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Abstract

Exploring a new area of the scheduling theory and inspired by a real applica-
tion in an academic context, in this thesis we introduce a new single-machine
two-agent scheduling problem, aimed at balancing the average weighted com-
pletion times of two different classes of jobs, one per agent. Differently from
the common multiagent cases, which are generally of the competing type, this
problem could be interpreted as a cooperative type problem. In fact, even
if the two agents share the same machine, they cooperate to optimize the
unique global objective function, in order to balance their average weighted
completion times.

While for the case with identical jobs and unitary weight we present an
exact algorithm providing an optimal solution in linear time, for the general
case we prove the NP-hardness of the problem and we propose a mathematical
formulation as a variant of the well known quadratic assignment problem. By
applying the Glover linearization, we obtain a mixed integer linear program
exploited to design a Lagrangian heuristics based on solving, at each iteration,
a linear assignment problem. Since the proposed algorithm has revealed to be
able to solve instances up to 500 jobs, in order to face larger scale instances
(up to 2000 jobs) we also propose a genetic algorithm.
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Introduction

Every day many manufacturing and service companies have to deal with the
allocation of resources to tasks over given time periods. This kind of deci-
sion making process, aimed at optimizing one or more objectives, is named
scheduling.

The aim of scheduling theory is to study these problems from a mathe-
matical point of view, providing optimization models and resolution methods
to automatize this decision making process. Then, given their importance,
scheduling problems have been deeply studied in the literature and, nowa-
days, scheduling theory is a well established optimization field. Scientists
have obtained many important results that, each day, help industries in the
achievement of their goals. Given the huge number of possible applications,
the field is exponentially growing, in connection also with the evolution of the
modern society, characterized by new and ever more complex problems to be
efficiently solved.

The research in this field usually consists not only in designing new and
more efficient algorithms aimed at solving existing problems, but also in the
definition of additional problems (generally raising in the practical contexts)
to be solved by means of exact or heuristic algorithms. In fact, an interesting
aspect of scheduling theory resides also in the computational complexity of
this kind of problems: many of them are proved to be NP-hard and, in such
cases, a particular effort is often done to design efficient heuristic algorithms.

Exploring a new area of the scheduling theory and inspired by a real appli-
cation in an academic context, in this thesis we introduce a new single-machine
scheduling problem characterized by two decision makers. Since in the schedul-
ing literature the decision makers are commonly named agents, this problem
falls in the class of the so called multiagent scheduling problems, whose main
difficulty resides in the fact that the agents have to share the same machines.

In particular, the objective of our new problem, called in the sequel BAWCT-
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2 (Balancing the Average Weighted Completion Times of 2 agents) is to bal-
ance the average weighted completion times of two different classes of jobs,
one per agent. Differently from the common multiagent scheduling problems,
which are generally of the competing type (since the job set of each agent
contributes only to the corresponding agent’s objective function), BAWCT-
2 could be interpreted instead as a cooperative type problem. In fact, even
if the two agents share the same machine, they cooperate to optimize the
(unique) global objective function, aimed at balancing their average weighted
completion times.

The thesis, which is mainly constituted by the first three parts, is organized
as follows.

In the first part, Chapters 1-3, we provide the reader with an introduc-
tion to scheduling theory. In particular, in the first chapter we discuss its
importance and its impact on the industrial sector, by providing some ex-
amples of real life applications. In the second chapter, we present some well
established results in the literature related to some single-machine schedul-
ing problems aimed at minimizing the total completion time or the maximum
lateness. We conclude this part with Chapter 3, in which we introduce the
multiagent scheduling problems, discussing also the possibility of cooperation
among the agents.

In the second part of the thesis, Chapters 4-9, we discuss the novelty of our
work by introducing the new single-machine scheduling problem for balancing
the average weighted completion times of two classes of jobs. In particular, in
Chapter 4 we define the problem (providing also some possible applications)
and we prove its NP-hardness by means of a polynomial reduction from the
partition problem. Then, in Chapter 5, we present a quadratic assignment
mathematical formulation of the problem, that we reduce to a mixed integer
linear program by means of the Glover linearization technique. In Chapter
6, we focus on a simplified version of the problem, assuming identical jobs
(i.e. with the same processing time) and unitary weight: for such a problem,
we propose an exact solution algorithm, showing that the problem is solvable
in linear time. In Chapter 7, exploiting the mixed integer linear formulation
reported in Chapter 5, we design a Lagrangian heuristics based on solving, at
each iteration, a linear assignment problem. In order to face large scale in-
stances, in Chapter 8 we propose a genetic algorithm to speed up the resolution
process. We conclude the second part of the thesis by Chapter 9, in which we
describe some numerical experiments performed to evaluate the performance
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of the Lagrangian relaxation approach and of the genetic algorithm.
In the third part of the thesis, Chapter 10, we draw some conclusions and

we discuss some possible future research.
The entire work is completed by the last two parts, aimed at providing the

reader with some bibliographic references (Part IV) and with two publications
(Part V) drawn from the research part of the thesis. In particular:

• The contents of Chapter 6 have been published in:

– M. Avolio, A. Fuduli. “A subset-sum type formulation of a two-
agent single-machine scheduling problem”. Information Processing
Letters, 155, article 105886, 2020.

• The contents of Chapters 5 and 7 have been published in:

– M. Avolio, A. Fuduli. “A Lagrangian heuristics for balancing the
average weighted completion times of two classes of jobs in a single-
machine scheduling problem”. EURO Journal on Computational
Optimization, 10, article 100032, 2022.

• The contents of Chapter 8 will be object of a possible new paper, whose
writing is currently in progress.
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Notation

△
= by definition
J overall job set
M overall machine set
n number of jobs in J
m number of machines in M
q number of agents
π job schedule (sequence)
⟨j⟩ position of job j
[j] job processed in position j
JA job set of agent A
JB job set of agent B
nA number of jobs in JA
nB number of jobs in JB
⌊r⌋ the nearest integer number less than or equal to r
IRn Euclidean n-dimensional space
∂f(x) subdifferential of function f at x
∥x∥ Euclidean norm of x
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Chapter 1

The Scheduling Problems

In this chapter, we introduce the reader to the world of scheduling theory, by
discussing the importance of this decision-making process and its impact on
the industrial sector. We also provide some examples of real life scheduling
problems, concluding the chapter with the description of the main notation
generally adopted in this field.

1.1 The Role of Scheduling

Every day many manufacturing and service companies have to deal with the
allocation of resources to tasks over given time periods. This kind of deci-
sion making process, aimed at optimizing one or more objectives, is named
scheduling [42].

Resources, tasks and objectives can assume different forms, depending on
the context. For example, possible resources are machines in an industry,
runways at an airport, computers in a laboratory, or professors in a university.
Corresponding tasks may be operations in a production environment, take-
offs and landings at the airports, processes in a computer, or courses in an
academic context.

An important role in scheduling theory is played by the objectives, which
define the criteria used by the decision maker to evaluate the performance of
the schedule. On the basis of the practical contexts, one can adopt different
objective functions, such as the minimization of the time when the last task
is completed, or the minimization of the number of tasks completed after a
certain time.
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Then, it is easy to guess that the difficulty of solving a scheduling problem
is generally related to the specific characteristics of the following three items:
the resources, the tasks and the objectives. For example, there are scheduling
problems characterized by just one or various resources, which in turn can be
homogenous or heterogeneous. On the other hand, each task can be more or
less complex in function of its features (priority level, due date, release time,
and so on). There exist also scheduling problems with more than one single
objective, or even multiagent scheduling problems where different sets of tasks
(one per agent) have their own evaluation criteria, often competing each with
the other.

Scheduling theory is aimed at studying these problems from a mathemat-
ical point of view, providing optimization models and resolution methods
to automatize this decision making process. Then, given their importance,
scheduling problems have been deeply studied in the literature and, nowa-
days, scheduling theory is a well established optimization field. Scientists
have obtained many important results that, each day, help industries in the
achievement of their goals. Given the huge number of possible applications,
the field is exponentially growing, in connection also with the evolution of the
modern society, characterized by new and ever more complex problems to be
efficiently solved.

The research in this field usually consists not only in designing new and
more efficient algorithms aimed at solving existing problems, but also in the
definition of additional problems (generally raising in the practical contexts)
to be solved by means of exact or heuristic algorithms. In fact, an interesting
aspect of scheduling theory resides also in the computational complexity of
this kind of problems: many of them are proved to be NP-hard and, in such
cases, a particular effort is often done to design efficient heuristic algorithms.

In the next section, we will present in detail some practical examples of
scheduling problems. Even if the overall notation adopted throughout the
thesis is detailed in Section 1.3, we anticipate here that, using the scheduling
terminology, from now on each resource will be called machine and each task
will be named job (we say that a machine processes a job). Each job is always
characterized by at least its processing time and its completion time: while the
former is the time needed by the job to be processed on a given machine, the
latter is a sequence dependent quantity corresponding to the time when the
entire processing of the job is completed.
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1.2 Some Examples

Example 1.2.1. (Toy example: the fish fry problem) A restaurant has to pre-
pare a fish fry made of three kinds of fish: prawns, squids and anchovies.
Assuming that the restaurant has only one pan and that each fish has to be
cooked separately, the objective is to determine in which order to prepare
them with the aim of minimizing the elapsed time between the time in which
the first kind of fish is ready and the time in which the whole fish fry can be
served (i.e. all the fishes have been cooked). In this toy problem, the pan is
the machine (in this case just one), while the three types of fish represent the
jobs, with the processing time being their corresponding cooking time.

This problem can be easily solved by noting that the time in which the
fish fry will be ready is known, since it is easily computable by summing the
time needed to cook all the kinds of fish. Recalling that the objective is to
shrink the interval between this time and the time in which the first kind of
fish is ready, the optimal solution can be obtained by cooking first the fish
characterized by the highest cooking time. The order in which the other two
types of fish will be cooked is completely irrelevant. ||

Note that the toy problem described in Example 1.2.1 is solvable also by
inspection, i.e. by evaluating all the six (i.e. 3!) possible schedules and by
selecting the most convenient one. We observe in fact that the scheduling
problems are intrinsically of combinatorial nature: this means that passing,
for example, from three to ten types of fish makes the problem intractable
to be solved by inspection since we have to evaluate 10! possible different
schedules.

Example 1.2.2. (Gate assignments at an airport [42]) Each major airport
has a various number of terminals, each of them consisting of dozens of gates
handling, daily, hundreds of planes (arriving and departing). The gates, as
the planes, are not identical: there are different kinds of gates depending on
the available space and different kinds of planes depending on the size. This
implies that a plane has to be accommodated in a gate that can actually host
it. When a plane arrives at a gate, some operations have to be performed:
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the arriving passengers have to be deplaned, the plane has to be serviced and
the new passengers have to be boarded. Planes arrive and depart following
a certain schedule; the departure time, in this case, can be interpreted as a
due date and the airline performance is measured accordingly. In this scenario
the gates are the machines and the planes are the jobs, whose starting and
completion times coincide, respectively, with the arrivals of the planes at the
gates and with their departures. The scheduling problem consists in assigning
the planes to the gates (that are both suitable and available at the respective
arrival times), optimizing at the same time some objectives, such as the min-
imization of eventual delays of the planes. ||

Example 1.2.2 describes a simplified version of a more general problem. In
fact, in real cases it is easy to imagine that an important role is played by
some kind of randomness, such as the weather that could cause problems in
handling the passengers or other unforeseen events at the airports.

Example 1.2.3. (Scheduling programs in a CPU [42]) One of the most im-
portant components inside a multi-tasking computer operating system is the
scheduler. As its name suggests, it has to schedule the programs (the jobs)
to be executed, deciding the time devoted to each of them by the CPU (the
machine). What makes this scenario really interesting is that the exact pro-
cessing times (i.e. the duration of the programs) are not known in advance:
their distribution, together with their means and variances, is usually given.
In this case, a possible objective function is given by the minimization of the
expected weighted sum of the completion times of all the tasks, where the
weight of each task is given by a priority value specified by the user.

Since a program can last too much, to avoid congestion in the system, usu-
ally the operating system rotates the tasks, processing each time only small
parts of them. An interruption of the processing of a task, crucial in this
scenario but used in many scheduling contexts, is referred to as preemption as
we will see in the next section. ||
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1.3 Glossary and Notation

In this section, we present the basic scheduling notation adopted throughout
the thesis, referring to the system as the environment where the machines are
available to process the jobs from time t = 0.

In particular, we will always assume that both the number of jobs and the
number of machines are finite and that, at any time, each machine is able to

process at most one job. We will denote by J
△
= {1, . . . , n} the set of jobs

and by M
△
= {1, . . . ,m} the overall set of the available machines; additionally,

unless differently specified, the index i will be referred to the ith machine,
while the index j to the jth job.

The most common quantities characterizing a generic job j are the follow-
ing:

• Processing time (pij): it represents the time required by machine i for
processing job j. The index i is omitted for single-machine scheduling
problems or in case the processing time of job j is machine independent.

• Release date (rj): it indicates the time when job j enters the system,
being ready to be processed.

• Due date (dj): it denotes the time within the processing of job j has
to be possibly concluded for not resulting in a penalty. It is a sort of
soft version of the deadline, that forces the system to conclude the job
processing within a certain peremptory time.

• Weight (wj): it measures the importance of job j with respect to the
other jobs of the system.

• Machine set (Mj): it denotes the set of machines that can process job
j.

For describing a particular scheduling problem, we will use the triple
(α, β, γ) by adopting the following Graham notation (see [25]), very used in
the literature:

α|β|γ.

The first field α regards the machine environment and defines for example
number and type of the available machines. The second field β describes
the job environment, specifying all the quantities and/or relationships and/or
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constraints characterizing the jobs: such field is empty in the simplest case,
where the jobs are characterized by only the processing time. Finally, the last
field γ lists the objective functions to be optimized.

In the following, we will mention some possible characteristics we can find
in each of the three above fields. In α, for example, we can have:

• Single-machine (1): it represents the simplest situation, in which the
system is equipped with a unique machine.

• Parallel identical machines (Pm): there are m identical machines
working in parallel and any job j requires to be processed indifferently
by one of the m machines.

A simple example of identical machines working in parallel is constituted
by the cashiers in a supermarket: in this case Mj = M , for each j =
1, . . . , n, since, in general, each client (corresponding to a job) can be
processed by any cashier.

• Flow shop (Fm): the system is characterized by the presence of m
machines in series and all the jobs must be processed by the m machines,
following the same order in passing from a machine to another one.

A flow shop problem with m = 2 is in a day hospital ward, when all the
patients (the jobs) have to first undergo a specialist visit (first machine),
followed by a computerized axial tomography (second machine).

• Job shop (Jm): each job must be processed by all the m machines
following a specific order of its own. It differs from the flow shop frame-
work because, in this case, each job can follow a different order on the
machines with respect to the other jobs.

• Open shop (Om): in this case, each job has to be processed by all the
m machines without any specific order.

An example of a two-machine open shop problem is given by a set of
students (the jobs) who have to take an oral exam constituted by two
independent parts with two respective different teachers. In this case,
for any student, it is irrelevant in which order the two oral parts are
carried out.

Possible quantities or constraints populating the field β are:
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• Release date (rj): in a scheduling problem with release dates, a job j
cannot be processed before its corresponding release date rj . A schedul-
ing problem in which the field β contains the release dates is said to be
dynamic, since it is assumed that the jobs can enter the system in differ-
ent moments, otherwise it is called static (i.e. all the jobs are available
at time t = 0).

• Preemption (prmp): it allows the possibility of interrupting the pro-
cessing of a job on a certain machine. Such processing must be completed
either later on the same machine, or (immediately or later) on another
identical machine.

• Precedence constraints (prec): such constraints impose that the pro-
cessing of a job cannot start before completing the processing of eventual
other jobs. In particular, when job j must precede job k, we write j → k.

• Setup time (sijk): it represents the time needed to set up machine i,
before processing job k immediately after job j. In particular, si0k is the
setup time of machine i when processing job k as the first job, while sij0
is the clean up time, i.e. the time needed for cleaning machine i after
processing job j as the last job. In case the setup time among two jobs,
j and k, is independent of the machine, we use the notation sjk.

Concerning the objective functions to be optimized (field γ), they are always
functions of the completion times, which in turn are sequence dependent quan-
tities. The completion time of job j on machine i, denoted by Cij , is the time
when the processing of job j on machine i is completed. On the other hand,
Cj indicates the generic completion time of job j, which corresponds to the
time when job j leaves the system.

The following quantities, depending on the completion times and on the
due dates, are useful to define possible examples of objective functions:

• The lateness Lj of job j is defined as Lj
△
= Cj − dj . Note that this value

is strictly positive when job j is completed late, strictly negative when
job j is completed early and zero if it is punctually completed.

• The tardiness Tj of job j is defined as Tj
△
= max{0, Lj}. Note that

the tardiness is always nonnegative and it is strictly positive if job j is
completed late.
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• The unit penalty Uj of job j is defined as

Uj
△
=

{
1 if Lj > 0
0 otherwise.

Then, recalling that n is the number of jobs, possible objective functions are
the following:

• Makespan (Cmax): it is the maximum completion time, i.e.

Cmax
△
= max{C1, . . . , Cn}.

In the single-machine case, it coincides with the time in which the job
processed in the last position leaves the system, while, in the case of
more machines, it coincides with the time in which the processing of all
the jobs terminates.

• Maximum Lateness (Lmax): it measures the maximum due date vio-
lation, i.e.

Lmax
△
= max{L1, . . . , Ln}.

• Maximum Tardiness (Tmax): it measures the maximum tardiness
among the jobs, i.e.

Tmax
△
= max{T1, . . . , Tn}.

• Total completion time (
∑n

j=1Cj): it gives an indication of the in-
ventory cost of the jobs, because, assuming the system to be static, it
coincides with the sum of the time spent in the system by all the jobs.
In the literature, the sum of the completion times is often referred to as
flow time.

• Total weighted completion time (
∑n

j=1wjCj): it is a generalization
of the previous item, obtained by multiplying the completion time of
each job by the corresponding weight. In the literature, it is commonly
named weighted flow time.

• Total weighted tardiness (
∑n

j=1wjTj): it takes into account the tar-
diness of each job, resulting in a more general objective function with
respect to the previous one.
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• Weighted number of tardy jobs (
∑n

j=1wjUj): it is a particular
measure, representing the percentage of the on time items, often used
for evaluating the manager’s performance.

Note that all the above objectives are referred to as regular performance mea-
sures, since they are nondecreasing functions with respect to the completion
times C1, . . . , Cn.

We conclude the chapter by remarking that, unless differently specified, a
generic schedule of the jobs will be denoted by π and the job processed in the
jth position of π by [j], i.e.

π = ([1], . . . , [n]).

Consequently, by ·[j] we will indicate any quantity related to the job processed
in position j. Finally, in the case of nonpreemptive single-machine problems,
a schedule π is also referred to as a sequence, i.e. a permutation of the n jobs.
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Chapter 2

Some Deterministic
Single-Machine Problems

In this chapter, we present some deterministic single-machine scheduling prob-
lems, characterized by the minimization of the total completion time or of the
maximum lateness.

These problems, which are well established in the literature, are useful for
the reader to enter the world of the scheduling theory. For better readability,
each result is also provided with an example and a graphical representation.

2.1 The Total Completion Time

Consider the following scheduling problem:

1||
n∑

j=1

Cj . (2.1)

Theorem 2.1.1. (Shortest Processing Time (SPT) rule [48]) The
optimal solution to problem (2.1) is obtained by scheduling the jobs in a non-
decreasing order with respect to their processing time, i.e.

p[1] ≤ p[2] ≤ . . . ≤ p[n]. (2.2)
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Proof. From the definition of Cj , for each job j = 1, . . . , n, we know that:

C[1] = p[1]

C[2] = C[1] + p[2] = p[1] + p[2]

. . .

