in such a way
that all coefficients with p, q, ... > k∗ are zero. For a quadratic nonlinearity like in
equation (2.26), it has been demonstrated that is sufficient to filter out modes with
k > k∗ = 2Nk/3 = N/3. This fully eliminates the aliasing instability (Canuto, Hus-
saini, and Quarteroni, 1988) and is often called the “2/3 rule”, since the number of
dealiased modes is 2/3 of the total number of modes.

Compared to the most widely inspected cases, such as the Burgers equations and
Navier-Stokes, gravitational equations involve high-order products and derivatives.
In particular, from a quick analysis of the ADM equations, it is clear that one has
products of order p = 4, or more. The nonlinearity is not completely well-defined
because of contravariant tensors which complicate the degree of the nonlinearity,
involving inverse computation of the metric. In these cases, it is still possible to sup-
press the aliasing instability by finding an accurate truncation (Hossain, Matthaeus,
and Ghosh, 1992), which establishes a direct comparison between spectral meth-
ods and a full Galerking truncation. The above quadratic dealiasing described be-
fore can be extended to simple polynomial nonlinear terms of order p, by setting
k∗ = N/(1+ p), therefore reducing the number of degrees of freedom in the Fourier
space.
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FIGURE 2.4: Comparison of the two anti-aliasing filters described by equa-
tions (2.28) and (2.29). The figure shows a section of the Fourier space, where
all the |k| ≥ k∗ are truncated. The Heaviside filter is a unit step-function,
while the smooth filter goes from 0 to 1 more gently. In the example, it has
been used a = 10 to emphasize the smoothness of this filter. In all our simu-

lations we set a = 20.

In this work, we will inspect the role of the aliasing truncation and also the shape
of the filter (Frisch et al., 2008; Shu et al., 2005). The technique is very simple to
implement: on the final product, it is enough to set Q̃k = 0 for k > k⋆. In the case of
the Einstein field equations, it is important to consider the very high nonlinearity of
the system, where one has products of the type:

∂t Ãij ∼ · · ·+ αχ3γikγmkγmjK2 + . . . .

The above quantity corresponds to a challenging convolution in the Fourier space.
Moreover, other complications come from the contravariant tensors, which involve
further products. It is easy to envision a process in which the above products pro-
duce immediately high-order harmonics and therefore a pronounced aliasing insta-
bility. In order to suppress the above numerical pathology, different values of k∗

have been chosen, depending on the difficulty of the simulation and on the initial
data. Generally, by filtering high Fourier modes, the price to pay is the loss of ef-
fective resolution (information). However, by suppressing these high-k’s couplings,
the codes become more stable and accurate.

Apart from the mobile cutoff at k∗, in this paper we propose two different shapes
of the spectral filter, described as follows. For each representation, we define

fN(x, t) = ∑
k

f̃k(t) eik·xΦk∗(k), (2.27)

where Φk∗(k) is the spectral anti-aliasing filter. The first type, is the classical spheri-
cal truncation technique, namely a “Heaviside” filter (H) defined as:

ΦH
k∗(k) =

 1 for |k| ≤ k∗,

0 for |k| > k∗.
(2.28)
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A second smooth filter (S), usually adopted for treating discontinuities and singu-
larity formation (Shu et al., 2005; Lele, 1992), is given by

ΦS
k∗ (⃗k) = exp[−a(|⃗k|/k∗)a], (2.29)

where a is a free parameter. It’s clear that in the limit a → ∞, the two filters become
identical. A cartoon of the two filters is represented in figure 2.4. Generally, in
our numerical experiments, we will use k∗ = ∞ (no-filter), k∗ = N/2 (grid-size),
k∗ = N/3 (typical quadratic nonlinearities), N/4 and so on. For the smooth filters
ΦS

k∗(k) in equation (2.29), we set a = 20. A more detailed study of the aliasing error
propagation in the ADM and BSSN simulations, will be discussed in Section 3.2.

The main challenge with using spectral methods for numerical relativity is the
fact that they require sufficiently smooth solutions. A spectral decomposition can
provide derivative evaluations with exponential accuracy (that is, higher than any
polynomial power of the grid spacing) only if the data being represented is C∞.
When derivatives are continuous at some lower order, then the error might rise too
much. The filtering techniques might help to suppress the above problem. How-
ever, the accuracy of the method needs to be verified via a convergence analysis,
especially when evolving non-smooth solutions. These numerical tests are reported
in Appendix 3.1.10.

Note that even flux-conservative, Godunov-type schemes, although they for-
mally solve the ideal equations, retain a considerable amount of artificial dissipation
in the flux-reconstruction scheme (Anderson, Thomas, and Van Leer, 1986; Choi et
al., 2018). The dissipation of these space filters is sometimes difficult to quantify.
In our much simple pseudo-spectral approach, the algorithm is stabilized by defi-
nite spectral kernels, that act only at very small scales, over a controlled and limited
bandwidth of modes.

2.5.2 The time integration

The above pseudo-spectral technique, used for the products and the spatial deriva-
tives, has been associated with a simple second-order Runge–Kutta6 method for the
time integration (Press et al., 2007). At each time discretization n, the function f is
advanced in time by using

f n+1 = f n + ∆t F
[

tn +
∆t
2

, f n +
∆t
2

F(tn, f n)

]
, (2.30)

where f n ≡ f (x, y, z, tn) is any of the gravitational fields at the time tn = n∆t, F
is the time-derivative defined by the 3+1 governing equations, and ∆t is the time-
step, chosen to be sufficiently small. It is worth saying that second-order evolution
might be too dissipative, especially in very stressful conditions such as the inspi-
raling of binary systems, while it might still manifest a good “convergence”. In
Appendix 3.1.9, we report on the adaptation of the current method to fourth-order
Runge-Kutta, which is surely more precise but is more numerically expensive. More-
over, in a pseudo-spectral algorithm, where the number of allocated arrays is large,
memory-saving becomes a challenge. Hereafter, we will therefore show the main re-
sults for the second-order scheme, which has the advantage of being simpler, more
dissipative for the highest frequencies, and adaptable to other algorithms such as
the implicit Crank-Nicholson.

6In the SFINGE code, also a fourth-order Runge-Kutta method is implemented.
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In numerical methods, the Courant-Friedrichs-Lewy (CFL) condition is a neces-
sary stability condition for the solution of certain partial differential equations prob-
lems (Courant, Friedrichs, and Lewy, 1928). In the simplest case of the motion of a
wave traveling through a discrete spatial grid with speed v, the CFL condition im-
poses ∆t < C∆x/v, namely a condition on the characteristic time of integration. In
the above condition, C is the Courant number and is in general a number smaller
than one. Numerical simulations of purely hyperbolic systems must satisfy this con-
dition. The case of numerical relativity is more complicated because of the strong
nonlinear couplings and because of the low level of hyperbolicity of the 3 + 1 mod-
els (the strictly–hyperbolic nature of 3 + 1 models is still an open issue (Radice and
Rezzolla, 2012)). The above complications might lead to stability conditions that are
more restrictive than a simple CFL. A general criterion for the determination of the
time-step integration ∆t is therefore necessary in order to have a good balance be-
tween the time-efficiency of the integration and avoidance of nonphysical solutions.
Here we re-elaborate the CFL idea, in a more general sense, as follows.

For any ADM or BSSN dynamic field f , one can estimate a global characteristic
time as

T f =
δ f√〈(

∂ f
∂t

)2〉 , (2.31)

where δ f =
√
⟨( f − ⟨ f ⟩)2⟩ is the rms of the field and ⟨. . . ⟩ indicates a volume av-

erage. The above quantity can be interpreted as a typical dynamical time of f , eval-
uated as the ratio between the level of fluctuations and its typical time-derivative,
similar to plasma characteristic times in turbulence (De Giorgio, Servidio, and Vel-
tri, 2017). The characteristic time in equation (2.31) is defined at any given time of
the foliation and does not involve any complicated computation in explicit time-
integration schemes. For any dynamical field f , one has ∂ f

∂t ≃ ∆ f
∆t which, from the

time discretization in equation (2.30), corresponds to F
[
tn + ∆t

2 , f n + ∆t
2 F(tn, f n)

]
.

From the latter approximation, at the intermediate step, for example, one can esti-
mate the dynamical time in the equation (2.31). Note that one can also build local
versions of this time, or can measure the minimum time by finding the maximum of
the denominator.

In analogy with the CFL condition, it is possible to use the characteristic time
T f for guessing an appropriate ∆t. If the system undergoes fast evolution, T f will
drop off and the algorithm can self-adjust ∆t. This might indicate a “precursor” of
a simulation blow-up, as we shall see in our numerical experiments. Throughout
this work, we will introduce the Running Stability-Check (RSC), which is a method
that consists of a continuous adjustment of the Runge-Kutta time-step, based on the
measure of T f in equation (2.31), such that

∆t < C min
f
{T f }. (2.32)

Here C is similar to the Courant number. The method simply corresponds to a adap-
tive time-refinement, typical of many schemes such as the leapfrog integration, except
here is constrained with the minimum characteristic time given by (2.31). This strat-
egy is very similar to the adaptive stepsize control for Runge-Kutta, described in
standard numerical textbooks (Press et al., 2007). The general purpose of these clas-
sical methods is the achievement of some predetermined accuracy in the solution,
with minimum computational effort. Here we re-elaborate this technique, but in-
stead of establishing a desired error, we define a global time T f for the system and
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keep the integration step always smaller than this dynamical time. Note also that the
above technique might provide a general condition not only in the case of Runge-
Kutta methods but in any explicit time-integration scheme.

2.5.3 The implicit hyperviscous boundary method

In this Section, we propose a new method in order to treat the boundary conditions
with our pseudo-spectral, periodic code, based on the use of absorbing hyperviscous
boundaries. As demonstrated in Meringolo, Servidio, and Veltri, 2021, our pseudo-
spectral technique, together with an appropriate choice of the dealiasing and the
time-step, is able to handle all the classical numerical testbeds. The main advantage
of the pseudo-spectral code is of being relatively fast (since it stems from FFTs) and
incredibly precise (since it relies on an exact decomposition). It would be hard to
beat the precision of such methods with finite difference or finite volume/elements
techniques, at a given resolution (Orszag, 1971). On the other hand, it is evident
that the main weakness of the method relies on the boundary conditions that need
to be periodic for this particular spectral decomposition. Periodic boundaries are
not always a good choice for general relativity problems, for example in the case of
compact object mergers. Here we present an additional algorithm that helps to over-
come this limitation, which is based on the use of dissipating boundaries, combined
with implicit time integration. This Implicit Hyperviscous Boundary (IHB) method
has been tested with gravitational waves and compact object dynamics. The method
is relatively easy-to-implement and efficient.

The following IHB method has been inspired by works in hydrodynamics and
magnetohydrodynamics, with applications to turbulence and to the stellar dynamo.
It is indeed possible to use Cartesian geometries in order to simulate spherical do-
mains, using for example volume penalization methods (Schneider and Farge, 2005;
Dobler, Stix, and Brandenburg, 2006), or by using hyperviscous forces (Servidio et
al., 2007), starting from a given distance from the center of the Cartesian lattice. In
this way it is possible, for example, to embed a spherical domain inside a cube, by
dissipating the regions close to the corners, with a radial envelope. Here we re-
elaborate this idea and apply it to numerical relativity, in a pretty straightforward
way.

Hyperviscoscous terms of the type νn∇n f , with νn a numerical coefficient, are
able to dissipate quickly ripples and numerical artifacts, but they might reduce dra-
matically time-step since they involve high-order derivatives and fast diffusion. The
method presented here shows results with fourth-order dissipation (but the tech-
nique can be extended to any order.) We make use of a technique for the hyper-
viscous terms based on the implicit, second-order Crank-Nicholson method (Smith,
1985). We will apply this technique only to the BSSN code, which is a stable method
for solving problems such as binary mergers and black hole dynamics.

For any variable of the BSSN method, we advance in time the solution f {ideal}(x, t)
by using the second-order Runge-Kutta described in equation (2.30). Simultane-
ously, we evolve in time an accompanying, twin field f {H}(x, t) which obeys the
same BSSN equation but is also subject to hyperviscous dissipation, being there-
fore highly damped. We advance in time this hyperviscous field f {H}(x, t) by using
a Crank–Nicolson (CN), semi-implicit method. The CN integration can be easily
matched with the Runge–Kutta method and it is numerically very stable with re-
spect to viscous dynamics. For any BSSN hyper-dissipated variable we have an
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evolution equation of the type

∂ f {H}(x, t)
∂t

= N(x, t)− ν4∇4 f {H}(x, t), (2.33)

where N indicates the BSSN evolution equation and ν4 is the hyper-viscous coeffi-
cient. In the case of the “ideal” BSSN set of equation, ν4 = 0 and taking the Fourier
transform, from the typical Runge-Kutta 2-steps method one gets

f̃ {ideal}
k (t∗ + ∆t)− f̃ {ideal}

k (t∗)
∆t

= Ñk

(
t∗ +

∆t
2

)
,

at a given time t∗, for any Fourier coefficient f̃ {ideal}
k , at a given wavenumber k. At

each time t∗ we start with f {H}(x, t) = f {ideal}(x, t). Proceeding in a similar way for
the hyper-viscous accompanying field f {H}, and making implicit the linear hyper-
viscous term on the rhs, one obtains

f̃ {H}
k (t∗ + ∆t)− f̃ {H}

k (t∗)
∆t

= Ñk

(
t∗ +

∆t
2

)
− ν4k4

2

[
f̃ {H}
k (t∗ + ∆t) + f̃ {H}

k (t∗)
]

.

At this point, for any damped field, it is easy to get the time-splitting, second-order
CN formula,

f̃ {H}
k (t∗ + ∆t) =

[
1 − ν4k4

2 ∆t

1 + ν4k4

2 ∆t

]
f̃ {H}
k (t∗) +

[
∆t

1 + ν4k4

2 ∆t

]
Ñk

(
t∗ +

∆t
2

)
, (2.34)

which is stable and particularly easy to implement in pseudo-spectral codes. For
all the BSSN variables, we advance in time equation (2.34) for both the ideal fields
f̃ {ideal}
k (ν4 = 0) and the hyperviscous counterparts f̃ {H}

k (ν4 ̸= 0). By taking the
inverse transform now one has both fields f {ideal}(x, t + ∆t) and f {H}(x, t + ∆t) and
then has to deal with the solutions match. The scope is to suppress spurious effects
only at the boundaries, therefore we interpolate between the two solutions gradually
(or in a Heaviside way) going towards the borders, only in a region close to the
boundaries. With this procedure, we retain the pure, ideal dynamics of the BSSN
formalism in the center of the box. Overall, the price to pay for the IHB is that
we have to double the time of integration, slowing down the computation. On the
other hand, the method gives clear benefits on the stability and the goodness to the
solutions, as we shall see in the next subsections.

The SFINGE code has been presented in a series of recent works (Meringolo, Ser-
vidio, and Veltri, 2021; Meringolo and Servidio, 2021; Meringolo and Servidio, 2022;
Imbrogno, Meringolo, and Servidio, 2022). In the next Chapter, we will discuss,
more in detail, some main results obtained with our code.
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Chapter 3

Numerical simulations of the
spacetime: from standard testbeds
to multiple black holes dynamics

In this Chapter, we perform direct numerical simulations, by evolving both the ADM
(2.7) and the BSSN equations (2.14), in vacuum conditions and a number of different
configurations. We split our campaign of simulations into three parts.

In the first Section (3.1) we start via standard gravitational testbeds, revealing
that the filtered pseudo-spectral technique is among the most accurate approaches.
After these typical, fundamental tests, we propose a new possible initial data that
leads to stationary, large amplitude, nonlinear waves. Then, we stress our code via
a single Schwarzschild black hole and the head-on collision of two black holes.

In the second Section (3.2) we discuss, in more detail, the aliasing problem, that
can afflict the spectral methods. In particular, we inspect the emergence of numerical
artifacts, in a variety of conditions. By monitoring the highest k−modes of the dy-
namical fields, we identify the culprits of the aliasing and propose procedures that
cure such instabilities, based on the suppression of the aliased wavelengths.

Finally, in Section (3.3), we evolve the full 3D dynamics of different singular
spacetimes. Here we abandon the ADM formalism in favor of the BSSNOK. In par-
ticular, we describe the binary system of black holes, and three black hole collisions,
using different initial configurations. We then analyze the gravitational emission us-
ing the Newman-Penrose formalism, performing a refined analysis of the signals via
Fourier and Shannon wavelet spectra. The analysis reveals net differences between
the 2- and the 3-BHs cases, revealing, in the latter, multiple frequencies produced
during the evolution. All the simulations have been performed by using a parallel
architecture based on MPI directives, at the Newton HPPC Computing Facility at
the University of Calabria. In this work, no commercial or external codes have been
used.

3.1 Standard numerical testbeds

In this Section we perform direct numerical simulations in order to validate our nu-
merical procedure, starting via standard gravitational testbeds (Alcubierre et al.,
2004; Dumbser et al., 2018; Alic et al., 2012; Cook, 2000a). For each initial data,
we check the accuracy by inspecting the conservation of several quantities, for both
the ADM and BSSN formalism. Regarding the spatial integration, we show how
to stabilize the pseudo-spectral code by varying our dealiasing filter in the projec-
tion (2.27), by changing both the k∗ and the filter shape. For the time integration,
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in each test, we apply the RSC by monitoring the characteristic times in (2.31). Af-
ter these typical, fundamental tests, we show a new possible initial data that leads
to stationary, large amplitude, nonlinear waves. These waves bounce with growing
amplitude and therefore represent another good test for numerical relativity. We will
then move to more stressful conditions, such as the Gowdy spacetime (both forward
and backward in time) and the Schwarzschild equilibria. All the simulations per-
formed are summarized in table 3.1, where we report all the main parameters used,
such as the type of the initial condition, the number of points of the spatial grid, the
k∗ of anti-aliasing filter, the type of filter, the formalism adopted, and so on. In the
last column, for the reader’s convenience, we also report the stability of the run.

3.1.1 The gauge wave test

The gauge wave test is based on a gauge transformation of the Minkowski space-
time. As suggested by (Alcubierre et al., 2004), the metric is given by

ds2 = −H(x, t) dt2 + H(x, t) dx2 + dy2 + dz2, (3.1)

where H(x, t) = 1 − A sin
[
2π(x − t)

]
describes a sinusoidal modulation of am-

plitude A, propagating along the x-axis. Since derivatives are zero in the y and z
directions, the problem is essentially 1D. The metric in equation (3.1) implies βi = 0,
and Kxx = −∂tγxx/2α. For the spatial metric γij one gets

γij =

 1 − A sin[2π(x − t)] 0 0

0 1 0

0 0 1

 ,

while the only nontrivial component of the extrinsic curvature is

Kxx = −Aπ
cos[2π(x − t)]√

1 − A sin[2π(x − t)]
.

It is easy to demonstrate that the above fields satisfy the initial data constraints in
equations (2.8).

In order to stress the stability of our new code, we solved the ADM equations
(2.7) and the slicing (2.19), with both small- and large-amplitude initial conditions
(Dumbser et al., 2018). We chose a spatial domain x ∈ [0, 1] with a number of meshes
Nx = 64. The initial time-step is ∆t = 5 × 10−3 and, according to the literature,
we used the harmonic slicing, namely f (α) = 1 in equation (2.19). For the first
run, Run 1 in table 3.1, we impose A = 10−2 and for the numerical technique, we
choose the filtering mode k∗ = Nx/3, with the smooth filter described by equation
(2.29). In order to test the RSC method described in Section 2.5.2, the run was per-
formed twice: with a fixed time-step (Run 1) and with an adaptive-time-refinement
suggested by the RSC method (Run 2). Figure 3.1 (a) shows the evolution of the
characteristic times given by equation (2.31). Note that only the characteristic times
associated with the non-null fields have been reported, namely TKxx , Tγxx and Tα. The
full (black) line represents the time-step ∆t of the simulation. One can immediately
see that when a dynamical time T f becomes on the order of the time-step, instabili-
ties arise and the code crashes. In the second test, reported in panel (b) of the same
figure, we repeated the experiment with the RSC switched on. In particular, we set
the adaptive time refinement in equation (2.32) with C = 1/6, and the time-step has
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TABLE 3.1: Table of simulations. From left to right: the run number, the
initial condition, the mesh points, the k∗ of the filter, the filter type, the RSC
status, the IBH status, the formalism used and, finally, the stability of the

simulation. Here ”✓” stands for on, and ”×” for off.

Run IC N k∗ Filter RSC IBH Formalism Stable

1 Gauge wave 64 N/3 S × × ADM no

2 Gauge wave 64 N/3 S ✓ × ADM yes

3 Gauge wave 128 ∞ / ✓ × ADM no

4 Gauge wave 128 N/3 S ✓ × ADM yes

5 Gauge wave 128 N/2.5 H ✓ × ADM yes

6 Gauge wave 128 N/2.5 S ✓ × ADM yes

7 Gauge wave 128 N/3 S ✓ × BSSN yes

8 Gauge wave 128 N/3 S ✓ × BSSN yes

9 Robust stab. (n = 1) 64 ∞ / × × ADM no

10 Robust stab. (n = 2) 128 ∞ / × × ADM no

11 Robust stab. (n = 4) 256 ∞ / × × ADM no

12 Robust stab. (n = 1) 64 N/4 H × × ADM no

13 Robust stab. (n = 1) 64 N/4 S × × ADM yes

14 Robust stab. (n = 1) 64 N/4 H × × BSSN no

15 Robust stab. (n = 1) 64 N/4 S × × BSSN yes

16 Robust stab. (n = 1) 64 N/4 H ✓ × BSSN yes

17 Robust stab. (n = 1) 64 N/4 S ✓ × BSSN yes

18 Standing wave 64 ∞ / ✓ × ADM no

19 Standing wave 64 N/3 S ✓ × ADM yes

20 Standing wave 64 N/3 H ✓ × ADM no

21 Standing wave 64 N/3 S ✓ × ADM yes

22 Gravitational wave 64 N/4 S × × ADM yes

23 Gravitational wave 128 N/8 S × × BSSN yes

24 Gowdy forw. (n = 1) 64 N/5 S ✓ × BSSN yes

25 Gowdy forw. (n = 2) 128 N/5 S ✓ × BSSN yes

26 Gowdy forw. (n = 4) 256 N/5 S ✓ × BSSN yes

27 Gowdy backward 64 N/5 S ✓ × ADM yes

28 Gowdy backward 64 N/5 S ✓ × BSSN yes

29 Schwarzschild BH 643 N/2 H ✓ × ADM no

30 Schwarzschild BH 643 N/2 S ✓ × ADM no

31 Schwarzschild BH 643 N/2 H ✓ × BSSN no

32 Schwarzschild BH 643 N/2 S ✓ × BSSN yes

33 GW absorbtion 128 N/4 S ✓ ✓ BSSN yes

34 Head on collision 1283 N/2 S ✓ × BSSN no

35 Head on collision 1283 N/2 S ✓ ✓ BSSN yes
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FIGURE 3.1: Small amplitude gauge wave test for the ADM code. Left: RSC
conditions without adaptive time refinement (Run 1). The code crashes at
t ≃ 75. Right: RSC conditions with C = 1/6 (Run 2): the simulation remains

stable. The full black line represents the time-step.

been halved any time that the condition is violated. The run is therefore stabilized
and carried out until 250 crossing times. This simulation is reported as Run 2 in
table 3.1. Similar behavior has been obtained for other initial data (not shown here).

