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Abstract

In this Ph.D thesis we study the following topics related to fixed point theory:

(A) Existence of solutions for integro-differential systems with or without im-
pulses.

(B) The optimal retraction problem and minimal displacement problem.
The contributions to the first topics appear in the following papers:

e G. Marino, P. Pietramala, L. Muglia, Impulsive neutral integrodifferential equa-
tions on unbounded intervals, Mediterr. J. Math. 1 1 (2004) 93-108

e G. Marino, P. Pietramala, L. Muglia, Impulsive neutral semilinear equations on
unbounded intervals, Nonlinear Funct. Anal. Appl. 9 4 (2004) 527-543

e G. Marino, V. Colao, L. Muglia, A note on weakly isotone maps and common so-
lutions for differential systems, Acta Math. Sin. (English series), 22 4 (2006)
1171-1174

The contribution to the second topics appear in the following paper:

e G. Goebel, G. Marino, L. Muglia, R. Volpe, The retraction constant and the min-
imal displacement characteristic of some Banach spaces, to appear in Nonlinear
Analysis TMA
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Introduction

To introduce fixed point theory usually one distinguishes two principal branches:
topological theory (TFPt) and metric theory (MFPt).

The first includes those topics which join topology and functional analysis (e.g.
those related to Leray-Schauder theory) while, MFPt, includes methods and results
that usually involve proprieties of an isometric nature.

In consequence of this we say that a set K has the topological fixed point proprieties
(TFPp) if, for any continuous function 7" from K into K, there exists x € K such that
Tx = .

On the other hand we’ll write of metric fixed point proprieties (MFPp) if metric type
conditions on the map imply the existence of fixed points.

Obviously there does not exist a clean separation for this branches because met-
ric type conditions are often used to prove theorems which are non-metric and vice-
versa.

In particular, in the second chapter of this thesis, we will point out that a well-
known theorem of TFPt leads a number of metric considerations on the existence of
lipschitzian retractions of the ball into the spheres.

This work is set up following a tree-scheme.

We have two chapters in which we present the topics related to the fixed point
theory that we studied during the Ph.D. time. Every chapter starts with an historical
hint joined with the presentation of objects, technics and results which involve the
topics.

The last section of any chapters contains the original results that we achieve
about some problem.

The first chapter concerns the application of fixed point theory to ordinary dif-
ferential equations (ODEs).

In particular we put our attention on specifies classes of equations: neutral dif-
ferential equations and impulsive differential equations.

We study these classes for two reasons. Firstly because this equations are proper
instruments to represent mathematical models of real phenomema like economics,
physics phenomena, engineering problem et al.. Secondly because there are not
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many results in literature especially about strong solutions and solutions defined
on unbounded intervals.

Our main results are two existence theorems for strong solutions of semilinear
neutral impulsive equations and integrodifferential neutral impulsive equations, in
both cases defined on unbounded intervals.

At the end of chapter 1 we insert as an appendix some results on common fixed
point theory and its applications to differential systems.

Like for ODEs, searching for common solutions of differential systems can be
interpreted as a search for common fixed points of opportune maps. Many au-
thors prove by metric type conditions, similar to “contractibility” hypotheses, fixed
points for condensing mapping.

In some cases these hypotheses have a consequence: the maps coincide on all of
their domain. In other cases the hypotheses seem too strong to obtain results.

Starting from a recent interesting result of Dhage, we prove that, having hy-
potheses on the Cauchy condition of the problems joined with the weak isotonie
hypothesis on the functions, gives exactly one common solution and we are able to
exhibit it.

In the second chapter, citing Goebel, we present some metric consequence of
topological fixed point theory. In particular we study the minimal displacement prob-
lem introduced by Goebel in 1973 and the optimal retraction problem which has its
roots in the famous Scottish Book, problem 36 given by S. Ulam.

In the first question Goebel, by the minimal displacement constant, measures
how lacks to a k—lipschitzian map to have fixed points. Later he defines the func-
tion px (k) to describe the sup-value of the displacements for any k—lipschitzian
map defined from X to X, and the function ¢ x (k) to describe the sup-value of the
displacements for any k—lipschitzian map defined from the ball B C X into itself.

For every Banach space it is known that ¢ x (k) < ox (k) < 1—¢. fix(k) = 1—1
we say the space extremal.

It is an open problem (except for extremal spaces) to find a closed formula for
Yx (k) or px (k) for any Banach space.

In the optimal retraction problem one asks what is the minimal lipschitzian con-
stant in a Banach space (that we denote by ky(X)) for which there exists a ko(X)-
lipschitzian retraction of the ball into the sphere.

For all Banach spaces (included extremal spaces) an exact value for ko(X) it is un-
known. However many authors have given some upper and lower bounds in sig-
nificant spaces.

Our contribution is on this second question. We prove that for every Banach
space with uniform norm that is “cut invariant” (for example BC(I) with I possibly
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unbounded, or the space of sequences convergent to zero ¢y et al.) we have kg (X) <
23.31. Moreover for the space of bounded functions vanishing in a point z € @ (Q a
connected metric space) we obtain ky(BC(Q)) < 12. In the end, following a result
of Annoni and Casini (ko(l;) < 8) we prove that ky(X) < 8 for the spaces L;[0, 1],
ACyp[0,1] and BV(0, 1] N Cp|0, 1].



Chapter 1

Fixed point theory and applications to the
differential equations

1.1 Preface

Drawing on Hale’s words, even if fixed point theory cannot be considered an es-
sential instrument for the development of the theory of ODEs, it is indeed a very
used tool.

Take the first order Cauchy problem:

s{to) = o1 (1.1.1)

{ ' = f(t,x), tedJ

where J C Ris an interval (possibly unbounded)and f : JxR" — R"™ is continuous.

The problem to search for existence results of differential equations like (1.1.1)
can be interpreted as to show that an opportune map S has fixed points.

Many authors observe (for example let’s cite Cecchi, Furi and Marini [20]), in
order to apply fixed point theory, one finds mainly two kinds of difficulties: i)
algebraic-type difficulties due to the necessity of finding appropriate a priori esti-
mates; ii) topological difficulties due to the fact that to apply fixed point theorems
one needs of a suitable topology in which S is, at least, continuous.

For example, if J is a compact interval, we can associate to (1.1.1), a continuous
and compact map S defined on the whole C(J, R") into itself. Hence we don’t face
topological problems.

However there are many interesting problems, especially those arising in ap-
plied sciences, where the above situation does not occur.

Some of most used fixed point theorems in the theory of ordinary differential
equations are roughly divided into two categories: the first based on “compactness”
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hypotheses, the second based on “contractibility”-type hypotheses !.
Of the following, theorem (1.1.1) and theorem (1.1.2) belong to the first class
while theorem (1.1.3) to the second.

Theorem 1.1.1 (Schauder (1930)) Compact convex subsets K of an infinite dimensional
Banach spaces X have the TFPp, i.e. every continuous mapping S : K — K has, at least,
a fixed point.

Proof. See [65] or [34] O

Theorem 1.1.2 (Schaefer (1955)) Let X be a normed linear space. Let S : X — X bea
completely continuous operator, that is, X is continuous and the image of any bounded set
is contained in a compact set. Let

¢(S) :={x e X :x=ASzforsome0 <\ < 1}.
Then either ((S) is unbounded or S has a fixed point.

Proof. See the original proof [63] or [65] O

Theorem 1.1.3 (Banach-Caccioppoli) Let (X,d) be a complete metric space and S :
X — X be a contraction. Then S has a unique fixed point xoy and S™(x) — ¢ for each
z e X.

In both theorems (1.1.1) and (1.1.2), the ability to characterize the relatively com-
pact subsets of the spaces considered, is needed.

Usually the spaces in which one searches for solutions for (1.1.1) are Cla,b],
BC(Q) the space of continuous and bounded functions on a topological space,
LP[a,b] (1 < p < o0), Sobolev’s spaces, Orlicz’s spaces, et al..

In the case of continuous functions, the well known Ascoli-Arzela theorem, to
characterize the relatively compact sets.

Theorem 1.1.4 (Ascoli-Arzela (1883-1885)) Let K C C'([a, b]) equicontinuous and to-
tally bounded. Then K is relatively compact.

However even if we find some compactness criteria on mentioned spaces, not
necessarily these criteria are sufficiently handle to be applied for our scopes.

In next section we focus our attention on some compactness criteria on the space
BC(Q). Later, we will examine results on particular classes of differential equations
like neutral differential equations and impulsive differential equations.

Our contribution to the topics will be an existence results for impulsive neutral
semilinear equations and integrodifferential equations.

ITFP theorems lies in the first class while, MFP theorems lies in the second.
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1.2 Compactness in BC(Q)

Let @ be a topological space and let BC(Q) be the space of bounded and continuous
real functions with domain @ endowed with the sup-norm.
To our knowledge the first compactness criterion on BC(Q) is due to Bartle [6].
The paper contains even a wider quantity of results in different Banach spaces
as in terms of compactness criteria as in terms of weakly-compactness criteria.
Firstly by definition of universal net > and by its proprieties, Bartle proves a com-
pactness criterion for the space C(K), with K" a compact space.

Theorem 1.2.1 [6] Let K be a compact topological space, let F' be a bouded set in C'(K),
and D be dense in K. Then the following statements are equivalent:

~

. Fis relatively compact in the topology of uniform convergence;

2. Given e > 0 there is a finite partition (A;)i=1,...n of K such that if x,y belong to the
same A;, then

[f(z) = fy)| <e, feF;
3. F is equicontinuous on K;

4. If Fy is a denumerable subset of F', xy € K and (x,) is a sequence in D for which
f(zn) — f(zo), f € Fo, then the convergence is uniform on Fy;

5. From every sequence in I one can extract a subsequence which converges uniformly
on K.

Afterwards, denoting with 3(Q) the Stone-Cech compactification of Q 3, the au-
thor observes that the same ) can be mapped on a dense subset of the compact
space 3(Q) and this mapping is continuous and open. Therefore, the spaces BC(Q)
and C(6(Q)) are isometrically isomorphic and the following holds

Theorem 1.2.2 [6] The following statements are equivalent for a bounded subset F' C
BC(Q):

1. F is relatively compact;
2. Fis equicontinuous on Q);

3. If Fy is a denumerable subset of F' and (q,,) is a sequence in Q) for which (f(qn))neN
converges for each f € Fy, then the convergence is uniform on Fy;

?For details see J. K. Kelley, Convergence in topology, Duke Math. J. 17 (1950) 277-283
*See M. H. Stone, On the compactification of topological space, Ann. Soc. Polon. de Math. 21 (1948)
153-160
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4. For any positive ¢ there is a partition QQ = Uj_; A; such that if ¢',q" belong to the
same A; then

1f(d) = f(d")] <&, VfeF

This theorem represents the state of the art until 2002 when De Pascale, Lewicki
and Marino in [24] proved a more handle compactness criteria for the space BC(Q),
for BC(Q,R™) and for operators mapping BC(Q, R™) onto itself.

Theorem 1.2.3 [24] Let F be a bounded subset of BC(Q). Let ¢1, ..., ¢r be k bounded
functions for which

k
£ = FS] < D_105(t) — 65(s)], (12.)
j=1
forall f € Fandt,s € Q. Then F is relatively compact in BC(Q).

Remark 1.2.4 In roughly terms, theorem (1.2.3) states that if it is possible to control the
oscillations for all functions of a bounded set F' by a finite number of bounded functions
(not necessarily continuous) then the closure of F' is compact.

The authors of [24] ask the following question: supposing that F' satisfies the
hypothesis of theorem (1.2.3) and said k& the number of “control” functions, may
(k — 1) functions be enough too?

De Pascale et al. give only a partial answer; they state that if the “control” func-
tions ¢; are continuous the answer is negative.

Example 1.2.5 [24]

Let us consider the functions f(t) = =

—
The set ' = {f, g} is clearly compact. Suppose that there exists a continuous and

and g(t) = sint on the straight line [0, +00).

bounded function ¢ that bounds the oscillation of f and g, this function must be nec-
essarily injective.

Since the set A = sin™"' [0, £ is an infinite union of separated intervals with Lebesgue’s
measure greater or equal to & then our function ¢ will be necessarily unbounded.

The next theorems are the R"-version of theorem (1.2.3). The usual R”—norm
will be indicate also with | - |.

Theorem 1.2.6 [24] Let F C BC(Q,R"™) be a bounded set. Let ¢1,...,¢, : Q — R™ be
k bounded functions such that:

k
£ = F() < 105() — 05 (s),
j=1

fort,s € Qand f € F. Then F is relatively compact in BC(Q,R").
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To the end of paper [24] we find a compactness criterion for continuous nonlin-
ear operator defined on BC(Q,R™). This criterion appears very useful when one
searches solutions of differential equations by fixed point methods (for example by
means of Schauder theorem).

Theorem 1.2.7 [24] Let T : BC(Q,R"™) — BC(Q,R"™) be a continuous operator. Sup-
pose that for any bounded set ' C BC(Q,R"™), T'(F) is a bounded set and there exist k
bounded functions ¢, ..., ¢, : Q — R" such that:

k
(THE) = (TF) )] <D 10i() = ¢5(s)];
j=1

forallt,s € Qand forall f € F. Then T is a compact operator.

Remark 1.2.8 The meaning of theorem (1.2.7) is similar to theorem (1.2.3). To prove that
an operator is compact is enough to be able to control the oscillations of every function in
the image of a bounded set F by a finite number of bounded (not necessarily continuous)
functions ¢;.

Some other questions in [24]: can the boundedness of ¢; be dropped? Is the
“control” condition (1.2.1) necessary for the compactness? Does there exist a similar
condition that is also necessary?

The answer to the first question is negative and the authors give an example.

Example 1.2.9 [24]
Let us consider the sequence f,, : Rt — R* by

t=20
t telo,n]

t>n.

fn(t) =

=3 =

Any function of the set F' = (fy,)nen is an equilipschitzian mappings with constant equal
to 1 and so the condition (1.2.1) is satisfied when ¢(t) = t. However F' is not compact.

The answer to the second question is false and again in [24] we find an example.
We shall need of the following interesting combinatorial lemma:

Lemma 1.2.1 [24] Let ¢1,. .., ¢y be k bounded functions on [0,+00). Then for every
sufficient large p € N there exist two real number sy, s € [, u+1) such that |s; —sa| > %

k
1
43 |6i(s1) — &5 _
an 2 |p;(s1) — Pj(s2)| < Tog 1
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Example 1.2.10 ([24])
Let BC([0,00)) and F be a subset of BC([0, c0)) for which:

e Im(f) C0,2];

o foranyv € Nyv > 2,[f(t) — 1| < loéufortzy—land lf(t) — f(s)] < vt —s]
fort,s <wv—1

The set F', which is equilipschitzian on all bounded subset of [0, 400), is compact as in
the uniform convergence topology on compact subset of R, as in the sup —norm topology
(this last needed to prove).

If there exist ¢1, ..., ¢x bounded functions for which (1.2.1) holds, one can construct a
function g € F such that g does not satisfy (1.2.1) for s = sy and t = sy when in previous
lemma we choose (1 > 3 for any f € F. This is a contradiction.

Regarding the third question the authors show that:

Theorem 1.2.11 [24] Let ' C BC(Q) be a bounded set. Then F' is relatively compact if
and only if there exists a sequence of bounded functions (¢;)jen such that:

HOEFIOIESITOETAOI
j=1

fort,s € Q, f € F and the series is uniformly convergent.

Let us conclude this subsection mentioning that there are some generalizations
of the previous theorem.

In 2002, Caponetti, Lewicki and Trombetta in [17] introduce the parameter wq,
in the function space Lq %. This parameter measures the lack of equimeasurability
in a similar way as in condition (1.2.1) for evey f € L. Estimating the lack of com-
pactness of any subset A C L in terms of w., the authors are able to characterize
their totally boundedness.

Here we do not examine the general case but we restrict our attention on a par-
ticular situation.

Definition 1.2.12 [17] Let Q be a topological space, (M,d) a pseudometric space, 1o :
P(Q) — [0, +o0] a sub-measure defined by:

Neo(G) =0if G =0,
noo(G):+OOif G#@,

for details on this space see [67]
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and F = {f : Q@ — M}. Let po be the pseudo-metric on F defined by:

poo(frg) = sup{d(f(z),9(x)) : v € Q}
= inf{a>0:n{xeQ:d(f(x),9(x)) >a} <a}.

If A'is an algebra on P () we indicate with B(A,Q, M) = {f: fis A—simple}(F’p"o)
For any subset A in B, the parameter w,(A) can be written:

Woo(A) = inf { e>0:3(¢)jen C B
V€ AVEs €Q d(f(s), f() S+ Y dl6s(s), 65(1)) }-
j=1

where the series converges uniformly in © x Q.
Let us denote by BT'C/(2, M) the subspace of B containing all continuous func-
tions for which f(€) is totally bounded. The authors show that:

Theorem 1.2.13 [17] Let A C BTC(K, M) such that for any f € A, f(Q) C My with
M, relatively compact. Then A is totally bounded if and only if there exists a sequence (¢;)
in B such that:

d(f(t), f(s)) <D d(6;(t) — d;(s)),
j=1

foranyt,s € Q, f € Aand the series is uniformly convergent in 2 x 2.

It is natural to observe that if M = R then BTC(Q,R) = BC(Q2) and so the
previous generalize theorem (1.2.11) in [24].

1.3 Neutral and impulsive functional differential equations

To introduce the class of neutral functional differential equations and some related
results we need of well-known facts of semigroups theory and fixed point theory.

The existence results following in this chapter rely on Schaefer theorem (1.1.2).
We cite the definition in Hale and Verduyn Lunel:

Definition 1.3.1 [43] An equation that depend on past and present values but that involve
derivatives with delay as well as the function itself is called neutral functional differential
equation. This class of differential equations is expressed by:

i

dt
where x; is the function defined on [-r,0], r > 0, by x¢(7) = x(t + 7) and F,G are
appropriate functions.

[‘T(t) - F(t,l‘t)] = G(t7x(t)7wt)a

10
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Neutral differential equation theory has been extensively developed in litera-
ture. On this theory we recall Hale and Verduyn Lunel’s book [43] and the reference
therein, some papers of Dauer and Balachandran, Marino, Pietramala and Xu, and
Herndndez and Henriquez [44].

In some of these recent results, the authors obtained existence results for mild
solutions on closed intervals; in some others the authors investigate existence of
strong solutions on unbounded interval.