C[n−1] = C[n−2] + p[n−1] = p[1] + p[2] + . . .+ p[n−1]

C[n] = C[n−1] + p[n] = p[1] + p[2] + . . .+ p[n].

By exploiting the above computations, we can rewrite the objective function
as follows:

n∑
j=1

Cj = np[1] + (n− 1)p[2] + . . .+ 2p[n−1] + p[n]. (2.3)

From (2.3) we can easily see that the contribution given to the objective func-
tion by the processing time of each job is inversely proportional to its position
in the sequence; then, in order to minimize (2.3), it is enough to schedule the
jobs in a nondecreasing order with respect to their processing time, following
the rule (2.2).

Remark 2.1.2. The SPT rule is used also to minimize the average completion
time

1

n

n∑
j=1

Cj , (2.4)

coinciding with (2.3) apart from the constant 1/n. ||

Example 2.1.3. Assume to have five jobs (n = 5), whose processing times
are the following: p1 = 3, p2 = 5, p3 = 1, p4 = 7 and p5 = 4. As proved in
Theorem 2.1.1, the optimal solution can be obtained by scheduling the jobs
according to the sequence π∗ = (3, 1, 5, 2, 4).
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t
π∗

C3 =1 C1 =4 C5 =8 C2 =13 C4 =20

3 1 5 2 4

Figure 2.1: Example 2.1.3 - optimal schedule

The graphical representation of π∗ is reported in Figure 2.1, from which
we easily recover the optimal objective function value, which is

n∑
j=1

Cj = C1 + C2 + C3 + C4 + C5 = 46.

||

2.2 The Total Weighted Completion Time

Consider the following scheduling problem

1||
n∑

j=1

wjCj (2.5)

that is a generalization of (2.1), with wj , for j = 1, . . . , n, representing the
weight of job j.

Theorem 2.2.1. (Weighted Shortest Processing Time (WSPT) rule
[48]) The optimal solution to problem (2.5) is obtained by scheduling the jobs
in a nondecreasing order with respect to the quantity

pj
wj

, i.e.

p[1]

w[1]
≤

p[2]

w[2]
≤ . . . ≤

p[n]

w[n]
. (2.6)

Proof. Let π be a generic sequence violating rule (2.6) and let f(π) be the
corresponding objective function value. Then there exists a couple of indexes
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(k, l), with k = l − 1, such that

pk
wk

>
pl
wl

,

or equivalently
wkpl − wlpk < 0. (2.7)

Let π′ be a sequence obtained from π by only swapping in π the positions of
jobs k and l, and let ∆ be the variation of the objective function obtained in
passing from π to π′. We have:

∆ = f(π′)− f(π) =
n∑

j=1

wjC
′
j −

n∑
j=1

wjCj = wkC
′
k + wlC

′
l − wkCk − wlCl,

where Cj and C ′
j , for j = 1, . . . , n, are the completion times of job j in the

sequences π and π′, respectively. Since C ′
k = Cl, we have

∆ = wkCl + wlC
′
l − wkCk − wlC

′
k.

Moreover, taking into account that C ′
l − C ′

k = −pk and Cl − Ck = pl, we
obtain:

∆ = wl(C
′
l − C ′

k) + wk(Cl − Ck) = −wlpk + wkpl < 0,

with the strict inequality following from (2.7).
Since ∆ < 0, we have shown that swapping in any sequence two successive

jobs on the basis of rule (2.6) leads to an improvement of the objective function.
Then the thesis follows, taking into account that the number n of jobs is finite.

Example 2.2.2. Suppose we have four jobs (n = 4), whose processing times
are p1 = 4, p2 = 2, p3 = 5 and p4 = 7 and whose weights are w1 = 4, w2 = 6,
w3 = 1 and w4 = 2. The scenario is reported in Table 2.1.

From Theorem (2.2.1), the optimal sequence is π∗ = (2, 1, 4, 3), whose
objective function value is recoverable from Figure 2.2 as follows:

n∑
j=1

wjCj = w1C1 + w2C2 + w3C3 + w4C4 = 24 + 12 + 18 + 22 = 76.

||
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j pj wj pj/wj

1 4 4 1
2 2 6 1/3
3 5 1 5
4 7 2 7/2

Table 2.1: Example 2.2.2

t
π∗

C2 =2 C1 =6 C4 =11 C3 =18

2 1 4 3

Figure 2.2: Example 2.2.2 - optimal schedule

2.3 The Total Completion Time with Release Times
and Preemption

Consider the following scheduling problem:

1|prmp, rj |
n∑

j=1

Cj . (2.8)

An optimal solution to problem (2.8) is provided by Algorithm 1, where by p̄j
we denote the residual processing time of job j and by Ĵ the set of jobs that
have still not been scheduled at the current iteration.
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Algorithm 1: Solving problem (2.8)

Input: J = {1, . . . , n}; p1, . . . , pn; r1, . . . , rn
▷Initialization

1 rmin ← minj∈J rj
2 rmax ← maxj∈J rj
3 T ←

∑
j∈J pj + rmax

4 Ĵ ← J
5 for j ← 1, . . . , n do
6 p̄j ← pj

7 for t← rmin, . . . , T do
▷Identifying the available jobs

8 J̄ ← {j ∈ Ĵ | rj ≥ t}
▷Computing the minimum residual processing time

9 j∗ ← argminj∈J̄ p̄j
▷Scheduling

10 Process job j∗ from time t to time t+ 1
▷Updating the residual processing time

11 p̄j∗ ← p̄j∗ − 1

▷Updating the job set Ĵ to be scheduled

12 if p̄j∗ = 0 then

13 Ĵ ← Ĵ \ {j∗}
▷Stopping criterion

14 if Ĵ = ∅ then
15 break

Algorithm 1 can be summarized in the following steps. At any time t,
among the jobs currently in the system and constituting the set J̄ (line 8), we
process job j∗ having the lowest residual processing time (lines 9-10). Then,
we update the residual processing time of j∗ (step 11) and we iterate the
procedure until all the jobs have been completely processed, i.e. all the residual
processing times are equal to zero. From the practical point of view, once job
j∗ begins to be processed, its processing proceeds either until its completion,
or until a new job with a lower processing time enters the system: in the latter
case the processing of j∗ is interrupted to be continued afterwards.

We do not prove the optimality of the solution provided by Algorithm 1,
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but, on the other hand, we observe that the procedure is a sort of SPT rule
applied to the set J̄ of the currently available jobs.

We conclude the section by mentioning that, if preemption is not allowed,
problem (2.8) becomes NP-hard. This is due to the fact that, at any time, we
could start to process a very long job j, ignoring that a short job k can suc-
cessively enter the system: then, since we cannot stop the current processing
of j, we are forced to complete job j before job k, incurring in a low quality
solution.

Example 2.3.1. Consider a scenario with three jobs (n = 3) whose processing
times are p1 = 5, p2 = 1 and p3 = 6, and whose the release times are r1 = 1,
r2 = 4 and r3 = 5.

Applying Algorithm 1, we start to process job 1 at t = 1 since at this time
job 1 is the only available job. We continue its processing until t = 4, which
is the time when job 2 enters the system. Now the set of the available jobs
consists of jobs 1 and 2: since job 2 has the lowest (residual) processing time,
we proceed by scheduling job 2 and interrupting the processing of job 1.

Continuing along the time horizon, at time t = 5 two events occur: job 2
ends its processing and leaves the system, while job 3 enters the system and
it is now available for being processed. Then, at time t = 5, we have job 1
with residual processing time equal to 2 and job 3 with processing time equal
to 6: as a consequence, we select job 1 which is entirely processed. Processing
of job 3 ends the schedule.

In Figure 2.3 we represent the optimal solution, by highlighting the set of
the available jobs together with their residual processing times. The optimal
objective function value is:

n∑
j=1

Cj = C1 + C2 + C3 = 7 + 5 + 13 = 25.

||
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Figure 2.3: Example 2.3.1 - optimal schedule

2.4 The Maximum Lateness

Consider the following scheduling problem:

1||Lmax. (2.9)

Theorem 2.4.1. (Earliest Due Date (EDD) rule [27]) An optimal solu-
tion to problem (2.9) can be obtained by processing the jobs in a nondecreasing
order with respect to their due dates, i.e.:

d[1] ≤ d[2] ≤ . . . ≤ d[n]. (2.10)

Proof. Since problem (2.9) is a particular case of problem (2.11), we refer the
reader to the proof of Theorem 2.5.3, relative to problem (2.11).

Example 2.4.2. Consider the case of four jobs (n = 4), whose processing times
are p1 = 3, p2 = 6, p3 = 2 and p4 = 4, and whose due dates are d1 = 3, d2 = 6,
d3 = 1 and d4 = 10.

By Theorem 2.4.1 an optimal schedule is π∗ = (3, 1, 2, 4), whose a graphical
representation is reported in Figure 2.4.
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t
π∗

C3 =2 C1 =5 C2 =11 C4 =15

3 1 2 4

Figure 2.4: Example 2.4.2 - optimal schedule

In order to evaluate the objective function, we compute the lateness for
each job:

• L1 = C1 − d1 = 5− 3 = 2;

• L2 = C2 − d2 = 11− 6 = 5;

• L3 = C3 − d3 = 2− 1 = 1;

• L4 = C4 − d4 = 15− 10 = 5.

Then, the optimal objective function value is

L∗
max = max{L1, L2, L3, L4} = 5.

||

2.5 The Maximum Lateness with Precedence Con-
straints

Consider the following scheduling problem:

1|prec|Lmax. (2.11)

Problem (2.11) can be solved by Algorithm 2, which is a generalization of the
EDD rule (2.10).
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Algorithm 2: Solving problem (2.11)

Input: J = {1, . . . , n}; p1, . . . , pn; d1, . . . , dn; prec
Output: π∗ = ([1], . . . , [n])

▷Initialization

1 Ĵ ← J

2 J̄ ← job set without successors in Ĵ
3 for t← 1, . . . , n do
4 j∗ ← argmaxj∈J̄ dj

▷Scheduling
5 [n− t+ 1] = j∗

▷Updating the job set Ĵ to be scheduled

6 Ĵ ← Ĵ \ {j∗}
▷Updating the job set J̄

7 J̄ ← job set without successors in Ĵ

The core of Algorithm 2 is constituted by lines 4-5, where at each iteration
t job j∗, characterized by the maximum due date among the jobs without
successors, is processed in the last available position n− t+ 1.

Remark 2.5.1. Algorithm 2 is a particular case of the more general algorithm
Lowest Cost Last (LCL rule) [42], solving the following problem:

1|prec|hmax, (2.12)

where
hmax = max{h1, . . . , hn},

with hj , for j = 1, . . . , n, being a generic cost function, nondecreasing with
respect to the completion time Cj .

At each iteration t, LCL schedules in the position n − t + 1 job j∗ such
that

j∗ = argmin
j∈J̄

(hj(
∑
k∈Ĵ

pk)).

In case of problem (2.11), we have hj = Lj for j = 1, . . . , n. ||
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Remark 2.5.2. In case there are no precedence constraints, problem (2.11)
reduces to problem (2.9) and Algorithm 2 coincides with the EDD rule (2.10).
||

Theorem 2.5.3. Algorithm 2 provides an optimal solution to problem (2.11).

Proof. Consider a sequence π obtained by Algorithm 2, in which, at a given
iteration t among the jobs without successors, a job k, characterized by a
higher due date with respect to j∗, is selected. This implies that, in π, j∗

appears before k.

We can construct a new sequence π′ obtained by moving, in π, job j∗

immediately after job k. We note that all the jobs placed between j∗ and k
(included) in π are completed earlier in π′. The only job having an increase
of its completion time is j∗ that, in π′, occupies the same position occupied
by job k in π (position n− t+ 1). Recalling that at iteration t the job having
highest due date is j∗, it is clear that

L[n−t+1] > L′
[n−t+1],

where L and L′ are the latenesses referred, respectively, to the sequences π
and π′. Then, in passing from π to π′, the objective function cannot increase.
The proof follows taking into account that the number n of jobs is finite.

Example 2.5.4. Consider a scenario with four jobs (n = 4) whose processing
times are p1 = 2, p2 = 4, p3 = 3 and p4 = 6, while the corresponding due dates
are d1 = 4, d2 = 6, d3 = 5 and d4 = 1. Suppose also to have the following
precedence constraints:

1→ 2, 4→ 3,

imposing that job 1 must precede job 2 and job 4 must precede job 3. The
scenario is represented in Table 2.2.

At the first iteration (t = 1), the job set J̄ without successors contains
jobs 2 and 3. Since d2 = max{d2, d3}, then j∗ = 2 and consequently job 2 is
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j pj dj prec

1 2 4 2
2 4 6 -
3 3 5 -
4 6 1 3

Table 2.2: Example 2.5.4

t
π∗

C4 =6 C1 =8 C3 =11 C2 =15

4 1 3 2

Figure 2.5: Example 2.5.4 - optimal schedule

processed in the last position of the sequence. Then the partial sequence is
π∗ = (·, ·, ·, 2).

At the second iteration (t = 2), J̄ = {1, 3} and d3 = max{d1, d3}. Then
job 3 is processed in the position n− t+ 1 = 3, having π∗ = (·, ·, 3, 2).

At this point, since all the precedence constraints are satisfied, the rule
reduces to the simple EDD and then the final schedule (see Figure 2.5) is
π∗ = (4, 1, 3, 2). In correspondence to π∗, the latenesses of the jobs are:

• L1 = C1 − d1 = 8− 4 = 4;

• L2 = C2 − d2 = 15− 6 = 9;

• L3 = C3 − d3 = 11− 5 = 6;

• L4 = C4 − d4 = 6− 1 = 5.

Then the optimal objective function value is

L∗
max = max{L1, L2, L3, L4} = 9.

||
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2.6 The Maximum Lateness with Release Times

Consider the following scheduling problem:

1|rj |Lmax. (2.13)

We prove the NP-hardness of problem (2.13) [32], using a polynomial time
reduction by the 3-Partition problem [18].

3-Partition problem. Given a set A
△
= {a1, . . . , a3t} of 3t positive integers,

let b a positive integer such that b/4 < aj < b/2, for j = 1, . . . , 3t, and∑3t
j=1 aj = tb. Let K

△
= {1, 2, . . . , 3t} be the corresponding index set of A.

Is there a partition of K into t subsets K1, . . . ,Kt such that
∑

j∈Kk
aj = b,

for k = 1, . . . , t? Note that each subset AKk
, for k = 1, . . . , k, must contain

exactly three elements from A.

Theorem 2.6.1. Problem (2.13) is NP-hard.
Proof. The proof is based on a polynomial time reduction by the 3-Partition
problem.

Given an instance (A, b) of the 3-Partition problem, with A = {a1, . . . , a3t},
we construct an instance of problem (2.13), such that L∗

max ≤ 0 if and only if
set A can be partitioned into t triples having sum equal to b, as follows. We
set

n = 4t− 1,

rj = jb+ (j − 1), pj = 1, dj = jb+ j, for j = 1, . . . , t− 1

and
rj = 0, pj = aj−t+1, dj = tb+ (t− 1) j = t, . . . , 4t− 1.

Observing that, for j = 1, . . . , t−1, it holds dj = rj+pj , we can conclude that
L∗
max ≤ 0 if and only if each job j, for j = 1, . . . , t − 1, starts its processing

exactly at time rj . This can be done if and only if the remaining jobs, whose
processing times consist of the elements of the 3-Partitioning problem, can be
partitioned over the t intervals of length b, i.e. if and only if the 3-Partitioning
problem admits a solution. The idea is shown in Figure 2.6.
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b

r1

b+ 1

d1

2b+ 1

r2

2b+ 2

d2

(t− 1)b
+(t− 2)

rt−1

(t− 1)b
+(t− 1)

dt−1

tb+ t− 1

Figure 2.6



Chapter 3

Multiagent Scheduling
Problems

In this chapter, we introduce a particular class of scheduling problems char-
acterized by more than one decision maker (agent). This kind of problems
involves different sets of jobs, one per agent, and generally each agent is in-
terested in optimizing its own objective function, competing with the other
ones for the usage of the shared resources (machines). Some cooperative cases,
where all the agents contribute to the same global objective function(s), will
be also discussed.

3.1 Introduction

In the previous chapter, we have seen some single-machine scheduling prob-
lems, where a decision maker, in order to optimize a given objective function,
has to decide in which order to process a set of jobs on the machine.

Exploring a new area of the scheduling theory, we now focus on problems
characterized by more than one decision maker. Since in the scheduling liter-
ature the decision makers are commonly named agents, this kind of problems
are referred to as multiagent scheduling problems [3].

In a standard multiagent scheduling problem, each agent has its own job
set, that contributes only to the specific agent’s objective function: for this rea-
son such problems are generally treated as multiobjective optimization prob-
lems [15], whose main difficulty resides in the fact that the agents have to
share the same machines. On the other hand, there exist also some multia-
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gent scheduling problems of the cooperative type, i.e. where the job sets of all
the agents are involved in the same objective functions.

In the following, we provide the reader with some practical multiagent
examples.

Example 3.1.1. (Rescheduling Problems)[4]) An example of such a problem
with two agents is when two sets of jobs, one per agent, must be scheduled
with the aim of minimizing the total flow time. The two sets of jobs differ in
the fact that only one of them is characterized by deadlines: this is the case,
for example, of jobs that have not been processed on a given day, becoming
urgent on the next day. Then, on the next day, a rescheduling is needed. ||

Example 3.1.2. (Aircraft Landings [4]) In connection with Example 1.2.2, con-
sider the assignment of the planes to the gates, which, in a cooperative type
logic, is performed by exploiting an information exchange among the involved
airlines. In this case, the multiagent nature of the problem comes out assum-
ing that each airline is an agent that, in function of its flights, is interested in
the maximization of the satisfaction of only its own passengers. ||

Example 3.1.3. (Project Scheduling [4]) Consider a company where different
projects, each of them managed by a specific project manager, are to be sched-
uled at the same time. In such case each project manager is an agent, who
has to compete with the other ones for the usage of shared resources (such as
people and machinery), in order to perform the task related to her/his project.
She/he is only interested in the performances of her/his project that, clearly,
exclusively depends on the corresponding tasks. ||

Indicating by q the number of agents, a direct consequence of having q > 2
is that the schedule is in general evaluated with respect to more than one
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Figure 3.1: Possible scenarios for a multiagent scheduling problem in case of
two agents (q = 2)

criterium, i.e. one per agent. Recalling that a generic schedule is denoted
by π, we will use the notation fk(π), k = 1, . . . , q, for referring to the kth
criterion (we will assume that all the q criteria have to be minimized) and Jk
for referring to the job set of agent k. In case q = 2, for the sake of simplicity,
the two agents will be denoted by A and B, and the corresponding quantities
by ·A and ·B. As usual, the explicit dependence on π is in general omitted.

3.2 A Classification of the Multiagent Scheduling
Problems

As mentioned above, in a multiagent scheduling problem all the agents share
the same resources (machines), having different job sets (one per agent). Then,
in the following, we report a possible classification (see Figure 3.1 when q = 2)
of this kind of problems, based on the relationships which may exist among the
various job sets, in connection with the involved criteria (objective functions).
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3.2.1 Competing Agents

This situation, denoted by CO in the β field, represents a scenario in which
the agents purely compete with each other for the usage of the resources.
This happens when the agents have no job in common and they have different
objective functions. Note that this scenario is symmetric, meaning that, given
two different objective functions f and g, solving 1|CO|fA, gB is the same as
solving 1|CO|gA, fB.

3.2.2 Interfering Job Sets

In this scenario, denoted by IN in the β field, the job sets are nested and it is
assumed that they are numbered is such a way that J = J1 ⊇ J2 ⊇ . . . ⊇ Jq.
This is not a symmetric case and, by focusing on the case with two agents,
problems 1|IN |fA, gB and 1|IN |gA, fB often have different complexity.