For the large-amplitude regime of the gauge-wave test, we have chosen A = 0.9
and A = 0.96, with a spatial grid along the x-axis of Nx = 128 points and ∆t =
10−3. The other parameters are the same as in the small amplitude case, including
the slicing gauge. Again we have performed two experiments: first without anti-
aliasing filter (Run 3) and second with a k∗ = N/3 smooth filter (Run 4), defined
in equation (2.29). A comparison between the waveforms of the extrinsic curvature
trace K, in both cases, has been represented in the top-row of figure 3.2. As can
be seen, there is a net improvement with the anti-aliasing filter. One can observe,
overall, an excellent agreement between the exact and the numerical solutions. In
the unfiltered case, numerical instabilities arise, as can be seen in panel (a). The
analogous filtered simulation is reported in (b).

A second, more challenging test has been performed, with a larger perturbation,
i. e. A = 0.96. We found that now a stable solution can be achieved even with
k∗ = N/2.5. In order to test the different anti-aliasing filters we performed the
test twice: Run 5 uses the Heaviside filter defined in equation (2.28) while Run 6
adopts the smooth filter (2.29). The panel (d) of figure 3.2 shows the L2 errors of the
x−momentum constraint, where L2 norm is given by

∥. . .∥2 =

√√√√∫Ω (. . . )2 dΩ
√
|γ|∫

Ω dΩ
√
|γ|

, (3.2)

where dΩ
√
|γ| is the volume element. The smooth filter again stabilizes the code.

In figure 3.2 (c) we report the waveform of K at time t = 10, which is in very good
agreement with the exact solution. It is important to emphasize that the last set of
runs, where A = 0.96, is considered to be a very strong stress for codes, as discussed
in (Dumbser et al., 2018).

For this testbed, we obtained similar results for the BSSN code. Our conformal
model follows the approach by Zlochower et al., 2005. We used A = 10−2 (Run 7)
and A = 10−1 (Run 8), a spatial grid with Nx = 128 mesh points and a time-step
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FIGURE 3.2: Gauge wave test with the ADM formulation. (a) Run 3, the
trace of the extrinsic curvature K in a nonlinear regime (A = 0.9), without
filter, at t = 1.2 (full black line). The exact solution is reported with (red)
circles. (b) Run 4, same as Run 3 but with a smooth filter at k∗ = Nx/3.
The anti-aliasing filter leads to an improved waveform. (c) Run 6, K for the
case with very high amplitude A = 0.96, at t = 10, using the smooth filter.
(d) Evolution of x−momentum constraint for the very high amplitude case,

using Heaviside (Run 5) and smooth (Run 6) filter.

∆t = 5 × 10−4. The harmonic gauge in equation (2.19) has been used. In order to
better stabilize the simulation, a smooth filter with k∗ = N/3 has been chosen, for
both amplitudes, similar to the ADM cases. The left panel of figure 3.3 shows the
L2 errors of the Hamiltonian for the two amplitudes, while in the right panel, we
compare the wave-form of γxx, at t = 500. At this time, the norm of the Hamiltonian
violation ||H||2 is about 0.1% of A, for the case with A = 10−2. The run shows an
excellent agreement between numerical and exact solutions.

In agreement with the existing literature (see for example Jansen, Bruegmann,
and Tichy, 2006), we found that generally, the BSSN formalism is less able to han-
dle gauge waves compared to the ADM 1. The present results are also in agreement
with the simulations in Zlochower et al., 2005; Daverio, Dirian, and Mitsou, 2018, al-
though the Hamiltonian error shown here is at least one order of magnitude smaller
than the one presented in the above works. This good performance is evidently
due to the precision of the spectral representation, accompanied by the RSC and the
dealiasing filters.

1This difference is mainly due to truncation and roundoff error propagation. The BSSN formalism
involves a higher number of products than the ADM. Just as an example, by using double precision
(that we use throughout the paper), even the initial Hamiltonian is already ∼ 10−16. We checked that
by switching to quadruple precision the errors reduces to H ∼ 10−32.
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FIGURE 3.3: (a) Hamiltonian violation ||H||2 for the gauge wave, for the
BSSN simulations Run 7 (A = 0.01) and Run 8 (A = 0.1). These results are
in good agreement with Zlochower et al., 2005; Daverio, Dirian, and Mitsou,

2018. (b) γxx at t = 500, for Run 7 (line) and analytical (circles).

3.1.2 The robust stability test

The robust stability test is a classical initial condition for numerical relativity, partic-
ularly stressful from the numerical point of view, that makes use of random, small
perturbations in the initial data. This testbed is able to initiate numerical instabili-
ties that might exponentially grow in time, arising from small scales and propagat-
ing back to larger structures. These growing modes are quite dangerous since they
might be confused with physical mechanisms. It is therefore important to inspect
these numerical instabilities in order to prevent numerical artifacts.

The initial configuration consists of small random perturbations to the Minkowski
space, where ds2 = −dt2 + dx2 + dy2 + dz2, with the unperturbed metric ηij. The
numerical noise is distributed among every field. Since we base our numerical algo-
rithm on the use of FFTs, we vary several resolutions, keeping the number of meshes
as a power of 2. In order to follow the same configuration of (Alcubierre et al., 2004),
we chose a spatial domain x, y, z ∈ [0, 1], a number of grid points Nx = 50ρn, where
the mesh size is therefore ∆x = 1/(50ρn) and the initial time-step is ∆t = 0.01/ρn.
Here we vary ρn = 64n/50, with n = 1, 2, 4. To speed up calculations, we use only
four grid points in the y and z directions. We solve the equations by using the har-
monic gauge, i.e. f (α) = 1 in the slicing equation (2.19). In the ADM tests, the initial
conditions are given by

γij = ηij + εγij , Kij = εKij , α = 1 + εα, (3.3)

where ε f are random independent perturbations with

ε f ∈
[
−10−10/ρ2

n, 10−10/ρ2
n

]
. (3.4)

In our robust stability tests, we vary the resolution (n), the type of the dealiasing filter
(Heavyside or smooth), and we vary from fixed time-step to the RSC. The goodness
of our numerics has been monitored by looking at the evolution of the constraints in
time, such as the L2-norm of the Hamiltonian constraint.

In figure 3.4 (a) we report the Hamiltonian error, for different resolutions, namely
for n = 1, 2, 4. No anti-aliasing filters have been used for the runs in this panel.
As can be seen, the code becomes suddenly unstable. These runs are reported in
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FIGURE 3.4: Hamiltonian constraints ||H||2 for the robust stability test. (a)
Results for the ADM code, with n = 1 (Run 9), n = 2 (Run 10), and n = 4
(Run 11). No RSC and no anti-aliasing filters have been used. (b) Same ADM
simulations, with filters at k∗ = N/4, as described by equations (2.28)-(2.29),
∆t = 10−3 (fixed, no RSC) and n = 1. These runs are labeled as Run 12
and Run 13. (c) Results from the BSSN code, using filters and no RSC with
∆t = 10−3 (Run 14 and Run 15). (d) Same simulations, for the BSSN, with the
RSC (Run 16 and Run 17). Numerical stability has been achieved with the

combined use of filters and time-step conditioning.

table 3.1 , labeled as Run 9–Run 11. In order to show the benefit of the anti-aliasing
filters and the robustness of the code, a second set of tests has been performed, by
using filters at k∗ = N/4, but without RSC. A time-step of ∆t = 10−3 and n = 1 has
been chosen. The L2-norms of the Hamiltonian constraint are shown for these cases
in figure 3.4 (b). The simulations show that, with the “Heaviside” filter in (2.28), the
code becomes now stable until t ∼ 1000, while is even more stable using the smooth
filter. These runs are reported in table 3.1 , as Run 12 and Run 13.

We complete the robust stability test campaign with the BSSN approach and fi-
nally introduce the RSC condition. The parameters are the same as the ADM previ-
ous tests. For the slicing condition, we used the harmonic and hyperbolic Gamma-
driver slicing in equations (2.20) and (2.21). The tests are carried out for t = 104

crossing times, at most. First, we compare the two filters described by equations
(2.28)-(2.29), but keeping a fixed time-step of integration. In the bottom left panel
of figure 3.4, we show the ||H||2 for the two filters. Note that using the Heaviside
filter the code crashes at t ∼ 2000 crossing times (Run 14) while using the smooth
version it remains more stable (Run 15). In panel (d), finally, we show the same tests
with the RSC, by using an adaptive time refinement with C = 1/4, as described in
Section 2.5.2. In this case, the full algorithm stabilizes the simulation until t = 104

crossing times (Run 16–Run 17). The stability of the run has been achieved with the
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FIGURE 3.5: (a) L2 norm of Hamiltonian and x−momentum violation for
the standing waves (Run 18). Without an anti-aliasing filter, the Hamilto-
nian constraint remains constant while the x−momentum constraint grows
exponentially. The evolution is carried out for t = 100 crossing times. (b)
Same simulations but with a smooth filter at k∗ = N/3: both constraints re-
main negligible (Run 19). (c) The x−momentum constraint for the nonlinear
test (A = 8), using both anti-aliasing filters at k∗ = Nx/3 (Run 20 and Run
21). The comparison emphasizes again the goodness of the smooth filter. (d)
γxx for the standing wave test, for different amplitudes. As the amplitude

increases, the wave becomes more asymmetric.

combined use of filters and adaptive time-integration.

3.1.3 New initial data: the standing waves

Here we propose a very simple, 1D, initial set of data that satisfies equations (2.8)
and that can be used to test codes in numerical relativity, with various amplitudes.
This initial condition consists of simple initial data for the extrinsic curvature only,
on an initial flat metric, that suddenly produces some non-propagating, oscillatory
modes. The physical pattern consists of a “bouncing metric”. This solution to the
constraint conditions is not supposed to have an immediate physical application, as
in many of the other testbeds, but only for testing purposes. However, it might have
some applications and similarities with cosmological models of inflation. For this
regard, see for example Adamek et al., 2020.

The initial spatial metric γij obeys Minkowski flat space, which means zero cur-
vature and where Ricci tensor vanishes (R = 0). In this case, the Hamiltonian and
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the momenta constraints reduce to

K2 − KijKij = 0, (3.5)

Di(Kij − γijK) = 0, (3.6)

respectively. We now chose an initial perturbation only for the extrinsic curvature
Kij, with a Minkowski flat initial metric. With this choice, one has:

γij = ηij , Kxx = A sin(2πx),

and Kij = 0 otherwise, which satisfies constraints in equation (3.5). Unlike the previ-
ous case of gauge waves, this condition does not lead to wave propagation in space
but to standing waves of the metric. One can stress the code by increasing the am-
plitude of the extrinsic curvature perturbation A, as follows.

In figure 3.5 we report the time evolution of the metric, for several ADM tests.
For Run 18, a small amplitude A = 10−1 and no anti-aliasing filter have been used.
We chose a spatial domain with x ∈ [0, 1] and a spatial grid Nx = 64. The time-step
is ∆t = 10−3 and the harmonic slicing [ f (α) = 1] has been chosen. The simulation
has been carried out until 100 crossing times. We have carried out a second test
(Run 19) with the same parameters but choosing a smooth filter with k∗ = Nx/3, as
reported in figure 3.5 (b). It is evident that the filter improves the stability, in fact, this
run is carried out until 1000 crossing times. The top panels of figure 3.5 show that
the Hamiltonian constraint remains constant in both cases, but the x−momentum
constraint (for the symmetry of the problem the y−momentum and z-momentum
are zero) grows without filter and remains constant with k∗ = N/3.

In order to test a more nonlinear case, a second, high-amplitude condition has
been used, where we chose A = 8, a spatial grid with Nx = 128 points, and a
k∗ = N/3 filter. All the other parameters have been chosen as in the previous tests,
as summarized in the table . The higher amplitude of A now induces asymmetry in
the standing wave. The metric starts to bounce and becomes asymmetric. Again, this
test has been performed twice: a first test (Run 20) using the standard truncated filter
described by equation (2.28) and a second one (Run 21) with the filter in equation
(2.29). The time-evolution of L2 norm of x−momentum constraint, computed using
the definition in equation (3.2), is shown in the panel (c) of figure 3.5, for both cases.
It is clear that the smooth filter works better than the Heaviside filter.

We ran the same tests for the BSSN code (not shown), setting A = 10−1, a spatial
grid with Nx = 64 points, a time-step ∆t = 10−4 and the “1 + log” slicing (i.e.
f (α) = 2/α in equation (2.19) and βi = ∂tβ

i = 0). The tests are carried out until
100 crossing times. Similarly, as in the previous ADM tests, the smooth filter better
stabilizes the code.

3.1.4 The gravitational wave test

In this subsection, we test the SFINGE code with both the ADM and the BSSN for-
malisms, via linear gravitational waves. In particular, we check whether they are
able to retain accuracy, for long spacetime travels, by comparing amplitudes and
phases with the well-known analytical solution. This solution to the linearized Ein-
stein field equation can be written as

ds2 = −dt2 + dx2 + (1 + b) dy2 + (1 − b) dz2, (3.7)
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where b = A sin [2π(x − t)/d] and d = 1 is the linear size of the propagation do-
main. The wave amplitude is small, in order to satisfy the linear regime conditions.
The metric in equation (3.7) represents the transverse-traceless gauge in which the
wave amplitudes are purely spatial, with null trace and transverse to the propaga-
tion direction. It describes a wave propagating along the x axis, with the polarization
aligned with the y and z axes (Anninos et al., 1997). This metric is written in Gauss
coordinates, that is α = 1 and βi = 0. Using this metric, the extrinsic curvature re-
duces to Kij = −∂tγij/(2α), so that the nontrivial components reduce to Kyy = 1

2 ∂tb
and Kzz = − 1

2 ∂tb. Since this wave propagates along the x-axis and all derivatives
are zero in the y and z directions, the problem is essentially 1D. We chose a spatial
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FIGURE 3.6: Gravitational wave test. (a) L2 norm of ADM constraints (Run
22). A smooth filter with k∗ = Nx/4 has been used. (b) Comparison of Kzz
and its exact solution, at t = 1000 for the same run. (c) Constraints for the
BSSN simulation (Run 23). (d) Comparison of the waveform of Kzz with the
exact solution at t = 1000, for the same run. A smooth filter with k∗ = Nx/8

has been used for this simulation.

domain x ∈ [0, 1] on a spatial grid with Nx = 64, with an initial ∆t = 10−3 and
the harmonic slicing. We use a very small amplitude, namely A = 10−8, in order to
satisfy the linearity of the simulation (Dumbser et al., 2018). The evolution is carried
out up to t = 1000 and a smooth filter, described by equation (2.29), with k∗ = N/4,
has been used.

Figure 3.6 (a) represents the time evolution of the L2 norm of ADM constraints.
The errors are well bounded. In panel (b) we compare the wave-form of Kzz at the
final time, i.e. at t = 1000, showing overall an excellent agreement between numer-
ical and exact solutions. This run is reported in table 3.1 as Run 22. We performed
an analogous test with the BSSN formalism, choosing Nx = 128, ∆t = 5 × 10−5,
with the harmonic slicing and the “Gamma-driver” shift condition. The evolution
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is carried out again for a time of t = 1000 and the smooth filter with k∗ = Nx/8 has
been used. This run is labeled in table 3.1 as Run 23. The bottom left panel of figure
3.6 shows the L2 Norm of the Hamiltonian, and the bottom right panel of the same
figure shows the excellent agreement with the analytical solution for the waveform
of Kzz, at the final time. It is important to stress that, in the BSSN runs, the choice of
a stronger dealiasing filter has been used in order to obtain a longer time, stable and
accurate simulation. We also point out that here we used a finer grid so that the sim-
ulation corresponds essentially to the ADM runs. More points are now needed since
the BSSN is less accurate. As discussed in previous Sections, this is related to the fact
that BSSN is a more elaborated formalism, where a larger number of products leads
to higher truncation errors and therefore to less precise solutions (Alcubierre et al.,
2004).

In summary, the gravitational wave test, therefore, is well solved via both algo-
rithms, the smooth filter stabilizes the code for very long times, giving a very good
representation of the solution.

3.1.5 The Gowdy spacetime

All the tests described so far considered perturbations to the flat metric. In this Sec-
tion, we deal with a genuinely curved exact solution, known as the polarized Gowdy
spacetime (Daverio, Dirian, and Mitsou, 2018; Zlochower et al., 2005). The Gowdy
waves are vacuum cosmological models used to test codes in a strong field context
and present a serious challenge for numerical relativity. These particular solutions
of the vacuum Einstein equations on the 3-torus describe an expanding/collapsing
universe, containing plane-polarized gravitational waves where

ds2 = − eλ/2
√

t
dt2 +

eλ/2
√

t
dz2 + tePdx2 + te−Pdy2. (3.8)

Here λ and P are functions of z and t only. The time coordinate t is chosen such
that time increases as the universe expands. The metric is singular at t = 0 which
corresponds to the cosmological singularity. We will carry out our tests in both time
directions, i.e. in the collapsing and expanding dynamics.

With the metric described by (3.8), the Einstein equations lead to (Alcubierre et
al., 2004; New et al., 1998)

P(z, t) = J0(2πt) cos(2πz), (3.9)

λ(z, t) = −2π J0(2πt) J1(2πt) cos2(2πz) + 2π2t2
[

J2
0(2πt) + J2

1(2πt)
]

−1
2

[
4π2

[
J2
0(2π) + J2

1(2π)
]
− 2π J0(2π) + J1(2π)

]
, (3.10)

where J0 and J1 are Bessel functions. Equations (3.9) and (3.10) yields a diagonal
spatial metric of the type

γxx = teP , γyy = te−P , γzz =
eλ/2
√

t
.

To complete the initial data conditions, the extrinsic curvature is obtained as a
time derivative of the metric. Since the metric (3.8) depends only on the z−direction,
the spatial evolution is 1D. We chose a spatial domain z ∈ [0, 1], with Nz = 50ρn,
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code, for the expanding Gowdy spacetime, at different resolutions (Run 24–
Run 26). (b) Same, for both ADM (Run 27) and BSSN (Run 28), for the col-

lapsing spacetime and n = 1.

∆z = 1/(50ρn) (see before), and a ∆t = 5 × 10−4/ρn. In all the Gowdy tests, we
used a k∗ = Nz/5, smooth, anti-aliasing filter.

In the expanding form, the time coordinate t increases during the evolution of
the simulation, P approaches zero asymptotically and λ increases linearly. Since the
metric is singular at t = 0, we set the initial data from the exact solution at t = 1 and
proceed forward in time. Due to the exponential growth, such evolution may crash
rather soon but it will test the accuracy of a code in a rather harsh situation. In figure
3.7 (a) we report the L2 norm of the Hamiltonian, for the three resolutions n = 1, 2, 4
(Run 24–Run 26). The errors are bounded in all the tests and our results are in good
agreement with the basic literature (Babiuc et al., 2008; Clough et al., 2015). Similar
results have been found for the ADM simulation.

In the collapsing version, the time coordinate in the Gowdy metric can be trans-
formed so that the initial singularity is approached asymptotically, and backwards.
The new time coordinate τ is defined by τ = 1

c ln(t/k). In other terms, we replace
t → kecτ, and the time-step ∆τ is chosen to be negative. We choose a particular value
of t0 such that the initial slice is far from the cosmological singularity and, following
the standard approach (Alcubierre et al., 2004), we chose the twentieth zero of the
Bessel function, so that J0(2πt0) = 0. Finally we get c ∼ 2× 10−3 and k ∼ 9.6 × 1013.
In panel (b) of figure 3.7, we present a comparison between the ADM (Run 27) and
BSSN (Run 28) runs, for the collapsing direction. The ADM code shows a smaller
error on the Hamiltonian constraint, but both schemes proceed until 1000 crossing
times (τ = −1000). This evolution is less challenging than the expanding case since
the lapse function is essentially exponential in τ so that the spacetime is becoming
less dynamic. On the other hand, the value of the physical metric γzz at t = t0 is
of the order of 103. Overall, as it can be seen, also in this more challenging test, the
pseudo-spectral code is able to handle the numerical evolution, with violation er-
rors that are comparable (or smaller) than in the existing literature (Alcubierre et al.,
2004).

3.1.6 The Schwarzschild Black Hole

In this classical test, we consider the stability of an isolated, Schwarzschild black
hole (BH), in a fully 3D spatial geometry. The Schwarzschild metric is used as initial
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data to test the ability of the code to evolve BH spacetimes within the puncture ap-
proach (Campanelli et al., 2006; Hannam et al., 2007; Montero and Cordero-Carrión,
2012; Ruchlin et al., 2017). The metric in isotropic coordinates can be written as
(Baumgarte and Shapiro, 2010)

ds2 =

(
1 − m/(2r)
1 + m/(2r)

)2

dt2 + ψ4 (dr2 + r2dΩ2) ,

where r is the isotropic radius, m is the mass of the black hole and

ψ = 1 +
m
2r

is the conformal factor. The initial spatial metric and the extrinsic curvature become

γ̃ij = ψ−4γij = χ γij, Kij = 0,

respectively. The lapse is initially set to one and the shift is vanishing everywhere.
For a Schwarzschild black hole both the linear momentum and the dimensionless
spin are set to zero (Bowen and York, 1980).

