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ABSTRACT

A brand-new design philosophy tends to harness the load-carrying capacity
hidden beyond the onset of buckling phenomena in shell structures. However,
when designing in the postbuckling range, among other effects, attention should
be given at imperfection sensitivity which may generate catastrophic and un-
expected consequences on the optimised structures. Therefore, what would be
necessary is an optimisation strategy able to deal with the complex geometries
of full-scale structures and, meanwhile, efficiently gather the complexity of
their postbuckling response. The aim of this work is to meet this demand by
proposing numerical methods that face the problem from different sides, namely
the geometrically nonlinear description of the shell, the solution algorithm and
the optimisation strategy.

As a starting point, a convenient format to describe geometrically nonlinear
shell structures is identified in the solid-shell model. On the basis of this
model, a discretised environment is constructed using isogeometric analysis
(IGA) that, by taking advantage from the high continuity of the interpolation
functions, leads to a reduced number of variables with respect to standard
finite elements. Afterwards, an IGA-based multimodal Koiter’s method is
proposed to solve the geometrically nonlinear problem. This method meets the
aforementioned requirements of efficiency, accuracy and is capable of providing
information on the worst-case imperfection with no extra computational cost
with respect to the analysis of a perfect structure. Additionally, a new strategy
for improving the accuracy of the standard version of Koiter’s algorithm in
the presence of geometrical imperfections is devised. The last part of the
thesis concerns the optimal design of full-scale structures undergoing buckling
phenomena. In particular, the design focuses on variable angle tow laminates,
namely multi-layered composites in which fibre tows can describe curvilinear
paths, thereby providing great stiffness-tailoring capacity. Two optimisation
strategies are proposed, both based on the use of Koiter’s method to evaluate the
postbuckling response. The first one makes use of a fibre path parameterisation
and stochastic Monte Carlo random search as a global optimiser. The second
one is based on direct stiffness modelling using lamination parameters as
intermediate optimisation variables that lead to a reduction of the nonlinearity
of the optimisation problem and remove the direct dependence from the number
of layers.






SOMMARIO

La progettazione di strutture a guscio attualmente tende a sfruttare la capacita
portante ancora disponibile dopo l'insorgere di fenomeni di buckling. Contem-
poraneamente pero, ¢ importante che le procedure di ottimizzazione tengano
sotto controllo la sensibilita alle imperfezioni al fine di evitare 'insorgere di
fenomeni potenzialmente catastrofici nella strutture ottimizzate. Di conseguenza,
e di primaria importanza disporre di algoritmi di ottimizzazione che siano appli-
cabili alle complesse geometrie che caratterizzano le strutture in scala reale e che,
nel contempo, colgano la complessita della loro risposta post-critica. L'obiettivo
di questo lavoro va in tale direzione, proponendo procedure numeriche che
affrontino il problema nelle sue costituenti fondamentali, ossia la descrizione
geometricamente nonlineare delle strutture a guscio, gli algortimi di soluzione
del problema e le strategie di ottimizzazione.

In dettaglio, & stato identificato nel modello solid-shell un formato conveniente
per la descrizione di strutture a guscio soggette a fenomeni di nonlinearita geo-
metrica. E proposto un modello isogeometrico che, essendo basato su funzioni
di interpolazione ad alta continuita, sia in grado di ridurre le variabili del prob-
lema rispetto ad elementi finiti tradizionali. Per valutare la risposta postcritica
si ricorre ad un algoritmo multimodale di Koiter. Tale strumento rispetta i
requisiti di efficienza richiesti e, nel contempo, riesce a garantire accuratezza e
affidabilita nella stima dell’iniziale percorso postcritico. Inoltre, esso consente
di avere informazioni sull'imperfezione peggiore senza sostanziali incrementi
nel costo computazionale complessivo dell’analisi. A tal fine, & proposto un
nuovo algoritmo per valutare 1'effetto di imperfezioni geometriche, incremen-
tando i livelli di accuratezza delle precedenti implementazioni. L'ultima parte
del lavoro riguarda gli algoritmi di ottimizzazione. In particolare, oggetto
dell’ottimizzazione sono laminati variable angle tow, cioé materiali compositi
le cui fibre possono seguire percorsi curvilinei. Sono proposte due differenti
strategie, entrambe basate sul metodo di Koiter per valutare la risposta strut-
turale. La prima, efficace quando il numero di variabili da ottimizzare & limitato,
utilizza algoritmi stocastici, mentre la seconda usa parametri di laminazione ed
e particolarmente conveniente in presenza di molte variabili da ottimizzare in
quanto riduce la non convessita del problema e ne rimuove la diretta dipendenza
dal numero di strati.
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INTRODUCTION

When in the forties of the previous century W. Koiter was founding the modern
theory of elastic stability [1], buckling phenomena were considered as sources
of catastrophic failure and a commonly accepted design philosophy dictated
to preserve lightweight structures within their linear-elastic range. This was
mainly due to the lack of knowledge of geometric nonlinearities that have been
a key topic for the scientific community for many years [2, 3]. The research
advanced and phenomena like multimodal interaction, imperfection sensitivity,
branch-switching shed light to the nonlinear structural behaviour that was, let
us say, mysterious until that time [4-6]. Simultaneously, the computational
capability of calculators improved and so did the manufacturing technology,
leading to the wide range of design possibilities the industry has got today. This
should be framed in a context where the need for reducing cost come up beside
the structural safety and increasing demand for lighter weight shell structures is
observed in fields as structural, mechanical and, especially, aerospace engineer-
ing. Consequently, today one is facing a paradigm shift. Structures are allowed
to enter the postbuckling regime during service because in that region hidden
load-carrying capacity could be harnessed [7]. This mainly happens when the
structure is characterised by a stable initial postbuckling behaviour and the loss
in stiffness due to buckling phenomena is limited. Conversely, designers usually
tend to avoid unstable postbuckling behaviours and imperfection sensitivity
needs to be kept under control [8]. Actually, there are cases when instabilities
are designed to happen, as it is in morphing structures [9]. The implications
are huge and brought the topic of geometric nonlinearities at the centre of the
scientific community again. What would be necessary is a numerical tool able
to provide an optimal design of full-scale structures dealing with geometri-
cal nonlinearities. To comply with this demand, three main points should be
addressed.

The first one concerns the mechanical and numerical modelling of complex
shell structural systems. Classical shell theories can be adopted to this scope
[10], as well as other structural models derived from the three-dimensional
continuum [11]. The use of classical shell theories for geometrically nonlinear
problems suffers from the complications given by the required treatment of finite
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rotations. Conversely, models derived from the three-dimensional continuum
as degenerated shells and solid-shells possess translational degrees of freedom
only and this feature notably simplifies the formulation. Additionally, they have
the advantage of allowing a three-dimensional description of the body, with
increased accuracy in the modelling of connections. After the definition of the
structural model, it is necessary to define a numerical strategy to discretise the
continuum problem. The Finite Element Method (FEM) is the most common
strategy that has been continuously improved over the years and today guar-
antees versatility and robustness. However, new discretisation methodologies
have been proposed, such as the Particle Method, the Extended Finite Element
Method (XFEM), the Virtual Element Method and the Isogeometric Analysis
(IGA). Among them, IGA [12] has been enthusiastically welcomed because of the
many advantages provided over the traditional FEM, specifically in the context
of geometrically nonlinear structures. The main idea of the IGA technique
consists of building a discretised structural model that shares the interpolation
functions of the unknown fields with the Computer Aided Design (CAD) model.
Such functions are Non Rational B-Splines (NURBS), characterised by accuracy
in representing complex shapes and high continuity. If the integration between
structural analysis and CAD gives advantages in terms of saving modelling time,
the high continuity guarantee computational efficiency. In fact, by exploiting
the high continuity, a low number of control points govern the interpolation
and, consequently, the number of variables reduces with respect to standard
interpolations. Let us now reconsider geometric nonlinearities in the elastic
range. The problem is characterised by high continuity of the displacement
fields and of stresses and strains and, then, the use of IGA within this context
seems to be promising [13]. However, there are still issues in IGA it is needed to
deal with, such as locking phenomena, time-consuming integration procedures
and difficulties in formulating efficient mixed formulations required to ensure
robustness at the nonlinear analysis [14].

Moving on to the second point required by a satisfactory design strategy, one
arrives at the solution method for solving the nonlinear system of equilibrium
equations. First of all, one desires that it is accurate up to the design level. It
can be an equilibrium configuration far from the initial state, if one is dealing
with multistable structures, or the initial postbuckling behaviour, if one is
interested in standard structural applications. Another important requirement
is its relative efficiency, because the analysis is likely to be repeated many times
until an optimal solution is found. Lastly, the method should be able to include
information about the effect of unavoidable uncertainties affecting an actual
structural problem. It is well-known, indeed, how even small imperfections can
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substantially modify the structural behaviour and, consequently, ignoring them
could produce a naive optimised structure that exhibits the desired structural
response only if perfectly manufactured [6].

Finally, a third point one needs to address is the optimisation strategy used
to obtain an optimal design. Its choice depends on the nature of the variables
of the optimisation and we end up into a heterogeneous space made up of
novel materials and manufacturing technologies. Within this area we can found
composite materials, toward which high attention is given today. Together with
standard multilayered carbon fibre composites it is looked at new technologies,
like Variable Angle Tow (VAT), carbon nanotubes, variable thickness laminates,
bio composite materials. For each of them, a proper strategy should be se-
lected, but what is commonly needed is good convergence properties, efficiency,
robustness and the ability to include constraints of different natures.

The points made above draw the desired features of an optimal design strategy
of geometrically nonlinear structures. The purpose of this work consists in trying
to provide an answer, such that it can represent a small fraction of the research
that will make the postbuckling optimisation a standard in the nearest future.
All three discussed aspects will be addressed. Hereafter, the main contributions
of this work are presented. We identify in the solid-shell concept a convenient
format to construct an efficient mechanical model to be discretised using IGA.
NURBS functions are employed to interpolate geometry and displacement fields
and a peculiar description for the stresses is chosen following a strategy named
Mixed Integration Point (MIP), necessary to solve a well-known problem known
as extrapolation locking [15, 16]. Green-Lagrange strain measure and Total
Lagrangian description are adopted [17]. Together with the mixed description
of solid-shell IGA, they guarantee a cubic dependence of the strain energy from
the unknown variables. On the basis of this discretisation, the geometrically
nonlinear analysis is performed by developing a reduced order model inspired
by Koiter’s theory of elastic stability [1, 3], which meets the requirements of
efficiency and accuracy. A strategy to account for geometrical imperfections
within Koiter’s analysis is developed. It gives us the chance to detect the worst-
case imperfection shape with basically no extra-cost of the overall geometrically
nonlinear analysis. Tuning up the nonlinear analysis of imperfection sensitive
shells using the IGA based Koiter’s method is a crucial step for the development
of an optimisation framework. In particular, we focus on the selection of the
best stacking sequence and ply orientations of composite structures using both
non-conventional laminates and VAT. Two strategies are proposed, the first one
is based on stochastic simulations and the second one on lamination parameters
and a gradient-based optimiser.

3
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The work is structured in chapters. Chapter 2 presents the solid-shell model
and the advantages of its use in the context of geometrically nonlinear structures
are described. Chapter 3 regards the solution methods of the nonlinear problem,
focusing on the arc-length strategy and Koiter’s method for solid-shell. In
chapter 4 we present the solid-shell IGA model. Results are given regarding
classical benchmark problems to assess the effectiveness of the remedies against
locking phenomena. Shell obstacle courses are besides analysed to highlight
the advantages of the proposed IGA framework within arc-length methods and,
finally, the robustness of Koiter’s method is tested. In chapter 5 a new formula
for evaluating the effect of geometrical imperfections within Koiter’s analysis
is presented and validated by numerical results. The optimisation strategies
are presented in chapter 6. Afterwards, the approach is tested on a series of
optimisation problems, among which the optimal design of a full-scale VAT
composite wingbox. Eventually, conclusions are drawn in chapter 7.



2 MODELLING A SHELL STRUCTURE

Shell structures are commonly employed in a wide range of engineering ap-
plications. Especially due to the flexibility of composite materials, shells are
nowadays preferred as primary structural components in the most heavily
loaded parts, as happens in new generation wings [18]. The pursue of saving
weight leads to optimised structures whose thickness is significantly smaller
than the other dimensions. This results in a spread of slender structures that
exhibit large deformations while the material still behaves linearly elastic. To
simulate this mechanical behaviour one can make use of many structural models.
Chronologically, the first shell theory to provide good results is the Kirchhoff-
Love model. This model is based on a kinematics described by displacements
and their first-order derivatives and neglects the effect of shear deformations.
The classical lamination theory shares with the Kirchhoff-Love model many
hypotheses and is employed to describe laminated shells. Even if the model
is successfully employed to obtain semi-analytical solutions [19], it is not fre-
quently used in discretised problems due to the C' continuity over the domain
required by the weak formulation. The Mindlin-Reissner model has been then
often preferred also when the Kirchhoff hypothesis are likely to be verified. Its
kinematics is described by mid-plane displacements and rotations and laminate
composites can be described using the first order shear deformation theory
[10]. The main difficulty in using Mindlin shells in large deformation problems
resides in the need of handling finite rotations. For this reason, alternative
formulations have been investigated. Among them is the solid-shell model, that
consists in a solid model able to obtain the shell solution by a relatively simple
interpolation through the thickness. Being based on a solid model, this strategy
uses displacement degrees of freedom only and the simple Green-Lagrange
strain measure can be adopted [17]. Displacements and rotations of the Mindlin
model are replaced with displacements of the top and bottom surfaces in solid-
shells. Because the Green-Lagrange measure establishes a quadratic relation
between displacements and strains, when displacements and stresses are chosen
as independent variables the strain energy is a cubic polynomial. This aspect
has positive implications on the easiness of the operators involved and on the
accuracy and efficiency of a geometrically nonlinear formulation, how will be
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clarified with the advancement of the chapters. Ultimately, the aforementioned
advantages make the use of solid-shell models of great attractiveness for the
purposes of this work. Hereafter, insights are given on the solid-shell model
and a discrete formulation is presented.

21 SOLID-SHELL MODEL

This section is aimed at describing the solid-shell model, which has been identi-
fied as a convenient format for the geometrically nonlinear analysis. Starting
from a nonlinear three-dimensional continuum which uses Green-Lagrange
strain measure, the kinematics of solid-shell is derived by through-the-thickness
interpolation. Afterwards, generalised strain and stresses are identified, leading
to a description in terms of stress resultants similar to that given by classical
shells. Defining a homogeneised constitutive matrix allows us to write the strain
and complementary energy of the system. Finally, a discretised formulation is
obtained.

2.1.1  Kinematics of solid-shells

Convective curvilinear shell coordinates ¢ = [(1, (2, (3] are employed, with
(C1, ¢2) representing middle surface coordinates and (3 € [—1, 1] being aligned
with the shell thickness direction, cf Fig. 2.1. The position of material points
x(¢) in the current configuration is given in terms of their position vector X({)
in the reference configuration and the displacement d(C), namely

x(¢) = X(¢) + d(Q). (2.1)

The covariant basis vectors in the undeformed and deformed configuration are
obtained from the corresponding partial derivatives of the position vectors X
and x, respectively

G =X, gi=%i=Gi+d; with i=1,2,3, (2.2)

where (),; denotes the partial derivative with respect to ith components of C.
The contravariant basis vectors follow from the dual basis condition

9i-¢g' =G G =58/  with i=1,2,3
where 61 is one if i = j, zero otherwise. The metric coefficients are

94 =9i- 95, Gy =Gi-Gj.
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Figure 2.1: Undeformed and deformed shell geometry.

The motion of material points from the initial reference configuration to the
current configuration is described by the deformation map F: x — X

ox :
F:& :9i®G1- (23)
Using the deformation gradient in Eq.(2.3) and the metric tensor Gj;, the Green-
Lagrange strain tensor can be expressed as

1 _ . )
E:E(FTF—I) =E;G'® G (2.4)
where
- 1
Eij = 2 (Xli dr] +d/i X/] +d/i d/] ) 7

and (-) means scalar product.

The solid-shell concept consists in identifying a preferential direction along
which assuming a simple description of the three-dimensional continuum. Ac-
cordingly, a linear through-the-thickness interpolation is assumed and the posi-
tion vector is expressed as

1 (3

X =35 (X[C4] + X[e-1) + 5

=3 (X[¢+] —Xlc-]1), (2.5)

where

G+ =181,0,1, € =1[l1,0,—11.

7
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express respectively the top and bottom layer of the shell. Analogously, the
displacement field is described as

1 a3

d= 5 (dles]+dlc-]) + 5

(dlcy]—dlg-1). (2.6)

Collecting the covariant strain components in Eq.(2.4) in the vector

S = = o= = oo - T
E = [Eq1,E22,2E12, E33,2E,3,2E:3]

7

it can be linearised with respect to (3 as

) e[tol + 3 x[Co]
E~ E33(Co] , (2.7)
Y[Co!
where
E111Co] E11,3 [Co
elCol = | ExlCol |, X[Col= | Ez2,310C0] |,
2E12(Co] 2E12,3 [Co] (2.8)
1 [2E230C0]
Yicol = {27—513[&)]}

with ¢p = [(y, (2, 0] identifying the shell mid-surface. The covariant generalised
strains are collected in the vector £[¢o] = [e,E33,X, V] T

2.1.2 Generalised stresses

The generalised stress components, once the kinematic model is assumed, are
automatically given by assuring the invariance of the internal work. Introducing
the contravariant stress components

& _ (5. €. 8. 8. &. &7
S =1[511,522,512,533,523,513]

and denoting with V the volume of the solid and Q the middle plane area, the
strain work W can be expressed as

W :J STEav = J (J’\rTé + Mg+ 533633 +:TT7) a0
v © (2.9)
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where the generalised stresses are & = [N, 533, M, T] T
evaluated as

and can be consequently

B 1 1 _ 1 1
L o (2.10)
Sce = i Jﬁ] SCCdC3 = z Jﬁ] ’fd(,_?,

2.1.3 Mapping between parametric and physical domains

The relation between the contravariant stresses and covariant strains in tensor
notation and the corresponding Cartesian ones is

E=J 'EJ"T and S=7J'SJ, (2.11)
that in Voigt notation can be written as
E=T¢E and S=TsS (2.12)

with Ts = T¢ .
From Eq. (2.5), ] = JolCol + ¢3Jn[Co] and its inverse can be linearised with
respect to (3 as

T ol =g el + 3T ' ol (2.13)

where it is possible to obtain J;;! by satisfying the condition JJ~! = I up to the
first order in (3, namely

Tnl =T Tnds "

Substituting Eq.(2.13) in Eq.(2.12) and maintaining only the linear terms in (3
we obtain the linearised expression of Tg = Tgo + (3Tgn. In particular, letting

T%e T%C TgY To, Tn, TR,
Teo = Tge TSC T(§y , Ten = Tge Tgc TEY
TVe TYC TVV TYe TVC TYY

we have, maintaining the linear terms in (3 only,

. e+ (3x
E= TEE ~ ECC . (2.14)
Y

9
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Eq. (2.12) can be expressed in terms of the generalised strains as

& = TE é (2'15)
where € = [e,ECC,x,y]T and
Tge T%C 03x3 Tgy
T, - |Tee Tec 010X3 Tl
Tge Tgc Tee Tgy
e Ty 02x3 T5y
and in terms of generalised stress as
c=T."5, (2.16)

where o = [N, s33, M, ‘.T] T follows from the energy equivalence

I,

2.1.4 Homogenised constitutive matrix

6'8dQ = J o'edQ.

Q

Multi-layered composites can be modelled using layer-wise interpolations
[20, 21] which provide accurate inter-laminar stress reconstructions or ho-
mogenisation techniques usually more efficient and suitable for predicting
global behaviours accurately. When a linear through-the-thickness interpola-
tion is adopted, the achieved accuracy is that provided by first order shear
deformation theory.

When a linear through-the-thickness interpolation is adopted, a generalised
constitutive law of the multi-layered composite can be obtained following [11,
17]. It consists of a homogenization technique which imposes a constant with
(3 stress S33 in order to eliminate thickness locking and obtain an accurate
prediction of stresses and displacements. The material law of the generic lamina,
assumed to be orthotropic elastic, can be conveniently expressed in a suitable
reference system {e1, e2, €3} according to the fibre direction as

PN

(@1
w

>
O w
@

PP
AT
p3
0

o O

S=CE with C= (2.17)

‘—O)
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which furnishes, exploiting the decoupling of the transverse shear components,
the inverse law as

N ]’f ]A: A
F‘p} — |k P3 [ASP} (2.18)
F—33 Fp3 F33 533
where symbol (") denotes Cartesian components expressed with respect to
{e1, ez, e3} with e3 aligned to (3 and £, = & + (3 X. Eq.(2.18) can be rewritten
as
- T

R=F33+ Fp3D
with { D = f(?pp)—wpg,

S=(Fpp) .

Sp = Sf‘__p + D§33
Egg = —DTEp + R§33

The constitutive law in terms of the quantities N and M is then obtained,
integrating along (3 and imposing a constant with (3 stress 533 = §33, as

A

A:N 1 1 S D C3S e
Es3 :EJ -D R —@3D|dC|3833
M 1S @D g3S X
So Dy $§; é
=|{—Do Ro Di| |833
S Di S2] [ x

which furnishes the thickness locking free generalised constitutive law

61co) = Cetllo] (2.19)
where
So-f—Dng/Ro Do/Ro S +D0DT/RO 0
& = D{/Ro 1/Ro D] /R 0
€~ |(S1+DoDJ/Ro)T Dy/Ry S2+D1DI /R 0
0 0 0 Cio

and
A 1 A
Cio :[ ] Cidds.

The modified generalised constitutive matrix in the global system {X,Y, Z} is
obtained as C = RléeRe with R¢ a suitable rotation matrix.
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2.1.5 Energy

The mixed energy of the system can be expressed as

1
O = J o'edQ— = J o'C'odQ, (2.20)
Q 2)a

If one assumes as independent variables of the nonlinear problem displace-
ments and stresses, it is possible to clearly notice from Eq.(2.20) how the the
mixed strain energy has a cubic dependence only from them. Conversely, a
displacement-based formulation, that assumes only displacements as variables
and for which the energy can be written as

1
O = 7J‘ eTCedQ, (2.21)
2)a

is a fourth-order polynomial.

2.1.6 Discretised solid-shell model

The domain can be discretised in elements having area (., obtaining the
following expression for the integrals above

ne ne .]
O = Z O, = ZJ (O‘TE ZUTC_10) dQe. (2.22)
e=1 e=1 e
The geometry is interpolated as
X[c] =NaldXe (2.23)

where d. = [dpe, dnel collects the geometrical discrete variables. The matrix
N, [] collects the interpolation functions of the middle surface coordinates only.
The displacement fields are as

d[c] = Ngldlde (2.24)

where X¢ = [Xpe, Xnel collects the discrete variables for displacements related
to the eth element. Analogously, the stresses are interpolated N[(] as

old = Ns[dBe (2.25)

where 3. collects the discrete stresses.
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The Green-Lagrange covariant strain components in Eq.(2.4), exploiting Eq.(2.23)

and Eq.(2.24), become
_ 1
E == (L [C] + EQ[C/ de]) de/ (2'26)

where L[] = Q[¢, Xe] and Q[C, de] has a linear dependence from d., namely

dINg, [ Nge

dgNdrn Nd/n
dl(Ng,f Nam+Na, Nae) (2.27)

dINg,! Nas ' =7
dl(Ng,I Nam+Ngt Ng,c)
|di(Na,{ Na,c+Na,! Nge ) |

Q[C, de} =

The elemental mixed energy becomes

®e:j <UmJTsMe}—;0deC”ﬂBJ)dQe
e : : (2.28)
:Bl<Lv+2QeMJ>de—zﬁlHd%
where
He =| N TICTTT¢NdQ.
Qe
Le=| NI£[¢dQ.
JQe
Qe =] N{Q[¢, dy)[g]1dQe.

Conversely, the discretised matrix for a displacement-based formulation is

mezj elde]T Celde]dOe
) : T 1 (2.29)
:d-er <Le + zQe[de]) He_] (Le + zQe[de]> de.

In this case, the stresses are not independent variables, but are evaluated using
the constitutive relation in Eq.(2.19).