Definition 1.3.2 [59] Let X a Banach space. A one parameter family T'(t), 0 <t < 400
of bounded linear operator from X into X is a semigroup if:

(i) T(0) = Id (the identity operator on X);
(ii) T(s+1t) =T(s)IL(t) forall t,s > 0.
Definition 1.3.3 [59] The linear operator A defined by:

e — li L)z —

1.3.1
i ———, (1.3.1)

on

T(t)x —
D(A) = {w € X :lim M)z -z exists} ,
tl0 t

is the infinitesimal generator of the semigroup and D(A) is its domain.

Definition 1.3.4 [59] Let X be a Banach space. A semigroup T'(t), 0 < t < 400, of
bounded linear operators on X is a strongly continuous semigroup of bounded linear oper-
ators (in the sequel Co-semigroup) if

ltiln(t)l T(t)x = =z, Vo e X. (1.3.2)

Example 1.3.5 [59]
Let X the Banach space of bounded uniformly continuous functions on R with the supre-
mum norm. For f € X we define:

(T(#)f)(s) = f(t+s).

It is very easy to verify (i) and (ii) of definition (1.3.2) and that T'(t) is a Cy-semigroup.
The infinitesimal generator for T'(t) is defined on D(A) = {f € X : 3f € X} and
(Af)(s) = f'(s) when f € D(A).

Definition 1.3.6 [59] A Cy—semigroup T'(t) is called compact for t > to, if for every
t > to, T(t) is a compact operator. T'(t) is called compact if it is compact for t > 0.

11
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Definition 1.3.7 [59] Let A = {z : 0 < argz < 03,01 < 0 < 02} and for z € A, let
T (z) be a bounded linerar operator. The family T'(z), z € A, is an analytic semigroup in A

(i) z — T(z) is analytic in A;
(ii) T(0) = I and ;ii]%T(z)x =z forall x € X;
(iii) T(z1 + z2) = T(21)T (#2) for z1, 22 € A.

A semigroup T'(t) will be called analytic if it is analytic in some sector A containing the
nonnegative real axis.

Afterward denoting with X a Banach space we restrict our considerations on
the neutral integrodifferential equations:

d

a[:n(t) —g(t,xy)] = Azx(t) + f (t,:nt,/o h(t,s,azs)ds> , te0,b] :=J

x’[—r,O] =¢
(1.3.3)

where A is the infinitesimal generator of a Cy—semigroup in a Banach space X, h :
IxIxC([-rb],X) =X, f: IxC([-rb,X)xX — Xand g: JxC([-r,b],X) —
X are continuous functions.

All proofs in this thesis use fixed point methods; for the reader’s convenience
we summarize the steps of the method in the next sequential scheme:

0. To define a nonlinear operator S;

1. To show that the fixed point of S are solution of the problem;
2. To prove that S is a continuous operator;

3. To prove that S is a compact operator;

4. To verify the Schaefer’s alternative.

Dauer and Balachandran in [23] prove an existence theorem for mild solutions
of (1.3.3) and they apply it to prove the existence of solution for partial integrodif-
ferential equations. They conclude with an application of the main theorem to the
controllability problems for neutral systems.

12
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Let us consider the integral equations:

z(t) = T(t)[p(0) — g(0,¢)] + g(t, x1) + /0 AT(t — s)g(s, x5)ds (134

—i—/OtT(t —s)f <s,w8,/08 h(s,T, (L'T)dT> ds te[0,b] =J.

Definition 1.3.8 [23] A function x : [—r,b] — X, b > 0, is called mild solution of (1.3.3)
if x|y 0] = ¢, 7|0 15 continuous, and for each 0 < t < b the function AT (t — s)g(s, xs),
s € [0, 1), is integrable, and if the integral equation (1.3.4) is satisfies.

Let us assume the following;:

(i) A is the infinitesimal generator of a compact semigroup 7'(¢) in X such that

‘T(t)‘ < M (Ml > 1) and ‘AT(t)‘ < M> (M2 > 0)
(ii) Foreach (t,s) € J x J, the function h(t, s, -) : C(|—r,b], X) — X is continuous
and for each = € C' the function h(-,-,y) : J x J — X is strongly measurable.

(iii) Foreacht € J the function f(t,-,-) : C([-r,b], X)x X — X is continuous, and
for each (x,y) € C([—r,b], X) x X the function f(-,z,y) : J — X is strongly
measurable.

(iv) For every positive integer k there exists ay, € L*(0, b) such that

sup |f(t,z,y)| < ap(t), te Jae..
2],y <k

(v) The function g : J x C — X is completely continuous and, for any bounded
set Q in C([—r,b],X), the set {t — g(t,z;) : = € Q} is equicontinuous in
C([0, 6], X).

(vi) There exist constants ¢; < 1 and ¢o > 0 such that

lg(t, @)| < cillo|| + c2, teJ,¢peC.

(vii) There exists an integrable function m : [0,b] — [0,00) and a constant o > 0
such that

[h(t,s,z)| < am(s)Q((lx]),  0<s<t<b xeC([-rb],X),

where Q[0, 00) — (0, 00) is a continuous nondecreasing function.

13
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(viii) There exists an integrable function p : [0,b] — [0, c0) such that
[f @z y) <pOQ([zll +[y),  0<t<bzeC([-rb],X)yeX,
where  : [0,00) — (0, 00) is a continuous nondecreasing function.

(ix)

/obm(s)ds <[ sram T

where ¢ = [M1((1+ c1)||@]| + c2) + c2 + Macob] and

m(t) = max {@ Mup(t) am(t)} .

1-— C1 ’ 1-— C1
In [23] the authors proved that:

Theorem 1.3.9 [23] If the assumption (i) — (ix) are satisfies, then the problem (1.3.3) has
a mild solution on [-1,b].

Example 1.3.10 [23] Consider the partial integrodifferential equation:

9 e 0) ~ plt, 2, — 1)
82

- 8—yzz(y’t) +q (t, 2(y, (t —1)), /Ot k(t,s, z(y,s — r))ds),

with y € [0, 7], t € [0,b] and

(1.3.5)

where ¢ is continuous, p, q, k are continuous and satisfy certain smoothness conditions.

Let g(t, wt)(y) = p(t, w(t_y))/ h(t, s, ws)(y) = k(tv S, w(s_y)) and f(tv W, U)(y) =
q(t,w(t —y),v(y)) when y € [0,7].

Let X = L?[0, ] and define A : X — X by Aw = w" with domain D(A) = {w €
X :w,w are absolutely continuous,w” € X, w(0) = w(w) = 0}.

Then -

Aw:Zn2<w,wn>wn w € D(A),
n=1

where wy, (y) = /2/7sin(ny), n € N is the orthogonal set of eigenvectors of A.

One can verify that A is the infinitesimal generator of an analytic semigroup T'(t),t > 0
given by:

[e.e]
T(t)w = Z et < w,wy > wy
n=1

14
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Since every analytic semigroup T(t) is compact, there exist a constant N > 1 and N1 > 0
such that |T'(t)] < N and |AT(t)] < Ni. The function p : [0,b] x [0,7] — [0,7] is
completely continuous and uniformly bounded so there exists a constant ny > 0 for which
Ip(t, w(t —y)| < m.

The functions k : [0,b] x [0,b] x [0,7] and q : [0,b] x [0, 7] x [0, 7] are measurable
and there exist two integrable functions ly,ly : [0,b] — [0,00) and a constant ny > 0
such that ||k(t, s, w)|| < adi(s)Qo([wl]) and [[q(t, v, w)|| < L®Qv]| + [jw]]) where
Qo, [0, 00) — (0, 00) are continuous and nondecreasing, and

/obﬁ(s)ds <[ ronTew

where ¢ = N (||¢]] +n1) + n1 + Nnyband n(t) = max{Nla(t), nal1(t)}.
Since all the conditions of theorem (1.3.9) are satisfies, the equation (1.3.5) has a mild

solution on [—r,b).

Marino, Pietramala and Xu in [52] extend the previous results in a more general
setting. First of all they consider an operator A(t) time-dependent. Moreover they
search for strong solutions defined on unbounded interval. This solutions belongs
to BC[—r, 00).

Marino et al. consider the problem:

d t
_[‘T(t) - g(t7 Z't)] = A(t)fl'(t) + f t7 Tt, h(t7 S, ws)ds ) t 2 0
at < /0 > (1.3.6)

Lx = H(x)

where L is a bounded linear operator and H is a continuous bounded (in general
nonlinear) operator.

The initial conditions considered in (1.3.6) permit to consider a large type of
equations, for example boundary conditions, Cauchy problems (and so (1.3.2)),
limit problems.

Let Ais the algebra of real n xn matrices M withnorm |M|=sup { |My|: |y| = 1}.

The following lemma in Conti [22] permits to characterize the solutions of a
linear homogeneous differential system and the evolution operator E(t, s) of A(t).

Lemma 1.3.11 Let A : [0,+00) — A, t — A(t) be a bounded, integrable, continuous
function. Then:

(i) The linear homogeneous differential system

y=At)y, t>0, (1.3.7)
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is uniformly stable; i.e., any solution of (1.3.7) is in BC([0,+o00); R™) and is uni-
formly stable.

(ii) There exists a fundamental matrix X (t) of solutions of (1.3.7) such that:

X)X (s)]| < Mo, 0<s<t< +oo, (1.3.8)

for some constant My > 0 and E(t,s) := X (t)X 1(s) is the evolution operator of
A(t). One has:

t
E(t,s) = I—I—/ A(T)E(T,s)dr, (1.3.9)
E(t,t) =1, E(t,s)E(s,r) = E(t,r), t,s,r €[0,+00) (1.3.10)
%—f = A(t)E(t, s), %—f = —FE(t,s)A(s), ae.t,s € [0,+00) (1.3.11)

The main theorem contained in [52] states that:
Theorem 1.3.12 Assume that the following hypotheses hold:

(h1) A :[0,4+00) — A, t — A(t), is a bounded (|A(t)|| < M, ¥t > 0), integrable
continuous function for which

(i) there exists a continuous nondecreasing function ; : [0, +00) — [0, +00) such
that

/0 XL(s)A(8)g(5, ys)ds| < 1 (lylloo)

(ii) there exists a continuous nondecreasing function s : [0, +00) — [0, +00) such

that . .
/ X Hs)f <37ys,/ h(377',u—r)d7'> ds
0 0

(h2) g :]0,+00) x C([-r,0),R™) — R™ is a continuous function such that:

< 2([[9lloo)-

(i) g(t,yy) := Gy(t) is a differentiable function for any y € BC([—r, +00),R");
(i) 1g(t,¥)| < c1]|¥||oo + c2 with ¢ < 1;

(iii) [|Gy(t) — Go(t)||loo < Gllz — ylloo for a certain constant G > 0 and for all
z,y € BC([—r,+00),R");

(iv) for all j there exists G; : [0, +00) — [0, +00) a bounded function such that:
Gy (t1) — Gy(t2)] < |Gj(t1) — Gj(ta)l, Vi, t2 >0, [[yllee <.

(hs) f:1]0,400) x C([—r,0],R™) x R™ — R™ is a continuous function such that:

16
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(i) there exists an integrable function p : Rt — R and a continuous nondecreas-
ing function €2 : [0,400) — [0, 4+o00) for which:

[f &2, y)| <p@OQU|[2lloo + ly]), ¢ >0,2 € C([=r,0],R"),y € R";

(ii) for every positive integer j there exists an integrable function o : [0,400) —
[0, 4+00) such that:

sup  |f(t,z,y)| <o (t), t>0ae.
o0y <

(ha) h:[0,400) x [0,400) x C([—r,0],R™) — R™ is a continuous function such that:

(i) there exist an integrable function m : [0,+o00) — [0,+00) and a continuous
function Qg : [0, +00) =— [0, +00) for which:

|h(t; s, )] <m(s)Q(l|z]eo), 0<s <t <00,z € C([-r,0],R");

(ii)

o ds
/0 SO L)

(hs) L: BC([-r,+00),R") — C([—r,0],R"™) is a bounded linear operator such that:

@ ||LI| < 1;
(ii) If u,v € BO([—7,+00), R") are such that u|_,. o) = v|[_yq) then Lu = Lv.

(h¢) H : BC(]—r,+00),R™) — C([—r,0],R™) is a continuous operator such that
[Hulloo < Ms,
for a certain constant Mz > 1.

(h7) There exists a linear continuous operator K : R" — KerD, where D = % — A(t)
such that:

(i) (Kv)(0) = v forallv € R

(ii) for every positive integer j there exists a bounded function V; : [0,+00) —
[0, +00) for which:

[(E(H (9))(0))(t1) = (K(H(y))(0)) ()| < [V;(t1) = Vi(ta)l,

forally € BC([—r,00),R"™) and t1,ta > 0;
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(iii) define K : C([—r,0],R") — BC([—r, +0o0],R™) by:

u(t) —r<t<0

()] = {(ffw(o»)(t) 10

(Note that K is a bounded linear operator). We suppose that
H(u) = LKH(u), Vu € BC([—r,00),R").
Then the problem (1.3.6) has at least one solution.

Proof.[Hint] To apply Schaefer theorem and so to prove theorem (1.3.12), Marino et
al. follow the scheme in page 12:

0. The authors define a selfmapping nonlinear operator S on BC([—r, c0), R").
1. Marino et al. show that the fixed points of S are solutions for (1.3.6).
2. They prove that S is a continuous operator.

3. To prove that S is compact, the authors use the compactness criterion (1.2.7)
showing that it is possible to control the oscillations of the image of S by a
finite number of bounded functions.

4. Marino et al. verify the Schaefer’s alternative following [23].

O

Let us conclude this section introducing another class of differential equations
that find remarkable applications in physics and engineering problems: the impul-
sive differential equations.

The interest in systems with discontinuous trajectories have grown in recent
years because of the needs of modern technology where impulsive automatic con-
trol systems are intensively developing, broadening the scope of their applications
in technical problems, heterogeneous by their physical nature and functional pur-
pose.

The possibility of wide practical applications of impulsive differential equations
(suitable source of mathematical models to simulate processes of this type) have
become a very active area of research. We refer to the monographs by Bainov and
Simeonov [3] and Samoilenko and Perestyuk [62] where extensive bibliographies
are given.

To the best of our knowledge, we should note that, in spite of large number of
investigations of impulsive differential equations, no many existence results have
so far been established to solve the general problem.

18
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In particular Benchohra, Henderson ad Ntouyas [7] recently obtain many results
for first order impulsive functional differential equation on finite intervals:

%[x(t) —g(t,xzy)] = A@®)x(t) + f(t,my), te]0,0],t#tp,k=1,...,1

Azli=y, = Ie(2(ty)),  k=1....1 (1.3.12)

‘T‘[—r,O} = ¢

and for second order impulsive neutral differential equation:
d

E[:El(t) - g(t7$t)] = A(t)ﬂj‘(t) + f(tvl't)v te [07 b]vt 7£ s k= 17 cee 7l

Axli—y, = Ii(x(t})), k=1...,1

A=, = Ii(2(t})), k=1...,1

z|—rg = ¢ and y'(0) =7
(1.3.13)

always by fixed point methods.
To define the concept of mild solution for (1.3.12) let us consider the following

space:
Q= {y D [=r b — Xty € C([tk, tesa), X), k=0,...,1,
YD) yt) =yt k= 1o g = 0],
which is a Banach space with the norm:
lylle = max {[|yell, by b =1, 1}

Definition 1.3.13 [7] A function y € C([—r,b],X) is a mild solution for (1.3.12) if
Yl—ro) = & Ayli=t, = L(y(t;)), k = 1...,1, the function AT(t — s)g(s,ys) is in-
tegrable for any s € [0,t) and

t

y(t) = T(H[H0) — (0, 8)] + alt.ur) + /O AT (t — 5)g(s, yo)ds

—i—/o T(t—s)f(s,ys)ds + Z Ly(ty))  tel0,b

0<tp<t

(1.3.14)
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Theorem 1.3.14 [7] Supposing the following hypotheses:

(H1) A is the infinitesimal generator for compact semigroup of bounded operators T'(t) in
X such that:

T(t)] < My, for some M; > 1
|AT(t)| < M, and My >0t € [0,b].

(H2) There exist constant 0 < ¢; < 1 and co > 0 such that |g(t,u)| < ci||u|| + c2,
t € [0,b] and w € C([—r,0], X).
(H3) There exist constants dy, such that |I,(y)| < dg, k=1,...,1l foranyy € X.

(H4) |f(t,u)| < p(t)o(||u||) for almost all t € [0,b] and all w € C([—r,0], X) where
p € L1([0,b],RT) and ¢ : Rt — (0, 4+00) is continuous and increasing with:

/Obm(s)ds < /COO %;(T),

where

l

1
c=—— {Ml(”qu + ClH¢” +(22) + coMsob + co + de} ,

k=1
and

m(t) = é{qu,Mlp(t)}-

(H5) The function g is completely continuous and for any bounded set D C € the set
{t — g(t,y:) : y € D} is equicontinuous in Q.

Then (1.3.12) has at least one mild solution on [—r, b].

In a similar way Benchohra et al. obtain an existence theorem for second order
impulsive differential equation.
Let us consider the problem (1.3.13).

Definition 1.3.15 [40] We say that a family {C(t) : t € R} of bounded operator is a
strongly continuous cosine family if:

1. C(0) = Id, i.e the identity operator;
2.C(t+s)+C(t—s)=2C(t)C(s) forallt,s € R;

3. the map t — C(t)y is strongly continuous for each y € X.
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The strongly continuous sine family {S(t) : t € R} associated to the given strongly con-
tinuous cosine family is defined by:

t
S(t)y:/ C(s)yds, ye X,teR.
0

The infinitesimal generator A : X — X of a cosine family is defined by:

d2

Ay = —C(t
y= 20y

=0
Definition 1.3.16 [7] A function y € C([—r,b],X) is a mild solution for (1.3.13) if

Yiro = ¢ ¥ (0) = 0, Aylimy, = Lu(y(tp)), k = 1.0 Ay'lime, = Li(y(ty)),
k=1...,land:

y(t) = C(1)6(0) + S(1)n — (0, 6)] + /0 Ot — 5)g(s, s)ds
+ [ St -9uts + T e+ - L) e Db

O<tp<t

(1.3.15)

It is not difficult to verify that (1.3.13) has solution in 2 if and only if y is solution
of (1.3.15).
Thus we conclude with the following existence theorem:

Theorem 1.3.17 Assume that:

(A1) Ais the infinitesimal generator of a strongly continuous cosine family C(t) of bounded
linear operators on X.

