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”Un homme s’engage dans sa vie,

dessine sa figure,

et en dehors de cette figure il n’y a rien”.

(Jean-Paul Sartre - L’existentialisme est un humanisme - Gallimard, 1946.)

Dédié à ceux qui s’engagent dans l’amélioration constante de cette figure.

” In his life, a man commits himself,

shapes his own figure,

and there is nothing but that figure”.

Dedicated to those who are committed to the constant improvement of that figure.
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Abstract

The aim of this thesis is to propose new insights in the field of Model Predictive

Control (MPC) combined with Reinforcement Learning (RL) algorithms, in the following

research contexts:

• Set-theoretic Receding Horizon Control for unknown dynamical systems. The proposed

methodology is based on three elements: Linear Time-Invariant system behaviour;

Data-Driven modelling, and Reinforcement Learning technicalities. These are appro-

priately combined in order to derive an accurate outer convex approximation of the

nonlinear evolution of an unknown system. The effectiveness of the obtained uncertain

polytopic model has been tested using a probabilistic approach.

• Platoons on Urban Road Networks. Here, the main goals are to alleviate traffic conges-

tion and reduce the CO2 emissions of autonomous vehicles. The core of this part of the

project is the formal definition of new strategies, comprehensive of routing algorithms

and distributed control systems within a theoretical formulation. To efficiently eval-

uate the performance of the proposed control architecture, a co-simulation between

SUMO (Simulation of Urban MObility) and MATLAB has been implemented.

• An intelligent multi-layer control architecture for logistics operations of autonomous

vehicles in manufacturing systems. Similar to the case of autonomous vehicles on

Urban Road Networks, Reinforcement Learning and Model Predictive Control are

combined to solve the problem of task scheduling, routing and control.

• Autonomous vehicle platoons subject to cyber-attacks. The core of this problem is how

to detect and to deal with false data injections in the field of intelligent transportation

systems.
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Abstract in Italiano

Lo scopo di questa tesi è proporre nuove strategie di controllo predittivo, combinato

con algoritmi di apprendimento per rinforzo, nei seguenti contesti di ricerca:

• Controllo set-theoretic ad orizzonte recedente per sistemi dinamici ignoti. La metodolo-

gia proposta si basa su tre elementi: comportamento lineare e tempo-invariante di sis-

temi, utilizzo di dati e apprendimento per rinforzo. L’obiettivo è derivare un’accurata

approssimazione convessa esterna dell’evoluzione non lineare di sistemi ignoti. L’efficacia

del modello incerto politopico ottenuto è stata testata attraverso un approccio proba-

bilistico.

• Plotoni su reti stradali urbane. Gli obiettivi principali consistono nell’alleviare la con-

gestione del traffico e nel ridurre le emissioni di CO2 di veicoli urbani. La definizione

formale di nuove strategie, comprensive di algoritmi di routing e sistemi di controllo

distribuiti, costituisce il nucleo di questa parte della tesi. Per valutare in modo effi-

ciente le prestazioni dell’architettura di controllo proposta è stata implementata una

procedura di co-simulazione tra SUMO (Simulation of Urban MObility) e MATLAB.

• Una architettura intelligente di controllo multi-layer per operazioni logistiche di veicoli

in sistemi di produzione. Similmente al caso dei veicoli autonomi su reti stradali

urbane, apprendimento per rinforzo e controllo predittivo sono combinati per risolvere

i problemi di scheduling, routing e controllo.

• Plotoni di veicoli autonomi soggetti a cyber attacchi. Il rilevamento e la gestione

dell’iniezione di dati falsi nel contesto dei sistemi di trasporto intelligenti rappresentano

il focus dell’ultima parte della tesi.
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Introduction

The aim of this thesis is to propose new insights in the field of Model Predictive

Control (MPC) [1] combined with Reinforcement Learning (RL) [2] algorithms.

Model Predictive Control was first proposed in the 60’s [3][4] and it has been used

in industries since the 80’s [5]. Many approaches to MPC have been used over the years

[6], Chapter 1 of this thesis provides a brief introduction about the set-theoretic one [7][8].

Today the cutting-edge advancements in MPC [9][10] lie in its integration with machine

learning (ML). Chapter 2 outlines essential Reinforcement Learning (RL) [2][11] algorithms

that support the analytical framework of this research. Such algorithms make use of Neural

Networks, therefore some essential ideas about them are introduced in the Appendix A.

The best way to combine ML and MPC is the extensive use of data of the paradigm

named Data-driven MPC [12][13]. While a robust theoretical framework exists for linear

systems, based on the ”fundamental lemma” [14], controlling nonlinear unknown systems

by means of data trajectories is still an open research paradigm. Chapter 3 of this thesis

proposes new insights in this field of studies. There, three methodologies - linear time-

invariant system behavior, data-driven modelling and RL - have been used to derive an

accurate outer convex approximation of the non linear evolution of an unknown system.

In Chapter 4, the main focus is on Autonomous Vehicles (AVs) platoons on Urban

Road Networks (URNs). This area of research is today of great interest because of the in-

creasing number of vehicles world-wide and the corresponding need for innovative solutions

to deal with road traffic issues [15][16]. The core of the proposal given here is the formal

definition of new strategies, comprehensive of routing algorithms and distributed control

systems within a theoretical formulation. To efficiently evaluate the performance of the pro-

posed control architecture, a co-simulation between SUMO (Simulation of Urban MObility)

and MATLAB has been implemented.

1



2 INTRODUCTION

The control architecture proposed in Chapter 4 can be applied to many different

research contexts. Among these is the field of Autonomous Vehicles in smart manufacturing

systems. In that context, the challenge is to optimize the production efficiency by involving

automation to enhance logistics issues [17].

The last Chapter of the thesis refers to the case of Autonomous vehicles platoons

on smart road environments subject to cyber-attacks. This, because the use of open and

unreliable communication platforms has enormously increased the chance that data shared

among AVs could be tampered with by malicious agents [18]. Therefore, in this context,

cyber-security appears to be relevant in terms of attack detection capabilities and adequate

resilient actions [19][20].

Finally, I underline that - while Chapter 1, and 2 resume precedent established results

- Chapter 3 and those following represent the core of the present proposal. They adopt the

same structure: (1) an introduction, comprehensive of the context of interest where the topic

is presented, a specific literature review and a summary of the main contribution made; (2)

problem formulation; (3) proposed solution; (4) numerical results.



Chapter 1

Set-theoretic Model Predictive

Control

MPC [1] is a philosophy to control dynamical system based on the use of state pre-

dictions. In order to compute these predictions, in the classical formulation of MPC, a

mathematical model of the system is required. As an example, given a dynamical system

described by


x(t+ 1) = f (x(t), u(t))

y(t) = Cx(t)

(1.1)

- where x(t) ∈ IRn is the state of plant at time t, u(t) ∈ IRm the control input,

y(t) ∈ IRny the measurement vector, f : IRn× IRm → IRn the non-linear state-evolution

function, C ∈ IRn× IRny the output matrix -, MPC can be formulated as a finite horizon

open-loop optimal control problem, solved at each time instant, using the current state of

the plant as the initial state. This optimization yields an optimal control sequence and only

the first control action in this sequence is applied to the plant [1][21][22]:

u∗(x(t)) = argmin
u
J(x(t),u(t)) (1.2)

s.t.

3
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x(t|t) = x(t)

x(t+ k + 1|t) = f (x(t+ k|t), u(t+ k|t))

x(t+ k|t) ∈ X

u(t+ k|t) ∈ U

where x(t) = {x(t + k|t)}hk=0 predicted state of the system, u(t) = {u(t + k|t)}hk=0

predicted inputs, J(x(t),u(t)) a cost index to be defined, X and U constraints sets on the

state and the input. These could be described in an ellipsoidal set-membership fashion:

u(t) ∈ U := {u ∈ IRm |uTu ≤ u2max},

x(t) ∈ X := {x ∈ IRn |xTx ≤ x2max} ∀t ≥ 0,

(1.3)

with U , X convex and compact subsets of IRm and IRn, respectively.

Figure 1.1 shows the logic behind MPC and the fundamental ingredients: current time

t, when the computations are performed; prediction horizon length h (the future horizon

within computing the predictions of the state); sampling time Ts; predicted inputs and

predicted outputs; the signal to be tracked (named reference); the applied control move

(called current input).

Figure 1.1: Example of model predictive control

The effectiveness of MPC to explicitly lead with state and input hard constraints

and plant uncertainty has been proved [23]. The price that must be paid for these benefits

is its computational demands [24]. In order to solve this drawback, set-theoretic ideas

[7][8][25] have been introduced into the MPC framework. The main goal is to reduce the

computational load by moving most of the computations in an off-line phase aiming at
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synthesizing a convex inner approximation of the feasible state-space with feasibility and

stability guarantees on the possible trajectories of the plant. In what follows, a set-theoretic

approach to MPC is introduced.

1.1 Set-theoretic approach in MPC

The aim is to compute a law u(·) = g(x(·)) with stability guarantees to control the

plant under fulfillment of the set-membership constraints 1.3 without solving any sampling

time the optimization problem 1.2.

The main idea is to find a way to steer the state of the plant to a positively invariant

region:

Definition 1 [7]. A set Ξ ⊆ X is said Positively Invariant (PI) for (1.1) under (1.3) if

there exists a control law u(t) := g(x(t)) ∈ U such that ∀x(t) ∈ Ξ one has

f (x(t), u(t)) ∈ Ξ

✷

If a state x(0) ∈ Ξ is controlled by the above control law u(·) = g(x(·)), the evolution

x(t) ∈ Ξ, ∀t ∈ ZZ+ .

Figure 1.2: A simple representation of the dynamical evolution of a system in a RPI region.

Figure 1.2 provides a simple representation of the dynamical evolution of a system

when the initial state belongs to the PI region Ξ, under the action of the corresponding

state-feedback control law.
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Notice that if a disturbance is included in the dynamic evolution of the system (1.1),

i.e., x(t+ 1) = f (x(t), u(t), d(t)), where d(t) ∈D and D is a bounded set, the definition

of PI region can be extended to each possible realization of d(t). In such a case the region

is called Robustly Positively Invariant (RPI).

The Domain of Attraction (DoA) of this Receding Horizon Control (RHC) algorithm

is given by the set Ξ = T0. In order to increase the DoA, some definitions are required.

Definition 2 [7] Given a set T ⊆ X , the controllability set T T to T in time T <∞ is the

set of all vectors x for which there exists a control law u(·) ∈ U such that if x(0) = x then

x(T ) ∈ T under the action of u(t), t = 0, . . . T . ✷

A special case is the predecessor set:

Definition 3 Given the set T ⊆ X , the predecessor set Pre (T ) , is the set of states for

which there exists a causal control u(t) ∈ U such that the one-step state evolution belongs to

T :

Pre (T ) := {x ∈ X :∃u∈ U : f (x(t), u(t))∈T } (1.4)

✷

Notice that Pre(T ) = T 1. Then, let E be the target set, it is possible to determine the sets

of states i-step controllable to E via the following recursion:

T0 := E , Ti := Pre (Ti−1) (1.5)

given a RPI set T0, the core of the strategy is to compute a family of sets Ti , i =

1, . . . H such that it is easy to determine an admissible control strategy capable to steer in

finite time any initial state x(0) ∈
H⋃
i=0

Ti to the terminal (target) set T0. Such a problem is

stated as follows:

MPC Problem - Given the system (1.6)-(1.7), a sequence of regions {Ti}Hi=0 and an initial

state x(0) ∈
H⋃
i=0

Ti, compute at each time instant t and on the basis of the current state x(t)

a control strategy , compatible with (1.3), such that there exists a finite time instant t̄ ≥ 0

so that x(t̄) ∈ T0 is achieved and a convenient performance index is minimized. ✷
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1.2 Ellipsoidal off-line MPC approach

In order to solve the introduced MPC problem in a simple computational way, few

hypothesis are introduced:

• the dynamical system is described by a discrete-time multi-model linear time-invariant

(LTI) model:

x(t+ 1) = A(ρ(t))x(t) +B(ρ(t))u(t)

y(t) = Cx(t)

(1.6)

where t ∈ ZZ+, x(t) ∈ IRn is the state, u(t) ∈ IRm the control input, ρ(t) = [ρ1(t), . . . , ρL(t)]

an unknown parameter and y(t) ∈ IRny the measurement vector. The system evolution

matrices are such that

[A(ρ(t)), B(ρ(t))] :=
L∑

j=1

ρj(t)[Aj , Bj ] with ρ ∈ Λ :=

ρ ∈ IRL :
L∑

j=1

ρj = 1, ρj ≥ 0


(1.7)

(Aj , Bj) and ρj therefore are, respectively, the polytope vertices and coordinates.

Notice that Ω := Co{[A1 B1] . . . [AL BL]} is the set of all system pairs (A(t), B(t)), ∀t,

with Co{·} denoting the convex hull operator.

• The sets are ellipsoids[26], therefore the definition is required:

Definition 4 [27]. An ellipsoid E ∈ IRn is described as

E := {x ∈ IRn |(x− cE)′PE(x− cE) ≤ 1},

where cE is the center and PE = P ′
E > 0 the shaping matrix. ✷

Remark 1 The same ellipsoid E can be described by means of the support function

supx∈E l
′x = l′cE +

√
l′P−1

E l

where sup denotes the least upper bound of the set. ✷

• U can be expressed as intersection of (possibly degenerate) ellipsoidal sets - U =
⋂

i EUi

Under these hypothesis, the terminal set E = T0 and the stabilizing local control law

u(·) = g(x(·)) defined as a pair (K, E) with E ⊂ IRn an ellipsoidal set and K ∈ IRm×n the

feedback gain u(t) = Kx(t) satisfying

(Aj +BjK)E ⊂ E ⊆ X , ∀j = 1, . . . , L,
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can be computed by solving the following linear matrix inequality (LMI) optimization [23]:

min
QE ,YE ,γE

γE (1.8)

subject to  1 x(t)T

x(t) QE

 ≥ 0 , (1.9)



QE QEA
′
j + Y ′

EB
′
j QER

1/2
x Y ′

ER
1/2
u

AjQE +BjYE QE 0 0

R
1/2
x QE 0 γEIn 0

R
1/2
u YE 0 0 γEIm


≥ 0 (1.10)

 QE QEA
′
j + Y ′

EB
′
j

AjQE +BjYE x2max In

 ≥ 0, ∀j = 1, . . . , L, (1.11)

 u2maxIn YE

Y ′
E QE

 ≥ 0, (1.12)

Imposing

K = YEQ
−1
E and E := {x ∈ IRn |xTPEx ≤ 1} , PE = γEQ

−1
E (1.13)

the RPI region for the closed-loop state evolution

x(t+ 1) = (A(ρ(t)) +B(ρ(t))K)x(t) , ∀ρ(t) ∈ Λ,

complies with the prescribed constraints: E ⊂ X and KE ⊂ U .

As the set sequence {Ti}Hi=1 is concerned, the recursion (1.5) can be implemented via

LMIs that lead to inner ellipsoidal approximations of {Ti}Ni=1. Notice that

Ti+1 = Pre (Ti) = {x ∈ X | ∃u ∈ U : ∀ρ ∈ Λ, A(ρ)x+B(ρ)u ∈ Ti}

= {x ∈ X | ∃u ∈ U : ∀j = 1, . . . , L,Ajx+Bju ∈ Ti}

⊃ {x ∈ X | ∃u ∈ U : ∀j = 1, . . . , L,Ajx+Bju ∈ In[Ti]}

= Projx

{
[x u] |x ∈ X , u ∈ U and ∀j = 1, . . . , L, [x u] ∈ Ẽji

}
where In[·] is the inner ellipsoidal approximation operator [27], Projx is the projection on

x operator and Ẽi is the ellipsoidal set defined in the extended space (x, u). Then

Ti+1 = {x ∈ X | ∃u ∈ U : ∀ρ ∈ Λ, A(ρ)x+B(ρ)u ∈ Ti}

⊃ Projx

In
 L⋂

j=1

Ẽi−1

 ∩ ⋂
i

(IRn×EUi )

 =: Ei+1

(1.14)



Chapter 2

Reinforcement Learning

The focus of this thesis is to apply Machine Learning schemes to advanced MPC ap-

plications in a unified framework. The aim of this Chapter is to introduce some fundamentals

[28][29] used in this work. A definition is required:

Definition 5 [11] An agent - figure 2.1 - is anything that can be viewed as perceiving its

environment through sensors and acting upon that environment through actuators. ✷

Figure 2.1: Simple representation of an intelligent agent

In order to evaluate the success or failure of an agent’s behavior, a numerical criterion

of success of its actions is used. In this sense, an agent is said to be rational if it tries by

its actions to maximize the expected value of the performance criterion. Clearly, to be

rational doesn’t imply to be omniscient - because measurements may not supply all relevant

9
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information about the environment - or clairvoyant - because action outcomes may not be as

expected-. Anyway, a rational agent is learning if it improves its performance after making

observations about the world.

2.1 Fundamentals

Definition 6 [2] Reinforcement Learning (RL) is simultaneously a problem, a class of solu-

tion methods that work well on the class of problems, and the field that studies these problems

and their solution methods. ✷

As illustrated in see figure 2.2, the agent and the environment interact in a closed-loop

fashion without any direct instructions about how to act. The most important ingredients

of RL are:

• the state space S that contains the states s, describing the actual situation of the

environment;

• the action space A containing the admissible actions;

• the reward function r(·) evaluating the performances of the agent.

Note that both state and action sets can be continuous or discrete.

Figure 2.2: RL framework

Figure 2.2 shows how the agent interacts with the environment by means of the actions

and receives the current state and the performance criterion.
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2.1.1 The environment

Regarding the environment, it can be characterized by accomplishment of some prop-

erties. First of all, it is fully observable if the measurement allows the complete recon-

struction of the state. Otherwise, it is said to be not fully observable. Notice that, in this

introduction to RL, the measurement are assumed to comprehend all the state because the

focus is on decision making. Another important property regards the dynamical evolution

of the environment, described as a state evolution function, unknown to the agent. Such a

function can be stochastic if the next state is not fully determined by past states and actions.

Usually the sequence of previous states and actions is called ”run”. The only hypothesis

about the environment is the markovian transition model:

Pr(s(t+ 1)|a(t), s(t), a(t− 1), s(t− 1), . . . , a(0), s(0)) = Pr(s(t+ 1)|a(t), s(t)) (2.1)

where Pr(Event1|Event2) denote the probability of Event1 given Event2. The last equation

can be rewritten by considering that the action a(t) is not known:

Pr(s(t+ 1)|s(t), a(t− 1), s(t− 1), . . . , a(0), s(0)) =
∑
a∈A

Pr(s(t+ 1), a|s(t)) (2.2)

Under this hypotesis, the process can be represented as a markov decision one:

Definition 7 A Markov Decision Process (MDP) is a tuple M = {S, s(0),A, env(·, ·, ·)}

where s(0) is the initial state and env : S × A × S → [0, 1] is a probabilistic transition

function describing the dynamic evolution of the environment.

2.1.2 Main elements

In order to solve a RL problem, some elements need to be introduced:

• the return Gr is the weighted accumulated future rewards, starting from the current

state s(t):

Gr(t) :=
∞∑
k=0

γkr(t+ k + 1) (2.3)

the scalar γ ∈ (0, 1) is called discount factor;

• the value function V is the total amount of discounted reward an agent can expect

to accumulate over the future. There are two main paradigms:
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– state-action value function:

Q(s(t), a(t)) := E

[ ∞∑
k=0

γkr(t+ k + 1)|s(t), a(t)

]
(2.4)

where E[·] denotes the expected value operator. Usually the state-action value

function is called Q-function;

– state value function:

V (s(t)) := E

[ ∞∑
k=0

γkr(t+ k + 1)|s(t)

]
(2.5)

• both the introduced value functions depend on the policy:

π : S → A (2.6)

This function determines the agent behaviour given the actual state s(t). It is the core

of the RL framework, to be determined (and trained) to solve the learning problem.

The policy can be defined in terms of finding the greedy action - usually indicated

as a∗ - in a given state, i.e., the action that maximize the value function in such a state.

This attempt of maximization largely depends on the knowledge of the agent about the

environment. There are many strategies to improve it. The ones used in this thesis work

are:

• ϵ−greedy policy [30]:

a(t) =


rand(A) with probability ϵπ(t)

a∗ otherwise

(2.7)

where ϵπ(t) ∈ (0, 1) is a monotonically decreasing function of time. The reason behind

this choice is the hypotheses that the knowledge about the environment increases over

time.

• additive action noise [31] :

a(t) = a∗(t) + na(t) (2.8)

The quantity na(t) is the noise, extracted from a probability distribution, for example:

na(t) ∼ N (0, σa(t)
2) (2.9)

whereN denotes a normal distribution with zero mean s0 and σa(t) standard deviation.

Again, σa(t) is a monotonically decreasing function of time.
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Literature refers to the trade-off between applying the greedy action and improving

the knowledge as dichotomy between exploitation of existing knowledge and exploration of

uncharted territory [32].

Starting form the value function it is possible to compute the expected value of the

reward at the next-time instant:

Theorem 1 Given the value function Q(s, a), the actual state s(t) and the applied action

a(t), the expected reward is given by

r̂(t+ 1) := E[r(t+ 1)] = Q(s(t), a(t))− γQ(E[s(t+ 1)], π(E[s(t+ 1)])) (2.10)

Proof

Q(s(t), a(t)) := E
[∑∞

k=0 γ
kr(t+ k + 1)

]
= E[r(t+ 1) +

∑∞
k=1 γ

kr(t+ k + 1)]

= r̂(t+ 1) + E
[∑∞

k=0 γ
k+1r(t+ k + 2)

]
= r̂(t+ 1) + γE

[∑∞
k=0 γ

kr(t+ k + 2)
]

= r̂(t+ 1) + γQ(s(t+ 1), a(t+ 1))

✷

Notice that if the state value function is given instead of the state-action value func-

tion, the following formula holds:

r̂(t+ 1) = V (s(t))− γV (E[s(t+ 1)]) (2.11)

When the agent receives, from the environment, r(t+ 1) and s(t+ 1) the quantity

δπ(t) := r(t+ 1) + γQ(s(t+ 1), π(s(t+ 1)))−Q(s(t), a(t)) (2.12)

called temporal difference error, assumes a crucial role in the learning process. Therefore,

the level of the knowledge about the environment of the agent can be evaluated by means of

δπ(·). This quantity is evaluated several time during the learning process which is composed

of episodes. An episode is defined as the time from an initial state to a terminal state:

• The initial state is described by means of a probability distribution, for example:

s(0) ∼ N (s0, σ
2
s) (2.13)
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• The final instant depends on the satisfaction of a criterion that evaluate a state as

terminal. Examples of terminal state are the instant when the desired state is reached

or the instant when it is not anymore reachable.

The process that re-initialize the environment for the next episode is called reset.

2.2 Reinforcement Learning algorithms

In literature, there are many algorithms to deal with RL problems. Mostly they can

be grouped as:

• policy gradient [33][34] that directly differentiate the value function;

• value based estimating the value function of the optimal policy, like Q-learning

[35][36] or State-Action-Reward-State-Action (SARSA) [37][38] ;

• actor critic methods [39][40] estimating both a policy and a value function;

• model-based [41][42] using the dynamic evolution model of the environment.

In what follows, two paradigms are presented: Q-learning and actor critic architecture.

The first class of methods is suitable to discrete action space, while the second one to the

continuous case.

2.2.1 Deep Q-learning

Q-learning [35][36] is a RL approach used to find an optimal action-selection for a

given MDP. It is defined by the policy:

π(s) = argmax
a∈A
Q(s, a) (2.14)

Figure 2.3 represents the training of a Q-learning agent. The main idea is to repeatedly go

from the initial state s(0) to the terminal state s(tend) - that can be a good state or not -

while controlling the evolution of the system by means of an ϵ−greedy policy.

It has been proved that by updating Q as

Q(s(t), a(t))← Q(s(t), a(t)) + α(r(t+ 1) + γmax
a∈A
Q(s(t+ 1), a)−Q(s(t), a(t))) (2.15)
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Figure 2.3: Q learning loop

where α ∈ (0, 1) the learning rate, the approximation will converges to the return,

but it may visit possible state-action pairs many times [43].

All the above developments allow to write down the following computable algorithm.