We set the puncture mass m = 1.0M and the runs are carried out until t = 1000M,
corresponding to 1000 crossing times, unless the code becomes unstable. The spatial
domain is x, y, z ∈ [0, 300], with an isotropic spatial grid N = 643 and a time-step
∆t = 10−1. The 1 + log gauge condition is now used [i.e. f (α) = 2/α in equation
(2.19) and βi = ∂tβ

i = 0], for both the ADM and BSSN tests.
In order to handle Schwarzschild equilibrium, since the puncture limits the dif-

ferentiability of the solution, we shifted the position of the singularity by half grid-
step, namely ∆/2, for each Cartesian direction. In this regard, it is worth saying
that exact spectral projections always allow us to obtain the field in the continuum
via a simple phase-shift of the Fourier coefficients (Shallcross, Fox, and Capecelatro,
2020).

In panel (a) of figure 3.8 we report the evolution of the Hamiltonian error ||H||2,
for the ADM (Run 29 and Run 30) and the BSSN tests (Run 31 and Run 32), with
and without the smooth dealiasing filter. Here we found that k∗ = N/2 is enough
to stabilize the simulation. As expected, and as well known in the literature (Baum-
garte and Shapiro, 2010; Alcubierre, 2008), the ADM formalism is not well suited for
the simulations of singular objects such as BH’s. Even if the ADM “beats” the BSSN
formalism in several numerical challenges (see previous testbeds) regarding the pre-
cision, the BSSN remains one of the most stable numerical approaches for massive
stars dynamics.

In figure 3.8 (b) we report the conformal factor χ = ψ−4 for a simulation with
the same parameters of Run 32 but with higher resolution (1283). We report a 1D
cut through the center of the domain. The simulation shows slightly higher non-
conservation (probably due to the choice of the time step), but it is extremely more
precise, as we shall discuss later in the convergence tests of the Appendix. For this
version of the algorithm, namely the filtered BSSN, the simulation is stable (due to
the constraint propagation properties of BSSN), accurate and convergent.

As is clear from figure 3.8, the BSSN is able to simulate black hole dynamics,
accurately, for long times. Even with very small dealising filters, with k∗ = N/2, the
BSSN retains the black hole shape and keeps a very small error on the constraints.
However, the small violation of the periodicity, together with the high accuracy of
the spectral code, might produce wiggles that propagate from the discontinuous
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of the time history of the error ||H||2, between the ADM and the BSSN codes
(Run 29 - Run 32). Note the log scale of the x−axis. (b) Conformal factor
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used.

boundary. In the next Section, we will deal with these effects and cure this pathology
by using our IBH method, described in Section 2.5.3.

3.1.7 Gravitational wavepacket absorption

In order to test the IHB method, we check whether the algorithm is able to absorb
fluctuations that move outward, from the center of the domain toward the bound-
aries. At the initial time, we build a gravitational wavepacket, namely a windowing
of the gravitational wave at the center of the domain via a Gaussian-shaped filter,
as shown in figure 3.9-(a). As in the linearized gravitational wave test (see Section
3.1.4), the metric is given by equation (3.7). We initialize the perturbation b(x, t = 0)
as a wavepacket that propagates along the x−axis, with a Gaussian window of the
type exp[−( x−x0

σ )2]. We set an amplitude of A = 10−5, the wavenumber k = 40, and
the width of the window σ = 0.05 is small enough in order to localize the waves in
the center, namely x0 = L0/2 = 1/2, where L0 = 1 is the domain.

In order to match the two solutions f {ideal}(x, t) and f {H}(x, t) in the IHB tech-
nique, we chose a linear matching when distance approaches the borders. In partic-
ular, at the end of each time step, we impose the BSSN variables

f (x, t) =


f {ideal}(x, t) for |x − x0| ≤ λ,

f {ideal}(x, t)
[
2 − |x−x0|

λ

]
+ f {H}(x, t)

[
|x−x0|

λ − 1
]

otherwise.
(3.11)

In the above matching-condition, we chose λ = L0/4, namely one-quarter of the
box. In this test, we set the hyperviscous coefficient ν4 = 10−7. This test is labeled as
Run 33 in table

With our IHB approach, when the packet is far from the boundaries, the BSSN
evolution equation f {ideal}(x, t) dominates in equation (3.11) – all the field equations
evolve in the standard way. Otherwise, when the waves approach the boundaries,
the hyperviscous terms of the type ν4∇4 f dominate and the wavepacket is totally
absorbed. The time history of the propagating gravitational wave is reported in
figure 3.9. As it can be seen, the modulation moves coherently from the center of
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FIGURE 3.9: Absorption of a 1D wavepacket of gravitational waves using
our Implicit Hyperviscous Boundary (IHB) method, for the Run 33. The
panels show the section of the physical metric γzz at different times, i.e.

t = 0, 0.14, 0.26, 0.32, 0.37, 0.48.

the domain, toward L0 = 1. When the wavepacket enters the region of the viscous
boundary, at x = 3

4 L0, it starts to “feel” the hyperviscous damping in equation (2.33).
Before approaching the borders, the wave is totally absorbed. Similar results (not
shown here) have been obtained with other matching conditions, discussed in the
next subsection. The method can be easily exported to 3D gravitational dynamics,
in order to suppress boundary effects, as we will see in the next experiment.

3.1.8 Head-on collision of two Black Holes

In this last Section, we test the IHB technique via the head-on collisions of two equal-
mass Misner-Wheeler-Brill-Lindquist (MWBL) black holes (Brill and Lindquist, 1963;
Misner and Wheeler, 1957). The MWBL data represent conformally flat slices of mul-
tiple black holes space-times with n punctures. We test this black hole crash only
via the most numerically stable approach, namely the BSSN spectral code, with a
smooth filter in equation (2.29) and with the RSC active.

The parameters of the initial conditions are the following. The three-dimensional
computational domain is x, y, z ∈ [0, 25] and flat Minkowski spacetime is imposed as
a boundary condition everywhere. We chose two identical black holes with masses
m1 = m2 = 0.5M, C1 = {10.5, 12.5, 12.5} and C2 = {14.5, 12.5, 12.5}, where the Cj
are the locations of the two punctures. These parameters correspond to an initial
separation of the BHs a little larger than that of an approximate innermost stable
circular orbit (ISCO), as determined in (Baumgarte, 2000). The two punctures consist
of two Schwarzschild solutions with initially zero linear momentum and spin, as
described in Section 3.1.6.

As suggested by (Dumbser et al., 2018), the lapse is initially set to:

α =
1
2

(
1 − 1

2 (m1/r∗1)− 1
2 (m2/r∗2)

1 + 1
2 (m1/r∗1) +

1
2 (m2/r∗2)

+ 1

)
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FIGURE 3.10: Time evolution of the contour surfaces of the lapse α for the
head-on collision of two puncture black holes of equal mass m1 = m2 = 0.5M
at times t = 1, 13 and 25M (from left to right). Top row: without implicit

hyperviscous boundaries (IBH), Run 34. Bottom row: with IHB, Run 35.

where r∗ d
=
(
r4 + 10−24) 1

4 and r is the coordinate distance of a grid point from the
puncture. We present two types of runs for head-on collisions. We evolved a first
simulation (Run 34) without the IHB method. We carried out the simulation until
the code crashed, that is a few times after the collision. The evolution of the contour
surfaces of the lapse α are reported in the top row of figure 3.10. The panels (a), (b)
and (c) show the x − y section of the 3D domain, at z = L0/2, i.e. at the middle of
the z−domain, at times t = 1, 13 and 25M, respectively. As can be seen, after the
BH’s collision, spurious harmonics develop and grow in time. These numerical dis-
turbances are related to gravitational fluctuations, generated at the central collision
region, that propagate away and interact at the periodic borders. This non-physical
interference is also amplified by the violation of the mean gravitational profile of the
black holes at the border, which eventually leads the simulation to crash at t ∼ 30.

In order to stabilize the spectral algorithm, a second simulation (Run 35) has
been carried out by switching-on the IHB technique. In order to quickly truncate
noise that periodically travels through the periodic boundaries, we match the two
solutions, f {ideal}(x, t) and f {H}(x, t), with a rigid condition

f (x, t) =

 f {ideal}(x, t) f or|x − x0| ≤ λ,

f {H}(x, t) f or|x − x0| > λ,

where x0 is set at the center of the 3D spatial domain, and λ = 3
8 L0. In the bottom row

of figure 3.10 we represent the contour surfaces of the lapse [panels (d), (e) and (f)],
at the same times of the previous run. The simulation has been noticeably improved,
thanks to the diffusive boundaries that absorb the spurious periodic effects, as well
as the out-propagating gravitational fluctuations. The line contours reveal a very
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smooth and well-behaved profile of the final (merged) black hole, confirming that
dealiased pseudo-spectral methods can represent a good numerical strategy for the
simulation of compact object dynamics.

Finally, we compare the violation of the Hamiltonian constraints for the two runs
(with and without IHB), as reported in figure 3.11. As can be seen, the run with the
viscous boundaries is much more stable, manifesting also a lower violation of the
constraints. This is due to the fact that the boundary ripples have been absorbed
and the method prevents the contamination of these wiggles in the central ideal part
of the domain, where the merger occurs. A similar strategy can be used for a vari-
ety of studies, including the inspiring binaries and the multiple black hole systems
(Pretorius, 2006; Matzner, Huq, and Shoemaker, 1999; Lousto and Zlochower, 2008).

There are other techniques able to handle black hole dynamics, as in the SpEC
code (Scheel et al., 2006; Szilágyi, 2014), where the method imposes a large infras-
tructure able to handle the singularity. The method presented here is different and
simpler than the above (more refined) strategy. In the case of massive objects, we
base our numerical approach on (1) a simple grid-shift of the black hole (in the case
of the static Schwarzschild), (2) the use of filtering/dealiasing techniques that retain
the differentiability of the solution and (3) the use of hyperviscous boundaries which
absorb perturbations.

3.1.9 Appendix A: The time integration scheme

The most commonly used methods to integrate in time systems of coupled partial
differential equations are the well-known Runge-Kutta (RK) schemes. Several clas-
sifications of these methods can be done, according to their convergence order, the
number of stages, or their explicit/implicit structure. Low-order RK methods have
the advantage of simplicity and the relatively low need for memory allocation. This
is surely a good point for numerical relativity, especially in the BSSN formalism,
where the number of tensors proliferates compared to the ADM approach. How-
ever, low-order RK, such as the second-order method (RK2) are quite dissipative,
causing a departure (in time) from exact solutions (when these are known). Some
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of these accuracy problems are partially solved by using higher-order, such as the
popular fourth-order RK4 2.

In this brief subsection of the Appendix, we compare the accuracy of both RK2
and RK4, in the case of our pseudo-spectral filtered method. The RK2 has been
described in Section 2.5.1, by equation (2.30). Analogously, for the RK4 one gets

f n+1 = f n +
∆t
6

[F1 + 2F2 + 2F3 + F4] , (3.12)

where F1 = F( f n), F2 = F( f n + ∆t
2 F1), F3 = F( f n + ∆t

2 F2) and F4 = F( f n + ∆tF3).
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FIGURE 3.12: Hamiltonian constraint for different initial data, for both
second-order (full) and fourth-order (dot-dot-full) Runge-Kutta. The perfor-

mances of the runs are summarized in table 3.2.

In figure 3.12 we show the Hamiltonian error ||H||2, for the most stable runs
shown in table 3.1. For the sake of simplicity, we show only a few testbeds, namely:
the large amplitude Gauge wave (Run 8), robust stability test (Run 17), the gravita-
tional wave test (Run 23) and the Schwarzschild black hole (Run 32). In all the cases,
the RK4 has always a smaller violation error, as expected.

In table 3.2 we report the difference between the simulated profile of the field χ
and its analytical solution. In particular, we computed the L2 norm of the error

∆aχ = χRK# − χanalytical , (3.13)

2Alternatively, explicit (e.g. Adams-Bashford) or implicit (Adams-Moulton) linear multi-step meth-
ods improve the stability properties, albeit at the expense in increasing the complexity of the algorithm.
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TABLE 3.2: Convergence table for different integration schemes. The nu-
merical values in the table refers to the discrepancy ||∆aχ||2, defined in equa-
tion (3.13), evaluated for the second (# = 2) and the fourth (# = 4) order
Runge-Kutta. The gauge waves have been compared at t = 100, the gravita-

tional waves at t = 500, and the Schwarzschild BH at t = 100.

Algorithm gauge wave linearized wave Schwarzschild

RK2 9.6 × 10−1 2.4 × 10−12 1.1 × 10−3

RK4 2.4 × 10−2 2.3 × 10−12 1.1 × 10−3

TABLE 3.3: Convergence table for the Schwarzschild black hole. The errors
have been quantified as the L2 norm of the discrepancy from the analytical

solution, similarly to equation (3.13).

Resolution 323 643 1283 2563

||∆aχ||2 1.5 × 10−3 1.2 × 10−3 1.1 × 10−3 8.9 × 10−4

for both the second (#=2) and the fourth (#=4) order. As can be seen, the RK4 is
more accurate, although it requires extra computational time and memory. In fu-
ture works, a combination of high-order time-integration schemes with the IHB will
be presented, coupling alternative techniques with implicit diffusion for the bound-
aries.

3.1.10 Appendix B: Convergence tests for singular Spacetimes

In this second Appendix, we present the convergence tests at different resolutions N,
for the filtered BSSN algorithm. It is important to remark that our spectral method
is different from typical spectral elements methods, where the convergence depends
upon the number of modes in the local projection basis (Dumbser et al., 2018). In
the classical pseudospectral algorithms, the error on the derivative depends on the
properties of the function. For purely periodic, regular, and smooth functions, the
error is essentially close to the machine precision or, to be more precise, is due to the
noise-floor of the FFT algorithm. Different is the case of non–periodic and discontin-
uous functions, where the spectrum cannot be entirely described within the limited
spectral projection. Even if the Fourier transform of a given discontinuous function
quickly converges to zero for wavenumbers k → ∞, the discrepancy with exact so-
lutions is no more negligible (Canuto et al., 1988; Boyd, 2001b). This last class of
functions comprehends the Schwarzschild solutions and the error, which is always
smaller than (or on the order of) high-order finite differences methods, converges
only weakly. We will therefore inspect the convergence for black hole simulations.

We start with the Schwarzschild black hole, discussed in subsection 3.1.6, by
varying the resolution from very-low (N = 323) to moderate resolution (N = 2563).
For this set of runs, we used the same parameters as for Run 32 (see table 3.1) and
by shifting the puncture position in between mesh-nodes, as described before.

In order to quantify accuracy, for each resolution we computed the difference
between a profile at the end of the simulation and its analytical solution, as in equa-
tion (3.13), where now ∆aχ = χN − χanalytical and χN is the conformal factor for the
simulation at a given resolution N. This norm can be computed for any variable but
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FIGURE 3.13: (a) One-dimensional cut of the discrepancy between the sim-
ulation and the analytical results |∆aχ| (see text), for different resolutions
summarized in table 3.3. (b) Head-on collision, final profile, for different res-

olutions.

here we report results for χ (other fields give similar results, not shown). In figure
3.13 (a) we show this discrepancy, for different numerical resolutions, at the end of
the Schwarzschild simulations (t = 100). As can be seen (and as expected) the error
diminishes with increasing resolution. To quantify the convergence, we computed
the L2 norm of this error, as reported in table 3.3. The global error, going from low to
high resolutions, slightly diminishes. In particular, this convergence study reveals
that ||∆aχ||2 decreases with the mesh size almost linearly (not shown). However, at
these typical resolutions, the values of the errors are smaller than (or comparable to)
similar experiments reported in previous works (Campanelli et al., 2006; Montero
and Cordero-Carrión, 2012; Dumbser et al., 2018).

As a final set of convergence tests, we repeated the head-on collision of black
holes, discussed in subsection 3.1.8. In particular, we performed Run 35, going from
1283 up to the moderately-high resolution, with N = 5123 mesh points. We com-
pared the simulations just after the collision of the BHs, at t = 22, reported in panel
(b) of figure 3.13. This sequence of runs suggests that the solution is well described
within our typical resolutions, for N ≥ 1283. In particular, the profiles are very
similar, although the highest resolutions reveal a more singular and accurate pro-
file. After the merger, the filter, together with the good differentiability properties of
the BSSN formalism (Zlochower et al., 2005), is able to handle the final singularity
at the location of the puncture, which typically is expected to cause problems for
spectral codes. To quantify the level of convergence here, we computed the error
∆Nχ = χN1 − χN2 , for neighboring spectral resolutions N1 and N2. In order to per-
form these direct measurements, we computed the difference only on the coarser
grid and we used for all the simulations the same time-step, constrained by the 5123

run. We obtained ||χ256 − χ128||2 = 3.3× 10−3 and ||χ512 − χ256||2 = 9.7× 10−4. This
further confirms that the solution is accurate and convergent.

3.2 Aliasing instabilities in the ADM and BSSN formalism

We have seen with the previous tests that spectral methods are very performing
techniques for numerical relativity. However, as we already mentioned in Section
2.5, the nonlinear terms become convolutions in the complex (Fourier) space (Boyd,
2001a), and numerical problems might arise from the so-called aliasing instabilities
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FIGURE 3.14: Energy spectra of the main BSSN dynamical variables, as a
function of time and k, for the small amplitude gauge wave test (Run 1). No
anti-aliasing filter has been used and the code becomes unstable at t ∼ 10.4.

From panel (a) to (e) we show γ̃zz, α, K, Ãzz and χ, respectively.

(Orszag, 1971; Gottlieb and Orszag, 1977a). These instabilities generally start from
the higher Fourier-modes and propagate back to smaller k−vectors (larger scales)
during the simulation. This transfer of information is a purely numerical artifact,
with no physical meaning and the numerical simulation generally loses accuracy,
with a consequent blow-up of the solution. The dealiasing procedure plays a crucial
role, as we shall see.

In this Section, we investigate the role of artificial instabilities, by monitoring the
behavior of the isotropic spectra of the dynamical variables and, in particular, the
evolution of the highest modes in the Fourier space - the modes close to the Nyquist
wavenumber. We show that these modes rapidly grow up during the simulation,
leading to the inaccuracy of the results. We propose a way to prevent these numeri-
cal problems, based on the dealiasing of high-order products. In practice, we remove
these aliasing instabilities and improve the numerical simulations by constructing
dealiasing filters (Hou and Li, 2007). In this way, the BSSN code becomes stable and
very accurate, with an excellent agreement with analytical solutions - whenever they
are available. Such a technique can be used also in compact object simulations.

We perform some of the standard gravitational testbeds already discussed in the
previous Section, summarized in Table 3.4. For each initial data, we follow the evo-
lution of the spectral power of the fields, highlighting the hints of the aliasing insta-
bilities, that usually manifest as an exponential pile-up of energy at small scales. We
check the accuracy of the simulation (1) by matching the numerical result with the
analytical one (where it is possible), (2) by inspecting the BSSN constraints, and (3)
via the computation of power spectra.
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TABLE 3.4: Table of simulations. From left to right: the run number, the
initial condition, the number of points, k∗ of the filter, the filter status, the
RSC status, the IBH status, and finally, the stability of the simulation. Here

”✓” stands for on, and ”×” for off.

Run IC type N k∗ Filter RSC IHB Stable

36 Gauge wave 128 ∞ × × × no
37 Gauge wave 128 N/3 ✓ × × yes
38 Robust stability 128 ∞ × × × no
39 Robust stability 128 N/3 ✓ × × yes
40 Gowdy wave 64 ∞ × × × no
41 Gowdy wave 64 N/4 ✓ ✓ × yes
42 Head on collision 2563 ∞ × × × no
43 Head on collision 2563 N/2 ✓ × × no
44 Head on collision 2563 N/2 ✓ ✓ ✓ yes

FIGURE 3.15: Spectra of γ̃zz, α, K, Ãzz and χ, for Run 1, at different times of
the simulation.

For the first numerical test, the gauge wave test described in Section 3.1.1, we
chose a spatial domain x ∈ [0, 1] with a number of meshes Nz = 128, where the
metric is given by

ds2 = −H(z, t) dt2 + dx2 + dy2 + H(z, t) dz2. (3.14)

The Runge-Kutta time-step is ∆t = 10−3 and, according to the literature, we use the
harmonic slicing in Eq. (2.19), without shift evolution (βk = ∂tβ

k = 0) (Baumgarte
and Shapiro, 2010). The amplitude of the perturbation is A = 10−2. For the first run,
Run 36, no anti-aliasing filter (k∗ = ∞) and no adaptive time refinement (RSC) have
been used. The code crashes very quickly, at 10.4 crossing times.

In order to better understand where the numerical instabilities arise from, we
monitor the Fourier spectra of the main BSSN variables. In figure 3.14, we report the
Fourier spectrum for the BSSN variables, as a function of both time and wavenum-
ber k. In particular, we show γ̃zz, α, K, Ãzz, and χ, until the code crashes. Notice that
a logarithmic scale has been used. From the above Figure, one can appreciate that
the first hint of instability seems to come from the extrinsic curvature (the conformal
trace-free part Ãzz (panel (d)) and its trace K (panel (c)). Then these instabilities
gradually contaminate all the other dynamical variables until the code becomes un-
stable and blows up, at about t ∼ 10.4.
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FIGURE 3.16: Top row: small amplitude gauge wave test, without filters
(Run 36). In panel (a) we show the evolution in time of the k = kmax Fourier
mode of the diagonal elements for the conformal γ̃ij and Ãij. The aliasing
instability leads to an exponential growth of such modes. In (b) we report
a comparison between the physical metric γzz at t = 9.6 and the exact solu-
tion of the wave-form. Bottom row: same for the filtered Run 37, where the

solution becomes very stable and accurate.

In figure 3.15 we show the energy spectra of the same dynamical variables, at
t = 3.0, 6.0, and 9.0. Note that nonphysical “energy” contaminates first the higher
Fourier modes, and then diffuses back to the whole spectrum. The major contribu-
tion comes from the extrinsic curvature.