(A2) There exist constant ¢y and cy such that |f(t,u)| < ci||ul] + e, t € [0,b] and
u e C([-r0], X).

(A3) There exist constants dy, dy, such that |I;;(y)| < di, |Ix(y)| < dy, k = 1,...,1 for
any y € X.

(A4) |f(t,u)] < pt)Y(||ul|) for almost all t € [0,b] and all w € C([—r,0], X) where
p € L1([0,b],R") and ¢ : Rt — (0, +00) is continuous and increasing with:

/Obm(s)ds < /COO %;(T),

where

l

1 _

=14 {Mllﬂ)\l + Mblln| + e1||l| + c] + Meab+ Y [di + (b—tk)dk]},
k=1

21



1.4. CONTRIBUTIONS TO THE PROBLEM

with M = sup{|C(t)| : t € R} and

m(t) = max{Mey, Mp(t)}.

(A5) The function g is completely continuous and for any bounded set D C C([—r,0], X)
the set {t — g(t,y:) : y € D} is equicontinuous in C([0, b], X).

(A6) C(t),t € Ris completely continuous.

Then the problem (1.3.13) has al least one solution on [—r, b].

1.4 Contributions to the problem

1.4.1 Introduction and notations

To conclude this chapter we present our contributions to the topics of neutral im-
pulsive differential equation. This contributions consists in two existence theorems
respectively to semilinear equation and integrodifferential equation.

Both improve the results obtained by Benchohra, Henderson and Ntouyas in [7]
since the operator A is time-dependent, our solutions are strong solutions and these
solutions are defined on a infinite intervals.

Since the methods used to obtain these results are similar we prefer only to
present the most general situation: the integro-differential equation.

Thus, we are concerned with the existence of strong solutions of nonlinear inte-
grodifferential equations with impulsive effects of the form:

d [z(t) — g(t,z)] = A(t)x(t) + f(t,xt,/o h(t,s,ws)ds), t €10,400),

dt
t#t, k=1,...,1 (1.4.1)
(™) —x(ty ™) = I(z(t 7)), k=1,...,1
with the boundary condition:
Lz = H(x). (1.4.2)

In literature the previous boundary condition are often a Cauchy condition of
the form zy = ¢ with ¢ fixed.
The following notations will be used throughout the remainder of this section:

e R" is the space of real n-vectors y with norm |y| (not necessarily the Euclidean
norm);

e Ais the algebra of real n x n matrices M with norm |M|=sup { |[My|: |y| = 1};
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t — A(t) is a function from [0, +00) into A;
0 <t; <...<t are given points in (0, +00);
@ denotes the subset of R, Q = [—7,00) \ {t1,...,1};

if y is a function defined on [—r, +00) into R™, y(¢; ) and y(¢;") denote the left
and right limits of y at ¢ = ¢}, respectively;

BC(X,R"™) is the Banach space of all continuous bounded functions y from a
topological space X into R", endowed with the norm ||y||o := sup{|y(t)|, t €
X}

(2 is the space of all bounded functions y : [—7,00) — R" such that y is con-
tinuouson all t # t, k =1,...1, y(t{) and y(t; ) exist and y(t; ) = y(tx) for
k=1,...,1. Qis a Banach space endowed with the norm || - ||oo;

A denotes the space of all functions y : [—r,0] — R such that y is continuous
everywhere except at a finite number of points, y(Z ") and y(Z~) exist for all
t € [-r,0land y(t ) = y(t). A is a normed space endowed with the norm

” ' HOO/

for any function y € Q and any ¢ > 0, y; denotes the function in A defined by
y(0) :==y(t+0),0 -0

B(X) is the Banach space of all bounded linear operators 7" on the Banach
space X with norm ||T'|| := sup{||Tz|, = € X, |z| = 1}.

1.4.2 Preliminaries

The following lemma together with Schaefer theorem and lemma (1.3.11) will be
crucial in the proof of the main result of this section.

Lemma 1.4.1 Let T : Q — 2 be a continuous operator. Suppose that for any bounded
set F' C Q, T(F) is a bounded set and there exist v bounded functions p; : Q@ — R™,
j=1,2,... ,vsuchthat, forallt,s € [—r,+o00) and forall y € F

(Ty) (1) — (Ty)(s)] <D lei(t) — @5(s)]-
j=1

Then T is a completely continuous operator.

Proof. The Banach space €2 is isometric to the Banach space:
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Q = {y € BC(Q,R™): there exist y(t)and y(t;,) forallk = 1,...,1}.

Of course Q is closed in BC (Q,R™). So the thesis follows by proposition 4 in [24].
O
From (1.3.9) in lemma (1.3.11) follows that the solution y of (1.3.7) such that
y(0) = vis y(t) = E(t,0)v, t > 0. Of course, the operator E(-,0) : R" — ker(D),
where D = 4 — A(t), defined by
(E(0)v)(t) = E(t,0)v

is a linear continuous compact operator.
In the sequel we denote by E : C([—r,0); R") — BC([—r,+00); R") the linear
continuous operator defined by

1.4.3 Main result

Let us consider the problem: find « € 2 such that:
i l2(t) = gt 2)] = A@©)2(t) + f(t w0, Jy hit, 5, 2,)ds),

>0, t#£t, k=1,...,1
(1.4.3)

Theorem 1.4.2 Assume that the following hypotheses hold:

(h1) ¢ :]0,+00) x A — R™ is a continuous function such that:

(i) g(t,y;) is a differentiable function with respect to variable t for any y € Q and
t£t,. ..t

24



1.4. CONTRIBUTIONS TO THE PROBLEM

(ii) There exist two constants ¢y, co, with ¢; < 1, such that:

l9(t,¥)| < er||Y]loo + ca-

(iii) |g(t,yt) — 9(t,x¢)| < Gllz — ylloo for a certain constant G > 0 and for all
x,y € Q,t€l0,+00).

(iv) Vj e NI G : [0, +00) — [0, +00) a bounded continuous function such that:

l9(s1,Ys1) — 9(52,ys,)| < [G(51) — Gj(s2)],

\V/Sl,SQ 2 0 and ||yHoo § j

(ha) f :]0,400) x A x R™ — R™ is a continuous function such that there exist a con-
tinuous integrable function p : [0, 4+00) — [0, 4+00) and a continuous nondecreasing
function W : [0, +00) — [1,400) for which

[f (2, 9)] <p(O)¥(zlleo +lyl), t =0, z € A, y € R™.

(hs) h:[0,400] x [0,+00) x A — R™ is a continuous function such that:

(i) there exist a continuous function « : [0,4+00] — [0,+00) and a continuous
nondecreasing function Wy : [0, +00) — [0, 400) for which

|h(t,s,z)] < a(s)Po(||zlec), 0 < s <t < 400, x€A

(ii)

& ds
/0 s+ U(s)+ Ty(s) = oo

(ha) A:]0,400) — A, t — A(t) is a bounded (|| A(t)|| < M, Vt > 0) integrable con-
tinuous function for which:

(i) there exists a continuous nondecreasing function v : [0, +00) — [0, +00) such
that

‘/otX_l(S)A(S)g(s,ys)dS(é T (llloo);

(ii) there exists a continuous nondecreasing function s : [0, +00) — [0, +00) such
that

‘/0 X £ (5, Ysr [h(s, 7, yT)dT)dS‘ < 72(llylloo)-
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(hs) L :Q — C([-r,0],R"™) is a bounded linear operator for which if u,v € § are such
that u][_r,o] = v\[_no} then Lu = Lv.

H:Q — C([—r,0];R™) is a continuous compact operator such that
[1H (u)|[oc < Ms,
for a certain constant Mz and H(u) = (LEH)(u)for u € €.

(he) The functions I, : R™ — R"™, k = 1,...,lare continuous and bounded, |I,(v)| < D,
Vk=1,...,[,VveR"

Then the problem (1.4.1) has at least one solution.

To prove Theorem (1.4.2), first we suitably extend to [—r, 0] the functions useful
for us, putting, for u €

g(t7ut) t 2 0
g(t7ut) =
g(0,ug) —r<t<0

E(t,0)g(0,up) t>0
E(t,O)g(O,UQ) =
9(0,up) —r<t<0

and define, for u € ),

fot E(t,s)f(s,us, [; h(s, T, ur)dr)ds t>0

0 —-r<t<0
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(Tu)(t) :=

0 —r<t<t

Lemma 1.4.3 For any u € Q let Su be the function defined by
Su= EH(u)+g(-,u) — E(-,0)g(0, ug) + wy + 24 + Tu.
Then Su € Qand (Su)(t;) — (Su)(ty ) = Ii(u(ty)).

Proof. We need to show that for k = 1,...,1, there exist (Su)(t;) and (Su)(t;) =

(Su)(tr).
First of all, EH (u) and E(-,0)g(0, uo) are continuous functions on [—r, +00), so:

(EH(u)(t]) = (EH(u)(t;) = (EH (u))(ty),

E(t),,0)9(0,u0) = E(t;;,0)9(0,u) = E(ty,0)g(0, up).

Besides:

B g(t,ur) = g, ug, ).

Indeed
lg(t,us) — g(te, ur,,)| < [G;(t) — Gj(te)| for j > J|ulloo

so the statement follows by (hq)(iv).

lim wy, (t) = wy(tg).
t—>tk
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Indeed
|wu wu(tk)|
ty
= ‘/ E(t,s)A(s)g(s,us)ds — E(tg,s)A(s)g(s,us)ds
0
< /uEts Bt ) - 1A - g5, us)lds
H[|W%ﬁWWM@WM&%W4
(by (ha4), (h1)(ii), lemma (1.3.11)(ii))
t
< Ml +e2) [ IEG5) - (e, 9)ds
0
+M1M2(61Hu”oo + Cg)‘tk — t’ — 0
fort — ty.
lim 2, (t) = 2y (tg).
t—>tk
Indeed
‘Zu Zu(tk)‘

IN

/ |E(t,s) — E(t, s)]| - ‘f(s,us,/os h(s,T, UT)dT)‘dS

+\/ IE(ts, ) H(f (5, s, f2 h(s,T,uT)dT)‘ds‘ (by (hs) and (h3) (i)
< /uEts Bt )| ¥(lulloo + [ a()Wo(ulloc)dr)p(s)ds
+M2\I/(Hu|loo v /OOO a(T)\yO(Hu”m)dT) (/:k p(s)ds‘ o 0fort — ¢,

and
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1.4. CONTRIBUTIONS TO THE PROBLEM

Indeed let t;,_1 <t < t3. Then:

[(Fu)(t) = (Tu) (1)
= Y Bt t)Lwt) = Y Bl t)L(ulty)
-1
< (by (h) < DY E(t1;) = Bt t;)]| — 0.
j=1

e

<
Il

Analogously one can see that:

k

(Tu)(t) = Bltr, tj)I(ulty)),

=1

in such a way that:

(Tu)(t) — (Tu)(ty) = Te(u(ty)).

Finally, by the previous steps, it follows that

(Su)(ty) — (Su)(ty) = Te(ulte))-

0

Proof of Theorem 3.1 . Consider the operator S : @ — Q defined in lemma (1.4.3).
We will show that the fixed points of S are solutions of problem (1.4.3) and that S is
a continuous compact operator for which the set ((.5) is bounded. This is sufficient,
by the Schaefer’s theorem, to conclude that S has fixed points.

STEP 1. The fixed points of S are solutions of problem (1.4.3).

Proof of Step 1. Let u € €. Then, by the linearity of L,

L(S(w) = L(EH(u))+ L(G(-u.)) — L(E(-,0)g(0,uo))
+L(wy) + L(zy) + L(Tw)

Now, since

Wyl [—r,0] = Zul[—r,0) = Tul[—rq =0,
g('v u-)|[—r,0} = E(v 0)9(07 u0)|[—7’,0] = 9(07 ’LL())

we obtain:
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1.4. CONTRIBUTIONS TO THE PROBLEM

L(Su) = L(EH (u)),

and (hs) yields
L(Su) = H(u). (1.4.4)

Moreover, lemma (1.4.3) ensures that
(Su)(tf) — (Su)(ty) = Teulty). (1.45)

Finally, fort > 0, and ¢t # t1,...,1%,

L (su)t) = AWYBHW))) + g(t,m) — AG)E(L, 0)9(0, u0)
FAW(t ) + AlWhwt) + 10w, [{h(15,0.)ds)
FAW) (1) + AW Tu)(0),
SO: d
a[(Su)(t) —g(t,ug)] = A(t)(Su)(t) + f(t,uy, fgh(t, S, Ug)ds). (1.4.6)

If z is a fixed point of S, z = Sz, (1.4.4), (1.4.5), (1.4.6) ensure that problem (1.4.3) is
solved by such a fixed point.

STEP 2. S is a continuous operator.

Proof of Step 2. Let {u,,} C Q be such that u,, L

ll-lloc

We show that Su,,, — Su. By definition of §, it is sufficient to show that:

E(H (un)) N B(H (), (14.7)

9, (um)) 5 g w), (148)
B(,0)g(0, (um)o) " F(-,0)g(0, uo), (149)
i 5, (1.4.10)

2, e (1.4.11)

Tu,, s 10, (1.4.12)

Now, (1.4.7) is an immediate consequence of the continuity of the operators E and
H.
To obtain (1.4.8), we note, by (h1)(éii), that

19(t, (um)t) = gt ue)| < Gllum — oo — 0.
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1.4. CONTRIBUTIONS TO THE PROBLEM

To obtain (1.4.9), we note that:

I£(-,0)9(0, (um)o) — E(+,0)g(0, uo) [loc = [|E(:,0)[g(0, (um )o) — 9(0,u0)]ll

< (by lemma (1.3.11)(i1)) < My - |g(0, (um)o) — 9(0,uo)| — 0 (by (h1)).
To obtain (1.4.10), using lemma (1.3.11) (ii) and (h;)(iii) we note that:

[Wu, — Wulloo = sup  |wy,, (t) —wyu(t)| = sup |wy,, (t) — wy(t)]
—r<t<oo 0<t<o0o

t
= || B9 a5 (a)e) = ot i
< MGl e [ A(S)lds — 0 Gy () i),
0
To obtain (1.4.11), we note first that by the continuity of f and & it follows that

Em(s) = f(s, (um)s,fosh(s,T, (Um))dT) — f(8,us, fosh(S,T, ur)dr) — 0,

pointwise. Moreover, since ||u,, — u|l« — 0, there exists j € N such that ||u,||co,
[ulloe < 3. So, by (h3)(),
[ s (wm)dde] < [ amWolunll)dr < wot) [ atrdn,
0 0 0

| /0 (s, ,ur)dr| < Wo(j) /0 " a(n)dr

Put:
= max{ i, [%(j) / a(T)dT] + 1}, (1.4.13)
0
where we use [r] to denote the integer part of a positive real number r. Then by (h2)
we see that:
n() < [£(ss e [ b m ) )ar) [+ [ (s, [ s, muc)ar )|
0 0

< 2p(s)¥(25")

i.e. the sequence {¢,, } converges pointwise to 0 and it is dominated by a summable
function. Hence, by lemma (1.3.11) (ii),

[ 2um — 2ulloc = sup |zu,, (t) — zu(t) = sup |zy,, (t) — zu(t)]
—r<t<oo 0<t<oo
t e’}
= || Btonis| <2t [T lenolas o
0 0 0
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1.4. CONTRIBUTIONS TO THE PROBLEM

by the dominated convergence theorem.
Finally, to obtain (1.4.12), we note that

[Tum — Tulls = sup |(Tum)(t) —

—r<t<oo

= sup |(Jupm)(t) —

t1<t<oo

(Lu)(t)]
(Lu)(?)]

= sup ‘ZEttk [k U, tk ZEttk [k ))‘

t1<t<oo et

IN

t1<t<oo to<t

l

IN

k=1

by (he)-

STEP 3. S is a compact operator.

sup 3Bt ) ik (um (1)) — Te(u(t))]|

My Y T (um () — Ti(u(t))] — 0,

Proof of Step 3 . LetT = S — EH. Since EH is a compact operator, it is enough

to prove that 7" is a compact operator. Let

Bj:{uGQ:

Jullso < J}-

Thanks to lemma (1.4.1), it is enough to show that 7'(B;) is bounded set and that

it is possible to control the oscillations of each function in 7'(
finite number of bounded functions. The boundedness of T'(

inequalities:

|§(t7ut)| < Clj + c2,

[E(t,0)9(0,u0)| < Ma(crj + c2),

wm%ngw+m/ 1 A(s)ds,
0
IMMSM/zMMﬁW
0

where ;' is defined in (1.4.13),

l

(by (hy)(ii))

(by (ha))

(by (he) and lemma(1.3.11)(ii))

Hulloo < Moy |[Ix(u(ty))] < MalD (by (hs))

k=1

Bj) by means of a
Bj) follows from the

To control the oscillations of T'(B;) we need to distinguish three cases: 0 < 71 < 7,

7'1<O<7'2and7'1<7'2§0.
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1.4. CONTRIBUTIONS TO THE PROBLEM

We consider here only the case 0 < 71 < 79, the others being simpler.
Let us assume 0 < 71 < 73 and u € B;. Then:

(T()(n) = C@)(m)| < glr,un) = gr2ur)
+ [[E(r1,0) — E(r2,0)lg(0, up)|
= | s = Bl DA s
s |7 B AGg(s.0)
" /oTl[E(Tlas)—E(T%S)]'

.f(s,us,fosh(s,T, ’U,T)dT)dS‘

T
/ E(Tg,S)f(s,us,fosh(S,T,uT)dT)dS‘
1

+ | — (Tu)n)|

Now:

l9(71,un) = g(72,un )| < [Gj(11) = Gj(r2)] (by (ha)(iv)),

[B(r1,0) = B(72,0)]9(0, w0)| < 1B(71,0) = E(m2,0)[(ex + ),

[ B8~ B sl AG)g(s,0)ds] < 1X(m) = X () ()
(by (14)(9)

[ B A, w)ds| < e+ e[ [ hac)las - [T jacsla],

[ 1B5) = B )1 o, [ e r)s| < () = X () )
(by (ha) i)

/:2 E(7,8)f (s, us, [y h(s,T, ’LLT)dT)dS‘ < MyW(2j5") [/OTQ p(s)ds

- /071 p(s)ds}.