13






SOLUTION STRATEGIES

This chapter concerns the strategies to solve the geometrically nonlinear problem.
Two methods are identified, namely path-following and asymptotic techniques.
Path-following methods aim at drawing the equilibrium path step-by step. Their
main advantage is represented by the possibility of exactly evaluate a set of
equilibrium points within a given tolerance. In the presence of multiple branches
of the equilibrium manifold, a standard path-following strategy will follow one
them, depending from the step-size and from the imperfections on the structural
model. Obviously, there is no guarantee that the evaluated equilibrium path
is the worst one, in terms of safety or design requirements. As well it is not
possible to guarantee that the real structure will follow that path because of
the presence of unavoidable imperfections. An alternative strategy is offered
by generalised path-following methods [22—24] that include in the nonlinear
problem an additional set of nonlinear equilibrium equations to explore the
entire equilibrium manifold. The result is an interesting strategy that gives a
wider information on the structural behaviour even if at an increased compu-
tational cost and overall complexity. The computational cost itself is the main
issue for path-following strategies and the reason why they are not frequently
employed in contexts that require many analyses to be executed. This is the
case, for instance, of imperfection sensitivity analyses and postbuckling optimi-
sation. In such cases an alternative is represented by asymptotic methods. Such
methodologies are based on asymptotic expansions of the equilibrium condition,
that is valid for the estimate of the initial postbuckling behaviour. Many of
them [10, 14, 17, 25-32] are inspired from Koiter’s theory of elastic stability [1]
of which represent extensions and generalisations. In particular, interesting
proposals are the FE implementations of Koiter’s theory [2, 15, 33—41], that
combine the flexibility of FE discretisations with the computational efficiency of
asymptotic expansions. Among them, an accurate FE implementation of Koiter’s
algorithm has been proposed by Casciaro [3]. It consists of the construction
of a reduced model, in which the FE model is replaced by its second order
asymptotic expansion using the initial path tangent, m buckling modes and
the corresponding second order modes, named quadratic correctives. In this
way, once the reduced model is built, the equilibrium path of the structure can
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be obtained by solving the non-linear reduced system of m equations in m + 1
unknowns, which represent the modal amplitudes and the load factor. The
coefficients of the reduced system are evaluated using strain energy variations
up to the 4rd order. Shell structures can require a very large number of FE DOFs
to avoid significant discretisation errors, while m is usually at most a few tens.
The convenience of the method with respect to the standard path-following
strategy is evident.

Since its first implementations, [33, 42, 43], the method and has been con-
tinuously enhanced in terms of both accuracy and computational efficiency.
In particular, a mixed (stress-displacement) formulation has been proved to
be necessary in order to avoid a locking phenomenon in the evaluation of the
coefficients of the reduced system [5, 42—45] and to make the asymptotic ex-
pansion accurate for a wider range [14, 15]. Geometrically exact shells and
beams [46, 47] or corotational approaches [29, 48] have been proposed to achieve
structural model objectivity. Both strategies make explicit use of the rotation
tensor and its highly non-linear representation. Alternatively, the method has
been implemented exploiting the non-linear Cauchy continuum based on a
Green strain measure [14, 17]. In this way the mixed strain energy has a third
order polynomial dependence on the FE DOFs with the zeroing of all the fourth
order strain energy variations. The resulting asymptotic formulation appears
accurate, efficient and simple.

Koiter’s method provides an additional result that is of paramount importance.
In fact, it allows to evaluate the effect of imperfections by a-posteriori adding a
scalar term to the reduced model. In this way, the reduced order model, whose
construction represents the time consuming part of the analysis, is conducted one
and for all for the structure without imperfections. Afterwards, the imperfection
term, whose evaluation is computationally inexpensive, can be added to the
reduced order equilibrium equations. In this way, the effect of an extremely large
number of imperfections can be analysed at the time of a single analysis, with
important implications. The worst-shape imperfection can be readily detected ,
for instance by employing Monte Carlo random search [8].

After the analysis framework is drawn, the arc-length method and Koiter’s
method for mixed soli-shells are presented in the following sections.
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3.1 NONLINEAR ANALYSIS FRAMEWORK

The equilibrium of slender hyperelastic structures subject to conservative loads
f[A] proportionally increasing with the amplifier factor A is expressed by the
virtual work equation

O’ du—Afdu=0 , uel,duecTd (3.1)

where u € U is the field of configuration variables, ®[u] denotes the strain
energy, T is the tangent space of U at u and a prime is used to express the
Fréchet derivative with respect to u. U is a linear manifold so that its tangent
space T is independent of u. The discrete counterpart of Eq.(3.1) is

sTou= 0'[udéu

2
flou=fou G-2)

rlu, Al =su]—Af=0, with {

where r: RN*1 — RN is a nonlinear vectorial function of the vector z = {u, A} €
RN+, collecting the configuration u € RN and the load multiplier A € R, s[u] is
the internal force vector and f the reference load vector. Eq.(5.6) represents a system
of N-equations and N + 1 unknowns and its solutions define the equilibrium
paths as curves in RNT1 from a known initial configuration g, corresponding
to A = 0. We also define the tangent stiffness matrix as

SulKult = O [ultdu , Vou, i (3-3)

where du and i are generic variations of the configuration field u and du and
the corresponding discrete vectors.

3.2 PATH-FOLLOWING STRATEGIES

Path-following methods aim at drawing the equilibrium path step-by step.

Starting from a known equilibrium point, it is searched for a successive one by
an iterative process. The simpler path-following technique is represented by
the load-controlled method. It defines an increment to the loading multiplier
and looks for the set of variables that satisfy the equilibrium within a certain
tolerance. Its main issue is represented by the loss of convergence near a limit
point, that represents a serious limitation. To overcome this drawback, the
commonly accepted solution can be found in the work of Riks [4] who proposed
the arc-length strategy. It represents a generalisation of Newton’s method in
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which an additional condition is included to overcome the convergence issues.
In the following subsection, details on the arc-length methods are given for the
case of mixed solid-shell model.

3.2.1  Arc-length method

The Riks approach [4] is the preferred strategy for solving Eq. (5.6) by adding
a constraint of the shape glu,A] — & = 0, which defines a surface in RN+T,
Assigning successive values to the control parameter & = &y the solution of
the nonlinear system

rlu, Al

R[¢] = {g[u,x] B

-0 (9

defines a sequence of points (steps) z(x) = {u(x), A(x)} belonging to the equi-
librium path. Starting from a known equilibrium point z° = Z(k), the new one
Z(x+1) is evaluated correcting a first extrapolation z! = {u', A} by a sequence
of estimates zJ (loops) by a Newton iteration

Jz =R
It Z 4z (3-52)
where RJ = R[zJ] and J is the Jacobian of the nonlinear system (3.4) at 2/

or a suitable estimate. The simplest choice for glu, A] is the linear constraint
corresponding to the orthogonal hyperplane

. . =M@ —u
nl(u—w)+ny (A—N)=A¢ where { " ( () (3.5b)

m=pN—2Ay)

M and p being some suitable metric factors [49, 50], A& an assigned increment
of & and

- oR K —
=5 Lk W) 639

n, mnj

The load-controlled scheme is obtained assuming g[u,A] = A (see [49] for further
details) while keeping K = K[u'] we have the modified Newton scheme. The
solution of Eq.(3.5) is conveniently performed as follows
~ nJKy
~ ny, +nlKf (3.6)
Ku=Af—1).



3.2 PATH-FOLLOWING STRATEGIES | 19

3.2.2 Convergence of the arc-length scheme.

The convergence of the iterative process (3.5) has been widely discussed by
Garcea et al. [49] and can be expressed by the condition

Rii = (1-1J7) R (3-7)

where I is the identity matrix and

1
J, = JO Jiz; + tzj 41— 2;)] dt
the secant Jacobian matrix. The iteration converges if in some norm we have
=1
e <

and it will be as fast as J is close to Js. Also note that the convergence condition
for a load controlled scheme is obtained by replacing J and Js with K and Kj
respectively. For the displacement format in the case of positive definite K the
convergence condition can be simplified as

0<u'Ksu<2u'Ku, vu (3.8)

A convergence condition similar to Eq.(3.8) but limited to the subspace of
nonsingular values of K holds also for the arc-lenght scheme [49] that, like for
the load controlled case, is as faster as

u'Kau~u'Ku, vu (3.9)

and it converges in a single iteration when Ks = K because of the linearity of
Eq.(3.5b).

The arc-length scheme provides a simple way to overcome limit points because
J is not singular even when K is singular. The convergence is, however, strongly
affected by the variables chosen to describe the problem since a smoother
representation of the equilibrium path makes it easy to fulfil the condition
(3.9) allowing large steps and few loops. In the following we will show that
this desirable behaviour occurs in the case of a mixed description while the
displacement-based one, for any discretised model, is affected by an extrap-
olation locking that could produce a pathological reduction in the step size
(increase in iterations) and, in some cases, loss of convergence.
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3.2.3 Advantages of the mixed format

The efficiency and the robustness of a nonlinear analysis is strongly dependent
on the iterative effort, namely the capability of converging using a low number
of iterations and to withstand large step sizes (increments). In many works
[14, 49], it is shown that the path-following techniques exhibits slow convergence
when any purely displacement-based formulation is adopted. This could be
considered as a sort of locking of the iterative method, since its performance gets
worse when the slenderness of the structures increases. This fact is unrelated to
the accuracy of the interpolation and always occurs in displacement formulations
where the stresses used to evaluate the tangent matrix are forced to satisfy the
constitutive equations at each iteration.

Conversely, mixed (stress-displacement) formulations are not affected by this
phenomenon, because the stresses are directly extrapolated and corrected in the
iterative process, allowing a faster convergence of the Newton method and very
large steps, independently of the slenderness of the structure. We refer readers
to [14, 49] for further details on this phenomenon.

3.2.4 Remarks on the computational cost

The computational cost of the iterative method is directly proportional to the
number of iterations for the full versions and almost directly proportional to the
number of steps for the modified version. When the number of DOFs increases,
the cost of an entire step of the modified version tends to the cost of a single
iteration of the full method.

3.3 KOITER'S METHOD

Let us consider a slender hyperelastic structure subject to conservative nominal
loads p proportionally increasing with the amplifier factor A. The equilibrium
is expressed by the virtual work in Eq. (3.1) Due to the assumed 3rd order
polynomial dependence of ®[u] on u, it can be exactly replaced with its 3rd
order Taylor expansion from a given configuration u = uo, that is

1
O/ [uldu == (CD(’) + @ (uw—up) + 2CD’”(u—uo)z) du, YouedJ, (3.10)
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where a subscript denotes, from now on, the point in which the quantities are
evaluated, i.e. @ = ®’[ug] and so on, while the quantity ®"” is constant with
u.

3.3.1 Fundamental path.

The method starts with the evaluation of the fundamental path 1¢[A] assumed as
analytical in A and approximated with its tangent in the (known) equilibrium
configuration (up,Ag = 0) as us = up + All. It is evaluated through a first order
Taylor expansion in A of Eq.(3.1), that is

Ofadu—péu=0, Véued. (3.11)

3.3.2 Buckling loads and modes.

With the adopted linear extrapolation in A of the fundamental path, it is possible
to evaluate the bifurcation condition, that is the singularity of the second strain
energy variation, as

O [urNvidu = (OF + A@"WVidu=0You e T (3.12)

where v; and A; are the bifurcation modes and loads. Note that the expression
in Eq.(3.12) is exact, due to the zeroing of all the higher order energy terms,
and so the buckling condition is exactly a linear eigenvalue problem [14], which
provides the m bifurcation loads and modes, orthogonalisated according to

OOy = —8ix (3.13)

with 61y the Kronecker symbol.

3.3.3 The reduced model of the perfect structure.

According to a Lyapunov-Schmidt decomposition [51], U is decomposed as a
direct sum of the critical subspace V and its orthogonal complement W, defined
as

V= {V V= E:i‘.)i}
U=VaeW, ; (3.14)

W={w: 0"tvw =0}

21



22

| SOLUTION STRATEGIES

where &;, with i = 1--.m are the buckling mode amplitudes.
The space of admissible configurations, following a Galerkin approach, is
limited to

ug = ugA] +v[E] + WA, &] (3.15)

where the corrective term w € W is assumed to be at least quadratic in A and &;
and the compact notation f[&;] is used to denote the dependence of function f
on all the &;.

Using a Ritz-Galerkin approach the equilibrium equation is imposed assuming
v; and dw as test functions, and the configuration defined by ug4, that is

TwlA, & =@ [ug]l — AW =0

.16
T\, 1] =@ [ug] — APl = 0. (3.16)

From the condition 1, [A, &;] = 0 and using a Taylor expansion up to the 2th
order in A, &1, - - - &m we obtain the quadratic correctives (see [17])

)\2 A Z ELE. OWewW = —@"" 025w Vow e W (3.17)
== Wi w 1
e (waij ow=—-0 ///\-)i\-)j ow 317

where the subscript b denotes quantities evaluated in Ayt and Ay, is a suitable
reference value of the bifurcation load (the first bifurcation load or a mean value
of the bifurcation cluster).

From the condition T [A, &;] = 0 we obtain the reduced nonlinear system
which defines the equilibrium path

T[A, &l = AN+ (A = A) k—fx Zal 1k+ Z EiEjAii

,1—1

,om (3.18)
3 Z &i&EnBijhk =0, k=1---m
i,j,h=1
where
Aije =0""iv5vy
(:’-Ik ZCD{)/VQVWik
Bijnk =— O (WijWhi + WinWjk +WikWjn) (5:19)

1
tic[A] :5)\2@ "0ty
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Egs.(3.18) are an algebraic nonlinear system of m equations in the m + 1
variables A, &1 - - - &, that, due to the small size of the system, can be efficiently
solved using specialised variants of the arc-length scheme. Second and third
order variations of the strain energy are required for the evaluation of coefficients

in Eq.(3.19).

3.3-4 Standard a-posteriori account of geometrical imperfections.

Small imperfections, expressed by an initial displacement i, can easily be
considered in the asymptotic analysis. In the current proposal [5, 33, 43, 44] the
following coefficients

fig =AD"ty (3.20)
are added to Eq.(3.18), that is

Tk + i =0 (3-21)
and the reduced model is corrected by adding i to the expression (3.15)

Ug = U+ ueAl +v[E;] +wWIA, &4l (3-22)

So, once the steps in Eqgs.(3.11), (3.12), (3.17), (3.19) of the analysis have been
performed, once and for all, small imperfections in the geometry can be taken
into account by adding a few additional terms in the expression of . The
computational extra-cost is negligible since just the reduced nonlinear equations
Eq.(3.18) have to be solved again for each new imperfection. In this way the
method allows a low cost imperfection sensitivity analysis. In particular the
reader is referred to [52] where the imperfection sensitivity analysis is performed
by means of a Monte Carlo simulation showing how thousands of geometrical
imperfections can be analysed in a few minutes in order to detect the worst
imperfection shape.

However, comparisons with standard path-following analyses show that the
accuracy of this approach is limited to small imperfection amplitudes and
structures with an almost linear pre-critical behaviour. In the following chapter,
it will be proposed a solution to improve its accuracy, making the approach
suitable for a wider range of practical problems.

3.3.5 Advantages of the mixed format

As already highlighted, the model derived from the three-dimensional contin-
uum using the Green strain measure has a low order dependence on the strain
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energy from the discrete parameters. In detail, when a mixed format is adopted,
the strain energy has got a cubic polynomial dependence from displacements
and stresses, namely just one order more than in the linear elastic case. The
consequences of this occurrence are essentially two. The first one concerns
the fact that the buckling condition is exactly linear, and the accuracy is not
influenced by the closeness of the buckling loads or from the magnitude of
(Ai —Ap). Consequently, the coherence of the method is enlarged with respect
to the general case in which the buckling condition is linearised. The second
aspects regards the zeroing of the fourth-order variations. In fact, the evalu-
ation of the fourth-order variations represents the most challenging task for
geometrically exact shell and beam models [46, 47] and for those based on
corotational approaches [10, 29, 48], that explicitly make use of the rotation
tensor and its highly nonlinear representation. In such cases, the strain energy is
infinitely differentiable with respect to its parameters and leads to very complex
expressions for the energy variations with a high computational burden of path
following and much more of asymptotic analyses. In this last case the high order
strain energy variations become so complex that often “ad hoc” assumptions
are required to make the solution process effective (see section 4.3 of [48]).

However, the main advantage in using a mixed formulation is its capability
to rectify an important but underhand locking effect, called extrapolation locking
[15, 49]. The nature of the phenomenon is the same than that discussed in
the previous section about the path-following technique. But, if the mistaken
extrapolation during path-following iterations penalises the performance of the
algorithm, in the case of Koiter’s method the accuracy is influenced. In fact, in
the case of displacement-based formulations and relatively slender structures, a
completely wrong estimate of the equilibrium path is given, because Koiter’s
method directly uses the extrapolated quantities for the construction of the
reduced system of equilibrium equations. The mixed formulation naturally
prevents extrapolation locking, and its use is a mandatory requirement for
formulating an accurate Koiter’s method. We refer to the work by Garcea et al.
for insights on the matter [14, 15, 49].

3.3.6 Koiter’s FE algorithm

The asymptotic approach is based on a third order Taylor expansion of Eq.(3.1),
in terms of load factor A and modal amplitudes &;. We refer readers to [17, 53]
for recent developments of the method and more detail.

Letting u; € T be a generic variation of the displacement field and denoting
with a bold symbol the discrete FEM counterpart of the continuum quantities,
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and referring to the solid-shell finite element model presented in [17], the
construction of the reduced model of the perfect structure consists of the following
steps.

1. The fundamental path is evaluated as
u' N =ug+ra, Kogau=Ff, Ko =Klug] (3.23a)
where Ky and f are obtained from the following energy equivalence
ul Kouz := 0fuju;y ulf=pu.

and requires the solution of a linear system to evaluate the initial path
tangent 1. A subscript will denote, from now on, the point in which the
quantities are evaluated, i.e. ®J = ®"[ug] and so on.

2. The buckling modes and loads are obtained from the linearised critical
condition consisting of the eigenvalue problem

KAlv = (Ko +AK;[@])v=0 (3.23b)
where K; is obtained from the following energy equivalence

U.TK] u; = d)é”ﬁm up.

3. The (m x (m+1))/2+ 1 quadratic corrective FE vectors wij,fv are ob-
tained by the solution of the linear systems

m
Kblﬁ\)-l-%-F Z Ck%k =0 with ¢y = V]I%

k=1
m (3-230)

KbWij + 1y + Z Ck%k =0 with ¢, = \');l;fi)'
k=1

in which Ky = Ko +ApKq, fx = Kivk, Ay is a reference value of the
bifurcation cluster, usually the first buckling load and fi;, foo are defined
as a function of modes v; and 11 by the energy equivalences

6WTfij = (D///‘)j\-}]_ ow

swit=0"02sw
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4. The construction of the reduced system of equations

1, — 1 &
kN & = ue A+ (A —A) & — 57\2 Z &l + 7 Z Ei&Aij
im1 ij=1

Ly (3.23d)
+ 6”%_1 £i&EnBijhk =0, k=1---m

is carried out by evaluating the energy terms for i,j,h,k =1---m as sum
of element contributions

e o
Aijk =0 vivjvk
1R
eik Z(DbWWik
"
Bijhk =— Op (WijWhi + WinWjk + WixWjh)
1 L2
Hc[A] zz?\zd)”’uzvk
where

(D{)/LL] uy = (q)g —l—?\b(D”’ﬂ)u] uy Yug,up.

The evaluation of the equilibrium path, to be repeated for each additional
imperfection, is obtained by solving the modified reduced system

[ &+ kA, & =0,

where fiy represents the effect of the imperfection.
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In recent years, an increasing amount of research has aimed at developing new
efficient solid-shell FEs [11, 54—57] for nonlinear analysis of thin structures. This
is due to the advantages of these kinds of elements in comparison to classi-
cal shell ones, as discussed in chapter 2 and 3. Solid-shell elements are often
based on a linear displacement interpolation in order to achieve computational
efficiency and then exhibit shear locking, also present in traditional shell ele-
ments, and trapezoidal and thickness locking, typical of solid elements [58].
These kinds of locking are usually sanitised by means of Assumed Natural
Strain (ANS), Enhanced Assumed Strain (EAS) [59, 60] and mixed (hybrid)
formulations [11, 61, 62]. Solid-shells have been used to model composites or
laminated beams [55, 61, 63] and shell structures in both the linear [56, 59, 64]
and nonlinear [11, 54, 60] range. Among the most effective and interesting
proposals are the mixed solid-shell elements of Sze and co-authors [11] which
extend the initial PT18f hybrid element of Pian and Tong [65] to thin shells
and eliminate thickness locking by means of a modified generalised constitutive
matrix. This approach makes it possible, as opposed to EAS, to avoid the intro-
duction of additional degrees of freedom (DOFs) and to obtain good predictions
for multi-layered composites. Although there is the effective elimination of the
interpolation locking, low order solid-shell elements exhibit a poor behaviour
when analysing curved geometries. High order Lagrangian interpolations, on
the other hand, have been little used due to the high number of DOFs and
computational cost for the integration and assembly of the quantities [66].

The isogeometric analysis (IGA) [12, 67] represents a good alternative to high
order Lagrangian FEs. The main reason for its success is, in our opinion, the way
it makes it possible to elevate the order of the shape functions while practically
maintaining the same number of DOFs of linear Lagrangian interpolations.
Another notable feature is that the high order continuity of the shape functions
allows the total number of integration points to be reduced significantly as
shown in [68, 69] compensating for the computational cost of the assembly of
the discrete operators. Finally, the geometry is reproduced exactly, regardless
of the mesh adopted and a simple link between CAD and structural analysis is
available.
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These considerations make IGA very attractive, particularly in geometrically
nonlinear analysis where a highly continuous solution is often expected [45, 53,
70]. However, there are some difficulties associated with IGA with respect to
traditional finite elements. The use of very high order shape functions eliminates
interpolation locking but, at the same time, increases the computational effort for
the integration and the assembly of the discrete quantities and for the solution
of the discrete problem because of the decrease in the stiffness matrix sparsity.
For these reasons C' and C2 NURBS interpolations are often preferred, even if
they are not immune to locking phenomena. Due to the inter-element continuity
of the interpolation, element-wise reduced integrations and strategies, like ANS
[13], only alleviate, but do not eliminate locking, and so are not effective for very
thin shells. For the same reason, mixed formulations with stress shape functions
defined at element level are not able to prevent locking. Conversely, mixed
formulations with continuous stress shape functions have been successfully
proposed [71, 72]. However, in this way the total number of DOFs increases
with respect to the initial displacement formulation and the static condensation
of the stress variables, usually employed in FE analysis and performed at the
element level, can be carried out only at patch level and as a result is not
convenient because it produces a full condensed stiffness matrix. An interesting
alternative is the use of displacement formulations with patch-wise reduced
integration rules [68]. These have been shown to alleviate and, in some cases,
eliminate interpolation locking in linear elastic problems [69] employing a low
number of integration points and so significantly improve the computational
efficiency. This strategy seems more attractive than the mixed formulation,
since it preserves the stiffness matrix sparsity without introducing additional
unknowns and allows a more efficient integration.

However, it has been discussed in chapter 3, how the mixed formulation has
superior performance than displacement-based ones in path-following analyses
and Koiter’s method, due to the extrapolation locking [14, 49]. To preserve
the advantage that IGA displacement-based formulations offer in terms of
interpolation efficiency, the mixed formulation is formulated in the following
way. Stresses are not interpolated, but are taken as independent variables
at each integration point. The resulting discrete model maintains the same
accuracy of displacement-based formulation, but the extrapolation locking is
eliminated. This strategy has been recently adopted [16] under the name of
Mixed Integration Point (MIP).

In this chapter, the isogeometric solid-shell interpolation is adopted to obtain
an efficient discretised solid-shell model. The interpolation functions are NURBS
of generic order, controlled by control points, each of them equipped with six
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DOFs. Shear and membrane locking, which already occur in linear elastic
problems for low order NURBS [73], are even heavier in the nonlinear range
when large displacements occur. Different patch-wise reduced integration
rules [68, 69], previously proposed for linear analyses, are investigated in large
deformation problems with the aim of eliminating interpolation locking and
increasing the computational efficiency in the proposed solid-shell model when
C' and C? NURBS are adopted. The displacement-based solid-shell formulation
so obtained seems able to provide accurate solutions, practically unaffected
by locking, without the need of a mixed formulation and the corresponding,
previously discussed, drawbacks. The MIP strategy is extended to the proposed
IGA framework with the aim of reducing the iterative effort and making it
independent of the slenderness of the structure.

41 NURBS BASIS

A B-Spline curve is represented as
cle] = ) NP[EPy = N[gJP (4.1)
i=1

where P, 1 =1---n are control points and Nf (&) are the set of B-Spline basis
functions, which are piecewise polynomial functions of order p. The latter are
defined by a set of non-decreasing real numbers = = [£1, &2, ..., Enqpy1] known
as knot vector. More details on the B-Spline parameterisation can be found in
[74]. B-spline basis functions are calculated recursively by using the formula

E—& NP e 4 Eiypr1 — & NP ]

NP[E] = i1

S Eip— & Eitp+1 —&it
for p > 1 and starting from piecewise constant functions (p = 0 ) defined as

i

0 1, if & <ELE i
Ni[E] = )
0, otherwise.

B-Spline basis functions have attractive properties: they satisfy the partition
of unity that makes them suitable for discretisation methods, have a compact

support and are non-zero and non-negative within the knot interval [&;, Eitpt1 1.

The regularity r between two parametric or physical elements is described by
the multiplicity of the associated knot in =. The regularity is given by r =p —s

29



30

| ISOGEOMETRIC MODEL

where p and s are the order used for the basis functions and the multiplicity of
the knot &; respectively.