It is interesting now to follow in time the modes. In figure 3.16-(a) we show the
evolution of kmax ∼ N/2, for the diagonal elements of the conformal metric and
the conformal trace-free part of the curvature. The exponential growth in time is
evident. This spectral check shows clearly that aliasing errors arise first in the trace-
free part of the extrinsic curvature and then in the metric components. The conse-
quences of such instabilities are visible in figure 3.16 (b), where we show a section of
the physical three-metric γzz at t = 9.6, compared with the analytical solution. It is
interesting to note not only the appearance of wiggles but also a strong deformation
of the largest wavelength (initial) mode.

In order to avoid these instabilities and stabilize the algorithm, in the second run
(Run 37) we use our smooth anti-aliasing filter described by equations (2.27)-(2.29),
using k∗ = Nz/3 (the other parameters are the same as the previous run.) In figure
3.16-(c) we show the evolution of the k = kmax Fourier-mode. The filter suppresses
the non-physical energy in all the highest harmonics and the simulation remains
stable for a long time. The advantage is evident from panel (d), where we show
a section of the γzz component at t = 100 crossing time, compared with the exact
solution. Finally, in figure 3.17, we show the evolution in time of the spectra of the
main BSSN variables, for Run 37. One can see that, in contrast with the previous
test, the smooth filter suppresses higher Fourier modes and the code remains very
stable.
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FIGURE 3.17: Energy spectra of the main BSSN dynamical variables as a
function of k and t, for Run 37. A smooth filter with k∗ = Nz/3 has been

used. The code remains stable for long time.

The second experiment is the robust stability test. The numerical noise is dis-
tributed among every BSSN dynamical field, let’s say f = f0 + ε f , with f0 being the
unperturbed field. The perturbation is chosen to be ε( f ) ∈ [−10−10, 10−10]. We chose
a spatial domain x, y, z ∈ [0, 1], a number of grid points Nz = 128, where the mesh
size along z is therefore ∆z = 1/128 and the time-step is ∆t = 10−3. To speed up
calculations, we use only four grid points in the x and y directions. According to the
literature, we use the harmonic slicing to evolve the lapse, namely f (α) = 1 in equa-
tion (2.19). We use the “Gamma driver” condition to evolve the shift (Cao, Yo, and
Yu, 2008). For the first test (Run 38) no anti-aliasing filter has been used, and the code
crashes at t ∼ 5.7 crossing times. In figure 3.18 the energy spectra of the main BSSN
dynamical variables are reported as a function of time. From this Figure is clear that
aliasing instabilities, once again, come first from the extrinsic curvature (the trace
and the traceless part) and then contaminate all the other dynamical fields, until the
code crashes. In figure 3.19, we report the whole energy spectra at time t = 0, 2 and
5, for the same fields.

The BSSN formalism involves a large number of auxiliary variables. It is instruc-
tive, in this regard, to monitor the more physical ADM fields, i.e. the metric γij, the
extrinsic curvature Kij, and the lapse α. In table 3.5, we report in detail the various
terms of the ADM evolution equations, together with the corresponding order of the
products. The number of products varies from quadratic (for example the time evo-
lution of the metric), to very high nonlinearity (5th order products), as for the Ricci
component of the extrinsic curvature. In order to inspect which is the main candi-
date for the numerical instability, for each of these terms, we computed the energy
spectra. Figure 3.20 shows the evolution in time of the k = kmax Fourier mode, on a
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FIGURE 3.18: The isotropic energy spectra vs. k and t, for the robust stabil-
ity test (Run 38), without anti-aliasing filter. The code becomes unstable due
to the aliasing error and the simulation crashes at t ∼ 5.7. From (a) to ( f ),

we show γ̃zz, α, K, Ãzz, χ, and βz.

log-log scale. This analysis shows that the (non-physical) energy due to the aliasing
phenomenon grows rapidly until the code crashes. Different terms have different
amplitudes and growth rates.

At this point, it is then useful to inspect the very initial stages, in order to reveal
the precursor of such instability. The inset shows the earlier times of the simulation.
As expected, the K[1] term is higher in energy since the initial time-steps, and re-
mains always one of the most aliased during the simulation. Even in the end, this
term keeps growing faster and reaching higher values. This behavior is due to the
fact that K[1] is proportional to the Ricci tensor Rij which involves more complex
convolutions in the Fourier space, as discussed in Table 3.5. In order to show the
benefit of the anti-aliasing filter and the robustness of the code, a second test (Run
39) has been performed, by using our smooth filter at k∗ = Nz/3, with the same pa-
rameters as Run 38. The code remains stable for a long time and the Fourier spectra
are well bounded (see for example Meringolo, Servidio, and Veltri, 2021).

We now analyze the aliasing instability via the Gowdy spacetime, discussed in
Section 3.1.5. The Gowdy wave test evolves a strongly curved spacetime, represent-
ing a vacuum cosmological model and therefore used to test codes in a strong field
context. Such vacuum solutions describe an expanding/collapsing universe, and it
contains plane-polarized gravitational waves. For this test, we will carry out our
simulations in the collapsing direction, i.e. backward in time. We chose a spatial
domain z ∈ [0, 1], with Nz = 64, ∆t = 5 × 10−4 and the harmonic slicing. This is
an important challenge for a numerical code because there is both a small effect (the
dynamics in γxx and γyy) and a larger effect (dynamics in γzz) in the metric compo-
nents.

As usual, the first run (Run 40) is carried out without the anti-aliasing filter. The
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TABLE 3.5: Table of ADM terms, together with the corresponding order
of the products. The highest nonlinearity is due to the K[1] term, which is

proportional to the Ricci tensor Rij.

term explicit form # products

γ [1] −2αKij 2

γ [2] βk∂kγij 2

γ [3] γik∂jβ
k 2

K [1] αRij ∼ α[γ∗∗∂∗γ∗∗][γ∗∗∂∗γ∗∗] 5

K [2] −2αKimKm
j ∼ αK∗∗γ∗∗K∗∗ 4

K [3] −2αKKij 3

K [4] −DiDjα ∼ [γ∗∗∂∗γ∗∗]∂∗α 3

K [5] βk∂kKij 2

K [6] Kik∂jβ
k 2

α −α2K 3

FIGURE 3.19: Robust stability test for Run 38. The energy spectra are shown
as a function of k, for γ̃zz, Ãzz, χ, K, α and βz, at 3 different times.

code becomes unstable and crashes at t ∼ 240 crossing times. In panel (a) of figure
3.21, the time evolution of the spectrum of Ãxx is shown. Note that with our choice
of parameters, kmax = Nz/2 = 32. The instabilities arise, again, from small wave-
lengths and propagate backward to larger scales. In order to stabilize the simulation,
in Run 41, we set our smooth filter to k∗ = Nz/4, together with the RSC condition.
In this way, the evolution becomes well-behaved until t = 1000, as can be seen from
figure 3.21 (right).

In figure 3.22 we show the largest modes of γ̃xx and Ãxx, for both the unfiltered
(Run 40) and the dealiased Gowdy test (Run 41). To check the consistency of the
results, we computed the L2 norm of the Hamiltonian constraints. This quantity,
which should be null in the ADM representation of the Einstein field equations, is
very small, as can be seen from Figure 3.22 (right). However, the solution becomes
suddenly unstable in the unfiltered case, while it keeps more reasonable low values
in the filtered case, for longer times. In both cases, as expected in this kind of very
difficult initial data, the solution inexorably blows up, in agreement with previous
works (Clough et al., 2015). Overall, as it can be seen, also in this more challenging
test our pseudo-spectral code is able to handle the numerical evolution and is stable
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FIGURE 3.20: Energy of the maximum mode, as a function of time, for the
robust stability test with no anti-aliasing filter (Run 38). In the inset, we show
the initial stages, with the K[1] term (∝ Rij) being the dominant growing term.

This term remains the most aliased, until the code crashes.

FIGURE 3.21: Energy spectrum of Ãxx as a function of time, for the Gowdy
test (a) without anti-aliasing filter (Run 40) and (b) with a k∗ = Nz/4 filter

(Run 41).

for the full 1000 crossing times, with violation errors that are comparable (or smaller)
than in previous works (Alcubierre et al., 2004).

As a final test, we present results about the head-on collisions of two equal-mass
MWBL black holes. Each black hole is parametrized by mj and rj, namely the mass
parameter and the position of the j − th black hole, respectively. For the head-on
test, the ADM mass is given by the sum of mj. Both the ADM linear and angular
momentum are set to zero, this means that the black holes start without boost and
spin. The extrinsic curvature is set initially to zero, with Ãij = K = 0, and with a
conformal factor that is

χ =

[
1 +

m1

2|r − r1|
+

m2

2|r − r2|

]−4

.

In this case the 3D computational domain extends over x, y, z ∈ [0, 25] We set the
mass parameters and the initial location of the j − th puncture to be mj = 0.5 and
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FIGURE 3.22: Gowdy spacetime. Left: the evolution of the k = 32 Fourier
mode for the conformal metric γ̃xx and the trace-free part of the extrinsic
curvature Ãxx, with no filter (Run 40) and with a smooth k∗ = Nz/4 filter
(Run 41). Right: The evolution of the L2 norm of the Hamiltonian, for both

runs.

FIGURE 3.23: The head-on collision test (Run 42). Left: the time-growth
of the mode k = kmax, for both the lapse and the shift. The code crashes at
t ∼ 1.6. Right: 1D section in the y−direction for both fields, at t = 1.5, just
before the code crashes. Note that the instabilities arise from the boundaries

and propagate into the domain.

Cj = {12.5, 12.5 ± 2, 12.5}, respectively. We use the harmonic slicing to evolve the
lapse, and the ”Gamma driver” condition to evolve the shift (Cao, Yo, and Yu, 2008).

For the first run, we stress the code without an anti-aliasing filter (Run 42). As
expected, such a heavy test quickly induces aliasing instabilities and the code sud-
denly crashes. Since this is a simulation with a 3D mesh, with N = 256 grid points
for each Cartesian direction, the maximum mode is at about Nk =

1
2

√
3N2 ∼ 222. In

figure 3.23 (left) we show the evolution of the k = kmax mode for the lapse α and the
shift βy. In the right panel, a 1D cut of the same fields is shown, at t = 1.5, just before
the code blows up. For the symmetry of the problem, the cut is along the y-axis, at
Nx/2 and Nz/2 . One can see the growth of ripples at the boundary regions, due to
the propagation of internal waves and their interference related to periodicity. These
non-physical fluctuations grow up exponentially in time and lead to unstable solu-
tions. A second simulation (Run 43) has been carried out by using a smooth filter
with k∗ = N/2. The filter surely improves the stability of the simulation, but the
code crashes later than Run 42, namely at t ∼ 4.2. This indicates that the boundary
might be now the cause of the aliasing problems.

In order to definitively stabilize the code, we carried out a third simulation (Run
44) with the viscous approach, switching on the IHB technique described in Meringolo,
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FIGURE 3.24: Head-on collision with a stabilizing procedure (Run 43). A
smooth filter with k∗ = N/2 and the IHB has been used. Top row: xy−plane
at time t = 1, t = 13 and t = 26 for the conformal factor χ. Bottom row: 1D
cut in the y−direction for χ and βy, at same times. The field remains well-
behaved at the boundaries. The merger occurs at t ∼ 21 and the simulation

is carried out until t = 50.

Servidio, and Veltri, 2021. We carried out the simulation several times after the merg-
ing of the two black holes. In the top row of figure 3.24 is reported a section in the
xy−plane (at Nz/2) of the conformal factor χ, at three times, namely t = 1, 13 and
26. The merging occurs at t ∼ 21, even though the simulation is carried out until
t = 50. In the bottom-row, we show, at the same times, 1D cuts in the y−direction
(at the middle of the lattice) of χ and βy. The numerical artifacts in figure 3.23 have
been suppressed thanks to the combination of filtering and the IHB technique. For
completeness, we monitor the evolution in time of all the BSSN constraints during
the simulation, for the three head-on collision tests. In figure 3.25 we report the L2
norm of the Hamiltonian constraint, described by Eq. (3.2), for the Run 42–Run 44.
As it can be seen, the run with the hyperviscous boundaries is stable long after the
collision, manifesting also a lower violation of the constraints.

The SFINGE code, with the above filtering and boundary treatments, is able to
handle such difficult gravitational dynamics. A similar strategy can be used for
a variety of studies, including the inspiring binaries and the multiple black hole
systems (Pretorius, 2006; Lousto and Zlochower, 2008), with the consequent analysis
of the gravitational signal. This will be discussed in the next Section.

3.3 Gravitational waves from black holes collisions

In this Section, we will focus on GWs, a perturbation of spacetime that propagates
with an undulatory character at the speed of light, and one of the most important
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FIGURE 3.25: L2 norm of the Hamiltonian constraint, for the head-on col-
lision of two equal masses black holes. The merger occurs at t ∼ 21. The
solid line represents the test with IHB on and a smooth filter with k∗ = N/2
(Run 44), while the dashed (Run 42) and the dot-dashed (Run 43) represent

the unstable runs.

predictions of general relativity. Gravitational radiation can carry energy and mo-
mentum away from an isolated system, and it encodes information about the phys-
ical properties of the system itself. GWs are one of the most important physical
phenomena associated with the presence of strong and dynamic gravitational fields,
and they are of great interest in numerical relativity. Predicting the GW signal com-
ing from real astrophysical systems has been one of the main themes in numerical
relativity over the years since such predictions can be used as templates that can
significantly improve the possibility of detection.

Our campaign of simulations consists of six different configurations. First, we
evolve a binary system of two inspiraling equal masses BHs. The other configu-
rations consist of the more complex dynamics of three compact objects, spanning
different initial conditions. For each of them, we capture the corresponding grav-
itational signal, and we perform more detailed analyses via Fourier and wavelet
spectra.

3.3.1 The Newman-Penrose formalism and the Weyl scalars

In numerical relativity, GWs are extracted via the traceless Weyl tensor with respect
to a frame of null vectors, using what is known as the Newman–Penrose formalism
(Newman and Penrose, 1962). The Newman-Penrose formalism is a set of notations
developed to treat general relativity in terms of spinor notation, which introduces
complex forms of the usual variables and where the tensors are projected onto a
complete vector basis at each point in spacetime. Usually, this vector basis is cho-
sen to reflect some symmetry of the spacetime, leading to simplified expressions for
physical observables. In the case of the Newman-Penrose formalism, the vector basis
chosen is a null tetrad: a set of four null vectors-two real, and a complex-conjugate
pair (Alcubierre et al., 2004). The two real vectors asymptotically point radially in-
ward and radially outward, and the formalism is well adapted to the treatment of
the propagation of radiation in curved spacetime.

As we have seen, the Weyl tensor, for n = 4, has 10 independent components. In
the Newman–Penrose formalism those components can be conveniently represented
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by five complex scalar quantities known as the Weyl scalars, defined as3

Ψ0 = Cµνρσlµmνlρmσ,
Ψ1 = Cµνρσlµkνlρmσ,
Ψ2 = Cµνρσlµmνm̃ρkσ,
Ψ3 = Cµνρσlµkνm̃ρkσ,
Ψ4 = Cµνρσkµm̃νkρm̃σ,

(3.15)

where lµ, mµ, m̃µ and kµ represent the null tetrad. Notice that, as with all other New-
man–Penrose quantities, the Ψµ are scalars with respect to coordinate transforma-
tions, but they clearly depend on the choice of the null tetrad. These five complex
scalars are enough to specify all 10 independent components of the Weyl tensor. The
symmetries of the Weyl tensor imply that all other possible contractions of Cµνρσ

with combinations of the tetrad vectors either vanish or can be expressed as combi-
nations of the Ψµ.

It is possible to interpret the scalars Ψ0 and Ψ4 as measures of the ingoing and
outgoing gravitational radiation. For obvious reasons, we are interested in Ψ4, which
encodes in a single complex field everything about outgoing gravitational waves, as
well as the radiated energy and linear momentum. Furthermore, this quantity can
be interpreted as the relativistic analog of the Poynting vector Si, which expresses
the energy flow outgoing from a surface containing a certain volume V, projected
along the radial direction r̂.

A very important property of the Ψ4 scalar is that in the asymptotic limit, it com-
pletely describes the outgoing gravitational radiation field: far from a source, a grav-
itational wave is locally plane and Ψ4 is directly related to the metric perturbation in
the so-called TT gauge:

Ψ4 = ∂2
t (h+ − ih×), (3.16)

where h+ and h× are the amplitudes of the two independent components with linear
polarization of the wave solution (Baumgarte and Shapiro, 1998). Another useful
expression of the Ψ4 scalar is given by:

Ψ4 = (Eij − iBij)m̃im̃j, (3.17)

where we define the electric tensor Eij and magnetic tensor Bij as:
Eij = Rij + γmn(KijKmn − KimKjn), (3.18a)

Bij = γikϵkmnDmKnj, ϵkmn = ϵkmn, (3.18b)

or equivalently (Reisswig et al., 2011):

Ψ4 =
1
2

[
Eij(wiwj − vivj)− Bij(wivj + viwj)

]
− i

2

[
Eij(wivj + viwj) + Bij(wiwj − vivj)

]
.

(3.19)
It is convenient to project Ψ4 onto the sphere and describe its angular dependence
in terms of the spin-weighted spherical harmonics Y(s)

lm (θ, φ). The contributions of the
individual modes l, m are obtained from projecting Ψ4 onto the spherical harmonics

3The sign convention in these definitions is by no means universal and is frequently reversed
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Y(s)
lm (θ, φ) of spin weight s = −2. Using the orthogonality relation between spin-

weighted spherical harmonics∫
dΩ Ȳ(−2)

lm (θ, φ)Y(−2)
l′m′ (θ, φ) =

∫ 2π

0

∫ π

0
Ȳ(−2)

lm (θ, φ)Y(−2)
l′m′ (θ, φ) sin θ dθ dφ = δll′δmm′ ,

(3.20)
these projections are encoded by Alm, defined in terms of the scalar product

Alm = < Y(−2)
lm , Ψ4 > =

∫ 2π

0

∫ π

0
Ψ4Ȳ(−2)

lm sinθ dθ dφ. (3.21)

The spin-weighted spherical harmonics Y(−s)
lm can be defined in terms of the Wigner

d-functions as

Y(s)
lm (θ, φ) = (−1)s

√
2l + 1

4π
dl

m(−s)(θ)e
imφ, (3.22)

where

dl
ms(θ) =

C2

∑
t=C1

(−1)t[(l + m)!(l − m)!(l + s)!(l − s)!]1/2

(l + m − t)!(l − s − t)!t!(t + s − m)!

[
cos

θ

2

]2l+m−s−2t [
sin

θ

2

]2t+s−m

(3.23)
with C1 = max(0, m − s) and C2 = min(l + m, l − s). It can be shown that more
than 98% of the energy is radiated in the form of the dominant l = 2, m = ±2 modes
(Wiaux, Jacques, and Vandergheynst, 2007). This is the reason why is commonly
used the projection Ψ4 along the spin-weighted spherical harmonic Y(−2)

22 (θ, φ) to
obtain the final waveform:

A22 = < Y(−2)
22 , Ψ4 > =

∫ 2π

0

∫ π

0
Ψ4Ȳ(−2)

22 sinθ dθ dφ. (3.24)

3.3.2 Multiple Black Hole dynamics

The SFINGE code also includes modules to build initial data for a variety of prob-
lems, in a self-consistent way. We implement an iterative algorithm based on the
same pseudo-spectral structure of the main code, to impose a set of well-posed ini-
tial conditions at some initial instant of time. Apart from the head-on collision of
two black holes discussed above, the initial conditions for a generic configuration
in general relativistic simulations contain non-zero velocities. Therefore, the initial
values for the extrinsic curvature Kij will depend on both the linear and angular
momentum of the black holes.

In such cases, the momentum constraints do not vanish trivially and the confor-
mal factor takes the following form (Brandt and Brügmann, 1997)

ψ = 1 + ∑
k

Mk

2rk
+ u = 1 + ψ0 + u, (3.25)

where Mk and rk are respectively the mass parameter and the distance from the
kth black hole from the origin of coordinates, and u is a corrective term. To build
the initial condition for multiple black holes with certain boost and spin, we follow
the Bowen-York approach. This method consists to solve the momentum constraints
analytically and the Hamiltonian constraint numerically (Alcubierre, 2008; Cook,
2000b), where we used an iterative Newton-based technique.
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TABLE 3.6: Parameters of the BSSN simulations, reported in geometrical
units. Note that all the configurations have z/M = vz/M = 0, omitted for
the reason of space. The last line indicates the initial Arnowitt-Deser-Misner

mass, evaluated as suggested by Baumgarte, 2000.

Run 45 46 47 48 49 50

# of BHs 2 3 3 3 3 3

M1 0.450 0.250 0.333 0.250 0.250 0.250

M2 0.450 0.333 0.333 0.333 0.333 0.333

M3 // 0.417 0.333 0.417 0.417 0.417

r1/M (0, 1.15) (0.93, 2.70) (0.67, 1.86) (2.55, -0.17) (-1.87, 0.86) (-1.87, 0.86)

r2/M (0, -1.15) (-1.54, -0.93) (-0.93, -0.24) (-2.56, 0.38) (-1.35, -1.05) (-1.35, -1.05)

r3/M // (0.68, -0.87) (0.26, -0.61) (0.51, -0.20) (2.21, 0.32) (2.21, 0.32)

v1/M (0.33, 0) (-0.04, -0.04) (-0.12, -0.36) (-0.30, -0.13) (0.04, -0.38) (0.04, -0.38)

v2/M (-0.33, 0) (0.25, 0.04) (-0.34, 0.23) (0.03, -0.07) (-0.06, -0.03) (-0.06, -0.03)

v3/M // (-0.18, 0.07) (0.45, 0.13) (0.15, 0.13) (0.02, 0.26) (0.02, 0.26)

J1/M2 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0.100)

J2/M2 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, -0.05)

J3/M2 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, -0.05)

MADM 0.904 1.001 1.003 1.004 1.008 1.007

To do this, we assume that the conformal metric is flat (γ̃ij = δij), the physical
metric is asymptotically flat (limr→∞ ψ = 1), and the trace of the extrinsic curvature
is identically zero (maximal slicing, K = 0) so that the momentum constraints re-
duce to a simple tensorial equation that can be solved analytically (Baumgarte and
Shapiro, 2010). The conformal trace-free part of the extrinsic curvature can be ex-
pressed as

Ãij =
N

∑
k=1

ψ−6Ā(k)
ij

=
N

∑
k=1

ψ−6 3
2(r(k))2

[
P(k)

i n(k)
j + P(k)

j n(k)
i −

(
δij − n(k)

i n(k)
j

)
Pl (k)n(k)

l

+
2
r

(
ε ilmSl (k)nm (k)n(k)

j + ε jlmSl (k)nm (k)n(k)
i

)]
,

where the over-bar notation indicates a further conformal transformation, n(k)
i =

x(k)i /
√[

(x(k)
]2

+
[
y(k)
]2

+
[
z(k)
]2 is the unit normal vector pointing away from the

kth black hole’s center in the flat conformal space, Pi = (Px, Py, Pz) and Si = (Sx, Sy, Sz)
are constant vectors, standing for the linear and the angular momentum, respec-
tively, and ε ijl is the completely antisymmetric Levi-Civita tensor in three dimen-
sions.
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FIGURE 3.26: Shaded contours of the extrinsic curvature K for the two
black holes (Run 45, top row) and the three black holes (Run 46, bottom row),
at three different times of the evolution, that is before, during, and after the

merger.