To control the oscillations of |(Iu)(71) — (Iu)(72)|, we consider the following sub-
cases involving only the first point of jump:

33



1.4. CONTRIBUTIONS TO THE PROBLEM

1. 0 <71 < 79 < t;. In this case we have ([u)(m1) = ({u)(m2) = 0.

2. 0 <7 <t} < 7. Bylemma (1.3.11) and (hg) we obtain

(F)(m2) = Tu)(r)| = | D2 Bt ) Iu(u(t))| < D Y Mo,

1 <T2 1 <T2
3. 0 < t1 <71 <79 Then

[(Tu)(m) = (u)(r)| = | 32 Bl ) Iu(u(ti)

<71

— > E(re,ti) In(u ))‘

<72

< | (Bt - Bl ) (u(t)|

<71

+ Z E(7s, tk)fk(u(tk))‘

T1 <tk <72

IN

DZHE 1, tk) — E(72, k)|

o[ X e ¥ ]

<72 t<T1

So, if we define:

$1(t) = G;(t), ¢2(t) = (a1 +c2)E(t,0), ¢3(t) =n(5)X(P),

64(t) = Ma(erj + c2) /O JAS) s, és(t) = 120) X (8).

dg(t) = MaW(25") /Otp(s)ds, ¢7(t) = DE(t,t1), ¢s(t) = DE(t,t2),...

thk<tM2’ t>1
< bi6(t) = DE(t, 1), é1p7(t) =

0, t<t

we obtain that:

47

(Tu)(r1) = (Tu)(2)| <D |¢x(71) = ¢i(72)| forall u € B,
k=1
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1.4. CONTRIBUTIONS TO THE PROBLEM

in such a way that the thesis follows from lemma (1.4.1).

STEP 4. The set
C(S) ={ue:u=ASuforsome0 <\ <1}

is bounded.

Proof of Step 4 . This is based on the idea in [23].

First of all, if —r < t < 0, then (Su)(t) = (H(u))(t). So, by (hs) it follows that
|(Su)(t)| < Ms for each u € Q. Hence we only consider ¢ > 0. Let u(t) = A(Su)(t).
Thus:

[u(t)] = [M(Su)(®)] < |(Su)(t)] < [(EH (u))(®)] + |g(t, u)]

FIE(t,0)9(0, uo)| + ( /0 t E(t, s)A(s)g(s,us)dS‘

+] /0 Bt 5) (s, [h(s, ur)dr)ds| + | 3 Bt ) (u(tn)|

tp<t

But, [[uoloc = sup_,<p<p [u(f)| and |u(0)| = |A||(Su)(0)| < M3, so it follows that

lu(t)] < B[ Ms + c1||ugl|oo + c2 + Ma(er Mz + c2)

t
M / (e1lltslloo + e2)I|A(5)]ds
0
t
+M2/ D(8) ¥ ([[usllow + [ 0(r)To ([l o) dr)ds + MalD.
0
Hence forall t € [—r,4+00), we have:

[u(t)] < Ms + || E[Ms + c1flurlloc + 2 + Ma(erMs + c2)

t
My / (c1luslloo + c2)[[A(s) | ds
0

t
+M2/ ()W ([[uslloo + [ 0(r)To ([l oo)dr)ds + MalD. (14.14)
0
Consider the function y : [0, +00) — [0, 400) defined by

pu(t) := sup{lu(§)| : —r < ¢ <t}
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1.4. CONTRIBUTIONS TO THE PROBLEM

Observe that y is not necessarily continuous only in the points ¢, but u(t;) and
p(ty) = p(ty) exist, k =1,... L.
Then for ¢ € [—r,t] from (1.4.14) we have:

[u(€)] < My + | B[ M + e |lugloo + c2 + Ma(c1 M + c3)

13
M / (crlluslloo + e2)l|A(s) | ds
0

3
+M2/ ()W (Juslloo + [20(r) W0ty [lso)dr)ds + MalD. (1.4.15)
0
Now, note that for all n € [0, ¢]
[t lloo = _Sup lu(n+0)l = sup |u(§)| < sup |u(§)] = p(n)
<0 —r4+n<{<n —r<E<n

so, taking the sup_, <., in the inequality (1.4.15), we obtain:

(u(t) < Mz + || B|| M3 + crp(t) + ¢ + Ma(e1 Mz + c2)

t t
+c1M2/ HA(s)Hu(s)ds—i—CQMg/ 1A(s) |l ds
0 0

t
+M2/ )+ ool (7))dT)ds + MalD.
0

that implies

1

pt) < 71—

o |:M3 + HEHMg +co + Mg(clMg + Cg)

t e
+c1M2/ 1A(s)|l(s)ds + +cQM2/ 1A(s)1ds
0 0

+ My /0 t s) ) + Joal ))dT)ds+M2lD]

Denoting by v(t) the right-hand side of the last inequality, we have that v(¢) is a
continuous function,

1 ~
c:=v(0) = (_—01) (Mg 1B | Ms + c3 + My(cy Ms + c3)

+Macy / | A(s) ds + MoiD).
0

does not depend from u and p(t) < v(t) for t > 0.

Moreover, for t # t1,..., 1,
Mse M.
V() = TEEUOIAW] + T p OV + fals)To(n()ds)
Msey M2

< TR IAD] + T pOF() + fa(s)To(u(s)ds)
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1.4. CONTRIBUTIONS TO THE PROBLEM

Putting:
w(t) = v(t) + fya(s)To(v(s))ds,

we get, for the continuous function w,

and fort #£ t1,..., 1
W (8) = V(1) + Wo(v(t))alt)

< B2 A@) o (t) + T pOU (D) + a(t)Bo(wl(0).
Let now
£(t) = max{ T2 A) |, 700, (1)}

Then from the previous inequality we have
W(t) < EB)w(t) + U (w(t)) + Po(w(t))].
This implies that
w'(t)
w(t) + V(w(t)) + Yo(w(t))
and so, for any b > 0,

< &), tF .t

/b W (t) it < /bg(t)dt < /OO (t)dt =T < oo
0o wt)+¥(wt) +Yow(t)  ~ Jo —Jo ' '
Note that w'(t) is a continuous function for all ¢ # ¢4, ..., ;. So,

w(b) ds
/
e s+ U(s)+ Ty(s)
This, together with hypothesis (h3)(it), permits us to conclude that w(t) is bounded
by a constant I'y, say, depending on the functions ¥, ¥y, A, p and « only.
Summarizing, u € {(S) implies that ||ul/cc < [|tt]lco < [|V]loc < [|w]loo < To. O

Corollary 1.4.4 Suppose that (h1) — (hy) and (he) hold. Let ¢ € C([—r,0];R™). Then
the Cauchy problem:

%[ﬂj‘(t) - g(t7$t)] = A(t)ZL'(t) + f(tvl't) f(;t h(t7 S,ZL’S)dS),
t>0,t#t, k=1,...,1

oty ) —z(tr) = Ie(z(tr 7)), k=1,...,1

x’[—r,O] =0
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admits at least one solution in Q.
Proof of Corollary (1.4.4). If we define:

Lz := x|_, 0, x €,
H(x) := ¢, x €,

we see easily that (hs) is satisfied and therefore, the thesis follows from theorem
(1.4.2).

0

Remark 1.4.5 The previous corollary extends the theorem (3.3) of Benchohra et al [7]: our
operator A(t) is time-dependent; our equation is integro-differential and the interval on
which the equation is considered is infinite. Moreover in [7] the authors seem not realize
that the functions x, are not continuous, in general. So, their result seems to us correct, but
the proof has probably some mistakes.

1.5 Common fixed point theory and application to differen-
tial systems

By fixed point methods we investigate the existence of common solutions for first
order differential Cauchy problems:

(a){ = f(t,x) 7 (b){ ¥ =g(t,x)

w(to) = X0 x(t()) = X0

where t € J = [tg,to + a], x € C(J, E) and E is a partially ordered Banach space.

This problem requires a careful choice of the hypotheses on f, g.

In fact, too weak assumptions on the maps do not assure the existence of com-
mon solutions. On the other hand, too strong hypotheses can imply that f and g
coincide on all of their domain.

An example of this possibility is in [58, 64] where the authors prove some ex-
istence and uniqueness results of common solutions for integro-differential system
of the form:

sKl(s,T,u(T))dT> ds

to to

u'(t) + Au(t) = f(t,u(t)) +/ g <t,8,u(8),

(a) +/ h <t,s,u(s), OOKg(S,T,u(T))dT) ds, t>1ty>0

to to
u(to) = uo
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t s

7 <t,s,u(s), Kl(s,T,u(T))dT> ds

to

u'(t) + Au(t) =

(t,u(t)) + /to

t 00
(5) +/ h <t,s,u(s), KQ(S,T,U(T))CZT) ds, t>tr>0
to to
u(t()) = Uug

with opportune hypotheses on the operator and the functions involved.
The authors use the following fixed point lemma for two contractive type oper-
ators:

Lemma 1.5.1 Let T}, T, be maps on a complete metric space (X, d). If there exists a posi-
tive integer m and a positive number k < 1 such that for any x,y € X

d(T"z, Ty"y) < kd(z,y),
then T4, Ty have a unique common fixed point.

Note that, if z = y we have T7"x = T3z, so previous lemma follows by Banach-
Caccioppoli contraction’s principle.

Moreover we remark that 77" = T3" for some m > 1 do not implies 71 = T5.

To assure the existence of common solutions for (a) and (b) the authors consider
hypotheses of metric type like:

1f(t,z1) — g(t,22)|| < Ll — 22,

for any x1,292 € E and L € RT. The same previous considerations here produce
f=g

More interesting contributions to the above problem has been obtained recently
by Dhage [25, 26, 27, 28] who relies on topological fixed point theory.

Dhage’s proofs are based on Sadovskii’s type theorems (see [61]). These theo-
rems involve the measure of noncompactness, they generalize Darbo’s fixed point
theorem and include also Schauder theorem as special case.

In [28] Dhage introduced a new class of maps that we shall use later: the weakly
isotone maps.

Let F an infinite dimensional real Banach space with norm || - | z. We recall the
definition of order cone (see [42, 68]); a closed subset K of F is said an order cone if:

(i) K+ K CK,
(i) AK C K for A > 0;

(i) K N—K = {0}.
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By order cones one can equip the space E with a partial order relation (<):
r<y&sr—ye K.

From Banas and Goebel [4] is well-known that the measure of non-compactness of
a bounded set A in E is a nonnegative number for which:

(i) a(A) = 0iff Ais precompact;

(i) a(coA) = a(coA) = a(A) where coA and €A are the convex and the closed
convex hull of A respectively;

(iii) A C Bimplies a(A) < a(B);
(iv) a(AU B) = max{a(A),a(B)};
(v) a(AA) = [Ma(A), with X € R.
In the sequel a will be the Kuratowskii’s measure of noncompactness ([50]).

Definition 1.5.1 A mapping T : E — E is said to be k—set contraction if for any bounded
set Ain E, T'(A) is bounded and o(T(A)) < ka(A) holds for some k > 0. In particular if
k < 1then T is called strict-set-contraction.

Definition 1.5.2 A mapping T' : E — E is called condensing if for any bounded set A,
T(A) is bounded and o(T'(A)) < a(A) for a(A) > 0.

Remark 1.5.3 It’s clear that strict-set-contraction implies condensing mapping.

Definition 1.5.4 Let E be an ordered Banach space. Two mappings S, T : E — E are said
to be weakly isotone increasing if Sx < T'Sx and Tx < STx hold for all x € E. Similarly
the mappings S, T : E — E are said to be weakly isotone decreasing if Tx > STz and
Sx > T'Sx hold for all x € E. We say two mappings S,T are weakly isotone if they are
either weakly isotone increasing or weakly isotone decreasing on E.

Dhage gives an example on the straight line:

Example 1.5.5 ([28]])
Consider the real line R with the usual norm and the usual order relation. Let X = [0, 1]
and the mapping f, g : [0,1] — [0, 1] defined by:

It's very simple to verify that f and g are weakly isotone increasing on X.
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Example 1.5.6 Let f, g be two real functions defined on R by:

0, <0
f@ =4 @ 0<z<1l , gla) =1
1, z>1

We immediately verify that f and g are two increasing functions and weakly isotone
increasing.

In the next results Dhage proves a common fixed point theorem for condens-
ing mappings and an existence and uniqueness theorem for common solutions for
differential equations. For the proofs one can see [28].

Theorem 1.5.7 Let E be an ordered Banach space and let X denote a non-empty, closed,
convex and bounded subset of E. Let S,T : X — X be two continuous and condensing
mappings. Furthermore if S and T are weakly isotone, then they have a common fixed point,
i.e. there is a point x*such that Tx* = z* = Sz*.

Theorem 1.5.8 Let E be an ordered Banach space. Consider the Cauchy problems,

I'/:f(t,l') wlzg(t7x) B .
(a){w(O)Zwo ’ (b){x(o):wo ,  teJ=10,a,x €C(J,E)

under the following assumptions:
(h1) The functions f,g : J x E — E are uniformly continuous and bounded on J x E.
(h2) The functions f(t,z) and g(t,z) are nondecreasing in x € E forall t € J.
(h3) f(t,x) < g(t, f(t,x))and g(t,z) < f(t,g(t,x)) forall (t,z) € J x E.

(h4) f(t,z(t)) < xo + fotf(T,fL'(T))dT and g(t,z(t)) < xzo + fg g(T,z(7))dr for all

(t,x) € J x C(J, E) and for the fixed element x( € E given in (a) and (b).

(h5) Fort € J, a(f(t,B)) < ¥s(a(B)) and a(g(t, B)) < ¥4(a(B)) for any bounded
set B C E, where o is the measure of noncompactness of Kuratowskii and ¥, ¥,
are non-negative continuous and nondecreasing real functions on R, such that
aV¢(r) < rand a¥,(r) <rforr > 0.

Then the problems (a) and (b) have a common solution on J.

Our contribution to this topics is to show that in Banach lattices (in particular
in R") the only hypotheses (h1)-(h4) of theorem (1.5.8) are sufficient to characterize
the common solutions of problems (a) and (b).

We start with the following:
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Example 1.5.9 Let us consider two autonomous Cauchy problems,

{x/:f(a?’ {i(oz) @) =
2

1
2

<

where f, g are functions defined in example (1.5.6).
They have respectively the solutions:

1t

5 0<t<log2

zy(t) =4 2 T a ) =4+t
t+1—-log2 ,log2<t<1

and therefore do not have a common solution. (In this case all hypotheses of theorem 1.5.8
are satisfied except (h4)).

If we consider the two autonomous Cauchy problems:

{w’zf(:v) { 2 = g(x)
z(0) =2 2(0) =2

they have the common solution x(t) = t + 2. We note that now all hypotheses of theorem
(1.5.8) are satisfied.

Example (1.5.9) illustrates what happens in general; in fact the following result
holds:

Proposition 1.5.10 Let E be a Banach lattice. Let S,T : E — FE be two bounded, increas-
ing maps (i.e. x <y implies Sz < Sy and T'x < Ty) and weakly isotone increasing maps.
If 2* = sup,cp T, then Tx* = o* = Sa*.

We note that proposition (1.5.10) holds without any compactness or continuity hy-
potheses on S and 7' (compare with theorem (1.5.7)).

Moreover, the proof of proposition (1.5.10) gives the idea to prove the following
proposition:

Proposition 1.5.11 Let E be a Banach lattice. Consider the Cauchy: problems

v = f(t.z) o' =g(tx) = [0,a],z
(a){w(o):xo ’ (b){w(O):xo . teJ=[0,a],z€C(JE)

under the following assumptions:
(H1) The functions f,g : J x E — E are continuous and bounded on J x E.

(H2) The functions f(t,x) and g(t, x) are nondecreasing in x € E forall t € J.
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(H3) f(t,x) <g(t, f(t,x))and g(t,x) < f(t,g(t,x)) forall (t,z) € J x E.

(H4) f(t,z(t)) < xo + fotf(T,(L'(T))dT and g(t,z(t)) < xo + fo (1))dr for all
(t,x) € J x C(J, E) and for the fixed element xo € E given in (a) and (b).

Then, if M := sup{f(t,x) : (t,x) € J x E}, both the problems (a) and (b) reduce to the
problem

' = f(t,M)
(© { x(0) = xg

and thus have the common solution x*(t) = zo + fot f(r, M)dr.

Remark 1.5.12

1. The result of proposition (1.5.11) is stronger than theorem (1.5.8).

2. A key hypothesis is (H4) (compare with example (1.5.9)), that is a condition on x
and is satisfied if x is sufficiently large:

xo > max{ sup{f(t, M) :t e J} — inf{fot f(r,z(r))dr 1z € C(J,E)},

sup{g(t, M) : t € J} — inf{fot g(1,z(7))dr : x € C(J, E)}}

3. In the case of autonomus systems:

Y L) e Y
<>{$(0):$0 (b){ ") J=[0.d

proposition (1.5.10) and proposition (1.5.11) assure that under the hypotheses (H1)—
(H2) — (H3) the common solution of the systems (a’) and (V') is the straight line

x(t) = Mt + xg
, where M = sup{f(x) : x € E} and:
xo > max{M - oglia{mft}’ M — Oélga{mgt}},
with my = inf{f(z) : x € E}, my = inf{g(z) : x € E}.

4. The result and the proof of proposition (1.5.11) show that hypotheses like weak iso-
tonie perhaps are too strong. To obtain interesting results for common solutions of
differential systems in R™.
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1.5.1 Proofs

Proof.[Proof of Proposition 1.5.10]. Let
My :=sup{Tz:z € E}

Mg :=sup{Sz : z € E}.
Then for all x € F,

Sz < (since S, T are weakly isotone increasing) < T'Sx < My
that implies Mg < Mp. Analogously one obtains M7 < Mg. So
¥ = My = Ms.
Moreover, from Sz < z*, since 7' is increasing, one has:
TSz < Tx*,
and from this, since S, T are weakly isotone increasing, it follows that:
Sz < Tzx",

forall z € E,i.e. Tx* is a majorant of {Sz : x € E}, so 2* < Tx*.
On the other hand Tz* < z*, from definition of z* and so z* = Tz*. Analo-
gously one obtains z* = Sz*. O

Proof.[Proof of Proposition 1.5.11]. Let My = sup{f(t,z) : (t,x) € J x E}, M, =
sup{g(t,x) : (t,z) € J x E}.
Now,

f@t ) < (from (H3)) < g(t, f(t,2)) < My,

for all (t,z) € J x E implies My < M. Analogously M, < My and so:
M := My = M,.