Since B-splines are polynomial functions they are not able to represent circular
arcs and conic sections exactly. For this reason NURBS extend the B-spline
concept in order to represent these objects exactly. NURBS are obtained by a
projective transformation of B-splines extending Eq.(4.1) by using

NP [Elwy
RPIE] = —pb oot 2

G SN 42)
as shape functions. It is worth noting that all properties of B-Splines are
maintained and, in particular, B-Splines are retrieved when all the weights are
equal.

By applying the tensor product, the NURBS surface is constructed in a similar

way to Eq.(4.1) as

m
sleml=) Z RY[EIM ]Py; = N[g,n]P (4-3)

i=1j=

—_

where Z = [£1,&2...En1py1] and H = M1,M2..Mm4q+1] are two knot vectors,
RY and M are the one-dimensional basis functions over these knot vectors and
Pi; defines a set of n x m control points. The tensor product of the knot vectors
Z and H defines a mesh of quadrilateral “isogeometric elements”.

Weights, as well as control points of the initial geometry, are provided by
the CAD model while suitable algorithms exist for the refinement required to
approximate the unknown solution [12, 74]. The geometry is always represented
exactly regardless the mesh adopted.

4.2 THE ISOGEOMETRIC SOLID-SHELL ELEMENT

The kinematics of the solid-shell model derived in chapter 2 allows a 2D descrip-
tion of the shell. Following the isogeometric concept, geometry and displacement
field are interpolated, over the element, as follows

X[ =NalcXe

d[g = Ngldlde (4-4)
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where de = [dpe, dnel and Xe = [Xoe, Xnel collect the element control points
for displacement and geometry. The matrix N 4[] collects the interpolation
functions

Ngldl = [NIE ], CNIE,]] (4-5)

where ¢ € [—1,+1] and N[§,n] are bivariate NURBS (4.3), functions of the middle
surface coordinates only. The integrals in Eq. (2.28) to compute the elemental
strain energy is evaluated numerically. Following the MIP strategy, stresses are

not interpolated, but taken as independent variable at each integration point.

Consequently, the elemental energy is

n
Defuel =) (cgag[ae];cgc;ag) wg, (4.6)
g=1

where the quantities evaluated at the integration point are denoted with the
subscript g and wg is the weight. The integration rule in the case of IGA is
discussed in the section 4.2.4. The elemental variables, collected in the vector u,
are displacements of the control points related to the element and the stresses at
integration points, namely

01
Ue = | © (4.7)
On
de.
4.2.1  Strain energy variations
In the following u;4 = {0y, dic} will denote the vector representation on the

integration point g of u;.
The first variation of (4.6) is

n T
Olu = 019} [Sga}w .8a
an g;[d]e soq) e (4-82)
with

{596 e (4.8b)

Sga = Bglde]" oy
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and Bglde] = Lg + Qglde]. The second variation of (4.6) is

n
Oluguy = ) (074Bgldeldze +054Bgldeldye+
g=1 (4.8¢)

O-;I;Qg [dq e]dZe)Wg-
Letting
e = A ¥grdze.
the kth component of vector Qg[dj.]d; the following expression holds

G;—Qg[(h eldze = Z Ogk ngk = dTeS[Gg}dZe
k

with
Slogl =) ogi¥gr. (4.8d)
k

In matrix form the second variation of (4.6) then becomes
n T
—Cg' By [o
o £ 157 31020
cwwe =2 g% | B! oo |an) "

=1
o (4.8¢)
=D uigKguag
g=1

where Gg = Gelogl. The second variation can also be written in vector form
introducing the incremental force vector so defined

n

Oluguy = Z uTgsé[uzg] (4.8f)
g=1

with

—C o4 +Bgdy
/ — g g e
Sg[uzg} B { B‘3(7294'99‘1& }

The third variation of the strain energy is
n
Dluupuz = ) (07,Qqldzeldze +07,Qqldzeldre+
g=1

G:%rg Qg [d1 e] dZe)Wg
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that can also be written in vector form introducing the secondary force vector as

O surduzdus = Y ufgsyluzg, usgl (4-8h)
9

with

Qgldzeldae

s/ uog,uzg] =
9[ 29 39] |:Qg[d3>e]T0'29 +99[0'39]d26

Finally, for each element vector y. and matrix Y. the global quantities are
obtained using standard assemblage operations as

y= Zﬂlye, Y= Z-AzYe-Ae- (4.9)
e e

while scalar quantities are simply sums of element contributions.

4.2.2 Solutions in condensed form

The iterations of arc-length strategy and the steps of Koiter’s algorithm can be
written in condensed form, namely by static condensation of stress variables. In
such a way the use of a mixed formulation does not imply an increase in global
variables, but the computational cost of a displacement-based formulation is
preserved.

In the following subsections the operations required by the solution strategies
in chapter 3 are specified for the IGA MIP formulation.

4.2.3 Arc-length iteration

The linear system in Eq.(3.6), to be solved at each Newton iteration, can then be
rewritten at the element level as

—CT1W1 Biw;q j 01 0 S1oW1
» Sl =WNHN | =
*Cn Wn Bnawn (?'n 0 SnoWn
Biwi ... Biwn Y UGgwg| lde fe Y 5 (Bgogwg)
(4.10)

where the superscript on matrices denotes that they are evaluated during the
iterative process at the current estimate ur.
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By performing a static condensation of the stress correction &4, locally defined
at the level of the integration point, we obtain

6g = CgB)de + Cys), = CgBlde + Cye) — 0, (4.11)

and, letting rce [dje] = Sce [d];a] —Npe, the linear system in the condensed form
becomes

Ke[uje]de = frce[dje] + Afe (4.12)
with
Kelol, dll = ) (Bg[dje]TCng[dje] + 99[‘7];_;]) Wg (4.13)
g=1

the condensed tangent stiffness matrix, that has the same expression as the
classical displacement based one. However, this time it also depends on the in-
dependent stresses at the integration points, which are now directly extrapolated
and corrected during the iterations.

4.2.3.1  Fundamental path

Eq.(3.23a) at the element level becomes

—C7'wy Liw; ] [67 0
B : =1 (4-14)
—CL'wn Lnwn On 0

LTlwy ... Liwn 0 de fe

By performing a static condensation of the stress correction & 4, locally defined
at the integration point, we obtain

&g =CgLgde (4-15)
and then
n
Sede =fe with K§o =3 (LiC4Lg)wg (4.16)
g=1

where the condensed element tangent stiffness matrix K§, coincides with the
classical displacement-based one
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4.2.3.2 Buckling problem

The buckling problem can be written as

—Cy Ty (Ly +AQide)wi | 1] [0

“Cilwn  (La+AQucwn| [6n| |0

(L1 +AQi[de)Twr ... (Ln+AQulde])Twn A Ggl6glwg | Lde 0
(4.17)

and also in this case, eliminating the stresses of the integration points
64 =Cy4(Lg +7\Qg[&e])de

and substituting in Eq.(4.17)

{Z ((Lg +2Qq)TCy(Lg +AQq) +AG4l64)) wg} de =0,

g
we obtain the element contribution to the quadratic eigenvalue problem
D (K§g +AKS g +A*KS )de = 0.
9

A linearized problem can also be obtained when the quadratic part of the strain
along the fundamental path Qg[d.] is negligible and then

{Z (L§CLy +AGgl6]) wg} d. = 0.
9

4.2.3.3 Quadratic correctives

Finally the linear system in Eq.(3.23c), letting cx = 0 to simplify the writing,
becomes

—CT1W1 Biw; 6-1 Qq [ae]ae
*C;‘IWn Ban 6:1’1. B AQTl[ae] ae "
B_]I_W1 BTTLwn Zg SQWQ b de Zg (Qg[de]Tﬁg +99[6g}de)

(4.18)
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where subscript b on matrices denotes that they are evaluated in up,y =
}\b{é_g/ de }
By condensing out the stress correction at the integration points

&g =CgBgde + CgQqldclde (4-.19)
we obtain the linear system in the condensed form

Kpede = —8¢ (4.20)

(4.21)

as the condensed tangent stiffness matrix, that has the same expression as the
classical displacement based one but directly depends on the stresses, and the
condensed secondary forces respectively.

4.2.4 Locking and patch-wise reduced integrations

Note that the same NURBS interpolation is employed over the middle surface of
the shell for all the displacement components. As is well known, this produces
interpolation locking when low order interpolations are considered. The linear
term in Eq.(2.26) can be plagued by standard shear and membrane locking,
which then occurs even in small deformation problems. Furthermore, when a
Total Lagrangian formulation is used to describe the nonlinear behaviour a more
evident additional locking occurs as consequence of the different approximation
of the linear and the quadratic Green-Lagrange strain contributions in Eq.(2.26).

Recently, patch-wise integration rules, which take into account the inter-
element high continuity of the displacement interpolation have been proposed
[68, 69] and applied to linear elastic problems. In our opinion, these works
represent an important development in IGA. The d-dimensional target space,
that is the space for the integration of the strain energy (as well as the stiffness
matrix), of order p and regularity , labelled as S}, is exactly integrated by a
number of ~ ((p —1)/2)4 integration points per element, distributed over the
patch, significantly lower than in standard Gauss quadrature rules. For the full
integration, due to the product of the shape functions and their derivatives,
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p is twice the order of the splines and r is the continuity order minus one.
This means that, for example, for Cj-quadratic and C;-cubic splines the full
integration spaces are 83 and 8 respectively.

Positions and weights of the integration points are not equal for each element,
but are evaluated, once and for all, in a pre-processing phase and depend on r, p
and patch mesh. The algorithms which provide these kinds of integration rules
can be found in [68, 69] and are very efficient. Their computational burden is
just a small fraction of the total cost of a linear analysis and negligible compared
to a nonlinear analysis. We refer to [68, 69] for all the details.

The patch-wise exact integration of a given space 8} also opens up new
possibilities for patch-wise reduced integration schemes. In fact p and r can be
selected by the user and are not required to be those for the exact integration
of the problem space. If the integration space presents spurious modes, more
points than the minimum number strictly required by the space are utilised in
order to remove them. In this case the approximation space is said to be over-
integrated and labelled as 8F. The number of additional integration points is
proportional to the number of boundary elements and, then, becomes negligible
when the mesh gets finer. Again, we refer to [68, 69] for the details. With
respect to the element-wise reduced integrations, an appropriate selection of the
patch-wise reduced integration rules makes it possible to avoid spurious modes,
alleviate or eliminate interpolation locking in the linear elastic range and further
reduce the number of integration points.

It is worth noting that in patch-wise rules the number of integration points n
can be different element-by-element, cf Eq.(4.6).

The use of a displacement-based IGA model is then theoretically accurate and
efficient and represents, potentially, a reliable choice from the point of view of
the discrete approximation and the efficiency of the integration with respect to
standard FE interpolation of the same order if interpolation locking is avoided.

4.3 INTERPOLATION LOCKING TESTS

In the linear elastic range, low order NURBS interpolations usually exhibit
shear and membrane locking. In the nonlinear range, when a Total Lagrangian
formulation is adopted, other similar locking phenomena occur due to the
different approximation of the linear and quadratic part of the Green-Lagrange
strain components. This means that locking occurs in nonlinear analyses, even if
the initial geometry is flat. In both linear and nonlinear cases, locking is related
to the slenderness of the shell.
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Figure 4.1: Curved bar: geometry and loads.

A series of patch-wise exact and reduced integration schemes for C' and
C? NURBS basis are employed and compared. For the C! interpolation the
comparison also includes element-wise reduced integration and the Assumed
Natural Strain technique (ANS) [75], proposed for IGA in [13, 73].

4.3.1 Linear analysis

The first test is a classical benchmark to address membrane locking in the
linear elastic range. It regards the clamped curved beam in Fig.4.1, which is
considered a severe test to assess discrete formulations [13]. The normalised
displacement at point A is reported in Fig.4.2 for an increasing slenderness and
for the different interpolations and integration schemes. The reference value
UA ref, from Bernoulli beam theory, is 0.942. A mesh of 10 x 1 elements is
employed.

Concerning the C! interpolation, the full S3 integration presents a very strong
locking and provides bad results also for R/t = 100 and completely wrong
results for R/t = 1000. The ANS technique gives good results for R/t = 100
slightly alleviating locking but it is not satisfactory for R/t = 1000. Furthermore
the 2 x 2 Gauss element-wise reduced integration shows the identical results as
ANS, which employs a grid of 3 x 3 Gauss points per element. The 53 reduced
integration has the best performance and is almost insensitive to locking, a part
from the extremely slender case R/t = 10000. From the computational point of
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Figure 4.2: Curved bar: linear displacement for different slenderness ratio.

Figure 4.3: Cantilever beam under two load cases: geometry and loads.

view, it is worth noting that §(2) uses about one integration point per element
and is then more efficient than ANS and 2 x 2 reduced integration.

For the C? interpolation, the full integration S§ is clearly affected by locking.
On the contrary, both the integration schemes S3 and S7 provide excellent results
and are practically insensitive to locking. It is worth noting that S3 requires
about one integration point per element, while S about 2.25 integration points
per element, so that both strategies are very efficient compared with Gauss rules.

4.3.2 Nonlinear analysis

In order to show the performances of the different strategies in dealing with
locking, the simple cantilever beam depicted in Fig.4.3 is analyses with the
proposed solid-shell model, for different values of the slenderness parameters
k = L/t and under two different load conditions.
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Figure 4.4: Cantilever beam under shear force: equilibrium path for C' and L/h = 100
(left) and L/h = 1000 (right).

For the shear load case, Fig.4.4 shows the equilibrium paths, up to the maxi-
mum value of the load Amax =4 - 107 /k3, obtained with the C! interpolation
for two different values of k = 100 and k = 1000 and different meshes. The
full S3 integration scheme provides bad results also for the smallest value of k,
unless a large number of elements is used, and completely wrong results for
k = 1000. The ANS technique gives good results for k = 100 slightly alleviating
locking but it is not satisfactory for k = 1000. Furthermore, the 2 x 2 Gauss
element-wise reduced integration shows the identical results as ANS (3 x 3
Gauss points per element) also in nonlinear context. The §§ reduced integration
seems the best choice being almost insensitive to locking effects, except for the
coarsest mesh, which is penalised by the over-integration required to avoid
singularities. The general recommendation is to use it with at least 5 elements.
S3 is also far more efficient than ANS and 2 x 2 reduced integration.

For the C? interpolation, the equilibrium paths of the cantilever beam under
shear load discretised with 4 and 8 elements are reported in Fig.4.5. Also in
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Table 4.1: Cantilever-beam: normalised end displacement at A/Ajmqx = 1 for different
interpolations and slenderness.

41

4 elm. 8 elm. 16 elm.
L/h S2 S3 S ANS S2 S3 S ANS S S3 S8 ANS
C! 102 o767 0,784 o610 0873 0981 0,953 0896 0,982 0992 0,989 0983 0,993
103 0343 0,315 0,164 0,661 0952 0,511 0385 0,835 0972 0,828 0,722 0,961
L/h S} st s3 s¢ s¥ st s3 s§  s3 st s3 g6
c? 102 0977 0,992 0988 0,961 0999 1,000 1,000 0,998 1,000 1,000 1,000 1,000
103 0,941 0,988 0916 0,797 0,998 0,990 0,991 0,946 1,000 1,000 1,000 0,997

this case, the full integration S§ exhibits locking. On the contrary, both the
integration schemes 53 and S7 provide very good results. S? is practically
insensitive to locking effects for every mesh, while 53 is slightly penalised for
the coarsest mesh due to the over integration required to avoid singularities.

In Table 4.1 the results previously described are summarised reporting the
value of the end beam displacement w corresponding to a unitary load nor-
malised with respect to the reference values wi¢f obtained with C? interpolation,
32 elements and a S{ integration. The table makes the comparison of the dif-
ferent strategies easy and highlights the great accuracy and insensitivity to
locking of the C? interpolation when integrated with 53 and S} schemes and
the enormous qualitative leap when passing from C' to C2. Since the number
of DOFs of the C! and the C? interpolation as well as the number of integration
points, using the same mesh, is almost the same, the cost of the C? interpolation
is just slightly higher than the C' one.

The second test regards the same cantilever beam under compression, i.e.
a standard Euler cantilever beam. A very small shear imperfection load is
added to avoid the jump of the bifurcation. The equilibrium path for different
discretisations, integration schemes and slenderness ratios are reported in Fig.4.6
for the C! interpolation and in Fig.4.7 for the C2 one. The load factor is
normalised with respect to analytical buckling load Ay. Similar comments to the
previous test hold. In particular, the reduced integration schemes S3 for C' and
S ; and S7 for C? provide good predictions. However, as in the previous load
case only the C? interpolation with S7 integration is practically insensitive to
k even for a very coarse mesh, where, conversely, the over-integrated schemes
are penalised. Finally, the C? interpolation outperforms the C' one again in
terms of accuracy, using the same mesh, and then employing a similar number
of DOFs and integration points.
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Figure 4.5: Cantilever beam under shear force: equilibrium path for C? and 4 e 8
elements.
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Figure 4.6: Euler beam under compression force: equilibrium path for C' and L/h = 100
(left) and L/h = 1000 (right).
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Figure 4.7: Euler beam under shear force: equilibrium path for C2 and 4 e 8 elements.

Generally the C? interpolation seems preferable to the C! due to the possibility
of also using coarse meshes, especially when integrated with the ST scheme,
which is insensitive to locking, also for very slender structures and, in our
opinion, is a more robust choice with respect to the 53 scheme. For these
reasons, we recommend it among the strategies investigated. Other numerical
tests will be presented in the next section to further validate this proposal.

4.4 SHELL OBSTACLE COURSES

In this section, the accuracy of the proposed isogeomentric solid-shell model
with C? interpolation and S patch-wise integration, labelled as C2-S7, is tested
as well as the performances of the MIP strategy. Geometrically nonlinear
problems are considered for shell structures in both isotropic and composite
multi-layered materials. Some comparisons with FE results are reported. In
particular we adopt the well-established hybrid stress linear FE of Sze [11] in
the implementation proposed in [17], based on the Green-Lagrange strains, in
order to avoid differences due to the strain measure. It is labeled as C°-HS.
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inner radius 6
external radius 10
thickness 0.03
E 2.1-103
v 0.0

Figure 4.8: Circular ring: geometry
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Figure 4.9: Circular ring: evolution of the deformed shape.

4.4.1 Slit annular plate subjected to line force

The first test is a circular ring undergoing large displacements, a very popular
benchmark in geometrically nonlinear analysis [11, 13]. Geometry, load and
boundary conditions are reported in Fig.4.8. Figure 4.10 shows the equilibrium
path of the ring obtained using C°-HS and C2-S7. Three meshes are considered
for CO-HS: 10 x 6 (420 DOFs), 20 x 6 (840 DOFs) and 30 x 6 (1260 DOFs) ele-
ments. The FE needs the finest mesh to obtain a converged curve, while C2-S7
provides the same curve with a mesh of 8 x 3 (576 DOFs). This is mainly due
to an exact description of the circular geometry provided by the isogeometric
formulation regardless of the mesh adopted. Conversely, the CO—HS, in the
case of curved shell, suffers when coarse meshes are employed, because of the
linearised geometry. Observing the equilibrium path in Fig.4.10, obtained using
a load-controlled scheme, as well as the evolution of the deformed configuration
depicted in Fig.4.9, this nonlinear problem seems easy to solve. However, if
we look at Table 4.2, reporting the total number of iterations vs the number
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Figure 4.10: Circular ring: equilibrium path.

of equal load increments Nsteps used to reach the maximum load value, it is
clear that the standard full Newton method is unable to converge unless a large
number of load subdivisions is employed. On the other hand, the MIP Newton
easily converges even if the maximum load is reached using just one step. The
MIP modified Newton fails for the largest step size, but is much more robust
than the standard full Newton. Furthermore, when Nsteps increases, the total
number of iterations of the MIP modified Newton is practically the same as
the standard Newton and, so, the modified version actually becomes the most
convenient. Finally, even for the largest value of Nsteps the MIP Newton is
about three times more efficient than the standard Newton.
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Table 4.2: Slit annular plate: total number of iterations for the evaluation of the equilib-
rium path vs the number of load subdivisions.

Newton MIP Newton MIP M. Newton

Nsteps iters iters iters
1 fails 8 fails

5 fails 19 47

10 fails 33 41

20 fails 55 60

30 202 73 74
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Table 4.3: The pinched cylinder: total number of steps, iterations and normalised elapsed
time for the evaluation of the equilibrium path with C2-S7.

Newton MIP Newton MIP M. Newton

mesh  steps iters steps iters elapsed time* steps iters elapsed time*

50X 50 127 507 61 235 0.47 89 352 0.24

* normalised with respect to Newton elapsed time.

4.4.2 The pinched cylinder

Another interesting test regarding large deformations is the pinched cylinder
depicted in Fig.4.11, that has been studied by several authors [11, 76]. Exploiting
the problem symmetries only an eighth of the cylinder is analysed using C2-S7
and CO-HS. The equilibrium path of the cylinder is reported in Fig.4.12. Three
uniform meshes are considered for CZ—S?. The coarsest one 30 x 30 (6208 DOFs)
already furnishes a good curve, which, however, is not smooth but exhibits
fluctuations. This phenomenon is already known in literature in both the FE [77]
and IGA [76] context when coarse meshes are employed. It is due to wrinkles
developing and moving during the loading process, as can be noted looking
at the evolution of the deformed configuration in Fig.4.13. The second mesh
adopted for CZ—Sﬁ1 is 40 x 40 (10668 DOFs), which provides a smoother curve
that is practically coincident with that provided by the 50 x 50 mesh (16328

DOFs). Finally the C°-HS results obtained with two meshes is also reported.

The 40 x 40 mesh (9680 DOFs) gives a good prediction but presents a clear
discretisation error, which slowly decreases by refining the mesh. In fact, the
curve given by the 75 x 75 mesh (33900 DOFs) tends towards the isogeometric
curve. Again, as in the previous test, C2-S7 converges quickly to the most likely
solution because of the exact geometry, while C°-HS is probably penalised by
the linearised representation of the curved geometry.

The equilibrium path is obtained using an arc-length path-following analysis
with the Riks constraint and an adaptive step size. The total number of steps
and iterations required by the different iterative strategies are illustrated in
Table 4.3. It is also reported the elapsed time, normalised with respect to that
required by the standard Newton strategy. Even in this test, the MIP Newton
outperforms the standard Newton, particularly in the modified version that is
clearly the most efficient choice.
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Figure 4.12: Pinched cylinder: equilibrium path.
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A=1334 A=2243 A=12434

Figure 4.13: Pinched cylinder: evolution of the deformed configuration.

4.4.3 Clamped semi-cylinder

While the results presented so far regard isotropic materials, this benchmark
tests the proposed solid-shell model and the MIP Newton in the case of a
composite multi-layered shell. The structure is a semi-cylinder loaded by a
concentrated force at the middle of one of the curved edges, while the other one
is clamped. The vertical displacement of the straight edges is constrained. In
Fig.4.15, the geometry and the boundary conditions are depicted. Due to its
symmetry, only a half of the structure is analysed. Two cases are considered:
isotropic material, characterised by E = 2068.50 and v = 0.3, and a composite
multi-layered material. The local reference system, used for defining the material
proprieties, has the direction 1 aligned with the y of the global system and the
direction 3 is the normal to the surface from inside out. The stacking sequences
of the laminated material are [90/0/90] and [0/90/0], measured with respect
to the direction 1 of the local reference system and the material properties are
E; = 2068.50, E; = E3 = 517.125, vi2 = vo3 = vi3 = 0.3 and G2 = Gy3 =
G13 =759.58.

Figure 4.14 shows the equilibrium paths obtained using the element C2-S7
and for the different material cases analysed. Two uniform meshes of 20 x 20
elements (2948 DOFs) and 30 x 30 elements (6208 DOFs) are used. The results
of the coarse mesh are practically identical to those obtained with the finer one,
except for the case [90/0/90] which exhibits small fluctuations, similar to the
previously analysed pinched cylinder, which disappear when the finer mesh is
employed. This behaviour is again related to the development of wrinkles as
can be observed in the deformed shape at the last evaluated equilibrium point,
pictured in Fig.4.15. The results, in both the isotropic and composite cases, can
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Figure 4.14: Clamped semi-cilinder: equilibrium paths with element C2-S{ for different

meshes and layups.

be compared with the solutions obtained by Abaqus, reported in [78], which are
the same as the present ones. Also in this benchmark, the robustness of the
MIP strategy is evident. Table 4.4 shows how MIP strategy drastically reduces
the number of iterations required to trace the equilibrium path and how MIP
modified Newton is the most convenient choice in terms of computational time.

Lastly, Fig.4.16 shows two significant generalised stress components evaluated
with a mesh of 30 x 30 (32—8‘1t elements (6208 DOFs) compared with a reference
solution obtained with C°-HS and a mesh of 60 x 60 elements (21720 DOFs).

—— —_—
=oosos Clamped
.
s
ST SSSSSSSS SRS .
= e
OO

S SOC,
e S S SO SO S SO S S5
S S SO S S
SIS Seulan
““ y e

T

S
e
[T
[TFTTFFHTTFF
i e
free AT
HFHF
1

= =
SN SO SO, s e w
SRS SN
““““:““““““‘“ oS
el
e,

zw

%
7209 0y %00,
L=

/

A
% l"’”////////ffzéo“““:‘““

e A\
S OTS
e Seaseen
ST

Figure 4.15: Clamped semi-cylinder: geometry and deformed configuration at the last
evaluated equilibrium point for [20/0/90] .
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Table 4.4: Clamped semi-cylinder: total number of steps and iterations for the evaluation
of the equilibrium path using 30 x 30 C2-S{ elements.