Q learning -Algorithm

Initialization

1: Initialize Q(s, a);

For each episode

1: Initialize s(0) as in (2.13)

For each time step

1: Select an admissible action, by means of an ϵ−greedy policy:

π : a(t) =


rand(A) with probability ϵπ(t)

argmaxa∈AQ(s(t), a) otherwise

(2.16)

2: Apply the chosen action a(t);

3: Observe the next state of the environment s(t+ 1);
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4: Receive the reward r(t+ 1)

5: Update Q(s, a) as in (2.15);

6: Decrease ϵπ(t)

7: Until s(t+ 1) is terminal.

8: Until it is assumed that the temporal difference error δπ(t) defined in (2.12) is

definitely such that |δπ(t)| < ϵδ where ϵδ > 0 is a given threshold scalar.

Usually the best way to structure the Q-function is by using a neural network (see

Appendix 1) as approximation function. In such a case, Q-learning is called Deep Q learning

- to underline the presence of the network - and the Q-function depends on the neural

networks weights θ: Q(s, a; θ). The aim of the learning process is to find θ∗ :

θ∗ := argmin
θ
|Gr(s, a)−Q(s, a; θ)| , ∀(s, a) ∈ S ×A (2.17)

where Gr(s, a), as in (2.3), is the (unknown) return, therefore this formula cannot be

straightforwardly used. In order to find a good approximation of θ∗, the training process

continues to update the Q-function until the temporal difference error δπ(t) defined in (2.12)

converges.

2.2.2 Actor-Critic approach

Actor-Critic [39][40] is an RL paradigm where the agent is designed by means of two

main parts - as depicted in figure 2.4-:

• the Actor directly implements the RL policy (2.6), i.e. , it is in charge to generate

the greedy action a∗ given the actual knowledge about the environment and the actual

state s(t);

• the Critic is the value function - (2.4) or (2.5) - therefore its role consists in evaluating

the policy provided by the Actor.

The scheme of figure 2.4 shows this paradigm in case of an additive action noise on the

greedy action as in formula (2.8) to explore the environment.

All the above developments allow to write down the following computable algorithm.
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Figure 2.4: Actor-critic scheme

Actor Critic -Algorithm

Initialization

1: Initialize Q(s, a) and π(s)

For each episode

1: Initialize s(0) as in (2.13)

For each time step

1: Select an action, by means of the actor:

a(t) = π(s(t)) (2.18)

2: Perturb the chosen action as in (2.8) in order to explore the state space;

3: Apply the action;

4: Observe the next state of the environment s(t+ 1);

5: Receive the reward r(t+ 1)

6: Update Q(s, a) as in (2.15);

7: Update the policy π(s);

8: Until s(t+ 1) is terminal.

9: Until it is assumed that the temporal difference error δt defined in (2.12) is definitely
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such that |δt| < ϵδ where ϵδ > 0 is a given threshold scalar.

Updating the policy The policy is a function depending on some parameters θπ :

π = f(s; θπ) (2.19)

This is a general assumption that holds true also when the actor is defined as a neural

network. A classical way [39] to update the policy is by gradient descent [44]:

θπ = θπ + απ∇θπQ (2.20)

where απ ∈ (0, 1) is a small enough learning rate for the actor.



Chapter 3

Set-theoretic Receding Horizon

Control for nonlinear systems: a

data-driven approach

This Chapter is based on the work presented in [45] and [46]. Here, the problem of gen-

erating multi-model state space descriptions in a data-driven context to embed the dynamic

behavior of nonlinear systems is addressed. The proposed methodology takes advantage

of three methodologies: linear time-invariant system behavior, data-driven modeling and

reinforcement learning technicalities. These elements are properly combined to develop a

data-driven algorithm capable to derive an accurate outer convex approximation of the non-

linear evolution of an unknown system. At each iteration, the resulting algorithm computes

a polytopic model and evaluates its effectiveness using a probabilistic approach.

As the main merits of the proposed approach are concerned, the following aspect

clearly stands up: the development of an interdisciplinary methodology that takes advantage

of system theory, probabilistic arguments and reinforcement learning capabilities giving rise

to an harmonized architecture in charge to deal with a vast class of nonlinear systems.

Finally, the proposed approach is tested by resorting to benchmark examples that

allow to quantify the level of accuracy of the computed polytopic outer approximations.

19
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3.1 Context of interest

In recent years, the acquirement, processing, and analysis of “big data” has become

a relevant topic in science and engineering, also reviving the interest of using data-driven

techniques for control engineering purposes [47, 48]. As a consequence, learning from data

has assumed a key role in statistics and artificial intelligence areas, as well as in the con-

trol theory domain [49], [50], [51], [52]. On the other hand, it is worth to recall that the

most sophisticated control strategies, such as adaptive control [53], model predictive control

[54, 21], sliding-mode control [55] and so on, require a mathematical model of the system.

Although this is an advantage for the controller design theory, it represents a drawback

when model-based approaches are applied in real contexts because the mathematical model

is not always available, especially in complex systems. For example, most of the processes

arising in several industrial domains (chemistry, metallurgy, machinery, power electronics,

transportation to cite a few) show increasing complex behaviors (unmodeled dynamics, large

disturbances, uncertainty sources) that make difficult or even impossible the use of standard

model identification techniques, often restricted to linear and deterministic systems, see [56].

Even if exact mathematical models were available, they may be not applicable for controller

design purposes because, due to high orders and strong nonlinearities, the resulting control

architectures could be not suitable for practical implementations.

Based on this analysis, an idea, often investigated in past years, to overcome such

difficulties relies on the derivation of proper state trajectory embeddings such that the be-

havior of the nonlinear plant is included into that of an uncertain linear time invariant (LTI)

system [27]. Although appealing, this modus operandi crashes with the intrinsic complexity

of process dynamics that require an effective handling of uncertainties and nonlinearities.

Therefore, the adoption of data-driven approaches [57] appears the more suitable way to

pursue in this context. As a matter of fact, the development of data-driven techniques is

based on the exploitation of “big data”, either collected and stored from the process history

or generated by a “digital twin” [58]. Therefore, the need of ad-hoc machine learning algo-

rithms [11] becomes fundamental to efficiently address computational complexity issues, see

e.g. [59].
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3.1.1 Literature review

The derivation of outer convex approximations of the state trajectories pertaining to

specific classes of nonlinear systems is a relevant topic collecting many contributions in the

last three decades. The discussion about the technical literature can be divided into two

main categories: model-based approaches and data-driven ones. The so-called model-based

schemes have a long history starting from the seminal paper [60] and as testified by the

numerous contributions concerning the use of linear time-varying uncertain system descrip-

tions, see [61]-[62] and references therein. Although these methods have successfully applied

in different contexts, they suffer of an unavoidable methodological/computational drawback

concerning with the derivation of mathematical models by means of first principles [63].

Conversely, the use of data-driven simulation approaches [64] to describe the dynamics of

nonlinear systems via LTI embeddings takes inspiration from the well-known fundamental

lemma [14]. There, the authors have established the methodological criteria under which

the whole state trajectory tube arising from a linear system can be represented by a finite

number of excited dynamics. By properly adapting this result, in recent years LTI embed-

dings have been first derived for Wiener systems [65] and then a generalization to the class

of bilinear systems, such as Hammerstein, finite-lag Volterra, have been provided in [13].

An alternative method to the data-driven modeling relies on the Koopman operator that

has attracted considerable attention [66], [67]. Unfortunately, a critical issue inherent to

the Koopman-based method is the selection of basis functions, which are a set of nonlin-

ear real-valued functions with respect to the measurement coordinates. As a consequence,

obtaining representations is proven to be difficult in all but the simplest systems, and they

are often complex or are the output of uninterpretable black-box optimizations, see [68]. In

this context, the introduction of deep learning methods enable a data-driven architecture

for finding Koopman eigenfunctions, providing intrinsic linear representations of strongly

nonlinear systems, see e.g., [69].

Along similar lines, it is worth to mention those methods that combine the use of multi-

modelling framework based on the Linear Parameter Varying (LPV) approach with machine

learning techniques that have started to appear, see [70] for a recent overview. Neural net-

works have been used to develop an approach to simultaneously estimate the states and

structural dependency of LPV matrices from input/output data [71].
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Although interesting from a theoretical point of view, all these items share at least

two drawbacks. From one hand, the achieved methodological results are restricted to specific

classes of nonlinear systems that are unlikely extendable to different configurations. From

the other hand, computable algorithms are absent or even impossible to write down.

3.1.2 Main contribution

Starting from the above analysis, the main novelties of the proposed approach can be

summarized as follows.

• An ad-hoc data-driven algorithm for embedding the state trajectory tube of a wide class

of nonlinear systems within a multi-model state space description whose key ingredients

are: the behavioral approach coupled with a RL scheme under the satisfaction of

statistical requirements. At the best authors’ knowledge, this idea can be considered

as one of the first attempts to combine into a single framework these two methodologies

to derive outer convex approximations of the exact differential inclusions characterizing

the dynamical behavior of nonlinear systems;

• Since an outer convex approximation of the exact differential inclusion of a nonlinear

system should be provided, the lack of knowledge on the mathematical structure of the

plant can lead to an exhaustive search on the admissible (according to the prescribed

constraints) extended (state-input) state space. Then, two strategies are properly

combined to obtain an affordable computational scheme to overcome the difficulties

arising from the lack of knowledge on the mathematical structure of the plant:

1. from one side, the analysis of the nonlinear black-box is moved towards a linear

time-invariant scenario. This is achieved by formally deriving conditions un-

der which several system properties, such as equilibrium points, linear behaviors

around the equilibria, polytope vertex reduction (see e.g., [72]), become valid

under data analysis processes;

2. from the other side a reinforcement learning algorithm, specifically an actor-critic

based scheme, see Chapter 2, combined with a statistical analysis at each event

[73].
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• The accuracy of the obtained system multi-model is formally characterized by evalu-

ating pre-specified confidence levels according to statistical tests. This task is coupled

with the resulting actor-critic architecture by defining the reward function as a linear

function of the level of confidence pertaining to the current convex approximation.

• Convergence properties are proven by resorting to set-theoretic arguments.

In conclusion, the proposed convex outer embedding algorithm takes advantages of the

behavioral approach in terms of linear time-invariant description of the nonlinear system,

the actor-critic reinforcement learning architecture for search parameter purposes and the

statistics criteria for accuracy evaluations. On the other hand, the methodological interest to

derive multi-model descriptions is strictly connected to design issues. Since systematic and

computational efficient tools, such as those based on Linear Matrix Inequalities (LMIs) [23]

or set-invariance arguments [8], are not directly applicable in nonlinear data-based settings,

the availability of outer convex approximations, allow to use flexible, though a slightly more

conservative, control algorithms.

3.1.3 Outline

A introductory section recalls notations and some preliminary results on differential

inclusions. In Section 3.3, the state trajectory embbeding problem is stated in the discrete-

time setting. Hence, Section 3.4 recalls and customizes to the considered framework the data-

based LTI description. Section 3.5 provides insights to the probabilistic measure adopted to

infer the accuracy of the computed uncertain linear embedding. A Deep Machine Learning

characterization is presented in Section 3.6 with the aim to efficiently perform an exhaustive

search on the parameter space. Hence, Section 3.7 collects all the methodological results to

write down the computable polytopic embedding algorithm. Finally, two benchmark models,

namely the quadruple-tank system and the Van der Pol oscillator, are used for evaluating

the effectiveness of the proposed approach in Section 3.8.

3.2 Preliminary considerations

Definition 8 A differential inclusion is described by [27]:

ẋ(t) ∈ f(x(t), u(t), t), t ∈ IR, (3.1)
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where x ∈ IRn, u ∈ IRm and f(x(t), u(t)) : IRn× IRm → IRn is a set-valued map satisfying

the following conditions for each u ∈ IRm

1. it is upper semi-continuous, i.e., for each x ∈ IRn and each β > 0 there exists η > 0

such that, for all ξ ∈ IRn complying with |ξ−x| ≤ η, one has f(ξ, u) ⊆ f(x, u)+βB(0, 1),

with B(0, 1) the unit hyperball in IRn;

2. for each x ∈ IRn the set f(x, u) is nonempty, compact and convex. ✷

As shown in [74], conditions 1)-2) guarantee that for each fixed u ∈ IRn there exists at least

one solution to (3.1).

Definition 9 The discrete-time model of the differential inclusion (3.1) is

x(t+ 1) ∈ fTs
(x(t), u(t)), (3.2)

with Ts > 0 the sampling time and fTs
(x, u) the set of values that the solutions to (3.1) can

take at time t = kTs, k ∈ ZZ+ := {0, 1, . . .}, when starting at x and with the constant input

u(t) = u, ∀t, applied. ✷

3.3 Problem formulation

Consider the class of non-linear systems described by the following discrete-time state

space model

x(t+ 1) = f (x(t), u(t))

y(t) = Cx(t)

(3.3)

where t ∈ ZZ+, x(t) ∈ IRn is the plant state, u(t) ∈ IRm the command input and y(t) ∈ IRny

the measurement vector with C the output map. Moreover, the set-membership constraints

1.3 are prescribed.

As the discrete-time nonlinear function map f : IRn× IRm → IRn in (3.3) is con-

cerned, the following standard assumptions [27, 75] guarantee the existence of convex outer

approximations for the state trajectories of the non-linear dynamics (3.3):

Assumption 1 f (·, ·) is a continuously differentiable function - therefore defined as C1

function - where f (0n, 0m) = 0n. ✷
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Assumption 2 f (·, ·) is uniformly Lipschitz in u ∈ U , i.e.,

∥f (x, u)− f (ξ, u)∥ ≤ Lx∥x− ξ∥, ∀(x, ξ) ∈ X × X ,

with Lx ∈ IR+ the Lipschitz constant. ✷

In the sequel, the following operating conditions are considered:

Assumption 3 The state vector x is fully measurable., i.e. C = In. ✷

Data-driven scenario - The map f (·, ·) is unknown while the upper-bound scalars xmax

and umax are available. Input-output data sequences {ud(t), xd(t)}Ns
t=0, Ns <∞, complying

with (1.3), have been obtained by performing experiments on the real plant. ✷

Then, the problem of interest can be stated as follows.

Polytopic embedding of nonlinear dynamics (PE-ND) - Given a family of input-

output data Γ :=
{
{ud(t), xd(t)}Ns

t=0

}M

d=1
, with the apex d referring to available data and

M to the data family length, determine a polytopic outer approximation (1.6)-(1.7) of the

differential inclusion (3.2)

f ((x(t), u(t)) = fTs(x(t), u(t))

 x(t)

u(t)

 , (3.4)

with fTs
(x(t), u(t)) ∈ Ω, ∀t, such that

fTs
(x, u) ⊆ Ω, ∀(x, u) ∈ X × U (3.5)

✷

The PE-ND problem has been addressed by conceiving a novel procedure capable to exploit

input-output data sequences and to take advantage of the following three methodologies:

1. the behavioral approach,

2. the statistical analysis of dynamical systems,

3. the reinforcement learning (RL) framework.

The next sections will be first devoted to customize these ingredients within the PE-

ND prescriptions.
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3.4 Data based LTI description

For the subsequent developments, the concepts of equilibrium and linear system be-

havior are of interest.

Definition 10 A pair {us, xs} ∈ IRm+n is an equilibrium of the nonlinear system (3.3),

if the input-output sequence {ud(t), xd(t)}∞t=0, with {ud(t), xd(t)} = {us, xs}, ∀t ∈ ZZ+, is a

state trajectory of (3.3). ✷

Conversely, if the nonlinear plant (3.3) behaves as a LTI system, e.g., the minimal realization

(A,B,C), i.e., reachable and observable [76], resulting from (1.6) when ρ(t) = ρ̄, ∀t, with

ρ̄ ∈ Λ a fixed multi-model realization, the Definition 10 simplifies as follows.

Definition 11 A pair {us, xs} ∈ IRm+n is an equilibrium of the LTI system (A,B,C), if

the input-output sequence {ud(t), xd(t)}nt=0, with {ud(t), xd(t)} = {us, xs}, ∀t ∈ ZZ+, is one

of its state trajectories. ✷

As it is well-known, the plant dynamics (3.3) can be approximated around the equilibrium

{us, xs} via linearization arguments [72]. Since in the considered data-driven setting the

knowledge of the map f (·, ·) is not available, a LTI model of (3.3) can be derived by using

the Fundamental Lemma [14] and the formulas presented in [49]. Let

U0,1,T := [ ud(0) ud(1) · · · ud(T ) ]

X0,T := [ xd(0) xd(1) · · · xd(T ) ]

X1,T := [ xd(1) xd(2) · · · xd(T ) ]

(3.6)

be sequences of sample data of length T > 0 such that U0,1,T is a persistently exciting input

sequence of order n+ 1, i.e. the following rank condition is satisfied

Rank

 U0,1,T

X0,T

 = n+m (3.7)

As outlined in [49], one derives that

x(t+ 1) = X1,T

 U0,1,T

X0,T


†  u(t)

x(t)

 (3.8)

with † the Penrose pseudo-inverse operator. Then the following linear time-invariant de-

scription comes out:

[A B ] = X1,T

 U0,1,T

X0,T


†

(3.9)
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If the system generating the trajectories is linear - therefore described by the matri-

ces (A,B,C) - and the input is persistently exciting, the fundamental lemma stands that

[A B] = [A B ].

In order to make computable the above reasoning, two questions must be addressed:

1. determine an equilibrium for the unknown dynamic system (3.3);

2. built admissible data sequences (3.6) complying with (3.7).

Notice that, according to Definition 10, an infinite sequence of data should be experimentally

obtained to assess the existence of an equilibrium point. Then, the issue 1. is solved by

means of the following result.

Proposition 1 Let βa > 0 be an arbitrary small scalar. Given a constant input us ∈ IRm,

iteratively applied to (3.3) from t = 0 onward, and ∆x(t) := x(t) − x(t − 1), t ≥ 1, the

resulting one-step state difference. If starting from a certain time instant t̄ > 0 one has that

∥∆x(t̄+ k)∥ ≤ βa, k = 0, 1, . . . , h, (3.10)

then xs ← x(t̄+ h) is an equilibrium for (3.3).

Proof - If the repetitive application of a constant input us leads to a convergent state

trajectory, this implies that ∆x(∞) = 0x as prescribed by Definition 10. Assume that this

is true, then at t → ∞ an equilibrium will be reached,. As a consequence, the nonlinear

system (3.3) has a linear behavior within the admissibility region B([xsT us
T

]T , ls), ls > 0,

see [72]. In virtue of this reasoning, if at t̄ one has that

∥∆x(t̄)∥ ≤ βa (3.11)

then it is sufficient to check the validity of (3.11) for the successive samples x(t̄ + k), k =

1, . . . , h, to comply with the requirements of Definition 11. Finally, since the tolerance βa

is vanishing the computed equilibrium is given by x(t̄+ h) =: xs. ✷

As the second question is concerned, the data sequences (3.6) must be obtained by satisfying

the following set-membership condition:

[xd
T

(t) ud
T

(t)]T ∈ B([xs
T

us
T

]T , ls), ∀t.

Unfortunately the radius ls of the hyperball B([xsT us
T

]T , ls) is unknown and cannot be

explicitly computed because the map f (·, ·) is not available. As a consequence, the next
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proposition identifies the points belonging to this hyperball where the nonlinear system

behaves as a linear model. Again, it is possible to resort to system theory arguments.

Proposition 2 Given the equilibrium (us, xs), consider the following state evolution se-

quences of length h obtained by applying the constant input ū to the system starting from

the initial condition x̄ :

x̄(k) =A kx̄+
k−1∑
i=0

A k−1−iB (ū) , k = 1, . . . , h, (3.12)

and

x̃(k) =A k(x̄− xs) +
k−1∑
i=0

A k−1−iB (ū− us) , k = 1, . . . , h. (3.13)

If

[x̄T ūT ]T ∈ B([xs
T

us
T

]T , ls)

then

x̄(k)− xs ≡ x̃(k), k = 1, . . . , h. (3.14)

Proof - It is sufficient to exploit the case of linear systems since the state trajectory arising

from the application of the pair (us, xs) belongs to Projx

(
B([xsT us

T

]T , ls)
)
. In order to

prove that the same holds true for (ū, x̄), the additive property of the superimposition

principle is applied to the LTI model (3.9) as shown in (3.13) and the resulting h samples

compared by (3.14). ✷.

3.5 A probabilistic measure of performance

Given a multi-model description (1.6)-(1.7) obtained as the convex hull of a set of

LTI models computed according to the Propositions 1-2 prescriptions - since it has been

achieved by exploiting input-output data -, a key issue consists in understanding how much

this outer polytopic approximation of (3.3) is effective.

Ideally, this should prescribe to check that all the admissible (compatible with (1.3)) state

trajectories of (3.3) lie in the state trajectory tube, say T (Ω), associated to (1.6)-(1.7).

Evidently this is not viable for computational reasons. A possible way to overcome such a

hitch consists in using a probabilistic approach within the Monte Carlo simulation setting,

see e.g. [77]. Then, the effectiveness of the outer approximation can be formalized as follows.
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Probabilistic analysis - Let X be equipped with a probability measure P , the problem

is to estimate the measure P (S ) of the subset S ⊂ X consisting of the elements of X

for which a “successful” event occurs: the state trajectory of (3.3), starting from a randomly

chosen initial state x ∈ X under the action of a random constant input u ∈ U , belongs to

T (Ω). ✷

As it is well-known, if a set Xµ of µ independent identically distributed (i.i.d.) samples

is drawn from X an empirical estimate of P (S ) is given by the fraction of “successful”

events P̂ (S ,Xµ), and the Chernoff bound holds
Pr{|P̂ (S ,Xµ)−P (S )| > ϵp} ≤ 2−2µϵ2p

or equivalently

Pr{|P̂ (S ,Xµ)−P (S )| ≤ ϵp} > 1− 2−2µϵ2p

(3.15)

Essentially, the inequality (3.15) allows to evaluate P (S ) on the basis the accuracy ϵp

with which P̂ (S ,Xµ) estimates P (S ) by using µ i.i.d. samples and the confidence level

1− !Ë = 1− 2−2µϵ2p .

According to (3.15), the probability of success is determined by extracting µ i.i.d.

samples from the following sets:

• X̂ uniform distribution on X ;

• Û uniform distribution on U .

Hence, these distributions generate µ state trajectories of (3.3), say {x̂k(u;x)} to be read as

the sequence of data emanating from the initial state condition x when the constant input

u is applied, that are checked by following the prescriptions of the Probabilistic analysis:

x̂k(x;u) ∈ T (Ω), ∀k ∈ ZZ+ (3.16)

3.6 Reinforcement Learning approach

In this section, thePE-ND problem is framed within a reinforcement learning scheme.

It is worth that the derivation of a polytopic embedding (3.4)-(3.5) for the nonlinear state

trajectories prescribes the exploration of the whole admissible extended space X ×U . This,

though in principle achievable, is not viable from a computational point of view, therefore a
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Figure 3.1: Reinforcement learning: the diagram flow

machine-learning approach results to be the more adequate way to proceed in consideration

of the intrinsic uncertainty of the considered problem.

Figure 3.1 shows the RL diagram flow for the considered setting. Here, the non-linear

model (3.3) represents the environment where the RL algorithm operates while the rational

agent is designed as an actor–critic architecture in charge to select the action u by using

the stored applied input data Uprec (the set of actions used in the past) and the polytopic

description (1.6)-(1.7). The main RL ingredients are below summarized:

• Action space - the set of admissible inputs:

A := U (3.17)

Notice that the action set A is a continuous space and this is a reason behind choosing

the actor-critic architecture.

• State space -

S := {s = Ω} (3.18)

where a state realization is a multi-model description (1.6)-(1.7) of (3.3);

• Reward function (Performance criterion) - r : S × S → IR is the weighted sum of

two components:

r(s, u) := (1− !Ë(s)) + βrψu(s, s
+) (3.19)
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– (1 − !Ë(s)) is the confidence level computed via (3.15) and, as a consequence,

checks the effectiveness of the current embedding (3.4)-(3.5),

– ψu : S × S → {0, 1} - penalized by the scalar βr ∈ [0, 1] - accounts for the

capability of success:

ψ(s, s+) :=


1, if s ̸= s+

0, otherwise

(3.20)

where s+ is the one-step state evolution arising from s under the chosen action

u.

• Return function

Gr(k) :=
∞∑

k1=0

γk1 r(s(k + k1), u(k + k1)) (3.21)

with γ ∈ (0, 1) the discount factor.

• The policy

π(s(k),Uprec; θa) = a(k) (3.22)

It depends on Uprec because it is not allowed to use twice an action. θa are the Actor

neural network weights.

• State-action value function

Q(s, u; θc) := E [Gr|π] (3.23)

with θc the Critic neural network weights.