We then solve numerically the Hamiltonian constraint, which reduces to an el-
liptic equation for u (Alcubierre, 2008):

D2u +
1
8

ψ−7
0 Āij Āij

[
1 +

u
ψ0

]−7

= 0, (3.26)

where we have enforced the fact that K = 0 and that the spatial metric is conformally
flat so that R̄ = 0. To solve such an elliptic equation, we have used an iterative
Gauss-Seidel algorithm (Albu and Kwan, 2004), starting from an initial guess, as
specified in Cao, Yo, and Yu, 2008.

The initial data for multiple black holes contain more conditions and a longer
convergence time for the iterative algorithm. In particular, these calculations might
take several CPU hours by using the above Gauss-Seidel technique. To accelerate
the convergence, we propose a different technique. We start on a low-resolution
initial cube (643 mesh points), solving the Hamiltonian constraint relatively quickly.
Then, to interpolate on a finer lattice (i.e. reducing the grid spacing), we first move
on the Fourier space by increasing the number of k−vectors via zero-padding, and
then we obtain the physical fields performing an inverse FFT. This allows us to have
a better initial guess on the higher-resolution box, with a much faster converge rate.
By iterating this technique, adapting recursively (by interpolation) the solution to
finer grids, we finally get the initial data. In this campaign of numerical simulations,
the domain is represented by a cube of side L0/M = 50, with 5123 mesh points. The
time step is initially chosen to be ∆t = 8 × 10−3. Furthermore, we check, for each
case, that the Hamiltonian and the momentum constraints are well satisfied.

We first start our numerical experiments via two-body inspiralling black holes,
which will provide us with the classical waveform (Baker, 2002; Campanelli et al.,
2006). The numerical experiment describes the evolution of two compact objects of
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FIGURE 3.27: Reconstruction of the gravitational wave signal for (a) the
binary black hole system and (b)–(f) the three-black holes systems. Figures
(a)–(f) refer respectively to Runs 45–50 listed in Table 3.6. The solid (dash-
dotted) lines represent the real (imaginary) part of the spherical projection
of Ψ4; the vertical dotted black lines represent the merging time(s) of the
black holes (t∗ is related to the 2-BHs merger, while t∗1 and t∗2 are related to
the 3-BHs mergers), defined as in Baker et al., 2006; Buonanno, Cook, and
Pretorius, 2007. All the simulations are performed up to t/M = 145. The

three-black hole cases reveal a more structured and nonlinear behavior.

equal masses that are initially placed symmetrically with respect to the x-axis. They
have a small initial velocity which is the same for both bodies but in opposite di-
rections, and the properties of such “2 BHs” configuration are summarized in Table
3.6 as Run 45. A simple, fast way to identify a gravitational disturbance is to look
at a scalar measure of the value of the extrinsic curvature, especially in the ecliptic
plane. As can be seen from panels (a)–(c) of figure 3.26, small amplitude waves are
generated during the merger. After that, a large amplitude modulation propagates
away, and several disturbances of smaller amplitude begin to propagate until the
system converges into a Kerr-type black hole.

Then we perform five new simulations, describing the evolution of 3-BHs, re-
ferred to as Run 46–50 in Table 3.6 In particular, the three compact objects have
different separation, boost, and spin.4 With this strategy, by using spectral meth-
ods, we can concentrate on events that might be energetically relevant, and hence
detectable by experiments. Focusing on the overview of K reported in figure 3.26
(d)–(f), one can see how, compared to the 2-BHs, the patterns are more distorted,

4In Imbrogno, Meringolo, and Servidio, 2022 Runs 46–50 are named: "Classical Burrau", "equal
masses", "normalized masses", "spinning Burrau" and "intrinsic spinning", respectively.
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FIGURE 3.28: Power spectrum of the waveforms in figure 3.27. The spec-
trum represents an average over the power spectra of the two signals (real

and imaginary part of the projection of the Newman-Penrose scalar Ψ4).

with finer scales. In the post-merging phase, after the system has been allowed to
“relax”, it is possible to see a different pattern for the extrinsic curvature, suggesting
a different kind of asymptotic solution for the final black hole.

To get more insight into the multi-black hole dynamics, we analyze the wave-
form by computing the projection of the Newman-Penrose scalar Ψ4, which quanti-
fies the radiation from a source of gravitational waves (Alcubierre, 2008). After we
computed this scalar by following the procedure described in Brügmann et al., 2008
we interpolated Ψ4 from a Cartesian to a spherical grid, on which we calculated the
outgoing radiation via the spin-weighted spherical harmonic Y(−2)

22 (θ, φ). This pro-
jection extracts the dominant contribution of the emitted waves, which comes from
the quadrupole mode (l = 2, m = 2).

We compared all the signals coming from these multiple black hole interactions,
by looking at the outgoing radiation as measured away from the sources. We eval-
uated the above projection at a given distance from the center of the box, namely at
r⋆ = 20M, as a function of time, while the disturbances fly through the virtual detec-
tor. The signals are depicted in figure 3.27, revealing net differences among the cases.
First, contrary to the case of the binary [panel (a)], the real and imaginary parts of
the waveform of some of the 3-BHs cases are almost in phase. Second, while for the
2-BHs only one peak can be observed (corresponding to the single merger), in the
other cases multiple-scale disturbances are present, due to the subsequent mergers.
Third, the signal from the three-body problem is much more irregular and unpre-
dictable, revealing the presence of higher-order nonlinearities (Anninos et al., 1995;
Zlochower et al., 2005; Centrella et al., 2010). These more structured signals demand
a deeper statistical investigation, performed as follows. We also defined the merg-
ing time t∗ as the moment when a single connected isosurface of the lapse α = 0.3
forms around two approaching black holes (Baker et al., 2006; Buonanno, Cook, and
Pretorius, 2007). All these times have been reported in figure 3.27 employing vertical
dotted black lines.

To further highlight the differences among the configurations, and identifying
possible peculiarities of the 3-BHs interaction, we performed a spectral analysis
of the metric disturbances shown in figure 3.27. As a first step, we smoothed the
boundaries via a generalized normal window, then we computed the Fourier transform
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FIGURE 3.29: Spectrogram of the Shannon wavelet (second and third row)
for three different waveforms (first row), namely for Run 45 (left), Run 46
(center), and Run 49 (right). In the middle and bottom row, we report the
wavelet analysis for the real and the imaginary part of Ψ4, respectively. The
signals and the spectra have been normalized here to one to favor the com-

parison.

and hence the power spectrum. We cross-checked the spectrum with an analogous
procedure, by using the Blackman-Tukey technique (Blackman and Tukey, 1958),
transforming the windowed auto-correlation function of the signal. The spectrum
has been computed for both the real and the imaginary parts of the projection ap-
pearing in figure 3.27. Finally, to decrease statistical uncertainties, we produced an
average of the powers. As can be noticed from these averaged power spectra in fig-
ure 3.28, the 3-BHs cases (Runs 46–50) produce in general a broader distribution of
frequencies. The excess of high frequencies reflects the small-scale features observed
in the vicinity of the three-body system, already noticed in figure 3.26. The narrower
spectrum is observed for the binary system and for Run 47, in which the head-on of
the smallest black holes did not produce enough nonlinearity. On the other hand,
our Run 49 produces the smallest scales of our campaign of simulations.

It is worth noticing that in the three-body case, the spectrum manifests a power-
law behavior for 0.6 < ω < 3, stimulating interesting speculations about the pos-
sibility of a gravitational turbulent cascade. However, the classical one-dimensional
Fourier spectrum alone cannot say too much about the nature of the dynamics, since
the processes are highly non-stationary. In this regard, we shall proceed with a re-
fined analysis, described hereafter.

Because of the non-stationarity of the signal, we analyze the wavefront by em-
ploying a wavelet decomposition. The main feature of wavelets is their natural split-
ting of fluctuations into different scale components according to the multiscale res-
olution analysis (Daubechies, 1992), being therefore a powerful tool of investigation
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for multi-body coalescence events. Among the several choices, all of them qualita-
tively consistent with each other, the clearest results are here obtained for the Shan-
non generating function (Unser, 2000). This reconstruction makes use of the “sinc
function”, which is very localized and rapidly decaying to zero – very adequate for
the presence of discrete frequencies although less performant for time-localization
(Cattani, 2008).

Such a typical wavelet spectrogram is reported in figure 3.29, where we take into
consideration three characteristic cases: Run 45, 46, and 49. The 2-BHs case manifests
a clear single peak in frequency, corresponding to the merging event. A rise-up in
frequency can be seen for 5 < t < 40, typical of the inspiral phase (Campanelli
et al., 2006; Centrella et al., 2010). Real and imaginary signals of the scalar have
very similar behavior. At a later time, the system shows the typical low-frequency
modulation of the resultant, perturbed black hole.

Very different is the behavior of the 3-BHs. In the Classical Burrau, by looking at
Re{Ψ4}, apart from the main frequency similar to the 2-BHs due to the first head-on
merger, there are secondary peaks. There is a secondary peak at t ∼ 70 and f ∼ 0.08,
due to the follow-up disturbance that propagates from the secondary merger, when
the larger BH eats the remaining one. This corresponds to a disturbance coming from
large mass ratio coalescence. Finally, we performed the same analysis for the case
with the broadest Fourier spectrum in figure 3.28, namely for Run 49. In this case,
indeed, the BHs are confined by the large global angular momentum. This constraint
forces the two mergings to happen at about the same time, with multiple nonlinear
effects. This highly nonlinear interaction can be observed as a net broadening of the
wavelet spectrum. In this case, the outgoing gravitational waves are carrying away
from the final event horizon the reminiscence of such extreme interaction.

With the analysis of multiple black hole coalescence and the relative gravitational
signals, we conclude our campaign of simulations in vacuum spacetimes. In the
next Section, we present a preliminary GRHD test by using our SFINGE algorithm.
Our scope is to model the dynamics of a shock wave in a nonlinear regime, using a
hyperviscous technique to suppress numerical artifacts and stabilize the simulation.

3.4 Matter dynamics in SFINGE: preliminar tests

Our algorithm also implements the GRHD equations (2.24), together with a New-
ton Raphson scheme, to obtain the primitive variables from the evolved conservative
ones. In this Section, we aim to test our SFINGE code via a simple, GRHD simula-
tion, by modeling the propagation of a classical 1D sound wave, in strong nonlinear
regimes. We initialize, in a Minkowsky spacetime (γij = ηij), the x−component of
the 3-velocity in the form of a monochromatic sound wave, namely

vx (x, t) = A cs sin (kx − ωt),

where A = 0.5 is the amplitude, k = 2π/Lx, and Lx = 1 is the box size. In the above,
cs is the phase velocity equal to the classical sound speed (cs ≪ c), given by

cs = ω/k =

√
ΓP0

ρ0
= 10−2,
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FIGURE 3.30: High amplitude shock wave at t∗ = 40, for different resolu-
tions and dissipative coefficients ν4. Our Crank-Nicolson scheme can handle
the shock, despite the strong gradients. The inset shows a magnification, at

x ∼ 0.9, of the shock region. For this test has been used the SFINGE code.

with ρ0 = 1 and P0 = 10−4/Γ unperturbed quantities and Γ = 4/3 the adiabatic
index. The mass density and the pressure are initialized, respectively, by

ρ(x, t) = ρ0 [1 + A cs sin(kx − ωt)] ,

P(x, t) = P0 [1 + A cs sin(kx − ωt)] .

The aim is to evolve a clean shock wave, without the presence of ripples, and
making sure that the simulation doesn’t explode. To this scope, we add in the fluid
evolution equations a hyperviscous term of the form ν4 ∇4 f (x, t), with f (x, t) =
D, Si, E the fluid fields and ν4 a numerical dissipative coefficient. After doing this,
we integrate them over time through a Crank-Nicolson scheme, described in Section
2.5.3.

Figure 3.30 shows the numerically simulated wave velocity vx(x, t∗) at time
t∗ = 40. We have changed the resolution of the grid, increasing the number of
points from Nx = 1024 to Nx = 8192, passing through Nx = 2048 and Nx = 4096,
and setting the dissipation coefficient gradually from ν4 = 10−9 to ν4 = 10−13. We
found that by systematically increasing the dissipation coefficient ν4, the numeri-
cally simulated wave velocity vx(x, t∗) tends to converge to a smooth and steep
shock wave, as can be seen for Nx = 8192 and ν4 = 10−13 (the blue line in the plot).
In the same figure, we also report a magnification in the x-axis of the shock region,
revealing more clearly the differences between configuratons. Our tests also show
that a simple increase in the resolution does not involve any change in the wave pro-
file (not shown here). For higher values of the dissipative coefficient, however, the
wave is dampened too much, while for lower values the ripples are not completely
eliminated. The anti-aliasing smooth filter used in the above simulations is always
characterized by k∗ = Nx/6.0, in fact, by varying the latter we have verified that the
shock wave remains the same.

With the sound wave, we conclude the first part of the thesis. In the next Chapter,
we move to a more realistic and exciting scenario, modeling a GRMHD simulation
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of plasma surrounding a rotating Kerr black hole, and making use of the Black Hole
Accretion Code (BHAC) (Porth et al., 2017). Finally, performing direct kinetic simu-
lations, we will focus on the behavior of the plasma in locally flat spacetimes and
turbulent regimes, such as accretion disks and relativistic jets near compact objects.
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Chapter 4

Plasma turbulence near compact
objects

Relativistic plasmas play a not negligible role in the observation and the dynamics
of supermassive compact objects. Matter surrounding black holes can orbit in the
turbulent accretion disk, or be ejected in the form of relativistic jets of particles that
are accelerated to velocities near the speed of light. These highly energetic phenom-
ena lead to very complex, unpredictable, and highly turbulent dynamics. It becomes
important, then, to build a solid numerical model to describe the relativistic plasma
surrounding black holes. In this Chapter we aim to cope with this, by performing
a campaign of direct simulations, using two different numerical codes. We start re-
alizing a GRMHD simulation making use of the Black Hole Accretion Code (BHAC)
(Porth et al., 2017). In particular, we aim to evolve a toroidal structure immersed in
the equatorial plane of a rotating Kerr black hole, in a 2D (r, θ) geometry.

GRMHD simulations are widely used to describe astrophysical compact objects,
in a number of realistic scenarios, but leave completely undetermined the micro-
properties of the non-thermal plasma. It becomes necessary, then, to support global
fluid simulations by local, kinetic approaches, to capture microphysical plasma dy-
namics otherwise not modeled. To this scope, by introducing one of the main nov-
elties of our work, we show results from a campaign of large-scale Particle-In-Cell
(PIC) simulations, by using the Zeltron code (Cerutti et al., 2013). After a brief
overview of the kinetic methods, in Section 4.3, we present important relationships
between microphysical and macrophysical properties of relativistic plasmas sur-
rounding black holes.

The accreting BH torus simulation has been performed at the Newton HPPC
Computing Facility at the University of Calabria. The PIC simulations have been
performed on HPE Apollo HAWK at the High Performance Computing Center Stuttgart
(HLRS) under the grant BNSMIC, and on the SuperMUC cluster at the Leibniz Su-
percomputing Centre (LRZ) in Garching.

4.1 Evolution of accreting BH torus

To describe a realistic astrophysical system – such as rotating compact objects im-
mersed in a relativistic plasma – one has to take into account both the curvature of
spacetime and the matter that surrounds the object. Considerable effort has been
dedicated over the last years to the modeling via general-relativistic simulations of
plasma accreting onto supermassive black holes (Giacomazzo and Rezzolla, 2007;
Font, 2008; Montero, Font, and Shibata, 2010; Ripperda et al., 2019; Nathanail et al.,
2020; Del Zanna et al., 2020; Younsi et al., 2020).
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FIGURE 4.1: Evolution of the density ρ in the accreting torus evolution.
One can see that, from t/M ≳ 63 (upper left panel), the instability triggers,
and at t/M = 79 (upper right panel) vortexes are visible, where probably
some local Kelvin-Helmholz instabilities are initiated. The simulation ends
at t/M = 200 (bottom right panel) when the torus structure is destroyed. For

this test the BHAC code has been used (Porth et al., 2017).
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In this Section, we aim to model the evolution of accreting BH torus, by us-
ing the BHAC code. As is common in GRMHD numerical simulations, we will use
the Fishbone and Moncrief (FM) accretion torus as the initial toroidal configuration
(Fishbone and Moncrief, 1976). The particular solution is an equilibrium torus with
constant angular momentum, presented in Kerr-Schild coordinates (Baumgarte and
Shapiro, 2010), and threaded by a weak magnetic field loop. Here the spacetime
is a stationary, rotating BH, with dimensionless spin parameter a⋆ = 15/16, in the
so-called test fluid approximation. In this theoretical context, the gravitational field of
the fluid is negligible in comparison with that of the compact object, and the fluid is
considered to be a perfect conductor.

The inner radius of the torus is set to rin/M = 6 and the maximum density is
located at rmax/M = 12, where the radial positions refer to Boyer-Lindquist (BL)
coordinates. We adopt also an ideal-gas equation of state, with an adiabatic index
of γEoS = 5/3, and the initial entropy is h = 10−3. The electron Γe and proton Γp
adiabatic indices are fixed, respectively to 4/3 and 5/3. We set the plasma-β, namely
the ratio between the plasma pressure to the magnetic pressure, to be

β =
8πnkBTα

B2 = 102, (4.1)

where n and T are the number density and the temperature of the plasma, respec-
tively, kB is the Boltzmann constant, and B is the magnetic-field vector in the ambient
plasma. The minimum density scale is ρmin = 10−5 and the minimum pressure pa-
rameter is Pmin = 0.3 × 10−7. In our configuration, we adopt the number of grid
points to be Nr = 1024 and Nθ = 512, but the resolution is variable for the adaptive
mesh refinement (AMR) technique.

We carried out the simulation up to t/M = 200. In figure 4.1 we report the evo-
lution of the density ρ, for different time evolutions, namely t/M = 63, 79, 88, 96,
111, 155, 183, and 200 (from upper left to bottom right panel). At the beginning of
the evolution, the torus is stable, but as soon as the simulation proceeds, the insta-
bility triggers. Some evident vortexes begin to evolve and it is possible to see some
little, local Kelvin-Helmholz features until the instability is enough to destroy the
torus structure. Large vortexes are then produced that dominate the intermittent
and turbulent dynamic of the plasma in the vicinity of the black hole.

While essential to make theoretical progress on these scenarios, these GRMHD
simulations can only describe the dynamically important part of the fluid, the pro-
tons (or “ions” as they are sometimes referred to), leaving completely undetermined
the physical properties – such as the energy distribution, the number densities, and
the temperatures – of the “lighter” part of the fluid, namely, the electrons. This rep-
resents a serious limitation for two different reasons. First, in hot, ionized plasma
jets around black holes, the Coulomb coupling between electrons and protons is in-
efficient, so that protons and electrons are likely to have distinct temperatures, as it
happens in the solar wind (Tu and Marsch, 1997; van der Holst et al., 2010; Howes,
2010; Dihingia et al., 2022). Second, proper knowledge of the the electron energy dis-
tribution is essential in order to obtain accurate imaging of supermassive black holes
and hence compare with the observations (Davelaar et al., 2019; Mizuno et al., 2021;
Cruz-Osorio et al., 2022). To cope with this problem, a number of phenomenological
prescriptions have been suggested in the literature to relate the electron temperature
to the simulated proton temperature.

In this context, a very commonly employed approach is the so-called R−β model
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(Mościbrodzka, Falcke, and Shiokawa, 2016), where the electron temperature is re-
lated to the protons temperature in terms of the plasma-β parameter, and of two
free parameters, Rlow and Rhigh (see also Anantua, Ressler, and Quataert, 2020, for
a critical-β model, where two additional parameters are introduced). The plasma-β
for the species α = e, p for electrons and protons, is defined by βα = 8πnαkBTα/B2

0,
where B0 = (0, 0, B0) is the magnetic-field vector in the ambient plasma (B0 =
const.).

The R−β approach has been widely used by the Event Horizon Telescope (EHT)
Collaboration to reconstruct theoretically the first images of supermassive black holes
M87* (Event Horizon Telescope Collaboration et al., 2019a), and Sgr A* (Event Hori-
zon Telescope Collaboration et al., 2022a) [see figure 1.3] . These investigations,
in particular, have resorted to a simplified version of the R−β approach in which
Rlow = 1 and spanning different values of Rhigh (Event Horizon Telescope Collabo-
ration et al., 2019b; Event Horizon Telescope Collaboration et al., 2022b). Taking into
account a more realistic description of the plasma parameters using self-consistent
kinetic models have shown that finer details of the image can appear, but also that
the R−β approach is remarkably robust (Mizuno et al., 2021). Clearly, it is essential
to connect the microphysical properties of the plasma with the macrophysical ones
β and σ, where hybrid-kinetic models might have some limitations (Arzamasskiy
et al., 2019; Valentini et al., 2014; Cerri, Servidio, and Califano, 2017). In the above,
the magnetization σ is the ratio between the magnetic energy density to enthalpy
density defined as

σ =
B2

0
4πw

, (4.2)

where w is the enthalpy density of the plasma w := (ρe + ρp)c2 + Γeϵe + Γpϵp, with
ρe,p, and ϵe,p being, respectively, the rest-mass densities, and the internal energy den-
sities of electrons and protons when following an ideal-fluid equation of state (Rez-
zolla and Zanotti, 2013).