3.2.3 Multicriteria Optimization

This scenario, denoted by MU (BI for two criteria) in the β field, is the
typical multicriteria scheduling case. Here the agents share the same job set,
i.e. J1 = J2 = . . . = Jq = J , but they have different objective functions
f1, f2, . . . , fq.

3.2.4 Nondisjoint Job Sets

In this situation, denoted by ND in the β field, each couple of agents may or
may not share some jobs. An important aspect is that, for jobs belonging to
more than one agent, the processing time is assumed to be only job dependent,
while the other parameters may depend on the agent. For example, in case
q = 2, a job j ∈ JA ∪JB has a unique processing time pj , but it may have two
different due dates or two different weights (one per agent).

3.2.5 Cooperative Agents

Differently from the competing case, at the best of our knowledge, the cooper-
ative multiagent scheduling problems have been treated in the literature only
very recently.

In the cooperative case, all the agents (each of them having its own job set,
as in the competing case), are interested in only one global objective function



Chapter 3 - Multiagent Scheduling Problems 31

f , which in turn is defined as a function of q different functions g1, . . . , gq, one
per agent. Then, while in the competing case the agents purely compete with
each other for the usage of the shared resources, here all the jobs (each of
them belonging to only one agent) contribute to the same (unique) objective
function. The rescheduling problem, described in Example 3.1.1, falls in this
scenario.

3.2.6 Multiobjective Cooperative Agents

This case is the same scenario as in Subsection 3.2.5: the only difference is
that each agent contributes to more than one global objective function.

3.3 Solution Approaches

In this section, we briefly recall the standard solution methods adopted for
solving a multiagent scheduling problem, reporting a more detailed description
of the literature in Section 3.4.

Apart from the cooperative single-objective case described in Subsection
3.2.5 (Cooperative Agents), most of these problems involve more than one
objective. Then, in what follows we recall, for the reader’s convenience, the
concepts of strict and weak Pareto optimality.

Definition 3.3.1. (Strict Pareto optimality) A schedule π̄ is strict Pareto
optimal with respect to the criteria f1, . . . , fq, if there does not exist any sched-
ule π such that fk(π) ≤ fk(π̄), for k = 1, . . . , q, with at least one inequality
strictly satisfied. The set of all the strict Pareto optimal solutions is named
Pareto set. ||

Definition 3.3.2. (Weak Pareto optimality) A schedule π̄ is weak Pareto
optimal with respect to the criteria f1, . . . , fq, if there does not exist any sched-
ule π such that fk(π) < fk(π̄), for k = 1, . . . , q. ||
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Remark 3.3.3. If a schedule is strict Pareto optimal, then it is also weak Pareto
optimal. ||

Most of the approaches present in the literature are aimed at:

• computing a Pareto (usually strict) optimal schedule;

• computing the whole set of strict Pareto optimal schedules (this is gen-
erally done either iteratively or by means of a population algorithm);

• counting the number of the Pareto optimal schedules.

There exist also some techniques, named feasibility techniques, designed to
solve a feasibility problem, i.e. a problem characterized by the absence of an
objective function. In such case, the symbol is put in the γ field.

3.3.1 Linear Combination of Criteria

In case q = 2, this approach proposes to define a new objective function of the
form αfA + (1− α)fB, where fA and fB are the criteria of agent A and agent
B, respectively. The strategy is denoted by αfA+(1−α)fB in the γ field. An
important result [22] states that, by means of this approach, it is possible to
compute only a subset of the Pareto set. This means that, in some cases, it
is not possible to fix the value of α such that all the Pareto optimal solutions
are retrieved.

3.3.2 Epsilon-Constraint Approach

The idea of this approach is to deal with many criteria, by optimizing one of
them and by bounding the others.

In the case of two agents A and B (i.e. q = 2), if fA is for example
minimized, then fB is imposed to be bounded by a constant Q (the role
played by A and B is symmetric). In such case, the notation requires to insert
fA in the γ field and fB ≤ Q in the β field (or the reverse in case the roles
of A and B are swapped). It has been proved that this method outputs one
weak Pareto optimal solution, whereas, for obtaining a strict Pareto optimal
solution, it is necessary to solve a symmetric problem.

By means of this strategy, it is possible to generate the whole Pareto set
by varying the values of Q within an interval [L,U ].
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3.3.3 Lexicographic Order

This method consists in sorting the objective functions and in handling them
on the basis of the obtained order.

In particular, let Π be the set of all the feasible schedules and let f1, f2, . . . , fq
be the q objective functions, in order, to be considered. The algorithms com-
pute a sequence π ∈ Πq such that:

Π1 = {π ∈ Π : f1(π) = min
π̄∈Π
{f1(π̄)}},

Π2 = {π ∈ Π1 : f2(π) = min
π̄∈Π1

{f2(π̄)}},

. . .

Πq = {π ∈ Πq−1 : fq(π) = min
π̄∈Πq−1

{fq(π̄)}}.

3.3.4 Pareto Set Enumeration

This approach, denoted by P(X) in the γ field, has the aim of finding the
whole Pareto set.

3.3.5 Counting

In this case, we are interested in counting the number of strict Pareto optimal
solutions. In case q = 2, the notation, inserted in the γ field, is #(fA, fB).

3.4 Literature Review

The exploration of this new area of scheduling theory started in the first year of
this century when, in [7, 11], the authors considered the possibility of involving
more than one agent in the decision process.

The problems tackled in [11] are characterized by two or three agents and
different combinations of the following three objectives have been considered:
the minimization of maximum completion time, the minimization of the max-
imum lateness and the minimization of the weighted completion time. In
[7] some two-agent scenarios have been faced, choosing as objective functions
the maximum of regular functions (associated with each job), the number of
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late jobs and the total weighted completion times. An extension of the latter
problems to the case with more than two agents is reported in [8].

In the last years various works have focused on two-agent single-machine
scheduling problems. In [6] a branch & bound algorithm has been designed,
based on the computation of the bounds by means of a Lagrangian relaxation
technique, with the aim of minimizing the total weighted completion time
of the jobs of the first agent, subject to a bound on the objective function
of the second agent, consisting of the alternative three cases: the minimiza-
tion of the total weighted completion time, the minimization of the maximum
lateness and the minimization of the maximum completion time. In [39] a
2-approximation algorithm has been presented to minimize the sum of two
objectives, the maximum weighted completion time of the jobs of the first
agent and the total weighted completion time of the jobs of the second agent.
In [53] and [35] possible release times of the jobs have been taken into ac-
count. In particular, in [53] the objective is to minimize the tardiness of the
first agent, keeping the lateness of the second one below a certain level, while in
[35] the linear combination of the makespans of both the agents is minimized.

More recently, in [33] the authors, in a multitasking scenario, have ad-
dressed many two-agent problems by considering as cost function the max-
imization of regular function, the makespan, the maximum lateness and so
on. While they have considered the possibility of having different objective
functions among the agents, in [34] the authors have focused on a multiagent
problem in which each agent is interested in the same objective function aimed
at minimizing its total weighted late work.

Focusing on integrated-services packet-switched networks, in [51] the au-
thors have come out with a multiagent scheduling problem. Their scenario
considers several applications (agents) interested in the optimization of a
unique criterion, which depends on the processing of their packets (jobs) on
a shared common network (machine). While in the previous cases each agent
was equipped with an objective function (competing scenario), here the aim
is to minimize a unique cost function consisting in the sum of the makespan
of all the agents (cooperative case).

In [55], considering a multiagent scheduling problem with release dates and
preemption on a single machine, the authors have considered three different
job structures: competing, nondisjoint and multicriteria. They have also stud-
ied different scheduling problems using, respectively, the epsilon-constraint
method, the linear combination approach and the Pareto set enumeration



Chapter 3 - Multiagent Scheduling Problems 35

technique. They have proved that the first type of problems is polynomially
solvable, while the other two are NP-hard, becoming polynomial if the number
of scheduling criteria is fixed and the objective functions are lateness-like, such
as Lmax or Tmax.
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Chapter 4

Problem Definition and
Computational Complexity

In this chapter, we introduce a new single-machine scheduling problem aimed
at balancing the average weighted completion times of two classes of jobs.
For such a problem, which is interpretable as a two-agent problem of the
cooperative type, we prove the NP-hardness.

4.1 Problem Definition

We propose a new single-machine two-agent scheduling problem, aimed at bal-
ancing the average weighted completion times of two classes of jobs belonging
to two agents, A and B, respectively. For the sake of brevity, in the sequel we
refer to this problem as BAWCT-2 (Balancing the Average Weighted Comple-
tion Times of 2 agents).

Obtaining balanced solutions in a multiagent scenario reminds the concept
of fairness [13], which plays an important role in case an optimal solution,
maximizing the system utility, is unacceptable by the worse-off agent. Recent
works in this field are [5, 10, 38, 57]: in particular, some of them concern the
so-called price of fairness [12], which is a measure of how much the system
utility has to be sacrificed in order to have a fair (balanced) solution.

Although BAWCT-2 is characterized by a competing scenario since the job
sets of A and B do not intersect, this problem is apparently of the cooperative
type as all the jobs of the two agents contribute to the same (unique) objective
function.



40 Part II - Balancing the Average Weighted Completion Times

Denoting by JA and JB the job sets of the agents A and B, respectively,
and by nA and nB the corresponding cardinalities, using the Graham notation
[25] the problem can be stated as:

1| |
∣∣C̄A − C̄B

∣∣ , (4.1)

where
C̄A =

∑
j∈JA

wjCj

and
C̄B =

∑
j∈JB

wjCj

are, respectively, the average weighted completion times of the two agents.
Throughout the thesis, referring to problem (4.1), we denote by C∗ the

optimal objective function value and by C(π) the objective function value in
correspondence to any job sequence π.

BAWCT-2 has been inspired by a real world problem arisen in an academic
context and described in Example 4.2.1 of the next section.

4.2 Some Applications

In this section, we describe some examples characterized by the necessity of
balancing the average completion times of two classes of jobs.

Example 4.2.1. (Exams at University) In a recovery exam session, a professor
(the machine) has to schedule the oral examinations of two groups of students
(the jobs) belonging to two different classes. Each student should be examined
only on the parts of the syllabus where she/he failed during the regular exam
session and then it is assumed that an estimate of the duration of the exam is
known (and it is different) for everyone. Since the exam session is very short
and, at the same time, there are a few available classrooms because of the
lectures ongoing in the same period, he convokes all of them at the same time
in the same classroom. If he would like to be impartial as much as possible
toward the two classes, what is the best way to schedule the students with the
aim of balancing the average waiting times of the two groups? ||
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Remark 4.2.2. Example 4.2.1 can be modelled as problem (4.1), assuming
that all the jobs (the students) have unitary weight. ||

Example 4.2.3. (Freight transportation) Consider a freight transportation
company, performing deliveries by a single drone. The shipping times depend
on the depot-customer distance and mainly on the load of the corresponding
cargo (which can be very different among the various shipments), the latter
acting on the speed of the drone. Imagine that, in a given time period, the
company has to serve two customers, each of them requiring various freights of
different types and loads. Assume moreover that the drone can perform only
one delivery at a time and the company wants to balance the average waiting
times of the customers. This problem could be modelled as problem (4.1), with
the drone being the machine and the deliveries to the two customers being JA
and JB: for any job j, the weight wj is set equal to 1 and the processing time
pj is computed taking into account both the depot-customer distance and the
load of the cargo. ||

Example 4.2.4. (Production of semi-finished products) Another example could
be to balance the production of the semi-finished products, needed to assemble
a finished product and characterized by high storage costs. Imagine the case
where all the semi-finished products are manufactured by the same company
owing a unique plant, which is able to perform in sequence different operations.
Then all the semi-finished products are obtained by the same plant (single ma-
chine) performing in sequence, without precedence constraints, a finite number
of independent different operations (jobs). Since the final product requires to
assemble all the semi-products, in case the storage of the semi-products is ex-
pensive, a natural criterion to optimize the production could be to balance as
much as possible the manufacture of the semi-products, by balancing the av-
erage completion times of the corresponding operations (more classes of jobs,
one per semi-product), each of them characterized by a specific processing
time. ||
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4.3 Computational Complexity

In the sequel, we prove the NP-hardness of BAWCT-2 by means of a polyno-
mial reduction from the well-known NP-complete partition problem [19].

Partition problem. Given a set of t positive integers A
△
= {a1, . . . at},

let K
△
= {1, 2, . . . , t} be the corresponding index set. Is there a partition of K

into two subsets K1 and K2 such that
∑

j∈K1
aj =

∑
j∈K2

aj?

Theorem 4.3.1. Problem (4.1) is NP-hard.
Proof. Given an instance A = {a1, . . . , at} of the partition problem, we con-
struct an instance of problem (4.1), by setting:

JA = {1, . . . , t}; JB = {t+ 1};
pj = aj , j = 1, . . . , t; pt+1 = 1;
w1 = 1; wj = 0, j = 2, . . . , t;

wt+1 =
∑t

j=1 aj

2t(
∑t

j=1 aj+1)
.

(4.2)

We show that the partition problem has a solution if and only if, in cor-
respondence to the instance (4.2), problem (4.1) admits an optimal sequence
π∗ with C∗ = C(π∗) = 0.

(⇒) Suppose that the partition problem admits a solution, i.e. there exists
a partition of T into two subsets T1 and T2 such that

∑
j∈T1

aj =
∑

j∈T2
aj .

Then ∑
j∈T1

aj =
∑
j∈T2

aj =

∑t
j=1 aj

2
. (4.3)

Without loss of generality, assume that 1 ∈ T1 and let T̄1
△
= T1 \ {1}. In

case 1 ∈ T2, it is sufficient to switch the roles played by T1 and T2. Then the
sequence π∗ = (T̄1, 1, T2, t+1), where the jobs in T̄1 and in T2 are scheduled in
any order, is an optimal solution to problem (4.1) with C∗ = 0. In fact, taking
into account (4.3) and recalling that w1 = 1 and wj = 0 for j = 2, . . . , t, we
have

C̄A =

∑
j∈JA wjCj

nA
=

C1

t
=

∑t
j=1 aj

2t
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and

C̄B =

∑
j∈JB wjCj

nB
= wt+1Ct+1

=
∑t

j=1 aj

2t(
∑t

j=1 aj+1)
(
∑t

j=1 aj + 1)

=

∑t
j=1 aj

2t
.

Then |C̄A−C̄B| = 0 and, consequently, π∗ is an optimal solution to problem
(4.1).

(⇐) Suppose that, in correspondence to the instance (4.2), problem (4.1)
admits an optimal sequence π∗ such that C∗ = 0. Then

C̄A = C̄B,

i.e.
C1

t
= wt+1Ct+1.

Substituting the value of wt+1 in the above equality, we obtain:

C1 =
Ct+1

∑t
j=1 aj

2(
∑t

j=1 aj + 1)
,

i.e.

Ct+1 = 2C1 +
2C1∑t
j=1 aj

. (4.4)

Since the processing times in the instance (4.2) are integer, then all the com-
pletion times are integer. As a consequence also the second term of the right
hand side of (4.4) is integer, i.e. there exists an integer s ≥ 0 such that

2C1 = s
t∑

j=1

aj . (4.5)

The case s = 0 cannot occur because C1 > 0. Moreover, in case s ≥ 2, from
(4.5) we would have

C1 ≥
t∑

j=1

aj
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and, from (4.4), it would follow:

Ct+1 ≥ 2

t∑
j=1

aj + 2,

which is impossible since each completion time cannot exceed the sum of all
the processing times, which is equal to

∑t
j=1 aj + 1. Then in (4.5) we have

necessarily s = 1, i.e.

C1 =

∑t
j=1 aj

2
. (4.6)

In summary, we have shown that, whenever C∗ = 0 in correspondence to the
instance (4.2), in any optimal sequence the completion time of job 1 is given
by formula (4.6). As a consequence, comparing (4.3) and (4.6), a solution to
the partition problem is obtained by setting T1 (or indifferently T2) equal to
{1}∪ T̄1, where T̄1 contains all and only the indexes corresponding to the jobs
which, in any optimal sequence, precede job 1.



Chapter 5

Problem Formulation

In this chapter, we propose a mathematical formulation of BAWCT-2 as a
nonsmooth variant of the well known quadratic assignment problem. Such
formulation can be easily transformed into a mixed integer quadratically con-
strained optimization problem, which in turn reduces to a mixed integer linear
program by applying the Glover linearization.

5.1 AMixed Integer Quadratically Constrained For-
mulation

In its general form, problem (4.1) can be modelled as a nonsmooth variant
of the well known quadratic assignment problem (see [14] for an extensive
review), as follows.

We define, for j ∈ J and t = 1, . . . , n, the following decision variables:

xjt
△
=

{
1 if job j is assigned to position t
0 otherwise,

grouped, for the sake of simplicity, into the vector x of dimension n2.

Taking into account that the completion time of a job j scheduled in the
position t is

pj +
∑
l∈J

t−1∑
i=1

plxli,

problem (4.1) can be formulated as follows:
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

C∗ = min
x

∣∣∣∣∣∣ 1nA

∑
j∈JA

wj

(
pj +

n∑
t=1

(∑
l∈J

t−1∑
i=1

plxli

)
xjt

)

− 1

nB

∑
j∈JB

wj

(
pj +

n∑
t=1

(∑
l∈J

t−1∑
i=1

plxli

)
xjt

)∣∣∣∣∣∣
n∑

t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n,

(5.1)

where the constraints are the classical assignment constraints, which impose
that each job must be assigned to exactly one position and each position to
exactly one job.

Letting pA
△
=
∑

j∈JA wjpj and pB
△
=
∑

j∈JB wjpj , problem (5.1) is easily
rewritable as follows:

C∗ = min
x

∣∣∣∣∣∣ 1nA

pA +
∑
j∈JA

n∑
t=1

wjxjt
∑
l∈J

t−1∑
i=1

plxli



− 1

nB

pB +
∑
j∈JB

n∑
t=1

wjxjt
∑
l∈J

t−1∑
i=1

plxli

∣∣∣∣∣∣
n∑

t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n,
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which is a sort of quadratic assignment problem, characterized by a nons-
mooth objective function. By introducing the auxiliary variable v, it can be
rewritten in the following equivalent form, corresponding to a mixed integer
quadratically constrained program:



C∗ = min
x,v

v

v ≥ 1

nA

pA +
∑
j∈JA

n∑
t=1

wjxjt
∑
l∈J

t−1∑
i=1

plxli



− 1

nB

pB +
∑
j∈JB

n∑
t=1

wjxjt
∑
l∈J

t−1∑
i=1

plxli



v ≥ 1

nB

pB +
∑
j∈JB

n∑
t=1

wjxjt
∑
l∈J

t−1∑
i=1

plxli



− 1

nA

pA +
∑
j∈JA

n∑
t=1

wjxjt
∑
l∈J

t−1∑
i=1

plxli


n∑

t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n.

(5.2)

A possible way to treat the nonlinearities of problem (5.2) is to use the Glover
linearization [23], as shown in the next section.
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5.2 Glover Linearization

Theorem 5.2.1. Letting

bt
△
= (t− 1)P, t = 1, . . . , n,

with P
△
=
∑
j∈J

pj , problem (5.2) is equivalent to the following mixed integer
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linear program: 

C∗ = min
x,v,z

v

v ≥ 1

nA

pA +
∑
j∈JA

n∑
t=1

wjzjt



− 1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt



v ≥ 1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt



− 1

nA

pA +
∑
j∈JA

n∑
t=1

wjzjt



btxjt +
∑
l∈J

t−1∑
i=1

plxli − zjt ≤ bt

j ∈ J, t = 1 . . . , n

zjt ≤
∑
l∈J

t−1∑
i=1

plxli j ∈ J, t = 1, . . . , n

zjt ≤ btxjt j ∈ J, t = 1, . . . , n

n∑
t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

zjt ≥ 0 j ∈ J, t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n.