It is worth to underline that the Critic is the value function Q(s, u; θc) in charge to approx-

imate the return Gr while the Actor is the policy u(k) = π(s(k); θa). Notice that in this

specific framework, the action a(k) coincides with the control input u(k) to be applied. As

in formula 2.10, the expected value of r(k + 1) is:

r̂(k + 1) := E[r(k + 1)] = Q(s(k), u(k); θc)− γQ(s(k + 1), π(s(k + 1); θa); θc) (3.24)

and the temporal difference error

δπ = r(k + 1)− r̂(k + 1) (3.25)



32 CHAPTER 3. SET-THEORETIC RHC FOR NONLINEAR SYSTEMS

Finally, the scheme of figure 2.4 prescribes the use of the Gaussian noise technique,

i.e. random values na(k), normally distributed with a zero mean and a standard deviation

ψa(k), are added to the selected action u∗. This has the aim to make the RL system more

able to explore the action space.

In the present context, the above scheme has been implemented by resorting to a

reset-free approach, see [78] for details. The main reason behind this choice relies on the

need to take trace at each time step of the computed multi-model description (1.6)-(1.7),

i.e. the state realization s(k). In particular, the rational agent learns by increasing the

variance of the state distribution as a result of the application of the perturbation na(k)

to the policy (3.22). For exploration purposes, the Actor is iteratively executed for a

finite number of steps, say Ta, according to intermittent noise realizations. This leads to

the desirable consequence that the exploration of A is encouraged in order to avoid local

minima. According to the above developments, the following Actor procedure comes out.

Reset-Free Actor (RF-A) Procedure

INPUT: s(k);

GLOBAL: Ta; active; j; Uprec;

OUTPUT: u(k)

1: if j < Ta and active == false then na(k) ≡ 0 & j ← j + 1

2: else if j < Ta and active == true then na(k) ∼ N (0, σa(k)) & j ← j + 1

3: end if

4: if j == Ta and active == false then active← true & j ← 0

5: else if j == Ta and active == true then active← false & j ← 0

6: end if

7: Determine π(s(k); θa) as the output of the underlying neural network

8: Compute

u(k) = π(s(k),Uprec; θa) + na(k) (3.26)

9: Update Uprec

Remark 1 The logical variable active is instrumental to take trace of Ta consecutive non-

null realizations of the signal noise na(k). ✷
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3.7 State trajectory embedding algorithm

In this section, the developments of the above sections are harmonized to write down

a computable algorithm. To this end, it is mandatory to formally take into account the

unavoidable noise deriving from the exclusively use of input-output data [79]. In particular,

two questions have to be adequately addressed:

1. How can false occurrences on the set-membership condition (3.16) be mitigated?

2. How can the number of vertices characterizing the convex hull Ω be kept at a reasonable

level as the number of LTI realizations [Aj Bj ] grows up?

The first issue can be attacked by resorting to the perturbation bound of the Moore-Penrose

inverse under the spectral norm proposed in [80, 81]:

In view of this, the condition (3.16) can be relaxed as follows.

Proposition 3 Let Ω be a convex hull describing the multi-model (1.6)-(1.7). Then, any

state trajectory {x̂k(x;u)} of (3.3) is also a state trajectory of (1.6)-(1.7) if

x̂k(x;u) ∈ T (Ω) + B(0, η) , ∀k ∈ ZZ+ (3.27)

with

η :=
1

√
nβe min

j∈{1,...,L}


∥∥∥∥∥∥∥∥
 U j

0,1,T

Xj
0,T


†∥∥∥∥∥∥∥∥

2

2


(3.28)

The proof of this result is available in [45].

The second question is addressed by taking advantage from model reduction arguments [82].

The following result holds.

Proposition 4 Given the multi-model system (1.6)-(1.7). Let [A B ] be a LTI realiza-

tion computed by formulas (3.8)-(3.9). Then,

[A B ] =

L∑
j=1

ρj [Aj Bj ], for some ρ = [ρ1, . . . ρL] ∈ Λ

if there exists a polytope vertex [Aj Bj ], j ∈ {1, . . . , L}, such that

∥W (z)−W j(z)∥∞ ≤ 2
n∑

i=1

(υ̃i − υji ) (3.29)
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where W (z) denotes the transfer function of the system (A ,B , In), Wρ while W j(z)

the transfer function of the system realization (Aj , Bj , In), and υ̃, υ
j , the associated singular

values vectors.

Proof - As shown in [83], a generic system W (z) can be model reduced if the following

arguments are valid. Let Wn−k(z) and Wk(z) be the subsystems of W (z) split according

to its n singular values. If (3.29) holds with W (z) and Wk(z) in place of W (z) and

W j(z), respectively, then the related dynamical system can be described by simply referring

Wk(z), because the two transfer functions numerically coincide. Therefore, by adapting this

reasoning, the LTI realization [A B ] is a convex combination of Ω if (3.29) is verified. ✷

Let th ∈ IR+ be a positive scalar understood as the threshold on the desired confidence

level (1− !Ë) arising from (3.15). Then, the following algorithm can be derived.

Polytopic Embedding (PE) Algorithm

INPUT: βr; γ; Ta; th; Γ

OUTPUT: Ω

———— Initialization ————

1: Determine two equilibrium points {us1 , xs1} and {us2 , xs2} according to the prescrip-

tions of Proposition 1;

2: Generate two admissible data sequences compatible with (3.12)-(3.14) under the sat-

isfaction of (3.7) for {us1 , xs1} and {us2 , xs2}, respectively;

3: Compute [A1 B1] and [A2 B2] by (3.9). Let Ω = {[A1 B1], [A2 B2]} and L = 2;

4: Set active := false;

———— Embedding ————

Statistical performance -

1: Compute the tolerance η by formula (3.28);

2: Evaluate the polytopic embedding Ω using the stored state trajectories Γ by means of

the formula (3.27);

3: Determine the confidence level (1− !Ë) via (3.15);
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4: if (1− !Ë) ≥ th then Exit

5: end if

Input space exploration -

1: Choose u(k) by (3.26)

2: Update Uprec ← Uprec ∪ {uk};

Convex hull updating -

a) Perform the prescriptions of Proposition 1;

b) If uk is an equilibrium then

1. Generate an admissible data sequence compatible with (3.12)-(3.14) under

the satisfaction of (3.7) for {uk, xk};

2. Compute [A B ] by (3.9);

3. If ̸ ∃ρ ∈ Λ such that [A B ] =
L∑

j=1

ρj [Aj Bj ] and (3.29) fails then update

s(k + 1) = Ω← Co{Ω, [A B ]} and L← #(s(k + 1));

c) else s(k + 1) = s(k);

3: Perform the Statistical performance procedure with s(k + 1) in place of Ω;

4: Get the reward r(s(k), u(k));

5: Compute the expected reward (3.24) and the estimation error (3.25)

6: k ← k + 1

7: Goto Step 1 of the Input space exploration procedure;

Finally, it is worth to underline that the PE algorithm enjoys the following convergence

property.

Proposition 5 Given a nonlinear system (3.3)-(1.3) complying with Assumptions 1-3.

Let Ωexact be its exact linear polytopic embedding. Then, the PE algorithm asymptotically

converges to the following convex hull

Ωexact \ P (B(0, η)) (3.30)

with P (·) the polyhedral operator that provides a polyhedron that embeds the set that is

provided as argument.

Proof - In Step 2 of the Statistical performance procedure, the validity of the polytopic

embedding Ω is checked by means of the set-membership (3.27). As outlined in Proposition
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3, this depends on the tolerance η, accounting for the measurement error on the noisy plant

realizations as outlined in Proposition 3. Then, as the number of events goes towards infinity

(k → ∞), one has that the best achievable outer approximation of (3.3)-(1.3) satisfies the

set inclusion Ω ⊆ Ωexact. ✷

3.8 Numerical results

In this section, the effectiveness of the PE algorithm is verified by considering two

cases of study for which an exact polytopic model is also analytically derived. First, outer

convex approximations are derived for both the plants. Then, the level of accuracy is

assessed by using an error fitting index defined in the experiments below when addressing

a constrained zero regulation problem by using the LMI-based receding horizon controller

proposed in [23].

3.8.1 Van der Pol oscillator

As done in other contexts, to evaluate the performance of sophisticated nonlinear

control approaches [84], the Van Der Pol oscillator model is instrumental to check the algo-

rithm performance on a well-reputed benchmark example. The considered model [85] is the

following:

ẋ1(t) = x2(t)

ẋ2(t) = −x1(t)− (1− x21(t))x2(t) + u(t)

(3.31)

subject to the following component-wise constraints

|u| ≤ 0.2 , |xi| ≤ 0.25, i = 1, 2 (3.32)

The discrete-time state space description is obtained by applying the forward Euler

method with the sampling time Ts = 0.1 [s].

The following choices have been made:

• M = 105 input-output sequences stored as Γ :=
{
{ud(t), xd(t)}

}M
d=1

;

• βa = 0.001 the accuracy level on the one-step difference (3.10);

• γ = 0.9 the discount factor in (3.21);

• βr = 0.1 the scalar characterizing the reward (3.19);
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• Ta = 2 the number of consecutive non-null realizations of the noise na(k) within the

RF-A procedure;

• the Critic neural network is is reported in figure 3.2. There, ”FC” stands for Fully

Connected layer, and the number of neurons in the layer is reported. See, Appendix

A for further details about Neural Networks. Notice that the whole Critic computes

the state-action value function where the last layer accounts for the output and, as a

consequence, a single neuron is required. The activation functions are ReLU [86];

Figure 3.2: Critic network

• the Actor neural network is reported in figure 3.3. As discussed in Section 3.6 (see

the Reset-Free Actor (RF-A) Procedure), the output branches provide the mean

and standard deviation of each component of the action u(k).

Figure 3.3: Actor network

By imposing the confidence level threshold equal to th = 0.9, the PE algorithm

provides the convex hull Ω defined by:

[A1, B1] =

1 0.1 1× 10−5

0 0.9038 0.1



[A2, B2] =

1 0.1 0

0 0.9 0.1



[A3, B3] =

1 0.1 0

0 0.9023 0.1


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Figure 3.4 depicts the reward evolution as the number of events k increases. As

expected, a monotonically non-decreasing behavior comes out until the stopping criterion

(Step 4 of the Statistical performance procedure) holds true. Notice also that the flat

zones of the (1 − !Ë(k)) evolution account for new linear realizations [A B ] that comply

with (3.29) or are convex combinations of the convex hull Ω determined at the (k − 1)− th

event.

Figure 3.4: Van der Pol oscillator - Confidence level

An exact multi-model outer approximation of (3.31)-(3.32) is defined by the convex hull

Ωexact consisting of the following vertices:

[Aexact
1 , Bexact

1 ] =

 1 0.1 0

−0.1 1.03 0.1



[Aexact
2 , Bexact

2 ] =

 1 0.1 0

−0.1 1.06 0.1


For comparison purposes, 1000 feasible initial conditions have been randomly chosen and

the state trajectories x̂exact(k;x) and x̂Ω(k;x) resulting from the receding horizon controller

pertaining to Ωexact and Ω, respectively, have been generated. The evaluation is performed

according to the relative error index:

ekr = max1≤i≤n
|x̂Ω(k;x(k))(i)−x̂exact(k;x(k))(i)|

|x̂exact(k;x(k))(i)| ,

k = 1, . . . , 1000

(3.33)
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and the related statistics are reported in Table 3.1. From such data, one can claim that

the achieved convex hull Ω is numerically comparable with the exact one Ωexact in terms of

achievable control performance.

Table 3.1: Statistics of the relative error ekr

Mean value 7.4234× 10−4

Max value 0.0044

Standard deviation 3.5749× 10−7

Notice that the PE algorithm selects 43 equilibrium points before overcoming the

prescribed threshold th = 0.9 on the confidence level, see figure 3.4. As expected, the

convex hull operator, the reduction conditions (3.29) allows to achieve the polytopic outer

approximation characterized by the system vertexes [Ai, Bi], i = 1, 2, 3.

Finally, the results reported in figure 3.5 are instrumental to show the effectiveness

of the achieved outer approximation Ω. To this end, four initial state conditions have been

considered within the admissible state space defined by the constraints (3.32). Hence, the

corresponding state evolutions under the action of constant inputs pertaining to the nonlin-

ear model (continuous red line) always lie within the tube defined by the computed polytope

vertexes (continuous blue lines).

Figure 3.5: State trajectories: Non-linear vs Polytopic embedding
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3.8.2 Four tanks

This second example is instrumental because of two reasons:

• the four-tanks system is a laboratory well-reputed benchmark used in different con-

texts;

• it allows one to show the capability of this proposed scheme to efficiently deal with

the dimensional curse.

The dynamics of the four tanks model is described by the following continuous-time

mathematical model taken from [87]:

l̇1(t) = − cs1
CS1

√
l1(t)ג!2 + cs3

CS1

√
l3(t)ג!2 +

2 !Z
1
K1

CS1
u1(t)

l̇2(t) = − cs2
CS2

√
l2(t)ג!2 + cs4

CS2

√
l4(t)ג!2 +

!Z
2
K2

CS2
u2(t)

l̇3(t) = − cs3
CS3

√
l3(t)ג!2 +

(1− !Z
2
)K2

CS3
u2(t)

l̇4(t) = − cs4
CS4

√
l4(t)ג!2 +

(1− !Z
1
)K1

CS4
u1(t)

(3.34)

All the parameters are reported in Table 3.2.

Table 3.2: Four tanks parameters

Parameter Meaning Unit i = 1 i = 2 i = 3 i = 4

ג! Gravity constant [m/s2] 9.81 9.81 9.81 9.81

CSi Cross-section of tank i [cm2] 28 32 28 32

csi Cross-section of outlet hole i [cm2] 0.071 0.057 0.071 0.057

li Water level i [cm] / / / /

!Z
i

Set of valve i / 0.43 0.34 / /

Ki Flow/voltage i [cm3/V s] 3.33 3.35 / /

Moreover, the system (3.34) is subject to the following constraints:

0 ≤ li(t) ≤ l̄i, i = 1, . . . 4 , 0 ≤ uj(t) ≤ umax, j = 1, 2, ∀t, (3.35)

with l̄1 = 2.5[cm], l̄2 = 2.5[cm], l̄3 = 1.5[cm], l̄4 = 1.5[cm], umax = 8[V ]. The system has

been discretized using forward Euler method with sampling time Ts = 0.5 [s].

By using the Actor and Critic neural networks defined in the previous section and under
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the choices: M = 105, βa = 0.001, γ = 0.9, βr = 0.1, Ta = 2 and th = 0.9, the PE algorithm

provides the following convex hull Ω :



A1 =



0.96 −0.17 0.25 0.1

8.7× 10−3 0.87 0.04 0.11

−0.05 0.05 0.84 −0.21

1.8× 10−3 −4.2× 10−3 1.4× 10−3 0.73



B1 =



8.0× 10−3 −4.3× 10−3

−7.8× 10−4 4.0× 10−3

−3.7× 10−3 0.02

0.01 −1.1× 10−3





A2=



0.91 4.6× 10−4 0.09 4.9× 10−3

4.9× 10−3 0.94 −0.01 0.12

−0.07 5.2× 10−3 0.9 0.03

−0.04 −2.0× 10−3 6.0× 10−3 0.91



B2=



5.3× 10−3 −2.6× 10−5

−5.1× 10−3 4.0× 10−3

−3.0× 10−6 0.02

0.02 2.4× 10−4





A3 =



0.9 4.7× 10−3 0.22 0.02

−2.3× 10−6 0.95 −2.1× 10−3 0.05

−0.02 8.2× 10−3 0.81 −0.04

−7.9× 10−3 0.01 −4.6× 10−3 0.89



B3 =



−8.1× 10−4 −1.7× 10−3

8.4× 10−5 4.5× 10−3

1.2× 10−3 0.02

0.01 −4.8× 10−4





42 CHAPTER 3. SET-THEORETIC RHC FOR NONLINEAR SYSTEMS



A4 =



0.91 −3.8× 10−4 0.09 −0.01

−0.37 0.92 0.33 0.35

−0.02 −6.6× 10−4 0.78 4.5× 10−3

0.16 −4.9× 10−3 −0.21 0.8



B4 =



5.1× 10−3 −3.7× 10−4

1.2× 10−4 7.5× 10−3

−3.5× 10−4 0.01

0.01 −2.0× 10−3





A5 =



1.0 0.02 0.37 −0.25

−0.02 0.9 −0.09 0.21

−0.11 −0.01 0.71 0.15

1.7× 10−3 −1.6× 10−3 0.03 0.88



B5 =



3.7× 10−3 −2.6× 10−4

−1.7× 10−3 2.6× 10−3

−5.0× 10−3 0.01

8.3× 10−3 −3.7× 10−3





A6 =



0.87 −4.8× 10−3 0.13 0.04

−0.07 0.9 0.01 0.37

8.0× 10−3 −5.4× 10−3 0.79 −0.1

0.01 −4.7× 10−4 −0.04 0.78



B6 =



5.3× 10−3 −9.5× 10−5

3.7× 10−4 4.1× 10−3

−7.4× 10−4 0.02

0.01 −1.9× 10−4



Figure 3.6 reports the confidence level that reaches the desired value of th = 0.9 after

105 iterations.

Finally, for the sake of completeness, a similar set set of experiments have been performed to

evaluate the effectiveness of Ω with respect to the exact polytopic linear description Ωexact,
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Figure 3.6: Four tanks model - Confidence level

that is derived e.g., in [88], and characterized by the following vertices:

[Aexact
1 , Bexact

1 ] =



0.957 0 0.086 0 0.01 0

0 0.975 0 0.05 0. 0.009

0 0 0.914 0 0 0.031

0 0 0 0.95 0.027 0



[Aexact
2 , Bexact

2 ] =



0.98 0.000 0.027 0 0.01 0

0 0.988 0 0.05 0 0.009

0 0 0.973 0 0 0.031

0 0 0 0.95 0.027 0



[Aexact
3 , Bexact

3 ] =



0.98 0 0.086 0 0.01 0

0 0.988 0 0.016 0 0.009

0 0 0.914 0 0 0.031

0 0 0 0.984 0.027 0



[Aexact
4 , Bexact

4 ] =



0.987 0 0.027 0 0.01 0

0 0.992 0 0.016 0 0.009

0 0 0.973 0 0 0.031

0 0 0 0.984 0.027 0


As done for the Van der Pol oscillator k = 10000 random feasible initial conditions have

been considered and the results checked by means of (3.33). As it can be observed in Table
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3.3, the proposed PE algorithm gives rise to quite similar results as the exact model-based

approach.

Table 3.3: Statistics of the relative error ekr

Mean 4.3621 × 10−3

Max 0.031

Standard deviation 1.5743× 10−4



Chapter 4

Vehicular routing under traffic

congestion and sustainability

requirements: a DRL-based

MPC approach

This Chapter resumes the works presented in [89] -[90]. The result is a sustainable

routing algorithm for vehicle platoons operating on smart Urban Road Networks (URNs).

The proposed approach makes use of the introduced tools: DRL and set-theoretic MPC.

Here, the learning process aims at reducing traffic congestion and CO2 emissions, whereas

the MPC unit allows to adequately track the assigned path by using real-time traffic data.

4.1 Context of interest

In recent years, sustainable transportation issues have gained an increasing interest

mainly for their capability to have deep socio-economic and environmental impacts in the

human life across the world, see e.g., [91] -[92]. Accordingly, novel vehicle technologies

and intelligent vehicle transportation systems play an important role because they help in

reducing traffic undesired effects on the environment while improving the city long-term

45
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sustainability [93]- [94].

In this scenario, increasing the level of autonomy in Intelligent Transportation Systems

(ITS) gives rise to several advantages: time savings for drivers, energy savings for the

environment and road safety improvement. In particular, travel time savings can be achieved

by coordinated and connected vehicle configurations that can be more efficiently managed

by means of ad-hoc control strategies for autonomous multi-vehicles systems [95].

4.1.1 Literature review

In the last decade, several innovative solutions have been developed with the aim

of addressing environmental sustainability and traffic congestion specifications [96]. As a

matter of fact, today’s vehicles are also connected devices [97], [98] and Internet of Vehicles

(IoV) paradigm has been successfully applied in high-tech roads scenarios as testified by [99],

[100] and references therein. It is worth underlining that the IoV technology can provide

vehicle services oriented to sustainability goals, such as information about traffic congestion

and CO2 emission levels.

By referring to the field of autonomous vehicle systems, the Vehicle Routing Problem

(VRP) [101] is by now relevant as testified by the significant number of strategies conceived

for its solution: ranging from optimization-based techniques [102], [103] to Machine Learning

[15] -[104]. By considering the more recent advancements, an interesting contribution on

the adopted practices for dealing with the sustainable urban vehicle routing problem is

presented in [105]. There, a carefully analysis of different routing problem customizations,

complying with mathematical models, sustainability levels and proposed solutions, has been

provided. Moreover, the contribution [106] focuses on the so-called vehicle routing problem

with backhauls (VRPB): a variant of the VRP that analyzes the vehicle efficiency versus the

time interval of use. Conversely, the traffic-induced air pollution is addressed in [107], where

an innovative scheme for detecting and counting vehicles has been proposed to mitigate the

undesired effects of pollution.

By taking a look to the autonomous multi-vehicle systems, the coordination and

control have gained more and more interest, see e.g., [108], [109]. In the last years most

of the contributions were focused on analyzing stabilization [110], [111] and path following

[112] issues, that are strictly connected with the computation of feasible state trajectories of
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the leader vehicle and the formal definition of control schemes capable to confine the vehicle

positions within secure bounds.

According to these premises, the MPC philosophy has acquired an increasing reputa-

tion in solving problems involving unavoidable physical constraints as testified by analyzing

some pertinent and recent results. First, the contribution [113] where a distributed reced-

ing horizon controller is designed for regulating leader-follower (LF) configuration described

by nonlinear dynamics. In [114], the authors propose a distributed MPC for multi-vehicle

systems subject to nonholonomic constraints. Moreover, platoons of constrained nonlinear

vehicles are managed by resorting to the concept of γ-gain stability, while state trajectories

tubes of multi-vehicle systems are characterized in terms of high-order polynomials. Fi-

nally, the contributions [115] and [116] propose set-theoretic distributed MPC schemes for

addressing formation requirements of LF systems.

4.1.2 Main contribution

The main aim of this chapter is to propose new insights in the field of path planning

for constrained autonomous vehicles moving in the cluttered environments of urban road

networks. Here, the attention is devoted to address the Sustainable Urban Vehicle Routing

(SUVR) problem. To this end, the guideline is to make the resulting control architecture

scalable, flexible and computational low demanding in order to be capable of addressing

time-varying operating scenarios along the path. From a methodological perspective two

aspects deserve particular attention:

1. the computation of routing decisions for mitigating traffic congestion phenomena and

reducing CO2 emissions;

2. a constrained control strategy in charge of adequately exploiting the routing decisions

for sustainability purposes.

These considerations naturally lead to consider a distributed framework, necessary to fulfill

scalability and flexibility specifications, where the first issue is addressed by resorting to an

innovative DRL scheme, while the point 2) is solved by means of a MPC approach adequately

designed to reduce as much as possible computational loads pertaining to the underlying

optimizations.
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To comply with this reasoning, the two approaches are combined into a single dis-

tributed control architecture where the capability of the DRL scheme to derive routing

decisions by mitigating the undesired traffic effects allows to drive safely the vehicles until

the assigned target without any occurrence of vehicle collisions. On the control side, this

translates into the formalization of local MPC controllers that leverage the receding horizon

philosophy and the platoon topology. Most computations are performed by the leader, while

the followers rely on information propagated along the vehicle chain and set-membership

conditions to reduce their computational complexity. Besides this, the periodic RL activa-

tion is the job of the leader while the rest of platoon only accesses and evaluates the reward

function for routing decision purposes. Further, it is worth remarking that the platoon

configuration allows to reduce fuel consumption because the followers’ air resistance can be

mitigated, see [117] and references therein.

4.2 Problem Formulation

In order to represent a real city scenario - as the one in figure 4.1 - , three definitions

are useful:

• a junction is where two or more roads meet;

• a link (or edge) is the portion of road between two junctions;

• an Urban Road Network (URN) is a collection of links and junctions.

The links are assumed to be M.

Figure 4.1: An example of URN



4.2. PROBLEM FORMULATION 49

Consider a team of autonomous vehicles described by the following state space de-

scriptions

AVi : xi(t+ 1) = Aixi(t) +Biui(t) , i = 1, . . . , N (4.1)

with xi ∈ IRn, n = 4, accounting for the state of AVi (composed by the x-y position pi and

by the x-y velocity vi). It is assumed that the structure of (4.1) includes integral actions in

charge to ensure that any planar position is an equilibrium under zero velocity and ui(t) = 0.