Newton MIP Newton MIP M. Newton
layup steps iters steps iters elapsed time* steps iters elapsed time*
isotropic 95 382 37 138 0.36 55 216 0.20
[0/90/0] 64 253 32 113 0.44 51 195 0.27
[90/0/90] 92 380 36 142 0.37 62 255 0.23

* normalised with respect to Newton elapsed time.

The concentrated force causes a singularity in the 3D continuum model. The
maximum value of the color map of N7y is then limited to make the comparison
clearer over the structure by leaving the singular values just under the force out,
which are also mesh-dependent.

4.5 1GA KOITER RESULTS

The proposed numerical tool is now tested in common composite structures,
such as plates, panels and cylinders. The first goal is to test the accuracy of the
isogeometric solid-shell model in representing the buckling and postbuckling
configuration. To this end, different meshes and numerical integrations are
considered for Cy-quadratic and C,-cubic NURBS interpolations of the displace-
ment field over the middle surface of the shell. The second goal is to assess the
accuracy of the ROM built with the proposed MIP isogeometric formulation of
Koiter’s method by comparing the results with reference solutions obtained by
path-following analyses based on the full model.

4.5.1  Composite square plate

The first test, depicted in Fig.4.17, is a simply supported laminated plate under
compression loading. The material properties are reported in Table 4.5. The
layup adopted is [0°/90°]4s. The test has been studied in [30] using shell
elements and in [79] by a Ritz method. Firstly, the accuracy of the proposed
isogeometric solid-shell model is tested in the evaluation of the four lowest
buckling loads, which are reported in Table 4.6 and Table 4.7 for the C; and the
C; interpolation respectively. The corresponding buckling modes are pictured
in Fig.4.18. Different integration schemes are considered as well as the local
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-19.0987 -8.0740 2.9506 13.9753 25 -32.8790 -20.4546 -8.0302 4.3943 16.8187
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clamped

sym
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16.1 4.47 25 -355 -9.56 16.4

N7, CO-HS 60 x 60 elements My, CO-HS 60 x 60 elements

Figure 4.16: Clamped semi-cylinder: generalised stresses at A = 2000, layup [0/90/0].

Table 4.5: Composite square plate: material properties.

Eqq Ex=E33 ~viz2=viz vz Gi2=Gs3 Ga3
181-107 10.27 107 0.28 0 717107 5.135-107
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Figure 4.17: Composite square plate: geometry, load and boundary conditions.

Table 4.6: Composite square plate: first 4 normalised buckling loads for C; interpolation.

4 elm. 8 elm. 16 elm.

S3 S3 S$ ANS S3 S3 S ANS S2 s3 S ANS
1.010 1.004 1185 1184 1.000 1.002 1.179  1.121  1.000  1.000  1.113  1.006
1.367 * * 1.483 1.007  1.073 * 1.439 1.000  1.006  1.561  1.064
1.348 * * 1.457  1.006  1.071 * 1.422  1.000  1.006  1.648  1.076
1.328 * * 1.636 1.022 1.015 * 1.591 1.000  1.007 * 1.188
* > 2

ANS proposed in [13]. In particular, Table 4.6 shows the good performance
of 5%, which turns out to be the best integration among those considered in
terms of both accuracy and efficiency, providing good results for the 8§ x 8 mesh
and requiring just ~ 1 integration point per element. Conversely, ANS and
the full integration S%, which require 9 and ~ 4 integration points per element
respectively, prove to be inaccurate because of the interpolation locking. It
increases with the slenderness of the plate and slowly vanishes when the mesh
is refined. Moreover, Table 4.7 shows the advantages of a higher continuity in
buckling problems, showing that the C; interpolation with $3 and, in particular,
S7 integration provides good results even using a 4 x 4 mesh. 53 requires ~ 1
integration point per element but is slightly penalised for coarse meshes by the
over-integration, while Sﬁ' furnishes exact results for a 8 x 8 mesh and makes
use of = 2.25 integration points per element. The full integration S¢, making use
of =~ 6.25 integration points per element, is unusable due to locking phenomena
that also hold for the finest mesh.

The equilibrium path in the pre-critical and initial post-critical range is recon-
structed using the Koiter method and reported in Fig.4.19 for C; and Fig.4.20
for C;. A small geometrical imperfection & with the shape of the first buckling
mode and ||€||oc = 0.07t is considered. In addition, a reference solution obtained
using a very fine mesh and the standard Riks method, which solves step-by-step
the nonlinear equations of the full discrete model, is reported. For this test,
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Table 4.7: Composite square plate: first 4 normalised buckling loads for C; interpolation.

4 elm. 8 elm. 16 elm.

S¢ st sy S% sy sY S§ st s§

1.003 1.000 1.185 1.000 1.000 1.170 1.000  1.000  1.028
1.031 1.030 1.479  1.003 1.000 1.473 1.000  1.000  1.240
1.034 1.028  1.451  1.004 1.000 1.446  1.000  1.000  1.255
1.139  1.012 1.618 1.016  1.002 1.614  1.001  1.000  1.412

QDX

mode 1 mode 2
mode 3 mode 4

Figure 4.18: Composite square plate: first 4 buckling modes.
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Figure 4.19: Composite square plate: equilibrium path using the C; interpolation

just one buckling mode is used in the ROM of the Koiter method which, then,
requires that only one nonlinear equation be solved. Looking at Fig.4.19 we
can note that, although the bifurcation point is almost exact using C1-53, a
4 x 4 mesh exhibits a stiffer post-buckling response compared to the reference
solution as consequence of interpolation locking of the linear and quadratic
strains. However, the error becomes much lower by considering a 8 x 8 mesh.
Figure 4.20, on the other hand, highlights the benefits of a higher continuity:
C z—g? and C 2—8‘1‘ agree very well with the reference path also for the coarsest
mesh.

As a general comment, a drastic reduction in the number of DOFs is achieved
with respect to the locking free linear shell elements used in [30] for the same
test.

4.5.2 Composite curved panel

The second test regards a curved panel under compression loading whose geom-
etry, loads, and boundary conditions are represented in Fig.4.21. The material
properties can be found in Table 4.8. Two different layups are considered: [0]¢
and [45, —45, 0]s. The lamination significantly influences the shape of the buck-
ling modes as illustrated in Fig.4.22. The slenderness of the panel is much lower
than that of the previous test. This means that the effects of the interpolation
locking are less evident. This is confirmed by Tables 4.9, 4.10, 4.11 and 4.12
which show the convergence of the first 4 linearised buckling loads. The high
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Figure 4.20: Composite square plate: equilibrium path using the C; interpolation

Table 4.8: Composite curved panel: material properties.

Ein Ex2=Es3 viz=viz va3 Gi12=Gi3 Gaz3

30.6 8.7 0.29 0.5 3.24 2.9

continuity together with the exact representation of the geometry leads to very
good results with all the integration strategies. Again, however, the S3 for
Cy and S} and S3 for C; represent the best choices in terms of accuracy and
efficiency.

The study of the initial post-buckling behaviour of the panel is carried out
considering the presence of a geometrical imperfection € that is a combination
of the first and the second buckling modes. In particular, it is the difference
between them scaled in order to obtain ||é]| = 0.1t. The Koiter solution is

Table 4.9: Composite curved panel: first 4 normalised buckling loads for [0]g with Cy
interpolation.

4 elm. 8 elm. 16 elm.

s2  s3 st ANS 52 s3 S} ANS S2  s3 sS4 ANS

1.053 1.055 1.078 1.042 1.002  0.998 1.020 1.008  0.995 0.995 0.998  0.996
1.158 1.424 1.694 1.177  1.005 1.008 1.069 1.018 0.996  0.998 1.003  0.997
1.259 1.609 * 1.299 1.009 1.035 1.124 1.039 1.003 1.004 1.012  1.003
1.408 1.746 * 1.396  1.007  1.061 1.213  1.067 1.003  1.005 1.020  1.004

* > 2



Figure 4.21: Composite curved panel: geometry and boundary conditions.
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v=0, w=0

Table 4.10: Composite curved panel: first 4 normalised buckling loads for [45,—45, 0]
with Cy interpolation.

57

4 elm. 8 elm. 16 elm.

Sé Sg Sg ANS S% Sg Sg ANS 5(2) Sg Sg ANS
1.096 1.144 1.263 1.165 1.016 1.018 1.095 1.054 1.001 1.002 1.015  1.004
1.082 1.201 1.656 1.106 1.013 1.010 1.078 1.036 0.998 0.999 1.011  1.001
1.080 1.346 * 1.333 1.007 1.010 1.I57 1.061 0.998 0.999 1.010  0.999
1.235  1.456 * 1.848 1.035 1.073 1.228 1.119 1.003 1.012 1.049 1.011
* > 2

Table 4.11: Composite curved panel: first 4 normalised buckling loads for [0]s with C;

interpolation.
4 elm. 8 elm. 16 elm.
g3 4 6 33 4 6 33 4 6
Sy S] S5 S3 S] S§ Sy S] ST
0.995 1.034 1.031 1.001 1.005 1.004 1.001 1.002  1.001
1.000 1.013 1.073 1.001 1.004 1.003 1.001 1.001  1.001
1.008 1.063 1.132 1.003 1.008 1.007 1.002 1.003  1.003
1.014 1.104 1.210 1.004 1.009 1.010 1.002 1.003  1.003
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Table 4.12: Composite curved panel: first 4 normalised buckling loads [45, —45, 0] with
C; interpolation.

4 elm. 8 elm. 16 elm.

ST st st S st st S§ st s¢

0.995 1.097 1.110 1.006 1.014 1.018 1.002 1.005 1.004
1.014 1.044 1.068 1.006 1.012 1.015 1.001 1.003 1.003
1.002 1.121 1.167 1.003 1.007 1.014 1.001  1.003  1.002
1.062 1.205 1.280 1.041 1.022 1.061 1.001 1.003 1.003

<

mode 1 [0]¢ mode 2 [0]¢
mode 1 [45/ —45/0]; mode 2 [45/ —45/0];

Figure 4.22: Composite curved panel: first and second buckling mode corresponding to
two different layups
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Figure 4.23: Composite curved panel: equilibrium path for [0]¢ and C; interpolation

evaluated using a ROM based on the first two buckling modes only, since the
higher ones are far from the first two, and it is compared with reference paths
obtained using a very fine mesh and the standard Riks method for solving
the nonlinear equations of the full model. For both the layups, the initial
post-buckling exhibits a limit load as shown in Fig.4.23 and Fig.4.24 for [0]¢
and in Fig.4.25 and 4.26 for [45,—45,0]5. C1-53, C2-53 and C,-S7 are the best
performing strategies, providing a good estimate of the limit loads with a 8 x 8
mesh, which became practically exact using a 16 x 16 mesh. Clearly, the Koiter
solution differs from the full nonlinear one for very large displacements since
the ROM is built for the estimation of the initial post-buckling behaviour.

4.5.3 Composite cylinder in compression

The cylinder considered in the following and labelled Z33 was manufactured
and tested by DLR (German Aerospace Center) and commonly used as a valida-
tion model for numerical developments in the context of laminate composite
shell design [53, 80]. The stacking sequence is i,,[0/0/19/ —19/37/ —37/45/ —
45/51/ —51]out with the angles measured from the cylinder axis with respect to
the outward normal. The cylinder has a height of 510, a radius of R =250 and a
wall-thickness of t = 1.25. The material properties are reported in Table 4.13
The cylinder is clamped at the bottom face and only the axial translation is
allowed at the top surface. A uniformly distributed load along the top rim is
applied in axial direction. The lowest buckling loads of the perfect structure
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e 53 —— 53
C,-53 C,-83
--=--cC,-sf 8 x 8 elements ----Cy-s% | 16 x 16 elements
Cc,-s§ cy-s§
— = = Reference — = = Reference
0 ! L 0 I I
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Figure 4.24: Composite curved panel: equilibrium path for [0]¢ and C, interpolation

8 x 8 elements 16 x 16 elements

Figure 4.25: Composite curved panel: equilibrium path for [45/ —45/0] and C; interpo-
lation

Table 4.13: Laminate composite cylinder: material properties.

En Ex=EFE33 vi2 vaz=viz Gi2=G13=0Gz3

123.6 8.7 0.32 o 5.7
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Figure 4.26: Composite curved panel: equilibrium path for [45/ —45/0] and C; interpo-

Table 4.14: Laminate composite cylinder: first 4 normalised buckling loads with Cj

lation

interpolation.
12 elm. 24 elm. 48 elm.

S2 s3 S§  ANS S2 s3 Sg ANS S2 s3 Sg ANS
0.957  1.594 * 1.658 1.003 1.041 1.200 1.056 1.000 1.002 1.015 1.001
0.960  1.596 * 1.664 1.006 1.046 1.200 1.059 1.000 1.002 1.015  1.001
0.959 1.618 * 1.661 1.005 1.044 1.200 1.060 1.000 1.002 1.014  1.001
0.962 1.618 * 1.719 1.007 1.048 1.208 1.060 1.000 1.002 1.014 1.001
* > 2

are reported in Table 4.14 and Table 4.15 for the C; and the C;, interpolation
respectively. The corresponding buckling modes are depicted in Fig.4.27. Due
to problem symmetries they occur in couples. Also for this test, Cy —S%, C2-53
and C,-S7 turn out to be particularly accurate and provide good results with
a relatively coarse mesh in comparison with those usually employed in the FE
literature [81].

In evaluating the initial post-buckling behaviour a load imperfection is in-
troduced by a concentrated force halfway up the cylinder axis. By including
just one mode in the ROM, a good prediction of the limit load is obtained as
shown in Fig.4.28 and confirmed by the comparison with the reference solution

obtained using a very fine mesh and a fully nonlinear analysis.
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Table 4.15: Laminate composite cylinder: first 4 normalised buckling loads with C;

interpolation.
12 elm. 24 elm. 48 elm.
g3 4 6 g3 4 6 g3 4 6
57 53 S5 Sy 53 S§ Sy Sy S5
1.156 1.120 1.245 1.003 1.011 1.007 1.000 1.001  1.000
1.176  1.127 1.245 1.003 1.011 1.007 1.000 1.001  1.000
1.175 1.150 1.266 1.002 1.012 1.006 1.000  1.001  1.000
1.183 1.150 1.278 1.002 1.012 1.006 1.000 1.001  1.000

mode 1

mode 3

mode 2

mode 4

Figure 4.27: Laminate composite cylinder: first 4 buckling modes.
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Figure 4.28: Laminate composite cylinder: equilibrium path using a 24 x 96 mesh






ACCOUNTING FOR GEOMETRICAL
IMPERFECTIONS

One of the interesting aspects of Koiter’s method is the possibility of evaluating
the effect of many imperfections within the same analysis and without increas-
ing the computational time. As a consequence, the result of a Koiter analysis
will be not only a single equilibrium path, but a more complete information that
includes the worst equilibrium path. This is of paramount importance, because,
due to modal buckling interaction, shell-like structures may exhibit unstable
post-buckling behaviour and may be highly sensitive to initial imperfections
[82-86], especially to geometrical defects. In more detail, we will deal, from
now on, with geometrical imperfections evaluated as linear combination of
buckling modes and when talking about worst imperfection we will refer to
the worst geometrical imperfection among those evaluated as buckling modes
combinations. In this context, Koiter’s method has already been used to perform
imperfection sensitivity analyses [8, 43, 87, 88] for slender structures of differ-
ent kinds. However, Koiter’s method can give us the opportunity to control
the imperfection sensitivity during an optimisation process. In fact, it is well
documented [89] that an optimisation process that does not account for imper-
fection sensitivity can produce naive optimised solutions, namely structures that
give optimal performance only if perfectly manufactured and could be highly
unstable otherwise.

Obviously, the effects of geometrical imperfections can be included in the Koi-
ter analysis a-priori in the model, like in the standard path-following approach.
Although also in this case the analysis would be cheaper than path-following,
the real strength of Koiter’s method is the possibility of including a-posteriori
the effects of the imperfections. This means that their effect is included in
the reduced model of the structure without imperfections, built once and for
all, by simply adding some energy terms in the reduced system. The extra
computational cost regards only the construction of the energy term related to
the imperfection and the solution of the reduced system for each imperfection,
that represents a negligible fraction of the overall analysis. Nevertheless, the
state-of-the-art a-posteriori account of geometrical imperfections is based on the
hypothesis of linear pre-critical behaviours and small imperfection amplitudes,
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that leads to additional terms in the reduced system which are just linear in
the load factor. As a consequence, inaccuracies occur even for small pre-critical
non-linearities and significant imperfection amplitudes [8], considerably limiting
the application of the method.

The goal is to overcome the limits of the approach. To this purpose, a new
accurate treatment of the geometrical imperfections is proposed. The asymptotic
expansion of the perfect structure is corrected by adding a series of new modes,
generated by the imperfection. In this way a more accurate formula for the
additional imperfection terms in the reduced system is derived, which coherently
takes into account the effects of the geometrical imperfection up to the 2nd
order, without losing the advantages of the a-posteriori account.

5.1 FORMULATION OF KOITER'S METHOD

In this section the formulation of Koiter’s method with the new treatment of
geometrical imperfection is proposed. The mixed solid-shell model is employed,
even if the approach can be extended to classic shell models.

5.1.1 The strain energy

Using a Hellinger-Reissner variational principle the mixed strain energy ®[u] is
expressed as a sum of element contributions

Olu] = ZJ <0‘T8[d] — %O‘TC_] cr) dQ. (5.1)

e[d] and o are the vectors collecting the generalised strains and stresses compo-
nents for the given structural model, see. 2.1.3, Qe is the finite element domain
and d is the displacement field and C~' the compliance matrix of the structural
model.

The strain energy of the structure for an initial imperfection characterised by
an assigned displacement d and zero stress is assumed as

Drlul = ZJ

<0T(£[d] —eld]) - 1oTC;‘ (r) dQe. (5.2)
e Qe

2
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Denoting with a symbol & the variation of d and o, the first variation of ®1[u]
becomes

O]’ su = ZJ {5oT(s[d] —¢[d]—C,"0)— O'Te’[d]éd} dQ,
e e (5.3)
= (M) — @'[d]) du

that is the difference between the perfect and imperfect structure first order
strain energy variation, being

®'[Wou = ZJQ so'eldldQ, (5.4)

the first variation of the perfect structure evaluated in @i (which has 6 = 0).
The equilibrium path is obtained from the following condition

(O[]’ — @[] —Ap)du=0 Vou (5.5)
which in FE format becomes
slul—p—Ap =0. (5.6)

In particular the internal force vector s[u], the load vector p and the imperfection
vector P are defined by the energy equivalences

sTou=0"udu ,

plou=pou, (5.7)

plou=0"[su , Vou.
Eq.(5.6) can be solved using standard path-following techniques [14, 16, 49] for
an assigned imperfection i. Note that in the hybrid solid-shell FE model, the
internal force vector of the imperfect structure is obtained by simply subtracting

a constant vector P, evaluated once and for all at the beginning of the analysis,
to the internal forces vector s[u] of the perfect structure.

5.1.2 The new reduced model

The space of admissible configurations that will be used in the Lyapunov-
Schmidt decomposition is obtained by adding an additional term which repre-
sents the initial imperfection, to the configuration field of the perfect structure
in Eq.(3.15) that is

Uuq [}\r Ev:l,/ él] =10+ Al + V[E»"L] + W[&i/ éi/ }\] (58)
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where the geometrical imperfection is assumed to be a linear combination of a
known shape i;

= Z Eitti. (5.9)
i=1

The imperfection shapes 1i; are generic and can be, for example, the displace-
ment part of the buckling modes as well as measured geometrical imperfections.
Note that, unlike the reduced model in Eq.(3.22), now the quadratic correctives
wléi, &, depend on the geometrical imperfection amplitudes .

From now on the 3th order dependence of the strain energy on the config-
uration variables u (see Eq.(3.10)) will be exploited in order to simplify the
exposition.

The residual equation (5.5) is firstly expanded in Taylor series starting from 1i,
so obtaining

(CD”[ﬁ](ud —1)+ %(D[ﬁ] Mg — 1) — }\f)) Su=0.

The first term in previous equation is expanded again from the initial configura-
tion of the perfect structure (uy =0,A =0)
O"[t)(ug —)du = (O + ©""11)(ug —t)du

and, remembering that ® [du = pdu

1
<(D6'(v +w) + Ed)’”(?\ﬁ+v +w)? + 0" (ML + v +w)) du=0. (5.10)

With a further Taylor expansion of ®f(-) starting from the ui = Al and
letting @/ = ©"[uy]
OF(v+w)du = (O (v+w) =A@ 0(v+w))du

Eq. (5.10) becomes

1
<(D{<'(v +wW) + A=A )0 (v +w) + E?@(D”’az

11
1 " 2 M~ (X (5 )
+E(D V+w) +0"u(AMi+v+w) ) du=0.

It is worth mentioning again that Eq.(5.11) does not contain any truncation
error. Furthermore note that the equilibrium condition for the structure with no
imperfection is regained for i = 0.
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5.1.3 Projection of the equilibrium equation into the space W

The corrective field w € W is obtained by projecting Eq.(5.11) into direction
dw, i.e. assuming du = dw, and expanding it in Taylor series up to the second
order in the asymptotic parameters (A, &;, £;). The term ®{vdéw, by exploiting
the bifurcation ®"vidu = 0 and the orthogonality ®"/tv;éw = 0 conditions,
becomes

DW= Z&l{(D”vl + Ak =A@ } Sw =0
that allows the simplification of the residual equation as

3 1
fwléi, A & = {‘DHD\ﬂ]W—F 27\2(13”/112
1 (5.12)
—I—Eq)///(vz—i—Zwv—s—w) + 0" (7\u+V+W)}6w:0

with @”Atw = OJ/w + (A — A )" w. Assuming
O"A\Uw =~ Oyw  with @f = O"[Apll]

with Ay, a suitable reference value of the bifurcation cluster and maintaining only
the terms of the quadratic polynomial order in A, &;, &; the residual equation
simplifies as

3 1
~W D\/ Ev"U E,-J = {q){)/w + E)\zq)///_lzlz
1
1 ", 2 "~ (5 3)
+5 @7V OTAG A V) o dw = 0.

Remembering the expression of v[&;], the quadratic correctives of the imperfect
structure are sums of the correctives for zero imperfections of Eq.(3.17) and of
the additional contribution due to the geometrical imperfection

_ 1, 1 L
wl&i, &, Al = AW 5 ; E1&5Wij +W (5.14)

where

W= A+ Y £y (5.15)
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with
W= Z E,]VQV], V;Vi = Z E,]VVU (516)
j j

The terms in Eq.(5.16) can be evaluated, once and for all in the perfect structure
step of the Koiter analysis, being known the imperfection basis, as

@{,’vaiéw =—-0 ”'ﬂﬂiéw
Yow € W. (5.17)

i _ ", =
Oy Wyijow = —O Vit dw

5.1.4 The new reduced equations

Exploiting the orthogonality condition ®""awvy = 0 the kth equilibrium equa-
tion, obtained assuming du = vy in Eq.(5.11), becomes

1
i = ((7\ — )0 + %7\2@”’&2 + 50" (v+w)? + 0" UM+ +w)) v = 0.
(5.18)

Substituting the expression of w and v previously obtained, using the mode
normalization condition in Eq.(3.13) and maintaining terms in A, &;, &; up to the
3rd polynomial order, the equilibrium equation becomes

TN & =N &+ kA &1 =0, k=1---m (5.19)

with 1 [A, &;] = 0 the kth reduced equilibrium equation in Eq.(3.18) and the new
imperfection factor fiy defined as

2 ] ~ . < . ~ .
e =) EAQ iy 5 > Eiky (O viibvic + O vibivic 4 O by i)
i ij
M~ (-~ W M (. IR 12 M~ A
+ A0 A(U+ W)V + E & O u(v1+w1)vk+27\ O twvy.
i

(5.20)

It is possible to observe that the only change, with respect to the standard
reduced system in subsection 3.3.4 regards the imperfection coefficient fiy which
is now more complex than the one used in Eq.(3.19), which only maintains the
linear contribution in A

fie =AD" Qtivy
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while the quadratic terms in A and the terms in & are neglected, leading to
inaccuracy as the pre-critical non-linearity increases.

Furthermore, note that the proposed reduced model assumes the following
final expression

2

. _ o . 1 ; 1,24

uglA, &, & = W+ A(TL+W) + Z (Vi +Wi) + 5 Z Ei1&Wij + SATWL (5.21)
i ij

The new correctives can be seen as a correction to the fundamental path tangent

and the buckling modes of the perfect structures in order to take into account

the geometrical imperfection.