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Proof. Problem (5.2) can be easily rewritten as follows:

C∗ = min
x,v,z

v

v ≥ 1

nA

pA +
∑
j∈JA

n∑
t=1

wjzjt



− 1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt



v ≥ 1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt



− 1

nA

pA +
∑
j∈JA

n∑
t=1

wjzjt



zjt = xjt
∑
l∈J

t−1∑
i=1

plxli j ∈ J, t = 1, . . . , n

n∑
t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n,

where, for j ∈ J and t = 1 . . . n, the nonlinear constraints

zjt = xjt
∑
l∈J

t−1∑
i=1

plxli

impose that

xjt = 1 ⇒ zjt =
∑
l∈J

t−1∑
i=1

plxli (5.13)
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and

xjt = 0 ⇒ zjt = 0. (5.14)

Since

bt = (t− 1)P =
∑
l∈J

t−1∑
i=1

pl, (5.15)

it is easy to show that, in problem (5.3)-(5.12) the linear constraints (5.6)-
(5.8) and (5.11) guarantee the satisfaction of both the implications (5.13) and
(5.14).

Problem (5.3)-(5.12) constitutes the Glover linearization of problem (5.2).
Such linearization is obtained by introducing n2 + 1 continuous variables and
4n2 + 2 constraints. In passing, we recall that, in the case of a standard
quadratic assignment problem characterized by positive cost coefficients in
the objective function, the Glover linearization reduces to the Kaufmann and
Broeckx linearization [28], which requires n2 new continuous variables and 2n2

additional constraints.

We conclude this section by showing that, under mild assumptions, the
optimal objective function value of the continuous relaxation of problem (5.3)-
(5.12) provides a null lower bound.

Lemma 5.2.2. Let

pB
nB
≥ pA

nA
. (5.16)

If

P ≥ 2(pBnA − pAnB)

nB(n− 1)wA
, (5.17)

with wA
△
=
∑

j∈JA wj, then the optimal objective function value of the contin-
uous relaxation of problem (5.3)-(5.12) is equal to zero.
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Proof. We show that the solution



xjt = 1/n j ∈ J, t = 1, . . . , n;

zjt =
2(t− 1)(pBnA − pAnB)

n(n− 1)nBwA
j ∈ JA, t = 1, . . . , n;

zjt = 0 j ∈ JB, t = 1, . . . , n

(5.18)

(5.19)

(5.20)

is feasible for the continuous relaxation of problem (5.3)-(5.12) and provides
a null optimal value of the objective function v.

First of all, we trivially observe that vector x, defined by (5.18), satisfies
the assignment constraints (5.9)-(5.10) and, in addition, 0 ≤ x ≤ e, where e
is the vector of ones. Moreover, by (5.16), we have zjt ≥ 0 for j ∈ J and
t = 1, . . . , n.

Taking into account (5.15) and (5.18) and since n ≥ 2, constraints (5.6)
are satisfied by any nonnegative values of zjt.

As for constraints (5.7) and (5.8), it is easy to observe that, by definition
of bt, they coincide in correspondence to the values xjt = 1/n. Then, to show
their satisfaction, it is sufficient to prove that

zjt ≤ bt/n,

for j ∈ J and t = 1, . . . , n. For j ∈ JB and t = 1, . . . , n, the above inequality
is trivially satisfied because of the nonnegativity of bt and n. As for the
indexes j ∈ JA and t = 1, . . . , n, combining (5.17) and (5.19) and recalling the
definition of bt, we have:

zjt =
2(t− 1)(pBnA − pAnB)

n(n− 1)nBwA

≤ (t− 1)P

n
=

bt
n
.

About the optimality, constraints (5.4) and (5.5), together with the objec-
tive function (5.3), guarantee that, in correspondence to any optimal solution,
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it holds:

v =

∣∣∣∣∣∣ 1nA

pA +
∑
j∈JA

n∑
t=1

wjzjt



− 1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt

∣∣∣∣∣∣ .
Substituting in the above equality the values of zjt given by (5.19) and

(5.20), we have:

v =

∣∣∣∣∣∣ 1nA

∑
j∈JA

n∑
t=1

wj
2(t− 1)(pBnA − pAnB)

n(n− 1)nBwA
+

pA
nA
− pB

nB

∣∣∣∣∣∣
=

∣∣∣∣wA

nA

n(n− 1)

2

2(pBnA − pAnB)

n(n− 1)nBwA
+

pA
nA
− pB

nB

∣∣∣∣
=

∣∣∣∣pBnA − pAnB

nAnB
+

pA
nA
− pB

nB

∣∣∣∣
= 0.

Remark 5.2.3. Lemma 5.2.2 holds also when condition (5.16) is not satisfied.
In such a case, it is sufficient to swap the roles played by JA and JB and
condition (5.17) becomes

P ≥ 2(pAnB − pBnA)

nA(n− 1)wB
, (5.21)

where wB
△
=
∑

j∈JB wj . ||

Remark 5.2.4. It is easy to verify that, in the unweighted case, i.e. when
wj = 1 for any j ∈ J , since wA = nA and P = pA + pB, condition (5.17) is
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automatically satisfied, provided that n ≥ 3. This condition is apparently a
mild assumption even in the weighted case, as confirmed by its satisfaction
in correspondence to the more than one thousand randomly generated test
problems, used for our numerical experiments (see Chapter 9). ||



Chapter 6

The Unweighted Case with
Identical Jobs

In this chapter, we consider a simplified version of BAWCT-2, obtained by
assuming the presence of identical jobs and unitary weights, for which we
provide an exact linear time algorithm. We also present a further variant of
the problem, aimed at considering more explicitly the cardinalities of the two
job sets in the objective function.

6.1 Introduction

In this section, we formalize problem (4.1) assuming that all the involved jobs
are identical and unweighted. Then, recalling that JA and JB represent the job
sets of the two agents having, respectively, cardinalities nA and nB, and letting
J = JA∪JB and n = nA+nB, we focus on the simplest case in which we assume
that all the n jobs in J have the same processing time (p > 0) and unitary
weight. Then we come out with the following optimization problem, referred
in the sequel to as BACTI-2 (Balancing the Average Completion Times of
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Identical jobs of 2 agents):

C∗
Id

△
= min

π

∣∣∣∣∣∣∣∣
∑
j∈JA

wjCj(π)

nA
−

∑
j∈JB

wjCj(π)

nB

∣∣∣∣∣∣∣∣
with:
pj = p j ∈ J,
wj = 1 j ∈ J,

(6.1)

which can be interpreted as a kind of subset-sum problem [37]. In fact, since all
the n jobs have the same processing time p, in correspondence to any sequence
π we have:

C[1] = p,

C[2] = 2p,
...
C[n] = np.

(6.2)

Then, in correspondence to any subset Ī ⊆ I = {1, . . . , n}, we have∑
i∈Ī

C[i] = p
∑
i∈Ī

i.

As a consequence, problem (6.1) reduces to finding two disjoint subsets ĪA and
ĪB of I, having cardinality nA and nB respectively, such that ĪA ∪ ĪB = I and
the quantity

p

∣∣∣∣∣∣∣∣∣

∑
i∈ĪA

i

nA
−

∑
i∈ĪB

i

nB

∣∣∣∣∣∣∣∣∣
is minimum.

6.2 An Exact Linear Time Algorithm

In this section we present an algorithm, named OptBACTI-2, that provides
an optimal solution to problem (6.1) in linear time.

Given the job sets JA and JB, the algorithm works by first assigning to
some appropriate positions of the optimal sequence all the jobs of one set, that
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in the sequel we will call the pioneer set, and by successively accommodating
the jobs of the other set into the remaining positions. The choice of the pioneer
set is made in function of the parity of nA and nB. In particular, when nA

and nB are both even or both odd, the sets JA and JB play a symmetric role
and, in this case, we can choose indifferently one of them as the pioneer set.
On the other hand, if the cardinalities nA and nB of the two sets are neither
both odd nor both even, the role played by JA and JB is no more symmetric
and the pioneer set must necessarily be the set whose cardinality is even.

Based on these considerations, without loss of generality, we state the
algorithm assuming JA as the pioneer set. In fact, whenever nA is odd and
nB is even, it is sufficient to swap in the algorithm the role played by the
respective sets JA and JB, letting JB be the pioneer set.

We denote by I the set of the current available positions in the optimal
sequence; moreover, to take into account the role played by the parity of
nA and nB, we introduce the binary switch variable s having the following
meaning: {

s = 0 if both nA and nB are odd numbers,
s = 1 otherwise.

The exact algorithm, providing an optimal sequence π∗ to problem BACTI-
2, is described in Algorithm 3, where, in correspondence to any index set S,
the subroutine random(S, k) returns and eliminates k random indexes from
S.

Some observations on Algorithm 3 are in order. First of all, the termination
of the algorithm is trivially guaranteed due to the finiteness of the job sets JA
and JB. Moreover we observe that, because of the assumption that JA is the
pioneer set, the algorithm switches between the following two cases: i) both
nA and nB are odd numbers (s = 0); ii) nA is even (s = 1). These two cases
differ uniquely for the passage to line 11, which accommodates a single job of
JA into the position n/2 and which is performed just once, only in the case
i), where both nA and nB are odd and, consequently, n is even making this
step well posed. Based on these considerations, lines 11-12 can be interpreted
as the step aimed at making the cardinality of JA even: in fact, after they are
executed, the case i) reduces to the case ii).

Furthermore it is worth noting that the optimal solution provided by the al-
gorithm is not uniquely determined, since it depends on some random choices.
In particular, in addition to the selection of the couple of jobs in JA (line 14
of the cycle 13-19) to be accommodated into the optimal sequence at the cur-
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Algorithm 3: OptBACTI-2

Input: JA, JB
Output: π∗ = ([1], . . . , [n])

▷Initialization
1 nA ← |JA|
2 nB ← |JB|
3 n← nA + nB

4 if both nA and nB are odd numbers then
5 s← 0

6 else
7 s← 1

8 T ← {1, . . . , ⌊n/2⌋+ s− 1}
9 I ← {1, . . . , n}

▷Assigning a job of the pioneer set JA
10 if s = 0 then
11 [n/2]← random(JA, 1)
12 I ← I \ n/2

▷Assigning iteratively two jobs of the pioneer set JA
13 repeat
14 i, j ← random(JA, 2)
15 t← random(T, 1)
16 [t]← i
17 [n+ 1− t]← j
18 I ← I \ {t, n+ 1− t}
19 until JA = ∅

▷Assigning JB
20 Assign arbitrarily all the jobs of JB to the remaining positions

available in I

rent iteration, the couple assignment is characterized also by the choice of the
index t (line 15), which is performed ⌊nA

2 ⌋ times among ⌊n2 ⌋+ s− 1 numbers
without repetitions: consequently the number of obtainable different optimal
solutions, in terms of positions assigned to JA and JB, is equal to the binomial
coefficient (

⌊n2 ⌋+ s− 1
⌊nA

2 ⌋

)
.
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We will show the optimality of Algorithm 3 in the next section. To better
clarify its behaviour, in the following we report two examples considering,
respectively, the cases with s = 0 and s = 1 and recalling that C̄A and C̄B

denote the average completion times of the jobs in JA and JB, respectively.

Example 6.2.1. Letting JA = {1, 2, 3} and JB = {4, 5, 6, 7, 8}, since the cardi-
nalities of both the two sets are odd, we can indifferently set JA or JB as the
pioneer set. Choosing JA, the performed steps are the following.

Initialization: nA := 3, nB := 5 and n := 8. Since both nA and nB are odd, we
set s := 0. As a consequence T := {1, 2, 3} and I := {1, 2, 3, 4, 5, 6, 7, 8}.

Assigning a job of the pioneer set JA: Selecting from JA the random job 1, we
have [4] = 1. Then JA := {2, 3} and I := {1, 2, 3, 5, 6, 7, 8}.

Assigning iteratively two jobs of the pioneer set JA: We select jobs i = 2 and
j = 3. Choosing t = 1, we have [1] = 2 and [8] = 3. Then JA := ∅,
T := {2, 3} and I := {2, 3, 5, 6, 7}.

Assigning JB: Since JA = ∅, we arbitrarily assign all the jobs of JB to the
remaining available positions in the set I and we stop.

Then an optimal sequence is the following:

π∗ = (2, 4, 5, 1, 6, 7, 8, 3).

with

C̄A =
p+ 4p+ 8p

3
=

13

3
p

and

C̄B =
2p+ 3p+ 5p+ 6p+ 7p

5
=

23

5
p.

Consequently C∗
Id = |C̄A − C̄B| =

4

15
p. ||

Example 6.2.2. Letting JA = {1, 2, 3, 4} and JB = {5, 6, 7}, the pioneer set is
necessarily the set JA, since its cardinality is even. Then the performed steps
are the following.
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Initialization: nA := 4, nB := 3 and n := 7. Since nA is even and nB is odd,
we set s := 1. As a consequence T := {1, 2, 3} and I := {1, 2, 3, 4, 5, 6, 7}.

Assigning iteratively two jobs of the pioneer set JA: Selecting from JA the ran-
dom jobs i = 1 and j = 2 and choosing t = 1, we have [1] = 1 and [7] = 2.
Then JA := {3, 4}, T := {2, 3} and I := {2, 3, 4, 5, 6}. Now we select
jobs i = 3 and j = 4. Choosing t = 2, we have [2] = 3 and [6] = 4. Then
JA := ∅, T := {3} and I := {3, 4, 5}.

Assigning JB: Since JA = ∅, we arbitrarily assign all the jobs of JB to the
remaining available positions in the set I and we stop.

Then an optimal sequence is the following:

π∗ = (1, 3, 5, 6, 7, 4, 2).

with

C̄A =
p+ 2p+ 6p+ 7p

4
= 4p

and

C̄B =
3p+ 4p+ 5p

3
= 4p.

Consequently C∗
Id = |C̄A − C̄B| = 0. ||

Remark 6.2.3. Differently from the second example, in the first one the optimal
solution does not provide a perfect balancing between the average completion
times of the job sets JA and JB: we will show in fact (see next section, Lemma
6.3.4) that, whenever both nA and nB are odd, then C∗

Id > 0. ||

Remark 6.2.4. Apart from the case s = 0 where initially a job of JA is placed
in position n/2, if, at each iteration, the index t is chosen as the smallest one
in the set T , the jobs i and j of JA are assigned to the extreme positions
of the optimal sequence, one at the beginning and the other one at the end:
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consequently, at the last step of the algorithm (line 20), the jobs belonging
to JB are accommodated into the central positions. In other words, an opti-
mal assignment of the pioneer set JA is identified by the following set ĪA of
positions:

ĪA =
{
1, 2, . . . ,

⌊nA

2

⌋
,
n

2
, n−

⌊nA

2

⌋
+ 1, n−

⌊nA

2

⌋
+ 2, . . . , n

}
(6.3)

if s = 0, and

ĪA =
{
1, 2, . . . ,

⌊nA

2

⌋
, n−

⌊nA

2

⌋
+ 1, n− n̄A + 2, . . . , n

}
(6.4)

if s = 1.
Based on (6.3) and (6.4), problem (6.1) is solvable in constant time; on

the other hand, since in the practical applications a complete solution of the
problem requires to assign explicitly each job to exactly one position, the com-
plexity of the algorithm is, however, O(n) (see next section, Theorem 6.3.5).
||

6.3 Optimality

In this section we prove that the solution provided by Algorithm 3 is an optimal
solution to problem (6.1), assuming JA as the pioneer set without loss of
generality, as explained in the previous section. We also give a characterization
of the optimal objective function value C∗

Id.
Even if the overall notation adopted throughout the work is reported at

the beginning of the thesis, we recall that ⟨j⟩ denotes the position of job j.
We first show the following two lemmas.

Lemma 6.3.1. Problem (6.1) is equivalent to the following problem:

z∗
△
= min

π

∣∣∣∣∣∣
∑
j∈JA

⟨j⟩ − nA(n+ 1)

2

∣∣∣∣∣∣ , (6.5)

with

z∗ =
C∗
IdnAnB

np
. (6.6)
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Proof. Multiplying the objective function of problem (6.1) by nAnB, we obtain

min
π

∣∣∣∣∣∣nB

∑
j∈JA

Cj − nA

∑
j∈JB

Cj

∣∣∣∣∣∣ . (6.7)

By (6.2) we have:

∑
j∈JA

Cj +
∑
j∈JB

Cj = p
n∑

j=1

j =
pn(n+ 1)

2

and consequently: ∑
j∈JB

Cj =
pn(n+ 1)

2
−
∑
j∈JA

Cj . (6.8)

Substituting (6.8) in (6.7), we obtain:

min
π

∣∣∣∣∣∣nB

∑
j∈JA

Cj −
nApn(n+ 1)

2
+ nA

∑
j∈JA

Cj

∣∣∣∣∣∣ ,
i.e.

min
π

∣∣∣∣∣∣n
∑
j∈JA

Cj −
nApn(n+ 1)

2

∣∣∣∣∣∣ ,
which, dividing by n, becomes:

min
π

∣∣∣∣∣∣
∑
j∈JA

Cj −
nAp(n+ 1)

2

∣∣∣∣∣∣ ,
or, equivalently:

min
π

∣∣∣∣∣∣p
∑
j∈JA

⟨j⟩ − nAp(n+ 1)

2

∣∣∣∣∣∣ .
Finally, dividing by p, we obtain:

min
π

∣∣∣∣∣∣
∑
j∈JA

⟨j⟩ − nA(n+ 1)

2

∣∣∣∣∣∣ .
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As a consequence, relationship (6.6) holds.

Remark 6.3.2. Problem (6.5) can be interpreted as a simplified version of
problem (6.1), since it is independent on p and involves only the jobs of the
pioneer set JA. This consideration reflects the scheme of Algorithm 3, which
works by first accommodating into the optimal sequence all the jobs of JA
and, successively, by arbitrarily assigning the jobs of JB into the remaining
positions. ||

Remark 6.3.3. As observed for problem (6.1), also the equivalent problem
(6.5) appears as a particular case of the subset-sum problem. In fact, given
the position set I = {1, . . . , n}, problem (6.5) reduces to find a subset Ī ⊂ I,
of cardinality nA, such that the function∣∣∣∣∣∣

∑
i∈Ī

i− nA(n+ 1)

2

∣∣∣∣∣∣
is minimized. As a consequence, it can be interpreted as a subset-sum problem
whose objective is to minimize the deviation of the sum of the elements in Ī,
with respect to the target nA(n+1)

2 . ||

Lemma 6.3.4. If both nA and nB are odd, the objective function of problem
(6.5) takes the form

x+
1

2
,

with x being a nonnegative integer number. As a consequence, C∗
Id > 0.

Proof. The objective function of problem (6.5) is∣∣∣∣∣∣
∑
j∈JA

⟨j⟩ − nA(n+ 1)

2

∣∣∣∣∣∣ .
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Then, if both nA and nB are odd, n is even and nA(n+1) is odd; consequently,
since the term ∑

j∈JA

⟨j⟩

is integer, the proof follows. Finally, taking into account (6.6), it holds C∗
Id > 0.

Theorem 6.3.5. Algorithm 3 provides an optimal solution to problem (6.1),
assigning each job exactly to one position, in time O(n).
Proof. The calculation of the computational complexity is trivial. In fact,
apart from the initialization step (lines 1-9), the core of the algorithm resides
in the iterative assignment of the random couples of jobs from JA (lines 14-18)
and in the accommodation of JB in the remaining positions (line 20), taking
into account that the assignment of an initial random job of JA (lines 11-12) is
eventually performed only once in time O(1). More specifically, in time O(nA)
the algorithm executes ⌊nA/2⌋ iterations to accommodate each time two jobs
of JA into the optimal sequence, and terminates by assigning in time O(nB)
all the jobs of JB to the remaining positions of the sequence.