To gain a deeper understanding of the plasma microphysical properties, and to
model also the dynamics of relativistic electrons, we have performed a campaign
of large-scale PIC simulations of special-relativistic plasma in the so-called “trans-
relativistic regime”, that is when the plasma magnetization σ is of order unity (Rip-
perda et al., 2019; Mizuno et al., 2021; Bandyopadhyay, 2022; Janssen et al., 2021),
and covering four orders of magnitude in the plasma-β parameter. The ranges of σ
and β considered in this work are motivated by previous studies (Ball, Sironi, and
Özel, 2018) and state-of-the-art GRMHD simulations with radiative transfer calcula-
tions (Cruz-Osorio et al., 2022). More specifically, the typical values for the plasma-β
are β ∼ 0.1 − 1.0 on the surface of accretion discs, and β ∼ 10−3 − 10−1 in the rel-
ativistic jet sheaths, while magnetization is in the range σ ∼ 10−3 − 10−2 on the
surface of accretion discs, and σ ∼ 10−1 − 3 in the jet sheaths.

In the next Section, we introduce the method adopted, and we briefly describe
the code used.

4.2 A kinetic approach to plasmas: the Zeltron code

The classical or relativistic kinetic description of a physical system is based on de-
scribing the interaction of elements of matter via force fields, and PIC methods have
been one of the most successful. In this method, the plasma is treated as an ensem-
ble of computational particles. The system is composed of charged particles (for
example negative electrons and positive ions) interacting via the Lorentz force.
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The usage of PIC simulations started in the 1950s, and the development of codes
worldwide is continuously increasing. Nowadays, computational resources increase
exponentially, and although in general, PIC simulations require very large memory,
many extensive 3D PIC simulations have been performed. A number of PIC codes
have been developed in the last years, by different groups and using different tech-
niques. They are worth mentioning, among all, TRISTAN (TRIdimensional STAN-
ford) (Buneman, 1993), VPIC (Vector Particle-In-Cell) (Bowers et al., 2008), iPIC3D
(Markidis, Lapenta, et al., 2010), Zeltron (Cerutti et al., 2013), PHOTON-PLASMA (Haug-
bølle, Frederiksen, and Nordlund, 2013), PIConGPU Bussmann et al., 2013, PICCANTE
(Sgattoni et al., 2015), FBPIC (Lehe et al., 2016), and many others.

Also, hybrid models have been developed to retain some aspects of collisionless
plasma physics, while gaining orders of magnitude in resolution or in the duration
of the simulation by adding some fluid description. In the hybrid-PIC method, for
instance, electrons are considered massless, so they constitute a perfectly conducting
fluid (Winske and Omidi, 1991; Fife, 1998). An MHD-PIC approach has also been de-
veloped to treat kinetically one species (e.g., cosmic rays), and study the interaction
between this collisionless plasma and a thermal plasma (Bai et al., 2015).

Relativistic fully kinetic approaches, in which both electrons and ions are treated
as particles, are widely used by the astrophysics community, to simulate plasmas in
turbulent regimes, and modeling acceleration processes (Duţan et al., 2017; Sironi
and Cerutti, 2017; Comisso and Sironi, 2018; Comisso et al., 2018; Comisso and
Sironi, 2019). Recently, has been also presented GRZeltron (Parfrey, Philippov, and
Cerutti, 2019), the first PIC code that considers spacetime curvatures in full GR fash-
ion, and uses a modified 3+ 1 formulation of equations. The authors provide a first-
principles model for the magnetosphere and for the corona around supermassive,
rotating BHs. (Crinquand, 2021; Crinquand et al., 2022; El Mellah et al., 2022).

The idea at the basis of PIC codes is to solve indirectly the Vlasov equation

∂t fα + v · ∇x fα + qα

[
E +

v
c
× B

]
· ∇p fα = 0, (4.3)

where fα = fα(x, p, t) is the distribution function for the species α that characterize
the palsma, p = γmαv is the momentum of the particle, v is the 3-velocity of the
particles, γ = 1/

√
1 − (v/c)2 is the Lorentz factor1, qα and mα are the charge and

the mass of the species α.
In the particle approximation each particle does not represent a single electron

(or ion), but an ensamble of particles, for this reason, we often refer to particles as
macro-particles. A macro-particle in a PIC code can be seen as a small portion of the
phase space distribution of the system. Such choice is physically consistent with the
representation of many particles in a constant-sized macro-particle since particles
with the same momentum remain close in the phase space. It is possible to show
that, integrating the discrete particle trajectories, is equivalent to solving the full
kinetic collisionless Vlasov equation along characteristic curves.

In this approach, the distribution function for N macroparticles is approximated
by

fα(x, p, t) =
N

∑
j=1

wj δ(r − rj(t)) δ(p − pj(t)), (4.4)

1According to the literature, troughout this Chapter we will refer to the Lorentz factor as γ instead
of W, used in the previous Chapter.
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FIGURE 4.2: Schematic representation of the computational domain in PIC
methods. The electromagnetic fields are known and evolved on the grid
points (red dots), while the particles evolve in continuous space (blue ar-
rows). Each cell is delimited by 4 neighboring grid points. Figure from

https://ipag.osug.fr/ ceruttbe/Zeltron/index.html.

with rj(t) and pj(t) the position and the momenta of the j−th particle, and wj is a
coefficient called the weight of the j−th particle. In PIC simulations the dynamics of
particles are driven by collective processes, operating through the electromagnetic
fields, rather than by individual collisions which are not resolved by the PIC method.
Plasma physics is only relevant at scales larger than the Debye length, defined as

λD =

√
kBTe

4πne2 , (4.5)

where e is the electron charge. In PIC simulations, resolving the microscopic kinetic
scales is necessary.

A PIC code must solve self-consistently Newton’s equations for the particles,
and Maxwell’s equations for the electric and magnetic fields. The computational
macroparticles move on a grid (Lagrangian approach) on which their charge and
current density are weighted at every time iteration ∆t. The fields are then com-
puted from Maxwell equations on the grid (Eulerian approach) starting from the
interpolated sources and finally, the force on every particle is extrapolated from the
grid, allowing to advance in time their position and momenta. The force acting on
the particles is computed from the electric and magnetic fields evaluated at the par-
ticle position, while the electric and magnetic fields are themselves modified by the
particles in the system. A schematic picture of this approach is shown in figure 4.2,
where the grid nodes are marked with red dots, while the blue arrows represent
the positions and the particle’s velocities. This sequence of operations is repeated
at each time-step in a self-consistent way, evolving the particles and the electromag-
netic field states. In figure 4.3 is reported the procedure of a single time-step ∆t.

In our campaign of relativistic kinetic simulations, we made use of the publicly
available Zeltron code (Cerutti et al., 2013), an explicit relativistic electromagnetic
PIC code, ideally suited for modeling particle acceleration in astrophysical plasmas.
Here we briefly describe the method. In Zeltron code, the equations of motion are

https://ipag.osug.fr/~ceruttbe/Zeltron/index.html
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FIGURE 4.3: Typical computational procedure of PIC algorithm per time
step. Yellow box: E⃗ and B⃗ fields are evolved via Maxwell’s equation; Green
box: the Lorentz force acting on the particles is computed with updated fields
and evaluated at the particle position; Purple box: the equation of motion for
particles is obtained using the Lorentz force; Red box: charge and current
densities are deposited on the grid point, where E⃗ and B⃗ can be updated.

Figure from http://gaps.ing2.uniroma1.it/alberto/alberto/PIC.html.

solved at each time step ∆t for every of the N particles in the simulation, with N ≳
109. For this reason in choosing the integration scheme for the particles, there must
be a compromise between efficiency, accuracy, and computer storage capacity. The
Zeltron code uses a leapfrog algorithm to evolve macroparticles in time, described
here for a simple 1D case. In this approach, position and velocities are staggered on
the time axis by half a timestep ∆t/2, in such a way positions are defined at tn = n∆t,
while velocities are defined at tn+1/2 = (n + 1/2)∆t. At the time step n, the basic
integration formula for the leapfrog algorithm is

xn+1 = xn +
∆t
mα

pn+1/2, (4.6a)

pn+3/2 = pn+1/2 + ∆t F(xn+1), (4.6b)

where F(x) is the velocity-independent force that acts on the particles. The initializa-
tion of the scheme seems problematic, as for a given initial position and momentum,
one must compute p1/2. This induces a first-order error, but this does not matter
since it only has to be done once. As a result, one can prove by a Taylor expansion
in time that this scheme is accurate to the second order. Unlike the second-order
Runge-Kutta method, it requires only one evaluation of the function F per time step.
Note that the finite difference scheme in Equations (4.6) is time-centered, so it is
time-reversal invariant. However, a minor issue of this scheme is that positions and
velocities are never known at the same time step, which might be inconvenient for a
variety of diagnostics.

The main upside of the leapfrog algorithm is its symplecticity, which implies a
global stability of the algorithm. This means that there one can not have a secu-
lar trend, and global conserved quantities (energy, angular momentum) are usually
bounded (Springel, 2016; Hairer et al., 2006). Such trends can instead be observed on
long time scales even in very accurate non-symplectic schemes, such as the fourth
order Runge-Kutta scheme. The equation of motion of a single macro-particle is

http://gaps.ing2.uniroma1.it/alberto/alberto/PIC.html
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FIGURE 4.4: Area-weighting procedure on the case of a 2D Cartesian grid.
The fractional charge of a particle at the point P is deposited on the four
surrounding nodes in proportion to the colored shaded areas. Figure from

https://ipag.osug.fr/ ceruttbe/Zeltron/index.html.

given by the Lorentz–Abraham–Dirac equation (Landau, 2013)
dr
dt

=
cu
γ

, (4.7a)

du
dt

=
qα

mαc

[
E +

u
c
× B

]
. (4.7b)

The above is the special relativistic version of Newton’s equations for a macroparti-
cle with 3-velocity v and normalized momentum u = γv/c.2. Moreover, the fields
appearing in these equations are evaluated at the particle’s position. A linear inter-
polation from the grid to the particle’s position works fine for this purpose.

A practical implementation of the particle mover is the Boris push (Boris and
Shanny, 1973), which splits the effects of the electric and magnetic force, and can
be used to evolve the momentum under the action of the Lorentz force. This method
allows us to write the momentum discretized equation as

u+ − u−

∆t
=

qα

2mαcγ

[
u+ − u−]× B, (4.8a)

u± = un±1/2 ∓ qα∆t
2cmα

En. (4.8b)

The Lorentz force is evaluated at integer steps (see figure 4.5), so the mean velocity
un ≃

(
un+1/2 + un−1/2) /2 is employed.

In order to solve the time-dependent Maxwell’s equations, the source terms are
yet to be computed. The charge density and current density are determined by the

2The Zeltron code also includes the radiation reaction force if synchrotron radiation is included in
the simulation, not taken into account in our simulations.

https://ipag.osug.fr/~ceruttbe/Zeltron/index.html
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particle contributions: 
ρ(r) =

N

∑
j=1

qj wj δ(r − rj), (4.9a)

j(r) =
N

∑
j=1

qj wj vj δ(r − rj). (4.9b)

The values of the source terms must be deposited on the grid nodes, so they can
be injected on the spatially discretized Maxwell’s equations. The Zeltron code uses
linear interpolation to deposit the charges and currents generated by each particle
at the nodes of the computational grid (see figure 4.4). The code also assigns vari-
able weights to the macro-particles to model particle density gradients. Zeltron
successfully scaled on thousands of cores on the Kraken supercomputer and on the
University of Colorado Janus and Verus supercomputers (Cerutti et al., 2013).

When the source terms have been updated and deposited on the grid nodes, the
last step consists in evolving the fields equations. The code uses the Yee algorithm
(Yee, 1966) to solve the time-dependent Maxwell’s equations:

∂tB = −c∇× E, (4.10a)

∂tE = c∇× B − 4πJ, (4.10b)

where B is magnetic field, E is the electric field, and J is the current density. The
key idea of the Yee algorithm is to stagger the different components of the fields on
different nodes of the grid3. It is instructive, for instance, to show the discretized
Faraday’s law (4.10a) in this fashion, which reads

(Bx)
n+1/2
i,j+1/2 − (Bx)

n−1/2
i,j+1/2 = − c∆t

∆y

[
(Ex)

n
i,j+1 − (Ex)

n
i,j

]
, (4.11a)

(By)
n+1/2
i+1/2,j − (By)

n−1/2
i+1/2,j =

c∆t
∆x

[
(Ez)

n
i+1,j − (Ez)

n
i,j

]
, (4.11b)

(Bz)
n+1/2
i+1/2,j+1/2 − (Bz)

n−1/2
i+1/2,j+1/2 = c∆t

{
− 1

∆x

[
(Ey)

n
i+1,j+1/2 − (Ey)

n
i,j+1/2

]
+

1
∆y

[
(Ex)

n
i+1/2,j+1 − (Ex)

n
i+1/2,j

] }
. (4.11c)

In the above, the upper index denotes the time step and the lower index denotes the
spatial position on the Yee grid. A schematic representation of the electromagnetic
fields staggered on a 2D Cartesian grid is shown in figure 4.6.

To advance the particles, the electric and magnetic fields must be known at the
same time. The magnetic field is first advanced only by half a time step ∆t/2, so the
particle motion can be computed. Then, the magnetic field is once again advanced
by ∆t/2. Assuming En and Bn are initially known, there are five steps to update, in

3Yee’s idea was extended to numerical MHD by Brecht et al., 1981, and implemented by Evans and
Hawley, 1988 in their code, coining the term constrained transport.
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FIGURE 4.5: Representative diagram of the leapfrog scheme for the parti-
cles. The positions are defined at integer time steps, whereas the velocities

are defined at half-integer time steps. Figure from Crinquand, 2021.

FIGURE 4.6: Graphic representation of a 2D Cartesian Yee grid. The blue
arrows denote the components of the electric fields, the red ones denote the
magnetic fields. The positions on the mesh are labelled by the indices i in the
x direction and j in the y direction. Note that the two fields are staggered in

space. Figure from https://ipag.osug.fr/ ceruttbe/Zeltron/index.html.

order:

(1) un−1/2 −→ un+1/2;

(2) rn −→ rn+1;

(3) Bn+1/2 −→ Bn − c∆t
2

[∇× E]n ;

(4) En+1 −→ En − c∆t [∇× B]n+1/2 − 4π∆tJn+1/2;

(5) Bn+1 −→ Bn+1/2 − c∆t
2

[∇× E]n+1 ;

(4.12)

where the current density Jn+1/2 is computed as the average between J(rn, un+1/2)
and J(rn+1/2, un+1/2). Note that in step (1) the electric field En and the magnetic
field Bn are used to update the momentum, while in step (2) the position uses the
momentum un+1/2.

https://ipag.osug.fr/~ceruttbe/Zeltron/index.html
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The Zeltron code does not satisfy the Maxwell-Gauss constraint ∇ · E = 4πρ ex-
actly, where ρ is the charge density, and the electric charge deposited on the grid is
not exactly conserved. If this happens, small errors can accumulate and lead to un-
physical charge densities. Therefore, the electric field has to be corrected every time
step by the small amount δE, obtained by solving the following Poisson equation

∇2(δϕ) = ∇ · E − 4πρ, (4.13)

with δE = −∇(δϕ). This method is called divergence cleaning (Birdsall and Langdon,
2018). Zeltron has a second-order error in space and time and ensures that the
magnetic constraint ∇ · B = 0 is satisfied at any instant of the simulation. In fact,
one of the major benefits of employing the Yee grid is that the divergence of the
magnetic field is automatically satisfied to machine roundoff precision provided this
constraint is satisfied at the initial time.

Proof that ∇ · B = 0

We show here that using the Yee grid, the constraint ∇ · B = 0 is satisfied
automatically.
One can write the discretized divergence of B as:

(∇ · B)n+1/2
i+1/2,j+1/2 =

(Bz)
n+1/2
i+1,j+1/2 − (Bz)

n+1/2
i,j+1/2

∆x
+

(Bz)
n+1/2
i+1,j+1/2 − (Bz)

n+1/2
i,j+1/2

∆y
.

(4.14)

If the divergence of the magnetic field remains constant, this means that the
variation δ(∇ · B) = (∇ · B)n+1/2

i+1/2,j+1/2 − (∇ · B)n−1/2
i+1/2,j+1/2 = 0. Using the

discretization reported in Equations (4.11) one has

δ(∇ · B) =
1

∆x

{ [
(Bx)

n+1/2
i+1,j+1/2 − (Bx)

n−1/2
i+1,j+1/2

]
−
[
(Bx)

n+1/2
i,j+1/2 − (Bx)

n−1/2
i,j+1/2

] }
+

1
∆y

{ [(
By
)n+1/2

i+1/2,j+1 −
(

By
)n−1/2

i+1/2,j+1

]
−
[(

By
)n+1/2

i+1/2,j −
(

By
)n−1/2

i+1/2,j

] }
=

c∆t
∆x∆y

[
− (Ez)

n
i+1,j+1 + (Ez)

n
i+1,j + (Ez)

n
i,j+1 − (Ez)

n
i,j

+ (Ez)
n
i+1,j+1 − (Ez)

n
i,j+1 − (Ez)

n
i+1,j + (Ez)

n
i,j

]
=0.

(4.15)

As a result we obtain ∇ · B = const. It remains zero if it is initialized at zero.

4.3 A kinetic study of special-relativistic plasma turbulence

In this Section, we present a very comprehensive campaign of two-dimensional PIC
simulations of special-relativistic turbulence to investigate systematically the micro-
physical properties of the plasma in the trans-relativistic regime. In all the simula-
tions, we employ a physical proton-to-electron mass ratio (see Rowan, Sironi, and
Narayan, 2017, for the importance of using a realistic mass ratio), and analyze the
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most important microphysical properties of the turbulent plasma, namely, the spec-
tral index of the electron energy distributions κ, the efficiency in the production of
nonthermal particles E , and the temperature ratio T := Te/Tp.

For each of these quantities, we provide two-dimensional fitting functions that
describe their behavior in the relevant space of parameters, thus connecting the mi-
crophysical properties of the plasma with the macrophysical ones β and σ. The
parameter ranges explored here overlap and extend those considered in previous
and influential works of astrophysical kinetic turbulence (Zhdankin et al., 2019; Zh-
dankin, 2021; Kawazura, Barnes, and Schekochihin, 2019; Kawazura et al., 2020).
Exploiting this large coverage of the space of parameters, we can model the behav-
ior of all of these quantities, providing a convenient tool to introduce kinetic effects
in global GRMHD simulations.

Our results can find application in a wide range of astrophysical scenarios, in-
cluding the accretion and the jet emission onto supermassive black holes, such as
M87* and Sgr A*, thus improving the existing modeling of accretion flows (Porth et
al., 2019; Cruz-Osorio et al., 2022; Chatterjee et al., 2021; Ripperda et al., 2022; Event
Horizon Telescope Collaboration et al., 2022b) The physical and numerical parame-
ters of our simulations are summarized in Tables 4.1, and 4.2. Each of the large-scale
simulations has been performed via parallel MPI directives on 32, 768 cores, using a
total of ∼ 20 M CPU hours.

4.3.1 Simulation setup

To carry out our investigation and to simulate the full development of relativis-
tic turbulence in kinetic plasmas, we employ a two-dimensional (2D) geometry in
Cartesian coordinates retaining, as in any fully consistent plasma model, the three-
dimensional components of the magnetic and electric fields, of the current density,
and of the pressure tensor. We initialize all of our simulations with the same num-
ber density for electrons and protons in a computational domain that is a Cartesian
box of side Lx = Ly = L = 16384 dx, where dx = de/3 is the cell resolution and
de := c/ωpe is the electron-skin depth. In the above, c is the speed of light and

ωpe =

√
4πnee2

me

[
1 +

θe

Γe − 1

]−1/2

(4.16)

is the electron plasma frequency, me the electron mass, Γe the electron adiabatic in-
dex, and θe = kBTe/(mec2) the dimensionless electron temperature. We have also
carried out three more simulations with a smaller box, L = 2730 de, and resolution of
(8192)2, (16384)2, and (32768)2 points (see Appendix for details). Furthermore, we
set up our computational box so that it is periodic in the x- and in the y-directions.
Finally, in all our simulations, each computational cell is initialized with 10 particles
per cell (i.e. 5 electrons and 5 protons). As a result, during our evolutions, we follow
the dynamics of ∼ 2.7 × 109 particles per simulation.

We initialize our system as done in typical simulations of plasma turbulence (see,
e.g. Servidio et al., 2012). The initial conditions consist of a relativistic plasma per-
turbed by a 2D spectrum of Fourier modes for the magnetic field. To avoid any
compressive activity, neither density perturbations nor parallel variances (i.e. with
components out of plane) are imposed at t = 0. In practice, we start from ex-
pressing the z-component of the vector potential in Fourier modes as Az(x, y) :=
∑kx ,ky

Ak exp [i(k · x + ϕk)], where k = (kx, ky) is the wavevector with modulus k =

|k| = (2π/L)m (m is the dimensionless wavenumber), and ϕk are randomly chosen
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TABLE 4.1: Summary of the physical parameters of our main simula-
tions, which are all performed with the real electron-to-proton mass ratio,
equal electron and proton initial temperatures, a resolution of three cells per
electron-skin depth (de/dx = 3), and a box of size ∼ 5461 de in both direc-
tions. From top to bottom we report: the number of the Run, the magneti-
zation σ, the plasma β, the dimensionless temperatures θp,e for protons and

electrons respectively, and the Debye length λD in units of de.