Put ¢(t) := f(t, M), ¥(t) == g(t, M).
Then:

¢(t) = f(t, M) < (from (H3)) < g(t, f(t, M)) < (from (H2)) < g(t, M) = ().

Analogously one obtains ¥ (t) < ¢(t), so:
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Moreover,
o(t) = g(t, M) < (from (H3)) < f(t,9(t, M)) = f(t,¢(t)) <

< (from (H2)) < f(t, M) = (t),

ie.,

Analogously one obtains:

and, yet from (H2),
f(t,ﬂj‘) = g(t,l’) = ¢(t)7 (1.5.1)

for all x > ¢(t).
Thus let Z ¢ be a solution of (a). We show that Z;(t) > ¢(t) forallt € J.
First of all, if t = 0, ¢(0) = ¢ and from (H4) it follows:

¢(0) = f(O, M) < x9= (Ef(())

Thus let ¢ > 0. Let € > 0. Take the function:

Zy(T) 0<7<t-—c¢
T(r) =9 Efzpt—e)+TEEgt) t—e<T<t
o(t) t<rt<a

ie.

<
=
INA

To + /0 N f(r,z¢(7))dr + (r,2(7))dT <

< 20+ /0  f(nz ()t eo(t).

So, for ¢ | 0 we obtain:

o(t) < 70 + /0 f(r 5 (r))dr = 24(2),

since Z 7 is solution for (a).
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Analogously we obtain ¢(t) < z4(t) for any solution z, of the Cauchy problem

(0).
This, together with the relation (1.5.1), is sufficient to conclude that for all solu-
tions z ¢ and x4 of the problems (a) and (b):

fltap(t) = g(t, 24(t) = o(t).

So, both the Cauchy problems (a) and (b) reduce to the problem:

a' = ¢(t)
2(0) =z

and thus have the common solution z*(t) = xo + f(f o(T)dr. O
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Chapter 2

Some topics of MFPt that arises from TFPt

2.1 Preface

Brouwer theorem states that for any convex bounded closed subset of a finite dimensional
Banach space X have the TFPp.
We focus our attention on two results that are equivalent to the Brouwer theorem. !

The first theorem involves the retractions.

Definition 2.1.1 Let X be a Banach spaces and Y a subspace of X. The mapping R : X —
Y is a retraction if R is continuous and Rx = x for any x € Y (ie. R|ly = Id). The
subspace Y is called retract of X.

If B is the unit ball of the space X and S the unit sphere, we claim that the following
are equivalent: Brouwer’s theorem < the sphere S cannot be a retract of the ball B.
(=)IfR:B — SisaretractionthenT : B — S C BwithT := —R is a fixed
point free mapping.
(<)On the other hand, if we suppose that there exists T' : B — B continuous
and fixed point free map we can define the mapping;:

Tz ]l > 1

@~ |le)T (ﬁ) ] € [1,2].

Tll’ =

This map has no fixed points in 25 and 77 (2S) = {0}. Let us consider the mapping
T, : B — B defined by:

1
Tgﬂj‘ = §T1 (233‘)

'For details one can see Goebel and Kirk’s book [34] and Goebel’s book [35].
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T, holds the proprieties of 77 and so 75(S) = {0}. Thus, we define:

T —Thx

Re=_—— 2"
lz — Toa|

and Rz is a retraction of the ball onto the sphere.

Definition 2.1.2 A topological space X is said to be contractible (to a point z € X) if there
exists a continuous function (an homotopy) H : X x [0,1] — X such that H(z,0) = z
and H(xz,1) = z forall x € X.

For sake of completeness we prove that: The sphere S is not retract of B < S is not
contractible.

To show (=) is enough to observe that if S is contractible and H is the related
homotopy then the mapping:

{ z 2] <
Rz =

a (ﬁﬂ(l - HxH)) || >

D= N[

is a retraction from B to S.
On the other hand if R : B — S is a retraction then

H(z,t) = R((1 - t)z)

retracts S to the point R(0).

We summarize the above in the following;:

Theorem 2.1.3 Let X be a finite dimensional Banach space. The following are equivalent
and true:

1. (Brouwer Theorem) Any bounded closed and convex subset of X have the TFPp.
2. (No retraction Theorem) The unit sphere S is not a retract of the ball B.
3. (Non contractibility of spheres) The unit sphere S is not contractible.

The situation changes if X is an infinite dimensional Banach space.

Example 2.1.4 (Kakutani (1943))
Let us consider the Hilbert space 1*(N), its unit ball Bj2 and its unit sphere Sj>. We define
the mapping T : Bj2 — B2 by:

Tz =T(m,m,--) = (VA = 2l12), 1,72, - ).

T is continuous and fixed point free. In particular we observe that T'(Bjz) = Spe.
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The previous example shows that it is not possible to extend the Brouwer the-
orem to non-compact setting. Moreover using the previous map it is possible to
define a retraction from the ball to the sphere by:

Rz =z + Mz)u(z) (2.1.1)
where:
z—Tx
u(r) = —o—,
@) = =7l

Mz) = —(z, u(@)) + V1~ ]® + (2, u(z))?.

More examples of self-mapping of the unit ball (of Hilbert spaces) without fixed
points are given by Kakutani in [45]. In Hilbert spaces Bessaga and Pelczynski in
[9], and Bessaga in [10] construct retractions from the ball onto the sphere. Other
references are contained in bibliography of [34, 35].

Since a Banach space X is infinite dimensional iff Brouwer theorem does not
hold, (2) of theorem (2.1.3) assures that, in infinite dimensional Banach spaces, there
exist retractions from the ball to the sphere.

Nowak [56], Benyamini and Sternfeld [8] and Lin and Sternfeld [51] show much
more:

Theorem 2.1.5 (Nowak (1979), Benyamini and Sternfeld (1983)) For any infinite di-
mensional Banach space X there exists a lipschitzian retraction of the unit ball onto the unit
sphere.

Proof. See [8, 56] or Goebel and Kirk’s book [34] O

Theorem 2.1.6 (Lin and Sternfeld (1985)) For any noncompact, bounded, closed and
convex subset K of a Banach space there is a lipchitzian mapping T : K — K for which

inf{||lx —Tz||:x€ K} =d>0. (2.1.2)

Proof. See the authors’s proof [51] or [34] O

These two theorems arise two principal questions:

(OR) (from (2.1.5)) What is the Lipschitz constant of the retraction constructed
above?

(MD) (from (2.1.6)) What is the precise minimum distance at which a Lipschitzian
mapping can move all points of its domain?
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In next section we start with the (MD) problem, since the first is related to this.
However it is important point out that: for both problems no general answer is
known.

One final note.

An extensively examination of the proofs of theorem (2.1.5) and theorem (2.1.6)
joint to the following assertion:

For any ¢ > 0, the ball B(0,7) C X contains a sequence (z,,) of points such that
dist(zp41, spanf{xi,...,xp}) > 1 —¢,

permits to prove that:

Theorem 2.1.7 There exists a universal constant ko such that for any Bancach space X
there is a lipschitzian retraction R of the unit ball of X onto its boundary with k(R) < k.

So this arises another question:
o What is the exact value of k?

Nowadays only one upper bound is known and it is due to Annoni [1]:

ko < 256 - 10°.

2.2 Minimal displacement problem

Let X be an infinite dimensional Banach space and let K be a closed, bounded,
convex subset of X.

We restrict our interests to lipschitzian mappings and, reformulating (MD), we
investigate on the problem: to measure how near, certain mapping, are to have fixed
points.

We will find out that frequently this measure depends by the lipschitzian con-
stant of the mapping. In general this does not hold as the next example shows:

Example 2.2.1 ([34])
Let X = C|0,1] and K defined by:
K={feX:0=f0)<f(t)<f(1) =1}

Let i(t) =tand a € K, a # i. Let us define T, : K — K by T, (t) = a(f(1)).
This mapping inherits the behavior of the function « so if o is m—lipschitzian mapping the
same holds for T,,. Moreover:

[Tof = fll = max {[a(f(t)) = f(D)[} = max {|a(t) —t|} = [la —i] :=d1 >0,

te[0,1] te[0,1]

for which inf{||z — Tpyz|| : z € K} = d;.
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For any x € K define:
r(z, K) = sup{[lz —yll : y € K};
r(K)=inf{r(z,K):x € K};
CK)={zeK:r(z,K)=r(K)}

The number r(K) is said Chebyshev radius of K and the elements in C'(K) are
said Chebyshev centers of K.
To completeness we remark that if X is reflexive, C(K) is convex and closed

while if X is uniformly convex, C'(K') consists of only one point (for reference see
[57]).
Forany K C X we say:

Li(k)={T:K — K, k- lipschitzian map},
and for any T € Lk (k) define:
d(T) = inf{||lx — Tz| : z € K}.
In [32] Goebel shows that:

so, in the case K = B, r(K) = 1 and

holds for any T € Lg(k).
Our aim is to introduce some functions that characterize the problem. Put:

¢ (k)= sup {d(T)},
TELk (k)

and note that if K and J are such that K =« + aJ withu € X and a € R then

¢ (k) = lalg; (k).

For this reason we restrict our analysis to:

_ k(k)
for which also )
‘PK(k) <1- E

holds. For the entire space X we define:

o(k) = ox (k) = sup{pk (k) : K C X is convex closed and bounded}.

51



2.2. MINIMAL DISPLACEMENT PROBLEM

Remark 2.2.2

o Ifk € (0,1) the mapping T € L (k) is a contraction than ¢(k) = 0 (T have a
unique fixed point);
o o(k)<1-— %,foranyk > 1.

When K = B, the unit ball of X, we rename:

pp(k) == Px (k).

Let us start with some proprieties of the above functions .

In literature few qualitative proprieties are proved for the functions ¢ and ¢ x and
many of these are used to recognize lipschitzian retraction. We collect the results of
Goebel [32] in the following theorem:

Theorem 2.2.3 [32] If ) denotes any functions ¢k, @,y x then:

(i) n(1 —a+ak) > an(k) ifa € 0,1];

(i) % is nonincreasing for k > 1;

k-n(k .
? n(l) is nondecreasing for k > 1;

k
(iv) Always exists lll_)ml ;7(—) =7 (1).

(ii)

Proof. See Goebel [32] or Goebel and Kirk [34]. O

Theorem (2.2.3) permits to formulate a upper/lower bound for ¢x, ¢, ¥ x.

Theorem 2.2.4 [32] For any bounded, convex, subset K of a Banach space X (withr(K) =

1):
(1) (1—4) <prk) < (1-1);
Y (1-%)<pk)<(1-17);
V(1) (L-4) < ux(k) < (1— )

Goebel gives the following question: what is the minimal value for (1), ¢/(1)
and ¢’ (1)?
According to theorem (2.2.4) and the definition of ¢/(1) one has:
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Corollary 2.2.5 [32] For any Banach space X, p(k) =1 — % iff o' (1) = 1.

If the left assertion of corollary does not hold one can find few answers to the
problem that depend on the geometric propriety of the space. Here we cite only
one of this results.

Theorem 2.2.6 [32] If X is any Banach space for which eo(X) < 1 then ¢'(1) < 1.

Corollary 2.2.7 [32] For any Banach space X with eq(X) < 1 we have

1
k) <1——.
plk) <1-+
1
Definition 2.2.8 An infinite dimensional Banach space X is extremal if x (k) =1 — &

Goebel in [32] gives many examples of the computation of ¢(k) in certain Ba-
nach space, furthermore, he shows that the spaces C[0,1], L[0,1] and ¢, are ex-
tremal.

Are these the only extremal spaces?

In his Ph.D. thesis [15] Bolibok, proves that every subspace of C|0, 1] with finite
codimension is extremal. For example, ([0, 1] (the space of continuous functions
on [0,1] with f(0) = 0) is extremal. In [15] Bolibok shows that the space of all
differentiable functions on [0, 1] with standard norms is also extremal.

Example 2.2.9 Let C'1[0, 1] the space of differentiable function with norm:

1£ller = max{|[ flloo, 1 lloc}-

Let o : R — [0, 1] the “cut” function:

1 t>1
at)y= { t te[-1,1] , 2.2.1)
1 t<-1

that is a nonexpansive mapping. We consider the maps Ty, : C1[0,1] — C|0, 1] defined by:

(Tif) (1) = /0 a(k(f(s) + g(s)))ds,

where g(t) is a continuous strictly increasing function such that g(0) = —2 and g(1) = 2.
It is important to observe that:

1Tk flloo < Nk (" + 9D lloo = (T f) lloo = 1Thfllor = 1(Tif) lloo-

We note that:
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(i) Ty, : Bon — Bea. In fact (T f) oo = lla(k(f" + g))|looc < 1 and therefore
[Tk fller < 1.

(ii) For f,h € C* we have ||(Ty.f)" — (Txh)'|leo < K|l f' — B'||co = k|| f — hllc1 hence

[T f = Tihller < kIf = hller
(iii) For any f € Ben, following [37] page 144 we have

If = Tifller = 1f = (Tif) lloo = sup [f(t) = a(k(f' +9)) > 1 - %
te(0,1]

Therefore (C1[0,1], || - || ) is extremal space.

In next examples we prove that BC'(R) and BCj(R) are extremal and the proofs
use ideas of [35, 38].

Example 2.2.10 Let g(t) € BC(R) be a fixed function strictly increasing with:

lim g(t) =27, lim g(t) = —2%

t—o0 t——o00

Let o : R — [0, 1] be the function defined in (2.2.1) and let us consider T}, : B — B the
maps defined by:

(T f)(#) = a(k(f(t) + 9())).
We observe that:

1. Since the function « is a nonexpansive mapping and [k(f + g)] is, obviously, a
k—lipschitzian map, then T}, € Lp(k).

2. |Thf — fll = 1— £ forall f € B.
Proof. Since g(t) — £2if t — =oo then there exists a unique ¢ € R such that
g(c) = 0. We must consider two cases:

(a) If f(c) > 0 we have (f(c) + g(c)) > 0. Moreover:

lim ¢(t) = -2, limsup f(t) <1,

t——o0 t——o00

then there exists s € (—oo,c] with g(s) < 0and f(s) + g(s) = —% so that
(Tif)(s) = ak(f(s) + g(s)) = =1 and

If =Tefll = 1f(s) = (Trf)(s)]

1 1 1
Lol + LHlgls)| > 1

54



2.2. MINIMAL DISPLACEMENT PROBLEM

() If f(e) < 0 following (a) there exists s € [c,00) such that g(s) > 0 and
1
f(s)+g(s) = P and

1

IF = Tefl 2 1(Tif)s) — F =1 1 +g(s) > 1~ 7.

0

Then d(Ty) = 1 — % that implies p(k) = Ypom)(k) = 1 — % and the space BC(R) is
extremal.

Example 2.2.11 Let us consider the sub-space of BC(R) of all functions such that f(0) =
0 with the supremum norm. We indicate this space with BCy(R).
Let us call g : R — [0, 1) the continuous function: such that

lim g¢(t) = 1and g(0) = 0.

t—=+o0

Let Ty, be a mapping defined on BCy(R) by:

(T f) () = Ar(f ()] + 9(2)),

where k > 1 and Ay, : [0, +00) — [0, 1] is defined in [38] by:

kit te [0, ]
Ap(t)= ¢ 2—kt te[},2]
0 t>2

Remark 2.2.12

1. Ty is k—lipschitzian because Ay is a k—lipschitzian map and (|f(t)| + g(t)) is a
nonexpansive map.
2. (T f)(0) = Ak(|£(0)] 4+ ¢(0)) = 0. It follows that T}, - BCyH(R) — B.
1

3. Ypoym)(k) =1- T
Proof. Let € > 0 be sufficiently small such that:

1
l—e> -
7%
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Since g(t) — 1 when t — +oo, there exists t such that g(t) > 1 — e and, a fortiori,

O+ g >1—c> %

Then there exists t1 € [0,t] with |f(t1)] + g(t1) = %fmm which:

1 1
I1Thf = FIl 2 [(Tef) ()] = f ()] =1 = - +g(t) 21— -
It follows that d(T}) > 1 — % and the thesis: BCy(R) is extremal. O

The extremality of the space in previous examples gives the equality:

o(k) = x (k). (22.2)
We remark that in general (2.2.2) does not hold.

Example 2.2.13 ([34])
Let us X = I and S™ the subset of the unit ball B given by:

S+:m{€1,€2,...}: {‘T:(SZ)gzanzgz:l}

i=1
We note that r(S™) = diam(S™) = 2. We suppose k > 1 and, from the proprieties of the

[e.e]
. ) . . ) 1
series, let us iy = io(x) a maximal index such that g xj > 7
J=to

We call j1(x) the value of [0, 1] for which:

P+ S =

j:io+1
If we define Ty, : ST — ST by taking:

Tkx = Tk(gla 527 .. ) = k(07 o 707 :u(x)fioafio-i-l? o ')7
ig-times
it is not difficult to prove (but it is long) that Ty, is k—lipschitzian and ||x — Trz| >
2 (1— 1) for every x € ST. This implies that:
1
k) =gn(k) =1 7.

To give an upper bound to 1y (k) we consider a mapping T : B — B with T € Lp(k) and
a number m > k.

¥

1
2

Let us consider the implicit function F' : B — B given by:
1 1
Fz = <1 — —) z+ —TFz.
m m

One can verify that:
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m—1

m—1
— |, TF k- ——.
m—k) €£B< m—k‘)

2. Since ||x — Tx| > d > 0forall z € B thus ||z — Fx|| >

md

m—1

1. Since F' € Lp <

d
and ||z — TFx| >
m—1

It is possible distinguish two possibility; firstly we suppose that T F0 is finite dimen-
sional (we consider dimT F0 = n). In this case, by Brouwer theorem and using the natural
projection P, of I1, we prove that:

e () (ko)

Secondly we suppose, obviously, that T FO0 is not finite dimensional. Taking € > 0 and
choosing n sufficiently big such that | T F0— P, TFO| < e we can repeat the previous prove
with e—proximity.

In each case, if T' € Lp(k) is such that d > (k) — e, minimizing with respect to m
the right side of (2.2.3) one finds:

2+ V3 1—1> 1<k<3+2V3 1
vn(k) < 4, +41 k <1 (2.2.4)
iro k>342
k+3 >3+2V3
Thus )
Y (k) < (k) =1-— T

Moreover 1! is not an extremal space.

Remark 2.2.14 We do not know if (2.2.4) is sharp but, at this time, this is the unique upper
bound known in literature. The same can be said for lower bounds. It is known only that:

1—= k€ (24 v?2,00)

(B3—2v2)(k—1) ke[1,2+2
Yp (k) > 2
k

proved by Bolibok in [14].