5.1.5 Implementation of the proposed algorithm

The construction of the reduced model of the perfect structure presented in
chapter 3 is completed by adding the evaluation of the new corrective at the
reduced system of equilibrium equations

{Kbmj +py =0

R . , YweWw (5.22)
Kewi+poi =0

where

Swipi; = OYviyow  Sw! po; = Ot dw.
The imperfection coefficients fiy are evaluated using the expression (5.20) instead
of (3.20). Once the reduced non-linear system (5.19) is solved, the equilibrium
path is traced according to (5.21).

The computational cost of the Koiter method with the proposed a-posteriori
account of the geometrical imperfections remains of the order of that required by
a standard linearised buckling analysis, that is dominated by the factorisation of
the matrix Ko. With respect to the standard approach, it is necessary to evaluate
the new m x m correctives fvij, and m correctives W0; by means of the linear
problem in Eq.(5.22) and the corresponding third order strain energy variations
in Eq.(5.20).

5.2 NUMERICAL RESULTS

In this section some benchmarks are considered in order to test the accuracy of
the proposed a-posteriori account of geometrical imperfection. A comparison
with the different approaches is made. In particular, the numerical results report:
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e the solution of the full model non-linear equations, obtained using a
standard path-following technique, denoted as Riks and considered the
reference solution;

e the solution obtained through the Koiter method including the imperfec-
tion a-priori in the model by assuming 1y = i in subsection 3.3.1, which
means that the reduced model is re-constructed for each imperfection
while fix = 0, denoted as Ky;

e the solution obtained through the Koiter method using the reduced model
of the perfect structure, built once and for all, and taking into account the
imperfection a-posteriori in the standard way recalled in 3.3.4, denoted as
Kiin;

e the solution obtained through the Koiter method using the reduced model
of the perfect structure, built once and for all, and taking into account the
imperfection a-posteriori according to the new proposal described in 5.1.2,
denoted as Kquad-

The geometrical imperfection is given as a linear combination of the displace-
ment shapes of the buckling modes and its maximum displacement components,
denoted as timax-

5.2.1  Simply supported plate

The first example regards a simply supported and uniformly compressed plate
whose geometry, load and boundary conditions are reported in Fig.5.1. The
imperfection shape is proportional to the first buckling mode reported in the
same figure.

Fig.5.2 shows the equilibrium paths obtained with the different methods. In
this case the proposed K..qq approach provides results very similar to reference
Riks ones, even for a large imperfection magnitude, while the standard Ky,
approach gives a result which is completely wrong. In this case the energy terms
associated with ¥ and W are large also for small values of the imperfection
amplitude due to the membrane hyperstaticity of the plate.

5.2.2 Cylindrical isotropic and laminated roofs

The structure, whose geometry and loads are pictured in Fig.5.3, is a semi-
cylindrical roof loaded by a central force whose curved edges are free while the
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Figure 5.1: Simply supported plate: geometry, load and boundary conditions.
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Figure 5.2: Simply supported plate: geometry and equilibrium paths for tijax =t
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Figure 5.3: Cylindrical roof subjected to a central pinching force with material properties
of the ply.

Ei1 Exx=E33 viz2=viz v2z Gi2=Gi3 Gy3

3.3 1.1 0.25 0.25 0.66 0.44

straight ones are hinged. Three material configuration are studied: the first one
in an isotropic material characterized by E = 3.10275 and Poisson ratio v = 0.3,
the second and the third ones are laminated materials characterized by two
different layups, [0°/90°/0°] and [90°/0°/90°] respectively with respect to the
eq-axis, whose properties are reported in Fig.5.3.

The imperfection shape is the displacement shape of the first buckling mode.
In Figs.5.4, 5.5 and 5.6 the equilibrium paths and the limit loads for different
values of the imperfection amplitude ti;, ox are reported. It is possible to observe
how the proposed Koiter method with a-posteriori account K. qq furnishes
accurate results for significant values of the imperfection amplitudes, very close
to the a-priori account Ky whose limit load always coincides with the Riks one.
Since the pre-critical behaviour is non-linear even for the structure without
imperfections, the standard a-posteriori account Ky, fails also for very small
imperfection amplitudes.

Finally, it is worth noting from Fig.5.7 how the buckling mode corrected with
W1, according to Eq.(5.21), has a shape similar to those obtained considering the
imperfection a-priori in the discrete model.

5.2.3 Compressed simply supported channel section

A simply supported channel section, whose geometry and material properties
are reported in Fig.5.8 is now analysed with 2 different shapes of the imper-
fection depicted in Fig.5.13: the first one is the displacement shape of the first
buckling mode (flexural), the second one corresponds to the displacement shape
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Figure 5.4: Cylindrical isotropic roof: limit load versus imperfection magnitude (left)
and equilibrium paths for ti;max = 0.1t (right).
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Figure 5.5: Cylindrical laminated roof: equilibrium paths for umax = 0.1t for layup
[0/90/0] (left) and [90/0/90] (right).
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Alim Alim

Figure 5.6: Cylindrical laminated roof: limit load vs imperfection magnitude for layup
[o/90/0] (left) and [90/0/90] (right).

[90/0/90]: ¥4 v1(Ko) Wi

Figure 5.7: Cylindrical roof: bucking mode of the structure without imperfection, with
Timax = 0.2t and Wy for either isotropic, [0/90/0] and [90/0/90] cases.
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of the 3rd buckling mode (local with 13 half-waves). The structure exhibits
buckling mode interaction phenomena.

A\ =
E=2100000 23 y.v
A Y, v=0.3 . 75 N

\, 1100 \,

Figure 5.8: Compressed simply supported channel section with material properties.
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Figure 5.10: C-section: equilibrium paths
for first buckling shape im-
perfection and timax = 5t
(upwards).

Figure 5.9: C-section: limit load versus im-
perfection magnitude for flex-
ural imperfection.

In Fig.5.9 it is reported how the limit loads change with the amplitude of the
first imperfection, while Fig.5.10 shows the equilibrium paths for iy qx = 5t. In
Fig.5.11 the buckling modes and correctives for Ko and Kquaq are reported. It
can be observed how the buckling mode of the imperfect structure presents a
shortening, while for the perfect structure presents a similar shape by summing
its first buckling mode v and the corrective Wy, according to Eq.(5.21). The good
behaviour in the evaluation of the limit point of Kqy.qq is evident while Kyi,
presents significant errors in the equilibrium path evaluation notwithstanding
the fairly accurate value of the limit load.
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Figure 5.11: C-section: buckling mode of the structure without imperfection (left), with
an imperfection in the direction of the first buckling mode of amplitude
Timax = 5t (centre) and the relative W1 (right, displacement factor 10).
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Figure 5.12: C-section: equilibrium paths for third buckling shape imperfection and
fimax = —0.5t. 12 modes have been considered in asymptotic analysis.
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In Fig.5.12 the equilibrium paths and the deformed shapes in two equilibrium
points for the second imperfection, are presented. The corresponding mode
shapes and how they change with the imperfection are reported in Fig.5.13.
Also in this case the good behaviour of the proposal Ky a4, compared to Kyin,
is evident.

5.2.4 Cylinder

The test regards a compressed composite cylinder. The stacking sequence
is inl0/0/19/ —19/37/ —37/45/ —45/51/ — 51] o+ With the rotation measured
from the cylinder axis with respect to the outward normal. The height is 510 mm,
the radius is R = 250 mm, the thickness t = 1.25mm. The ply properties are
E] = 123.6, Ez = E3 = 8.7, V12 = 0.32, Vi3 = V23 = O, G]z = G13 = G23 =5.7.
The cylinder is labelled Z33 in the literature [52, 80] and has been used as a
benchmark case of imperfection sensitivity. The cylinder is clamped on the
top and bottom, excluding the axial displacement at the top edge where an
uniform distributed load is applied. The displacement in the load direction of a
node located at the top of the structure, and labelled w4, has been chosen as
control parameter in the equilibrium path representation. Some of the buckling
modes of the perfect structure are plotted in Fig.5.14 while those of the imperfect
one and the corresponding correctives Wy for a geometrical imperfection in
the direction of v; are reported, respectively in Fig.5.16 and Fig.5.17. The
equilibrium path and the deformed shape at the limit point, for fi;qx = 0.2t are
plotted in Fig.5.15 while the limit load values for all the methods are presented
in Tab.5.1. Finally in Fig.5.18 there are the equilibrium paths for a different
imperfection shape and tiymqx = 0.2t. Also in this case the limit loads evaluated
with the different formulations are reported in Tab.5.1. The Kqyqq approach
always exhibits greater accuracy than Kyi, for both the imperfection shapes.

Table 5.1: Cylinder: limit load to imperfection direction for several methods and imper-
fection amplitudes tijmax = 0.2t.

imp. direction Kiin Kquad Ko Riks

A4 0.0831  0.0732  0.0759 0.0769
V14V 4+ V3 0.0929  0.0868  0.0825  0.0826
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V3 v3(Ko) w3

Figure 5.13: C-section: first, second and third buckling modes of the structure without
imperfection, with ti;nax = 0.5t in the direction of the third buckling mode
and W (displacement factor 10).
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A7 = 0.13055 A2 = 0.13055 A3 = 0.13149 A4 = 0.13149

As = 0.13165 Ag = 0.13165 A, =0.13197 Ag = 0.13197

Figure 5.14: Cylinder Z33: first 8 buckling modes of the structure without imperfection.

AN

Kys

0.6 lin N
Kquud

Ko |

o Riks
0.4 4 h . |
0.2 —

0 | | |

—0.6 —0.4 —0.2 0

WA — WA

Figure 5.15: Cylinder Z33: equilibrium paths (left) and deformed shape at limit load
(right) for first buckling shape imperfection and ti;nax = 0.2t. 8 modes have
been considered in asymptotic analysis.
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A1 =0.11656 A2 =0.11920 A3 =0.11920 Ay = 0.12265

As = 0.12265 A6 = 0.12267 A7 =0.12269 Ag = 0.12269

Figure 5.16: Cylinder Z33: u in the case of imperfection along the first buckling mode
and maximum amplitude i qx = 0.2t
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Ws W w7 Ws

Figure 5.17: Cylinder Z33: W in the case of imperfection along the first buckling mode
and maximum amplitude {imax = 0.2t. The displacement scale is ten times
bigger than the one used in the buckling mode representation.
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Figure 5.18: Cylinder Z33: equilibrium paths for imperfection: @t = V1 + v, + V3 and
fimax = 0.2t. 8 modes have been considered in asymptotic analysis.
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Figure 5.19: Frame: geometry and mesh grid detail.
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5.2.5 Frame

The last test regards the frame reported in Fig.5.19. The first 5 buckling modes
of the perfect structure are reported in Fig.5.20, while the limit load versus
imperfection amplitude curve for a geometrical imperfection with the shape
of the second buckling mode and the equilibrium path for iy qx = 0.4t are
reported in Fig.5.21. In the same figure, the equilibrium path of the structure
without imperfections is presented, in order to point out the strong imperfection
sensitivity of the frame and the modal interaction phenomenon. Even in this last
case the proposal Ky qq provides very accurate results with a limit point which
coincides with the a-priori account Ko and Riks solution, while inaccuracies
occur for Kiin.
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Figure 5.20: Frame: First 5 buckling modes of the structure without geometrical imper-
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fections.
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Figure 5.21: Frame: equilibrium paths for geometrical imperfection along the second

buckling mode and i ax = 0.4t (left) and magnitude imperfection sensi-
tivity (right).
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OPTIMISATION STRATEGIES

The optimisation of composite structures is a classical research topic that attracts
interest for the significant impact on industry it has [90]. In fact, multilayered
composite panels offer the technological possibility of being accurate tailored
to obtain highly optimised components with the desired structural behaviour.
In the recent years one could observe the spread of new technologies that are
able to outperform classical composites. Fibre orientations are not only limited
to conventional angles, such as £45°, £30°, 90°, but a wider set of orientations
can be accurately manufactured. Moreover, variable stiffness laminates play a
key role among new technologies. They are capable of changing the stiffness
pointwise over a structure, such that a great tailoring freedom can be achieved.
One of the most promising variable stiffness technology is represented by
VAT, namely composites made of fibre that draw curvilinear paths [91]. VAT
laminates have proven to be able to redistribute stresses thereby improving
structural performance in the linear-elastic range and increasing the buckling
load [92—98]. However, less well known is the capability of VAT of performing
well also in the postbuckling regime [7, 86, 99]. For instance, recently, White and
Weaver showed [25] that the well-known imperfection sensitivity of a cylindrical
thin structure under compression loading can be eliminated by tailoring the
fibre paths across the surface of cylindrical shells.

Despite the advantages on tailoring capability, VAT laminates require more
variables to obtain an optimal design than straight-fibre composites. The strate-
gies present in the literature for describing the VAT over the structural domain
can be framed into three groups, namely fibre path parameterisation, discrete
fibre representation and direct stiffness modelling [100]. The fibre path parame-
terisation is based on a pre-defined fibre path controlled by few variables for
each layer. In this way, the number of optimisation variables is limited. As
such, the main issue resides in the fact that the space in which one looks for the
solution is limited and potential optimal configurations are a-priori excluded.
Additionally, the resulting optimisation problem is highly non-linear and non-
convex and global stochastic optimisers are usually employed. The discrete fibre
representation is based on the description of the fibre orientations on a grid of
points over the domain of each layer. In this way, the entire optimisation space
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is encompassed, but the resulting optimisation problem is extremely complex to
be solved due to the high nonlinearity and non-convexity and the high number
of variables. Conversely, the direct stiffness modelling represents an interesting
alternative. It consists of designing directly the homogenised stiffness matrix,
regardless of the stacking sequence and the number of plies. To this purpose, the
main methods make use of polar decomposition [101] or lamination parameters
[102]. In particular, the use of the latter turns out too be particularly convenient
for laminates made of many layups because the stiffness matrix of the structure
can be described by a linear function of 12 lamination parameters. This aspect
entails the reduction of the nonlinearity of the optimisation problem because
the nonlinear relationship between fibre orientations and homogenised stiffness
matrix is eliminated. The postbuckling optimisation problem is still non-convex,
though its solution is simplified, such that gradient based optimisers can be
successfully employed. Lamination parameters have already been used by Raju
et al.[7] for optimising the postbuckling response of simple geometries.

The optimisation of full-scale structures accounting for their postbuckling
behaviour is, however, not so common, requiring time-consuming procedures
based on finite element simulations. In this chapter we propose the numerical
solution previously described as a valid alternative to be used within an effective
optimisation process. It possesses, in fact, many desirable features that ensure
generality, accuracy and efficiency that are provided by the solid-shell IGA
formulation and the relative implementation of Koiter’s method using the MIP
technique and the improved accuracy for including the effect of geometrical
imperfections.

Koiter’s method gives us the possibility of evaluating a wide range of struc-
tures, being characterised by complex geometry and entangled postbuckling
behaviours. Additionally, it makes it possible to control the imperfection sen-
sitivity during the optimisation process by employing the strategy previously
presented. In this way naive optimised solutions [89] are excluded because, for
each call of the objective function, an imperfection sensitivity analysis is executed
[103]. Two postbuckling optimisation strategies are proposed, sharing the same
numerical tool for evaluating the objective function. The first one is based on
the use of stochastic simulations to obtain a good estimate of a globally optimal
design. When VAT structures are optimised, a fibre path parameterisation is
used to reduce the number of optimisation variables [103, 104]. The second
strategy is based on direct stiffness modelling using lamination parameters and
turns out to be particularly convenient if one wants to optimise structures made
of many layers and has the property of smoothing out the objective function
and therefore gradient-based optimisers can be successfully employed.
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6.1 POSTBUCKLING OPTIMISATION

There is not a unique choice for the objective function when optimising the
postbuckling behaviour of thin-walled structures. When dealing with stable
postbuckling behaviour, some authors have considered the minimisation of the
in-plane or the out-of-plane displacement at a design load within the optimi-
sation of VAT plates [7], others have maximised the load required for reaching
a given displacement at a control point [103], while in other works the post-
buckling slope and curvature have been maximised [105, 106]. Conversely, if the
structure exhibits an unstable behaviour, maximising the limit point seems to be
the natural choice [103]. As highlighted by Raju et al. [7], the fibre orientations
that minimise the out-of-plane deformation can opposite those that minimise
in-plane deformation and, generally, the way of controlling the postbuckling
represents a design choice. Generally, if we consider a certain property P[h] of
the structural behaviour, its minimisation is expressed as

minimise P[h]
h (6.1)
subject to  D[h] <0
where D[h] defines the boundary of the feasible domain. We indicate with h the
vector collecting the optimisation variables that control the composite material.
The evaluation of the objective function P[h] is implicitly conducted by solving
the reduced system of equilibrium equations built by Koiter’s method. After
the equilibrium path is drawn, we can extract the property P[h] that represents
a certain displacement, a stress or a load level. Additionally, every time one
asks for the objective function evaluation, an imperfection sensitivity analysis
is conducted to provide the worst-case imperfections that gives the worst-case
equilibrium path. The procedure is described in the following section.

6.1.1  Imperfection sensitivity analysis

Let us consider an unknown geometrical imperfection d evaluated, as linear
combination of the displacement part of m buckling modes

di&] = Z Evi
im1

where the coefficients &; set the imperfection amplitude equal to a fixed value
fimax, namely

&[51,~-~,§m]|oo - amax- (6~2)
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The corresponding discrete vector containing also the stresses is 1i. The reduced
equilibrium equation system of a structure with the geometrical imperfection d
is expressed by Eq.(5.19). If we assume the coefficients &; to be unknowns, the
equilibrium path of the structure depends from them. Consequently, we have
the objective function in Eq. (6.1) as a function of the imperfection, namely we
have

T:T[hrz1/'-'/zm]'

At this point, we can define the worst-case imperfection for a given h as the set
of imperfection coefficient Ei that give the worst value of P, namely we need to
solve

max}ilmise Ph,Eq1,..., Eml

. o - < (6.3)
subject to |d[E,1, . ..,E,m]|oo = dymax

A remarkable advantage for analysing a slender structure with Koiter’s
method resides in the possibility of accounting for the effect of the imperfection
a-posteriori thereby making the solution of Eq. (6.3) efficient. To this end,
we propose the use of a stochastic iterative procedure based on Monte Carlo
simulation.

The algorithm can be summarised as follows.

1. Generate a sample of ns imperfection coefficients E]I, i=1,...m,j=
1,...,ns that satisfy Eq. (6.2).

2. Bvaluate Plh, &),..., &) for everyj =1...ns.
3. Build a frequency distribution for P.

4. Fit the frequency distribution using a probability density function. Due to
the nature of the objective function, usually a good fit is reached by a type
1 extreme value distribution, also known as Gumbel max distribution

f(Ae) = o~ Texp (H—G7\c> exp (— exp (H_G}\C)> (6.4)

where L and o are the location parameter and scale parameter, respectively.

5. Check the convergence criteria: the maximum number of imperfections
is exceeded or the variation of 1 and o stays under a tolerance value €
between two consecutive steps three times in a row

Kk ZHh o Vh=k—1,.-- ,k—3
Mk
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Figure 6.1: Width and thickness variation due to fibre steering, from Clancy et al. [107].

where h denotes the current step.

6. If convergence is reached, a solution has been found, otherwise go to step
1.

6.1.2 Manufacturing constraints

The optimisation of VAT laminates should be able to ensure that the designed
fibre path is actually manufacturable. In fact, many defects can be observed due
to fibre steering. The main consequence is a variation in width and thickness
of the fibre tow increasing with the steering curvature. This is due to fibre
wrinkling, fibre fibre buckling and pull-up, as can be noticed in Fig. 6.1,
from the Clancy et al. [107]. Additionally, to small steering radii are related
phenomena of gap and overlap of the fibre tow, with the consequence of an
undesired-variable overall thickness. They can be avoided if parallel fibre paths
are realised, with a variation of the curvature among parallel tows.

Consequently, including manufacturing constrains in VAT optimisation pro-
cess is of great importance [108-110]. In the following only a constraint on the
steering radius is included, because it represents the most significant parameter,
even if many other manufacturing constraints could be considered.

Being (&, 1] the fibre orientation within a single layer, the tangent at the fibre
path is

t = [cos 9[x, yl, sin{)[x,y]]T
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The curvature of a parametric curve is the derivative of ¥ in the tangential
direction,namely

Ad(xy)) B Y)]"

v =170 o)

(6.5)

Therefore, a constraint on the steering curvature can be included in the optimi-
sation problem in Eq.6.1 as

D =lk—kiml <0, (6.6)

where Kiim is the maximum allowable steering curvature.

6.2 STOCHASTIC OPTIMISATION

Stochastic optimisation strategies are commonly used in structural optimisation
[111, 112]. Their evolution towards the optimal solution is not fully deterministic,
but includes the use of random-generated values. Generally speaking, the
methods start from an initial random sample and at each iteration a new,
improved, population is constructed by applying some stochastic criteria, until
convergence is reached. The methods available in literature use different rules
to evolve towards the optimum value, and many of them are inspired by natural
phenomenon. Therefore, the literature today includes genetic [111], firefly
[113], pray-predator [114], ant-colony [115], particle swarm [116] algorithms
and many others. The reason of their success reside in the fact that they are
able to provide an estimate of the global optimum of non-smooth objective
functions in presence of many local optima and high non-convexity. The price
for this freedom is a slow convergence rate, and therefore they require an
efficient objective function to be effective. Thanks to Koiter’s method previously
presented, we can efficiently use such algorithms to look for the optimal stacking
sequence of composites structures.

However, the number of variables that is possible to chose is limited to a few
tens. Therefore, when VAT laminates are optimised, a fibre-path parameterisa-
tion is adopted. A commonly-used choice is represented by the linear variation
according to Giirdal and Olmedo [92]. In such a case, the fibre orientation is
given by

T T,
ol =0+ (70 ) Il + Ty 67)
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/

Figure 6.2: Fibre path parameterisation according the linear variation proposed by
Giirdal and Olmedo [92].

where 1 is an abscissa measured along a direction rotated of ¢ according to Fig.

6.2, Top and Ty are respectively the fibre orientations at the point where 1 = 0 and
the point where 1 = a, measured with respect to ¢. Despite its simplicity, the
linear variation has many advantages. In fact, the VAT laminate can be described
by few variables, only three per layup, and technological constraints on the fibre
path can be readily included to ensure manufacturability [107, 109, 110].

The optimisation variables, generically identified with t in Eq. (6.3), are the
fibre orientations of the fibre path parameterisation for each layer, collected in
the vector 8.

In the following, we present some optimisation methods. The first one is
simply a uniform scanning of the optimisation domain. The second one is an
evolutionary random-search [117] based on Monte Carlo simulation and lastly
the main steps of the genetic algorithm are given.

6.2.1  Uniform scanning

The approach is based on the simple idea of uniformly scanning the space of the
N possible layups. In this way, at the end of the process, the objective function
trend with the optimisation variables is completely known and the actual
optimal solution can be easily identified. Even if the number of analyses can be
significantly high, the efficiency of Koiter’s method makes them possible in a

reasonable computational time when the space is defined by a few parameters.

It is evident, indeed, that the number of analyses increases exponentially with
the dimension of the sought parameter space.
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The approach consists of two stages. During the first one the space is uni-
formly scanned and, for each lamination, an imperfection sensitivity analysis is
performed to detect the collapse load. The second stage is aimed at checking
the best solutions found in stage 1 by repeating the imperfection sensitivity
analysis with more restrictive tolerances on the p and o parameters, as defined
in 6.1.1, and including their effect using the K4.qq approach which proves to be
more accurate. Finally, the structure with the best layup subjected to the worst
imperfection shape is analysed by means of a path-following Riks analysis using
the full FE model.

6.2.2 Monte Carlo random search

The main problem of uniformly scanning the domain of the optimisation param-
eters is that the number of analyses can increase enormously and, although the
Monte Carlo imperfection sensitivity analysis with Koiter’s method is efficient,
it can prevent the solution of the problem. The second approach proposed over-
comes this problem by using a Monte Carlo Algorithm (MCA) to detect the best
stacking sequence. The random search simulation MCA is based on two stages
[103]. During the first , it generates a random population of Nj layups and
the objective function is evaluated for each of them. The best n = ny solutions,
identified as being an elite (x.1), are selected and represent the starting points
of the second stage. This is constructed by a sequence of steps (zoom steps)
that try to improve the elite population. For each elite value x,1, the objective
function is evaluated N, times at random points defined as

9(j) =xe1(j) + ™md(—R,R)

where j = T...n denotes the elite value and rnd is a generator of pseudo
random integer values between —R and R. The radius R assumes the value R
during the first zoom step and R, during the following ones.

At the end of a zoom step, n = 1, best solutions are selected and represent
the elite population of the next step. If convergence is reached the algorithm
stops, otherwise a next zoom step is performed.

The algorithm is summarised in the flowchart shown in Fig.6.3.

6.2.3 Genetic Algorithm (GA)

We can couple the advantages given by Koiter’s asymptotic analysis with those
given by a GA. It is a meta-heuristic optimisation method that looks for the best
solution following analogue concepts to those of the evolution of the species.
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Figure 6.3: Minimisation of P[8] using MCA.
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Each variable (fibre orientation) is defined by an array of genes. The algorithm
can be summarised in the following steps

1. Generate an initial population.
2. Evaluate the objective function using the Koiter algorithm.
3. Select the best individuals (elite).