Figure 4.2: The leader-follower topology

The vehicles are topologically organized as a platoon, see figure 4.2. This formation

prescribes the satisfaction of the constraint:

dmin < ||pi−1(t)− pi(t)|| < dmax , i = 2, . . . N1 , ∀t (4.2)

Notice that dmin accounts for the geometrical dimension of the vehicles and the mini-

mum safe distance between them, while dmax refers only to the maximum distance at which

the vehicles should still be considered a platoon.

The vehicles operate in a URN, where each vehicle has to select the more adequate

action when approaching a junction. To this end, the so-called decision zone is introduced

DZj : Hjp > gj , p ∈ IR2 , j = 1, . . . ,M (4.3)

with Hj and gj characterizing the hyper-plane associated to the j-link.

For the sake of comprehension consider figure 4.3. In this sketch, the dashed green

zones account for those road constraints where a vehicle can move, while dotted cyan areas

are the DZ for the two considered links.

Then, the vehicle routing problem can be straightforwardly defined in terms of a path

search on a connected graph, see the illustrative sketch in figure 4.4.

Perception capabilities: the vehicles are equipped with a perception module capable

of detecting obstacles within a pre-specified radius Rvis > 0. Let Rc
min be the minimum

curvature radius of the given vehicle, then the perception module is such that the field of
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Figure 4.4: A simple example of conversion of a real city map into a decision graph

view is 360o and Rvis > Rc
min. In this respect, the ball centered at the current agent planar

position B(pi(t), Rvis), ∀i = 1, . . . , N - where N is the number of autonomous vehicles -,

represents the detected region, as shown in figure 4.5.

The problem of interest can be stated as follows.

Autonomous Vehicles in Urban Environments (AV-UE): Given admissible initial

condition x(0) = xin, a target xfin, and a group of N autonomous vehicles, derive a path

planning strategy complying with the following requirements:

• the team is driven from x(0) towards xfin,under constraints fulfillment;

• traffic congestion events are mitigated as much as possible;

• CO2 emissions are kept under a prescribed threshold.

✷
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Figure 4.5: A representation of the detected region B(pi(t), Rvis)

To formally address the AV-UE problem, the following assumptions are made.

Assumption 4 An admissible path between x(0) and xfin exists.

Assumption 5 Each vehicle is aware about the traffic density along URN edges.

4.3 An overview of the proposed solution

The AV-UE problem is addressed by conceiving a distributed scheme incorporating

into a single framework the features of DRL and MPC methodologies. Specifically, at each

junction the output of the DRL algorithm, namely the routing decision, is exploited as the

set-point of the MPC unit, see the overall architecture of figure 4.6. It is composed of three

main elements: the Path Planner (i.e., the DRL unit), the Reference Generator and

the Controller defined according to the vehicles AV = {AVi}Ni=1.

At each t, the following tasks are performed:

• from the autonomous vehicles AVi, the Path Planner acquires vehicle position coor-

dinates, the associated edge on the graph and the edge vehicle density;

• the Path Planner computes the routing decision ai(t) to be applied by AVi at the

next junction;

• then, the Reference Generator generates the reference zi(t) according to ai(t) to

be used by the controller;

• hence, the Receding Horizon Control (RHC) units, namely MPC Controllers, com-

pute feasible inputs ui(t);
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Figure 4.6: Proposed control architecture

• finally, the vehicles AVi receive the control inputs and send their data to the Path

Planner.

4.4 Reinforcement Learning scheme

In the sequel, a distributed deep reinforcement learning algorithm is developed with

the aim of addressing the routing decision problem. By resorting to the Q-learning method-

ology - see chapter 2 -, a multi-agent reinforcement learning description is considered:

< AV,S,A, r(·) > (4.4)

where

• AV = {AV1, . . . , AVN} is the set of involved autonomous vehicles (agents);

• S := {si}Ni=1 is the set of RL states (consisting, for each AVi, of the edge j where it is

driving, the vehicle density there and the vehicle densities of the neighbor edges);

• A is a finite set of integer numbers accounting for the possible vehicle actions, see the

example in figure 4.8;

• r(·) is the reward function.
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Figure 4.7: A representation of the meaning of A

Let tdec be the decision time (or trigger time), i.e. the time instant when an au-

tonomous vehicle enters the DZ, where the RL unit starts, see figure 4.3. Here, the following

reward function has been used:

ri(tdec +∆tdec(t)) = Ψ

(⋃
k

sk(tdec +∆tdec(t))

)
+

+ψi
goal(tdec+∆tdec(t)) + ψi

wt(tdec+∆tdec(t)), i = 1, . . . N

(4.5)

where ∆tdec(t) := t− tdec with xi(tdec) ∈ (X i
c )

j1 and xi(t) ∈ (X i
c )

j2 , j1 ̸= j2. Notice that the

reward (5.13) is computed only when the vehicle AVi has effectively performed the imposed

action. Essentially, the meaning of formula (5.13) can be summarized as follows:

• Ψ

(⋃
k

sk(tdec +∆tdec(t))

)
is called global reward because it is the same for all the

involved vehicles. It takes care of traffic congestion phenomena occurring over the

URN that in turn is evaluated by

Ψ

(⋃
k

sk(tdec +∆tdec(t))

)
=

M∑
j=1

#j(tdec)−#j(tdec +∆tdec(t))

wj lj
(4.6)

where #j(t) ∈ ZZ+ the number of vehicles on the link j, and w̄j ∈ IR+ and lj the

average width and road length, respectively. Notice that the quantity #j(t)
w̄j lj represents

the vehicle density of the j − th link at each time instant t. Therefore, it is important

to underline: lower traffic densities higher reward realizations.

Figure 4.8: A representation of the quantities in formula (4.6)
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• the heuristics ψi
goal(tdec + ∆tdec(t)) accounts for the current longitudinal velocity of

AVi and the distance from the target:

ψi
goal(t) =

||vi(t)||
||pi(t)− pifin||

(4.7)

• ψi
wt(tdec +∆tdec(t)) is given by:

ψi
wt(t) = −WT i(t) + f iloops(t) (4.8)

where WT is the total waiting time of the vehicle AVi since t0 to t, while f iloops is a

function that analyzes the route since the initial time instant t0 until t and penalizes the

possibly presence of loops (like turning around a roundabout). Essentially, ψi
wt takes

into account those sequences of actions driving AVi to queue scenarios or repetitive

routes.

Figure 4.9 summarizes the meaning of the reward.

Figure 4.9: A representation of the reward of formula (5.13)

Notice that Qi : S × A → IR refers to the i− th vehicle and it is defined by means

of a Neural Network (NN). Therefore, the used notation is Qi(si, ai; θi) where θi ∈ IRW the

neural network weights.

It is worth to underline that the Q-function is initialized with random weights under

the operating assumption that no information are available on the traffic behavior before

the NN training. During the training, the trade-off between exploration and exploitation is

managed by an epsilon-greedy policy.
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4.4.1 Sustenaibility remark

Notice that the above reward function (5.13) does not explicitly take into account

of emission phenomena. Then, in order to make the DRL process emission sustainable,

the arguments proposed in [118] are exploited. Specifically, the idea is to support the AV i

action with a low-level decision maker that can modify the assumed decision according to

the environment emission of a specific URN district. This because a vehicle AV i can access a

certain road link if a pre-assigned emission threshold is not overcome. Therefore, according

to si(t), if the action āi reveals to be not applicable because of the emission threshold, the

vehicle AVi must comply with the following sub-optimal decision:

ai(tdec) = arg max
a∈A\{āi}

Qi(si(tdec), a; θ
i) (4.9)

Notice that if the action ãi coming from (4.9) results to be again unusable, then a new sub-

optimization has to be performed with the research space reduced as A\{āi, ai}. Moreover,

it is important to underline that, since the threshold is a function of the platoon length,

longer platoons lead to lower thresholds for keeping emissions constant.

4.4.2 Algorithm

The above developments allow to write down the following computable algorithm.

DQL-Algorithm

Initialization

1: Measure si(0), i = 1, . . . , h, from the URN;

2: Initialize Q(si, a; θ), i = 1, . . . , h;

At each tdec do

1: Select an admissible action:

ai(tdec) =


rand(A), with probability ϵ(tdec)

argmax
a∈A
Qi(si(tdec), a; θ

i), otherwise

2: Check if the action āi = ai(tdec) conducts AVi into an edge with limitation on CO2

emissions:
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if FALSE go to STEP 3

else ask to the infrastructure if AVi (and its followers) can enter inside such road:

if TRUE go to STEP 3

else pick a sub-optimal action. Go to STEP 2 with reduced research space

3: Observe the global reward Φ

(⋃
k

sk(tdec +∆tdec(t))

)
and si(tdec + ∆tdec(t)), ∀i =

1, . . . , N ;

4: Compute the reward ri(tdec +∆Tdec(t)), , ∀i = 1, . . . , N ;

5: Update θi, ∀i = 1, . . . , N.

6: Decrease ϵπ(t) as ϵπ(t) = 0.9ϵπ(t)

Until it is assumed that the temporal difference error δπ(t) defined in (2.12) is defi-

nitely such that |δπ(t)| < ϵδ where ϵδ > 0 is a given threshold scalar.

4.5 RHC units

In the sequel, and the following constraints imposed:

{



pi(t)∈X i
p :={pi ∈ IR2 : pi

′
pi≤(pimax)

2}⊆ IR2

vi(t)∈X i
v :={vi ∈ IR2 : vi

′
vi≤(vimax)

2}⊆ IR2

ui(t)∈U i :={ui ∈ IR2 : ui
′
ui ≤ (uimax)

2} ⊆ IR2

, ∀t ≥ 0, i = 1, . . . , N. (4.10)

First of all, it is mandatory a formal characterization of feasible state trajectories

complying with the prescriptions of AV-UE problem. By exploiting set-theoretic ideas [7],

the problem to travel a link can be solved by computing sequences of overlapped positively

invariant (PI) sets - see definition 1 - according to the multi-agent system dynamics (4.1)-

(4.10), where the link-free regionOj
free is added so giving rise to the following state constraint

description:

(X i
c )

j := X i ∩ Oj
free i = 1, . . . , N, j = 1, . . . ,M, (4.11)

See figure 4.10 for an example.

In the following,(T i
0 )

j
k ⊂ IRn denotes the k− th PI region for the dynamical evolution

of the subsystem AVi under the action of the state-feedback law:

ui(t) = (Ki)jkx
i(t), ∀t ≥ 0, (4.12)

as usually, the apex j denoting the j − th road.
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Figure 4.10: Example of intersection between state constraints and link-free region

The developed idea is illustrated in figure 4.11 and can be briefly summarized. A

sequence of families of overlapped PI sets, each one associated to the used vehicle AVi, the

link j and the direction of travel, are off-line computed with the aim to define an inner

convex approximation of the link-free region Oj
free. According to this reasoning, feasible

switchings along the pre-computed sets are always viable and, as a consequence, there exists

an admissible path until the target, that in turn can be reached by using the routing decisions

obtained via the DQL scheme. A simple example of this is depicted in figure 4.11 where,

from a sequence of overlapped PI sets (the yellow ones), three different decisions can arise:

turn right (red family), go straight (green family) or turn left (blue family).

Figure 4.11: Example of families of overlapped sets

Within this context, it is clear that the family of PI sets must be properly designed by

also taking into account of safe distances between the vehicles along the platoon. Therefore,

a distance constraint is introduced:

dmin ≤ dist(xi, (T i−1
0 )jk) ≤ dmax (4.13)

with dmin, dmax ∈ IR+ chosen in accordance with the current operating scenario. Figure
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4.12 represents formula (5.23).

Figure 4.12: Illustration of formula (5.23)

Therefore, one has that

(T i
0 )

j
k ∩ (T i−1

0 )jk = ∅

In view of this analysis, the PI sets pertaining to the leader AV1 are achieved as the solution

of the following semi-definite programming problem:

DMPC-PL :

min
(K1)jk,(T

1
0 )jk

J1
∞(t) s.t (4.14)

(A1 +B1(K1)jk)(T
1
0 )

j
k ⊂ (T 1

0 )
j
k ⊆ (X 1

c )
j (4.15)

(K1)jk(T
1
0 )

j
k ⊂ U

1, (4.16)

(x̄1)jk ∈ (T 1
0 )

j
k−1 ∩ (T 1

0 )
j
k (4.17)

On the other, when a follower is concerned, one has:

DMPC-PF :

min
(Ki)jk,(T

i
0 )jk

J i
∞(t) s.t (4.18)

(Ai +Bi(Ki)jk)(T
i
0 )

j
k ⊂ (T i

0 )
j
k ⊆ (X i

c )
j (4.19)

(Ki)jk(T
i
0 )

j
k ⊂ U

i, (4.20)

(x̄i)jk ∈ (T i
0 )

j
k−1 ∩ (T i

0 )
j
k (4.21)

dmin ≤ dist(xi, (T i−1
0 )jk) ≤ dmax, ∀xi ∈ (T i

0 )
j
k (4.22)

where (x̄i)jk, i = 1, . . . , h is the equilibrium selected at each k − th iteration as follows

(x̄i)jk := arg max
x∈(T i

0 )jk−1

∥(x̄i)jk−1 − x
i∥2

s.t. ∃ūi ∈ U i , xi = (In −Ai)−1Biūi
(4.23)
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and

J i
∞(t) :=

∞∑
τ=0

[
∥xi(t+ τ |t)−xifin∥2Ri

x
+∥ui(t+ τ |t)∥2Ri

u

]
,

i = 1, . . . , N,

(4.24)

with Ri
x > 0 and Ri

u ≥ 0 symmetric state and input weighting matrices, respectively.

Figure 4.13 resumes the meaning of the constraints in DMPC-PL and DMPC-PF .

Figure 4.13: A representation of the constraints in DMPC-PL and DMPC-PF

It is worth to underline that in virtue of (5.35), the set (T i
0 )

j
k is such that

(T i
0 )

j
k ∩ (T i

0 )
j
k−1 ̸= ∅ (4.25)

As the on-line phase is concerned, this must guarantee that there always exist a

control action capable to move the platoon amongst overlapped regions. The next results

provides a solution to this requirement.

During the on-line operations, the following viable property along the overlapped

families must be ensured.

Proposition 6 Let (T i
0 )

j
k and (T i

0 )
j
k+1 be two PI sets complying with (5.37). Let xi(t) ∈

(T i
0 )

j
k, x̃

i := xi − (x̄i)jk+1 and ũ := u − (ūi)jk+1 be the current state, the shifted state and

the shifted input with respect to the equilibrium ((x̄i)jk+1, (ū
i)jk+1), respectively. Then, the

tracking one-step MPC problem

ũi(t):=argminui∥Aix̃i(t)+Biũi∥2
((P i

T )jk+1)
−1

such that

(4.26)

Aixi(t) +Biui ∈ (T i
0 )

j
k+1, u

i∈U i, (4.27)

with (P i
T )

j
k+1 the shaping positive definite matrix of (T i

0 )
j
k+1, has a solution at each time

instant t.

The proof of this result is available in [119].
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As a consequence of the above discussion, the following distributed algorithm results.

DRL-MPC Algorithm - Vehicle i− th

Input: dmin, dmax, x
i
in, x

i
fin;

Initialization-

1: Compute {(T 1
0 )

j
k, (K

1)jk} by solving (5.24)-(5.28);

2: Compute {(T i
0 )

j
k, (K

i)jk} complying with (5.29)-(5.34);

3: Derive the equilibria by (5.35);

4: k ← k + 1; goto Step 1;

On-line phase -

1: Receive xi(t);

2: Determine the routing decision zi(t);

3: Solve the optimization (4.26)-(4.27);

4: Apply ui
∗
(t|t);

5: t← t+ 1 and goto Step 1;

The main properties of the DRHC Algorithm are collected in the next result.

Proposition 7 Given xiin and xifin, i = 1, . . . , N, the DRL-MPC Algorithm always ful-

fills the imposed constraints, satisfies the AV-UE problem specs and guarantees asymptotic

stability of the closed-loop system.

Proof - The feasibility retention is achieved by showing the solvability of (4.26)-(4.27) at

each sampling time.

By hypothesizing that one has an optimal solution for the vehicle AV i at t and xi(t) ∈

(T i
0 )

j
k, at t + 1 an admissible, though not optimal, command input can be derived because

the state evolution xi(·) driven by ui(·) = (Ki)jkx
i(·) indefinitely lies within (T i

0 )
j
k. On the

other hand, the optimal action ui
∗
(t|t) conducts AV i within (T i

0 )
j
k+1. Same arguments can

be used for the other vehicles.

As the asymptotic closed-loop stability is concerned, a similar analysis can be straight-

forwardly pursued by taking care that, thanks to the routing decision zi(t), each vehicle

converges to difin and the velocity vi(t) settles down as t→∞. ✷
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4.6 An improved control strategy

In order to improve the performances of the autonomous vehicles, the topology has

been supposed to be time-varying. Therefore, the main change in the control requirements

is that all vehicles within each platoon here have the capability to decide to split the pla-

toon into two, whenever different routing decisions arise. Conversely, two platoons can be

combined into a single configuration only if the leader of the first platoon reconnects to the

leaf node of the second one.

As in the previously presented control scheme, the Controller - see figure (4.6) -

computes an admissible command ui(t) in a distributed receding horizon fashion, but in

this case, each i− th vehicle is equipped with a distributed MPC:

1. the leader (namely i = 1) implements a local RHC controller with the prediction

horizon length h1 = 0;

2. each follower i = 2, . . . , N, uses an MPC controller with hi = i− 1;

Nevertheless of the time-varying topology, the feasibility is preserved if the following

actions are performed :

• Let t̄ be the time instant when an i−th, i > 1, vehicle leaves the initial LF configuration

- see figure (4.14)-. At t̄+1 it becomes the leader of a new platoon and the prediction

horizon is set to hi = 0. If 0 < i < N (not leaf node), the prediction horizon length of

all the followers along the LF tree is decremented by i− 1.

Figure 4.14: Illustration of platoon splitting

• Two platoons LF 1 = {AV 1
k }

N1

k=1 and LF 2 = {AV 2
k }

N2

k=1 join if the second platoon is

added as the leaf node of the first configurations. The platoon LF 2 queues to LF 1
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under the following reasoning: the prediction horizons of the local MPC controllers of

the vehicles previously belonging to the second platoon are incremented of N2.

Figure 4.15: Illustration of platoon queuing

Remark 2 In order to ensure that the LF formation is preserved, each vehicle should be

aware of the position of its predecessor from the current time instant onward. Within an

MPC framework, this prescribes that each element of the LF configuration informs follow-

ers about its future state trajectory (predicted sequence) in order to properly define the LF

formation constraints within the time interval defined by the prediction horizon length. ✷

Therefore, the -information exchange hypothesis is enforced: at each time instant t,

each i− th vehicle sends to (i− 1)− th its predicted future state trajectory.

Remark 3 The need for time-varying LF configurations arises from the aim of improving as

much as possible the control architecture flexibility. Leader switching is intended to mitigate

traffic congestion phenomena through routing decisions and, as a result, enhance the vehicle

formation mission. ✷

In order to solve the AV-UE problem and guarantee asymptotic stability of the

closed-loop system while allowing a time-varying topology, the following methodological

questions:

1. Given an initial LF configuration, define local MPC problems for the N involved

vehicles;

2. Characterize the conditions under which the platoon split is feasible;

3. Determine the conditions under which two platoons can be combined into a single LF

configuration.
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4.6.1 DMPC control units: single platoon

In the sequel the following notations is used. For any vehicle i = 1, . . . , N, let the

k − th predicted state and predicted control within the horizon at time t be denoted by

xi(t+ k|t) and ui(t+ k|t), respectively.

Let xi(t) := {xi(t + k|t)}hi

k=0 and ui(t) := {ui(t + k|t)}hi

k=0, i = 1, . . . , N, be the

predicted states and predicted controls within the control horizon, respectively. Moreover,

over any prediction interval [t+k, t+k+hi] and for any i− th vehicle the following further

state trajectories are defined:

• the optimal state trajectory: xi∗(t) := {xi∗(t+ k|t)}hi

k=0, i = 1, . . . , N ;

• the assumed state trajectory: x̂i(t) := {x̂i(t+ k|t)}hi

k=0, i = 1, . . . , N ;

Notice that the sequence x̂i is transmitted to the follower i+ 1 which in turn hypothesizes

that the i − th vehicle will implement during the update prediction time interval [t + k +

1, t+ k + hi + 1].

In order to formally define the optimal control problem underlying the MPC strategy, the

following ingredients are required:

• Input sequence parametrization:

ui(·|t) =

 ui(t+ k|t), k = 0, . . . , hi − 1

Kixi(t+ k|t), k ≥ hi
(4.28)

with Ki ∈ IRm×n a stabilizing and admissible state feedback law;

• Cost-to-go:

Ji(x(t|t), xifin,ui(t)) :=
hi−1∑
k=1

[
∥xi(t+ k|t)− xifin∥2Ri

x
+∥ui(t+ k|t)∥2Ri

u

]
+ ∥xi(t+hi|t)− xifin∥2Ri

fin

(4.29)

where Ri
x > 0 and Ri

u ≥ 0 are symmetric state and input weighting matrices and

Ri
fin ≥ 0.

• Terminal constraint:

xi(t+ hi|t) ∈ Ξi ⊂ IRn (4.30)

The pair (Ξi,Ki) is computed such that Ξi is a positively invariant region for the state

evolutions of the closed-loop system.
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It is necessary to deal with the fact that the LF formation moves towards xfin : this pre-

scribes that the terminal condition is time-varying and the related constraint must be ac-

cordingly modified. Moreover, the vehicle must take into account of routing decisions at

each junction, so that the resulting action ai(t) comes to play when the terminal region is

derived. First, the following conditions have to be satisfied for all involved vehicles:

xi(t+ hi|t) ∈ Ξi(t− 1) ∪ Ξi(t) (4.31)

where Ξi(t) is computed such that

x̄it−1 ∈ Ξi(t− 1) ∩ Ξi(t) (4.32)

with x̄it−1 denoting an equilibrium point selected at the time instant t− 1. Notice that the

leader vehicle computes admissible sets Ξ1(t) complying with

Projd(Ξ
1(t)) ⊆ B(p1(t), Rvis), ∀t ≥ 0. (4.33)

As the followers are concerned, an admissible computation of the sets Ξi(t), i = 2, . . . , N,

prescribes that each vehicle transmits to its direct follower i + 1 the PI computed at the

previous time instant, i.e. Ξi(t− 1)

Then, one has that

• If i = 1 (leader), then Ξ1(t) is such that


Ξ1(t) := argmin

Ξ1
dist(x1fin,Ξ

1)

subject to (4.32), (4.33)

(4.34)

• else

– If zi(t) ≡ zi−1(t) then


Ξi(t) := argmin

Ξi
dist(Ξi,Ξi−1(t− 1))

subject to (4.32)

(4.35)

– else


Ξi(t) := argmin

Ξi
dist(xifin,Ξ

i)

subject to (4.32)

(4.36)



4.6. AN IMPROVED CONTROL STRATEGY 65

Finally, it is mandatory to preserve the LF configuration at each time instant. In the

present context, it is required that each follower vehicle must maintain a safe distance from

its predecessor and neighbors. This translates into LF formation constraints in terms of

desired separation and the desired relative bearing between the i−th vehicle, its predecessor

[120].

Hence, given the current state measurement xi(t|t) ∈ X i and the predecessor assumed state

sequence x̂i−1(t) computed according to the following strategy:

x̂i−1(t) =


x(i−1)∗(t− 1 + k|t− 1), k = 1, . . . , hi−1;

(Ai−1 +Bi−1Ki−1)t−1+kx(i−1)∗(t− 1 +Ni−1|t− 1), k = hi−1 + 1, . . . , hi.

(4.37)

the optimization problem for the i− th follower, hereafter denoted as Pi
F (t), is

DMPC-Pi
F (t) :

minui(t) Ji(x(t|t), xifin,ui(t))

subject to

(4.38)

xi(t+ k + 1|t) = Aixi(t+ k|t) +Biui(t+ k|t) (4.39)

xi(t+ k|t) ∈ X i
j , k = 0, 1, . . . , hi − 1 (4.40)

ui(t+ k|t) ∈ U i, k = 0, 1, . . . , hi − 1 (4.41)

xi(t+ hi|t) ∈ Ξi(t) (4.42)

dcmin ≤ ∥xi(t+ k|t)− x̂i−1(t+ k|t)∥ ≤ dcmax, k = 0, 1, . . . , hi (4.43)

where dcmax ∈ IR+ and dcmin are guaranteed bounds to be chosen by the designer and

depending on the LF formation requirements.