In order to previous example one can ask: Does (2.2.2) imply that X is an extremal
space?
Goebel in [32] gives the negative answer showing that:

Theorem 2.2.15 In Hilbert space the equality (k) = 1 (k) holds.
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Theorem 2.2.16 In Hilbert space

o) < <1 - %) \/kIH

Theorems (2.2.15) and (2.2.16) imply that Hilbert spaces cannot be extremal.

Let us finish this section recalling some other proprieties for the function (k)
in Hilbert spaces.

Casini [19] assure that the evaluation in theorem (2.2.16) is not sharp since:

Theorem 2.2.17 There exists a function F : (1,400) — (0, 1) such that:

(k) < (1 - %) \/gm:).

This represents the best upper bound estimate known for ¢ (k).
On the other side (lower bounds) we note that there are in literature few results and
many of these are devoted to give a numerical estimate of the function ¢z (k).

The first approximation on vz (k) is due to Bolibok [11]. He proves that,

24¢
k)> sup |1— —ek+1) ).
va (k) £€(0,2) ( 1+e(e+2)k>-1 ( )>

In a later paper again Bolibok improves his estimate showing that:

Theorem 2.2.18 Let H an infinite-dimensional Hilbert space. Then

3 k—
vur (V2(k -+ 1)k?) > k—ﬁ (2.2.5)

for k> 2.

Proof. See [16] U

This formula seems to us very difficult to handle, but less than the first.
The last approximation is due to Casini [18]. This semms simpler than: (2.2.5)
Theorem 2.2.19 If H is an infinite dimensional Hilbert space

. 2\/\/§(k‘+1)‘

Y (k) -
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2.3 Optimal retraction problem

In theorem (2.1.5) and (2.1.6) Benyanimi, Lin, Nowak and Sternfeld assure that for
any infinite dimensional Banach space there exists a lipschitzian retraction from the
unit ball ball B onto the sphere S.

Let us define:

ko(X) =inf{k > 1:Jaretraction R: B — S,R € Lp(k)}.

In literature we found this value as optimal retraction constant for the space X.

To give an exact value for this number means to give an answer to the problem
(OR) in § 2.1.

The aim of this section is to present the state of the research on this topic. Such
researches turn on upper bounds and lower bounds for ko (X) for X a given space
because: exact values are unknown for any Banach spaces included for extremal
spaces.

Mainly we will put our attention on the methods by these estimates are obtained
starting with lower bounds one.

The first lower bound for ky(X) is due to Goebel and Kirk [34].

Lemma 2.3.1 For any infinite dimensional Banach space X, ko(X) > 3.

Proof. Let R be a k—lip retraction and let 7 = —R. Wehave T : B — S,T? = R
and 7 is fixed point free.

Fore > 0let z. € B such that ||z. — Tz.|| < d(T') + e with d(T") > 0.

Define the curve v : [0,1] — S by v(t) = T'((1 — t)xe + tTx.) that lies on S. Note
that v inherits the lipschitzian constant from 7', so is a rectifiable curve. Moreover
it joins the antipodal points of S because v(0) = —Rz. and (1) = Rx..

Let us call g(X) the infimum of the lengths of ().

Observe that g(X) > 2 for any Banach space X and in the case of Hilbert spaces
g(X) =m.

Using the definition of length of a curve (I(y)) we remark that g(X) < I(v)
k(d(T) 4 €). Moreover by definition of ¢ x (k) and since T' € L (k) we have d(T")
Vx (k).

These two relations imply that if we choose ¢ such that (d(T') + ¢) is sufficiently

<
<

close to 1 x (k) we have:
kwx(k)22:>k<1—%> >kyx(k) >2=k—-1>2

thatis k > 3. O
The same idea, joined with the lower estimate of ¢x (k) in section 2.2, permits
to obtain the following results:
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Corollary 2.3.1 1. ko(I') > 3.143;
2. ko(H) > 4.5.

The estimate of (2.3.1) (1) has been improved by Bolibok to the end of [14]. Boli-
bok proves that:
ko(1) > 4.

This is the best lower approximation known so far for ko ().

To review the research on upper bounds for ky(X') we discuss the three principal
methods used.

It is important to remark that these technics are not the only methods that we
find in literature. For example we cite Annoni and Casini [2] and Komorowski and
Wosko [48] for different approach.

2.3.1 By lipschitzian homotopy

A first method to construct upper bounds estimate for ko (X) utilizes the lipschitzian
homotopies.

Since, by theorem (2.1.3), the existence of a retraction is related to the con-
tractibility of the sphere, it is not surprising that, by this method, one obtains bounds
for lispchitzian constants for retractions.

Since the sphere is Lipschitz contractible (see theorem (11.3) in [37]), there exists
a homotopy such that:

|H(t,z) — H(s,y)|| < M|t —s[+ Nz —yl|. (2.3.1)
It is clear that M > 2 since M > g(X) > 2; by the definition of homotopy and
by (2.3.1) one obtains:
|z =yl = H(0,z) — H(0,y)|| < N[z —y|land so N > 1.
The connection between M, N and ko (X) is due to the following;:

Theorem 2.3.2 Let H : [0,1] x S — S be a homotopy such that for each x € S, H(0,x) =
xand H(1,z) = xo € S. Suppose that H is a lispchitzian homotopy for all x,y € S,
t,s € [0,1] and M, N are nonnegative constants. Then there is a retraction R : B — S
satisfying for all x,y € B:

2N
1Bz — Ry|| < —=llz —yll, (2.3.2)

where r is the unique solution of
2N M -2N1
ST erar (2.3.3)
r 1—7r
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Proof. See [37] O

In next example, we use theorem (2.3.2) to construct an estimate for ko (L*[0, 1]).
Surprisingly this estimate due to Goebel and Komorowski [33] has been the best
known estimate for a Banach space until 2006. This has been improved in [39].

Example 2.3.3 ([34])
Let X = L[0,1], B the unit ball and S the unit sphere of X.
Forany f € S and for any ¢ € [0,1] let:

o) = s {t: [ 150l = c}

f)] t<ts(e)
f@)  t>ts(c)

We note that the homotopy does not join the identity to a given point of S but to the map

Set:
H(Cv f) = {

| -] :S — S*. To prove that H is a lipschitzian homotopy, without loss in generality, we
consider f,g € Sand c € [0,1] with t;(c) < ty(c). It is not difficult verify that:

ty(c)
\H (e, ) — He.)| < |f - gll +2 / l9()dt.

ty(c)

Previous integral can be increased in two way that produce:

tf(c) 1
/ g(t)ldt < / f — gldt,
tr(c) ty(c)

ty(c) ts(c)
/ g(t)ldt < / f — gldt,
tf(c) 0

for which:

”H(Ca f) - H(C,Q)H

IN

) 1 ty(c)
If — gll + 2min / f— gldt, / - gldt
tf(c) 0

2[f = gll-

IN

On the other hand, one verifies that, if 0 < ¢ < d < 1:
and so

[1H (e, f) = H(d,g)|| < 2|e—d[+2]f - gl|
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Exploiting this homotopy we define the retraction by:

r

H(1=a(lf) ) 1£1>7

where the function a(t) is an increasing convex and differentiable function defined on [r, 1]
for which a(r) = 0 and a(1) = 1. When ||g||, || f|| < r we have:

2
IRf ~ Rl < 2 I = gl

while, the hypothesis || f||, ||g|| > r lead to:

4
IRf = Rgll < — I = gll;
where v, for lemma (2.3.2), satisfies:

2—r1nr_4
1—r r

Numerical method assure that r ~ 0.424 and we conclude that:
ko(L10,1]) < 9.43.

By a similar construction Komorowski [47] obtains a lipschitzian retraction in
Hilbert space showing that ko(H) < 64.25. This estimate has been the best approxi-
mation until 2001 when Bolibok [16] put the upper bound to ~32.26.

Two brief notes.

Firstly we underline that almost all constructions known on Hilbert spaces pre-
sent an important difficulty.

It is very usual that the maps constructed are not lipschitzian mappings on their
domain. They benefits of:

T2 — Tyl < Bk) |z —yllm + (k) |z —ylF.

To avoid this problem the authors use the following extension theorem due to
Kirzbraun and Valentine:

Theorem 2.3.4 Let A C H be an arbitrary set and let T : A — H be k—lispchitzian.
Then there exists a k—lipschitzian extension T : H — Gono T(A) € H of T.

Proof. See [57] O
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Thus, to obtain a lipschitzian map on the entire Hilbert space we restrict our
map on an opportune subset of H where it is lipschitzian, and we apply the pre-
vious extension theorem. An example of opportune subset of H we can look to
proximinal sets (see [5] page 305).

The second observation arises from the technics used to define the homotopy;
this new approach is found in [12] and [14] where Bolobok shows that ko(cp) <
35.18 and ko (I') < 31.64.

We illustrate this approach in Hilbert spaces from [16].

Bolibok do not start defining directly the homotopy. Firstly he shows first that
there exists a lipschitzian mapping 7' : ST — ST with minimal displacement

d(T) = M k > 2.
Vk+1
By this mapping he defines the homotopy by:
Hie.r) = 1

— o)z + cT'(|z|)
||

A=z + T ()

that is lipschitzian with constant:

24/2(k+1 —
M(k) = 2V2Ak+1) N(k) = sup ! —|—c(/<:2 Y .
vk -1 c€lz.1] \/1—20 \/,;:11)

Later Bolibok considers the 2-lipschitzian mapping 75 : B*(r) — B™(r) by:
(Tax)(t) = r — ||z + x(t),

where r is the solution of (2.3.3).
Finally, he defines the lipschitzian retraction depending by the homotopy and
by 75 as in example (2.3.3) and proves that:

ko(H) < 32.26

holds.

By previous approach, Bolibok moves the difficult problem to define the homo-
topy onto to define a mapping 7" : S — S with minimal displacement known. This
is simpler, as an example, if one has some bounds for ¥ x (k) (see [11, 12]).
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2.3.2 By perturbations of identity

The second method that we present, finds its roots in paper by Bolibok and Goebel
[13] and its generalization by Baronti, Casini and Franchetti [5].
This approach, consists to consider a perturbation of the identity of the type:

Az =z — (1= B(||=])) T,

where 3(t) : [0,1] — [0,1] is a continuous increasing function such that §(1) =
1, 3(0) =y € [0,1—4)and T : B — B a k—lipschitzian mapping with minimal
displacement d(7') = d. It gives an upper bound for the retraction constant for every
extremal space, for Hilbert space and for I'-space.

Note that Az = zifz € S.

We observe that:

[Az| = llz = (1= B(l=[) Tzl = fl=]| + B(|l=]]) -1,
[Az|| = ||z — Tzl — B(llz]) = d = B(||=[]),

and so
|Az|| > tg%(i)q} max{f(t) +t—1,d— B(t)} :== M(d, ). (2.34)

)

It is easy to prove that M (d, 3) always exists and if M (d,3) > 0 and if A is
k(A)-lipschitzian we can define a retraction by:

 Ax
|| Az

T 2]l <1
Px =

X
Tzl ]| > 1

the radial projection of the space X onto B. Let us recall that P is a lipschitzian

Rz

We denote with

mapping and k(P) € [1,2]. In particular k£(P) = 1 iff X is an Hilbert space and
k(P) < 2if X is uniformly non-square space (see [66, 31]). Moreover if ||z, ||y|| > r
one has:

k(P)

<= a -y, (2:35)

£ Y

-yl
By this propriety we can assure that R is a lipshitzian map with:

K(PYR(A) _ 2k(A)
"B S 3d5) S M 6)

(2.3.6)

Bolibok and Goebel [13] choose 3(t) = t" (n € N,n < 20) and so

Az =z — (1 — ||z|")Tz.
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Moreover, since the authors consider only the case X extremal space, we can
choose T with minimal displacement d close to 1 — 1. Thus in the sequel d := 1 — £

Bolibok et al. exhibit a way to construct retractions in the case n = 1 and n = 2
and they state that computer elaborations with n < 20 give the best result for n = 4.
Here we do not point out neither the numerical experiments, nor the construction
for n = 1 or n = 2 but we present the calculus parts for the best case n = 4.

Note that A is a lipschitzian mapping since is a composition of lipschitzian map-
pings. We compute the constant:

JAz = Ayl < o=yl + ||~ = 2| )To + (1~ gl Ty & ]ty

IN

lz =yl + (1= 2]kl =yl + [l — [y
[1 +k = kllll* + (U2l + Iyl + llyl* + lelz\lyll)} [z —yll-

IA

Similarly:

Az — Ayl| < [1+ & — Klly|* + (

2 l® + llyll° + N llyl® + HtzHyH)] [ =y,

thus
Az — Ayl < [1+4k—kmax{||yl|l*, ||z|*} + 4max{|[y|?, [|z]*}] ll= — y||

27
< L+k—kt'+ 48z -yl = (1+k+ = ) [z —y].
< max (k= ki)l —y] = (14 6+ 35 ) ool

Moreover one observes, following (2.3.4), that for an opportune value of k, Az
is non vanishing for any € B and so one can provide a lower bound for || Az||
depending only by £:

1
|Az|| > tg%(iﬁ] max{t! +t—1,1 — 5 t} .= M(k).

Thus, defining the map Ry : B — S by

Ax
Roz = ==,
| Az

s0 (2.3.6) assures that Ry is a lipschitzian retraction with:

k(P)(1+ Kk +27/k3) 24k 27/k3)
M (k) - M (k)

k(Ro) <

Numerical experiments give that for k ~ 4.02, M (k) is strictly positive and the
minimum value for k(Ry) is obtained. We conclude that:

Theorem 2.3.5 For every extremal space X:

ko(X) < k(Ro) < 37.74.
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Remark 2.3.6 Theorem (2.3.5) improves Franchetti [30] for which ko(X) < 933, if X is
an extremal space.

In 2003, Baronti, Casini and Franchetti in [5] generalize the previous approach
improving the estimates on the extremal spaces, on the Hilbert spaces and on the
space [1.

We prefer split the method of Caronti et al. in steps.

STEP 1. The author prove the following minimun principle.
Proposition 2.3.7 Define:
G={g€C'0.1]:9(0) =, g(1) =1},
©:G—-C01;  2(g)=(9-1)—Lg—1),
where v and L > 0 are fixed constants. Then

LT — ]

inf{[[®(g)ll - g € G} = T—— = 2@,

where the norm is the usual supremum norm and

g(t) =1+ €l {/0 eLsLl(l_i_eZ)ds+(7— 1.

STEP 2. They show that it is possible to construct a lipschitzian mapping, using

perturbations of identity map.

Proposition 2.3.8 Let T' : B — B be a L—lipschitzian map. Suppose that there exists a
function d : [0, 1] — R such that:

[z = Ta|| = d([l«]),

forany x € B.
Define, for x € B:
Az =z — (1 = g(||l=[))T=,

then (trivially) Ax = x for x € S and moreover:

(i) Forany x € B, ||Az|| > M where M = min max{t — 1+ g(t),d(t) —g(t)}.

te(0,1]
(ii) Ais k(A)—lipschitzian where:
_ . L0=9)
E(A) =1+ I
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(iii) If M > 0 then Rx = ﬁ defines a k(R)—lipschitzian retraction with:

um:k@)Q+L“‘”)

1—e L

STEP 3. The authors apply the previous steps when X is an extremal space showing
that:

Theorem 2.3.9
ko(X) < 30.84.

When X = H is an Hilbert space they prove that:

Theorem 2.3.10
ko(H) < 28.99.

And in the end, if X = [}, they obtain that:

Theorem 2.3.11
ko(I') < 22.45.

Remark 2.3.12 The main differences between the above lie in the choice of the function [3.
Taking g(t) as in Step 1 means to decrease the lipschitzian constant of A and in consequence
to decrease the value of ko(X).

2.3.3 By radial projection on maps that vanish on the sphere

Let us conclude this description of the optimal retraction problem with a glance to
a last method to construct retractions in infinite dimensional Banach space.

The first approach to this method is given by Goebel [35] (2001), when he prove
that it is possible improve the optimal retraction constant for C'[0, 1] with the value
ko ~23.31.

Let us describe the main idea supposing that 7" : B — B is a mapping in L(k).

Let us suppose that the minimal displacement of 7" is strictly greater than zero
and suppose that for any x € S, Tx = 0 (why does this map exists? We have
constructed one of these maps in the preface to show theorem (2.1.3)).

Consider the retraction:
r—Tx

RERE
By the radial projection, we observe that:
(x =Tx)d(T) x—Tx a(T) x—Tx
Rx ar) )

Rz (2.3.7)

|z = Talld(T) ~ d(T) [o—Taf
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since
o —Tal _
d(r)
In this way we can estimate the Lipschitz constant of the retraction in terms of
kand d(T):

k+1
E(R) < 2—+.
=20
This permits to state that:
E+1
< —_— .
ko(X) < min 2d(T) (2.3.8)
What is the maximum value that the estimate (2.3.8) can achieve?
1
Observing that d(T) <1 — oowe get:

1 k 1
miHZL > min 2M

1 d(T) — k>1 k-1 = 11.66.

Thus, the best retraction constant obtainable by this method cannot be lower
than 11.66.

Therefore, this idea cannot be used to improve approximations of ko(L'[0, 1)).

Goebel and Marino [38] went very close to this “limit” showing that:

Theorem 2.3.13 Let us consider the space of continuous functions in [0, 1] vanishing in
zero. Then:
ko(Co[0,1]) < 12.

This improves the estimate ko (Cp[0, 1]) < 17.38 given in [34].

In next section we will prove that this result can be extended to a larger class
of spaces: the space of bounded and continuous functions defined on a connected
metric space K that vanish in a point z € K.

In next example, to apply the method above, we prove that for the space of real
sequences converging to zero (cp) we have ky(cg) < 23.31.

This proof traces a original idea of Goebel [35].

Example 2.3.14 Let ¢ be the space of real sequences convergent to 0 with the standard
norm of maximum and B be the unit ball and S be the unit sphere in cy.
We recall that o : R — [—1, 1] is a nonexpansive function defined by:

1 t>1
at)= { t  te[-1,1]
-1 t< -1
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Let Ty, : B — S C B be a mapping defined by:

Torz = Tok(m,me,...) = (1, a(klml), a(klnal), ...).
Following [12, 34] we note that:
(1.) Ty, is k—lipschitzian.
(2) d(Tyy) =1 - %
Proof. of (2).