In order to show the optimality, we treat separately the two cases s = 0
and s = 1, respectively.

Case 1) s = 0: both nA and nB are odd.
By Lemma 6.3.1, problem (6.1) is equivalent to problem (6.5). The quan-

tity
∑

j∈JA ⟨j⟩, which corresponds to the sum of the positions assigned to the
jobs of JA, is easily computable on the basis of the following considerations.
Initially (lines 11-12) a job in JA is scheduled in the position n/2, while suc-
cessively (lines 14-18) at each iteration two jobs in JA are scheduled, for nA−1

2
times, in the positions t and n+ 1− t, respectively. As a consequence:∑

j∈JA

⟨j⟩ =
n

2
+

nA − 1

2
(t+ n+ 1− t)

=
nA(n+ 1)− 1

2

(6.9)

Substituting (6.9) in the objective function of problem (6.5), we obtain∣∣∣∣nA(n+ 1)− 1

2
− nA(n+ 1)

2

∣∣∣∣ = 1

2
,
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which, by Lemma 6.3.4, is the optimal function value of problem (6.5).
Case 2) s = 1: nA is even.
Analogously to the previous case, since at each iteration the assignment of

the random couples of jobs from JA (lines 14-18) is performed for nA
2 times in

the positions t and n+ 1− t respectively, we have∑
j∈JA

⟨j⟩ = nA(n+ 1)

2

and, by Lemma 6.3.1, taking into account the objective function of problem
(6.5), it follows z∗ = 0.

Remark 6.3.6. Given C∗
Id, by using formula (6.6) to compute the objective

function value of problem (6.5), in correspondence to the optimal solutions of
Example 6.2.1 and Example 6.2.2, we obtain, as expected, z∗ = 1

2 and z∗ = 0,
respectively. ||

Finally, from the proof of Theorem 6.3.5 and taking into account relation-
ship (6.6), the following result holds.

Corollary 6.3.7. Given problem (6.1), if at least one between nA and nB is
even then C∗

Id = 0, otherwise

C∗
Id =

np

2nAnB
.

6.4 A Variant of the Problem

In this section we face a variant of BACTI-2, in order to take into account
more explicitly the cardinalities of JA and JB in the objective function, with
respect to the formulation (6.1).

In particular we tackle the following problem:
C∗
Īd

△
= min

π

∣∣∣∣∣∣nA

n

∑
j∈JA

Cj(π)−
nB

n

∑
j∈JB

Cj(π)

∣∣∣∣∣∣
with:
pj = p j ∈ J

(6.10)
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aimed at balancing the total weighted completion times of the two job sets,
whose weights are the relative cardinalities nA/n and nB/n of JA and JB,
respectively. It is easy to see that, analogously to problem (6.1), also problem
(6.10) can be interpreted as a special case of the subset-sum problem.

For solving this problem we propose a mathematical programming for-
mulation by introducing, as in problem (5.1), the following binary decision
variables:

xjt
△
=

{
1 if job j is assigned to position t
0 otherwise,

with j ∈ J and t = 1, . . . , n. Then, recalling (see (6.2)) that C[t] = tp, for
t = 1, . . . , n, an optimization model solving problem (6.10) is the following:



C∗
Īd = min

x

∣∣∣∣∣∣nA

n

∑
j∈JA

n∑
t=1

tpxjt −
nB

n

∑
j∈JB

n∑
t=1

tpxjt

∣∣∣∣∣∣
n∑

t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J t = 1 . . . , n,

(6.11)

where the constraints are the standard assignment constraints.

The objective function of problem (6.11) is a convex nondifferentiable
piecewise affine function. As usual, such a problem can be linearized by in-
troducing an additional decision variable, say v, resulting in the following
equivalent mixed integer linear program:
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

C∗
Īd

= min
x,v

pv

v ≥ nA

n

∑
j∈JA

n∑
t=1

txjt −
nB

n

∑
j∈JB

n∑
t=1

txjt

v ≥ nB

n

∑
j∈JB

n∑
t=1

txjt −
nA

n

∑
j∈JA

n∑
t=1

txjt

n∑
t=1

xjt = 1 j ∈ J∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J t = 1 . . . , n,

(6.12)

which is characterized by one real variable, n2 binary variables and 2n + 2
constraints.

We note that, although problem (6.12) is an assignment type problem, it
cannot be solved as a linear program, since the total unimodularity of the
constraints matrix is lost, due to the presence of the first two constraints
introduced to linearize the objective function of problem (6.11). On the other
hand we observe that, when nA and nB coincide, problem (6.10) reduces to
problem (6.1) and, consequently, it can be solved in constant time by using
formulas (6.3) and (6.4), or in linear time by means of Algorithm 3 which
provides in addition the job-position assignments.

In the sequel we will show that, whenever the difference between the car-
dinalities nA and nB of the two job sets JA and JB, respectively, is sufficiently
large, the optimal unique solution consists in simply accommodating at the
end of the sequence all the jobs, in any order, belonging to the set with the
smallest cardinality and, consequently, in assigning to the first positions all
the jobs, in any order, of the set with the largest cardinality.

Without loss of generality, in the following we consider JA, the pioneer
set, as the job set with the largest cardinality and JB as the job set with the
smallest cardinality. We prove first the following lemma.

Lemma 6.4.1. Let π̄ = (JA, JB) be a sequence in which the jobs of JA (in
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any order) precede all the jobs of JB (in any order). Then

nA

n

∑
j∈JA

Cj(π̄)−
nB

n

∑
j∈JB

Cj(π̄) ≥ 0 (6.13)

if and only if nB ≤ ⌊n̄A⌋, with n̄A
△
=

√
5n2

A + 6nA + 1− nA − 1

2
.

Proof. By (6.2) we have: ∑
j∈JA

Cj(π̄) =
pnA(nA + 1)

2
(6.14)

and ∑
j∈JB

Cj(π̄) =
pn(n+ 1)− pnA(nA + 1)

2
. (6.15)

Substituting (6.14) and (6.15) in (6.13), we obtain:

pn2
A(nA + 1)− pnBn(n+ 1) + pnBnA(nA + 1)

2n
≥ 0, (6.16)

which, multiplying by the positive quantity 2n/p, becomes:

n2
A(nA + 1)− nBn(n+ 1) + nBnA(nA + 1) ≥ 0.

Recalling that n = nA + nB, the above inequality can be rewritten as follows:

n3
A + n2

A − n3
B − 2n2

BnA − n2
B ≥ 0,

i.e.
(nA + nB)(n

2
A − nAnB + nA − n2

B − nB) ≥ 0.

Dividing by n = nA + nB > 0, we obtain:

n2
A − nAnB + nA − n2

B − nB ≥ 0, (6.17)

whose solution, with respect to nB, is:

−
√
5n2

A + 6nA + 1− nA − 1

2
≤ nB ≤

√
5n2

A + 6nA + 1− nA − 1

2
.

The thesis follows recalling that nB is a positive integer number.
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Theorem 6.4.2. If nB ≤ ⌊n̄A⌋, with

n̄A
△
=

√
5n2

A + 6nA + 1− nA − 1

2
,

then the sequences characterized by all the jobs of JA in the first positions (in
any order) and all the jobs of JB in the last positions (in any order) are the
unique optimal solutions to problem (6.10), with

C∗
Īd = p

n3
A − n3

B + n2
A − n2

B − 2n2
BnA

2n
.

Proof. Let π̄ = (JA, JB) be a sequence in which the jobs of JA (in any order)
precede the jobs of JB (in any order) such that nB ≤ ⌊n̄A⌋. First of all,
we observe that all the sequences obtained from π̄ by switching the positions
between two jobs of JA or between two jobs of JB are characterized by the
same objective function value provided by π̄.

Then, denoting by f(π) the objective function of problem (6.10), we show
the optimality and the uniqueness by proving that, in correspondence to any
other sequence π̂ ̸= π̄, obtained from π̄ by switching the positions between a
job of JA and a job of JB, it holds f(π̂) > f(π̄). In fact, letting

g(π)
△
=

nA

n

∑
j∈JA

Cj(π),

and

h(π)
△
=

nB

n

∑
j∈JB

Cj(π),

we have

f(π) = |g(π)− h(π)|.

Since p > 0, it holds:

g(π̂) > g(π̄) (6.18)

and

h(π̂) < h(π̄). (6.19)
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By Lemma 6.4.1, we have:

f(π̄) = g(π̄)− h(π̄). (6.20)

From (6.20), taking into account inequalities (6.18) and (6.19), we obtain:

f(π̂) = g(π̂)− h(π̂) > f(π̄).

Consequently, π̄ is optimal and

C∗
Īd = f(π̄) =

nA

n

∑
i∈JA

Ci(π̄)−
nB

n

∑
i∈JB

Ci(π̄). (6.21)

Substituting (6.14) and (6.15) in (6.21), and taking into account that n =
nA + nB, we obtain:

C∗
Īd = p

n3
A − n3

B + n2
A − n2

B − 2n2
BnA

2n
.

Remark 6.4.3. If nA ≥ 2, the value nB = ⌈nA
2 ⌉ satisfies the inequality

nB ≤ ⌊n̄A⌋. ||



Chapter 7

A Lagrangian Relaxation
Approach

In this chapter, for solving the general problem BAWCT-2, we propose a
Lagrangian relaxation approach, that we apply to the Glover linearization
of the mixed integer quadratically constrained formulation of the problem,
presented in Chapter 5.

7.1 Introduction

The Glover linearization (5.3)-(5.12) of the mixed integer quadratically con-
strained problem (5.2) is a mixed integer linear program characterized by n2

integer variables, n2 + 1 continuous variables and 4n2 + 2n + 2 constraints.
As a consequence, solving it exactly requires a remarkable effort from the
computational point of view, especially for large values of n.

Then, for solving problem (4.1) we propose a Lagrangian relaxation ap-
proach (see the surveys [26, 17, 20]), based on relaxing all the constraints of
problem (5.3)-(5.12), except the assignment ones and the positivity constraints
on variables zjt. The motivation is to design a heuristic algorithm requiring
to solve, at each iteration, a linear assignment problem.
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7.2 The Lagrangian Relaxation Problem

Dualizing constraints (5.4)-(5.8) of problem (5.3)-(5.12) and grouping all the
corresponding Lagrangian multipliers into the vector λ ∈ R3n2+2, the La-
grangian relaxation problem of the mixed integer linear program (5.3)-(5.12)
is the following:

LR(λ)



fLR(λ)
△
= min

x,v,z
f(x, v, z)

n∑
t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

zjt ≥ 0 j ∈ J, t = 1, . . . , n

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n,
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where λ ≥ 0 and

f(x, v, z)
△
= v +

 α

nA

∑
j∈JA

n∑
t=1

wjzjt + pA



−

 α

nB

∑
j∈JB

n∑
t=1

wjzjt + pB

− αv

+

 β

nB

∑
j∈JB

n∑
t=1

wjzjt + pB



−

 β

nA

∑
j∈JA

n∑
t=1

wjzjt + pA

− βv

+
∑
j∈J

n∑
t=1

γjt

(
btxjt +

∑
l∈J

t−1∑
i=1

plxli − zjt − bt

)

+
∑
j∈J

n∑
t=1

δjt

(
zjt −

∑
l∈J

t−1∑
i=1

plxli

)

+
∑
j∈J

n∑
t=1

ϵjt (zjt − btxjt) ,

with α, β, γjt, δjt, ϵjt, j ∈ J and t = 1, . . . , n, being the Lagrangian multipliers
(grouped in vector λ) corresponding to the constraints (5.4)-(5.8), respectively.

The above function f can be arranged in the following form:

f(x, v, z) = fx(x) + fv(v) + fz(z) + ∆,

where
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fx(x)
△
=

∑
j∈J

n∑
t=1

γjtbtxjt +
∑
j∈J

n∑
t=1

γjt
∑
l∈J

t−1∑
i=1

plxli

−
∑
j∈J

n∑
t=1

δjt
∑
l∈J

t−1∑
i=1

plxli −
∑
j∈J

n∑
t=1

ϵjtbtxjt,

fv(v)
△
= v(1− α− β),

fz(z)
△
=

∑
j∈JA

n∑
t=1

zjt

(
wjα

nA
− wjβ

nA
− γjt + δjt + ϵjt

)

+
∑
j∈JB

n∑
t=1

zjt

(
wjβ

nB
− wjα

nB
− γjt + δjt + ϵjt

)
and

∆
△
=

pAα

nA
− pBα

nB
+

pBβ

nB
− pAβ

nA
−
∑
j∈J

n∑
t=1

btγjt. (7.1)

As a consequence, the Lagrangian problem LR(λ) is a separable program
and, for any value of λ ≥ 0, it can be solved by separately solving the following
linear programs:

LRx(λ)



fLRx(λ)
△
= min

x
fx(x)

n∑
t=1

xjt = 1 j ∈ J

∑
j∈J

xjt = 1 t = 1, . . . , n

xjt ≥ 0 j ∈ J, t = 1, . . . , n

,
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LRv(λ)


fLRv(λ)

△
= min

v
fv(v)

0 ≤ v ≤ v̄,

and

LRz(λ)


fLRz(λ)

△
= min

z
fz(z)

0 ≤ zjt ≤ bt, j ∈ J, t = 1, . . . , n.

Some comments about the above problems are in order. Problem LRx(λ)
is a linear assignment problem, for which it is well known that constraints
xjt ∈ {0, 1} can be substituted by constraints xjt ≥ 0.

In problem LRv(λ), since variable v represents the original objective func-
tion of problem (6.1), then such variable is nonnegative and bounded from
above by any objective function value v̄, computed in correspondence to any
arbitrary job sequence in the set J .

In problem LRz(λ) any variable zjt, j ∈ J and t = 1, . . . , n, is bounded
from above by bt, as a consequence of constraints (5.8) and (5.12).

It is worth noting that problems LRv(λ) and LRz(λ) are easily solvable
by inspection. In fact, indicating by v(λ) and zjt(λ), j ∈ J and t = 1, . . . , n,
the respective optimal solutions, we have:

v(λ) =


0 if α+ β ≤ 1

v̄ otherwise,

zjt(λ) =


0 if

wj(α− β)

nA
≥ γjt − δjt − ϵjt

bt otherwise

for j ∈ JA and t = 1, . . . , n, and

zjt(λ) =


0 if

wj(β − α)

nB
≥ γjt − δjt − ϵjt

bt otherwise

for j ∈ JB and t = 1, . . . , n.
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Then, for any λ ≥ 0, we come out with:

fLR(λ) = fLRx(λ) + fLRv(λ) + fLRz(λ) + ∆, (7.2)

which constitutes a lower bound on the optimal objective function value C∗

of problem (5.3)-(5.12), i.e.

fLR(λ) ≤ C∗, for any λ ≥ 0.

We conclude the section by providing the following theorem, which gives
a characterization of any lower bound fLR(λ) in case Lemma 5.2.2 holds.

Theorem 7.2.1. If

P ≥ 2max

{
pBnA − pAnB

nB(n− 1)wA
,
pAnB − pBnA

nA(n− 1)wB

}
, (7.3)

then fLR(λ) ≤ 0 for any λ ≥ 0.

Proof. Let

LD

{
f∗
LR

△
= max

λ≥0
fLR(λ)

be the Lagrangian dual of problem (5.3)-(5.12). Then, for any λ ≥ 0, it holds

fLR(λ) ≤ f∗
LR.

Because of the integrality property (see [26, 17, 20]), f∗
LR coincides with the

objective function value of the continuous relaxation of problem (5.3)-(5.12).
By (7.3), taking into account Lemma 5.2.2 and Remark 5.2.3, such value is
equal to zero.

7.3 A Heuristic Lagrangian Algorithm

We have all the ingredients to design a Lagrangian relaxation algorithm for
solving problem (4.1).

The core of our approach is to generate, at each iteration for any fixed
nonnegative value of λ, a trial solution x(λ) to problem (5.1), or equivalently
to problem (5.3)-(5.12), by solving the linear assignment problem LRx(λ).
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Since a feasible solution of the scheduling problem trivially requires only
the job-position assignments, we do not need, differently from a general La-
grangian relaxation framework, a feasibility recovering procedure to adjust the
current solution in case the relaxed constraints (5.4)-(5.8), aimed at guarantee
the optimality, are not satisfied. Instead, once a trial solution is generated, we
try to improve it by performing a local search (see Subsection 7.3.1).

In Algorithm 4, named LagrangianBAWCT-2, we summarize our Lagran-
gian heuristic approach, where by L and U we denote, respectively, the lower
bound and the upper bound (the incumbent), available at the current iteration
on the optimal objective function value C∗. Moreover, for any fixed value of
λ, we indicate by π(λ) the sequence generated by x(λ), such that [t] = j in
correspondence to xjt(λ) = 1. We denote also by ∂fLR(λ) the subdifferential
of function fLR at λ (see for example the fresh survey [21] on nonsmooth
optimization) and by ∥ · ∥ the Euclidean norm.

The steps of the algorithm reflect a standard Lagrangian relaxation scheme
aimed at shrinking, at each iteration, the interval [L,U ] containing C∗. We
stop the iterative procedure either after a prefixed time limit, or when a max-
imum number itermax of iterations is reached, or when the difference between
U and L becomes less than or equal to a certain threshold.

At line 7, to possibly decrease the incumbent, we perform a local search
(see for example [1]), which will be object of the next subsection. The best
sequence πλ provided by the local searches constitutes a heuristic solution to
problem (6.1).

At lines 18-19, we update the vector λ of the multipliers by a standard
subgradient method [47], aimed at solving the nonsmooth Lagrangian dual
problem LD and where the projection on the nonnegative orthant guarantees
the nonnegativity of λ. As concerns the computation of a subgradient g of
fLR at λ, we take

g =



gα

gβ

gγjt j ∈ J, t = 1, . . . , n

gδjt j ∈ J, t = 1, . . . , n

gϵjt j ∈ J, t = 1, . . . , n


,
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Algorithm 4: LagrangianBAWCT-2

Input: a sequence π̄init; λ ≥ 0
Output: a sequence π̄

▷Initialization
1 π̄ ← π̄init
2 v̄ ← C(π̄init)
3 L← −∞
4 U ← v̄
5 repeat

▷Computing a trial solution

6 Solve problem LRx(λ) to compute x(λ) and fLRx(λ)
▷Local search

7 Starting from π(λ), compute πλ by a local search
▷Updating the incumbent

8 Compute C(πλ)
9 if C(πλ) < U then

10 U ← C(πλ)
11 π̄ ← πλ

▷Updating the lower bound

12 Solve problem LRv(λ) to compute fLRv(λ)
13 Solve problem LRz(λ) to compute fLRz(λ)
14 Compute ∆ // see formula (7.1)

15 fLR(λ)← fLRx(λ) + fLRv(λ) + fLRz(λ) + ∆
16 if fLR(λ) > L then
17 L← fLR(λ)

▷Updating the multipliers

18 Compute τ > 0 and g ∈ ∂fLR(λ)
19 λ← max{0, λ+ τ g

∥g∥}
20 until a stopping criterion is satisfied

where

gα =
1

nA

pA +
∑
j∈JA

n∑
t=1

wjzjt(λ)



− 1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt(λ)

− v(λ),
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gβ =
1

nB

pB +
∑
j∈JB

n∑
t=1

wjzjt(λ)



− 1

nA

pA +
∑
j∈JA

n∑
t=1

wjzjt(λ)

− v(λ),

gγjt = btxjt(λ) +
∑
l∈J

t−1∑
i=1

plxli(λ)− zjt(λ)− bt,

gδjt = zjt(λ)−
∑
l∈J

t−1∑
i=1

plxli(λ)

and
gϵjt = zjt(λ)− btxjt(λ),

with xjt(λ), j ∈ J and t = 1, . . . , n, v(λ) and zjt(λ), j ∈ J and t = 1, . . . , n,
being the optimal solutions of the respective relaxed subproblems LRx(λ),
LRv(λ) and LRz(λ).