Run σ β θp θe λD

1 0.1 10−4 5 × 10−6 9.2 × 10−3 9.6 × 10−2

2 0.1 3 × 10−4 1.5 × 10−5 2.7 × 10−2 0.16
3 0.1 10−3 5 × 10−5 9.2 × 10−2 0.3
4 0.1 3 × 10−3 1.5 × 10−4 0.27 0.52
5 0.1 10−2 5 × 10−4 0.92 0.96
6 0.1 2 × 10−2 10−3 1.84 1.36
7 0.1 0.1 5 × 10−3 9.18 3.02
8 0.1 0.3 2 × 10−2 36.7 6.05
9 0.1 0.7 4.5 × 10−2 82.6 9.08
10 0.1 1.0 6.8 × 10−2 124.8 11.2
11 0.1 1.5 0.1 183.6 13.5
12 0.3 10−4 1.5 × 10−5 2.7 × 10−2 0.16
13 0.3 3 × 10−4 5 × 10−5 9.2 × 10−2 0.3
14 0.3 10−3 1.5 × 10−4 0.27 0.52
15 0.3 3 × 10−3 5 × 10−4 0.92 0.96
16 0.3 10−2 1.5 × 10−3 2.75 1.66
17 0.3 3 × 10−2 5 × 10−3 9.18 3.02
18 0.3 0.11 2 × 10−2 36.7 6.06
19 0.3 0.34 8 × 10−2 146.9 12.1
20 0.3 0.55 0.2 367, 2 19.6
21 1.0 10−4 5 × 10−5 9.2 × 10−2 0.3
22 1.0 3 × 10−4 1.5 × 10−4 0.27 0.52
23 1.0 10−3 5 × 10−4 0.92 0.96
24 1.0 3 × 10−3 1.5 × 10−3 2.75 1.66
25 1.0 10−2 5 × 10−3 9.18 3.02
26 1.0 3 × 10−2 1.5 × 10−2 27.5 5.24
27 1.0 10−2 5 × 10−2 91.8 9.58
28 1.0 0.16 0.2 367.2 19.2
29 3.0 10−4 1.5 × 10−4 0.27 0.52
30 3.0 3 × 10−4 5 × 10−4 0.92 0.96
31 3.0 10−3 1.5 × 10−3 2.75 1.66
32 3.0 3 × 10−3 5 × 10−3 9.18 3.02
33 3.0 10−2 1.5 × 10−2 27.5 5.24
34 3.0 2.6 × 10−2 5 × 10−2 91.8 9.58
35 3.0 5.5 × 10−2 0.2 367.2 19.2
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FIGURE 4.7: Out-of-plane component for the vector potential at initial time,
for a representative PIC simulations. The field is initialized perturbing the

Fourier spectrum with random modes.

phases. The amplitude of the modes is set as

Ak =

[
1 +

(
k
k0

)15/3
]−1

,

such that it is peaked at k0 = (2π/L)m0 with m0 = 4. The spectrum is set to zero
at m > 7 in order to construct initial conditions consistent with random large-scale
structures. In figure 4.7 we report the initial out-of-plane component of the vector
potential, for a representative configuration. The magnetic-field components Bx and
By are then computed by straightforward derivatives. Finally, in order to mimic a
highly turbulent regime, we fix the amplitude of the fluctuations to be ⟨B⊥⟩/B0 ∼ 1,
where ⟨B⊥⟩ is the root-mean-square value of the in-plane fluctuations. Note that,
to satisfy the above condition, different value of the initial Az are employed for dif-
ferent simulations. We also define the Alfvén crossing time as tA := L/vA, where
vA := c

√
σ/(1 + σ) is the Alfvén speed.

As the simulation proceeds, turbulent magnetic reconnection takes place, leading
to a nonlinear change in magnetic topology and converting magnetic energy into
kinetic and internal energy (Servidio et al., 2009; Servidio et al., 2012). This process
strongly affects the dynamics of the plasma on all the scales we could reproduce with
our simulations. This highly dynamical system evolves with magnetic flux ropes
moving, colliding, and sometimes repelling each other depending on the magnetic-
field polarity. This dynamics proceeds till a stationary state is achieved after about
an Alfvén crossing time (see also the top panels of figure 4.9 and the Appendix for a
detailed discussion).

4.3.2 Relativistic plasma turbulence

At the initial time, after fixing β and σ for each simulation, we set the temperatures,
which are uniform for both species. In particular, we first specify the proton-βp
parameter and then obtain the electron temperature so as to have a specific initial
temperature ratio T0 := Te,0/Tp,0. At any time during the simulation we measure
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FIGURE 4.8: Initial and final values at time t = 2 tA of the normalized joint
PDFs of the temperature ratio T and of the total β parameter, βtot := βe + βp.
The data refers to three representative simulations with initial temperature
ratio T0 = 0.1, 1.0 and 10. The inset shows the 90% contour lines of the joint
PDFs, while the circles mark the maxima of each PDF. Note that all PDFs
converge to the same final area in the (T , βtot) plane despite the very different

initial data

the spatial distributions in the (x, y) plane of βtot := βe + βp and T , from which we
compute the joint PDFs for the two quantities, namely, (βtot, T ). The temperature
for each species is computed from Tα := pα/nαkB, where pα is the isotropic pressure,
i.e. pα := 1

3 (pxx
α + pyy

α + pzz
α ) and pij

α is the pressure tensor.
This is shown in figure 4.8, where we report the joint PDFs at the initial (t = 0)

and final (t = 2 tA) times for three representative simulations initialized respectively
with T0 = 0.1, 1.0, and 10. Clearly, the three initial setups have different joint PDFs
narrowly distributed around the three initial values of the temperature ratio T0. In-
terestingly, however, at the final time they have all converged to the same equilib-
rium distribution, irrespective of the initial data. This can be best appreciated in the
inset, which reports a zoom-in of the central region of the final distributions, with
the color-coded contour reporting the 90%-value for each simulation, while the cir-
cles represent the maximum of each joint PDF. This convergence has been verified to
take place for four different values of the initial temperature ratio (T0 = 0.01, 0.1, 1.0
and 10.0), while keeping σ = 0.3 and β = 3 × 10−4. The behaviour in figure 4.8
induces us to conjecture that the choice of the initial temperature T0 is effectively
unimportant at least in the ranges explored here4 as its memory is lost by the time
the system has reached a steady state. In view of this, we set T0 = 1.0 for the 35 sim-
ulations performed varying σ and β (note that with such initial temperature ratio,
the plasma-β parameter is the same for electrons and protons, i.e. βe = βp =: β).
The ranges of σ and β explored are compatible with previous kinetic studies, state-
of-the-art GRMHD simulations, and radiative-transfer calculations (Ball, Sironi, and
Özel, 2018; Cruz-Osorio et al., 2022; Fromm et al., 2022). As also noted by Pecora

4A word of caution: we have shown the initial temperature to be irrelevant once turbulence is
developed for a specific set of initial values of β and σ. Given the physical arguments given above,
extending this conclusion to different initial values is a conjecture that is reasonable but challenging to
prove, especially for β ∼ 1.



90 Chapter 4. Plasma turbulence near compact objects

0 1 2 3 −0.5 0.0 0.5

ne/n0 log10 σ

(a)

0.0 0.5 1.0 1.5 2.0 2.5
t [tA]

0

1

2

γ
−

1

protons (c)

−1.0 −0.5 0.0 0.5 −0.1 0.0 0.1

log10 T Jz

(b)

0.0 0.5 1.0 1.5 2.0 2.5
t [tA]

0

1000

2000

3000
electrons (d)

FIGURE 4.9: Representative quantities in a fully developed 2D turbulence
at t = 1.5 tA for a representative simulation with σ = 1 and β = 3× 10−3. The
top panels offer a dual view of: the electron number density normalized to
the initial value ne/n0 and of the magnetization σ [panel (a)], and of temper-
ature ratio T and of the total current density Jz [panel (b)]. Also overplotted
with different colors are representative particle trajectories, with protons on
the left and electrons on the right of each panel (the initial position of each
particle is marked with a star). The lower panels [(c) and (d)] report instead

the evolution of the Lorentz factor for the same particles marked above.

et al. (2019), higher values of β would require a much higher number of particles to
counter the statistical noise, making purely PIC calculations of this type computa-
tionally expensive with modern resources.

Figure 4.9 provides a very compact but powerful overview of the fully developed
turbulent state for a simulation with σ = 1.0 and β = 3 × 10−3 (Run 24 in Table
4.1), at time t = 1.5 tA. Each upper panel is split into two regions reporting different
plasma properties. Panel (a) shows the electron number density ne normalized to the
initial number of particles per cell n0 (left), and the magnetization σ (right). Panel
(b), instead, reports temperature ratio T (left) and the out-of-plane electric-current
density Jz (right). Note how in analogy to nonrelativistic kinetic simulations, vortex-
like and sheet-like structures corresponding to magnetic flux tubes are present at
all the scales that are resolved in the simulation (Servidio et al., 2012; Comisso and
Sironi, 2018; Parashar, Matthaeus, and Shay, 2018; Pecora et al., 2019). High number-
densities “magnetic islands” can be found in large-scale flux tubes, and in general,
the density is larger in these coherent quasi-circular structures.

At the same time, the largest temperatures (ratios) are not achieved at the center
of the islands, which are instead comparatively cooler. This is because the temper-
ature is higher between flux tubes, where reconnection layers lead to the forma-
tion of plasmoids within narrow current sheets (Servidio et al., 2009; Comisso and



4.3. A kinetic study of special-relativistic plasma turbulence 91

FIGURE 4.10: 3D visualization for the electron density field and for some
macroparticles (protons) trajectories, for the Run 24 (see Table 4.1). Note that

the trajectories move on a periodic boundary box.

Sironi, 2018; Pezzi et al., 2021). Elongated unstable current sheets tend to fragment
into chains of plasmoids and small-size current sheets appear on a wide range of
scales (Hellinger et al., 2015; Dong et al., 2018; Huang and Bhattacharjee, 2016). No-
tice also that the out-of-plane electric-current density Jz shows a variety of current
sheets of different sizes. Some of these current layers break into smaller plasmoids
and these regions are important for the heating of the plasma and the acceleration of
the particles.

The various quantities shown in figure 4.9 are overlaid with the trajectories of
some of the most energized particles that we tracked (protons in the left panels and
electrons in the right ones). In particular, we track a sample of 500 electrons and 500
protons during the whole simulation, both randomly chosen. The starting position
of each particle is marked with a star. Note how, quite generically, and in addition to
the basic gyrations at the corresponding Larmor radii, there are particles that have
closed orbits as they are trapped in a flux rope, while others experience turnovers
that suddenly bend the trajectory, similarly to what observed in nonrelativistic tur-
bulence simulations (Pecora et al., 2018)5. Overall, when a particle experiences a
reconnection process and is accelerated, it increases abruptly its Larmor radius, but
also its Lorentz factor γ, and kinetic energy.

In the lower panels (c) and (d) of figure 4.9 we show the evolution of the Lorentz
factor of the particles tracked in the upper panels (a) and (b), with protons being re-
ported in panel (c) and electrons in panel (d). As expected, and shown by the differ-
ent vertical scales of panels (c) and (d), electrons experience considerably larger ac-
celerations when compared to protons. This is simply due to the different masses of
the two species: electrons, which have a smaller Larmor radius, are more efficiently
accelerated by the thin current sheets where magnetic reconnection takes place. This
stochastic acceleration mechanism of multi-reconnection events is very efficient and

5When the turbulence is fully developed, the velocity distribution of the electrons is highly non-
thermal and their Larmor radius is significantly larger as a result of the large accelerations, and this
effectively increases our resolution.
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FIGURE 4.11: Top panel: electron-energy spectra at t = 2 tA for simulations
with σ = 0.3 and different values of β; indicated with a dashed line is the a
Maxwell-Jüttner distribution for β ≃ 0.1, while the dotted line indicates the
almost constant spectral index κ ≃ 3.2. Bottom panel: Same as above, but for

simulations with β = 0.01 and different values of σ.

commonly observed in astrophysical plasma turbulence (Drake et al., 2009; Haynes,
Burgess, and Camporeale, 2014).

The tracked particles start from γ ≳ 1, and most of them experience a sudden
acceleration episode, and then a sequence of second-order Fermi-like processes of
acceleration (Comisso and Sironi, 2018; Comisso and Sironi, 2019). Particles trapped
in magnetic islands show a Lorentz factor increasing in time (e.g. the red proton
in the left panels). Other particles, instead gain energy only once and then reach a
quasi-steady state as is typical for particles entering the magnetic island only for a
short time and then bounced in a stochastic manner between different structures.
In figure 4.10 is shown the same simulation in a 3D fashion, showing the turbulent
electron density field in time. Also, the trajectories of macro-particles (protons) are
reported and highlighted with different colors. One can notice that particles move in
a periodic world, appearing through one side when they overstepped the opposite
side.

Relativistic hydrodynamical turbulence naturally provides a landscape of inter-
mittency and large spatial variance because the compressibility is enhanced by rela-
tivistic effects (Radice and Rezzolla, 2013); in addition, relativistic magnetohydrody-
namical turbulence provides the natural conditions to produce extreme-acceleration
events and generate a large population of particles – electrons in particular – with
energy distributions that differ significantly from a thermal one (see, e.g. Zhdankin
et al., 2017). This is summarized in figure 4.11, which reports the electron energy-
distribution functions (spectra) (γ− 1)dN/dγ at t = 2 tA as a function of the Lorentz
factor γ − 1, for some representative simulations. More specifically, the upper panel



4.3. A kinetic study of special-relativistic plasma turbulence 93

shows the electron spectra from simulations with σ = 0.3 and for a wide range of
values of β; the black dashed line is a Maxwell-Jüttner distribution where the value
of the dimensionless electron temperature θe := kBTe/(mec2) = 45 is chosen to re-
produce the low-energy part of the spectrum for the case β = 0.11 and is obviously
different for each simulation. Note that the high-energy part of the spectra is well
approximated by a power-law dN/dγ ∝ γ−κ+1 (Davelaar et al., 2019; Fromm et al.,
2021), whose index κ ≃ 3.2 is quite insensitive to the value of the plasma-β pa-
rameter in the range β ≲ 3 × 10−3 (see black dotted line). For very large values of
β, however, a single power law does not represent the distribution accurately, and
only the very high-energy part of the spectrum maintains an index κ ≃ 3.8.

In the bottom panel of figure 4.11, we instead explore how the electron-energy
spectra change when varying σ while keeping β = 0.01. Note that as the magneti-
zation increases, the amount of magnetic energy available for dissipation increases,
leading to a systematic shift towards progressively larger energies of the spectra.
Furthermore, the high-energy part of the spectra is well approximated by power
laws with indexes κ ≃ 3 − 4, while the highest regions of the spectra terminate with
increasingly harder slopes. Overall, and in agreement with several previous works
(Comisso and Sironi, 2018) – some of which even have different initial conditions
(Werner et al., 2018; Ball, Sironi, and Özel, 2018) – our results clearly indicate that
turbulence promotes the particle acceleration, producing energy distributions that
contain a considerable fraction of very energetic (suprathermal) particles.

We provide evidence that the computed electron-energy spectra reach a steady
state after t/tA ≳ 1.8 − 2.0, so that the extraction of the spectral index κ and of the
efficiency E is both accurate and robust. Figure 4.16 shows four representative sim-
ulations having different values of σ (see Runs 7, 18, 27, and 31 in Table 4.1). In
each case, we plot the electron-energy spectra at different times during the evolu-
tion as indicated by the colormap on the right of each of the four panels. Further-
more, marked with black vertical lines of various types are three different values of
the Lorentz factor γ − 1 and the corresponding evolutions are shown in the bottom
panels for each of the four simulations considered. Clearly, all cases show that by
t/tA ∼ 2.0 the simulations have reached stationarity with relative time variations
that are ≲ 1.5%, so that κ and E can be extracted reliably.

Given the kinetic behavior of the plasmas described so far, it is essential to be
able to express their properties via analytic fitting functions and in terms of the basic
parameters of the plasma, namely, β, σ, so that the resulting expressions can then be
employed directly in the GRMHD modeling of astrophysical plasma. A summary of
this analytical modeling is presented in figure 4.12, where in the top row we show
as a function of β and σ, respectively, the electron spectral index κ, the nonthermal
energy efficiency E , and the temperature ratio T . Note that the data reported in the
first two columns refers to simulations at t = 2 tA, while that in the right column
is averaged over the time window 1.7 < t/tA < 2.3 to avoid the oscillations intro-
duced by the stochastic behavior of turbulence. Similarly, the bottom row of figure
4.12 reports one-dimensional cuts of the same quantities, but at fixed values of the
magnetization (σ = 0.1 − 3.0), where each circle refers to a distinct simulation of
our set. Note that for any fixed value of σ we explored plasma parameters up to the
maximum one βmax ∼ 1/(4σ) (Ball, Sironi, and Özel, 2018), where our estimates are
inevitably less accurate.

Exploiting the large set of simulations performed, we can now construct analyti-
cal 2D fits to the various quantities, starting with the electron spectral index κ(β, σ),
which can be expressed as
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κ(β, σ) = k0 +
k1√

σ
+ k2 σ−6/10 tanh

[
k3 β σ1/3

]
, (4.17)

where k0 = 2.8, k1 = 0.2, k2 = 1.6 and k3 = 2.25 (see top-left panel of figure
4.12). Note that Zhdankin et al. (2017) have proposed a similar but simpler fitting
expression that depends on σ only and thus does not account for variations in the
plasma β. Overall, the spectral index shows two main features. First, at fixed σ, the
spectral index is essentially independent of β, for β ≲ 10−2, but it increases at larger
values of β, approaching a very steep tail. Second, at fixed β, the index becomes
generally smaller for increasing values of σ.

Next, we quantify the efficiency in the production of particles with nonthermal
energies in terms of the weighted average of the excess over a Maxwell-Jüttner dis-
tribution (Ball, Sironi, and Özel, 2018), namely

E :=

∫ ∞
γ0

[
dN/dγ − fMJ(γ, θ)

]
(γ − 1) dγ∫ ∞

γ0
(dN/dγ)(γ − 1) dγ

, (4.18)

where γ0 denotes the peak of the spectrum, fMJ := γ2v/[c θeK2(1/θe)]e−γ/θe , with
v the velocity and K2 the modified Bessel function of the second kind. The corre-
sponding 2D fit of the data can then be expressed as

E(β, σ) = e0 +
e1√

σ
+ e2 σ1/10 tanh

[
e3 β σ1/10

]
, (4.19)

where e0 = 1.0, e1 = −0.23, e2 = 0.5 and e3 = −10.18 (see top-middle panel of
figure 4.12). Also in this case, the energy efficiency shows three main features. First,
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for β ≲ 10−2 the efficiency saturates at a value that is independent of β, but system-
atically larger for higher values of σ. Second, for high values of β and low values of
σ, it approaches E ∼ 0, because the electron spectrum becomes significantly softer.
Third, for higher values of σ, the efficiency is the largest, since the spectra widen to
larger electron energies.

Finally, we consider what is arguably the most important quantity modeled in
our simulations, namely, the dependence of the temperature ratio on the plasma
properties. The corresponding 2D fit is given by

T (β, σ) = t0 + t1 στ1 tanh [t2 β στ2 ] + t2 στ3 tanh [t3 βτ4 σ] , (4.20)

where t0 = 0.4, t1 = 0.25, t2 = 5.75, t3 = 0.037, and τ1 = −0.5, τ2 = 0.95, τ3 =
−0.3, τ4 = −0.05 (see top-right panel of figure 4.12). Overall, it is easy to see that
for low magnetizations, i.e σ ∈ [0.1, 0.3], and small values of the β parameter, i.e.
β ≲ 0.01, the temperature ratio is essentially constant and then starts to grow to
values as large as T ≃ 1 for β ≲ 1.0. On the other hand, for high values of the
magnetization, i.e. σ ≃ 3.0, the behavior is quite the opposite, the values of T are
higher for lower β and decrease when increasing β. For intermediate values of the
magnetization, i.e. σ = 1.0, the behavior is a combination of the two described
above, showing a nonmonotonic dependence for β ∈ [0.01, 0.1]. Interestingly, in all
cases, T ∼ 1.0 for β ≃ 1, independently of the value of σ, thus highlighting that,
under these conditions, electrons and protons are fully coupled and have roughly
the same temperature. Conversely, for β ≲ 10−4, the temperature ratio will depend
on the plasma magnetization, being larger for larger magnetizations, as expected for
regimes where electrons can be accelerated to suprathermal energies at reconnection
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TABLE 4.2: Table of simulation in which we varied different parameters.
Runs A1-A3 have different initial T = Tp/Te (and hence different βe and
θe), while all other parameters (σ, βp, θp, de/dx, L/de) are the same. Runs B1-
B3 have different values of the electron-skin depth per dx and use a smaller
physical box of 2730 de. From top to bottom we report: the number of the
Run, the magnetization σ, the proton and electron plasma β, the proton and
electron dimensionless temperatures θp,e, the initial temperature ratio T0, the
number of cells per electron-skin depth (de/dx), and the physical box size in

terms of electron-skin depth.

Run A1 A2 A3 B1 B2 B3

σ 0.3 0.3 0.3 0.3 0.3 0.3

βp 3 × 10−4 3 × 10−4 3 × 10−4 3 × 10−4 3 × 10−4 3 × 10−4

βe 3 × 10−2 3 × 10−3 3 × 10−5 3 × 10−4 3 × 10−4 3 × 10−4

θp 5 × 10−5 5 × 10−5 5 × 10−5 5 × 10−5 5 × 10−5 5 × 10−5

θe 9.18 0.92 9.2 × 10−3 9.2 × 10−2 9.2 × 10−3 9.2 × 10−3

T0 10−2 0.1 10.0 1.0 1.0 1.0

de/dx 3.0 3.0 3.0 3.0 6.0 12.0

L/de 5461.3 5461.3 5461.3 2730.6 2730.6 2730.6

sites. More importantly, expression (4.20) provides a compact and microphysically
consistent description of the electron temperatures that can be employed in modern
GRMHD codes of accretion flows onto black holes.

We conclude the discussion of our results by returning to the behavior of the elec-
tron spectral index κ. As shown in the top-left panel of figure 4.12 and summarized
in Eq. (4.17), electron acceleration is higher in low-β and high-σ turbulent plasmas.
As suggested already by Drake et al. (2009), this behaviour may be due to the inter-
action of the electron orbits with small-sized current sheets; such a mechanism can
then extract particles from the thermal population and bring them to very high ener-
gies via primary and secondary Fermi-like mechanisms (Pecora et al., 2018; Comisso
and Sironi, 2018). In fully developed GRMHD turbulence, accelerating islands and
current sheets are present on all scales and these could therefore provide the natural
site for the accelerating mechanism.