Figure 4.16 resumes the meaning of the constraints in DMPC-PL and DMPC-PF .

Conversely, the DMPC optimization pertaining to the leader vehicle, named PL(t),

reduces to the off-line computation of an admissible pair (Ξ1,K1) which is then adequately

shifted via (4.44)-(4.45) within the vision radius when no obstacles are detected. On the

other hand, an obstacle occurrence prescribes the re-computation of (Ξ1,K1) via the follow-

ing semidefinite programming (SDP) problem (see e.g. [23]):

DMPC-PL(t) :
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Figure 4.16: A representation of the constraints in DMPC-Pi
F

min
K1,Ξ1

∞∑
k=t

[
∥x1(t+ k|t)− x1f∥2R1

x
+∥u1(t+ k|t)∥2R1

u

]
subject to

(4.44)

x1(t+ k + 1|t) = A1x1(t+ k|t) +B1u1(t+ k|t), ∀k (4.45)

u1(t+ k|t) = K1x1(t+ k + 1|t) ∈ U1, ∀k (4.46)

x1(t+ k|t) ∈ X 1
j , ∀k (4.47)

x̄1t−1 ∈ Ξ1(t− 1) ∩ Ξ1(t) (4.48)

Notice that it does not involve the satisfaction of (4.43) because this vehicle leads the team,

while the LF configuration is exclusively preserved by its follower nodes.

Remark 4 Although l.h.s. of (4.43) gives rise to non-convex constraints, they are addressed

by straightforwardly adapting the convexification results of [121] (Proposition 1, pg. 292). ✷

4.6.2 Platoon splitting and queuing

Along the road links, the initial platoon can split in two or more sub-LF configurations

and two any platoons (even singletons) can regroup.

As the platoon splitting is concerned and for the sake of clarity, we shall consider

that at a certain time instant t̄, the routing decision sequence {a1(t̄), a2(t̄), . . . , aN (t̄)} is

such that ai1(t̄) ̸= ai2(t̄) for i1 ̸= i2. As a consequence two LF configurations, namely LF 1

and LF 2, result. Generally speaking, this leads to the following topological scenario. Notice
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that the vehicles belonging to the LF 1 configuration keep the same control horizon lengths

hi = i− 1, i = 1 . . . , N1, while for the new platoon LF 2 one has that:

hN2
= 0, hi = i−N2, i = N2 + 1, . . . , N.

As a consequence of such an event, it is assumed that an adequate re-numbering procedure

is implemented so that the new platoons LF 1 and LF 2 are renamed as follows {AV 1
i }

N1
i=1

and {AV 2
i }

N2
i=1.

Conversely, two platoons could regroup according to the following reasoning. The

idea is that LF 1 is added to LF 2 or viceversa at the leaf node of the LF chain. As a

consequence, the associated DMPC controllers will be implemented over the horizon of

lengths hi = level(leaf) + i, i = 1, . . . , N2. The main difficulty with such an aim relies

on the capability of the external platoon to detect leaf node of the platoon to regroup.

Without any a-priori information about the roles and positions of vehicles within the LF

chain, external vehicles face significant limitations. To address this, the following technical

approach can be employed.

Statement 1 At each time instant t, each i− th vehicle of the LF 1 formation makes avail-

able a data packet whose structure is the form Counti = {Counti.child(i), Counti.hi}, where

the integer child(i) accounts for its follower, i.e. child(i) = 0 implies no follower, and the

horizon length hi. Such a packet can be acquired by another i2 − th vehicle if there exists a

time instant t̄ such that

dcmin ≤ ∥pi2(t̄)− pi(t̄)∥2 ≤ dcmax (4.49)

Then, the LF 2 platoon is able to regroup to LF 1 if condition (4.49) becomes valid for some

i − th vehicle for which the Counti.child(i) = 0. This means that the AV 2
1 vehicle will be

a leaf node of the LF 1 formation and, as a consequence, communication facilities will be

enabled and a new LF configuration will come out.

The key question to investigate is if splitting and queuing operations allow to preserve

the overall feasibility property of the DMPC strategy. To this end the following arguments

are considered:

• splitting mode - the robust Bellman equation with constraints [122] to prove that if at

the time instant t there exists a solution to Pi
F (t) with hi > 0, then at the next time

instant t+1 an admissible solution there exists for the same problem with hi−k, k > 0;
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• queuing mode - Positively invariant regions computed under time-delay scenarios to

prove that if at the time instant t there exists a solution to P(F 2)i(t) (respectively

P(L2)i(t)) with hi ≥ 0, then at the next time instant t+1 an admissible solution there

exists for the same problem with hi + k, k > 0.

Splitting mode

Let J∗
Ni

(x(t|t)) = Ji(x(t|t), xif ,ui∗(t)) be the minimum of the cost at the optimal

solution ui∗(t) of Pi
F (t). The Bellman optimality principle states that an optimal sequence

ui∗(t) is such that: given xi(t + k|t) along the optimal system trajectory (by applying

the input sub-sequence {ui∗(t|t), . . . , ui∗(t + k − 1|t)}, then the subsequent input sequence

{ui∗(t+ k− 1|t), . . . , ui∗(t+Ni − 1|t)} is optimal for the cost-to-go over the horizon [k, hi].

Moreover, the Bellman equation is:

J∗
Ni

(x(t|t)) = min
ui(t)

{
k−1∑
i=0

[
∥xi(t|t)∥2Ri

x
+ ∥ui(t|t)∥2Ri

u

]
+ J∗

Ni−k(x(t|t))

}
(4.50)

According to the above developments, the following result comes out.

Proposition 8 Given the optimal solution ui∗(t) of the optimization Pi
F (t). Then at the

next time instant t + 1, there always exists an admissible solution of Pi
F (t + 1) with the

control horizon equals hi − k.

Proof - The optimal solution ui∗(t) = {ui∗(t|t), . . . , ui∗(t + hi − k|t)} can be rewritten as

ui∗(t) = {ui∗(t|t), . . . , ui∗(t+k−1|t)}⊗{ui∗(t+k+1|t), . . . , ui∗(t+hi−1|t)}, where ⊗ denotes

the concatenation operator between sequences. By applying the sequence of virtual moves

ui∗(t) = {ui∗(t|t), . . . , ui∗(t+ k − 1|t)} the following k-step state predictions are achieved:

xi(t+ k) = (Ai)kxi(t) +
k−1∑
j=0

(Ai)k−j−1Biui
∗
(t+ k − 1|t)

which exactly match the k-step predicted states xi
∗
(t+ j|t), j = 1, . . . , k− 1. Then in virtue

of both the Bellman optimality principle and (4.50), the following input sequence of hi − k

length

ui(t+ 1) = {ui∗(t+ 1 + k|t), . . . , ui∗(t+ hi − 1|t),
j=1,...,k︷ ︸︸ ︷

Kixi
∗
(t+ hi − 1 + j|t)}

results to be always admissible, though not optimal, for Pi
F (t+ 1). ✷
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Queuing mode

Let t̄ the time instant when the platoon has been split for the first time, the terminal

regions Ξi(t), i = 1, . . . , N, ∀t ≥ t̄, must be computed by assuming that a constant time

delay τ occurs on the vehicle dynamics. This is instrumental to ensure that at each time

instant t the computed command ui(t), i = 1, . . . , N, can be consecutively applied, i.e.

ui(t + k) = ui(t), k = 1, . . . , τ. In the present context, the delay is imposed equal to the

number of followers of the initial platoon

τ := N − 1 (4.51)

and this always allows to provide an admissible sequence when the platoon LF 1 and LF 2

regroup. According to this reasoning, first the positively invariant regions are derived by

resorting to the so-called Delay Dependent (DD) time-delay scenario and the prescribed

constraints (4.10). To this end, by considering the state-feedback control law

ui(t) = Ki xi(t− τ) (4.52)

and the regulated plant

xi(t+ 1) = Aixi(t) +BiKi xi(t− τ), (4.53)

the delayed system technicalities of [123][124] are hereafter used. The feedback control law

(4.52) stabilizes the plant and satisfies the prescribed constraints if the following matrix

inequalities in the objective variables Ki, Qi
τ , Ψ

i
τ , R

i
τ and τ̄ , are satisfied

E′
τ Q

i
τ Eτ − Siτ 0 Ai′

τ Q
i
τ

0 τ(Ri
τ +Ψi

τ ) Biτ ′Qi
τ

Qi
τ Ai

τ Qi
τ Biτ Qi

τ

 ≥ 0, (4.54)


ū2E′

τ q
i
τ Eτ

 Ki′
τ

0


[
Ki

τ 0

]
I

 ≥ 0 (4.55)

E′
τQ

i
τEτ ≥

1

x̄2j
(4.56)

whereQi
τ = Qi′

τ ≥ 0, Ri
τ = Ri′

τ ≥ 0, Ψi
τ = Ψi′

τ ≥ 0 Eτ = diag {I, 0} , Siτ := diag
{
0, τ̄

(
Ri

τ +Ψi
τ

)}
and

Ai
τ =

 I I

Ai−I+BiKi −I

 , Biτ =
 0

−BiKi

 ,
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Hence, the ellipsoidal set

Ξi :={xi ∈ IRn |xi′P i
τx

i ≤ 1}, P i
τ = P i′

τ > 0, P i
τ =

(
Qi

τ

)−1

arising from the inequalities (4.54), (4.55) is a positively invariant region for the closed-loop

state evolution (4.53) complying with (4.10), viz. Ξi ⊂ X i and KiΞi ⊂ U i.

Hence, the following result holds true.

Proposition 9 Given the optimal solution ui∗(t) of the optimization Pi
F (t) (resp. Pi

L(t)),

with Ξi(t) computed satisfying (4.54)-(4.56). Then at the next time instant t + 1, there

always exists an admissible solution of Pi
F (t+ 1) (resp. Pi

L(t+ 1)) with the control horizon

equals hi + k, k ≤ N − 1.

The proof of this result is available in [125].

4.6.3 The distributed DRL-MPC algorithm with platoon splitting and

queuing

The developments of the previous sections are here collected to define a computable

algorithm based on the availability of an urban map network characterized in terms admis-

sible directions of travel for each road link.

DRL-MPC-Algorithm with platoon splitting and queuing - Vehicle i− th

Input: dmin, dmax, x
i(0), xifin;

Output: ui
∗
(t|t);

Initialization: Splitting mode := false;

1: if i ≥ 2 then receive x̂i−1(t) and ai−1(t) and Splitting mode;

2: end if

3: Acquire xi(t);

4: if xi(t + hi|t) ∈ DZj for some j ∈ {1, . . . ,M} then update the reward ri(t) via the

DRLi unit;

5: Generate the reference zi(t) by using the RGi device;

6: end if
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7: if i = 1 then

updates Ξ1(t) via (4.34)

8: else

9: if ai(t) ≡ ai−1(t) then updates Ξi(t) via (4.35)

10: else Splitting mode := true; ▷ Splitting mode

11: Renumber the resulting platoons by assigning 1→ i and hi = 0;

12: computes Ξi(t) by solving inequalities (4.54)-(4.56)

13: end if

14: end if

15: if Splitting mode == true then

updates Ξi(t) via (4.36)

16: end if

17: if i = 1 then solve the optimization (4.44)-(4.48)

18: else solve (4.38)-(4.43) ;

19: end if

20: if a packet Counti1 has been received then set hi = hi1 + 1; ▷ Queuing mode

21: Splitting mode := false

22: end if

23: Apply ui
∗
(t|t);

24: t← t+ 1 and goto Step 1;

Recursive feasibility and asymptotic stability of the DRL-MPC Algorithm are stated in

the following proposition.

Proposition 10 Let xi(0) and xifin, i = 1, . . . , N, initial and final conditions be given.

Then, the DRL-MPC Algorithm always satisfies the prescribed constraints, complies with

the requirements of the PL-UE problem and ensures that the regulated state trajectories are

asymptotically stable.

Proof - Under the hypothesis that feasible input sequences are off-line available both for

PL and Pi
F optimization problems, the following arguments are exploited for feasibility

purposes. The following scenarios can arise:

1) single platoon phase: the leader feasibility arises from the fact that if an optimal

solution there exists at the time instant t, namely u1
∗
(t|t) = K1(t)x1(t), then at the
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next time instant t+1 the positively invariance property of Ξ1(t) ensures that the state

trajectory at least will remain confined within Ξ1(t) and, in virtue of (4.31)-(4.32), the

transition to the new controller is asymptotically guaranteed. Similar arguments can

be exploited for the generic follower because after hi-steps state ahead predictions

the state trajectory xi(·) keeps confined within the positively invariant set Ξi, in turn

updated by (4.35);

2) splitting mode: without loss of generality, let us assume that two platoons arise, namely

N1 and N2. At t+ 1 the local optimization PN1 remains feasible because the domain

of attraction Ξ1(t) is invariant w.r.t. the state feedback K1(t), while the feasibility

of the leader of the new platoon LF 2
1 is not affected because admissible, though not

optimal, solutions there always exists in virtue of the results of Proposition 1. Again,

similar ideas apply to the follower vehicles;

3) queuing mode: at t + 1 the feasibility of the platoon LF 2 is guaranteed in virtue of

Proposition 2 that allows to define an admissible, though not optimal, control moves

sequence by exploiting the delay property of the PI region Ξi(t) computed by complying

with (4.54)-(4.56).

Finally, the closed-loop asymptotic stability property derives from the same analysis because,

according to each routing decision ai(t), the vehicle position converges to xifin as t→∞.

4.7 SUMO-MATLAB co-design

In this Section, a simulation framework is proposed with the aim of showing the

capabilities of the presented control architecture in complex environments. Specifically, two

software platforms are considered: Simulation of Urban MObility®(SUMO) software [126]

and MATLAB 2022a®.

SUMO is an open source, globally accepted by scientific community, highly portable,

microscopic and continuous multi-modal traffic simulation package designed to handle large

road networks [127]. Although from a macroscopic point of view, traffic is usually described

by means of departure times and routes with certain durations, in a real scenario it is highly

conditioned by various other factors like drivers mobility, driving styles, weather, infrastruc-

ture within the region or other incidents affecting the environment. As it is well-known, the



4.7. SUMO-MATLAB CO-DESIGN 73

environment complexity prevents any traffic modeling via explicit mathematical expressions

[128], therefore the only chance consists in performing reliable simulations instrumental to

show critical waypoints or to predict traffic behaviors [126]. This software is particularly

suitable to simulate URNs where different classes of vehicles (such as cars, trains, buses)

lie. The simulation engine is based on an hybrid description: time-discrete and space-

continuous. Moreover, the SUMO community provides all the URN data, traffic demanding

and the resulting simulation in XML formats.

Figure 4.17: Conversion of a real city map into a decision graph

Before the SUMO engine starts, a properly encoded MATLAB object is obtained by

exploiting the SUMO xml files. This object contains the graph representing the URN -

created from the net xml file provided by SUMO, see figure 4.17 - and others properties and

methods useful to develop the proposal.

Then, a run-time communication layer is needed in order to exchange information

between SUMO and MATLAB while their two engines run. Therefore, a co-design procedure

has been developed. Essentially, as shown in figure 4.18, the core of the proposal has

been implemented in MATLAB, while the AVs live in SUMO. The software communication

between the two is allowed by the functions provided by the TraCI4Matlab®[129] toolbox,

properly customized to comply with the DRL-MPC Algorithm. More in detail, TraCI

application level protocol is based on the client-server paradigm and it is built on top of the

TCP/IP stack: the application developed in MATLAB plays the role of a client and it can

access and modify the simulation environment provided by SUMO that acts as a server.

A set of Application Programmable Interfaces (APIs) have been then developed to get,

modify or add information about vehicles within the simulation environment. For instance

these routines can be used to query SUMO where a vehicle is currently moving or to add
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Figure 4.18: A representation of the simulation framework

a new vehicle in terms of its position, speed, attitude and driving features in the URN

reference frame. In addition, it is possible to obtain data regarding road vehicles density,

spatial constraints (i.e. road width, length and topology), obstacles and so on.

The proposed co-design adapts to new operating scenarios by simply selecting a new

SUMO xml describing file that in turn increases its flexibility features for routing decision

purposes. Specifically, the designed APIs also allow to compute the reward (5.13), while the

optimization of NN weights is achieved by means of the MATLAB Reinforcement Learning

toolbox®and the MATLAB Deep learning toolbox®.

4.8 Numerical results

Several simulations have been performed in order to show the effectiveness and the

peculiarities of the proposed control architecture. Thereafter, two simulation scenarios are

depicted: the first one [89] implements the DRL-MPC algorithm, while the second one

[125] the DRL-MPC algorithm with platoon splitting and queuing. In order to show

the adaptability of the DRL-MPC algorithm and of the developed toolbox, to different

scenarios, two URNs are considered. Both of them are correlated with real traffic data,
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provided by the TAVF project 1 throught the SUMO documentation about scenarios2.

Each AV is described by a point mobile robot whose dynamics is described as in (4.1)

where xi = [pix, p
i
y, v

i
x, v

i
y]

T ∈ IR4 is the state vector and

Ai =

 I2 TsI2

02 I2

 , Bi =

 T 2
s

2
I2

TsI2

 , ∀i = 1, . . . , N

where Ts = 0.1 [s] the sampling time. Moreover, the following input constraints

U := {ui(·) ∈ IR2 : ∥ui(t)∥2 ≤ umax = 5 [m/s2], ∀t ≥ 0, ∀i = 1, . . . , N} (4.57)

are prescribed on the acceleration components.

The perception and steering capabilities of the vehicles are defined by Rvis = 5 [m],

Rc
min = 2 [m]. Moreover, the decision zones (4.3) are straightforwardly derived according to

the assumption the decision is made 3.5 [m] before each junction. Finally, the schematic of

figure 4.19 provides an overview of the neural network used to implement the Q-function:

• the blue blocks refer to the NN inputs (si and ai);

• the yellow ones are Fully Connected Layers - the numbers in the figure indicate the

chosen number of neurons -;

• the red ones are ELU activation functions;

• the grey block is an addition layer;

• the last block is in charge to compute Qi(si, ai; θi) and, therefore, it consists of one

neuron.

Figure 4.19: Neural Network description

1https://tavf.hamburg/en/
2(https://sumo.dlr.de/docs/Data/Scenarios.html#dublin_-_irish_motorway_national_road_and_

city_centre)

https://tavf.hamburg/en/
https://sumo.dlr.de/docs/Data/Scenarios.html##dublin_-_irish_motorway_national_road_and_city_centre
https://sumo.dlr.de/docs/Data/Scenarios.html##dublin_-_irish_motorway_national_road_and_city_centre
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4.8.1 DRL-MPC algorithm

The operating scenario is a map of a district in Hamburg in figure 4.4. The reference

initial position is located at the latitude 53.540365◦N and longitude 9.946923◦E coordinates.

By using a local tangent plane East-North-Up reference frame [130], the AVs initial positions

have been set as reported in Table I with vix = 0 and viy = 0, ∀i. Moreover, a traffic limitation

is imposed on the edge highlighted in ciano. The aim consists in driving a platoon of N = 5

vehicles towards the target pfin. The geometrical displacement between two consecutive

vehicles is defined by the bounds dmin = 1[m] and dmax = 6[m].

Figure 4.20: On the left, the URN from the city of Hamburg in Google Earth. On the right,

the same URN in SUMO. The leader initial (yellow) and target (red) locations and the edge

with traffic limitation (ciano) are highlighted.

Table 4.1: Vehicle initial positions

Agent AV1 AV2 AV3 AV4 AV5

pix(0) 1495.8 1494.9 1492.1 1490.3 1488.4

piy(0) 667.1 665.4 663.7 662 660.3

The achieved results are collected in figs. 4.22-4.24. As the Q-function is concerned,

around 1800 traffic episodes have been used for its training. Notice that at t0 the vehicles

are located to their initial positions reported in Table I, while at tfin they are on the target

xfin (parking area).

First, the evolution of the training is reported in the left hand side of figure 4.22, where
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the episode reward (the sum of all the received rewards during each episode) and the expected

episode reward are depicted. This graph explicitly shows how proper routing decisions are

selected according to the training evolution: the episode reward (blue line) settles down to

an high performance value, while the expected reward (orange line) asymptotically converges

to it. On the other hand, the r.h.s. of figure 4.22 accounts for the CO2 emissions of the

platoon for each episode. As expected, the emission curve decreases as the training process

evolves

To analyze the behavior of the training process versus the emission threshold on the

edge with traffic limitation, the results reported in figure 4.22 are discussed more in depth.

As the threshold increases, the chance of the platoon to enter that edge clearly increases.

Accordingly, the expected reward shows less settling times as the threshold increases.

Finally, by taking a look to the regulated multi-agent system behavior, in figure 4.21

the regulated state trajectories show that the platoon comply with the prescribed mission as

testified by means of four relevant snapshots, while all the prescribed constraints are always

fulfilled, see figs. 4.23, 4.24.

Figure 4.21: Regulated state trajectories: a) the circles denote the initial positions of the

five vehicles; b) under the action of the DRL-MPC Algorithm the vehicles move along

the path indicated by the DQL Algorithm; c) the vehicles are geometrical organized as a

platoon; d) the vehicle are approaching the parking locations depicted as triangles.
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Figure 4.22: DRL training and emissions. Emission thresholds: 50000 55000 80000 5500000

6000000 7000000 20000000 [mg/s].
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Figure 4.23: State constraints (5.34): safe distance evolution between neighbouring vehicles

along the platoon.

Figure 4.24: Acceleration constraints compatible with routing and sustainable requirements.
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4.8.2 DRL-MPC algorithm with platoon splitting and queuing

In this section, a set of simulations is proposed aiming at highlighting the performance

of the proposed DRL- MPC algorithm with platoon splitting and queuing.

Figure 4.25: On the left, the URN from the A. Costa district in Bologna in Google Earth.

On the right, the same URN in SUMO. The leader initial (yellow) and target (red) locations

are highlighted.

Here, the operating scenario is the district around the “Andrea Costa” road in Bologna

(IT), see figure 4.25. The traffic data refers to an area in the proximity of the city football

stadium that well adapts to simulate the vehicles mobility during big and popular events

such as football matches or concerts [131]. In particular, these traffic data are related

to the Bologna’s peak hour (8:00 am - 9:00 am) and have been generated by considering

the highest traffic demand during a football match on March 3rd 2010 and the daily flow

one week before. The reference initial position is located at the latitude 44◦29′23.6′′North

and longitude 11◦18′30.2′′East coordinates. Within a local tangent plane East-North-Up

reference frame [130], the AVs initial positions have been set as reported in Table 4.2 with

vix = 0 and viy = 0, ∀i. The aim consists in driving a platoon of N = 11 vehicles towards

the target pfinIt is required that the geometrical displacement between two consecutive

vehicles is defined by dmin = 3 [m] and dmax = 10 [m]. The following knobs are used for the

DRL-MPC algorithm implementation: Ri
x = Ini

, Ri
u = Imi

, i = 1, . . . , N, α = 0.01 and

γ = 0.99.
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Table 4.2: Platoon initial positions

Agent AV 1 AV 2 AV 3 AV 4 AV 5 AV 6

pix(0) 70.0195 63.955 57.8905 51.826 45.7615 39.697

piy(0) 386.4212 384.082 381.7428 379.4036 377.0644 374.7252

AV 7 AV 8 AV 9 AV 10 AV 11

pix(0) 33.6325 27.568 21.5035 15.439 9.3745

piy(0) 372.386 370.0468 367.7076 365.3684 363.0292

All the achieved results are collected in figs. 4.26 -4.32. As the Q-function is con-

cerned, the training has been done by generating 2000 traffic episodes and it is depicted in

figure 4.26, where the episode reward (the sum of all the rewards received from the agent

during each episode), the moving average reward and the expected episode reward are re-

ported. There, it can be observed that the capability of the vehicle to select the more

adequate decision improves as the training process evolves: the average reward (red line)

increases, while the expected one (orange line) shows an asymptotic convergent behavior to

the effective reward.