Finally the stepsize τ is the Polyak stepsize [43], given by:

τ =
f∗
LR − L

∥g∥
. (7.4)

Note that, in case Theorem 7.2.1 holds, f∗
LR is equal to zero, providing τ =

−L/∥g∥, with L ≤ 0. Vice versa, in case f∗
LR is unknown, its value in for-

mula (7.4) can be substituted by the incumbent or, because of the integrality
property, can be computed by initially solving the continuous relaxation of
problem (5.3)-(5.12).

7.3.1 The Local Search

A relevant role in Algorithm 4 is played by the step at line 7, where a local
search is performed. The aim is to provide a sequence πλ possibly better than
the initial sequence π(λ), by exploring a neighborhood of the trial solution
x(λ).

The local search we propose is detailed in Algorithm 5, where the sub-
routine Swap(π, [i], [j]) returns a sequence πij obtained from the sequence π

by swapping jobs [i] and [j]. In particular, for each of the n(n−1)
2 couples of
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indices (i, j), with i < j, we check whether swapping jobs [i] and [j] results
in the decrease of the current objective function value. If this is the case, we
execute the exchange, we update the current objective function value and we
iterate the process.

Algorithm 5: Local search

Input: sequence π(λ)
Output: sequence πλ

1 πλ ← π(λ)
2 for i← 1 to n− 1 do
3 for j ← i+ 1 to n do
4 πij ← Swap(πλ, [i], [j])
5 ∆← C(πλ)− C(πij)
6 if ∆ > 0 then
7 πλ ← πij
8 end

9 end

10 end

A remarkable consideration is that, in correspondence to any sequence
πij , generated by swapping jobs [i] and [j] in an initial sequence π, there is
no need to compute from scratch the objective function value, which would
be expensive. In fact, denoting by CA and CB and by CAij and CBij the
weighted completion times of the jobs in JA and JB provided, respectively, by
the initial sequence π and by the generated sequence πij , it is possible to show
that CAij and CBij can be determined in function of CA and CB, by means of
the following formulae:

CAij = CA +
∑

k∈JAk

w[k]

(
p[j] − p[i]

)
+
∑

k∈JAi

w[i]p[k] −
∑

k∈JAj

w[j]p[k]
(7.5)
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and
CBij = CB +

∑
k∈JBk

w[k]

(
p[j] − p[i]

)
+
∑

k∈JBi

w[i]p[k] −
∑

k∈JBj

w[j]p[k],
(7.6)

where

JAk

△
=


{k | i < k < j} if [k] ∈ JA

∅ otherwise,

JAi

△
=


{k | i < k ≤ j} if [i] ∈ JA

∅ otherwise,

JAj

△
=


{k | i ≤ k < j} if [j] ∈ JA

∅ otherwise

and

JBk

△
=


{k | i < k < j} if [k] ∈ JB

∅ otherwise,

JBi

△
=


{k | i < k ≤ j} if [i] ∈ JB

∅ otherwise,

JBj

△
=


{k | i ≤ k < j} if [j] ∈ JB

∅ otherwise.

Although using (7.5) and (7.6) would however require a linear time in n, it
is worth noting that, since such formulae involve only the jobs placed between
positions i and j, avoiding the recalculation of the objective function from the
beginning leads to a relevant improvement on the performance of the overall
algorithm.
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Chapter 8

A Genetic Algorithm

In this chapter, we propose a genetic algorithm for solving the general problem
BAWCT-2 described in Chapter 4. The aim of this approach, with respect to
the Lagrangian relaxation technique proposed in Chapter 7, is to speed up the
resolution process in order to face large scale problems.

8.1 Introduction

Genetic algorithms (GAs) are metaheuristic search approaches, successfully
applied to solve different varieties of NP-hard optimization problems (see [30]).

In particular, given an optimization problem, they are based on the fol-
lowing evolution paradigm. One starts from an initial population where to
each individual a genotype, representing a possible solution to the problem, is
associated. The quality of such solution is measured by its fitness value, ob-
tained by evaluating the so-called fitness function and expressing how well the
solution fits the problem. In passing from a generation to the successive one,
the aim is to possibly increase the overall fitness of the population, by gener-
ating, via specific genetic operators, new individuals (offspring) characterized
by better fitness values.

The basic schema of a genetic algorithm is reported in Algorithm 6.

Even if in the literature there are plenty of strategies to implement the steps
of Algorithm 6, each of such strategies can be in general adapted and tailored to
the specific case, making GAs really attractive for solving many optimization
problems. Some examples are [31] and [45], where the well-known traveling
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Algorithm 6: Genetic algorithm

1 Pop ← GenerateInitialPopulation()
2 repeat
3 NewPop ← ∅
4 repeat
5 parents ← Selection(Pop)
6 offspring ← Crossover(parents)
7 offspring ← Mutation(offspring)
8 NewPop ← NewPop ∪ offspring

9 until NewPop is complete
10 Pop ← UpdatePop(Pop,NewPop)

11 until a stopping criterion is satisfied

salesman problem has been faced, and [2, 16, 24, 36, 40, 41, 46, 49, 54, 56],
where GAs have been used for solving scheduling problems.

Before describing in detail how each step of Algorithm 6 has been imple-
mented for solving BAWCT-2, it is worth specifying that in our approach, at
each iteration, the previous population is completely replaced by the new one,
maintaining only the fittest current individual in order to preserve a monotonic
behavior of the best current fitness value (line 10).

8.2 Encoding and Fitness Evaluation

The first choice in the implementation of a genetic algorithm regards the en-
coding of each individual, representing a feasible solution to the problem.
Since we are dealing with a single machine scheduling problem, in such case
the standard way to encode an individual I is to use a one-dimensional array
VI , such that VI [t] = j if and only if the job j is scheduled in the position t.
As a consequence, according to this notation, the job processed in the position
t, as usual, will be denoted by [t].

Another key point characterizing GAs is the definition of the fitness func-
tion, aimed at providing the fitness value of an individual. Since individuals
with higher fitness are preferred by GAs and, on the other hand, BAWCT-2
is a minimization problem (see (4.1)), we propose to use the following fitness
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function:

fitnessI =
1

f(I)
, (8.1)

where f(I) is the objective function value of problem (4.1) in correspondence
to the solution represented by the individual I.

Note that using formula (8.1) ensures to highlight even slight differences
in function f and, additionally, when f(I) = 0 (corresponding to a perfect
balanced optimal solution), it trivially follows that fitnessI → +∞.

8.3 Initial Population

Once the encoding strategy has been defined, the next step to be performed
in GAs is the generation of the initial population. A review of the main
techniques used in this phase is reported in [29].

For solving BAWCT-2, we have tested the following three different tech-
niques: Random generation, Alternated generation and Bidirectional genera-
tion. If, on one hand, using the Random generation strategy could generate
strongly unbalanced solutions due to the completely random generation of the
population, on the other hand the Alternated generation and the Bidirectional
generation techniques should hopefully generate better starting points, since
they are based on more elaborate criteria. In particular, while the Alternated
generation technique has been used for generating a starting point in the La-
grangian relaxation approach proposed in [9], the Bidirectional generation is
inspired by the strategy at the basis of the exact algorithm OptBACTI-2 (Al-
gorithm 3), providing an optimal solution to the unweighted case with identical
jobs.

In what follows, we formally describe the three strategies according to the
above proposed encoding.

• Random generation. The genotype of each individual I, corresponding
to a feasible solution of BAWCT-2, is given by a random permutation
σ(J) of J . In other words, [i] = σ(J)i for i = 1, . . . , n.

• Alternated generation. The genotype of each individual I is given by
alternating the jobs of the two classes until one of the two sets is com-
pletely scheduled. The remaining jobs, if any, are accommodated at the
end of the sequence.
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More formally, let σ(JA) and σ(JB) be two random permutations of JA
and JB, respectively. Then, for each i = 1, . . . ,min{nA, nB}, we initially
set

[2i− 1] = σ(JA)i and [2i] = σ(JB)i.

Successively, in case nA ̸= nB, the remaining jobs of the largest class
are assigned at the end of the sequence, starting from the position 2 ·
min{nA, nB}+ 1.

• Bidirectional generation. The genotype of each individual is provided
by an iterative procedure, which consists in accommodating, at each
iteration, two jobs of one class (alternately chosen between A and B)
in the first and in the last currently available positions of the sequence,
respectively.

In particular, let σ(JA) and σ(JB) be two random permutations of JA
and JB, respectively. Then, at each iteration k, for k = 0, . . . , ⌊nA/2⌋+
⌊nB/2⌋ − 1, we set either

[k + 1] = σ(JC)t and [n− k] = σ(JC)t+1 (8.2)

or

[k + 1] = σ(JC)t+1 and [n− k] = σ(JC)t, (8.3)

where JC is the index set coinciding, alternately at each iteration, with
either JA or JB. The index t is initialized to 1 and it is increased by 2
at the end of each iteration.

Obviously, when only one of the two classes is completely scheduled, JC
remains fixed to the index set of the other class. Moreover, in case nA

and (or) nB are odd, the remaining jobs are put in the middle of the
sequence, using a greedy strategy based on the evaluation of the fitness
function. The fitness value is also considered in the final choice of the
configuration between (8.2) and (8.3).

It is worth noting that, for all the above proposed techniques, the probability
of getting two times the same schedule as output of the generation process is
very low, since they are defined in function of random permutations. This is
a crucial point, as it guarantees a diversification in the initial population.
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8.4 Selection

Selection (see [52]) is a crucial step in designing GAs, since it defines the chance
of a given individual to participate in the reproduction process. Considering
that a convergence to optimal solutions is desired, it is recommended to give
a major chance to individuals characterized by high fitness values.

In this work, three different well-known selection techniques have been
adopted: Roulette wheel, Binary tournment and k-tournment.

• Roulette wheel. The selection is performed by simulating a roulette
wheel, in which the chance of an individual to be selected is represented
by a portion of the roulette. In particular, for each individual I, since
the size of its portion must be proportional to the fitness value, the
probability pI to be selected is set as

pI =
fitnessI∑

i∈Pop

fitnessi
,

where Pop represents the overall population.

• Binary tournament. Between two randomly selected individuals, the one
characterized by the highest fitness value is chosen for reproduction.

• k-tournament. It is the same as the Binary tournament, apart from
the fact that k individuals, with 2 < k ≤ psize, are involved in the
tournament, where psize is the size of the population.

8.5 Crossover

Once the parents are selected, they have to reproduce in order to generate new
children (offspring). The reproduction process is simulated by using crossover
operators, aimed at creating new individuals whose features are a mix of the
genetic properties of the parents. From the algorithmic point of view, this
phase is very important since it allows to explore the solution space.

In the literature, a lot of crossover operators have been proposed for
scheduling problems and, in general, for sequencing problems, like the travel-
ing salesman problem (for a general overview see [44] and [50]).

In [54], the authors have highlighted that the crossover operators, mainly
proposed for the traveling salesman problem, do not perform very well in a
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scheduling context. As a consequence, taking into account this considera-
tion, for solving BAWCT-2 we have chosen to implement the following three
crossover strategies: One-point crossover, Two-point crossover and Position-
based crossover.

Given two parents I1 and I2, these operators can be described as follows:

• One-point crossover. An index i ∈ [1, n] is randomly selected. Then,
with the same probability, either the first i jobs or the last n− i ones are
inherited from I1, while the remaining ones are inserted in the sequence
preserving the order they have in I2 (see Figure 8.1).

Figure 8.1: One-point crossover with i = 2.

• Two-point crossover. Two indices i, j ∈ [1, n] are randomly selected.
Assuming i ≤ j, the first i jobs and the last n − j ones are inherited
from I1, while the remaining j−i are inserted in the sequence preserving
the order they have in I2 (see Figure 8.2).

• Position-based crossover. An index k ∈ [1, n] is randomly selected and
k different positions vi, i = 1, . . . , k, are sampled in the same interval
[1, n]. Then the jobs in positions vi, for i = 1, . . . , k, are inherited from
I1, while the remaining ones are inserted in the sequence preserving the
order they have in I2 (see Figure 8.3).
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Figure 8.2: Two-point crossover with i = 1 and j = 3.

Figure 8.3: Position-based crossover with k = 3, v1 = 1, v2 = 3 and v3 = 4.

8.6 Mutation

Another important operator in GAs is the mutation that, together with the
crossover operator, allows to explore the solution space. In particular, the
mutation operator is aimed at perturbing the current solution by applying
random changes. Inspired by [54], in this work the following mutation opera-
tors have been tested:

• Arbitrary two-job change. Two positions i, j ∈ [1, n] are randomly se-
lected and the jobs currently scheduled in these positions are swapped
(see Figure 8.4).
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Figure 8.4: Arbitrary two-job change with i = 2 and j = 4.

• Shift change. Two positions i, j ∈ [1, n] are randomly selected and the
job in the position i is moved to the position j, shifting all the interme-
diate jobs (see Figure 8.5).

Figure 8.5: Shift change with i = 2 and j = 4.

Additionally, considering any set of adjacent jobs as a batch, we have also
defined the following mutation operator:

• Arbitrary batch change. Given two random positions i, j ∈ [1, n], assume
i ≤ j. Then an integer s (the batch size) is randomly determined in the
interval [1,min{j− i, n+1− j}] and, for k = 0, . . . , s− 1, the jobs in the
positions i+ k and j + k are swapped (see Figure 8.6).
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Figure 8.6: Arbitrary batch change with i = 1, j = 3 and s = 2.

8.7 Local Search

The aim of the local search, that we immediately apply after the mutation,
is to improve the fitness value of a new offspring and to possibly avoid a
premature convergence.

In a lot of scenarios considered in our numerical experiments (see Chapter
9), the local search has turned out to be very effective, since, starting from a
good solution produced in the previous phases, it has often provided a perfect
weighted balancing between JA and JB, i.e. a global solution located in the
current neighborhood.

We have adopted the same local search strategy detailed in Algorithm 5
of Chapter 7, proposed for the Lagrangian relaxation approach.

8.8 The Overall Algorithm

The overall genetic algorithm, proposed for solving BAWCT-2, is named Gene-
ticBAWCT-2 and it is detailed in Algorithm 7, where the subroutine rand([0, 1])
returns a random real number in the interval [0,1]. The input parameters are
the following:

• size: size of the population;

• prc: probability of performing the crossover;

• prm: probability of performing the mutation;

• GenerateIndividual: adopted strategy for generating the initial popula-
tion;
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• Selection: adopted strategy for the selection operator;

• Crossover: adopted strategy for the crossover operator;

• Mutation: adopted strategy for the mutation operator;

• itermax: maximum number of iterations.

Algorithm 7: GeneticBAWCT-2

Input: size, prc, prm, itermax

1 Pop← ∅
2 for i← 1 to psize do
3 Popi ← GenerateIndividual()
4 Evaluate(Popi)
5 Pop← Pop ∪ {Popi}
6 Ibest ← Best(Pop)
7 iter ← 0
8 while fitnessIbest < +∞ and iter < itermax do
9 NewPop← ∅

10 for i ← 1 to size do
11 parents← Selection(Pop)
12 if rand([0, 1]) < prc then
13 offspring ← Crossover(parents)
14 else
15 offspring ← parents1

16 if rand([0, 1]) < prm then
17 offspring ← Mutation(offspring)

18 Evaluate(offspring)
19 offspring ← LocalSearch(offspring)
20 NewPop← NewPop ∪ {offspring}
21 toDiscard← O ∈ NewPop s.t. ∃P ∈ NewPop : fitnessP ≥

fitnessO
22 Pop← NewPop ∪ {Ibest} \ {toDiscard}
23 Ibest ← Best(Pop)
24 iter ← iter +1



Chapter 8 - A Genetic Algorithm 93

Some comments on Algorithm 7 are in order.
Given the current population (Pop), initialized at lines 1-5, at each it-

eration we create a new population (NewPop), by randomly selecting 2size
numbers in the interval [0, 1] to decide whether, generating the new current
individual, crossover and mutation have to be applied. In case the crossover
is not carried out, the offspring coincides with the first parent, selected at line
11.

Once an offspring is generated, we proceed with the eventual mutation
(line 17, depending on prm) and we evaluate the corresponding fitness value
(line 18), in order to perform the local search (line 19). Then the new current
population (line 22) is obtained by substituting, in the new population, one
individual (different from the best one) with the best one of the old popula-
tion. In this way, we guarantee the monotonicity of the fitness function in
corresponding to the best individual (Ibest) of the current population, which,
at the end of the algorithm, constitutes a heuristic solution to the problem.

Finally, we observe that the algorithm terminates either for reaching the
maximum number of iterations or because a perfect balancing (i.e. f(Ibest) =
0) has been determined, the latter corresponding to fitnessIbest = +∞.
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Chapter 9

Numerical Experiments

In this chapter, we describe some numerical experiments performed to evaluate
the performances of the Lagrangian relaxation approach, presented in Chapter
7, and of the genetic algorithm described in Chapter 8. For the experimen-
tation, we have randomly generated more than one thousand test problems,
characterized by a number of jobs up to 2000.

9.1 Introduction

Algorithm 4 (LagrangianBAWCT-2) of Chapter 7 and Algorithm 7 (Gene-
ticBAWCT-2) of Chapter 8 have been implemented in Java (version 14.02)
and tested on a Windows 10 system, characterized by 16 GB of RAM and a
2.30 GHz Intel Core i7 processor. For each run, we have fixed a time limit
equal to 3600 seconds and the maximum number itermax of iterations equal to
1000. Both the codes stop also when an incumbent equal to zero is generated,
which, due to the presence of the absolute value in the objective function of
BAWCT-2, corresponds to an optimal solution of the problem providing a
perfect weighted balancing between JA and JB.
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9.2 The Lagrangian Approach versus Gurobi Opti-
mizer

9.2.1 Parameters Setting

As for the initial setting of λ in Algorithm 4 (LagrangianBAWCT-2), we have
chosen λ = e, where e is the vector of ones. To solve the linear assignment
problem LRx(λ), we have used Gurobi Optimizer software, version 9.1. Re-
garding the choice of the initial sequence π̄init, we have set it as the sequence
obtained by alternating the jobs between the two classes until one class is
completely scheduled, and by accommodating at the end the remaining jobs
of the other class, if any.

We observe that, in the mixed integer linear model (5.3)-(5.12), the pa-
rameter bt provided by the Glover linearization can be interpreted as a sort of
big M , since it constitutes an upper bound for the variable zjt. Based on this
consideration, in all the numerical experiments we have used a more stringent
value, say b̄t, for this parameter, letting

b̄1
△
= 0

and

b̄t
△
=

t−1∑
l=1

p(l), t = 2, . . . , n,

with p(j), for j = 1, . . . , n, being the processing times such that

p(1) ≥ p(2) ≥ . . . ≥ p(n).

This choice does not affect the equivalence between problem (5.3)-(5.12)
and problem (5.2) (see Theorem 5.2.1), since, taking into account the assign-
ment constraints (5.9)-(5.12), it holds

∑
l∈J

t−1∑
i=1

plxli ≤ b̄t, t = 1, . . . , n.

9.2.2 Numerical Results

The LagrangianBAWCT-2 code has been first tested on 21 test problems listed
in Table 9.1 and obtained for different values of nA and nB, up to 500 jobs.
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The processing times and the weights have been randomly generated from a
uniform distribution on the interval [1, 25] for problems 1-12 (small instances),
on the interval [1, 50] for problems 13-16 (medium instances) and on the in-
terval [1, 100] for problems 17-21 (large instances).