In this simple picture, it is natural to expect that the larger the spectrum of fluc-
tuations at small scales, the more efficient the accelerating mechanism (Haynes,
Burgess, and Camporeale, 2014). To validate whether this applies also to trans-
relativistic plasmas, we have computed the (not normalized) isotropic power spec-
trum of the magnetic field for three representative simulations and reported them
in figure 4.13 as a function of the dimensionless kde [the inset shows with colored
squares the location in the (σ, β) plane of the three configurations, while the ar-
rows mark the wavevectors associated to the proton-skin depth (kdp = 1) and to
the proton Larmor radius (kρp = 1)] and over a downsampled grid of (1024)2 (see
Appendix for a discussion). In essence, after assuming the turbulence to be isotropic
and homogeneous, we integrate the 2D Fourier transforms B̃i over concentric shells
(in this sense, the power spectrum is isotropic) to obtain one-dimensional spectra,
whose sum we plot in figure 4.13 [note that the growth of the power spectrum at
large wavenumbers is a typical noise effect of PIC simulations due to a finite num-
ber of particles, (see, e.g. Karimabadi et al., 2013)].

In general, figure 4.13 reveals a number of interesting features, moving in the



4.4. Appendix A: additional simulations 97

101 102 103 104

γ − 1

10−5

10−4

10−3

10−2

10−1

100

(γ
−

1)
d
N
/d
γ

de/dx = 3

de/dx = 6

de/dx = 12

FIGURE 4.14: Electron-energy spectra with σ = 0.3 and β = 3 × 10−4 for
three different resolutions de/dx = 3, 6 and 12, using a physical box size of
L/de = 2730. The spectra are computed at t/tA = 2.0 and clearly show to be

nearly insensitive to the increased resolution.

parameter space from (low-β, high-σ) to (high-β, low-σ). First, the power spectrum
is clearly higher in the case of the low-β, high-σ simulation, confirming a more ef-
ficient cascade process (Franci et al., 2016). Second, the spectrum is shallower in
the sub-ion inertial range (Sahraoui et al., 2009) indicating a more developed tur-
bulence. Finally, and more interestingly, the turbulent cascades terminate at much
smaller scales for (low-β, high-σ) simulations, suggesting the existence of thinner
current sheets at subproton scales that accelerate particles more efficiently (Pecora
et al., 2018). Figure 4.13 then confirms the suggestion that plasmas with low β and
large σ naturally lead to broad turbulent scenarios and are the most efficient in ex-
tracting particles from the thermal population and accelerating them (Pecora et al.,
2018; Comisso and Sironi, 2018).

As these simulations represent one of the most systematic PIC explorations of
trans-relativistic turbulence, can be employed in a wide range of astrophysical sys-
tems, such as jets and accretion disks around supermassive black holes, and, of
course, their imaging (see, e.g. Event Horizon Telescope Collaboration et al., 2019b;
Event Horizon Telescope Collaboration et al., 2022b). In particular expressions (4.17),
(4.18), and (4.20) provide compact and reasonably accurate descriptions of the be-
havior of these microphysical plasma properties and can be employed in a num-
ber of scenarios involving compact objects and described by macrophysical plasma
characteristics. Importantly, since they have been derived from first-principle cal-
culations, they represent a considerable improvement over the rather crude and
purely empirical expressions employed at the moment in GRMHD simulations. The
formulas provided in this work can be improved by extending the present two-
dimensional treatment to three dimensions and thus assessing the role played by
dimensionality in studies of this type.

4.4 Appendix A: additional simulations

Apart from the 35 large-scale simulations reported in Table 4.1, we performed 6 ad-
ditional configurations varying different parameters, as reported in Table 4.2. As a
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first test, to show that our final configuration is independent of the initial electron-
to-proton temperature, we have varied T0 spanning in the range [0.001 − 10.0] (see
Runs A1-A3 in Table 4.2). Results of these simulations are reported in Fig. 4.8, where
we show that final joint PDFs are independent of the choice of T0. Note that for these
configurations, the initial plasma β is different for electrons and protons.

4.4.1 Resolution tests

We have also verified that our results are insensitive to the choice of different (higher)
resolutions in terms of de/dx. In particular, we have performed three simulations
using an increasing number of cells per electron skin depth, from de/dx = 3 up to
de/dx = 12 (see Runs B1-B3 in Table 4.2). In the latter case, we have used a physical
box of L/de = 2730 in both directions and varied the number of mesh points from
(8192)2 up to (32768)2. In this last high-resolution configuration, we have followed
the dynamics of ∼ 1.1 × 1011 particles.

Figure 4.14 compares the electron-energy spectra for a case with σ = 0.3 and
β = 3× 10−4 when varying the number of electron-skin depths per cell, i.e. de/dx =
3 − 12. Clearly, the main features of the electron-energy spectra and in particular
the slope are very similar for the three different resolutions. Indeed, the relative
differences between the three spectra are ≲ 6.0% and thus even smaller than the
variations due to the stochastic nature of turbulence, which can cause variation in κ
up to ∼ 10.0% (Ball, Sironi, and Özel, 2018).

In figure 4.15 we show the joint PDFs for the ratio of temperatures T and the
plasma βtot = βe + βp for the same runs. In the inset we report a zoom-in of the cen-
tral region of the PDFs at the final time of t = 2 tA. The color-coded contour report
the 90%-value for each distribution, while the circle represent the maximum of each
joint PDF. One can see that for the three different resolutions we obtain similar final
distributions, with a variation in T ≲ 5.0%.
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FIGURE 4.16: Four representative simulations in which we show the sta-
tionarity of the electron-energy spectra (see Runs 7, 18, 27, and 31 in Table
4.2). For each simulation, we report the spectra at different times during the
evolution as indicated by the colormap on the right of each of the four panels.
Marked with black vertical lines of various type are three different values of
the Lorentz factor γ − 1 and the corresponding evolutions are shown in the
bottom panels for each of the four simulations considered. Clearly, all cases

show that by t/tA ∼ 2.0 the simulations have reached stationarity.

As a concluding remark, we note that the power spectrum in Fig. 4.13 has been
computed on a down-sampled grid of (1024)2 points and not on the full-resolution
data of (16348)2 points. This coarse-graining operation is routinely done in such
expensive simulations, and for two distinct reasons. First, the large particle noise
due to the high temperatures reached essentially blurs out the smallest scales, so
that using the full resolution does not really provide any additional information.
Second, the downsampling allows us to reduce by a factor of 162 ∼ 250 the space
needed for the ouput (we recall that we save data for 38 fields at very high cadence).
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As a result, while the simulation maximum wavenumber is kmax de = 9.4 and is not
shown in the spectrum in Fig. 4.13, the maximum wavenumber in the downsampled
spectrum is kmax de = 0.6 and is well-captured.

4.4.2 Stationarity of spectra

Finally, we provide evidence that the computed electron-energy spectra reach a
steady state after t/tA ≳ 1.8 − 2.0, so that the extraction of the spectral index κ
and of the efficiency E is both accurate and robust. Figure 4.16 shows four represen-
tative simulations having different values of σ (see Runs 7, 18, 27, and 31 in Table
4.1). In each case, we plot the electron-energy spectra at different times during the
evolution as indicated by the colormap on the right of each of the four panels. Fur-
thermore, marked with black vertical lines of various type are three different values
of the Lorentz factor γ − 1 and the corresponding evolutions are shown in the bot-
tom panels for each of the four simulations considered. Clearly, all cases show that
by t/tA ∼ 2.0 the simulations have reached stationarity with relative time variations
that are ≲ 1.5%, so that κ and E can be extracted reliably.

4.5 The role of kinetic turbulence for black hole images re-
construction: preliminary tests

We here report preliminary results of the impact of our self-consistent prescriptions
(4.17), (4.18), and (4.20) on the structure and morphology of the M87 jet. In particular,
we performed long-term, high-resolution, three-dimensional GRMHD simulations
of magnetically arrested (MADs) disks around rotating BHs with a fixed spin value
of Kerr black hole, a⋆ = 15/16, which is the best model found in Cruz-Osorio et al.,
2022.

We initialize our state-of-the-art three-dimensional GRMHD simulations with
a magnetized torus seeded with weak poloidal magnetic field in hydrodynamical
equilibrium, using the numerical code BHAC (Porth et al., 2017). During the simu-
lation, the development of the magnetorotational instability triggers accretion and
leads to a fully turbulent flow and jet launching.

The further step consists of the calculation of the radiative signatures and, to this
scope, the general-relativistic radiative transfer (GRRT) calculations are performed
with the BHOSS code (Younsi et al., 2020). The code needs to be tuned by fixing the
mass of the M87* as M = 6.5 × 109M⊙, and the distance to D = 16.8 Mpc. An
essential aspect of such GRRT modeling consists in the use of a non-thermal energy
distribution for the electrons, that we model as (Fromm et al., 2022)

dNe

dγe
= N0γe

√
γ2

e − 1
[

1 +
γe − 1

κw

]−(κ+1)

, (4.21)

where Ne is the electron number density, γe is the electron Lorentz factor and N0 is a
normalization parameter. In the above expression, the "kappa" distribution κ is taken
from our self-consistent model, using equation (4.17). The weighted temperature w
is defined as

w =
κ − 3

κ
θe +

ϵ

2
[
1 + tanh(r − rinj)

] κ − 3
6κ

mp

me
σ, (4.22)

where rinj is the injection position in terms of gravitational radii rg, and ϵ is a tunable
parameter between zero and one, that accounts for the fraction of magnetic energy
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FIGURE 4.17: Convolved GRRT images for thermal and nonthermal emis-
sion models at 86 GHz for our MADs models of M87. Notice the different rinj
values (columns) and different ε (rows), while the parameter spin is fixed at

a⋆ = 15/16.

contributing to the heating of the radiating electrons. As we already mentioned,
the GRMHD simulations only model the dynamics of the non-radiating ions. To
close the system and to relate the temperature of the latter to the temperature of the
radiating electrons, we use our prescription T (β, σ) (4.20).

We only consider results of the simulations in the time interval between t/M ∈
[13, 000 − 15, 000] for our GRRT analysis, to ensure a stable mass accretion rate Ṁ
and well-developed turbulence. We also scale Ṁ in order to match the observed
compact flux density of 1.0 janskys (Jy) at 86 GHz (3 mm) (Mościbrodzka et al., 2014)
and to fit the broad-band spectrum of the flux density S in the range of frequen-
cies ν ∈ [1010 Hz − 1016 Hz]. Our simulations can reproduce the morphology of
the M87 jet with high accuracy up to distances r ∼ 1 milliarcsecond (mas) from
the core, as deduced from the Global mm Very Long Baseline Interferometry Ar-
ray (GMVA) observation in February 2014 (Narayan et al., 2012). In figure 4.17 we
present the 86 GHz convolved images from our model of M87 for different rinj values
(columns) and different ε (rows). In particular ϵ assumes values 0.0 and 0.5, while
rinj = 10, 100, 200. We present the best-fit images, deduced from the normalized
cross-correlation coefficient, computed between the GRRT images and the GMVA
observations.

The overall structure of the 86 GHz images can be described by a bright inner-
most region and a broader, weak jet. The innermost emission (r < 0.1 mas) is mainly
generated in the disk region and is nearly independent of the choice of ε. The jet
emission could be understood as a radiation generated in the jet sheath and disk
wind. These two regions are characterized by plasma−β ≃ 0.1 (Fromm et al., 2022).
As a comparison, in figure 4.18 we report the 86 GHz GMVA observation in Febru-
ary 2014 for M87* (Kim et al., 2018). Note the overall good matching between our
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FIGURE 4.18: 86 GHz GMVA observation in February 2014, for M87*. Fig-
ure from Kim et al., 2018

.

six models reported in figure 4.17, and the GMVA analysis. However, for larger dis-
tances, i.e., for r ≳ 1 mas, we find that the jet widths are in good agreement with the
observations for our model ϵ = 0.5.

In figure 4.19 we report the large-scale morphology, time and azimuthally aver-
aged in t/M = [13, 000 − 15, 000]. In particular, each panel is split into two subpan-
els, showing the normalized ρ/ρmax density (left side) and the plasma magnetization
σ (right side), for our MAD model of M87*. The two panels represent the same sim-
ulations, but with different length-scales. Note, also, that the quantities are reported
on a logarithmic scale. The morphology of our simulations can be divided into two
distinct regions: the jet and the disk. The jet region can be further divided into a jet
spine and a jet sheath region. The former is characterized by a high magnetization
σ > σcut and low plasma beta (β ≪ 1).

FIGURE 4.19: Normalized ρ/ρmax density (left side) and plasma magneti-
zation σ (right side), for our MAD model of M87*. The two panels refer to the
same simulations and differ only for the length-scales. Note that the quanti-

ties are reported in a log-scale.
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FIGURE 4.20: Logarithm of the electron temperature θe for our model of
M87, using different Rhigh and Rlow values (left and center column). In the
right column we used our self-consistent model θe = θe(σ, β). In the bottom

row is reported a magnification of the green box, near the black hole.

We report two different σcut isocontours, namely σcut = 3 (red line) and σcut = 1
black line. The white dashed line marks the boundary between bounded (Be < 1.02)
and unbounded (Be > 1.02) material, where in the latter case one has out-flowing
of plasma. In the above, Be = −hu0 is the Bernoulli parameter, h is the specific
enthalpy, and u0 is the time-component of the fluid four-velocity.

Finally, in figure 4.20 we show the distribution of the electron temperature θe,
for different models. In particular, in the first two columns we used the R − β pre-
scription (Mościbrodzka, Falcke, and Shiokawa, 2016), by fixing Rlow = 1, and we
set Rhigh = 10 (left column), and Rhigh = 160 (middle column). In the left column,
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instead, we employ our self-consistent model θe = θe(σ, β). Again, we report with a
dashed white line the Bernoulli parameter Be = 1.02, indicating out-flowing plasma
for regions outside it. In the same figure, the black lines show the most important
contours of the logarithm of the magnetization, log10 σ = −1.0, 0.0, and 0.5. Note
that, in the bottom row, is shown a magnification of the central region x/rg and
z/rg ∈ [0 − 100], highlighted by a green box in the first row.

From the distribution of electron temperatures shown in the figure, it is clear that
the highest thermal energies will be located in the jet region, for all of the models.
One can appreciate net differences between the R− β models and our self-consistent
θe(σ, β) model. First, at large scales (top row), the jet is confined in a narrower re-
gion, resulting in a more collimate flux for our model. Second, at lower latitudes,
a more structured shape can be appreciated, revealing higher temperatures in the
plasma composing the surface of the accretion disk. This is in accord with VLBI ob-
servations, where the plasma surrounding the black hole is emitting. Third, in the
regions closer to the black hole (bottom row) it is evident higher temperatures in the
equatorial plane.

The above are only preliminary results, and of course, a more detailed study is
needed to obtain a consistent description of the physics near supermassive compact
objects. However, these first analyses are very encouraging and stimulating. These
results will be published (with other additional analyses) in a future manuscript.
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Conclusions

The last years have seen a number of breakthroughs in general relativity. We wit-
nessed both the first direct observation of GWs (Abbott et al., 2016b) and the first
images of supermassive BHs (Event Horizon Telescope Collaboration et al., 2019b;
Event Horizon Telescope Collaboration et al., 2022b). Numerical models play, now
more than ever, a fundamental role to accompany and understand these extraordi-
nary observations.

In this thesis, we have presented a journey that starts from Einstein’s laws of gen-
eral relativity and finishes with the small-size dynamics of particles near black holes.
With equations in hand, we presented the SFINGE code, a novel algorithm based on
a filtered pseudo-spectral scheme. We based our algorithm on pioneering works on
spectral methods, applying them to numerical relativity. We have studied the evo-
lution of gravitational fields by solving numerically the Einstein field equations, in
vacuum, with two different approaches, namely the ADM and the BSSNOK formal-
ism. In our pseudo-spectral technique, we compute spatial derivatives via simple
and efficient Fast Fourier Transforms.

We presented a new technique that improves the stability of the simulations,
which monitors the strength of the time derivatives, providing an optimal time-
step. The code shows a very low violation of the constraints, due to the precision
of standard spectral methods, which are high-order accurate. We have found that
the filter type and the cutoff wavenumber are crucial for the evolution of the grav-
itational equations, with very stable and accurate solutions. We show that SFINGE
can handle even more difficult gravitational problems, by solving BH equilibria and
the dynamics of binary systems. In this regard, we did overcome the typical limita-
tions of periodicity, which is needed for such pseudo-spectral, FTT-based methods.
Our strategy, borrowed from fluid and plasma dynamics, is able to suppress spu-
rious boundary effects. We matched the ideal solution in the center of the domain,
based on the pseudo-spectral solution of the BSSNOK system of equations, with
a semi-implicit, second-order Crank-Nicholson technique at the boundaries, where
we added hyper-viscous diffusion. This strategy has been successfully tested via a
simple gravitational wavepacket absorption, as well as more challenging singular
dynamical spacetimes.

A detailed analysis of the aliasing instabilities has been presented, both for the
AMD and BSSNOK variables. We monitored the Fourier spectra of the dynamical
variables, showing how the numerical noise due to the aliasing error affects the high-
est Fourier modes, propagating eventually to the whole spectrum, and proliferating
over all the fields. We presented a strategy that mitigates such instabilities. Two
types of anti-aliasing filters have been used in order to suppress numerical artifacts
that are due to the intrinsic nonlinear nature of the governing equations. Our analy-
sis confirms that spectral codes are very accurate for numerical relativity, suggesting
however that great care must be taken about the numerical computation of highly
nonlinear terms, where the aliasing effect is more pronounced.
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As a more realistic and challenging test, we built a gravitational model to study
the dynamics of multiple BHs collisions. In view of those tests, we abandoned the
ADM formalism and finally optimized our SFINGE code on the BSSNOK model. We
considered the problem of the binary, and the three black hole collisions, in a number
of different initial configurations By using a spherical interpolation, and following
the Newman-Penrose formalism, we measured the outgoing gravitational waves,
as classically done for compact objects simulations. We compared the binary merger
and the strong three-body interaction, by computing the power spectra of the signals
for all the cases. We found net differences, essentially at high frequencies, where the
3-BHs system exhibits a broader distribution of power. The spectrum seems consis-
tent with a power-law distribution which might suggest that gravitation, similarly
to hydrodynamics, is subject to a turbulent cascade.

To get more insight into the outcome of the multi-BH radiation, we performed
a refined analysis of the signals. In particular, to detect the main differences among
the cases, we made use of a Shannon wavelet. This analysis reveals net differences
between the 2- and the 3-BHs cases. While in the former the projection evidences
a single dominating frequency, in the 3-BHs the wavelets suggest that there are
multiple frequencies produced during the evolution. Finally, in the case in which
there is a global angular momentum that confines the BHs, there is a net broaden-
ing of the wavelet power, typical of nonlinear phenomena. While the 2-BHs inspiral
has been largely investigated in literature (Campanelli et al., 2006; Brügmann et al.,
2008; Tichy, 2009; Sperhake, 2015), there is much less documentation about 3-BHs,
and, at the present, there is no observational evidence. These results could be of
interest for future observational campaigns, since we expect that, with modern tech-
nologies, one can achieve better signal-to-noise sensibility, investigating whether
such spectacular events might sometimes occur in the Universe. Once we have dis-
cussed spacetimes dynamics in vacuum conditions, we moved towards simulations
in which the matter is taken into account. In particular, by using our SFINGE algo-
rithm, we simulated the propagation of a 1D sound wave in a nonlinear regime,
employing an implicit Crank-Nicolson method to suppress numerical artifacts.

In the second part, we moved to more realistic and spectacular scenarios, evolv-
ing a toroidal structure immersed in the equatorial plane of a rotating Kerr black
hole. To this scope, we made use of the BHAC code, employing a 2D (r, θ) geometry.
As the simulation proceeds, local Kelvin-Helmholz features can be observed and
large-scale vortexes are then produced, dominating the turbulent dynamics of the
plasma in the vicinity of the black hole. Such fluid approaches only describe the
global dynamics of the plasma, leaving completely undetermined micro-properties
of the plasma. To gain a deeper understanding of the microphysical properties of
accreting black holes, we have employed the PIC Zeltron code to carry out a large
campaign of 2D simulations of special-relativistic, decaying plasma turbulence. Par-
ticularly important in our analysis is the use of a physical mass ratio between elec-
trons and protons and the exploration of a wide range of values in the plasma-β
parameter (β = 10−4 − 1.5) and in the magnetization σ (σ = 0.1 − 3.0).

Having simulated such a large portion of the space of parameters encountered
in astrophysical plasmas has allowed us to derive analytical fitting functions for the
behavior of a number of important plasma quantities as a function of β and σ. More
specifically, we have presented 2D fitting functions of the electron spectral index
κ(β, σ), of the efficiency in generating nonthermal particles E(β, σ), and of the ratio
between the electron and proton temperatures T (β, σ). These expressions provide
compact and reasonably accurate descriptions of the behavior of these microphysical
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plasma properties and can be employed in a number of scenarios involving compact
objects and described by macrophysical plasma characteristics. Importantly, since
they have been derived from first-principle calculations, they represent a consider-
able improvement over the rather crude and purely empirical R − β prescription,
employed at the moment in GRMHD simulations. Finally, we have confirmed the
suggestion that plasmas with low β and large σ naturally lead to broad turbulent
scenarios and are the most efficient in extracting particles from the thermal popula-
tion and accelerating them (Pecora et al., 2018; Comisso and Sironi, 2018).

As these simulations represent one of the most systematic PIC explorations of
trans-relativistic turbulence can be employed in a wide range of astrophysical sys-
tems, such as jets and accretion disks around supermassive black holes, and, of
course, their imaging (see, e.g. Event Horizon Telescope Collaboration et al., 2019b;
Event Horizon Telescope Collaboration et al., 2022b). In light of this, in the last Sec-
tion 4.5 we presented our new, preliminary results by performing direct GRMHD
simulations of the structure and morphology of M87 jet, using the BHAC and the
BHOSS numerical codes. The novelty of the approach is that we employed our self-
consistent prescriptions, directly from our PIC campaign of simulations. The results
of such preliminary analysis will be improved, extended, and will be material for
future publications.
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