4. Create the new generation through genetic operations (crossover and
mutation).

5. Repeat steps fom 2 to 4 until convergence is reached.

The genetic operations are the criteria that the method uses to improve the
population. Crossover swaps some genes between parent individuals. Mutation
changes some genes of parent individuals with some random values. In this
work, GA [118] with inequality constraints treated as in [119] is employed.

63 LAMINATION PARAMETERS

Laminations parameters are effectively used in optimisation problems. In such
a case, the optimisation problem is divided into two stages [120]. In the first
one, the optimal distribution of lamination parameters is obtained. This is done
by employing gradient-based optimisers, because, when written in function of
lamination parameters, the optimisation space is smoother than when the fibre
orientations are directly optimised. In the second stage a real stacking sequence
and fibre orientations are retrieved by the optimal distribution of lamination
parameters. The second stage represents a post-processing part of the optimisa-
tion process and within this stage manufacturing requirements can be included
[109]. In such a way, stage one is a relatively smooth optimisation problem,
independent from the number of layers and represents the time consuming
part because it involves IGA-Koiter analyses. Conversely, stage two is highly
non-linear and non-convex, but the objective function evaluation is extremely
rapid.

AN INTEGRATED FRAMEWORK To describe lamination parameters and fibre
orientations over the structural domain, use is made of the same NURBS model
employed by the isogeometric solid-shell model proposed in chapter 4. In
this way, the geometrical description adopted by the CAD model is used to
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interpolate the unknown fields of the structural model and the variables of
optimisation problem, thereby leading to the formulation of an integrated
framework for the optimal design of shell structures undergoing buckling.
Different levels of & and p refinements [74] can be adopted to account for the
different nature of the fields. Therefore, the time spent during the overall design
process can be reduced.

Afterwards, it is shown first how the expression of the constitutive matrix
modifies when written in terms of lamination parameters. Then, stage one and
stage two are described in detail.

6.3.1  Constitutive matrix

The stiffness matrix in a given point (o of the mid-surface is expressed as

A 0 B 0
0 Q3 0 0

C=18 0 D o (6:8)
0 0 0 A

where the plane-stress condition is enforced to avoid thickness-locking phenom-
ena [11]. The matrices A, B, D and A are evaluated in terms of lamination
parameters and material invariants

A =T+ T + T2 +T3pf + gy

1

B = (Mof +Towf + sl +Tyuf),
(6.9)

D =5 (To+ TP +Tow? + T3P + Tau?)

As =T5+ T + 507

W] =

Only lamination parameters depend from the point ¢y, are defined in the
domain [—1, 1] and can be evaluated as

1
b= fudd
1
PP =2J (Ghdls (6.10)
1
YP =3| 3fides, i=1,---,4
1
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where f; is the component of the vector f = [cos(29), sin(29), cos(49), sin(4d)].
Matrices I'y and I'{ assume the values

u; Us 0 u, 0 0
I'o=|Ug Uy 0], THh=10 -—-Uy 0f,
| 0 0 Us 0 0 0
[0 0 u,/2 Us —U;s 0
I = 0 0 u,/2)1, TI's=|-U3z U;s o 1, (6.11)
[Ux/2 Uy/2 0 0 0 —U3
[0 0 Us
ry=10 0 —Us |,
Uz —Ujz 0
-U5 0 U6 0 0 _u6
S __ S __ S __
I“O - I 0 u5:| ’ r] - |: 0 _u6:| ’ rZ - |:_u6 0 ’ (6'12)
in which the material invariants are defined as
3Q11 +3Q22 +2Q12 +4Qe6)/8,
Uz =(Q11—Q22)/2,
U3 =(Q11+Q22—-2Q12—4Qe¢6)/8
(6.13)

Us = (Qa44 +Qs55)/2,
Q44 — Qs5)/2.

The optimisation problem is based on searching for the stiffness distribution
that realises the minimisation of a certain property of the equilibrium path
obtained by solving Eq. (3.18). This is pursued, as already suggested by [7], by
dividing the process into two stages. In the first one, the optimal distribution of
lamination parameters is obtained. Then, in the second one, the actual variable
stiffness material is retrieved. In particular, in this work the stiffness variations
is obtained using the VAT technology, namely changing the fibre orientations
over the domain. The two stages are described in the following.

= (
(
(
=(Q11 +Q22+6Q12—4Qs6)/8,
(
= (

6.3.2 Stage one: optimal distribution of lamination parameters

We collect all the lamination parameters of the structure at control points in the
vector 4. By means of this vector, we can obtain the lamination parameters in
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a point of the domain (¢ using the NURBS interpolation expressed by Eq.(2.24)
in terms of isogeometric elemental variables.

Giving the nature of composites made of unidirectional laminae, being lami-
nation parameters defined as integrals of trigonometric functions, their values
are interrelated and need to lay within a feasible domain in order to possess
physical meaning. A lot of research has concerned a proper definition of the
feasible domain of lamination parameters[121, 122].

Let us now consider a certain property P[ip 4] of the structural behaviour. Its
minimisation is expressed as

minimise P[p g]
g

subject to ||1j)g||Oo <1 (6.14)
Dipgl <0

where D[ g] defines the boundary of the feasible domain. For each independent
control point of the isogeometric grid, the number of optimisation variables is
lp=12.

Under the hypothesis of a special-ortotropic layup characrerised by symmetric
and balanced laminate and by neglecting the flexural-torsional coupling, the
non-zeros lamination parameters are only four, namely P, ll)é\, PP, 11)123. In
this particular case, Wu et al. [120] propose to approximate the feasible domain
a

53 —$P)? =201 + 95 —2(7)?) <0
(W) — 4P +142t2)% —4(1 4+ 2t + t2)2 (WP — 4P +1+2t2) <0 (6.15)
(AtpP =g +1+41t)> —4(1 + 20t + 22 (4thP — P +1+40t]) <0

where t assumes the values 0,+0.2, £0.4,+0.6, £0.8, +1.0. Equations (6.15) de-
fine P[ip 4] by means of 23 inequality constraint for each independent control
point.

The optimal design problem is solved using a gradient based optimiser,
namely the Global Convergent Method of Mooving Asimptotes (GCMMA)
[123]. It is an algorithm devised for the optimisation of objective functions that
require a relatively high computational cost to evaluate the gradient and that
are characterised by a high number of optimisation variables. It is based on
convex subsequent approximations of the objective function.
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Constructing the gradient of the objective function with respect to lamina-
tion parameters is not a simple task and it is computed numerically. The it"
component of the gradient is evaluated as

VPilpgl = Plbg + h?] — Py (6.16)

with h a conveniently small real parameter chosen to define an appropriate
and accurate discrete incremental ratio, and e; is a basis vector whose it"
component assumes unitary value while the other ones are zero. The evaluation
of the gradient at point {4 requires that the equilibrium path is drawn for each
component of [p4]. Even if in general the task is extremely time consuming, the
relative efficiency of Koiter’s method allows to restrain its computational cost
within an acceptable range. Moreover, generally GCMMA converges in a low
number of iteration, allowing to further reduce the weight of the evaluation of
the gradient in the overall computational cost of optimisation process.

6.3.3 Stage two: fibre angle retrieval

The second stage of optimisation is aimed at retrieving a fibre angle distribution.
The problem consists in finding a fibre angle distribution to which corresponds a
lamination parameters distribution that closely matches the optimal lamination
parameters distribution found during stage 1. In detail, the objective function is
formulated in terms least-square distance between the lamination parameters
related to the unknown fibre angle distribution and the target distribution.

Following the concept of unified framework for the optimisation of shell
structures, the fibre distribution ¢ is described by a control grid interpolated by
NURBS function as well

9[¢] = N4[UOe (6.17)

where 9, represents the values of the fibre orientations at the control points
of the element. The global vector that collects the fibre orientations of all the
control points is denoted with &4 and the optimisation problem is

PP (91X ] — s [X;])2
minimise &[94] = Z Z (W5 OX]] — 5 [Xi])
. . v (6.18)
subject to  [[O¢lleo < 71/2

Cogl <0
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where Xi, with i = 1...np, represents a sufficiently refined set of point over
the domain in which the condition is tested, lp is the number of lamination
parameters for each point, and C[84] < 0 is a set of manufacturing constraints
that the fibre tow must satisfy. This problem is non-convex and non-linear and
is usually solved using stochastic minimisation algorithms. However, also in
this case GCMMA has proven to be effective. Due to the presence of multiple
local minima, a multi-start procedure needs to be employed to guarantee an
acceptable response. The gradient of the objective function in Eq. (6.18) is
evaluated by employing the complex-step procedure [124]. The it" component
of the gradient is evaluated as

Im (£[94 + ihey))
h

VE;i[9gl = (6.19)
with h a small real parameter that can be assumed of the order of the machine
tolerance, 1.0e — 20 for instance, i is the imaginary unit, Im is the operation that
considers the imaginary part of the result and e; is a basis vector whose it"

component assumes unitary value while the other ones are zero.

64 NUMERICAL RESULTS

In this section numerical applications of the proposed optimisation procedures
are given. In particular, the section is divided into three part. At first, two
straight fibre composite structures are optimised by employing the stochastic
procedures previously presented. Afterwards, a VAT full-scale structure is
optimised using the Monte Carlo Algorithm. Finally, results obtained using the
two-step strategy based on lamination parameters are given.

6.4.1 Straight-fibre laminates

Two examples of stacking sequence optimisation based on the proposed stochas-
tic strategy are presented in this subsection. Non-conventional straight fibre
laminates are considered. In the first one, we look for the optimal values of
two layup of a curved panel in compression and, due to the relatively small
complexity of the problem, the uniform scanning approach is employed. The
second test regards the optimisation of a stacking sequence defined by eight
parameters, that is the fibre orientation of each layer, and the random scanning
approach is used. The objective function is a collapse load, defined as the
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minimum between the limit load, if exists, and the load related to a design

displacement of a control point of the structure ti4, namely

(6.20)

—min (Ayim, Altgl)

PO = —Ac 0]

(6.21)

k)
subject to  9; € {—90°,—-72°,...,72°,90°}

The optimisation problem, in this case, specifies as
maximise Ac(9)

1.

where ; is the fibre orientation of the ith layer and & is the vector collecting all

9S;

The capability of the proposed approach for describing the overall structural
behaviour as well as finding optimal solutions can be noticed, highlighting the
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Figure 6.4: Curved panel: geometry and boundary conditions.

The test regards a curved cylindrical panel in compression. The geometry, the
loads and the boundary conditions pictured in Fig.6.4 are related to the middle

surface of the panel. The thickness of the shell is equal to 10 mm.

The properties of the material are E; = 30.6 GPa, E; = 8.7 GPa, vy, = 0.29,
G12 = 3.24GPa, G23 = 2.9GPa. The panel is composed of six layers and
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the stacking sequence is [+91, £8,, 93], from inside-out and measured with
respect to the 1-axis of the local reference system which is aligned with z. The
structure is discretised by a mesh grid made of 60 solid-shell elements along the
curved edges and 30 along the straight ones.

The optimisation problem consists in seeking the values of 97 and 93 which
maximise the collapse load, while ¥, is assumed constant and equal to 0°.

The imperfection sensitivity analysis is carried out assuming random geo-
metrical imperfections following the Monte Carlo method; the imperfections
are generated as a linear combination of the displacement part of the buckling
modes and uniformly distributed random numbers represent the coefficients of
the combination. The resulting imperfection shape is scaled in order to have a
maximum component equal to 0.1 of the thickness.

The space of the sought angles is uniformly scanned from —90° to 90° every
18°. The details of the two stages of the analysis are summarised in Table 6.1.
The best 10 laminations detected in stage 1 are checked in stage 2. The same is
done for the worst 10 laminations in order to show the great influence of the
stacking sequence on the structural performances.

Table 6.1: Curved panel: parameters of the Monte Carlo simulation.

stage 1 stage 2

laminations N =100 n =20

€ tolerance 3/100 3/1000
method Klin Kqu.ad
starting 200 200
imperfections increment 100 100
maximum 2000 10000

The number of significant buckling modes for the construction of the ROM
generally changes with the lamination and cannot be imposed a-priori. In this
respect, an adaptive criterion of selection is used. It consists in including the
modes corresponding to critical loads that do not exceed 1.5 times the lowest
one. The deformation limit is reached when the displacement component w
becomes greater than 2 mm.

Figure 6.5 shows, for stage 1, the trend of the first buckling load and of
the collapse load in the angles domain. It can be observed that, as expected,
the buckling load values are not directly linked to the collapse loads. It is
worth noting that the unstable cases are the most frequent (darkest areas) and
produce a low collapse load coincident with the limit load, while the maximum
values (lighter areas) of the collapse load correspond to stable cases where the
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Figure 6.5: Curved panel: results of stage 1 in terms of first buckling load (left) and
collapse load (right) trend with respect to the lamination angles.

deformation limit dominates. In Fig.6.6 the collapse load is normalised with
respect to the first eigenvalue, showing that the former is much lower then the
second one for the unstable cases and confirming that the linearised buckling
load is not a reliable objective function for the optimisation.

The best and the worst 10 cases, in terms of collapse load, are summarised
in Table 6.2 for both stages. It highlights that stage 2 gives smaller collapse
loads than stage 1 and that the number of imperfections significantly increases
between the two stages due to the more restrictive values for the distribution
parameters o and p adopted. The analysis shows also that the best stacking
sequences detected at stage 1 are also the optimal ones of the stage 2. Note
also that, as expected, the worst cases are symmetric with respect to the fibre
direction and this confirms the robustness of the proposal in terms of number of
numerical experiments. For example the layup [04/ + 72] gives identical results
as [04/ F 72]. For the stable cases, since the control point A is not located on the
symmetry axis, the results in terms of collapse load are not symmetric unlike the
linearised buckling loads. See for instance the layups [F54/04] and [£54/04].

The extreme cases are analysed more deeply in the following. The stacking
sequence [04/90;] furnishes the worst results in terms of collapse load. For
this lamination, the equilibrium paths corresponding to the worst imperfection
shape are reported in Fig.6.7 using the Koiter method, with both Kii,, and
Kguad approaches, and a path-following strategy. The solution found by Kqyaq
is in accordance with the one of the path following analysis on the full FE model
and, in particular, the collapse load is accurately predicted. Conversely, the
cheaper approach Kyi, gives a slightly higher value of the collapse load but is
however able to capture the structural behaviour. The buckling modes and the
quadratic correctives used in the Koiter analysis for building the ROM of the
corresponding perfect structure are pictured in Fig.6.8 while Fig.6.9 and Fig.6.10
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Figure 6.6: Curved panel: results of stage 1 in terms of collapse load normalised with
respect to the first buckling load.
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Figure 6.7: Curved panel: equilibrium path for the worst imperfection shape in stage 2,
path following vs Koiter a-posteriori, lamination [04/90,].



106

| OPTIMISATION STRATEGIES

Table 6.2: Curved panel: results of the best 10 and the worst 10 laminations. The loads
are expressed in kN/cm.

buckling loads Stage 1 Stage 2

lamination A A2 A3 Ac % Ni  Ac % N;
[F54/04] 1.595  1.986 - 2.344 1470 500 2354 1.476 2797
[¥54/0,/£18] 1587 1.971 - 2.265 1.427 500 2.304 1.452 1599
[F54/0,/F18] 1587 1.975 - 2.260 1.424 499 2.204 1.445 1698
[£54/04] 1.595 1.986 - 2245 1.408 500 2.277 1.428 1699
[£54/0,/£18] 1587 1.975 - 2187 1.377 500 2228 1.404 1699
[£54/0,/ F18] 1587 1971 - 2.148 1.354 500 2.215 1.396 1298
[(F72/04] 1.548 1.993 - 2.107 1.361 500 2.172 1.403 2100
[¥72/0,/+£18] 1535 1.966 - 2,061 1.343 500 2.122 1.383 1597
[F72/0,/F18] 1533 1.969 - 2060 1.343 600 2.127 1.387 1600
[£72/0,/£18] 1.533 1.969 - 2.014 1314 600 2.074 1.353 1500
[0]6 1.350 1.978 - 0.996 0.738 352 0.970 0.719 1499
[04/ £ 18] 1.340 1.938 - 0.987 0.736 466 0.966 0.720 2974
[04/ F 18] 1.340 1.938 - 0987 0.736 585 0.966 0.720 2064
[04/ £ 36] 1.305 1.799 - 0.965 0.740 493 0.945 0.724 2385
[04/ F 36] 1.305  1.799 - 0.965 0.740 493 0945 0.724 1791
[04/ 4 54] 1.317 1.661 - 0.944 0.717 500 0.910 0.691 3391
[04/ F 54] 1.317  1.661 - 0.944 o717 800 0.910 0.691 4679
[04/ F72] 1371 1.632 2.022 0.933 0680 500 0894 0.652 2498
[04/£72] 1.371 1.632 2022 0933 0680 700 0893 0.652 2100
[04/903] 1.382  1.628 1.962 0.925 0669 500 0.885 0.641 2499

show the deformed configuration at collapse load and the worst imperfection
shape, respectively. It is interesting to note as the worst imperfection shape does
not correspond, in this case, to the first buckling mode and as all the buckling
modes contribute to the deformed shape at the limit point.

To point out the influence of the number of buckling modes included in
the ROM on the collapse load, an imperfection sensitivity analysis with 3
modes, that is the number used during the scan process, and 8 modes has
been carried out for the case [04/90;]. The minimum collapse load and its 5%
fractile provided when increasing the imperfections has been monitored. The
results are pictured in Fig.6.11. The collapse load from the two cases stabilises
at the same value although when 3 modes are employed it converges for a
smaller number of imperfections. On the contrary, as expected, the fractiles are
quite different because, by enlarging the number of the modes, the space of the
possible imperfections also increases without providing any further information
about the worst imperfection, which is well represented by the first 3 modes.
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Wiz w3 W3

Figure 6.8: Curved panel: buckling modes and quadratic correctives, case [04/90,] .

Figure 6.9: Curved panel: deformed Figure 6.10: Curved panel: worst im-
shape at collapse point, case perfection shape, lamina-
[04/905]. tion [04/905].
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Figure 6.11: Curved panel: 5% fractile and minimum value of the collapse load versus
number of imperfections for 3 and 8 modes, case [04/90,].

Moreover, for a fixed number of modes, the frequency distribution converges
quickly. This can be seen in Fig.6.11 where the fractile does not change signifi-
cantly, or in Fig.6.12 and Table 6.3 which show, for 8 modes, how the probability
density function and the parameters of the distribution vary with the number of
imperfections.

The other extreme lamination is [F54/04], characterised by a stable post
critical behaviour and the highest collapse load. In Fig.6.14, the corresponding
equilibrium paths traced by Koiter (ROM) and Riks (full FE model) analyses
are reported showing a good agreement. The deformed configuration at the
last evaluated equilibrium point is shown as well. The buckling modes and
the corresponding corrective modes used to construct the ROM are pictured in
Fig.6.15. Finally, to assess the choice of discretising the angles domain by 18°,
the optimisation process is repeated with a finer discretisation of 6°. In this case,
the method finds [F48/04] as the best layup with a collapse load A; = 2,369.
The solution is just slightly better than that provided by the previous analysis,
confirming that 18° was already a good choice.
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Figure 6.12: Curved panel: Gumbel max probability density function for different num-

ber of imperfections, lamination [0], 8 modes.

Table 6.3: Curved panel: distribution
parameters variation with
the number of imperfections,
lamination [0]¢.

N;i w o

100 -0.8049 0.0755
500 -0.8105 0.0788
1000 -0.8116  0.0786
2000 -0.8094  0.0809
3500 -0.8113  0.0806
5000 -0.8113  0.0801

1,000 (—

Ac (kN /c{n)

Figure 6.13: Curved panel: frequencies

of the collapse load and fit
by Gumbel max distribu-
tion, lamination [04/90,],
8 buckling modes, 104 im-
perfections.
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Figure 6.14: Curved panel: equilibrium path (left) and deformed shape at the last
evaluated equilibrium point (right), lamination [F54/04].

w1 W22 W12

Figure 6.15: Curved panel: buckling modes and quadratic correctives for the case
(54/04].
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6.4.1.2 Stiffened panel

The second test regards a curved panel with ”"T” stiffeners in compression,
like those commonly employed for aeronautical structures [112]. In Fig.6.16
an axonometric projection shows the geometry and the boundary conditions,
while geometrical details of a section have been pictured in Fig.6.17. The
v displacement of the lateral faces of the four panels is bounded and the
deformation of only one curved edge is constrained, also along z. In the
illustrations, it is possible to see the mesh grid details for the 3D solid-shell
description of the structure. It is worth noting how the solid-shell finite element
allows us to model, easily and accurately, the connection between the panel and
the stiffeners, with no need for rigid links or offsets, in contrast to classical shell
models. The curved faces and the stiffener ends are loaded by a uniform line
load A =1.

The same material is employed for the skin and the stiffeners and it is
characterised by Ey = 30.6 GPa, E; = 87GPa, vi; = 0.3, G2 = 34GPaq,
G23 = 2.9 GPa, with respect to the local reference system which has the di-
rection 1 aligned with the global direction z while the direction 3 is along the
normal at the middle plane of the skin. The stiffener lamination is supposed
to be constant and equal to 0°, while eight layers define the lamination of the
skin labelled as [¥1/.../9g] where every 9; is a multiple of 18° and can vary
from —90° to 90°. The purpose of the test is studying the variability of the
post-critical behaviour when the lamination changes and seeking the laminations
with the maximum collapse load. The solutions with minimum collapse load
are searched as well, just to identify the range of variability of the structural
performances. The collapse load for the stable configurations is the load produc-
ing the deformation limit wa =4 mm. As in the first test, the buckling modes
employed for the ROM of the Koiter analyses correspond to buckling loads
which do not exceed 1.5 times the first one.

The parameters used to set up the three stages of the random scanning
approach are reported in Table 6.4. In the first stage, N7 = 2500 random
uniformly generated laminations are analysed and the n; = 10 best and the 10
worst laminations (in terms of collapse load), reported in Table 6.5, are selected.
In the second stage, for each of these configurations, a further N, = 100
randomly generated laminations are considered with each layer angle that can
vary between —36° and 36° with an increment of 18° with respect to the likely
optimal values identified by the first stage. Lastly, in stage 3 the best n, =10
and the worst 10 results obtained in stage 2, and labelled as indicated in Table
6.6, are analysed using the accurate account of geometrical imperfections and a
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1000 mm

Figure 6.16: Stiffened panel: geometry and boundary conditions.

more restrictive tolerance for parameters p and o; a summary of the results is
reported in Table 6.7.

Even though the number of finite element parameters is quite significant, the
code is not really time consuming. For instance, the average time taken by a
prototype code for analysis each layup at stage 1 is 32.02 seconds (i7-6700HQ
CPU 2.6Ghz, Matlab R2016a, single core) considering that the average number
of imperfections per layup is 8os.

The curves in Fig.6.18 plot the collapse load, the two lowest buckling loads
A1 and A; and the ratio between the collapse load and the first eigenvalue as

o  300mm

Figure 6.17: Stiffened panel: section geometry and mesh.
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Table 6.4: Stiffened panel: parameters of the Monte Carlo simulation.

stage 1  stage2 stage 3

laminations 2500 2000 20
tolerance  3/100 5/1000  3/1000

method Klin Klin Kquad

starting 50 200 200

imperfections increment 50 50 100
maximum 2000 2000 10000

T ] T T T

Ac(kN/cm)
Aq(kKN/cm)
A2 (kN/cm)

Ae/Aq i

ALl Mok Ww

0 500 1,000 1,500 2,000 2,500

lamination

Figure 6.18: Stiffened panel: collapse load and buckling loads for the lamination in order
of decreasing collapse load, stage 1.

a function of a lamination index. This is an integer number which is assigned

to each lamination after they are ordered in terms of decreasing collapse load.

The laminations with the smallest index have a stable behaviour and collapse
for reaching the deformation limit. The buckling loads in these cases are well
separated from each other. The first buckling load is actually quite constant
with the lamination though, when the second one gets closer to it, the collapse
load, due to modal interaction phenomenon, drastically reduces. This behaviour

is significantly more evident in Fig.6.19 where the results of stage 2 are reported.

The best laminations in terms of collapse load are characterised by an evident
distance between the first and the second linearised buckling load and exhibit a
stable behaviour. Conversely, for the worst laminations, the second eigenvalue is
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Table 6.5: Stiffened panel: results of the best 10 and the worst 10 laminations, stage 1.