Figure 4.26: Training from MATLAB Reinforcement Learning toolbox

The first experiment is performed by considering the traffic data in the time interval

8 : 00am − 8 : 30am. In this case, the initial platoon configuration is kept the same until
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around t ≈ 482 [s], when the greedy actions ai(482) ̸= a1(482), i = 9, 10, 11, suggest to

the vehicles AVi, i = 9, 10, 11, to turn on the right while the rest of the platoon continues

on the straight line, see figure 4.27 and the sub-graph b) of figure 4.29. As prescribed in

Section 4.6.2, two platoons LF 1 = {AV1, · · · , AV8} and LF 2 = {AV9, AV10, AV11} arise with

AV9 = AV 2
1 the leader of LF 2. This event is detailed in figure 4.29 where four snapshots,

described within the SUMO environment, at different time instants show the dynamical

behavior of the platoon: 1) before the splitting; 2) at the splitting time instant; 3) with two

platoons along the path; and 4) when the leader AV1 accomplishes the mission. Notice that

the two platoons never queue until the parking area is reached: in particular, AV1 arrives

at t ≈ 690 [s] while the second leader AV9 at t ≈ 740 [s].

Figure 4.27: 8 : 00am − 8 : 30am traffic data set: single leader (blue line) and two leaders

(AV1 red line, AV2 green line)

The second experiment considers the time interval 8 : 30am−9 : 00am. At t ≈ 123 [s]

the vehicles AVi, i = 6, . . . , 11, make a different routing decisions with respect to the leader

AV1 and two new platoons arise, see the sub-graph b) of figure 4.31. This situation persists

until t ≈ 350[s] when LF 2 queues to LF 1 because ai(350) = aj(350), i = 1, . . . , 5, j =

6, . . . , 11, and ∥p6(350) − p5(350)∥ = 7.8 [m]. Hence, the platoon reaches the target at t ≈

715 [s]. For the sake of completeness constraint evolutions and platoon behavior snapshots

within SUMO are summarized in figs. 4.30, and 4.31, respectively. Finally, figure 4.32

depicts the achieved paths during the prescribed mission.
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Figure 4.28: 8 : 00am− 8 : 30am traffic data set: constraints fulfillment. Left bottom graph

refers to a single platoon, while the right column to the two platoons scenario (LF 1 (top)

and LF 2 (bottom)).

Figure 4.29: 8 : 00am− 8 : 30am traffic data set: (a) single platoon before split (b) splitting

(c) two platoons moving in the URN (d) platoons reaching the target position. Yellow cars

denote the traffic along the path.
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Figure 4.30: 8 : 30am− 9 : 00am traffic data set: constraints fulfillment. Left bottom graph

refers to a single platoon, right top and middle graphs to the two platoons configuration

and the right bottom one to the single platoon after queuing.

Figure 4.31: 8 : 30am− 9 : 00am traffic data set: (a) single platoon before split (b) splitting

(c) two platoons moving in the URN (d) platoons reaching the joining condition. In all the

pictures, green vehicles are the leaders and red vehicles are the followers. Yellow cars denote

the traffic along the path.
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Figure 4.32: 8 : 30am− 9 : 00am traffic data set: leaders trajectory in the cases of a single

platoon, before the split and after the join (blue line), and of two platoons (red line for LF 1

and green line for LF 2)
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Chapter 5

An intelligent multi-layer

control architecture for logistics

operations of autonomous

vehicles in manufacturing

systems

This Chapter is based on the work presented in [132][133]. Here, the framework pro-

posed in Chapter 3 is applied to a different research context. The idea is the development of

a multi-layer control architecture for autonomous vehicles in smart manufacturing systems.

These vehicles are organized in a finite set of platoons in charge to accomplish prescribed

job(s). Three aspects are then needed to be formally outlined: task scheduling, routing deci-

sions and command inputs computations. Therefore, a distributed multi-layer architecture

has been conceived by using three methodologies: Timed Colored Petri Nets (TCPNs), DRL

and MPC. In a nutshell, TCPNs are exploited to formally model the manufacturing system

so that an optimal scheduling task complying with the required jobs and the available ve-

hicles is derived; then, run-time routing decisions are obtained by using a DRL approach

which exploits the available information provided by the vehicle sensor module; finally, the

87



88 CHAPTER 5. LOGISTICS OPERATIONS IN MANUFACTURING SYSTEMS

distributed MPC algorithm is built by resorting to a set-theoretic approach where most of

the computations are off-line performed.

5.1 Context of interest

Nowadays, industries have to deal with a high competitive market. Therefore, any

process optimization devoted to improve the production efficiency has a crucial role. Accord-

ingly, current industrial systems move toward an increasingly involvement of automation

for enhancing challenging logistics issues: streamline operations, customer service, trans-

portation cost, planning and risk management [134]. Along these lines, the technological

innovations in the field of autonomous vehicles has put in light an inherent capability to

sense and interact with the surrounding environment in a manner that allows to rationalize

costs and increase societal benefits such as safety and accessibility [135]. As a matter of fact,

autonomous vehicles are a radical innovation that could efficiently assist the management of

production lines, warehouse inventories handling and the support of intra- and inter-logistics

services in several economic sectors [136]-[137].

In a nutshell, production logistics settings with several transportation tasks, (e.g.,

between warehousing or material supply stations and production locations within larger

production sites) are usually addressed by autonomous vehicles swarms in virtue of their dis-

tributed decision-making capabilities. Therefore, in this context an interdisciplinary study

involving logistics, artificial intelligence and control of dynamical systems naturally comes

out [138]. In turn, this gives rise to three key issues:

1. definition of a near-optimal task scheduling,

2. computation of adequate routing decision actions,

3. development of an efficient distributed control scheme to accomplish prescribed pro-

duction jobs.

In what follows, these questions will be addressed in a multi-layer way by taking advantage

of timed colored Petri nets (TCPN) for the scheduling design, Deep Reinforcement Learning

(DRL) for routing decision purposes and Model Predictive Control (MPC) arguments for

driving the platoon within the Flexible Manufacturing Systems (FMS).
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5.1.1 Literature review

The coordination of complex manufacturing systems involves challenging constraints,

and several approaches have been proposed in literature to address the scheduling issue. One

of the first literature contributions on the Petri Net approach is from [139] where a modeled

FMS scheduling has been described by a PN firing sequence from an initial marking to a final

one and, thanking to a branch-and-bound algorithm, an optimal schedule of the FMS then

obtained. Also, Timed marked graphs, a special timed PN category have been exploited to

analyze the long-term FMS performance. Deep reinforcement learning approaches are more

recent and noticeable contributions are [140] and [141] where a Cuckoo Search Algorithm

is proposed: the first exploits a knowledge base, initially trained off-line before operation

whereas the second exploits a learning based approach. All the approaches are based on

reinforcement learning and hybrid heuristics to store scheduling information and appropriate

parameters. In [142] a learning-based grey wolf optimizer tailored for two scenarios in real

manufacturing environments is instead proposed. This approach exploits optimal computing

budget allocation to intelligently allocate resources and enhance search efficiency.

Regarding the field of industrial logistics supported by the operation of autonomous

vehicles, as extensively discussed, for instance, in [143]-[144], significant interest has been

observed among researchers approaching the subject from various perspectives. In broad

terms, literature contributions on the matter can be partitioned in centralized [145] and

distributed approaches [146]. By fixing the attention on the second ones, the initial solutions

were characterized by local coordination-based [147] and priority-based algorithms [148].

Dynamic optimization algorithms based on enhanced rule-based heuristic algorithm and the

fusion of the Dijkstra and Q-Learning algorithms, has been developed in [149] to tackle

optimal autonomous vehicle scheduling and path planning. Conflict avoidance strategy

rooted in graph theory has been also introduced to mitigate path collisions among agents.

Unfortunately, high demands for robot perception modules and communication facilities

turned into significant applicability prevention of these methods. Therefore, hierarchical

strategies have been exploited for the coordination of automated guided vehicles, see e.g.,

[150] and references therein. In turn, these approaches suffered for scalability issues that in

recent years have been addressed by resorting to learning-based approaches [151] particularly

suitable for their intrinsic capability to train the autonomous vehicles by acquiring local
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information. On the other hand, until now the resulting dynamical performance are not

comparable with those pertaining to the traditional methods above reported. Currently,

more effective and appealing solutions fall down in the MPC category [152]. Specifically, the

NP-hard traffic scheduling problem is significantly simplified in [153] by taking advantage

of the MPC properties: receding horizon principle and optimality of distributed solutions.

By summarizing, the above analysis puts in light that this complex problem, namely

logistic operations in industrial contexts via multi-vehicle configurations, needs a mutli-

disciplinary approach capable to take advantage of the properties of any single strategy and

to mitigate as much as possible the related deficiencies by mixing each other the involved

methodologies.

5.1.2 Main contribution

The core of this chapter relies on the design of an original architecture, based on deep

interactions among scheduling, routing and control objectives, that has to be capable of effi-

ciently accomplishing logistic tasks by using a group of autonomous vehicles moving within

a generic FMS labyrinth. Accordingly, flexibility and production performance enhancement

are the guidelines along which the approach is developed. The starting idea is to a-priori

organize the vehicles as a set of platoons, each one in charge to accomplish a specific job of

the overall task: this prescribes to formally introduce the following ingredients:

1. a centralized unit providing a full required operations scheduling scheme to be used

during the on-line phase;

2. a distributed routing decision unit for mitigating vehicles congestion phenomena;

3. a distributed control strategy to take advantage of the scheduling and routing decisions

according to the constraints imposed by the FMS planimetry.

In view of these premises, the resulting framework enjoys a hierarchical structure and has a

twofold feature: parallel with respect to the mission assigned at each platoon and distributed

versus the vehicles of each leader-follower configuration. Specifically, the first question is

addressed by using the TCPN modeling capabilities that allow to define a so-called twin

description of the overall FMS and to extrapolate a near-optimal scheduling; the routing de-

cisions are obtained in a distributed fashion by resorting to DRL tools, while the constrained
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control scheme is developed by using set-theoretic arguments along the lines indicated in

[154].

The overall modus operandi can be summarized as follows. In the off-line phase the TCPN

formalization allows to compute the scheduling of the prescribed jobs that are provided as

inputs to the distributed units during the on-line phase. At each time instant, for each vehi-

cle the DRL determines a routing decision in charge to accomplish its own operation within

the platoon job by mitigating as much as possible collision occurrences amongst platoons.

Conversely, the distributed MPC strategy jointly exploits the scheduling and the decisions

coming from the DRL in order to take the more adequate control action according to the

receding horizon philosophy. Since by construction the platoons are completely disconnected

each other (no information are shared amongst them), an anti-collision protocol must be

conceived. Here, the idea is to associate to each job a priority (this is without loss of gener-

ality within a real-like FMS context) that is exploited once the vehicle sensor module detects

a competitor platoon along the same line: the low priority platoon stops and the high level

one overcomes it by on-line building an overlapped sequence of safe regions. Unlike existing

literature contributions, the proposed approach enjoys several properties: interdisciplinary

translated into a flexible multi-layer architecture; full exploitation of the FMS information

(task and planimetry) to define a low-demanding distributed control scheme; parallelization

of the assigned jobs by proper platoons partition of the available set of autonomous vehicles;

distribution among the platoon vehicles of the operations pertaining to each single job.

5.1.3 Preliminaries: Timed Colored Petri Nets

First of all, it is worth to recall that PNs and Colored Petri Nets (CPNs) are discrete-

event paradigms successfully used for modeling concurrent, asynchronous, distributed, par-

allel, non deterministic and stochastic processes [155, 156]. As a matter of fact, they have

been extensively applied in the FMS domain for their natural ability to address model prece-

dence relations, deadlocks, conflicts, and resource constraints [157, 158] by resorting to logic

properties, such as boundedness and liveness [159]. CPNs can represent parts with attributes

as well as temporal activities, i.e., TCPNs [160].

In a Petri net (PN), a token is an abstract representation of a discrete quantity, often

used to model resources, data, or control flow within the system being modeled. The state
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of the PN is described by the marking that refers to the actual distribution of tokens. Timed

coloured Petri nets (TCPN) extend Petri nets (PNs) [160] with two concepts: colours and

time.

• In TCPN, tokens can carry different data values (token color). Also, places can carry

data types (colour sets). Places can only contain token colour corresponding to their

colour sets.

• The second extension is that tokens can carry a timestamp, the time at which the

token is ready to be used. Transitions can be defined with time delay inscription.

Also, there is a global clock representing the model time.

Definition 12 Formally, a timed colored Petri net is a tuple

TCPN = (Π,Φ, Arcs, Post, Pre, CS, V ar, PC,Gu,AE, Ini) (5.1)

where, for the sake of clarity, the meaning of the symbols is hereafter reported:

• Π denotes a finite set of places;

• Φ is a finite set of transitions, such that Π ∩ Φ = ∅ ;

• Arcs ⊆ Π× Φ ∪ Φ×Π is a set of directed arcs;

• Post and Pre are the |Π| × |Φ| post-incidence and pre-incidence matrices, respectively;

• CS is a finite set of non-empty colour sets, each colour set is either untimed or timed;

• V ar is a finite set of typed variables such that Type[V ari] ∈ CS for all variables

V ari ∈ V ar. The operator Type[·], given an expression, returns its type;

• PC : Π→ CS is a colour set function that assigns a colour set to each place. A place

Πi is timed if PC(Πi) is timed, otherwise Πi is untimed;

• Gu : Φ → EXPRV ar is a function that assigns a guard to each transition Φi.

EXPRV ar is the set of expressions provided by the inscription language and such

that Type[Gu(Φi)] = Bool;

• AE : Arcs→ EXPRV ar is an arc expression function that assigns an arc expression

to each arc Arcsi such that Type[AE(Arcsi)] = PC(Πi)MS where Πi is the place
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connected to the arc Arcsi. This means that each evaluation of the arc expression

must yeld a multi-set (MS)[160] over the colour set that is attached to the corresponding

place. MS becomes a timed multi-set (TMS) if Πi is a timed place;

• Ini : Π → EXPRV ar is a function that assigns an initialisation expression to each

place Πi such that Type[Ini(Πi)] = PC(Πi)MS. ✷

5.2 Problem formulation

In the sequel, the focus consists in the description of the logistic operations in a

manufacturing system using a team of autonomous ground vehicles organized in terms of

leader-follower configurations. To this end, the first issue relies on a formal definition of the

operating environment. This prescribes the characterization of two aspects:

• Factory layout: without loss of generality, it is assumed that it is exactly known in

terms of the accessible region. Let M be the number of corridors characterizing the

planar structure. Each aisle COj , j = 1, . . .M is formally defined by resorting to

polyhedral arguments, i.e.

COj :
⋂ל!

k=1

{
(Hj)′kp > (gj)k

}
(5.2)

where p ∈ IR2 are the planar components of the state space x ∈ IRn, (Hj)′k characterizes

the wall directions in the j-th corridor/aisle and, in a planar representation, is a 2-

elements row vector, (cj)k denotes the shift vs. origin term of the j-corridor walls

(scalar quantity in a planar representation). The p-plane point locus (Hj)′kp = (gj)k

denotes a linear manifold characterizing the walls boundary whereas (Hj)′kp > (gj)k

are half-spaces whose intersection generates the corridor (see figure 5.1). ל! is the

number of hyperplanes defining COj that in the example of figure 5.1 is equal to 2.

The accessible region is

Ofree :=
M⋃
j=1

{
x ∈ IRn : p ∈ COj

}
(5.3)

notice that the integer M takes care of same drive-through corridors in opposite di-

rections.

• Task description - the following statements are exploited:
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Figure 5.1: Aisle/Corridor polyhedral representation

– A FMS is an integrated, computer-controlled factory whose elements are auto-

mated material handling devices and numerically controlled machine tools that

can simultaneously handle medium-sized volumes of pieces and parts to be pro-

cessed. It consists of a finite set of machines Ma = {Mak}!M
k=1 - !M is the number

of machines - and a load/unload (L/U) station [161];

– A job J k is an ordered sequence of operations opi, i = 1, . . . , nk, carried out on

dedicated machines {Ma1, . . . ,Mank} ⊆Ma [162, 163].

Then, a task is defined as the collection of a finite number of jobs {J 1, . . . ,J !P}.

The second issue concerns with the autonomous vehicles (AVs) modeling. The AV dynamics

is described by means of discrete-time linear time invariant (LTI) models

xi(t+ 1) = Aixi(t) +Biui(t), i = 1, . . . , N, (5.4)

Like in the case of the transportation systems, these vehicles are subject to set-membership

constraints:

xi(t) ∈ X i := {xi ∈ IRni : xi
T

xi ≤ x2max},

ui(t) ∈ U i := {ui ∈ IRmi : ui
T

ui ≤ u2max}, ∀t ≥ 0,

(5.5)

Moreover, the vehicle geometry is defined by resorting to a polyhedral description in the

2-D space:

AVi :


(HAVi)′1

...

(HAVi)′li

 p ≤


(gAVi)1
...

(gAVi)li

 (5.6)

where (HAVi)′jp ≤ (gAVi)j , j = 1, . . . , li half-plane portions whose intersection is the vehicle

shell. Then, the problem of interest can be stated as follows.
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Platoons in manufacturing systems (PL-MS) - Given a FMS (Ma,L/U) geometrically

defined by (5.2)-(5.3) and a group of AVs (5.4) organized as q platoons of Nj , j = 1, . . . , q,

agents such that

q∑
j=1

Nj = N, determine a distributed state-feedback control policy

u1j (t) = f(x1j (t))

uij(t) = f(xi(t), xi−1
j (t)), i = 2, . . . , Nj , j = 1, . . . , q,

(5.7)

compatible with (5.3) and (5.5) such that an assigned task {J 1, . . . ,J !P}, with associated

job priorities {pr1, . . . , pr !P}, 0 ≤ prk ≤ 1, pri ̸= prj , ∀i ̸= j, is accomplished regardless any

time-varying obstacle occurrence Ot := {AVk}. ✷

The PL-MS problem requires a formal characterization of three issues:

• scheduling according to the assigned jobs and priorities,

• routing decision at each junction occurrence within the FMS,

• path palling /obstacle avoidance control action during the platoon traveling.

The next sections will be devoted to address such points.

5.3 The proposed multi-layer control architecture

The developed idea consists in the integration into a unique framework of the previ-

ously mentioned methodologies: TCPN, RL and Set-theoretic based MPC. From an abstract

point of view, the proposed architecture is reported in figure 5.2. There, three main actions

are conceived:

• the task scheduling {J 1, . . . ,J !P} performed in an off-line phase by exploiting the

FMS structure, i.e. , the involved machines M , the factory layout (5.2)-(5.3), and the

available AVs team (5.4)-(5.6)1;

• the routing decision ai(t), i = 1, . . . , N, updated, whenever necessary during the on-

line operations, on the basis of the scheduling path {p1goal, . . . , p
!P
goal} and the current

state measurement xi(t), i = 1, . . . , N ;

1Since the exploration of the resulting reachability graph could be computationally impracticable [160],

a near-optimal solution based on reinforcement learning ideas is here developed.
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• the control action ui(t), i = 1, . . . , N, computed in a distributed fashion and tak-

ing into account the scheduling sequence {p1goal, . . . , p
!P
goal}, the list of job priorities

{pr1, . . . , pr !P} and the routing decisions {a1(t), . . . , aN (t)}.

Figure 5.2: Multi-layer control architecture

The modus operandi can be summarized as follows. At each time instant t, the routing

decision layer generates the action ai(t) (corridor selection) by using the state measurement

xi(t) to be executed until the next junction. Such a selection is transformed into as a set-

point zi(t) for the control computation purposes by using a RG unit that receives in input

the current routing decision ai(t) and computes the set-point according to the following rule

zi(t) := arg max
zi∈COai(t)

∥pi(t)− zi∥2 (5.8)

For the sake of a formal description, the routing decision is activated along any j−th corridor

once the platoon enters DZj .

The last layer concerns with the computation of feasible command inputs in charge

to take care of the platoon framework, to deal with the prescribed input/state constraints

and to avoid obstacles along the path. This is done by tailoring to the distributed setting

the set-theoretic receding horizon control arguments proposed in [154] for a single vehicle.
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The path planning and anti-collision tasks are jointly accomplished by carefully formalizing

off-line and on-line phases of the set-theoretic based control strategy. First of all, according

to the scheduling path pigoal, i = 1, . . . , !P, the AVs team (5.4)-(5.6) is partitioned into q ≤ !P

platoons LF k, k = 1, . . . q.

• MPC Off-line - For each corridor COj , the state trajectory tube compatible with

(5.3), (5.5) is computed for each leader-follower configuration LF k, namely DoAk.

These regions are then stored in an assigned repository to be used during the on-line

operations. Since the latter are performed in indoor environments, without loss of

generality it can be assumed that data are safely and instantaneously made available

to the AVs side, e.g., by an ad-hoc wi-fi network.

• MPC On-line - As in the architecture of figure 4.6, each vehicle is equipped with a

distributed model predictive control (DMPC) unit according to the platoon partition-

ing imposed in the off-line phase. At each time instant t, the q platoons proceed in a

parallel fashion to accomplish their own missions (namely pkgoal): this is done by com-

puting ui(t) subject to the information provided by the routing decision layer ai(t) and

to the prescribed priorities vector {pr1, . . . , pr !P}. In particular, the latter is exploited

whenever two platoons LF k1 = {AV k1
1 , AV k1

2 , . . .} and LF k2 = {AV k2
1 , AV k2

2 , . . .}

travel in the same corridor COj in opposite directions. In such a case, once the two

platoons recognize each other the associated priorities prk1 , prk2 are compared and

the platoon with the lower one, for example prk1
< prk2

, acts as an obstacle to be

bypassed by the platoon LF k2 . Essentially, the lower priority platoon LF k1 , lets LF k2

go ahead.

5.4 Task scheduling: a combined TCPN and Reinforce-

ment Learning scheme

In this section, the design of the scheduling layer is outlined by means of Petri Nets

(PNs) based arguments. The scheduling is an issue because the TCPN modeling seems

best fitted to explore the whole set of firing sequences of transitions by determining the

reachability graph. According to this, the best schedule is then computed by optimizing

a given performance index. Unfortunately, an exhaustive enumeration is computationally
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intractable due to the intrinsic dimensionality curse. As a consequence, scheduling ap-

proaches exploit artificial intelligence heuristics to partially inspect the reachability graph,

see [164]-[165] to mention a few.

Moving from this analysis, the FMS is formally described as a TCPN resulting in a

digital twin capable of abstractly reproducing the production time evolution based on the

involved machines Ma, the load/unload station L/U and the prescribed task {J1, . . . , J !P}.

TCPN exploits a non-deterministic mechanism to execute a transition per time whenever

multiple operations are enabled, see [166] for details. The TCPN representation of a FMS

is shown in figure 5.3, where:

• A token in Π1 is described by four scalars: (J , i, src,Ma)@t, where J accounts for the

job, i refers to the operation, src and Ma are the prescribed source and destination

related to operation i of job J respectively. During the evolution of the TCPN model,

the scalar i is incremented until it reaches the number of operations of the job J and

then the token is removed. The notation @t is a standard way to indicate that the

token (J , i, src,Ma) is available at time t.

• A token in Π2 - (AV, pos)@t - accounts for the availability of AV in position pos

at time t. Notice that the initial numbers of tokens in Π2 represents the number of

autonomous vehicles N.

• If at least an operation is ready to be executed and a vehicle is available, the transition

Φ1 fires. It is without duration and describes the vehicle assignment event. Notice

that, in case more than one token are available in its Pre, the need of a scheduling

decision arises.

• A token in Π3 - (J , i, src,Ma,AV, pos)@t - represents that the vehicle AV will go from

pos to src. Transition Φ3 is a timed transition and accounts for the time ∆t needed

by AV to reach src.

• A token in Π4 - (J , i, src,Ma,AV )@t + ∆t -represents that the vehicle AV is ready

in src.

• Similarly to Φ3, transition Φ4 accounts for the time ∆t2 needed by AV to go from src

to Ma. These two transitions are strictly related with the geometry of the FMS and

the dynamics of the vehicles.
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• Once the vehicle AV reaches Ma, a new token in Π2 is generated because the vehicle

can be used to help a different operation while the operation i of J is performed in

Ma.

• A token in Π5 - (J , i,Ma)@t -represents that a piece corresponding to operation i of

J is waiting for machine Ma.

• A token in Π6 - (Mai)@t - stands for machine Mai available at time t.

• When a token is ready in Π5 and the corresponding machine is available in Π6, the

timed transition Φ5 accounts for working time of machine Ma on operation i of J .

Φ5 produces a token in Π1 if i is not the last operation of J .

Figure 5.3: The TCPN model

Notice that this structure of TCPN is general: a different task is is described by a

different marking in Π1 and update rule of Φ5.