Let = € co. Then there exists an index iy, # 1 for which |n;, | < % but |ni,—1] > 1.
We conclude that:
1
lz = Toxalloo = lalklni—1]) = mip| 2 la(klny 1)) = lmi | = 1 = .
O
. 1
(3.) There does not exist x € B such that ||z — Ty 3 2|lec = 1 — T

Remark 2.3.15 (2.) means that cg is an extremal space, hence the estimate of ko(co) by
Baronti, Casini and Franchetti (ko(co) < 30.84) holds. Now we improve it.

Let Q : co — B be a nonexpansive mapping defined by Qz = (c(|n;|))nen and for r > 0

let Q. : co — rB be:
ai=((3)) o 71

Qox =0 r=20
We can show that if r1,m9 > 0 and x,y € ¢y we have:

1@r % = Qryylloo < max{||z —ylloo, [r1 = 72[}-

Proof. Let ro > r1. Let us consider:

(B e ()] -0

If we take f(t) = |n;| and g(t) = |&;| for all t € [0, 1], following [35] we obtain:

o () e (1.

< max{[|f = glleo, [r1 = r2f} = max{in; — &, [r1 — ral},

(%)
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and we conclude that:

||Qr1$_QrzyHoo = I?E%X

<‘77i‘> <‘§z‘>‘

rnoa | — — T | —

T o

= max(max{|n; — &/, [r1 —72(})
1EN

= max{||z — yllco, |r1 — 72|}

O
Now, we extend Ty j, on the ball with radius 2 (Bs) as in [35], i.e. we define T j, : By — B

by:

1ok, |z]|oo <1
1
Ty oz = To.xQx, |zl € |1,2 — %
1
Qr—|z)) ToxQT, [[7]leo € |2 — 72
Remark 2.3.16
1. If v € Sy then T jx = 0;
2. T, is k—lipchitzian;
1
3. inf{||z — Ty 4|0 : ® € Ba} =1— x
Proof. of (3).
We distinguish 3 cases:
1
(@) If |z||oc < 1then ||z — T} k2|loc = ||z — Tox2|loc > 1 — T

(b) If ||z|lo € {2 - %, 2] , firstly we observe by the definition of QQ,x that for all

Ty xQx € B:
1
1Qr2—|2)0) ToxkQ% /|0 < k(2 — [[7]loc) <k (2 —2+ =)= 1,
thus:
lz —Tirrlle = 7~ Qre—|a|) T0,tQ%] 0o
> zlloo — 1Qr—ja)loo) T0.kQ% |l

v

1 1
2-—)-1=1-"=.
(2=5) 11
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1
(c) Let ||z|0o € [1,2 At
Since v = (ny,) € co and max |ni| > 1, there exists an index ig € N such that:
1€

1 1
Vi > g, |m| < = and |n; 4| > ~.
Z_ZO’|77|—kan |”70 1|_k
It follows that:
|z =T k2lle = max{|l —ml, |a(ka(|mi])) — nit1],i € N}
> ‘a(ka(mo—l)) - 772'0’
1
> Ja(kam,-1)| - 7.

NOZU, l'f|’l’}i0_1| > 1, Oé(|77i0_1|) = 1and a(k‘a(|m0_1|)) = Oé(k‘) = 1. On the
o 1
other side if |n;,—1] € [E’ 1] we have o(|nig—1]) = Mig—1| and a(ka(|niy—1]) =

a(k|nig-1]) = 1.
So in both cases:

1 1 1
alka(|nig-1])) — i 1 - e |2 —Tikxfloo > 1= T
O
Let Ty ), : B — B defined by:
1
Tg’kx = §T17k(2x).
We note that:
1. Thy, € Lp(k) and Ty ;S = {0};
1 1
2. - T w>=|1==1;
o - Tosell > 5 (1- 1)
Proof.
1 1 1 1
forall z € B. O

We can conclude that:

and from this:
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2.4 Contributions to the problem

The aim of this section is to explain our contributions to the problem of calculus of
optimal retraction constant providing some improved upper estimates for a number
of Banach spaces.

The results in the first subsection are suitable modifications of ideas contained
in previous works of Goebel [34, 35, 37, 38] and Bolibok [11, 12, 13, 15] while the
results in the second subsection are based on suitable modifications of the trick due
to Annoni and Casini [2].

2.4.1 Spaces with uniform norm which are cut invariant

Let K be an arbitrary nonempty and infinite set and let B(K') be the Banach space of
all real bounded functions on K furnished with the uniform norm || f|| = sup{|f(¢)| :
t € K}. Let us call a subspace X C B(K) to be cut invariant if with any f € X also
the function Qf = ao f € X where « is the cut function defined in (2.2.1):

-1 fort < —1,
at) = t for —1<t<1,
1 fort > 1.

Obviously, the operation () cutting each function on the level —1 and 1 is a
nonexpansive retraction of X onto it’s unit ball B = Bx (i.e. @ : X — B and
Q| = Id). Also @) generates the family of retractions @, : X — B, r > 0 defined

by:
0 if r =0,
Q"f:{ rQ(Lf) ifr>0

It is just a technicality to prove that

1Qr, 2 = @royll < max{[lz — yll, Iry —raf}, (24.1)

forall r1,ro > 0and z,y € X.

For any set K the whole space B(K) is cut invariant but there are other sub-
spaces with the same property. For example if we fix any subset A C K then the
spaces Xo 4 ={f € X : f(t)=0fort € A}, Xeonst,a ={f € X : f(t) = const on A}
are invariant under Q. If the set K is a topological space, then the space of con-
tinuous functions BC(K) and many of their subspaces are also cut invariant. In
particular the classical sequence space ¢y (like the last example in previous section
shows) and the space of continuous functions C0, 1] together with it is subspaces

CO[07 1] = {f € C[07 1] : f(0) = 0}/ Cconst{o,l} = {f € C[07 1] : f(0) = f(l)} are cut
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invariant. The same can be said for the space of bounded continuous functions on
the whole line BC(R) and it is analogously defined subspaces.

Some cut invariant spaces are also extremal with respect to the function v x. For
the convenience of the reader we recall three facts giving only hints for the proof.

Claim 2.4.1 ¢, (k) =1 — 1.
Proof.[Hint] For any £ > 1 consider the k—lipschitzian mapping 7}, : B — B
Tpr = Ti(&1, 82, .. .) = (1, a(k|&1]), a(klE]), - - ),
and observe that for any « = (&1, &,...) € co, |z — Typa|| > 1 — 1. O
Claim 2.4.2 o qy(k) =1 — 1.

Proof.[Hint] Let g € C|0, 1] be a strictly increasing function such that g(0) < —2 and
g(1) > 2. Then for any k£ > 1 the mapping

(Trf)(t) = QUE(Sf + 9))(t) = a(k(f(t) + 9(1))),
is k—lipschitzian and satisfies ||f — Tif|| > 1 — 4. O
Claim 2.4.3 Ypog) (k) =1 — 7.

Proof. See example (2.2.10). a

Let us pass to the main observation.

Claim 2.4.4 Let X be an extremal and cut invariant subspace of B(K ). Then:
ko(X) < 4(1+v?2)% =23.31..

Proof. Let T : B — B,T € L(k) be such that d(T") = d > 0.Extend T to the map
T, : 2B — B by putting:

Tz, ] <1
Tix = TQzx, |lz|| € [1,2

1
Y
Qu— Tz, x| € 2— 1,2

]
We leave to the reader to check that T} is k—lipschitzian on 2B and that, since d <

1— £, |lz — Tyz| > dfor all z € 2B. Observe also that 7; maps the doubled unit
sphere 2 into the origin, 77(25) = {0}.
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Let P : X — B denotes the radial retraction

v ifflz) <1
Px = R .

xT

Now, denoting:

1
Tgﬂj‘ == §T1 (233‘),

we obtain a k—lipschitzian mapping 75 : B — B with d(13) = 3d(T) and T»(S) =
{0}. By T3, we can generate a retraction R : B — S upon setting:

Re=p 2207
14

Since P is 2—lipschitzian, standard calculations show that the Lipschitz constant
k(R) of R satisfies:

k+1
k(R) < 4——.
Hence, since the space is extremal we can select mapping 7" with d(T") arbitrarily
close to 1 — 1. In view of this we can write:

k(k + 1)

ko(X) <4

for each k > 1. Finally, choosing k = 1 4+ /2 which minimizes last estimate we get:

ko(X) < 41rninM

= 4(1 2)2 = 23.31..
B>1 k—1 (+\/_)

O

Remark 2.4.5 The spaces BC(0,1), BC(0,00), BC(a,b), BC(—00,a) are isometric to
BC'(R) so we can obtain the same estimate for ko(X) (i.e. ko(X) < 23.31) when X is one
of them.

Remark 2.4.6 Observe that the standard (ﬂojection P from X on B does not satisfy (2.4.1)

in previous proposition when P.x = rP —> but satisfy the weaker inequalities:
T

1Py = Pryyl| < max{dflx — yl|, 2[ry — raf}.
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2.4.2 Spaces BC,(K) on connected metric spaces K

In this section we modify the idea contained in [38] to discuss the special case of
spaces BC,(K) of bounded continuous functions f : K — R defined on a con-
nected metric space K and vanishing at a given point z, f(z) = 0. We give a direct
construction leading to:

Claim 2.4.7 For each connected metric space K and each z € K:
ko(BC,(K)) < 12.

Proof. Let p be the metric on K and let r € [0, 00| be defined by r = {p(x,2) : = €

K}. Fix a number a > 0 such that ar > 1. Now consider the function A : [0, +0c0) —
[0, 2] defined by:

3t for0 <t

At)=14 3(1—t) fori <t

0 fort>1

<
<

Using the above, let us define a mapping 7 : BC.(K) — 3B by:

(Tof)(x) = A(|f ()| + ap(z, ).

Observe that Ty satisfies Lipschitz condition with constant £ = 3. Also observe that,
since K is connected, for any function f € BC,(K) there exists a point z; € K —{z}
such that |f(z1)| + ap(z,z1) = 3. Hence, for all f € BC.(K) we have:

ITof = £l |(Tof)n) — £l = [(Tof) )|~ £()] = 5 — 5 +aplz,aa) > 1.

For functions satisfying || f|| > 1, there is a point 2 such that |f(z2)| > 1, and we
have (T()f)(l‘g) = 0.
Now, define the mapping 7} : B — 2B,

(Tof)(x) it flfll <1

(Tyf)(x) :{ min{(To f)(x),3G = |f)} if1<|f| <3

Observe the following facts:

1. The mapping 77 is lipschitzian with Lipschitz constant £ = 3.

2.Forall f € 3B, |Thf — f| > 1.

3. Ty sends the boundary of the ball 2 B, the sphere 2 into the origin. In other
words Tj (35) = {0}.
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Items 1 and 3 are obvious, item 2 follows by the general evaluation for functions
f € B and by the existence of the point z for functions with norm satisfying 1 <
| f|| < 2. Consequently the mapping T : B — B defined by:

T(f) = §Tl <gf> ;

has the same Lipschitz constant k = 3, and it satisfies | T} f — f|| > 2, forall f € B.
Moreover, it sends the unit sphere S to the origin, 7'(S) = {0}. Now we can define
the retraction R : B — S. Put:

_ ST p (3
7= =g =7 (30 -1,

Here, as before, P : BC,(K) — B denotes the radial projection.
Now we have:

Ivs = ol = PG -7 - PGla-Ta)| <31 -7 - (0 - T
< 3If =gl +3ITf =Tyl <3[1f =gl + 915 =gl = 12 f = gl|
Summing up. For the space BC,(K) there exists the retraction R : B — S satisfying;:
I1Rf — Ryl < 12[|f — gll,

which implies our claim. O

2.4.3 The space L'|0, 1]

The content of this section presents a modification of the trick of M. Annoni and E.
Casini given in [2]. They have proved that ko (/') < 8. Similar estimate holds for the
function space L[0, 1].

Theorem 2.4.8 For the space L'[0,1]

ko(L1[0,1]) < 8.

BlZ{fGLlinHléé},

Z{fELli%SHﬂhél}-

Proof. Let us define:

For each f € B; definety € [0, 1]:
1
” :sup{te 0.1+ [ 1r)lds =1 Hle}.
t
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Let us be T"a mapping defined on B; as

(Tf)) = {
Remark 2.4.9

1
1. T: B2 — Bl. Ii’lfﬂCt ||Tf||1 =1- ||f||1 < -
2. If|[fllh =1thenty = 1and (T f)(t) = 0forall t € [0,1].

3. By (1.) and by the definition of L'-norm we have t; = t,; and moreover, (T f)(t) =
(T]f)() = 0forall t € [0, 1] if || f[| = 1.

Proposition 2.4.10 The mapping T is 3-Lipschitz and (I — T') (where I is the identity
map) is 2-Lipschitz.

Proof. If || f||1 = ||g]|l1 = 1 there is nothing to show.
We only consider the case tf # t, and || f|[1 # ||g|[1 # 1 because the other cases are
not difficult to verify. Without lost in generality let’s suppose ty < t,. So:

ITf - Tgly = /’ hm+1/ 1£(5) — g(s)lds

— /yf \ds—/\f !ds+/!f s)|ds

1—uﬂh—/'vwww+ 1£(5) — g(s)lds

/Wgr@+MM—wm—/thma/v 5)|ds

< 3|f =gl
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(I =T)f = (I =T)glr = /Of |/ (s) —9(8)|d8+/g l9(s)lds
ty

tf 1 1
= [T 16 —gtlas + / l9(s)ds — / l9(s)]ds
ty
_ /0 £(s) = |ds+/|9 )lds — (1 lglh)
ty
_ /O 1£(s) — |ds+/ l9(s)|ds
1
- ( [ 15@)ds+ 1171 - ||gu1>
ty
/Otf,ﬂs) $)lds + / l9(s) = F()ds + £ — gl

2[lf — gl

IN

IN

Now we observe that:
t 1
I =T)f]h = /0 " 17 ()lds = [1£1l1 - /tf F(s)lds =20 fl — 1.

Let Ry be a mapping defined on By:

(Baf)@) =2[fO)]+1=2[f]1,
and we observe that:
a) ||(R1)f]ly1 =1forall f € By;

(b) [[Rif — Riglly < 4| f — gl forall f,g € B.

Let us define Ry : By — S in this way:

(Raf)(t) = [(1 — T)AI0) + 2ATIF1)(E) = {

Ry is well defined by (3.) in remark (2.4.9).
We note that:

(@) [[Raf — Roglly <201f —glln +2-3[lf — gllh = 8[f — gl

@) If f € S, (Raf)(t) = f. In fact, by (2.) and (3.) in remark 2.4.9 we have
(T1f)(t) = (Tf)(t) =0forallt € [0,1] and so (Raf) = (I = T)f.
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(i) If ||f| = % then Rof = 2|f| = Ry f a.e. in [0,1].

In the end we consider R : B — S defined by:

Rf — Rif febB
Ryf fe€ B

By (i7) we conclude that R is a retraction for L; [0, 1] and by (éii) we say that R is a
8-Lipschitzian retraction.
So:

ko(L1]0,1]) < k(R) < 8.

2.4.4 The spaces ACy[0,1] and BV[0, 1] N Cy]0, 1]

Another space which has as good as [*and L'[0, 1] evaluation of the retraction con-
stant is AC[0, 1], the space of absolutely continuous functions on [0, 1] vanishing at
0 furnished with the BV —norm:

n 1
Ihlsy = Vargo(h) = sup 3 |h(t;) — h(t;1)| = /0 1 (s)]ds,
j=1

where the supremum is taken over all partition 0 =tp < t; < ... <t, =1.

Claim 2.4.11
ko(ACy[0,1]) < 8.

Proof. The above comes from the fact that the retraction constant remains the same
for isometric spaces. ACy|0, 1] can be isometrically mapped onto L'[0, 1] by isome-
try sending each function h into A'. O

Let us end with showing that almost the same technical tricks work for larger
space X = (BV[0,1] N Cy[0, 1], - || BV)-

Claim 2.4.12
ko(BV[0,1] N Cy[0,1]) < 8.

Proof. For all h € X and for all interval [a, b] C [0,1] denote

1All{a,5) == IX[apllBV = Varyg(h).
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Then for any fixed h € X, the function of ¢, ||A|jo 4 is a continuous non decreasing
functions with range [0, || 2| pv].
Let us consider the number:

tn =sup{t € [0,1] : [[hlljo,y <1 —[|Al[BV}.
We observe that:
(1) ||h]|pv < & implies t, = 1.

2.) [[hllBv

v

5 implies [[All4,) =1 [k 5V < 3.
Let us define the mapping W : B — 1B by

h(t) ift € [0, 3]
h(tn) ift € [tp,1]

(Wh)(t) = {

Then [|[Wh|gv = ||hllo,,)- Moreover:
(3.) If |h||py < & then Wh = h.

(4) If |hllpy = 1 then ||hlly) = 0 = A(t) = 0on[0,t,] = Wh =0, ie.
WS —{0}.
(5.) W is 3-lipschitzian.
1
Proof.[Proof of (5.)] It is sufficient take || f||gv, ||l9ll BV > 5 and t; < t4. Then

f@) —g(t)  ifte0,]
(Wf=Wg)(t)= { [flty)—g(t) ifte [ty ty]
) —g(ty) ift ety 1]

IWf=Wylsv = |f —alloe+ 9l

1f = alljo.e;) + Ngllo.es = Nl9llo,e51

1f = alljo,e;) + 1= llgllzv = llgllo,,

1f = allio.e,) + 1 F v + [ 1o — Ngllizvy = llgllo,
1f = gl + 1 fllBv = llgllizvy + I1f = glljo.e,

3|If —gllsv-

INCIA 0

80



2.4. CONTRIBUTIONS TO THE PROBLEM

(6.) (I — W) = M is 2-lipschitzian.