We compare our results with those ones obtained by Gurobi Optimizer in
solving exactly the mixed integer quadratically constrained program (5.2) and
the mixed integer linear program (5.3)-(5.12) (columns MIQCP and MILP of
Table 9.1, respectively), for which we have fixed as well a time limit equal to
3600 seconds. Moreover, in order to force Gurobi to generate better feasible
solutions, we have set the parameters MIPFocus and Heuristics equal to 1.

# n nA nB Greedy Lagrangian heuristics MIQCP (Gurobi) MILP (Gurobi)

Incumbent Time Incumbent Time Incumbent Time Incumbent
(secs) (secs) (secs)

1 20
10

10 525.50 0.021 0 139.73 0 0.940 0
2 30 20 1194.75 0.017 0 3600 0.50 3.05 0
3 40 30 1446.23 0.031 0 3600 2805.10 7.55 0

4 40
20

20 836.65 0.019 0 3600 0.350 14.20 0
5 50 30 2156.72 0.031 0 3600 6227.03 42.58 0
6 60 40 2049.95 0.123 0 3600 - 41.85 0

7 60
30

30 585.77 0.049 0 3600 - 61.46 0
8 70 40 2488.88 0.069 0 3600 - 128.76 0
9 80 50 1537.95 0.242 0 OOM 361.27 0

10 80
40

40 279.83 0.337 0 OOM 145.09 0
11 90 50 342.63 1.69 0 OOM 250.51 0
12 100 60 2922.91 0.288 0 OOM 528.43 0

13 100
50

50 5203.38 0.067 0 OOM 532.79 0
14 150 100 31312.22 1.02 0 OOM 3600 376.26

15 200
100

100 4066.43 3.26 0 OOM OOM
16 250 150 25109.42 1.49 0 OOM OOM

17 300
150

150 5520.81 2.97 0 OOM OOM
18 350 200 82117.30 97.47 0 OOM OOM

19 400
200

200 67275.48 146.49 0 OOM OOM
20 450 250 172938.22 41.95 0 OOM OOM

21 500 250 250 39367.53 128.12 0 OOM OOM

Table 9.1: Comparison of LagrangianBAWCT-2 against Gurobi Optimizer



98 Part II - Balancing the Average Weighted Completion Times

In particular, for each solver we report the execution time and the best
objective function value found by the algorithm (the incumbent). The charac-
ter “-” means that no feasible solution has been found within the time limit,
while “OOM” indicates an out-of-memory failure.

In solving each problem, LagrangianBAWCT-2 has exited with the best
incumbent being equal to zero, which is a sign of optimality (perfect weighted
balancing between JA and JB). We remind, in fact, that zero is as well a
trivial lower bound for the original problem because of the absolute value in
the objective function.

Note also that our approach is very fast, whereas solving exactly the mixed
integer programs appears to be prohibitive from the computational point of
view: in the quadratically constrained case (column MIQCP), in most of the
instances Gurobi Optimizer is not able to provide a feasible solution or fails
because of the out-of-memory event, while in the linear case (column MILP)
an optimal solution is found prevalently on the small instances, whereas for
the medium and the large ones the out-of-memory event occurs.

A trivial greedy solution to problem (5.1) is that one obtainable by al-
ternatively scheduling the jobs of the two classes and used to initialize π̄init.
Then, in order to get an idea of how far this trivial solution is from the optimal
one, we have added in Table 9.1 the values of the corresponding incumbent
(column Greedy Incumbent), which clearly testify that the greedy approach
provides a very imbalanced solution.

To assess the Lagrangian heuristics results of Table 9.1, we have performed
further experiments by testing our code on three additional groups of problems
(small, medium and large), considering different scenarios by varying nA and
nB chosen in the same way as in Table 9.1 (see Tables 9.2-9.4). For each
scenario a set of 50 instances has been generated, adopting the same above
strategy in order to randomly obtain the processing times and the weights.

In Tables 9.2-9.4, for each scenario we report the following results:

• the average execution time (seconds);

• the average value of the best incumbent;

• the average number of iterations needed to compute the best incumbent;

• the average execution time (seconds) per iteration.

• the number of instances certainly solved to optimality, i.e. when the
generated incumbent is equal to zero (in the other cases the optimal
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n nA nB Time Incumbent # Iter Time per # Solved
(secs) iter (secs) to opt

20
10

10 0.041 0 16.38 0.003 50/50
30 20 0.039 0 7.26 0.005 50/50
40 30 0.041 0 4.44 0.009 50/50

40
20

20 0.062 0 6.52 0.010 50/50
50 30 0.158 0 9.74 0.016 50/50
60 40 0.092 0 4.01 0.023 50/50

60
30

30 0.079 0 3.50 0.023 50/50
70 40 0.248 0 7.18 0.035 50/50
80 50 0.346 0 7.08 0.049 50/50

80
40

40 0.122 0 2.32 0.053 50/50
90 50 0.651 0 8.96 0.073 50/50
100 60 0.261 0 2.96 0.088 50/50

Table 9.2: LagrangianBAWCT-2 on small test problems (pj , wj ∈ [1, 25])

objective function value is unknown and we are not able to verify the
optimality).

The results reported in Tables 9.2-9.4 are coherent with those ones reported
in Table 9.1, since in solving each problem the code has exited very fast with
the best incumbent being again equal to zero.

To make the numerical experiments more compelling, we have run the code
also on some additional instances characterized by larger values of pj and wj ,
which have been taken randomly as integer numbers from a uniform distribu-
tion on the interval [1, 3n] (see Table 9.5). In such case, we have considered
six scenarios and for each scenario we have generated 20 instances. Differently
from the previous type of experiments, the code did not exit always with the
best incumbent equal to zero, within the fixed time limit. Nevertheless, on
the other hand, it is possible to observe that in all the cases an incumbent less
than or equal to 0.005 has been found on average.
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n nA nB Time Incumbent # Iter Time per # Solved
(secs) iter (secs) to opt

100
50

50 0.514 0 5.54 0.093 50/50
150 100 1.04 0 3.48 0.300 50/50

200
100

100 1.89 0 2.54 0.744 50/50
250 150 8.35 0 4.82 1.73 50/50

Table 9.3: LagrangianBAWCT-2 on medium test problems (pj , wj ∈ [1, 50])

n nA nB Time Incumbent # Iter Time per # Solved
(secs) iter (secs) to opt

300
150

150 20.99 0 5.14 4.08 50/50
350 200 65.91 0 10.50 6.28 50/50

400
200

200 66.10 0 3.38 19.56 50/50
450 250 212.55 0 8.56 24.83 50/50

500 250 250 123.29 0 3.64 33.87 50/50

Table 9.4: LagrangianBAWCT-2 on large test problems (pj , wj ∈ [1, 100])

From the overall results reported in Tables 9.2-9.5, it is evident how the
average time per iteration is monotonically increasing with respect to the
number of jobs. This behaviour is not surprising, since solving the assignment
problem and performing the local search require clearly more computational
effort for large values of n.

It is worth noting that, even if having C∗ = 0 is very frequent in the
practical cases (as shown by our randomly generated instances), on the other
hand this is not always guaranteed. Then, for the sake of completeness, in
order to analyze the behaviour of the Lagrangian heuristics in solving a non-
perfectly balanced problem (i.e. a problem with C∗ > 0), we have constructed
a simple toy example characterized by 10 jobs and C∗ = 17, whose data are
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n nA nB Time Incumbent # Iter Time per # Solved
(secs) iter (secs) to opt

60 30 30 1.08 0 95.45 0.011 20/20
100 50 50 12.01 0 124.10 0.097 20/20
200 100 100 144.58 0 178.10 0.812 20/20
300 150 150 737.13 0 177.00 4.17 20/20
400 200 200 1467.99 0.001 138.05 10.63 16/20
500 250 250 1847.42 0.005 81.70 22.61 4/20

Table 9.5: LagrangianBAWCT-2 on test problems with large ranges (pj , wj ∈
[1, 3n])

listed in Table 9.6.

JA JB
pj wj pj wj

5 5 7 10
3 3 3 11
1 4 9 16
6 2 2 15
5 1 4 9

Table 9.6: Toy problem with nA = nB = 5 and C∗ = 17

The results obtained by the Lagrangian heuristics on the toy problem are
reported in Table 9.7, in comparison with those ones provided by Gurobi Opti-
mizer in solving the two mixed integer problems, the quadratically constrained
program (MICQP) and the linear one (MILP). LagrangianBAWCT-2 has ex-
ited for reaching the maximum number itermax of iterations, performed in
0.758 seconds. On the other hand, Gurobi Optimizer has solved the quadrat-
ically constrained program in 91.24 seconds, while in the linear case it has
determined the optimal solution in 20.15 seconds.

To confirm the results obtained on the above toy problem, we finally re-
port in Table 9.8 the results obtained by the Lagrangian heuristics and Gurobi
Optimizer on additional 20 test problems, characterized by unweighted iden-
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Lagrangian heuristics MIQCP (Gurobi) MILP (Gurobi)

Time Incumbent Time Incumbent Time Incumbent
(secs) (secs) (secs)

0.758 17.00 91.24 17.00 20.15 17.000

Table 9.7: Comparison LagrangianBAWCT-2 against Gurobi Optimizer on
the toy problem described in Table 9.6

tical jobs (i.e. with pj = p and wj = 1, for all j ∈ J) and nA and nB odd
numbers. These problems, for which the optimal objective function value is
computable a priori as C∗ = np

2nAnB
> 0 (see Corollary 6.3.7 of Chapter 6),

have been obtained by randomly generating the constant p (fifth column of
Table 9.8) from a uniform distribution on the same intervals used for generat-
ing the instances of Table 9.1, i.e. [1, 25] for problems 1-12 (small instances),
[1, 50] for problems 13-16 (medium instances) and [1, 100] for problems 17-21
(large instances). In all such cases, the Lagrangian heuristics code has been
able to compute an optimal solution, exiting either for the maximum number
of iterations or for reaching the time limit.

About the comparison against Gurobi, we can confirm the comments done
on the results of Table 1, even if, in solving the MILP model, Gurobi is faster
than the Lagrangian heuristics on some of the small instances. Also for such
kind of problems, the greedy approach, for which in these cases the objective
function value is easily computable in a closed form1, provides an objective
function value that is always far from the optimal one.

1
∣∣C̄B − C̄A

∣∣ = p

(
max{nA, nB}2

− min{nA, nB}2 + nA + nB

)
2max{nA, nB}
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# n nA nB p Greedy Lagrangian heuristics MIQCP (Gurobi) MILP (Gurobi)

Incumbent Time Incumbent Time Incumbent Time Incumbent
(secs) (secs) (secs)

1 30
15

15 11 11.00 3.05 0.733 3600 0.733 0.68 0.733
2 40 25 9 79.20 8.16 0.480 3600 180.00 2.22 0.480
3 50 35 10 150.00 9.17 0.476 3600 250.00 5.71 0.476

4 50
25

25 13 13.00 10.45 0.520 3600 325.00 5.81 0.520
5 60 35 13 122.57 19.75 0.446 3600 - 14.20 0.446
6 70 45 12 196.00 42.31 0.373 OOM 29.88 0.373

7 70
35

35 12 12.00 21.15 0.343 OOM 3600 0.343
8 80 45 15 146.67 31.47 0.381 OOM 56.28 0.381
9 90 55 15 257.73 44.87 0.351 OOM 102.37 0.351

10 90
45

45 14 14.00 43.33 0.311 OOM 102.76 0.311
11 100 55 14 140.00 60.28 0.283 OOM 3600 0.283
12 110 65 17 302.08 76.23 0.319 OOM 3600 0.319

13 150
75

75 43 43.00 211.41 0.573 OOM 3600 517.72
14 200 125 16 652.80 733.44 0.171 OOM OOM

15 250
125

125 42 42.00 1927.55 0.336 OOM OOM
16 300 175 2 87.43 3378.99 0.014 OOM OOM

17 350
175

175 77 77.00 3600 0.440 OOM OOM
18 400 225 1 45.33 3600 0.005 OOM OOM

19 450
225

225 26 26.00 3600 0.116 OOM OOM
20 500 275 54 2503.64 3600 0.218 OOM OOM

Table 9.8: Comparison of LagrangianBAWCT-2 against Gurobi Optimizer on
test problems with unweighted identical jobs and both nA and nB odd

9.3 The Genetic Algorithm versus the Lagrangian
Approach

9.3.1 Parameters Setting

We recall that a preliminary step in the implementation of any genetic algo-
rithm is the parameters setting, which is crucial since it strongly affects the
performance of the approach. Moreover, because a vast number of possible
settings has to be considered, this is not a trivial step.

In particular, our heuristics GeneticBAWCT-2 (Algorithm 7) is defined in
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function of three numerical input parameters (size, prc, prm) and four categor-
ical parameters (the inner procedures Initial population, Selection, Crossover
and Mutation), the latter to be chosen among the different strategies proposed
in the previous chapter and summarized in Table 9.9. About the possible val-
ues of the numerical parameters, our proposal is reported in Table 9.10 (three
different values for each parameter), coming out with a total of seven parame-
ters and 37 = 2187 combinations for the overall setting of the algorithm. Due
to the huge number of these combinations, the parameters setting has been
simplified by adopting the following strategy.

Parameters Proposed values

Initial population Random Alternated Bidirectional
Selection Roulette Binary tournament k-tournament
Crossover One-point Two-point Position-based
Mutation Arbitrary two-job Shift Arbitrary batch

Table 9.9: Domains of the categorical parameters
.

Parameters Proposed values

size 20 50 100
prc 0.75 0.85 0.95
prm 0.05 0.25 0.5

Table 9.10: Domains of the numerical parameters

Initially, the three numerical parameters (size, prc, prm) have been fixed
to the median of the proposed values, i.e. 50, 0.85 and 0.25, respectively.
Then, in correspondence to such values of the numerical parameters, we have
considered all the 34 combinations of the four categorical parameters and, for
each combination, we have run the code on 30 randomly generated instances
of the problem. For creating such instances, we have considered three different
scenarios in correspondence to nA = nB = k, with k ∈ {100, 150, 250}, and,
for each scenario, we have generated ten instances by uniformly sampling pj
and wj in the interval [1, 3n]. Taking into account that the algorithm has
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been able to solve to optimality (i.e. fitnessIbest = +∞) all these instances,
the execution time has been considered as the performance measure. The
optimal setting of the categorical parameters, i.e. that one in correspondence
to which we have obtained the lowest average execution time, has resulted in
the following:

• Initial population: Bidirectional generation;

• Selection: Binary tournament;

• Crossover: Two-point crossover;

• Mutation: Shift change.

Successively, in correspondence to the above fixed best configuration of the
categorical parameters, we have similarly proceeded to determine the optimal
setting of the numerical parameters by considering all the 33 combinations.
We have obtained:

• size = 20;

• prc = 0.85;

• pm = 0.5.

For the sake of completeness, in Figures 9.1 and 9.2, the main effects plots
of the categorical and of the numerical parameters, respectively, are reported,
using as metric the execution time.

9.3.2 Numerical Results

The main purpose of this section is to show the effectiveness of the genetic
algorithm especially in solving very large scale problems. Then, in order to
compare GeneticBAWCT-2 against LagrangianBAWCT-2, we have run the
codes on the same large test problems listed in Table 9.5, reporting the results
in Table 9.11. In particular, for each scenario we list:

• the average execution time (in seconds);

• the average best incumbent, i.e. the average best objective function
value of problem (4.1), found by the algorithm;
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Figure 9.1: Main effects plots of the categorical parameters

• the number of instances certainly solved to optimality, i.e. how many
times the algorithm exited with a zero objective function value.

LagrangianBAWCT-2 GeneticBAWCT-2

n nA nB Time Best #Solved Time Best #Solved
(secs) incumbent to opt (secs) incumbent to opt

60 30 30 1.08 0 20/20 0.026 0 20/20
100 50 50 12.01 0 20/20 0.101 0 20/20
200 100 100 144.58 0 20/20 1.35 0 20/20
300 150 150 737.13 0 20/20 3.45 0 20/20
400 200 200 1467.99 0.001 16/20 11.97 0 20/20
500 250 250 1847.42 0.005 4/20 42.72 0 20/20

Table 9.11: Comparison of GeneticBAWCT-2 against LagrangianBAWCT-2

Looking at the results, it is evident that the genetic algorithm overcomes
the Lagrangian heuristics: in fact, differently from LagrangianBAWCT-2, the
GeneticBAWCT-2 code has been able to solve to optimality all the 120 in-
stances, and moreover, in terms of execution time, it is clearly the winner
with a difference of two orders of magnitude.

In order to test this approach on more and larger instances, we have in
addition randomly generated new large scale test problems grouped in seven
scenarios, each of them constituted by ten instances. In such case, a maximum
number of jobs equal to 2000 has been considered, taking again pj and wj as
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Figure 9.2: Main effects plots of the numerical parameters

random integer numbers from a uniform distribution on the interval [1, 3n].
The obtained results are reported in Table 9.12, from which we can observe
that the genetic algorithm GeneticBAWCT-2 has been able to certainly solve
to optimality more than 50% of the overall instances, providing however, for
each scenario, an average value of the incumbent less than 0.001.
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n nA nB Time Best #Solved

(secs) incumbent to opt

1000 500 500 619.81 0 10/10
1100 500 600 2581.38 0.0002 5/10
1200 500 700 2370.27 0.0001 5/10
1300 500 800 2589.24 0.0002 4/10
1400 500 900 3220.57 0.0002 4/10
1500 500 1000 1984.54 0.0002 8/10
2000 1000 1000 2426.04 0.0006 6/10

Table 9.12: LagrangianBAWCT-2 on very large test problems (pj , wj ∈ [1, 3n])
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Chapter 10

Conclusions and Future
Research

In this thesis, we have introduced a new single-machine scheduling problem for
balancing the average weighted completion times of two classes of jobs. This
problem, named BAWCT-2, could be interpreted as a two-agent scheduling
problem of the cooperative type. In fact, even if the agents share the same
machine, they cooperate in order to optimize the (unique) global objective
function, aimed at balancing their average weighted completion times.

After discussing some possible applications, we have proved the NP-hard-
ness of the problem by a polynomial reduction from the well known NP-
complete partition problem.

Then, focusing on a simplified version of the problem obtained by assuming
identical jobs (i.e. same processing time) and unitary weight, we have shown
that the problem in such case is polynomially solvable. In particular, we have
proposed a resolution algorithm, named OptBACTI-2, and we have proved
that it outputs an optimal solution in linear time.

Successively, in order to face the general NP-hard problem, we have pro-
posed a possible mathematical formulation, obtaining a variant of the well
known quadratic assignment problem that can be easily reduced to a mixed
integer quadratically constrained formulation. Then, by applying the Glover
linearization technique, we have obtained a mixed integer linear program, ex-
ploited to design a Lagrangian heuristics based on solving, at each iteration,
a linear assignment problem. The proposed algorithm, named Lagrangian-
BAWCT-2, has revealed to be able to solve instances up to 500 jobs. As a
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consequence, in order to face larger scale instances, we have proposed a ge-
netic algorithm to speed up the resolution process. The algorithm, named
GeneticBAWCT-2, has been able to deal with instances containing up to 2000
jobs.

Future research will be devoted to consider a bi-objective version of the
problem, introducing a new criterion aimed at minimizing the average weighted
completion time of one of the two agents. In fact, in the current version of
the problem faced in the thesis, the possibility of obtaining balanced solutions
with high values of the average weighted completion times of the two agents
can occur.

Very recently, we have also modelled BAWCT-2 as a network design prob-
lem. Such formulation could be exploited to design new potential heuristic
solution approaches.
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1. Introduction

There exists a huge variety of scheduling problems [1], 
depending on the number and/or on the type of machines, 
on the characteristics of the jobs and on the prefixed ob-
jective function. Most of them are characterized by one 
decision-maker (the agent) and one objective function. On 
the other hand, in the last years some researchers have 
focused on the so-called multi-agent scheduling problems, 
where each agent has to process its jobs on some ma-
chines to be shared with other agents. We highlight that a 
multi-agent scheduling problem is different from a multi-
objective one: in the multi-objective case (see for exam-
ple [2]), all the jobs contribute to each objective function, 
whereas, in the multi-agent case, generally each agent sub-
mits its jobs according to its own objective function, which 
may be different and/or opposite with respect to the ob-
jective functions of its competitors. In other words, in a 
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multi-agent problem each job generally contributes only to 
the objective of the corresponding agent.