The loads are expressed in kN/cm.

lamination A1 A2 Ac Acs A/ A1 Ny

(18/36/ —18/72/04] 3.8805  4.3430  5.4337 - 1.4003 350
(—72/36/72/—18/0/72/0/ — 18] 4.2127  5.0184  5.2665 - 1.2501 350
[-72/36/—18/—36/18/0/—18/0] 3.9662  4.8839 5.2580 - 1.3257 200
(-54,/0/—36/—18/0/18/0] 3.8521  4.7065  5.1439 - 1.3354 350
[90/—72/0/18,/0/—18/0] 3.8604 4.7119  5.0942 - 1.3196 550
[54,/18/0/54/0/ —18/0] 3.8930 4.7015  5.0641 - 1.3008 300
[72/—54/72,/0/ —72/0;] 43619  4.9789  5.0532 - 1.1585 350
(36/54/—72/18/36/0;/ — 18] 4.0863 47736 4.9990 - 1.2234 400
(72/—54/36/18/—36/18/0,] 4.0992  4.9873  4.9985 - 1.2194 300
[54/72/0/72/36/03] 3.9844 4.6742  4.9831 - 1.2506 250
(—18/—36/—18/—36,/72/ —72/90] 3.6837 3.7316 24582 24614 0.6673 300
[—18/0/18/90,/ — 54,/ —72] 3.6686 3.7659 2.4519 24539 0.6683 250
[0,/ —54/72,/—54/72/ —72] 3.7314 3.7613 24511 24534 0.6569 300
(182/—72,/36/ —54/54;] 3.6627 3.8805 24505 24525 0.6690 300
[18,/—36/—72/—54/—72/90/ —54] 3.6901 3.7830 2.4503 24525 0.6640 400
(—18,/54/—72/—54/72/90/ — 72] 3.6955 3.8094 2.4295 24316  0.6574 400
[0/ —54/—72,/(—54/90),] 3.6464 3.9985 24255 24286 0.6652 250
(18/—18/54,/ — 723/ — 54] 3.6160 3.8386 24211 24234 0.6696 300
[0/18/—36/—72/54,/90/72] 3.6131  3.7729 24016 24048  0.6647 450
(18,/0/36/54/72/54/72] 3.4698  3.6626 2.3334 23359 0.6725 250

very close to the first one and the modal interaction leads to a relevant unstable
behaviour with an imperfection sensitive limit load.

Some equilibrium paths are presented in Fig.6.20. The collapse loads predicted
by the Koiter method are practically coincident with those provided by the Riks
analysis with the full FE model. The buckling modes used in the ROM and some
quadratic correctives are pictured in Fig.6.21 and in Fig.6.24 for the laminations
L1 and Lz2o respectively. In addition, Fig.6.22 shows the worst imperfection
shape detected in stage 2 for the lamination L20o and the corresponding deformed
shape at the limit point is reported in Fig.6.23. The convergence of the Monte
Carlo optimisation is shown in Fig.6.25, that is the trend of the maximum and

the minimum collapse load for an increasing number of analysed laminations.

In particular, a little over a thousand of layups has to be considered to obtain
a converged value of the maximum collapse load. Lastly, Fig.6.26 indicates
how the structural behaviour in terms of equilibrium path drastically changes
with the stacking sequence and, in particular, how the post-critical behaviour
varies from strongly unstable to stable, confirming again the great influence of a
stacking sequence optimisation.
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Table 6.6: Stiffened panel: labels of the best 10 and the worst 10 laminations, stage 2.

label lamination

L1 [-72/18/—18,/0/18/0,]

L2 [72/0/—18/—36/0,/—18/0]

L3 [—72/18/72/ —18/18/72/0,]

L4 [-54/0/—18/—72/18/0,/18]

Ls [-72/54/ —36/0/18/0,/18]

L6 (—72/—18/36/0/—72/0,/18]

Ly [0/72/—18/36/18/0/18/0]

L8 [90/18/0/—18/18,/—18/0]

Lo [72/18/ —54/18/0,/36/0]

Lio [-72/54/0/—36/(0/18),]

Li1 [0/ —544/90/ — 72/ — 54]

Li2 [0,/ —72/90/—72/—54/—72/90]

Li3 [—18/0/72,/90/54/725]

Lig [—18,/72,/—72/90/ —54,]

Lis [—18,/72/903/ — 72/ — 54]

L16 18/—72/—-54/—-72,/90/ —72]

L1y [0/18/54,/72/90/ —72/72]

L18 [0/ —18/—54,/90/ —72/90/72]

Lig [—18,/36/—72/—54/90/72,]

L20 [0,/54/72,/90,/72]

T T T T T T T T T T T T T

Ac(kN/cm)

6 A (kN/em) | 7]

A2 (kN/cm)

0 NN IS NS N T (N T M NS T NS U NS NN Y S B
0 200 400 600 800 1,000 1,200 1,400 1,600 1,800 2,000

lamination

Figure 6.19: Stiffened panel: collapse load, fractile and buckling loads for the lamination
in order of decreasing collapse load, stage 2.
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Table 6.7: Stiffened panel: stage 2 and stage 3 results. The loads are expressed in kN/cm.

buckling loads Stage 2 Stage 3
A Az Az As Ac % N; Ac % N;
L1 3.771  4.663  5.610 - 5.450 1.442 850 5463 1.449 1200
L2 3801 4.605 5.645 - 5.302 1.395 1100 5.314 1.398 2200
L3 4.140 4.823  5.975 - 5289 1276 600 5300 1.280 2500
L4 3.876  4.534 5.713 - 5.277 1361 9oo  5.286 1.364 2100
Ls 4.016  4.982 5.786 - 5.260 1.310 600 5.250 1.307 2200
L6 4.025 4.762  5.826 - 5.254 1306 950  5.260 1.307 1700
L7 3785 4344 50644 - 5238 1384 700 5244 1386 3600
L8 3.752  4.615  5.573 - 5.236 1396 800 5242 1397 1600
Lo 3.956 4.781  5.713 - 5229 1.322 950 5.238 1.324 800
Lio 3971 4891 5720 - 5.227 1316 950 5240 1.320 1400

Lix 35587 3.864 5.110 5305 2389 0666 750 2381 0.664 2300
Li2 35550 3.809 5000 5111 2387 0672 800 2380 o0.670 2598
Li3 3.562 3835 5.111 5131 2387 0670 1000 2380 0.668 2200
Li4 3.618 3.752 5238 5341 2382 0658 750 2374 0.656 1800
Lis  3.618 3.765 5.195 5343 2381 0658 1100 2373 0.656 1400
Li6 3563 3.992 5.184 5220 2378 0667 500 2373 0.666 2300
Liy 3.621 3757 5116 5255 2380 0657 700 2369 0.654 1400
Li8 3585 3.744 5.058 5269 2373 0.662 650 2364 0.659 1900
Li9 3579 3.774 5153 5.289 2371 0662 750 2362 0.660 1600
L20 3.579 3.663 4.967 5140 2353 0.658 900 2345 0.655 1500
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Figure 6.20: Stiffened panel: equilibrium paths for the worst imperfection shape and
laminations L1 and L2o, path following vs Koiter.
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Wi W23 W33

Figure 6.21: Stiffened panel: buckling modes and quadratic correctives, case L1.
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Figure 6.23: Stiffened panel: deformed
shape at collapse point,
L2o.

Figure 6.22: Stiffened panel: worst im-
perfection shape, L2o.
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Figure 6.24: Stiffened panel: buckling modes and quadratic correctives, case L2o.
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Figure 6.25: Stiffened panel: maximum and minimum collapse loads when the lamina-
tions increase.

A(kN/cm)
T T T
I L1
w
s N
2 | L2o I
/,V
0 I il I | I Il I | I
0 1 2 3 4 5
wa (mm)

Figure 6.26: Stiffened panel: equilibrium paths for some laminations at stage 2.
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6.4.2 Fibre-path parameterisation

In this subsection, we focus on the optimisation of a VAT structure using a fibre
path parametersation and the stochastic procedures previously described. The
numerical result concern a full-scale structure, namely a new-generation VAT
composite wingbox recently proposed at University of Limerick [18]. In the
following, at first a description of the wingbox is given. Then, the wingbox in
the initial design is analysed using the proposed Koiter’s algorithm to validate
the model. This initial design is taken as baseline result for the optimisation
obtained using MCA and GA and afterwards described.

6.4.2.1 VAT composite wingbox

The wingbox under consideration is representative of a medium-range civil
aircraft having a maximum take-off mass of 75t and a wingspan of 2b = 36m
(see Fig.6.27). In particular, Oliveri et al. [18] designed the wingbox assuming
that it is located at about the 85% of the aircraft’s half wingspan between two
ribs.

The cross-sectional dimensions have been designed considering a linear-elastic
beam model with a Quasi Isotropic (QI) composite layup under an elliptical
load distribution that simulates the load during cruise [125]. During the design
process, for each cross-section of the beam, the second moment of area along
the X axes (see Fig.(6.28)) has been assumed to be proportional to the bending
moment along the X axes. Therefore, by imposing the deflection of the tip of
the wing to be equal to a design value (i.e. a percentage of b), it was possible to
evaluate the forces and moments acting on a generic cross-section of the wing
[18].

The main geometrical quantities of the wingbox under consideration are
shown in Fig.6.29. More details regarding the geometry and their design process
can be found in Oliveri et al. [18]. In Fig.6.30 the loading and boundary
conditions of the wingbox are shown. In particular, the wingbox is considered
to be loaded on one end by a shear force FA = 23.8kN and a flexural moment
Ma = 14.28kNm, while the opposite side is fully clamped.

The layup of the wingbox was chosen to perform well against buckling. It
is reported in Table 6.8 and denoted by SSy in the following. The angle 0 is
measured in the direction of the local tangent at the surface (e3) with respect
to the direction ej, referring to the local reference system of each panel shown
in Fig.6.28. It has been assigned such that the direction e; aligns with the
direction Y of the global system and e3 goes from the inside out. The layups
of the variable angle tow panels are expressed in according to the notation

121



122 | OPTIMISATION STRATEGIES

@ L 2b=36 m v

Figure 6.27: Wingbox position on the aircraft.

Restrained section

VAT panels

Loaded

kY, v w
X, u section

Figure 6.28: Geometry, loading and boundary conditions of the wingbox.
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| L 184.9 , 651
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Figure 6.29: Detailed view of the cross-section of the wingbox. All the lengths are
expressed in mm.

v
Loaded Restrained
M section section
u, v, w=20
\L v 640.0 mm L

Figure 6.30: Loads and boundary conditions applied at the two end sections of the
wingbox.
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Table 6.8: Layup SS of the wingbox.

Part stacking sequence
Skin bay 920/[(0+£(52135))/0/ +45]s
Skin 90/[4+35/0/ +45]¢
Stiffener [90/45/0,/ —45/0]s
Spar web 90/[£35/03/ £45]s

Table 6.9: Material properties.
E][GPG] Ez[GP(l} G12[GP(1} Vi2

135.00 7.54 5.00 0.30

of Giirdal and Olmedo [92]. The material properties are given in Table 6.9
and the thickness of each layer is 0.1875 mm. As shown in Table 6.8, the skin
comprises eleven layers, while four additional 0° layers have been added to the
spar webs for increasing their stiffness. The wingbox has been designed to keep
the principal strains under a limit value, namely e1iy, = 2500pe. Figure 6.31,
shows an image of the wingbox manufactured at University of Limerick [18].

6.4.2.2 Optimisation problem

The goal of the current optimisation study is to minimise the out-of-plane
displacement of the wingbox under a design load. In fact, the most notable
effect observed in the wingbox in the postbuckling regime is an increasing
transverse displacement of the skin panels in compression. Consequently, its
minimisation improves the postbuckling performances, as shown by Raju et
al. [7]. The maximum out-of-plane displacement is denoted by W¢,max and is
measured at the points where the maximum amplitude of the buckling modes
occurs. The design load is 1.2 times the applied load.

The optimisation variables are the angles of the stacking sequence, denoted
as 9 = [8,...,9]. The first layer of 90° is kept constant due to manufacturing
need [18]. The optimisation is based on a fibre path parameterisation according
to Giirdal and Olmedo [92]. Table 6.10 shows the parametric layup. The fibre
angle of skin and web is compatible at the corners, guaranteeing the continuity
of the fibre path. The angles are constrained to integer values and their domain
is defined from —90° to 90°.

Strains and tip displacement are constrained to be less than e1i,m = 2500,
and Wiim = WQI,max = 2.38 mm, respectively. These constraints are included
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Figure 6.31: Manufactured wingbox, from [18].

Table 6.10: Parametric fibre paths used in the optimisation problem.

Part stacking sequence
Skinbay  90/[(0 % (81192))/0/(0 £ (94193))]s
Skin 90/[£9,/0/ + 935
Stiffener [90/45/0,/ —45/0]s

Spaweb  90/[(0= (95[92))/03/(0 % (96193))]s

in the optimisation process by assigning a penalty value to the objective function
if any limit is exceeded

W ax| .
s +Cq if Wmaxl > Wlim
Wlfim
_ € .
POy =1 Erl +c2 if |€p| > €lim (6.22)
Elim
We,max| otherwise.

where wiqx is the tip displacement, ¢, is the maximum principal strain, c;
and c; are the penalty constants. If both the limits are exceeded, the highest
value evaluated by Eq.(6.22) is applied.

The VAT steering radius is constrained to exceed a minimum value to guar-
antee manufacturability. The limit amplitude is Ry;;m = 400 mm, according to
results previously presented [107].
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Table 6.11: Buckling loads for the initial stacking sequence (SSy ).

mode 1 2 3 4 5 6 7 8

A 1.1417 1.1555 1.2017 1.2133 1.4285 1.4385 1.5073 1.5269
A/ 1.000  1.0121  1.0526 1.0627 1.2512 1.2600 1.3202  1.3374

Finally, the optimisation problem can be stated as
minismise f(9)

subjectto ¢+ (Tov, T14) <0, v=T...1yqat (6.23)
9 eN
—90° <9; <90°, i=1...6

The nonlinear displacements and strains are evaluated using Koiter’s method.

6.4.2.3 Analysis of the baseline configuration

Hereafter, we focus on the postbuckling behaviour of the baseline wingbox. This
stage is useful to validate the FE model and to assess the suitability of Koiter’s
method.

The use of the solid-shell model gives has the advantage that, due to the 3D
description, the connection between the stiffeners and the skin can be modelled
without rigid links. Moreover, the continuity of the skin is preserved in the
zones of variable thickness, unlike classical shell finite elements that need an
offset to define the actual position of the panels.

We first present the results of a linear buckling analysis carried out on the FE
model. Then, we perform the geometrically non-linear analysis with Koiter’s
method. The results in terms of equilibrium path are compared with those
provided by an arc-length strategy. It employs the same FE description used by
Koiter so that the differences can only be attributed to the solution algorithm.
In addition, so as to exclude errors in the FE model, the results are compared
with Abaqus/Standard.

LINEAR BUCKLING ANALYSIS The first eight buckling loads are reported in
Table 6.11. The first six modes are shown in Fig.6.32. The first buckling load is
27.17kN, that is in agreement with the result of the static test performed on the
wingbox by Zucco et al. [126] who gave the measured value of 26.10 — 27.20kN.



Vv, A = 1.1417 V2, Ay = 1.1555 V3, Az = 1.2017

V4, Ag = 1.2133 Vs, As = 1.4285 Ve, Ag = 1.4385

Figure 6.32: Buckling modes for the initial stacking sequence.

W22

Wyq w

Figure 6.33: Some of the quadratic correction terms for the SSq layup.
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NONLINEAR ANALYSIS The nonlinear analysis is performed with Koiter’s
algorithm. Figure 6.33 shows some of the quadratic corrections used by the
method. Together with the buckling modes shown in Fig.6.32 and the linear-
elastic solution, they constitute the ROM constructed by Koiter’s method. First,
we perform a Koiter analysis including only the first buckling mode. The
results are reported in Fig.6.34 where they are compared with the reference
solution evaluated by the path following method. While the solution at point
A is appropriate, an incorrect solution is obtained at point B. The improving
correlation at point B between Koiter’s solution and the path-following method
for increasing buckling modes is shown in Fig.6.35. Figure 6.36 shows how the
solution at point A improves with the first two buckling modes. When the first
six modes are included, the solution is practically coincident with that obtained
from the path following method. Further increasing the number of modes does
not produce a noticeable effect, as shown in Fig.6.37 for points A and C. Figure
6.38 shows how the variables of the ROM change when the load increases.

In Fig.6.39 the solution obtained with Koiter’s method including six buckling
modes is compared with the solution provided by two path following analyses.
The first one is performed on the same model used for Koiter analysis, while
the second is obtained using a very fine mesh of shell FE S4R in ABAQUS. Very
good agreement between them can be observed.

Finally, deformed shapes at two load levels are reported in Fig.6.40. They are
obtained by three Koiter analyses, using one, two and six modes. They confirm
that the solution is not correctly captured with one buckling mode, whilst using
two modes provides good results over the whole domain. Additionally, the
postbuckled out-of-plane displacement is in agreement with that measured from
Digital Image Correlation in the buckled region of the wingbox, as shown in
Fig.20 and 21 of the work by Zucco et al.[126].

6.4.2.4 Optimisation
The proposed optimisation cases are as follows:

e Case A: in the spar web, the fibre angle is constant and then the number
of variables is four. With reference to Table 6.10, 95 = 0, 3¢ = 03;

o Case B: the problem has six variables active and the displacement limit is
reduced, assuming Wiim = 0.8 - WQ1,max;

o Case C: we look for a solution that allows weight to be reduced whilst
respecting all constraints.
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Table 6.12: Parameters of MCA.

property symbol value
set1 set2
initial population Ny 400 800
zoom population N, 8 10
initial elite n 20 30
elite during zooms n, 5 5
zooms N, 6 10
first zoom radius Ry 8 10
zoom radius R2 4 6

To make the optimisation process less time consuming, a coarser mesh than the
one used in section 6.4.2.1 is employed. The results of the optimal solutions
are then compared with those obtained with the fine mesh. In Koiter’s method,
the buckling modes are selected as those corresponding to critical loads that do
not exceed 1.3 times the lowest one. This criterion, which is analogous to that
employed in the optimisation strategy proposed previously, is chosen on the
basis of the results of section 6.4.2.3 regarding the SSy layup. The validity of this
assumption for the optimal solutions is verified by comparing the equilibrium
paths obtained using Koiter’s algorithm with those traced using path-following
analyses. In the following, the results for all three cases are presented.

6.4.2.5 Case A

First, optimisation is carried out with MCA using the parameter set no.1, as
defined in Table 6.12. The optimal layup is denoted by SSo mca . To assess
the convergence of MCA, the analysis is repeated using parameter set no.2
of Table 6.12. Then, the problem is solved using GA, obtaining the optimal
layup denoted by SSa g a . The population has 40 individuals and the crossover
fraction of each generation in 0.7. The optimal fibre paths and objective function
values are shown in Table 6.13. It is possible to observe that w¢ mqx remains
the same, whilst the value of the optimisation variables slightly changes.

The equilibrium paths for different layups are shown in Fig.6.41. They are
plotted at the point where displacement w¢,max is @ maximum, and at point C.
In addition, in Fig.6.42 the equilibrium path of SSA g A is compared with those
obtained by an arc-length method and with the finer mesh, obtaining good
agreement.
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Table 6.13: Stacking sequences SS5 g and SSa nmca and objective function values.

Skin bay Spar web We,max

SSaGa 90/[(0+ (53|34))/0/(0 + (86]77))]s  90/[(04+34)/03/(0+77)ls o020
SSa,mca 90/[(0F(52134))/0/(0£(87177))]s  90/[(0F 34)/03/(0£77)]s 0.20
SSamca (2)  20/[(0+(53134))/0/(0F (20177))]ls  90/[(0£37)/05/(0F 77)]s 0.20

m| F T -
WwWc
— 1.5 |~ 7
design load
- 1= -
— 0.5 |~ Koiter coarse mesh n
SSA GA A Riks coarse mesh

I SSA MCA 1 [ | -~ - Koiter fine mesh 7

0 \ \ | | o | e ! !

2 0 2 4 2 0 2 4

w  [mm] w [mm]

Figure 6.41: Equilibrium paths of the opti- Figure 6.42: Solution  obtained  with
mised structures of case A. Koiter’s method and the
mesh used during the opti-
misation process and layup
SSA,McA compared with
that obtained with a path
following analysis and with
Koiter’s algorithm using a
finer discretisation.
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Figure 6.43: Maximum principal strains normalised for the limit strain of 2500ue at
A = 1.2 for the initial and optimised layups, case A.

2.36

magnitude [mm]

SSa,ca SSa,mcA 0

Figure 6.44: Displacement field at A = 1.2 for the initial and optimised layups.

Figure 6.43 shows the map of the principal strains at the design load. They
are normalised with respect to the strain limit. The optimised structures have a
more uniform distribution of the strains and the maximum value is lower. In
particular, the ratio between the maximum principal strain |e,| and the limit
strain e1imm is 0.93 for the initial configuration and 0.90 for the optimised ones.
Additionally, Fig.6.44 shows the deformed configurations at the design load. The
layup SSq is globally stiffer than the optimised ones, even though in S55 g A and
SSc mca almost no buckling phenomena can be observed. Finally, Fig.6.45
shows the convergence of the two algorithms. It highlights how the minimum of
the objective function changes with increasing function evaluations. In particular,
the methods converge to a similar minimum values but, for the problem under
consideration and analysis setups, the MCA provides a good estimate with
fewer objective function evaluations. In the next paragraph, we show how the
results of the optimisation are influenced by the steering radius.

INFLUENCE OF THE STEERING RADIUS Manufacturing VAT laminates with
small steering radii can be a challenging task. In fact, this increases the probabil-
ity of defects and the gap-overlap effect [107] and, as a consequence, the actual
structure can have a different behaviour with respect to the design model if those
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Figure 6.45: Convergence of MCA (left), and of GA (right), case A.

imperfections are not taken into account. We now show the influence of different
steering radius constraints on the optimised structures. The optimisation process
is repeated for different limiting radii. MCA is employed with parameter set
no.1 from Table 6.12. The same limit is imposed on all VAT layers. In Table
6.14, the results of these analyses are presented. We show, for each optimised
structure with a different minimum radius limit, the stacking sequence of the
VAT panels, the actual radii, the value of the objective function and the smallest
buckling load. The variation of the optimised displacement with the value of
the maximum steering radius is plotted in Fig.6.46. The results highlight the
possibility of considerably enhancing the postbuckling performance by decreas-
ing the VAT steering radius. For example, the steering radius of 200mm leads
to a 5.7% higher buckling load and 24.7% decrease in out-of-plane displacement
than for a steering radius of 400mm.

6.4.2.6 Case B

The results of case A show how the optimised layups improve the buckling
performances yet reduces the global stiffness. To increase the mean stiffness
related to the deflection of the end section, a smaller limit displacement is
employed, namely wiim = 0.8 - WQ1,max-

The number of optimisation variables is greater in this case, with a com-
mensurately larger population being used. In particular, a population of 80
individuals is used to optimise the structure using GA and the solution obtained
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Table 6.14: Results of the optimisation problem of case A with different limiting steering
radii. SS; 3 and SS5 ¢ denote the layup of the 2nd, 3rd and of the 5th, 6th
layer of the skin, respectively, while with R, 3 and Rs ¢ the relative steering

radii.

Riim 200 400 600 800 1000 00
S$Sy3 0+ (64[26) O0F(52|34) 0+(53]41) 04(51142) O0=£(52/44) +46
SSs6 0+ (88|71) 0+(87177) +76 0+ (76|74) 0+£(76l73) +73
R23 201 433 605 812 1011 0o
Rs,6 385 536 %) 3322 2220 00
WC,max 0.1520 0.2018 0.2461 0.2520 0.2602 0.3256

A1 1.5307 1.4486 1.4135 1.3919 1.3876 1.3435
a5 R :
— 025 |- a5 N \\
g 1.5 \ |
= | b K 8
® - \
g 02 I | < 145 5 8
9 X )
= - S|
2 // 1.4 - =
ois -4 ‘ ‘ | ‘ - \‘3\) |
500 1,000 500 1,000
Riim [mm] Riim [mm]

Figure 6.46: Optimised displacement and buckling load for different values of the maxi-
mum steering radius, case A.
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Table 6.15: Stacking sequences SSg g A and SSg pmc A and objective function values.

case part value
Skinbay  90/[(0+ (57153))/0/(0 F (42]13))]s
<5 Skin 90/[+53/0/ F 13]s
BGA Sparweb  90/[(0 = (40|53))/03/(0 F (47113))]s
We, max 0.44
Skinbay  90/[(0 F (59|51))/0/(0 % (42[15))]s
<5 Skin 90/[F51/0/ + 1515
BMCA  Sparweb  90/[(0F (41]51))/03/(0 + (46|15))]s
We, max 0.45

Table 6.16: Buckling loads for the stacking sequence SSc pmcAa -

mode 1 2 3 4 5 6 7 8

A 1.1922  1.1977 1.2420 1.2465 1.2627 1.2705 1.4629  1.4677

is identified as SSg g A . MCA uses parameter set no.2, as defined in Table 6.12,
and the solution provided is labelled SSg pca - The stacking sequences and the
displacement w¢ m qx are reported in Table 6.15. A graphical representation of a
VAT layer of SSg g A is given in Fig.6.47.

The results obtained in terms of equilibrium paths are reported in Fig.6.48.
With respect to the previously obtained layups, we obtain stiffer structures, even
if the buckling performances get slightly worst. Anyway, the postbuckling slope
for SSg,g A and SSg mc A is relatively high.