.

Hence, the scheduling optimality issue is here addressed by resorting to reinforcement

learning (RL) technicalities [2], where the main aim consists in avoiding the generation of

the reachability graph and selecting the more adequate operation to be executed according

to the current reward function. Specifically, a deep Q-learning approach [167] is adopted

and customized as follows:

• Environment - the TCPN

TCPN = (Π,Φ, Arcs, Post, Pre, CS, V ar, PC,Gu,AE, Ini)

• RL state - sTCPN ∈ STCPN the colored marking of the TCPN;
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• Actions -

ATCPN (t) = {aTCPN = opj ∈ At(sTCPN )} (5.9)

where At(sTCPN ) is the set of the operations ready to be executed at time t;

• Reward:

rTCPN (t) := β1OF (t) + β2JA(t) (5.10)

with βi ∈ IR, i = {1, 2} positive scalars and

– OF (t) accounting for the set occupancy factor, i.e., the percentage of machines

active at the current time instant;

– JA(t) an heuristic characterizing the job accomplishment with respect to the time

evolution;

The role of the positive scalar parameters β1 and β2 exhibits a trade-off characteristic

in the reward implementation. Parameter β1 weights the transient aspect, specifically

the occupancy factor of the machines at each time instant, while β2 is related the

overall time taken to complete the task. Parameter β2 can be kept fixed, β1 used as a

tunable design knob and vice-versa: as an example (first case, α2 fixed and β1 tunable)

the lower β1, the larger the percentage of active machines, and the faster the time job

accomplishment. An opposite direction trend, alpha1 larger, means less occupancy

factor and slower time job accomplishment.

• State-action value function -

QTCPN (sTCPN (t), aTCPN (t); θTCPN ) := E

[ ∞∑
k=1

γ
(k−1)
TCPN rTCPN (t+ k∆(t))

]
(5.11)

where ∆(t) the time at which a new action has to be chosen;

• Policy - epsilon-greedy approach [30]:

aTCPN (t) =

 rand(Ap(sTCPN )), probability ϵ(t)

a∗TCPN , otherwise

(5.12)

where Ap(sTCPN ) ⊆ ATCPN is the set of possible actions on sTCPN ∈ STCPN and

a∗TCPN := arg max
aTCPN∈Ap(sTCPN )

QTCPN (sTCPN , aTCPN )

Based on these developments, the following algorithm provides a near-optimal scheduling

complying with the FMS pair (Ma,L/U) and the task {J1, . . . , J !P}.
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DQL-TCPN-Algorithm

Initialize QTCPN (sTCPN (t), aTCPN (t); θTCPN )

For each episode

1: Read sTCPN (0)

For each decision time t

1: Select by (5.12) the operation to be executed;

2: Read the RL state sTCPN (t+∆(t));

3: Compute the reward rTCPN (t+∆(t));

4: Update θTCPN ;

5.5 A distributed Deep Reinforcement Learning algo-

rithm for routing decisions

Inspired by the ideas developed in Chapter 4, the routing decision layer is implemented

by resorting to a multi-agent deep Q-learning (DQL) approach. Accordingly, the model has

been customized as follows:

• Agents - AV := {{AV i
j }

Nj

i=1}
q
j=1 the set of vehicles in charge to accomplish the DQL

task;

• Environment - the manufacturing system layout described as the connected graph

derived by the geometry of the corridors {COk}Mk=1;

• DQL state - sij(t) - the edges where the vehicle AV i
j is located at the time instant t;

• Actions - the set A a finite set of integer numbers accounting for all the possible

vehicle actions;

• Global reward - Ψ : S × A× S → IR is the same for all the AVs and takes care of

vehicle congestion occurrences over the FMS;

• Reward -

rij(tdec +∆tdec(t)) = Ψ

(⋃
k

(skj )(tdec +∆tdec(t))

)
+

(ψi
j)goal(tdec+∆tdec(t)) + (ψi

j)wtij
(tdec+∆tdec(t))

(5.13)
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where the symbols have the same meaning of Section 4.4.

• State-action value function -

Qi
j((s

i
j)(t), (a

i
j)R(t); θ

i
j) := E

[ ∞∑
k=1

γ(k−1) ri(t+ k∆tdec(t))

]
(5.14)

where (aij)R(t) ∈ Λ, θij is the NN weighting vector associated to each vehicle AV i
j and

γ ∈ (0, 1) the discount factor.

• Policy - Again an epsilon-greedy approach:

(aij)R =


rand(Λ), with probability ϵ

argmaxa∈AQi
j((s

i
j)(tdec), a; θ

i
j), otherwise

(5.15)

In view of the above customization, a distributed deep Q-learning for routing decisions

(D-DQL-DR) algorithm is as follows:

D-DQL-RL Algorithm (Agent AV i
j )

Initialize Qi
j((s

i
j), a; θ

i
j)

For each episode

1: Read (sij)(0);

For each tdec

1: Select by (5.15) the action aij to be executed;

2: Read the DQL state (sij)(tdec +∆tdec(t));

3: Compute the reward rij(tdec +∆tdec(t));

4: Update θij ;

5.6 A set-theoretic control scheme for path planning

and anti-collision

In this section, the core of the control architecture of figure 5.2 is designed. This is

done by resorting to a set-theoretic model predictive control approach whose main properties

have been deeply discussed in [7], [8] and here are combined with scheduling and routing

decision layers in a distributed/parallel fashion. According to the prescriptions of the PL-

MS problem, three issues have to be properly addressed:
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1. compute state trajectory tubes in accordance with the q platoons LF j ;

2. develop an efficient anti-collision procedure complying with the job priorities {pr1, . . . , pr !P};

3. derive a parallel/distributed control architecture to accomplish the prescribed task

{J1, . . . ,J !P}.

5.6.1 Platoon path tubes

Figure 5.4: Corridor state trajectory tube

A solution for question 1) is provided in the off-line phase by using set-theoretic

arguments [154]. For the sake of comprehension, the simplified scenario of figure 5.4 is

considered to begin with: a platoon LF j , a corridor COk and a job Jµ whose two scheduled

way-points are colσ(p
µ
goal) and colσ+1(p

µ
goal), respectively. Then, the state trajectory tube

complying with the direction of travel and with the initial and final equilibria colσ(p
µ
goal)



104 CHAPTER 5. LOGISTICS OPERATIONS IN MANUFACTURING SYSTEMS

and colσ+1(p
µ
goal), is obtained by computing a family of one-step state ahead controllable

sets, hereafter named {(T k
j,i)ι}. To this end, the state constraints of the vehicle AV i

j are

re-defined by taking into account the corridor COk :

X k
j,i := X i

j ∩ COk, i = 1, . . . , Nj (5.16)

By considering the One-step Controllable Set Procedure (OCSP) presented in [154], the

tube {(T k
j,i)ι} is computed according the following reasoning. An initialization phase pre-

scribes the computation of the pair ((T k
j,i)0, (K

k
i,j)0), consisting of a PI region centered at

colσ+1(p
µ
goal) (see the first black ellipsoid in figure 5.4) and its associated stabilizing state-

feedback control law. Then, a sequence of one-step state ahead controllable sets (T k
i,j)ι is

determined until a saturation effect comes out, i.e., the last black ellipsoid. Hence, an inter-

mediate equilibrium (the blue circle) is chosen and the above steps are done again until the

way point colσ(p
µ
goal) is covered by the last green ellipsoid. Since a multi-agent configuration

is considered, both PI regions and controllable sets must be adequately computed:

Positively invariant regions

They are designed by preserving the Cartesian structure

(T k
j )0 :=

Nj∏
i=1

(T k
j,i)0 (5.17)

where (T k
j )0 ⊂ IRniNj accounts for the PI set of the centralized system achievable by col-

lecting all the Nj vehicles (5.4). Since such sets are independent each other, the pairs

((T k
j,i)0, (K

k
j,i)0), i = 1, . . . , Nj , are achievable by standard technicalities, see e.g. [7]. De-

tails regarding the computation of the PI sets can be found in [8] (Ellipsoidal case) and [168]

(Polyhedral case).

One-step state ahead controllable sets

These regions are instead computed by carefully taking into account that one-step

state predictions are evaluated along interacting vehicles. Then, the sequences {(T k
j,i)ι}, i =

1, . . . , Nj , are obtained by means of the following recursions:

(T k
j,1)ι={x1j ∈X j,1 :∃u∈ U1

j , A
1
jx

1
j+B

1
ju

1
j ∈(T k

j,1)ι−1} (5.18)
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(T k
j,i)ι={xij ∈Xj,i :∃u ∈ U i

j , A
i
jx

i
j+B

iuij ∈(T k
j,i)ι−1

dmin ≤ dist(xij , (T k
j,i−1)ι) ≤ dmax

dmin ≤ dist(Ai
jx

i
j+B

i
ju

i
j , (T k

j,i−1)ι−1) ≤ dmax},

i=2, . . . , Nj ;

(5.19)

(T k
j,i)ι−1 ⊂ (T k

j,i)ι, ∀ι, i = 1, . . . , Nj (5.20)

where dmin, dmax ∈ IR+ are a-priori known and guaranteed bounds. The argument behind

(5.18)-(5.20) can be summarized as follows. At each step, the leader one-step controllable

region is computed by complying with the corridor constraints (5.16) and irrespective of

any LF configuration requirement. Conversely, the AV followers must take care of coordina-

tion constraints to avoid any collisions with their predecessors along the chain. The latter

translates into the following set-containment conditions:

• dmin ≤ dist(xij , T
i−1
j ) ≤ dmax : the set of state xij is selected such that the distance

from the same-level controllable region of the predecessor AV along the LF chain is

bounded by dmin and dmax, i.e (T k
j,i)ι−1 ∩ (T k

j,i−1)ι;

• dmin ≤ dist(Ai
jx

i
j+B

i
ju

i
j , (T k

j,i−1)ι−1) ≤ dmax : the set of one-step ahead state predic-

tion Xi+

j := Ai
jx

i
j+B

i
ju

i
j is such that Xi+

j ∩ (T k
j,i−1)ι−1 = ∅.

In the above developments, the simplified scenario of figure 5.4 is in charge to formalize

the technicalities under which the tube {(T k
j,i)ι} has to be built up. Anyway, a key aspect

has been overruled: in real contexts, the sequence of way-points Pµ
goal could be located ev-

erywhere along the FMS planimetry and not necessarily at the entrance and exit of each

involved corridor. To comply with this issue, the sketch of figure 5.5 is hereafter considered,

where the way points colσ(p
µ
goal) and colσ+1(p

µ
goal) are located along the two corridors COk1

and COk2 . Again, the off-line aim is to define a path tube to be used during the on-line

operations for driving the platoon LFj from colσ(p
µ
goal) to colσ+1(p

µ
goal). According to the

previous analysis, the family {(T k1
j,i )ι} is first computed by choosing as the target an equi-

librium x̄ located at the junction just after the end of COk1 (this is always viable because

the structured environment is known in advance). Then, the family {(T k2
j,i )ι} is derived

according to the following further requirements:

• the equilibrium x̄ ∈ COk1 ∩ COk2 acts as the initial way-point;
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•

x̄ ∈ {(T k1
j,i )ι} ∩ {(T

k2
j,i )ι} ̸= ∅ (5.21)

Essentially, the condition (5.21) allows to formally connect COk1 and COk2 by making viable

the actions provided by the routing decision unit.

Figure 5.5: Path state trajectory tube

By collecting these arguments, the path state trajectory tubes for the involved pla-

toons can be defined as follows:

Lj⋃
i=1

⋃
k

⋃
ι

(T k
j,i)ι, j = 1, . . . , q (5.22)

5.6.2 Anti-collision procedure

The second aspect to address concerns with the on-line operations: the capability

to avoid collisions among platoons when they travel along the same corridor in opposite

directions. To better clarify the idea here developed, the illustrative example of figure 5.6

is analyzed. There, the platoons LFj1 and LFj2 are considered with prj1 > prj2 prescribed

priorities. When the two platoons recognize each other, t̄, the leader vehicles, AV j1
1 and

AV j2
1 , share the respective information about platoon lengths and priorities. Accordingly,

the low priority platoon LFj2 stops and from t̄ onward acts as a static obstacle for LFj1

until it is worked around.

As the control strategy is concerned, the idea is to generate a sequence of overlapped

PI regions (see continuous red line ellipsoids in figure 5.6) until the obstacle platoon LFj2 is
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Figure 5.6: Avoiding low-priority platoon

overcome. This choice guarantees that during the online operations each vehicle can move

by avoiding the obstacles thanks to admissible swtichings between two regions.

Since the PI sets must take care of safe distances amongst the vehicles, therefore they

have to be derived by a level-by-level procedure. Specifically, first the PI leader is derived

without adding any distance constraint, then the direct follower (second agent) computes

its PI under a distance requirement w.r.t. the leader region, and so on until the leaf node.

According to this reasoning, feasible switchings along the pre-computed sets are always

viable and, as a consequence, there exists an admissible path until bypassing the obstacle

LFb. Then by denoting with (Ekj1,i)ι the PI set of AV i
j1
, the distance constraint is:

dmin ≤ dist(xij1 , (E
k
j1,i−1)ι) ≤ dmax (5.23)

and, as a consequence,

(Ekj1,i)ι ∩ (Ekj1,i−1)ι = ∅

In view of this reasoning, the regions (Ekj1,1)ι are computed by the following optimization:

DMPC-Leader:

min
(Kk

j1,1)ι,(Ek
a,1)ι

J1
j1(t) s.t (5.24)

(Aj1
1 +Bj1

1 (Kk
j1,1)ι)(E

k
j1,1)ι ⊂ (Ekj1,1)ι ⊆ X

k
j1,1 (5.25)
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(Kk
j1,1)ι(E

k
j1,1)ι ⊂ U

1
j1 (5.26)

Projp
(
(Ekj1,1)ι

)
⊆ B(p1j1(t) +Rmax, R) (5.27)

(x̄kj1,1)ι ∈ (Ekj1,1)ι−1 ∩ (Ekj1,1)ι (5.28)

Conversely, as the followers are concerned, one has:

DMPC-Follower:

min
(Kk

j1,i)ι,(Ek
a,i)ι

J i
j1(t) s.t (5.29)

(Aj1
i +Bj1

i (Kk
j1,i)ι)(E

k
j1,i)ι ⊂ (Ekj1,i)ι ⊆ X

k
j1,i (5.30)

(Kk
j1,i)ι(E

k
j1,i)ι ⊂ U

i
j1 (5.31)

Projp
(
(Ekj1,i)ι

)
⊆ B(pij1(t) +Rmax, R) (5.32)

(x̄kj1,i)ι ∈ (Ekj1,i)ι−1 ∩ (Ekj1,i)ι (5.33)

dmin ≤ dist(xij1 , (E
k
j1,i−1)ι) ≤ dmax, ∀xij1 ∈ (Ekj1,i)ι (5.34)

where (x̄kj!,i)ι is the equilibrium selected at each ι− th iteration as follows

(x̄kj!,i)ι := arg max
xi
j1∈(Ek

j1,i−1)ι−1

∥(ξkj1,i)ι−1 − xij1∥2

s.t. ∃(ukj1,i)ι ∈ U
i
j1
, xij1 = (In −Aj1

i )−1B
j1

(uk
j1,i)ι

i

(5.35)

and

J i
j1(t) :=

∞∑
h=0

[∥xij1(t+ h|t)−(ξkj1,i)ι∥
2
R

xi
j1

+ ∥uij1(t+ h|t)− (ukj1,i)ι∥
2
R

ui
j1

], ∀i, (5.36)

with Rxi
j1
> 0 and Rui

j1
≥ 0 symmetric shaping matrices. In view of these developments,

each PI region (Ekj1,i)ι is centered at (x̄kj1,i)ι and

(Ekj!,i)ι ∩ (Ekj1,i−1)ι ̸= ∅ (5.37)

Hence, the results of Preposition 6, guarantees that at each time instant t there exists a

control action capable of moving the platoon LFj1 along the overlapped sets.

5.6.3 Minimum-time control strategy

For the sake of comprehension, a single platoon LFj moving along a single corridor

COk is considered at first: there zj1(t̂) and zj1(t̄), with t̄ ≥ t̂, denote the platoon leader

routing decisions at the entrance and the exit of COk, respectively.
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Figure 5.7: On-line corridor crossing

During the on-line operations, the local commands for each vehicle AV j
i are obtained by

solving the following semi-definite programming problem (SDP):

uji (t) = argmin
uj
i

Jι(t)(x
j
i (t), u

j
i ) (5.38)

subject to

Aj
ix

j
i (t)+B

j
i u

j
i ∈ (T k

j,i)ι(t)−1, u
j
i ∈U

j
i (5.39)

In this context, the running cost Jι(t)(x
i(t), ui) accounts for the approximate minimum time

criterion:

Jι(t)(x
j
i (t), u

j
i ):=∥Projp

(
Aj

ix
j
i (t)+B

j
i u

j
i

)
−zji (t̄)∥2(Pk

j,i)
−1
ι(t)−1

(5.40)

with (P k
j,i)ι(t)−1 the shaping matrix of (T k

j,i)ι(t)−1 along the corridor COk.

Then, the following parallel algorithm is adopted to address the PL-MS prescriptions.

Parallel Deep Reinforcement Learning Receding Horizon Control (P-DRL-RHC) Al-

gorithm - Platoon PLj

Input: dmin; dmax; p
µ
goal; prµ; x

j
i (0);

Output: uj∗

i (t|t);
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Initialization -

1: compute (T k
j,i)0, i = 1, . . . , Nj , ∀ viable k; ▷ the PI regions

2: compute (Kk
j,i)0, i = 1, . . . , Nj , ▷ the stabilizing state feedback gains such that (5.5) are

fulfilled;

3: generate the tubes
⋃

k

{
(T k

j,i)ι
}
, i = 1, . . . , Nj , via recursions (5.18)-(5.20) such that

xj(0) ∈
⋃
ι

⋃
k

{
(T k

j,1)ι × · · · × (T k
j,Lj

)ι
}

4: store
⋃

k

{(
T k
j,i

)
ι

}
and (Kk

j,i)0, i = 1, . . . , Lj .

P-DRL-RHC - On-line - Vehicle AV i
j

1: Identify COk(t);

2: Acquire x
(
it);

3: if xj
i (t) ∈ DZk(t) then update the action aj

i (t) via the D-DQL-RL unit;

4: Generate the routing zij(t) by (5.8);

5: end if

6: if for some LFj1 , LFj2 travel along the same corridor in opposite directions then goto Step

17 ▷ a collision may happen

7: Find ι(t) = min
{
ι : xj

i (t) ∈
(
T k(t)
j,i

)
ι

}
8: if i > 1 then receive ι(t− 1) from AV j

i−1 and assign ιpre := ι(t− 1);

9: if ι(t) < ιpre then ι(t)← ιpre

10: end if

11: end if

12: if ι(t) == 1 then uj∗

i (t) =
(
Kk

j,i(t)
)
0
xj
i (t)

13: else

Solve the SDP (5.38)-(5.39);

14: end if

15: if i < Nj then transmit ι(t) to AV j
i+1;

16: end if

17: if prj1 > prj2 then Block the platoon PLj2

18: if i = 1 then compute the PI region (Ekj,i)ι by solving the DMPC-Leader optimization

(5.24)-(5.28);

19: else

solve the DMPC-Follower optimization (5.29)-(5.34);

20: end if
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21: Compute uj∗

i (t) =
(
Kk

j,i(t)
)
0
xj
i (t)

22: else

Block the platoon PLj2 ;

23: Repeat Steps 18-21;

24: end if

25: end if

26: Apply ui∗
j (t);

27: t← t+ 1 and goto Step 1;

The main properties of the P-DRL-RHC Algorithm are summarized in the following propo-

sition.

Proposition 11 Given the task {J 1, . . . ,J !P}, the associated priorities {pr1, . . . , pr !P} and

a set of vehicles organized as q platoons LFj = {AV j
i }

Nj

i=1, j = 1, . . . , q. Then, the P-

DRL-RHC Algorithm accomplishes all the prescribed jobs by always ensuring constraints

satisfaction and enhancing anti-collision capabilities of all the involved platoons. Moreover,

the regulated state trajectories are asymptotically stable.

Proof - Starting from the assumption that the optimal job scheduling {p1goal, . . . , p
!P
goal}

has been obtained by using the DQL-TCPN Algorithm, the feasibility property results by

separately analyzing two operation modes.

Normal mode: at each time instant t the leader AV j
1 identifies the corridor k(t) so that

the family of one-step state ahead controllable sets
{(
T k(t)
j,i

)
ι

}
is considered. After

selecting the set-membership level ι(t), the leader command uj
∗

i (t) is computed and

the same ι(t) is transmitted to all the followers in order to ensure that the same level

is used. In virtue of this, the optimization (5.38)-(5.39) has always a solution for any

vehicle AV j
i , i = 1, . . . , Nj ;

Anti-collision mode: by construction the sequence
{
(Ekj,i)ι

}
is such that

{
(Ekj,i)ι

}
∩
{(
T k(t)
j,i

)
ι

}
̸= ∅

for some ι > 0. Let xji (t) ∈
(
Ekj,i
)
ι̃
, t̃ ≥ t be the current state measurement, then

in a finite number of steps the state trajectory is driven into
{(
T k(t)
j,i

)
ι

}
because

Proposition 6 ensures that the state trajectory is driven to
(
Ekj,i
)
ι̃+1

and there always



112 CHAPTER 5. LOGISTICS OPERATIONS IN MANUFACTURING SYSTEMS

exists an index s ≥ ι̃+ 1 such that

(
Ekj,i
)
s
∩
{(
T k(t)
j,i

)
ι

}
̸= ∅

Finally, the closed-loop asymptotic stability derives from the same analysis because, accord-

ing to the set of routing decisions {zij(t)} the platoon LFj accomplishes the scheduling pµgoal

as t→∞. ✷

5.7 Numerical results

In this section, the effectiveness of the proposed P-DRL-RHC algorithm is evalu-

ated by means of a simulation campaign, whose setup is implemented within the Matlab

environment. For the subsequent developments, autonomous vehicles are described by the

following model:

Ai =

 I2 Ts I2

02 I2

 , Bi =

 (Ts)
2 I2
2

TsI2

 ,
with Ts = 0.5 and subject to the saturation constraint

|rowv(u
i(t))| ≤ 1, v = 1, 2, ∀t ≥ 0, ∀i. (5.41)

The geometrical displacement between two consecutive vehicles is dmin = 1[m] and dmax =

10[m]. Moreover, R = 5[m] and Rc
min = 1[m].

Operating scenario- Given the FMS of figure 5.8, defined on an area of 2500 [m2], the

task of five jobs {J1, . . . ,J5} fully described in Table 5.1 with priorities pr1 = 0.45, pr2 =

0.2, pr3 = 0.1, pr4 = 0.25, is required to be accomplished. ✷

As the scheduling phase is concerned,the TCPN of figure 5.3 has been initialized with

5 tokens in Π1. The update rules of transition Φ5 have been set accordingly to Table 5.1.

The number of tokens in Π2 depends on the vehicles configuration. Figure 5.9 represents

the TCPN used to compute the scheduling when the number of vehicles is 5.

The training of the Q-function (5.11) has been addressed within the MATLAB envi-

ronment by using Reinforcement Learning Toolbox built-in routines. In particular, it has

been carried out by generating 12000 episodes, where each of them consists of a time or-

dered sequence of all the prescribed operations reported in Table 5.1. The resulting training

evolution is shown in figure 5.10, where one can see that the capability to optimize the
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Figure 5.8: FMS planimetry: machines and L/U locations

sequence of jobs asymptotically improves, i.e., the expected reward (orange line) converges

to the episode one.