Proof.[Proof of (6.)] Since || f||pv < 5 = (I-W)f = 0, itis enough to consider

Ifllsv, llglsv = 3, ty <tg. Then

0 ift €0,/

[Mf—Mgl(t) = f(t)— f(ty) ift ety tyl

f@) = f(tp) —g(t) +9(ty) ift € ty,1]

Hence:

[(L=W)f =T =W)gllsv = IIf = 3llity) + [1fllit;.1)

= I = glligg.r) + 1 ot = 1 N0t

= [If = 9li,y — 1+ I1flsv + 1 fllj0,z,]

= [If = 9l,y + 1BV + 1 £llj0,24)

—||9H[BV] - H9||[0,tg}
2(lf = gllpv-

IN

Now let us consider the isometry A : X — X defined by:

() = {h(%) e o, %}

€0
h(1)  telz]]

and take the operator R : B — X defined by

(Rh)(t) = {2(x[;,u(t)) (1 =2[|r[lv) (t—%>+2(Ah)(t) for ||h|| sy

(I = W)h](t) +2(AWh)(t) for ||h|| BV

The definition is well posed since if ||h| gy = 5 then

an)e) +2 (xg3.y0) (1 = 2ilav) (- 5 )
— (T = W)R|(t) + 2(AWA) (1) = (from(3)) = 2(AR)(?).

|

2(1 — 2||h||5v) (t - %) +onr(l) te [% 1}

Now, if [|h||py < % then

N —

2h(2t) te [0,

(Rh)(t) =

1
27
> 1
=2
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and

IRl = 1200l 5+ 20~ 2nlav) (- 3 ) + 200

= 2||hllpv +1—2|h|sv =1,

while ||h| gy > § then

2h(2t) te {o, %’l]
(RR)(t) = { 2h(ty) te[%h,th} :

h(t)+h(ty) te [ty 1]

and
| Rh| gy = ||2h(2t)||[07%h} + [[Plli, 11 = 2l Ao, + 1R, = 1-

Thus R : B — S. Moreover from (4) it follow R|s = Id.

Hence R is a retraction. At this point to evaluate the Lipschitz constant for R we
can proceed as the retraction R in L[0, 1] concluding that R is 8-lipschitzian. So we
proved the claim. O

Claim 2.4.13 For X = BV[0,1] N C[0,1], BV[0,1] N C,[0, 1], AC[0, 1], ACq[0, 1]:

2

¢X(k) Zl—z-

Proof. For all f € X we define ¢(t) = Varyf +t.
We observe that ¢(0) = 0, ¢(1) = Varjg;f +1 > 1 and ¢ is continuous and strictly
increasing. Let’s define ¢ € [0, 1] the unique value such that:

1
V(IT'[07tf]f +if= pE
and

k(Var[Qt}f + t) t> [O,tf]
Tft) = { 1 tety,1]

We note that 7f(0) = 0 and it’s not difficult to verify that if f is in the ball of B of
X then T'f belongs to the sphere S of X.
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We can prove that T is 2k—lipschitzian.

Indeed:

(T1)(t) = (Tg)(t) =

k(Varpgf +1t) — (Varpgg+t)] t>1[0,tf]
1-— k(Var[07t}g +1t) t ety tyl
0 t € ty,1]

hence
Ty —Tgl| = Vm"[o,tf}(k'(var[o,t]f - Va?“[o,t]g)) + kvar[tf,tg](var[o,tf]g +1)
< kV@T[O,tf} (f - g)
+k(Varj, (Varggg +t) — Varg,)(Varpgg +1t))
1
= ]{TVCLT‘[07tf}(f - g) +k E — Var[o,tf]g - tf
= kVarj: (f —9) +k[Varg,,f — Varg,,9]
< kam’[utf}(f —9)
< 2| f —gll-
Moreover:
||f - Tf” = V‘W[O,tf}(f - Tf) + Var[tf,l]f
> |f(ty) = k(Varg., f+tr) — f(O)]
= =1+ f(tp) = fO =1 —[f(ty) = fO) 21— Varg,f
1
> 1-— pE
that proves the claim. O

83



Acknowledgments

Inizio questi ringraziamenti manifestando la mia immensa gratitudine al Prof. Giu-
seppe Marino che mi ha guidato in questi anni di dottorato. Gli sono grato per la
pazienza, gli insegnamenti e 'attenzione dedicata ai miei studi e alle mie difficolta.
Egli é per me un Maestro ed un Esempio anche al di fuori dell’ambito accademico.

Ringrazio il Prof. Espedito De Pascale per i suoi numerosi incoraggiamenti,
per la passione che traspare quando condivide con noi giovani le sue esperienze
culturali e, soprattutto, perché dopo ogni nostro incontro, cresce in me la voglia di
apprendere.

Grazie alla Prof.ssa Paolamaria Pietramala, perché con numerosi consigli e molta
premura, segue i progressi (non solo scientifici) di questo dottorando efficiente ma,

s

alle volte, un po” “ermetico” nel linguaggio.

Grazie alla Dr. Filomena Cianciaruso, dalla quale ricevo sempre segni di stima
e di amicizia. E indelebile il ricordo delle giornate passate nel suo ufficio, alle prese
con le ricerche bibliografiche, durante i miei primi giorni da dottorando.

Merita pia di un ringraziamento il Dr. Gennaro Infante, fratello maggiore sem-
pre prodigo di consigli nei momenti d’indecisione. A lui vanno, anche, la mia ri-
conoscenza per aver rivisto la parte linguistica di questa tesi, ed un grazie speciale
per il sostegno profusomi nei minuti che precedevano la mia prima comunicazione
al Congresso U.M.I. (Milano 2003).

Grazie anche ai miei compagni di viaggio. Vittorio, perché lo studio con lui é
sempre estremamente costruttivo. Gabriella, con cui ho condiviso tutta la prepara-
zione del concorso di accesso al dottorato e 'esperienza della scuola S.M.I.-Perugia
2003. Rosanna, che é per me una fonte inesauribile e insostituibile di confronto.

Non dimentico, inoltre, i Drs. Claudio Marchi, Giampiero Chiaselotti, Giuseppe
Riey, Francesco Polizzi, Luca Guzzardi che hanno messo a mia disposizione i loro
preziosi lavori di tesi. Non tutti sono stati cosi disponibili.

Un affettuoso grazie a mamma e papd, senza i quali non potrei percorrere, con
la dovuta dedizione, la tortuosa strada della ricerca.

Ad Antonella perché é cosi diversa da me, ma proprio per questo, é cosi impor-

84



ACKNOWLEDGMENTS

tante soprattutto nelle fasi di discernimento.

A zia Concetta&Co e zia Franca&Co, zia Lucia&Co, (scusatemi ma non bastereb-
bero 10 Tesi per potervi citare uno per uno!!) per il sostegno e I'affetto mostrato
verso questo nipote che “studia cose che sembrano davvero incomprensibili”. Se
completo queste pagine é anche merito vostro. Grazie.

A Katia, compagna nella Matematica e nella vita, presente nella gioia ma so-
prattutto nelle dure salite. Per 'incoraggiamento (in particolare dopo quel difficile
8 Aprile 2005) il sostegno, la fiducia, I’amore che ogni giorno mi dimostra.

Grazie infine a tutti coloro che qui, solo per motivi di spazio, non posso citare;
il mio affetto per voi e il vostro contributo é conservato intatto in queste pagine.

85



Bibliography

[1] M. Annoni, Retrazioni e minimo spostamento negli spazi di Banach, degree thesis
(2005)

[2] M. Annoni, E. Casini, An upper bound for the Lipschitz retraction constant in 1y,
preprint
[3] D. D. Bainov, P. S. Simeonov, Impulsive differential equations: periodic solutions

and applications, Longman Scientific&Technical N.J. (1993)

[4] ]J. Banas, K. Goebel, Measure of noncompactness in Banach spaces, LNPAM., Mar-
cel Dekker Inc. New York, 1980

[5] M. Baronti, E. Casini, C. Franchetti, The retraction constant in some Banach spaces,
J. Approx Theory 120 2 (2003) 296-308

[6] R. G. Bartle, On compactness in functional analysis, Trans. Amer. Math. Soc. 79
(1955) 35-57

[7] M. Benchohra, J. Henderson, S. K. Ntouyas, Existence results for impulsive semi-
linear neutral functional differential equations in Banach spaces, Memoirs on Differ-
ential Equations and Math. Phys. 25 (2002) 105-120

[8] Y. Benyamini, Y. Sternfeld, Spheres in infinite-dimensional Banach space are Lip-
schitz contractible, Proc. Amer. Math. Soc. 88 (1983) 439-445

[9] C. Bessaga, A. Pelczynski Selected topics in infinite-dimesional topology, Mono-
grafie Matematyczne 58 (1957)

[10] C. Bessaga, Every infinite dimensional Hilbert space is diffeomorphic with its unit
sphere, Bull. Acad. Polon. Sci. 14 (1966) 27-31

[11] K. Bolibok, Constructions of lipschitzian mappings with non zero minimal displace-
ment in spaces L'(0,1) and L?(0,1), Ann. Univ. Mariee Curie-Sklodowska Sec.
A 50 (1996) 25-31

86



BIBLIOGRAPHY

[12] K. Bolibok, Constrution of a lipschitzian retraction on the space cy, Ann. Univ.
Mariee Curie-Sklodowska Sec. A 51 (1997) 43-46

[13] K. Bolibok, K. Goebel, A note on minimal displacement and retraction problems, ].
Math. Anal. Appl. 206 (1997) 308-314

[14] K. Bolibok, Minimal displacement and retraction problems in the space I', Nonlinear
Analysis Forum 3 (1998) 13-23

[15] K. Bolibok, Minimal displacement and retraction problems for balls in Banach spaces
(in Polish), Mariae Curie-Sklodowska University, (Ph.D. Thesis) (1999)

[16] K. Bolibok, Minimal displacement and retraction problems in infinite-dimensional
Hilbert spaces, Proc. Amer. Math. Soc. 132 4 (2004) 1103-1111

[17] D. Caponetti, G. Lewicki, G. Trombetta, Control functions and total boundedness
in the space Ly, Novi Sad J. Math. 32 2 (2002) 109-123

[18] E. Casini, Minimal displacement in Hilbert spaces, Studia Math. 165 3 (2004) 215-
219

[19] E. Casini, A. Croci, Minimal displacement in Hilbert spaces, preprint

[20] M. Cecchi, M. Furi, M. Marini, On continuity and compactness of some nonlinear
operators associated with differential equations in noncompact intervals, Nonlinear
Analysis TMA 9 2 (1985) 171-180

[21] R. Conti, Recent trends in the theory of boundary value problems for ordinary differ-
ential equations, Boll. Un. Mat. It. XXII 3 (1967) 135-178

[22] R. Conti, Linear differential equations, Academic Press London (1976)

[23] ]J. P. Dauer, K. Balachandran, Existence of solutions of nonlinear neutral integro-
differential equations in Banach spaces, ]. Math. Anal. Appl. 251 1 (2000) 93-105

[24] E. De Pascale, G. Lewicki, G. Marino, Some conditions for compactness in BC(Q)
and their application to boundary value problems, Analysis 22 1 (2002) 21-32

[25] B. C. Dhage, Existence theorem for common solution of differential equations in lo-
cally convex spaces, An. $tiint. Univ. Al. I. Cuza lasi Sect. I a Mat. 39 3 (1993)
251-257

[26] B. C. Dhage, S. Heikkild, M. Kumpulainen, On common fixed points with applica-
tions to differential equations in ordered Banach space, Indian ]. Pure Appl. Math.
26 5 (1995) 411-416

87



BIBLIOGRAPHY

[27] B. C. Dhage, Existence theorems for common solutions of differential equations in
Banach space, Jnanabha 27 (1997) 47-52

[28] B. C. Dhage, Condensing mappings and applications to existence theorems for com-
mon solution of differential equations, Bull. Korean Math. Soc. 36 3 (1999) 565-578

[29] C.F. Dunkl, K. S. Williams, A simple norm inequalty, Amer. Math. Monthly 71 1
(1964) 53-54

[30] C. Franchetti, Lipschitz maps and the geometry of the unit ball in normed spaces,
Arch. Math. 46 1 (1986)76-84

[31] C. Franchetti, The norm of the minimal projection onto hyperplanes in L?[0,1] and
the radial constant, Boll. Un. Mat. It. 4 7 (1990) 803-821

[32] K. Goebel, On the minimal displacement of points under lipschitzian mappings, Pa-
cific J. Math. 45 (1973) 151-163

[33] K. Goebel, T. Komorowski, Retracting balls onto spheres and minimal displacement
problem, Fixed point theory and applications (Marseille, 1989), 155-172, Pitman
Res. Notes Math. Ser. 252, Longam Sci. Tech., Harlow 1991

[34] K. Goebel, W. A. Kirk, Topics in metric fixed point theory, Cambridge University
Press, Cambridge, 1990

[35] K. Goebel, A way to retract balls onto spheres, J. Nonlinear Convex Anal. 2 1
(2001) 47-51

[36] K. Goebel, On minimal displacement problem and retractions balls onto spheres, Tai-
wanese J. Math. 51 (2001) 193-206

[37] K. Goebel, Concise course on fixed point theorems, Yokohama Publishers, 2002.

[38] K. Goebel, G. Marino, A note on minimal displacement and optimal retraction prob-
lems, Fixed Point Theory and its Applications (2005) 95-107

[39] G. Goebel, G. Marino, L. Muglia, R. Volpe, The retraction constant and the min-
imal displacement characteristic of some Banach spaces, to appear in Nonlinear
Analysis TMA

[40] J. A. Goldstein, Semigroup of linear operator and applications, Oxford Univ. Press,
N.Y., 1985

[41] A.Granas, ]. Dugundji, Fixed point theory, Springer Monographs in Mathemat-
ics, Springer-Verlag, New York, 2003

88



BIBLIOGRAPHY

[42] D. Guo, V. Lakshmikantham, Nonlinear problems in abstract cones, Academic
Press, Boston, 1988

[43] ]J. K. Hale, S. M. Verduyn Lunel, Introduction to functional differential equations,
Applied Mathematical Sciences 99, Springer-Verlag, 1993

[44] E. Hernandez, H. R. Henriquez, Existence results for partial neutral functional-
differential equations with unbounded delay, J. Math. Anal. Appl. 221 (1998) 452-
475

[45] S. Kakutani, Topological properties of the unit sphere of a Hilbert space, Proc. Imp.
Acad. Tokyo 19 (1943) 269-271

[46] W. A. Kirk, B. Sims, Handbook on metric fixed point theory, Kluwer Academic
Publishers, Dordrecht, 2001

[47] T. Komorowski, Selected topics on lipschitzian mappings (in Polish), Mariae Curie-
Sklodowska University, (M.Sc. Thesis) (1987)

[48] T. Komorowski, J. Wosko, A remark on the retracting of a ball onto a sphere in an
infinite-dimensional Hilbert space, Math. Scand. 67 2 (1990) 223-226

[49] E.Kreyszig, Introductory functional analysis with applications, John Wiley & Sons
Inc., New York, 1989

[50] C. Kuratowskii, Sur les completes, Fund. Math. 15 (1930) 301-309

[51] P. K. Lin, Y. Sternfeld, Convex sets with the Lipschitz fixed point property are com-
pact, Proc. Amer. Math. Soc. 93 4 (1985) 633-639

[52] G.Marino, P. Pietramala, H. K. Xu, Nonlinear neutral integrodifferential equations
on unbounded intervals, International Math. Forum 1 19 (2006) 933-946

[53] G.Marino, P. Pietramala, L. Muglia, Impulsive neutral integrodifferential equations
on unbounded intervals, Mediterr. J. Math. 1 1 (2004) 93-108

[54] G. Marino, P. Pietramala, L. Muglia, Impulsive neutral semilinear equations on
unbounded intervals, Nonlinear Funct. Anal. Appl. 9 4 (2004) 527-543

[55] G. Marino, V. Colao, L. Muglia, A note on weakly isotone maps and common solu-
tions for differential systems, Acta Math. Sin. (English series), 22 4 (2006) 1171-
1174

[56] B. Nowak On the lipschitzian retraction of the unit ball in infinite dimensional Ba-
nach spaces onto its boundary, Bull. Acad. Polon. Sci. 27 (1979) 861-964

89



BIBLIOGRAPHY

[57] Z. Opial, Nonexpansive and monotone mappings in Banach spaces, Lecture Notes,
Brown University, 1967

[58] H. K. Pathak, Application of fixed point theorems to abstract Volterra integrodiffer-
ential equations, Riv. Mat. Univ. Parma 5 3 (1994) 193-202

[59] A.Pazy, Semigruops of linear operators and applications to partial differential equa-
tions, Applied Mathematical Sciences 44, Springer-Verlag, New York, 1983

[60] L. C. Piccinini, G. Stampacchia, G. Vidossich, Equazioni differenziali ordinarie in
R", Liguori Editore, Napoli, 1979

[61] B. N. Sadovskii, Limit compact and condensing operators, Uspehi Mat. Nauk 27 1
(1972) 81-146

[62] A. M. Samoilenko, N. A. Perestyuk, Impulsive differential equations, World Sci-
entific Singapore (1995)

[63] H. Schaefer, Uber die methode der a priori schranken, Math. Ann. 129 (1955) 415-
416

[64] S. L. Singh, Application of fixed point theorems to nonlinear integrodifferential equa-
tions, Riv. Mat. Univ. Parma 4 16 (1990) 205-212

[65] D. R. Smart, Fixed point theorems, Cambridge Tracts in Mathematics 66, Cam-
bridge University Press, London-New York, 1974

[66] R. L. Thele, Some results on the radial projection in Banach spaces, Proc. Amer.
Math. Soc. 42 (1974) 483-486

[67] G. Trombetta, The measures of nonconvex total boundedness and of nonstrongly con-
vex total boundedness for subsets of Ly, Comment. Math. Prace Mat. 40 (2000)
191-207

[68] E. Zeidler, Nonlinear functional analysis and its applications. 1. Fixed-point theo-
rems, Springer-Verlag, New York, 1986

90



Index

B(X), 23

Cone
order, 39

Equation
impulsive, neutral, differential, I
order, 19
impulsive, neutral, differential, I
order, 19
neutral-differential, 10
neutral-integrodifferential, 12
Evolution operator, 16

Map
condensing, 40
k-set contraction, 40
weakly isotone, 40

MEFPp, 1

MEFPt, 1

Mild solution, 13, 19, 21

ODEs, 4
Optimal retraction constant, 59

Problem
minimal displacement, 49
optimal retraction, 49

Radial projection, 64
Retraction, 47

Semigroup, 11
analytic, 12

91

compact (Cp), 11
infinitesimal-generator, 11
strongly continuous, 11
Space
BC(X,R™),23
BC(Q), 6
contractible, 48
cut invariant, 72
extremal, 53
Strongly continuous cosine (sine) fam-
ily, 20

TFPp, 1

TFPt, 1

Theorem
Ascoli-Arzeléa , 5
Banach-Caccioppoli, 5
Schaefer , 5
Schauder, 5