Figure 6.49 shows the deformed configurations. It confirms that the solution
is the stiffest globally, even if the out-of-plane displacements due to buckling
are bigger than in case A. On the other hand, the strains of SSg g A are smaller
than SSA g A , as shown in Fig.6.50. In particular, the maximum principal strain
normalised for the limit strain (Jep|/e1im) is 0.93 for the initial configuration
S50, 0.90 for SSA mca and 0.83 for SSp A -

6.4.2.7 Case C

The spar web, having 15 layers, is thicker than the skin (13 layers). We now find
an optimised solution considering a uniform thickness, with 13 layers for both
skin and spar web. In this way, the weight saving is 6.48%. In fact, the initial
skin cross-sectional area is 4537mm?, the cross-sectional area of the stiffeners is
2701mm? while the reduced cross-sectional area of the skin is 4068mm?. The
stiffener is again not considered in the optimisation process.



Figure 6.47: Representation of the 5th layer of SSg ca, (0(42[15)) on the skin and
(0(46]15)) on the spar web. The continuity of the fibre path between the
skin and the spar web is highlighted in the magnified detail.

Figure 6.48: Equilibrium paths of the optimised structures.
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2.36

SSo SSA,McA

Figure 6.49: Displacement field at A = 1.2 for the initial and optimised layups.

SSo SSA,McA SSp,GA

Figure 6.50: Maximum principal strains normalised for the limit strain of 2500u€ at
A = 1.2 for the initial and optimised layups.

The optimal layup provided by MCA is identified as SSc pmca , while that
obtained using GA is labelled SS¢ g A . The results obtained are reported in Table
6.17. In particular, MCA furnishes an improvement of 29% on the out-of-plane
displacement and of 4% of on the first buckling load.

Eight buckling modes have been used in the analysis of SSc mca . Their
values are reported in Table 6.16 while Fig.6.54 shows the first three of them.
Figure 6.51 shows equilibrium paths of the optimised structure and compares it
with the previously found optimised solutions. In this case, the importance of a
multimodal algorithm is more evident. This is shown by the curves in Fig.6.52,
in which the modal interaction is represented by very similar values assumed
by the modal amplitudes of the ROM at the same value of the load. Figure 6.53
shows the strains and the deformed shape at the design load. It also shows the
good agreement between the deformed shapes obtained with Koiter’s method
and the standard path-following analysis.

6.4.2.8 Comments on the results of the optimisation

In this section we have shown the results of the optimisation process obtained
with different scenarios. The best improvement in out-of-plane postbuckling

lepl/etim
P

magnitude [mm]
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Table 6.17: Stacking sequences and objective function values for case C.

case part value
Skinbay  90/[(0 = (57/66))/0/(0 + (48]26))]s
55 Skin 90/(+£66,/0/ + 26]s
CMCA  gharweb  90/[(0 =+ (63166))/0/(0 + (53|126))]s
We, max 0.75
Skinbay  90/[(0 F (56/69))/0/(0 F (46]24))]s
< Skin 90/[F69/0/ F 24]s
CGA Sparweb  90/[(0F (53169))/0/(0 F (41124))]s
We, max 0.77
A A
| 1.5 |
| — |
- 1| ----¢&2 -
&3
| I |
&5
- 05 - - _ &g -
&7
T SSc,McA | |--- g B
| L | 0 | L

w  [mm]

Figure 6.51: Equilibrium paths of the opti- Figure
mised structures.

‘5p|/ilim
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Koiter .
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0

Figure 6.53: Maximum principal strain normalised with respect to the limit strain on the
left and deformed configuration on the right, solution SS¢ mca and load
level A = 1.2. The wingbox is rotated by 180° with respect to the global Z to

show the buckling on the spar web.

6.52: Variables of the ROM for the
layup SSc mcA -

Riks
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mode 1 mode 2 mode 3

Figure 6.54: First three buckling modes for the solution SS¢ pmca -The wingbox is ro-
tated by 180° with respect to the global Z to show the buckling on the spar
web.

Table 6.18: Results of the initial and optimised configurations: out-of-plane displacement,
first buckling load, maximum tip deflection and area. The improvements are
evaluated with respect to SS .

initial optimised improvements
property QI SSo case A caseB caseC  case A case B case C
WCmaxmm]  1.82 107 0.20 0.44 0.75 81.31%  58.88%  29.91%
A1 0.93 1.15 1.45 1.31 1.19 25.97%  13.91 % 3.48%
Wax [mm] 238  2.00 2.36 1.89 2.38 -17.79% 5.67% -18.71%
area [mm?] 4537 4537 4537 4537 4068 - - 6.48%

displacement is achieved in case A. However, the maximum tip displacement
slightly increases, even if it remains under the design limit. In case B we obtain
the globally stiffest solution and, in addition, notable improvements in the buck-
ling and postbuckling performances. Finally, case C highlights the possibility
of obtaining a lighter wingbox together with an improved performance in the
buckling and postbuckling regime. Table 6.18 summarises the results obtained
for the three analysed cases.

6.4.3 Lamination parameters

Hereafter, two numerical examples are analysed using lamination parameters as
intermediate variables, according to the approach presented in 6.3. The first test
regards a cylindrical panel in compression, with an unstable postbuckling and
imperfection sensitive behaviour. The second one is a well-behaved full-scale
wingbox subject to shear and flexural moment. The two structures in the nu-
merical examples behave differently and are able to show the potentiality of the
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proposed approach from two different perspectives. From one side, in fact, the
analysis regards a structure with simple geometry but complex postbuckling
behaviour, involving multimodal buckling and imperfection sensitivity. From
the other side, the wingbox is characterised by a simpler structural behaviour,
but high complexity in the geometry, constituted by many patches and stringer.
Additionally, both the numerical examples have been already previously opti-
mised by employing stochastic optimisers and this highlights the improvements
achieved using lamination parameters. In all cases the baseline design is rep-
resented by a Quasi-Isotropic laminate (QI) obtained when all the lamination
parameters are zero.

6.4.3.1  Cylindrical panel under compression

Figure 6.55 shows the simply-supported cylindrical panel under uniform axial
compression that represents the first test proposed. The structure was previously
object of postbuckling optimisation [103] using non-conventional straight fibre
laminates and a stochastic optimiser. Additionally, it was taken as benchmark
example to test the accuracy of the isogeometric model in chapter 4 [127].

sTAGE 1 The optimisation regards finding the distribution of lamination

parameters that maximise a collapse load defined as the minimum between the

lowest limit load Ajim, and the load related to a design axial displacement of the

loaded section vqx = v4. With reference to Eq.(6.14), it reads as
Ac _min()\um,)\[vd])

Plbal = =35 = o

(6.24)

where the loads are normalised with respect to the first buckling load for the
QI case Aqi. Such a formulation of the objective function allows to look for the
less imperfection-sensitive configuration or the axially-stiffest potential stable
behaviour.

The overall thickness of the shell is t = 10 mm. The design axial displacement
is vq = 2mm. Material properties are given in Table 6.19. The discrete model
employs quadratic NURBS and a 9 x 9 control grid that guarantee convergence
for a set of lamination parameters distributions. Consequently, the number of
variables is 683. The geometrical imperfection is given in the direction of the
buckling modes and its maximum amplitude is ti, = 0.5t.

Lamination parameters are described by using two different grids, 6 x 6 and
9 x 9 elements. Because of the symmetry of the problem, only the control points
of a quarter of the structure are taken as independent variables, this leading to
4 x 4 and 6 x 6 design control points, respectively for the two discretisations.
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Table 6.19: Cylindrical panel: elastic material coefficients.
En[GPal  Ex[GPal  wviz  va3  Gi2[GPal  Gp3[GPd]

30.6 8.7 0.29 0.5 3.24 2.9

A special-orthotropic laminate is adopted, characterised by a symmetric and
balanced stacking sequence and with no flexural-torsion coupling effects. The
number of optimisation variables is 64 and 144 respectively in the two cases.

Figure 6.56 shows the convergence of GCMMA for the two different meshes
for lamination parameters. It is possible to note how convergence is reached
for less than 10 iterations and how a good solution is achieved also for the
coarser mesh. For the 9 x 9, Fig. 6.57 shows how the equilibrium path evolves
during iterations. Interestingly, already in first iteration the solution significantly
improves with respect to the baseline QI configuration and the third solution
has a stable initial postbuckling. After that, the optimiser founds increasingly
axially-stiffer solutions and a converged result is obtained quite soon.

The results of stage 1 are reported in Fig. 6.58 in terms of equilibrium paths.
The equilibrium path for the optimal distribution of lamination parameters
(LP) is compare with the baseline QI case. Additionally, comparison is also
made with the optimal solution obtained using straight fibre laminates with a
non-symmetric stacking sequence (SF) [103]. The fibre orientations of SF case
are [F54,04] and are measured from inside-out with respect to the cylindrical
axis. For all the solutions provided by Koiter’s method, comparison is made
with the results of a path-following solution algorithm, denoted with Riks in
Fig. 6.58, obtaining good agreement. The optimal distribution of lamination
parameters is shown in Fig.6.59. The buckling modes for the optimal distribution
of lamination parameters are pictured in Fig.6.61, while Fig.6.60 shows the worst
case imperfection detected during the optimisation process.

sTAGE 2 The potentiality of the 2-stages approach resides in the possibility of
designing structures with many layers without increasing the computational cost
of the overall process. Actually, having a high number of layers is an advantage
for the procedure since the more the layers, the more accurate the match with the
optimal solution in stage 1 will be. This is shown here, where stage 2 is repeated
considering three symmetric and balanced laminates composed by nl equal to
4, 8 and 12 independent layers. The stacking sequence is [£81,...,£8,1]s and
each 9 varies with a quadratic NURBS according to eq.(6.17) and over a grid of
9 x 9 elements.
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R 3000

Figure 6.55: Cylindrical panel: geometry, NURBS control grid and loading and boundary
conditions.

6 X 6 elements

— === 9 X 9 elements
[ L | ]
0 10 20

iterations

Figure 6.56: Cylindrical panel: convergence of GCMMA at the first optimisation stage
for two different mesh grids of the NURBS interpolation for lamination
parameters.

The solution of the problem in Eq.(6.18) is obtained with a multi-startt GCMMA.
The convergence of the algorithm is quite fast, as Fig. 6.62 shows although it is
sensible to the initialisation. The convergence results for different starting points
are reported in Fig. 6.63. When straight fibre (SF) laminates are employed as
starting points, the convergence of the algorithm is faster than a VAT initiali-
sation. The results in terms of equilibrium path are shown in Fig. 6.64, while
Table 6.20 gives informations about the matching between the values of objective
function and the first buckling loads obtained using lamination parameters
and with the retrieved fibre orientations with increasing number of layers. The
retrieved fibre orientations are reported in Fig. 6.65 and in Fig. 6.66 for 4 and 8
independent layers, respectively.
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0 0.1 0.2 0.3

Vax

Figure 6.57: Cylindrical panel: equilibrium path for different iterations (0, 1,...25) of
GCMMA at the first optimisation stage and a grid of 9 x 9 control points.
Displacement vq versus load control parameters A normalised on Agi-

Table 6.20: Cylindrical panel: results of the optimised configuration LP using a grid of
6 x 6 and 9 x 9 control points for the lamination parameters. The second level
optimisation is repeated increasing the number of layers showing how the
matching ((1— €)% of Eq.(6.18)) with the results of the first level optimisation

improves.
9%x9
case P A A2 A3 As match
QI 0.710 1.000 1.255 1.795 1.883 -

optimum LP 1830 1.177 1489 1.840 2.100 -
4 layers 1.800 1.156 1493 1.837 2155 98.29%
8 layers 1.811  1.167 1479 1.837 2.099 99.78%
12 layers 1.821 1.170 1482 1.840 2.097 99.92%

6.4.3.2 Full-scale wingbox

The optimal design of full-scale structures into the postbuckling range is not a
simple task because of the time-consuming procedure usually required. This
test regards a concept wingbox that has represented a demonstrator recently
manufactured and tested at University of Limerick [18]. It is presented to show
the possibility of applying the proposed approach to the optimal design of a
full-scale structure, overcoming many difficulties of the approaches available in
literature.

The starting point is a reference design obtained using the approach proposed
in section 6.4.2 which is based on linear variation of the fibre orientations and
stochastic optimisers. Successively, the wingbox is optimised using the proposed
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Figure 6.58: Cylindrical panel: path-following (Riks) vs Koiter solutions for the baseline
and optimised shell panels after first optimisation stage. Displacement u at
point - - - versus load control parameters A normalized on A, for different
material configuration: quasi-isotropic QI, optimised lamination parameters
LP, optimised straight fibre.
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Figure 6.59: Cylindrical panel: distribution of lamination parameters for the optimal
configuration LP.

two-stages approach. Two different expressions of the objective function to
optimise the post-buckling regime are proposed. The first one, denoted in the
following with case 1, is analogous to that already proposed, and is aimed
at minimising the maximum postbuckled displacement at a design load level,
namely

Phpal = upp = [1AX, Al —AadX]ll (6.25)

where A4 is a design load level chosen to be 2.5, u is the displacement field and
1 is the linear elastic solution.
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Figure 6.60: Cylindrical panel: worst geometrical imperfection case obtained for the
optimal lamination parameters configuration LP.
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Figure 6.61: Cylindrical panel: first eight buckling modes ¥; and corresponding buckling
load A; used in Koiter analysis for the optimal lamination parameters case
LP.
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Figure 6.62: Cylindrical panel: conver-Figure 6.63: Cylindrical panel: conver-

gence of multi-start GCMMA gence of GCMMA for dif-
at the second optimisation ferent starting points for the
stage. It is shown the result case with 4 independent lay-
relative to the best initialisa- ers. The convergence is good
tion for each analysed case. if a straight fibre (SF) initiali-

sation is adopted, while it is
difficult for all the VAT initial-
isations.

Conversely, in case 2 it is searched for a solution that minimises the average
postbuckled displacement and the objective function is defined as

Pipgl = Dpp = (dghal —Aadg) Kot (dAal —Aadyg) (6.26)

where K@ is the linear tangent matrix evaluated for a QI case obtained with all
the lamination parameters equal to zero and dg is the displacement part of the
linear solution.

The maximum imperfection amplitude used during the optimisation process
is 1/50 of the skin thickness.

The optimisation concerns skin and spar web only, while the stiffener’s
layup is kept constant to [90/45/0,/ —45/0]s. The variable stiffness laminate
is designed only over the skin, while the spar web is designed as a straight
fibre laminate. Anyway, continuity of the lamination parameters is guaranteed
along the corners between skin and spar web. The material is supposed to
be specially-orthotropic such that four lamination parameters can describe the
stiffness matrix.
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Figure 6.64: Cylindrical panel: equilibrium paths of the axial displacement for the base-
line and optimised solutions after second stage optimisation. Displacement
v of the loaded section versus normalised load control parameter A, for
different material configuration: quasi isostropic QI, optimised lamination
parameters LP, retrieved layers.
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Figure 6.65: Cylindrical panel: fibre orientations obtained from the second optimisation
level for the stacking sequence [+87,+d,, £93, £94]s.

LINEAR-VARIATION OF FIBRE ORIENTATIONS The postbuckling optimisation
is performed using the approach presented in section 6.4.2 to have a reference
solution. The optimisation is based on a fibre path parameterisation according
to Giirdal and Olmedo [92] and the parametric stacking sequence is reported in
Table 6.22. The optimisation furnishes as optimal fibre orientations the values
® = [—-69.65,—20.66,90.00, 3.59], while the optimal value of objective function in
Eq. (6.25) is 2.42 mm.

sTAGE 1 The optimal distribution of the lamination parameters is obtained
using the proposed strategy for the two cases. Lamination parameters are
described over the skin by quadratic NURBS interpolation controlled by 81
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Figure 6.66: Cylindrical panel: fibre orientations obtained from the second optimisation

level for the stacking sequence [£81,+3,, £83, £84, £95, £84, £87, £9g]s.

Table 6.21: Wingbox: elastic material coefficients.

Vi2

Ez[GPa] G]Z[GP(I]

E] [GP(IJ

0.30

7.54 5.00

135.00

Table 6.22: Wingbox: Parametric fibre paths used in the optimisation problem.

stacking sequence
[90/(0 % (81192))/0/(0 £ (Bal93))]s

Part
Skin bay

[90/£9,/0/ £93]s

[90/45/0,/ —45/0]s
[90/(0 % (D5192))/03/(0 £ (DelD3))]s

Skin
Stiffener

Spar web
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control points that lead to 324 optimisation variables. The stiffness distribution
is constant along the edge between skin and spar-web while the top and bottom
skin are constrained to be equal. Additionally, due to the symmetry in the
loading condition, only a half of the skin is optimised.

Figure 6.67 the number of iterations of GCMMA versus the value of the
objective function for the two cases, each one normalised on its optimal value.
It is possible to note how the objective function in case 2 leads to a smoother
optimisation space with positive consequences on the convergence of the min-
imisation problem. In Fig. 6.68 it is possible to note how the equilibrium paths
evolve during the iterations. The results of stage 1 are reported in Table 6.23. It
shows the values of the @, and u,p and the two lowest buckling loads for the
quasi-isotropic case, for the optimised solution using linear fibre orientations
and for the optimal solutions of the two cases (LP case 1 and LP case 2). The cor-
responding equilibrium paths are plotted in Fig.6.69 for the displacement uy.
Figures 6.70 and 6.71 show the optimal distributions of lamination parameters
for case 1 and 2.

Table 6.23: Wingbox: convergence results for stage 1. ®pp, Upp, first and second
buckling mode A1, A for quasi isotropic QI, linear fibre variation LV, case 1
and case 2.

(pr Upb )\1 7\2

QI 8.9837 4.9110 1.2494 1.2679
LV 1.7442  2.4213  2.0713  2.1078

case 1 1.6408 0.5815 2.576  2.6317
case2 0.6441 0.7574 2.5907  2.6418

Comparison can be made between the optimal solutions found in case 1
and case 2. The two lowest buckling modes are represented in Fig.6.72 for the
optimal solution of case 1 and in Fig. 6.73 for case 2. Additionally, Fig.6.74
compares the nonlinear part of the displacement between QI and optimised
cases, while Fig. 6.75 shows the equilibrium paths in terms of @,y and upy.
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Figure 6.67: Wingbox: convergence of GCMMA at the stage 1. The number of iterations
are plotted versus the value of the objective function for the two cases,
each one normalised on its optimal value. It is possible to note how the
convergence the formulation of the objective function in case 2 is faster.

STAGE 2: FIBRE ANGLE ORIENTATIONS In stage 2 a variable angle tow lami-
nate is retrieved from the optimal distribution of lamination parameters. The
stage is repeated for three different number of layers over the skin and the
spar-web, namely nl = 4,8,12 independent layers. The stacking sequence
is [£91,...,£91)s and each © varies with a quadratic NURBS according to
eq.(6.17). The solution of the optimisation problem of stage 2 is performed using
GCMMA using as a starting point a quasi-isotropic straight fibre laminate. Table
6.24 collects the results from stage 2. The target results of stage 1 are compared
with those obtained with the retrieved layups. The results with 12 independent
layers give, as expected, the best correspondence in terms of maximum and
average nonlinear displacement and in terms of buckling loads for both case 1
and 2. Also the results obtained with 8 layers closely match those of lamination
parameters, while some differences can be observed with 4 independent layers.
The distribution of fibre orientations over the skin is reported in Fig.6.76 for case
1 and in Fig.6.77 for case 2.
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Figure 6.68: Wingbox: equilibrium path for different iterations of GCMMA relatively to
case 1 (left) and case 2 (right).
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Figure 6.69: Wingbox: equilibrium path for the baseline structure QI, linear fiber varia-
tion LV, optimum lamination parameters LP (case 1 and 2). Displacement
Upy versus load control parameter A.
Table 6.24: Wingbox: results of the optimisation from stage 2. The match value is (1— €)%
and express the average correspondence between the lamination parameters
obtained from fibre orientations and the optimal lamination parameters
found in stage 1.
case 1 case 2
case Upb Dy A1 Ao match u uKu A1 Ao match
LP 0.5815  1.6408 2576  2.6317 - 0.7574 0.6441 2.5907  2.6418 -
4layers  0.9262  1.7637 24551 24958 98.21 % 1.1815 0.7902 24453 2.4904 98.59 %
8layers o.y700 1.7468 2.5088 25625 99.87 % 0.7995 0.6804 2.5472 2.5949  99.56%
12 layers  0.5829 1.6143 25734 2.6286 99.98 % 0.7517 0.6629 25854 2.6361 99.91 %
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v Py
. . —1
vy vy

Figure 6.70: Wingbox: optimal distribution of lamination parameters over the domain
for case 1.
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vy w7
Figure 6.71: Wingbox: optimal distribution of lamination parameters over the domain
for case 2.
A1 = 2.5760 Ay =2.6317

Figure 6.72: Wingbox: buckling modes for case 1.
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b b

A1 = 25907 Ar =2.6418

Figure 6.73: Wingbox: buckling modes for case 2.

i

case 1 case 2
Figure 6.74: Wingbox: nonlinear component of the displacement d[A4] — Aqd at design
load for the baseline and optimised structures. We remind that upp =
lldAa] —Aqdlloo-

Q

case 1

———-case2 | -

pb

Figure 6.75: Wingbox: equilibrium path in terms of w,y, (left) and @, (right) for the
baseline structure and the optimised solutions in case 1 and case 2.
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Figure 6.76: Wingbox: fibre orientations on the skin obtained from the second optimisa-
tion level of case 1 for the stacking sequence [£91, ..., +9g]s.
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Figure 6.77: Wingbox: fibre orientations on the skin obtained from the second optimisa-
tion level of case 2 for the stacking sequence [+91,...,+93]s.






CONCLUSIONS

In this thesis we have faced the topic of the optimal design of imperfection
sensitive composite shells. We have addressed the subject from different sides.
The main purpose has been to propose a numerical tool able to deal with
complex geometries and entangled postbuckling behaviour, accounting for
the imperfection sensitivity that represents a phenomenon that can drastically
deteriorate the structural performance of slender structures. In doing so, we
had to keep in mind the features of efficiency and flexibility required by the
approach in order that it can be used within optimisation strategies. Therefore,
we have devised a solid-shell isogeometric model for the geometrically nonlinear
analysis of elastic shells. It gives the chance to use a low number of variables
with respect to standard finite elements by exploiting the high continuity of
the NURBS interpolation functions. By using the solid-shell description, one
can employ only displacement degrees of freedom without making use of finite
rotations that complicates the treatment of geometrical nonlinearities in classical
shell models. Patch-wise reduced integrations, previously proposed in a linear-
elastic framework, have been successfully tested in the nonlinear context. Their
use has the double benefit of solving the problem of interpolation locking, that
reduces the performance of low-order NURBS especially when employed in
large displacement problems, and of reducing the number of integration points
thereby improving the overall efficiency. The resulting numerical formulation
performs well in classical shell obstacle courses when compared to state-of-art
tools.

Another aspect of paramount importance regards the algorithm used to solve
the geometrically nonlinear set of equilibrium equations. Beside the standard
arc-length method, we have investigated a reduced order model constructed
using Koiter’s method. The approach is an interesting alternative to path-
following strategies and is based on the reduction in the number of unknowns
by performing an asymptotic expansion of the equilibrium condition. In this
way, it is possible to obtain an accurate estimate of the initial postbuckling
response by reducing the number of variables from the degrees of freedom of the
isogeometric model to a few tens, namely the number of the significant buckling
modes. However, it has been shown in several works how nonlinear solution
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algorithms require a mixed formulation to guarantee robustness. Unfortunately,
due to the high continuity of the displacement interpolation, mixed formulations
that improve accuracy should be formulated at patch level, increasing the
number of global variables. On the other side, locking phenomena are already
eliminated by reduced integration, and we have obtained a satisfactory accuracy
using the displacement-based formulation. For this reason, we have adopted a
peculiar mixed format that considers as variables the stresses at the integration
points. This choice gives the same accuracy of displacement formulation and
allows us to easily eliminate the stresses by static condensation at the element
level, preserving its efficiency.

Koiter’s method has the additional advantage of allowing the effect of many
geometrical imperfections to be evaluated at the computational cost of a single
analysis. This is of primary importance because gives us the chance to detect
the worst-case imperfection, namely the imperfection shape that provides the
less safe result. However, the method available in literature is accurate only for
small imperfection amplitude and linear prebuckling. Therefore, a new formula
for accounting for the effect of geometrical imperfections in Koiter’s analysis has
been proposed. Numerical results have confirmed the efficacy of the proposed
procedure that allows to coherently consider the effect of imperfections up to
the second asymptotic order.

Finally, this work has focused on the postbuckling optimisation of variable
angle tow composite structures. To this end, two strategy have been proposed,
both using Koiter’s method to efficiently evaluate the postbuckling response
and account for the effect of imperfections. The first one is a random search
method based on Monte Carlo algorithm. The second one, that gives improved
performance when many layers are optimised, is based on lamination param-
eters. The isogeometric description used in the numerical model of the shell,
is also used to describe the stiffness variation over the structure, thereby re-
ducing the number of optimisation variables. The strategies have been applied
for optimising different shell structures, obtaining highly optimised solutions.
In particular, a variable angle tow composite wingbox has been successfully
optimised, confirming that the procedure is well-suited for designing full-scale
structures.
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