Conversely, the training for the distributed routing decision units has been performed

by considering 1500 episodes for each vehicle. By referring to a platoon LFj whose aim is

to accomplish a subset of jobs, say Jsub ⊆ {J1, . . . ,J5}, then the episode for AV j
i consists

in a sequence of time instants with initial, partial and final AV j
i positions complying with

the operations pertaining to Jsub as indicated in Table 5.1. For the sake of completeness, a

training process is reported in figure 5.11.
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Job Operations Idle time units

J1 op11 : L/U →Ma1 M1 = 20

op21 :Ma1 →Ma2 Ma2 = 30

op31 :Ma2 →Ma4 Ma4 = 20

op41 :Ma4 → L/U L/U = 20

J2 op12 : L/U →Ma3 Ma3 = 30

op22 :Ma3 →Ma2 Ma2 = 20

op32 :Ma2 → L/U L/U = 20

J3 op13 : L/U →Ma4 Ma4 = 30

op23 :Ma4 →Ma1 Ma1 = 40

op33 :Ma1 → L/U L/U = 20

J4 op14 : L/U →Ma1 Ma1 = 20

op24 :Ma1 →Ma3 Ma3 = 20

op34 :Ma3 → L/U L/U = 20

J5 op15 : L/U →Ma4 Ma4 = 20

op25 :Ma4 →Ma3 Ma3 = 30

op35 :Ma3 →Ma1 Ma1 = 40

op45 :Ma1 → L/U L/U = 20

Table 5.1: Task operations

Figure 5.9: The TCPN model when #V ehicles = 5
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Figure 5.10: DQL training

Figure 5.11: DRL training: LF1 = {AV 1
1 , AV

1
2 }, LF

2 = {AV 2
1 }, LF

3 = {AV 3
1 }
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The aim of the simulation is to determine an optimal configuration in terms of number

of involved autonomous vehicles and leader-follower organization according to the following

criterion:

!N := max
j=1,...,q, i=1,...,Nj

∑
k

∆T j,i
Jk
,

where ∆TJ ,i
Jk

is the time interval required to accomplish the job Jk associated to the vehicle

AV j
i . Accordingly, numerical scenarios has been defined by increasing the number of vehicles:

# Vehicles Platoons Scheduling

1 LF1 = {AV 1
1 } J1 → J2 → J3

J3 → J4 → J5

2 LF1 = {AV 1
1 } J1 → J3 → J5

LF2 = {AV 1
2 } J2 → J4

3 LF1 = {AV 1
1 , AV

1
2 } {J1 → J3, J2 → J4}

LF2 = {AV 2
1 } J5

4 LF1 = {AV 1
1 , AV

1
2 } {J1,J2 → J4}

LF2 = {AV 2
1 } J5

LF3 = {AV 3
1 } J3

5 LF1 = {AV 1
1 , AV

1
2 } {J1,J2}

LF2 = {AV 2
1 , AV

2
2 } {J5,J3}

LF3 = {AV 3
1 } J4

Table 5.2: Vehicles, platoons and scheduling

The meaning of Table 5.2 is as follows. Given a number of vehicles (first column), a-priori

organized as platoons (second column), the DQL-TCPN algorithm provides the near-

optimal scheduling (third column) where the arrow (→) accounts for the serial execution of

two jobs while the others are paralleled or distributed within the same platoon. For example,

if a single vehicle is available all the jobs are sequentially performed, while, by considering

two AVs, one can parallelize J1 → J3 → J5 w.r.t. J2 → J4. The same reasoning hols true

for all the other scenarios.

By proceeding step-by-step, the proposed P-DRL-RHC algorithm obtains the results col-

lected in Table 5.3. There, it clearly appears the capability of the proposed strategy to take
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advantage of two aspects: the parallel nature of the proposed approach and the distributed

feature of the leader-follower arrangement. When the number of vehicles increases the cu-

mulative time interval !N progressively reduces until traffic congestion occurrences come out

(the last scenario). This represents a relevant property usable in real contexts to identify

the minimum number of AVs compatible with the FMS structure and the assigned task.

Platoon scenario Jobs duration (Time units) !N

AV 1
1 ∆T 1,1

J1
= 302; ∆T 1,1

J2
= 262

∆T 1,1
J3

= 268; ∆T 1,1
J4

= 220 1444

∆T 1,1
J5

= 391

AV 1
1 ∆T 1,1

J1
= 300; ∆T 1,1

J3
= 260

∆T 1,1
J5

= 384 944

AV 2
1 ∆T 2,1

J2
= 257; ∆T 2,1

J4
= 208

AV 1
1 ∆T 1,1

J1
= 300; ∆T 1,1

J3
= 257

AV 1
2 ∆T 1,2

J2
= 258; ∆T 1,2

J4
= 204 557

AV 2
1 ∆T 2,1

J5
= 382

AV 1
1 ∆T 1,1

J1
= 299

AV 1
2 ∆T 1,2

J2
= 293; ∆T 1,2

J4
= 202 495

AV 2
1 ∆T 2,1

J5
= 374

AV 3
1 ∆T 3,1

J3
= 277

AV 1
1 ∆T 1,1

J1
= 362

AV 1
2 ∆T 1,2

J2
= 304

AV 2
1 ∆T 2,1

J5
= 498 498

AV 2
2 ∆T 2,2

J3
= 334

AV 3
1 ∆T 3,1

J4
= 312

Table 5.3: Required time intervals according to the task scheduling

The dynamical behavior of AVs is reported in figs. 5.12-5.14 by considering the best pla-

toon configuration (see Table 5.3): LF1 = {AV 1
1 , AV

1
2 }, LF2 = {AV 2

1 }, LF
3 = {AV 3

1 }.

First, notice that the prescribed constraints are always satisfied and the required jobs ac-

complished. Then, it is worth to underline that, whenever a vehicle reaches the machine

associated to its prescribed operation, an idle phase comes out. For example take a look
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to the behavior of AV 1
1 , whose scheduled job is J1 (Table 5.3) and the first operation is

L/U → Ma1 (Table 5.1): in this case, once the vehicle arrives at Ma1 an idle phase takes

place as shown in the shadow orange zones of Figs. 5.12-5.13. For the sake of completeness,

figure 5.14 reports the planar trajectories of AV 1
2 according to its sequential jobs J2 and J4.

Moreover, a further simulation concerns with the platoon configuration LF1 = {AV 1
1 , AV

1
2 },

LF2 = {AV 2
1 , AV

2
2 } and LF3 = {AV 3

1 }. As pointed out in Table 5.3, the cumulative time

interval !N increment is obtained. The reason behind is that, in this case, the platoons LF2

and LF3 move in opposite directions along the corridor CO12 and they detect each other at

t = 83 [steps]. Since pr2 > pr1, the vehicle AV 3
1 stops and, according to the developments

of Section 5.6.2, AV 2
1 overcomes it.

Figure 5.12: Planar components
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Figure 5.13: Constrained command inputs

Figure 5.14: AV 1
2 trajectory: J2 (black dashed line) and J4 (blue dashed-dotted line)

Finally, numerical comparisons have been carried out by contrasting the DQL and

Dijkstra [169] schemes when used for routing decision purposes within the P-DRL-RHC

algorithm. The results are collected in Table 5.4 in terms of the cumulative time interval !N

. Notice the first platoon configuration of Table 5.3, i.e., a single vehicle, has been omitted
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because it is a trivial case and gives rise to the same performance. As expected, the proposed

DRL solution outperforms the Dijkstra-based one in all the considered scenarios in virtue of

its intrinsic capability to take care of the current traffic conditions: the discrepancy between

the two competitors increases as the number of vehicles grows.

Table 5.4: Cumulative time [time units] versus platoon configurations

Platoon Djkstra DRL Reduction in percent

configuration

LF1 = {AV 1
1 }

LF2 = {AV 2
1 } 963 944 2%

LF1 = {AV 1
1 , AV

1
2 };

LF2 = {AV 2
1 } 579 557 3.8%

LF1 = {AV 1
1 , AV

1
2 }

LF2 = {AV 2
1 }

LF3 = {AV 3
1 } 523 495 5.3%

LF1 = {AV 1
1 , AV

1
2 }

LF2 = {AV 2
1 , AV

2
2 }

LF3 = {AV 3
1 } 533 498 6.9%



Chapter 6

Autonomous vehicles platoons

subject to cyber attacks

As a development of the framework presented in Chapter 4, here the focus is on

resilience issues for platoons of autonomous agents operating in URNs. This work has been

presented in [170].

In order to maintain the platoon formation a communication between vehicles is

needed and the communication medium can be unreliable, as shown in figure 6.1. In this

Chapter, the channel can be subject to false data injections affecting the information ex-

changed among the neighbors. Therefore, the problem of interest is not anymore limited in

formally characterizing vehicle state trajectory tubes by means of routing decisions comply-

ing with traffic congestion criteria. Here, the distributed model predictive control scheme

exploiting deep reinforcement learning capabilities for decision-making purposes is used for

dealing with the regulation task, whereas, as cyber-security issues are concerned, an efficient

anomaly detector and viable attack countermeasures are accordingly designed.

Figure 6.1: Platoon under attack

121
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6.1 Context of interest

In the last decade, the use of open and unreliable communication platforms has enor-

mously increased the chance that data shared among AVs could be tampered by malicious

agents [18]. In this context, cybersecurity appears to be relevant in terms of attack detection

capabilities and adequate resilient actions, see e.g., [19], [20] [171] and references therein.

In this Chapter , the distributed MPC of Chapter 4 has been properly customized to

the present context. Specifically, the structure of the local controllers is exploited to prove

the existence of a new anomaly detector in charge to reveal in finite time stealthy false

data injections (FDIs) occurrences. The proposed detector exploits feasibility retention ar-

guments to identify anomalies along the state prediction tubes. On the other hand, as the

control countermeasures are concerned, two actions can be pursued without compromising

the overall feasibility property and by keeping the look towards the satisfaction of the control

requirement (i.e., driving the platoon to a prescribed target): use stored and feasible com-

mand inputs as soon as the attack is detected; split the platoon in sub-LF configurations.

The first step leverages the fact that in attack-free scenarios, each agent stores and updates

the computed MPC sequence within a dedicated buffer. Whereas the second countermea-

sure enters the game when all the feasible stored control moves have been timely used and

concerns with the disconnection and re-activation in finite time of the communication link

between an agent and its predecessor, see [172].

The effectiveness of the proposed approach is evaluated by means of a platoon oper-

ating in the city center of Hamburg in Germany.

6.2 Problem formulation and proposed solution

First of all, it is important to formally define the hypotheses about the communication

network and later on the problem will be formulated.

Communication network

• data exchange between the autonomous vehicle AVi and its controller MPCi , i =

1, . . . , N, is not affected by any communication anomalies (induced time delays, false

data injections and so on);
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• at each time instant t, the agent AVi, i = 1, . . . , N − 1, transmits to its follower AVi+1

along the LF chain the predicted state trajectory x̂i(t), under the action ofMPCi, and

the positively invariant region Ξi(t) complying with the current target x̄it, hereafter

named as the target set;

• communication network may be unreliable: the information sent from AVi to AVi+1

may be corrupted by malicious intruders as follows:

- target set:

Ξ̃i(t)← Ξi(t) + Ξi
a(t) (6.1)

- predicted state trajectory:

x̃i(t)← x̂i(t) + xa(t) (6.2)

Hence, the problem to solve can be stated as follows:

Resilient Platoons in Urban Road Networks (RP-URN) Given a road map and a

platoon of AVs (4.1) and a target xfin design a distributed state-feedback control policy

u1(t) = g(x1(t), x1fin),

ui(t) = g(xi(t), x̂i−1(t), xif ), i = 2, . . . , N,

(6.3)

satisfying constraints (4.10) and such that, starting from an admissible initial condition

x(0) = xini, the team is driven towards the target xfin regardless of any junction occurrence

and of any admissible occurrence of FDI attacks (6.1)-(6.2) on the communication network

along the leader-follower formation. ✷

The proposed solution is the one introduced in chapter 4 and represented in figure

4.6, properly customized to address the security issues. In what follows, a defense strategy,

capable to deal with the possible occurrence of FDI attacks on the communication channel

along the LF chain, is presented.

6.3 Attack detector

According to the problem formulation and DMPC structure, the agent AVi−1 trans-

mits the following information set

Ii−1(t) := {ν(t− 1)Ξi−1(t− 1), ν(t− 1)zi−1(t− 1), ν(t− 1)Ki−1} (6.4)



124 CHAPTER 6. VEHICLES PLATOONS SUBJECT TO CYBER ATTACKS

where ν = rand((0, 1)) ∈ IR is generated by a cryptographically secure pseudo-random

number generator unit νGi−1. On the other hand, the agent AVi, i ≥ 2, receives at each t

the following information set

Ĩi(t) := {Ξ̃i−1(t− 1)/ν(t−1), z̃i−1(t−1)/ν(t−1), K̃i−1/ν(t−1)} (6.5)

that should be exploited by the local controller for regulation purposes. Notice that the

pseudo-random number generators νGi and νGi−1 have the same seed, and are correctly

synchronized with each other.

Since the communication medium is unreliable, the data packets in (6.5) have to

be checked in order to verify their integrity. To this end, the architecture of figure 6.2 is

conceived and its modus operandi hereafter discussed. At the current time instant t, the

agent AVi receives from the predecessor the packet Ĩi−1(t) to be used by the local controller

DMPCi for computing the new sequence ui(t). The latter is correctly done if the integrity

of Ĩi−1(t) is not impaired by malicious actions on the communication channel. Here two set-

membership tests are stated and the capability to formally reveal stealthy attacks proven.

First, the received PI region Ξ̃i−1(t− 1) must satisfies the following condition:

Ξ̃i−1(t− 2) ∩ Ξ̃i−1(t− 1) ̸= ∅ (6.6)

in order to comply with (4.32). Then, the sequence ui(t) = {u(t+ j|t)}j=1h is checked and,

if admissible, exploited at the next time instant t + 1. To this end, a so-called twin model

Di of the agent AVi is defined with the aim to generate the state predictions x̂Di

(t) that

must fulfill the following inclusions

x̂D
i

0 (t+ 1) ∈ X̂ 1
i (t)

x̂D
i

1 (t+ 1) ∈ X̂ 2
i (t)

...

x̂D
i

hi−2(t+ 1) ∈ X̂ hi−1
i (t)

x̂D
i

hi−1(t+ 1) ∈ Ξi(t)

x̂D
i

hi
(t+ 1) ∈ Ξi(t)

(6.7)

where

X̂ k
i (t) := {x ∈ X i |x = Aix(t) +

k−1∑
j=0

(Ai)k−i−jBiui(t+ j|t)

∀ui(t+ j|t) ∈ U i, j = 0, . . . , k − 1}

(6.8)
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account for the k − step ahead k = 1, . . . , hi − 1 state predictions polyhedral sets

compatible with the imposed constraints (4.10). Then, the following detection logic comes

out

Di(t) :=


1← attack if (6.6)OR(6.7) fail

0← no attack otherwise

(6.9)

Figure 6.2: Resilient control architecture

6.4 On-line resilient actions

At each time instant t along the LF chain, the following operating scenarios can occur:

1. Nominal mode: attacks are not underway.

The stored sequence ûi(t− 1) is updated with the currently computed sequence ûi(t),

while the plant is driven by ûi((t− 1) + 1|t− 1).

2. Viable mode: an anomaly has been detected but a control action can be still applied

without compromising constraints fulfillment and closed-loop stability.



126 CHAPTER 6. VEHICLES PLATOONS SUBJECT TO CYBER ATTACKS

As soon as the attack is detected, the Smart Actuator is instructed to apply the

feasible stored moves ûi((t− 1)+k|t− 1), k = 1, . . . , hi− 1, while the newly computed

sequence ûi(t+ τ), τ ≥ 1, is discarded until the attack is underway.

3. Attack mode: feasible command inputs are no longer available.

When all the stored commands ûi(t− 1 + k|t− 1), k = 1, . . . , hi − 1, have been used,

a possible countermeasure to keep the resilience capabilities of the overall formation

consists in disconnecting the attacked agent AVi and its successors AVj , j ≥ i + 1,

from the rest of the platoon. This means that two or more platoons (even singletons)

could come out. They are controlled as presented in section 4.6.

A further countermeasure arises from the fact that the communication link between

two agents can be safely excluded and re-activated in a finite time. This translates

into the following operating assumption.

Assumption 6 A guaranteed attack-free communication between two disconnected

agents AVi and AVi+1 can be reestablished in at most ko time steps. ✷

Therefore, after at maximum ko time steps, the two platoons can re-join the initial

configuration.

6.5 Numerical results

In this subsection, the effectiveness of the proposed approach is evaluated by consid-

ering a platoon of two vehicle subject to the following constraints

|vix(t))| ≤ 6[m/sec], |viy(t))| ≤ 6[m/sec], i = 1, 2, ∀t ≥ 0 (6.10)

The geometrical displacement between them is αmin = 1[m] and αmax = 10[m]. All the

other knobs are the same as in section 4.8. The map and the traffic data are related to

the district in Hamburg of figure 4.20. In this example, the threshold on CO2 emissions is

20000000[mg/s].

The simulation results are collected in figs. 6.3-6.4. First, it worth to underline that

the mission is accomplished despite of FDI occurrences and under the fulfillment of the

prescribed constraints. In particular, at the time instant t = 290 sec an FDI attack on the
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target set (6.1) takes place along the communication channel between the two vehicles. It is

detected at t = 300 sec by the detection logic D2(300), and, according to the countermeasure

in Section III.B.3), the LF topology is disrupted and they proceed as singletons, see figure

6.3. Then at 1100 sec the attack ends and this is promptly recognized by the detection unit.

A recovery phase takes place so that the two vehicles move to reconnect and this happens at

t = 1130 sec . As expected the vehicle AV2 is significantly affected by the malicious intrusion,

as it is forced to modify and consequently extend its path to mitigate the anomaly according

to the new routing decisions (see figure 6.4).

Figure 6.3: Vehicles planar trajectories

Figure 6.4: Constrained evolution
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Appendix A

Neural Networks fundamentals

A neural network (NN) [11][173][174] is an interconnected assembly of simple pro-

cessing elements, called neurons, whose functionality is based on the biological structure of

brain. A neuron is a function f : IRn− > IRm, whose model is represented in figure A.1.

The output is given by

f(x; θ) = f1(
n∑

i=1

θixi + θ0) (A.1)

where θ is a vector of parameters called weights while f1 is a non-linear function called

activation function. Such a function can have many different structures [175], some of them

are introduced here:

• ReLU (Rectifying Linear Unit):

f1(x) = max(0, x)

• leaky ReLU:

f1(x) =


0.01x if x < 0

x otherwise

• ELU (Exponential Linear Unit):

f1(x) =


exp(x)− 1 if x < 0

x otherwise

• step:

f1(x) =


0 if x < 0

1 otherwise

129
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Figure A.1: Basic mathematical model for a neuron

• sigmoid:

f1(x) =
1

1 + exp(−x)

Neurons are connected together to form neural networks. There are two fundamen-

tally distinct ways to do this:

• a feed-forward network is structured in layers and each of them is composed by

neurons that receive input from the previous layer and send to the next one, without

presence of loops;

• the presence of loops identifies a recurrent network that therefore have an inner

state depending on the past inputs.

In this thesis, the used NNs are fully-connected feed-forward networks. The attribute

”fully-connected” means that the input of each neuron of a layer is the same as the other

neurons of that layer and it is the whole output of the previous layer (or the whole input

for the first layer). Using different networks architectures and compare different designs of

networks goes beyond the scope of this work.



Conclusions

This thesis has proposed new insights in the field of Model Predictive Control com-

bined with Reinforcement Learning algorithms. Some new achievements have been reached,

although there is still a lot of work to be done.

In Chapter 3, the problem of describing a class of nonlinear systems by means of

multi-model state space descriptions has been analyzed in a data-driven context. There, the

available information about an unknown nonlinear system has been carefully exploited by

mitigating as much as possible the unavoidable noise arising from experimental data. More-

over, the asymptotically convergence property of the algorithm has been formally proven.

The performed simulations have been devoted to the evaluation of the proposed approach.

The widely recognized four-tank process and the Van der Pol oscillator have been employed

as benchmark cases to evaluate the accuracy of the Polytopic Embedding algorithm. From

an engineering point of view, these simulations show that the proposal can be used to de-

rive an accurate linear model of the plant dynamics without resorting to the constitutive

equations that in turn would give rise to unavoidable identification processes.

Future studies will be directed along the following lines: first of all, a formal analysis

will be pursued to explicitly characterize problems of robustness, thus helping to find a

trade-off between the accuracy of the obtained polytopic embedding and the resulting control

performance. As a consequence, these arguments will be exploited to address the design of

model predictive controllers in a nonlinear setting. Finally, it will be important to evaluate

the reliability in real-life applications, such as those arising in the field of autonomous

vehicles.

In Chapter 4, the sustainable routing decision problem for vehicle platoons operating

on Urban Road Networks has been addressed. By jointly exploiting Deep Reinforcement

Learning and set-theoretic Model Predictive Control arguments, a novel distributed machine
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learning-control architecture has been conceived and its main properties outlined. Many

simulations have been performed using real traffic data to show the main features of the

proposed algorithms. These simulations testify that the proposed strategy reduces CO2

emissions and traffic congestion, and avoids the increase in pollution of those areas subject

to CO2 emission thresholds, while satisfying input and state constraints.

Future studies will extend the proposed approach to comply with obstacle avoidance

requirements and roads with more than one lane, where the lane changing problem must be

addressed.

In Chapter 5, a multi-layer architecture has been designed to address the path plan-

ning problem, customized to comply with logistic operations in flexible manufacturing sys-

tems. Here, three methodologies have been exploited: Timed Colored Petri Nets, Deep

Reinforcement Learning and Distributed Receding Horizon Control. The core of the pro-

posed strategy relies on dividing the available group of vehicles into platoons capable of

minimizing the time necessary to accomplish each single job. This has meant adding co-

ordination and anti-collision capabilities to the distributed control structure, according to

the references provided by the scheduling unit that is updated online by the Reinforcement

Learning algorithm.

Future studies will be devoted to considering a more complex operating environment

where, in addition to the other vehicles, the presence of human operators, understood as

moving obstacles, has to be taken into account.

In Chapter 6, the path planning problem for vehicle platoons subject to external

attacks and operating on Urban Road Networks has been addressed by integrating the

control architecture described in Chapter 3 with a detection mechanism, designed by utilizing

feasibility arguments pertaining to the Receding Horizon Control philosophy that have been

translated into set-containment conditions.

Future research will focus on addressing more severe attack scenarios and developing

advanced detection strategies tailored to these challenges.

My work over the last three years has began to shed light on some of the most

pressing problems encountered by research. Once again, further concentration on specific-

case scenarios will, hopefully, lead to new successes.
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[125] Luigi D’Alfonso, Francesco Giannini, Giuseppe Franzè, Giuseppe Fedele, Francesco Pupo, and Giancarlo
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all the co-authors of our publications. Among them, special thanks to professor Giancarlo

Fortino. Furthermore, I would like to thank professor Sorin Olaru and professor Teodoro

Alamo for reviewing my manuscript.

Finally, thanks to my friends, for all the wonderful experiences we have enjoyed to-

gether during these three years.

145


	Abstract
	List of Symbols
	List of Figures
	Introduction
	Set-theoretic Model Predictive Control
	Set-theoretic approach in MPC
	Ellipsoidal off-line MPC approach

	Reinforcement Learning
	Fundamentals
	The environment
	Main elements

	Reinforcement Learning algorithms
	Deep Q-learning
	Actor-Critic approach


	Set-theoretic RHC for nonlinear systems
	Context of interest
	Literature review
	Main contribution
	Outline

	Preliminary considerations
	Problem formulation
	Data based LTI description
	A probabilistic measure of performance
	Reinforcement Learning approach
	State trajectory embedding algorithm
	Numerical results
	Van der Pol oscillator
	Four tanks


	Vehicular routing: a DRL-based MPC approach
	Context of interest
	Literature review
	Main contribution

	Problem Formulation
	An overview of the proposed solution
	Reinforcement Learning scheme
	Sustenaibility remark
	Algorithm

	RHC units
	An improved control strategy
	DMPC control units: single platoon
	Platoon splitting and queuing
	The distributed DRL-MPC algorithm with platoon splitting and queuing

	SUMO-MATLAB co-design
	Numerical results
	DRL-MPC algorithm
	DRL-MPC algorithm with platoon splitting and queuing 


	Logistics operations in Manufacturing Systems
	Context of interest
	Literature review
	Main contribution
	Preliminaries: Timed Colored Petri Nets

	Problem formulation
	The proposed multi-layer control architecture
	Task scheduling
	DRL for routing decisions
	Set-theoretic control scheme
	Platoon path tubes
	Anti-collision procedure
	Minimum-time control strategy

	Numerical results

	Vehicles platoons subject to cyber attacks
	Context of interest
	Problem formulation and proposed solution
	Attack detector
	On-line resilient actions
	Numerical results

	Neural Networks fundamentals
	Conclusions
	Bibliography

		2025-01-24T15:37:25+0100
	Francesco Giannini


		2025-01-24T15:43:07+0100
	GIUSEPPE FRANZE'


		2025-01-25T15:32:49+0100
	FRANCESCO PUPO


		2025-01-26T22:15:17+0100
	GIANCARLO FORTINO