One of the seminal papers on two-agent single-machi-
ne scheduling problem is [3], where different scenarios has 
been considered by taking into account the following ob-
jective functions: the maximum of regular functions, the 
number of late jobs and the total weighted completion 
times. Other papers on two-agent single-machine schedul-
ing problems are for example [4–7].

An interesting multi-agent problem is given in [8], 
where, apart from the objective functions relative to each 
subset of jobs, a global objective function is at the same 
time considered, taking into account the global perfor-
mance of the overall system. Finally, an extension to mul-
tiple machines has been presented in [9].

As mentioned above, in a standard multi-agent sche-
duling problem each job contributes only to the objective 
of the corresponding agent: for this reason we say that this 
kind of problem is of the competitive type.

In contrast, in this paper we tackle a two-agent single-
machine co-operative type scheduling problem, non-pre-
emptive and deterministic, characterized by two sets of 
jobs, one for each agent. All the involved jobs contribute 
to a common objective function, aimed at balancing the 

https://doi.org/10.1016/j.ipl.2019.105886
0020-0190/© 2019 Elsevier B.V. All rights reserved.
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average completion times between the two sets. For this 
kind of problem we present a solution algorithm under the 
hypothesis that all the jobs in the two sets are identical 
(i.e. they have the same processing time), showing that an 
optimal solution is obtainable in constant time if the job-
position assignment procedure is not explicitly considered.

We point out that, although this problem reduces to a 
simple case of the well known subset-sum problem, to the 
best of our knowledge it seems that it has not been ex-
pressly treated in the literature.

The paper is organized as follows. In the next section 
we formalize the problem, showing that it reduces to a 
particular case of the subset-sum problem. In Section 3
we describe a solution algorithm, pointing out the exis-
tence of different optimal solutions and providing a possi-
ble closed-form expression for solving the problem. Finally 
the optimality is proved in Section 4 and a variant of such 
a problem is considered in Section 5.

Throughout the paper, we adopt the following nota-
tion. Given a sequence π and a job j, we indicate by [ j]
the integer number indicating the position of job j in the 
sequence π and by ·[ j] any quantity referred to the job 
processed in the position j. Finally, in correspondence to 
any real number r, the nearest integer number less (resp. 
greater) than or equal to r is denoted by �r� (resp. �r�).
2. Problem definition

In this section we formalize the proposed two-agent 
single-machine scheduling problem, assuming that all the 
involved jobs are identical.

Consider the following example. Two groups of stu-
dents, A and B , coming from two different courses, have 
to take an oral examination with the same teacher. The 
teacher convokes all of them at the same hour in the lec-
ture room and he would like to schedule them in a such 
way that the average completion times of both the groups 
are possibly the same. This problem could be modeled as 
follows.

A and B are the agents and the students of each group 
are the jobs of the agents. Then we indicate by

J A
�= {a1, . . . ,anA }

the job set of the agent A and by

J B
�= {b1, . . . ,bnB }

the job set of the agent B , with nA, nB ≥ 1. We assume 
that all the jobs in the sets J A and J B are non-preemptive 
and characterized by the following nonnegative processing 
times:

pai i = 1, . . . ,nA

and

pbi i = 1, . . . ,nB .

The goal of both the agents is to process their jobs on a 
same machine, with the aim to balance as much as possi-
ble the respective average completion times. Then, indicat-
ing by π any possible schedule of the jobs, the optimiza-
tion problem to be solved is the following:

min
π

∣∣∣∣∣∣∣∣∣∣∣

nA∑
i=1

Cai (π)

nA
−

nB∑
i=i

Cbi (π)

nB

∣∣∣∣∣∣∣∣∣∣∣
, (1)

where Cai (π), i = 1, . . . , nA , and Cbi (π), i = 1, . . . , nB , are 
the completion times (depending on the specific sequence 
π ) of the jobs in the sets J A and J B , respectively.

Letting n �= nA + nB , we focus on the simplest case 
where we assume that all the n jobs have the same pro-
cessing time, say p > 0. Then we come out with the fol-
lowing optimization problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗ �= min
π

∣∣∣∣∣∣∣∣∣∣

nA∑
i=1

Cai (π)

nA
−

nB∑
i=i

Cbi (π)

nB

∣∣∣∣∣∣∣∣∣∣
with:
pai = p i = 1, . . . ,nA

pbi = p i = 1, . . . ,nB ,

(2)

which can be interpreted as a kind of subset-sum problem 
[10]. In fact, since all the n jobs have the same processing 
time p, in correspondence to any sequence π we have:

C[1] = p,

C[2] = 2p,
...

C[n] = np,

(3)

where C[ j] is the completion time of the job processed in 
the position j (for the sake of simplicity in the notation, 
we omit the dependence of the completion time on π , if 
no confusion occurs). Then, in correspondence to any sub-
set Ī ⊆ I = {1, . . . , n}, we have∑
i∈ Ī

C[i] = p
∑
i∈ Ī

i.

As a consequence, problem (2) reduces to finding two dis-
joint subsets Ī A and Ī B of I , having cardinality nA and nB

respectively, such that Ī A ∪ Ī B = I and the quantity

p

∣∣∣∣∣∣∣∣∣

∑
i∈ Ī A

i

nA
−

∑
i∈ Ī B

i

nB

∣∣∣∣∣∣∣∣∣
is minimum.

3. A solution algorithm

In this section we present an algorithm, which provides 
an optimal solution to problem (2), assigning each job to 
exactly one position into the sequence.

Given the job set J A of the agent A and the job set J B
of the agent B , together with their respective cardinalities 
nA and nB , the algorithm works by first assigning to some 
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appropriate positions of the optimal sequence all the jobs 
of one set, that in the sequel we will call the pioneer set, 
and by successively accommodating the jobs of the other 
set into the remaining positions. The choice of the pioneer 
set is made in function of the parity of nA and nB . In par-
ticular, when nA and nB are both even or both odd, the 
sets J A and J B play a symmetric role and, in this case, we 
can choose indifferently one of them as the pioneer set. On 
the other hand, if the cardinalities nA and nB of the two 
sets are neither both odd nor both even, the role played by 
J A and J B is no more symmetric and the pioneer set must 
necessarily be the set whose cardinality is even.

Based on these considerations, without loss of general-
ity, we state the algorithm assuming J A as the pioneer set. 
In fact, whenever nA is odd and nB is even, it is sufficient 
to switch in the algorithm the role played by the respec-
tive sets J A and J B , letting J B be the pioneer set instead 
of J A .

We denote by I the set of the current available posi-
tions in the optimal sequence and by I A the initial index 
set in correspondence to the pioneer set J A . Moreover, to 
take into account the role played by the parity of nA and 
nB , we introduce the binary switch variable s having the 
following meaning:{
s = 0 if both nA and nB are odd numbers,
s = 1 otherwise.

Then, given the job sets

J A = {a1, . . . ,anA } and J B = {b1, . . . ,bnB },
the algorithm can be stated as follows.

Algorithm 1.

Step 0 (Inizialization) If both nA and nB are odd num-
bers, set s := 0, otherwise set s := 1. Set k̄ :=
�n/2� − 1 + s, K := {1, . . . , ̄k}, I := {1, . . . , n} and 
I A := {1, . . . , nA}. If s = 0 go to Step 1, otherwise 
go to Step 2.

Step 1 (Initial single assignment) Select an arbitrary in-
dex i ∈ I A and assign the job ai ∈ J A to the po-
sition n/2. Set I A := I A \ {i}, I := I \ {n/2} and go 
to Step 3.

Step 2 (Couple assignment) Select an arbitrary couple 
of indexes i, j ∈ I A , with i �= j, and an arbi-
trary index k ∈ K . Assign the job ai ∈ J A to the 
position k and the job a j ∈ J A to the position 
n + 1 − k. Set I A := I A \ {i, j}, K := K \ {k} and 
I := I \ {k, n + 1 − k}.

Step 3 (Stopping criterion and assignment of J B ) If I A =
∅, assign arbitrarily all the jobs of J B to the re-
maining positions available in I and STOP; other-
wise go to Step 2.

Some observations are in order. First of all, termination 
of the algorithm is trivially guaranteed due to the finite-
ness of the job sets J A and J B . Moreover we observe that, 
because of the assumption that J A is the pioneer set, the 
algorithm switches between the following two cases: i) 

both nA and nB are odd numbers (s = 0); ii) nA is even 
(s = 1). These two cases differ uniquely for the passage to 
Step 1, which accommodates a single job of J A into the 
position n/2 and which is performed just once, only in the 
case i), where both nA and nB are odd and, consequently, 
n is even making this step well posed. Based on these con-
siderations, Step 1 can be interpreted as the step aimed at 
making the cardinality of I A even: in fact, after it is per-
formed, the case i) reduces to the case ii).

Furthermore it is worth noting that the optimal solu-
tion provided by the algorithm is not uniquely determined, 
since it depends on some arbitrary choices at Step 2. In 
particular, apart from the selection of the couple of jobs in 
J A to be accommodated into the optimal sequence at the 
current iteration, Step 2 is characterized also by the choice 
of the index k, which is performed �nA

2 � times among 
� n
2 � + s − 1 numbers without repetitions: consequently the 

number of obtainable different optimal solutions, in terms 
of positions assigned to J A and J B , is equal to the bino-
mial coefficient( �n

2� + s − 1
�nA

2 �
)

.

We will show the optimality of Algorithm 1 in the next 
section. To better clarify its behavior, in the following we 
report two examples considering the cases s = 0 and s = 1, 
respectively. We indicate by C̄ A and C̄ B the average com-
pletion times of the jobs in J A and J B , respectively.

Example 1. Letting J A = {a1, a2, a3} and J B = {b1, b2,b3,
b4,b5}, we have nA = 3, nB = 5, and, consequently, n = 8. 
The steps are the following.

Step 0: Since both nA and nB are odd, we set: s := 0. As a 
consequence k̄ := 3 and K := {1, 2, 3}. Moreover, 
I := {1, 2, 3, 4, 5, 6, 7, 8} and I A := {1, 2, 3}. Since 
s = 0, we go to Step 1.

Step 1: Selecting i = 1, we have [a1] = 4. Then I A :=
{2, 3}, K := {1, 2, 3}, I := {1, 2, 3, 5, 6, 7, 8} and 
we go to Step 3.

Step 3: Since I A �= ∅, we go to Step 2.
Step 2: We select i = 2, j = 3 and k = 1. As a con-

sequence, [a2] = 1 and [a3] = 8. Then I A := ∅, 
K := {2, 3} and I := {2, 3, 5, 6, 7}.

Step 3: Since I A = ∅, we assign all the jobs of J B to the 
available positions in the set I and we stop.

The optimal sequence is the following:

π∗ = {a2,b1,b2,a1,b3,b4,b5,a3}.
Then we have

C̄ A = p + 4p + 8p

3
= 13

3
p

and

C̄ B = 2p + 3p + 5p + 6p + 7p

5
= 23

5
p.

Consequently C∗ = |C̄ A − C̄ B | = 4

15
p.
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Example 2. Letting J A = {a1, a2, a3, a4} and J B = {b1, b2,
b3}, we have nA = 4, nB = 3, and, consequently, n = 7. Al-
gorithm 1 works in the following way.

Step 0: Since nA is even and nB is odd, we set: s := 1. 
As a consequence k̄ := 3 and K := {1, 2, 3}. More-
over, I := {1, 2, 3, 4, 5, 6, 7} and I A := {1, 2, 3, 4}. 
Since s = 1, we go to Step 2.

Step 2: We select i = 1, j = 2 and k = 1. As a conse-
quence, [a1] = 1 and [a2] = 7. Then I A := {3, 4}, 
K := {2, 3} and I := {2, 3, 4, 5, 6}.

Step 3: Since I A �= ∅, we return to Step 2.
Step 2: We select i = 3, j = 4 and k = 2. As a con-

sequence, [a3] = 2 and [a4] = 6. Then I A := ∅, 
K := {3} and I := {3, 4, 5}.

Step 3: Since I A = ∅, we assign all the jobs of J B to the 
available positions in the set I and we stop.

The optimal sequence is the following:

π∗ = {a1,a3,b1,b2,b3,a4,a2}.
Then we have

C̄ A = p + 2p + 6p + 7p

4
= 4p

and

C̄ B = 3p + 4p + 5p

3
= 4p.

Consequently C∗ = |C̄ A − C̄ B | = 0.

We observe that, differently from the second example, 
in the first one the optimal solution does not provide a 
perfect balancing between the average completion times 
of the job sets J A and J B : we will show in fact (see next 
section, Lemma 2) that, whenever both nA and nB are odd, 
then C∗ > 0.

Remark 1. Apart from the case s = 0 where initially a job 
of J A is placed in position n/2, if, at each iteration, the in-
dex k is chosen as the smallest one in the set K , the jobs 
ai, a j ∈ J A are assigned to the extreme positions of the op-
timal sequence, one at the beginning and the other one 
at the end: consequently, at the last iteration, the jobs be-
longing to J B are accommodated into the central positions. 
In other words, an optimal assignment of the pioneer set 
J A is identified by the following set Ī A of positions:

Ī A =
{
1,2, . . . ,

⌊nA

2

⌋
,
n

2
,n −

⌊nA

2

⌋
+ 1,

n −
⌊nA

2

⌋
+ 2, . . . ,n

}
(4)

if s = 0, and

Ī A =
{
1,2, . . . ,

⌊nA

2

⌋
,n −

⌊nA

2

⌋
+ 1,

n −
⌊nA

2

⌋
+ 2, . . . ,n

}
(5)

if s = 1.
Based on (4) and (5), problem (2) is solvable in con-

stant time; but, on the other hand, we have also to take 
into account that in the practical applications a complete 
solution of the problem requires to assign explicitly each 
job to exactly one position, which is necessarily performed 
at least in time O (n) (see next section, Theorem 1).

4. Optimality

In this section we prove that the solution provided by 
Algorithm 1 is an optimal solution to problem (2), assum-
ing J A as the pioneer set (without loss of generality, as 
explained in Section 3), and we give a characterization of 
the optimal objective function value C∗ .

We show first the following two lemmas.

Lemma 1. Problem (2) is equivalent to the following problem:

z∗ �= min
π

∣∣∣∣∣
nA∑
i=1

[ai] − nA(n + 1)

2

∣∣∣∣∣ , (6)

with

z∗ = C∗nAnB

np
. (7)

Proof. Multiplying the objective function of problem (2)
by nAnB , we obtain

min
π

∣∣∣∣∣nB

nA∑
i=1

Cai − nA

nB∑
i=1

Cbi

∣∣∣∣∣ . (8)

By (3) we have:
nA∑
i=1

Cai +
nB∑
i=1

Cbi = p
n∑

i=1

i = pn(n + 1)

2

and consequently:
nB∑
i=1

Cbi = pn(n + 1)

2
−

nA∑
i=1

Cai . (9)

Substituting (9) in (8), we obtain:

min
π

∣∣∣∣∣nB

nA∑
i=1

Cai −
nA pn(n + 1)

2
+ nA

nA∑
i=1

Cai

∣∣∣∣∣ ,
i.e.

min
π

∣∣∣∣∣n
nA∑
i=1

Cai −
nA pn(n + 1)

2

∣∣∣∣∣ ,
which, dividing by n, becomes:

min
π

∣∣∣∣∣
nA∑
i=1

Cai −
nA p(n + 1)

2

∣∣∣∣∣ ,
or, equivalently:

min
π

∣∣∣∣∣p
nA∑
i=1

[ai] − nA p(n + 1)

2

∣∣∣∣∣ .
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Finally, dividing by p, we obtain:

min
π

∣∣∣∣∣
nA∑
i=1

[ai] − nA(n + 1)

2

∣∣∣∣∣ .
As a consequence, relationship (7) holds. �

Remark 2. Problem (6) can be interpreted as a simplified 
version of problem (2), since it is independent on p and 
involves only the jobs of the pioneer set J A . This consider-
ation reflects the scheme of Algorithm 1, which works by 
first accommodating into the optimal sequence all the jobs 
of J A and, successively, by arbitrarily assigning the jobs of 
J B into the remaining positions.

Remark 3. As observed about problem (2), also the equiva-
lent problem (6) appears as a particular case of the subset-
sum problem. In fact, given the set I = {1, . . . , n}, problem 
(6) reduces to find a subset Ī ⊂ I , of cardinality nA , such 
that the function∣∣∣∣∣∣
∑
i∈ Ī

i − nA(n + 1)

2

∣∣∣∣∣∣
is minimized. As a consequence, it can be interpreted as 
a subset-sum problem whose objective is to minimize the 
deviation of the sum of the elements in Ī , with respect to 
the target T �= nA(n+1)

2 .

Lemma 2. If both nA and nB are odd, the objective function of 
problem (6) takes the form

x+ 1

2
,

with x being a nonnegative integer number. As a consequence, 
C∗ > 0.

Proof. The objective function of problem (6) is∣∣∣∣∣
nA∑
i=1

[ai] − nA(n + 1)

2

∣∣∣∣∣ .
Then, if both nA and nB are odd, n is even and nA(n + 1)
is odd; consequently, since the term
nA∑
i=1

[ai]

is integer, the proof follows. Finally, taking into account (7), 
it holds C∗ > 0. �
Theorem 1. Algorithm 1 provides an optimal solution to prob-
lem (2), assigning each job exactly to one position in time O (n).

Proof. The calculation of the computational complexity is 
trivial. In fact, apart from the initialization step (Step 0), 
the core of the algorithm resides in Step 2 and Step 3, 
since Step 1 is eventually performed only once in time 
O (1). More specifically, in time O (nA) the algorithm cycles 

between Step 2 and Step 3 for �nA/2� times, accommodat-
ing each time two jobs of J A into the optimal sequence, 
and terminates by assigning in time O (nB) all the jobs of 
J B .

In order to show the optimality, we treat separately the 
two cases s = 0 and s = 1, respectively.

Case 1) s = 0: both nA and nB are odd.
By Lemma 1, problem (2) is equivalent to problem (6). 

The quantity 
∑nA

i=1 [ai], which corresponds to the sum of 
the positions assigned to the jobs of J A , is easily com-
putable on the basis of the following considerations. At 
Step 1 a job in J A is scheduled in the position n/2, while 
at Step 2 two jobs in J A are scheduled, for nA−1

2 times, 
in the positions k and n + 1 − k, respectively. As a conse-
quence:

∑nA
i=1 [ai] = n

2
+ nA − 1

2
(k + n + 1− k)

= nA(n + 1) − 1

2

(10)

Substituting (10) in the objective function of problem (6), 
we obtain∣∣∣∣nA(n + 1) − 1

2
− nA(n + 1)

2

∣∣∣∣ = 1

2
,

which, by Lemma 2, is the optimal function value of prob-
lem (6).

Case 2) s = 1: nA is even.
Analogously to the previous case, since at Step 2 two 

jobs in J A are scheduled for nA
2 times in the positions k

and n + 1 − k respectively, we have

nA∑
i=1

[ai] = nA(n + 1)

2

and, by Lemma 1, taking into account the objective func-
tion of problem (6), it follows z∗ = 0. �
Remark 4. Given C∗ , by using formula (7) to compute the 
objective function value of problem (6), in correspondence 
to the optimal solutions of Example 1 and Example 2, we 
obtain, as expected, z∗ = 1

2 and z∗ = 0, respectively.

Finally, from the proof of Theorem 1 and taking into 
account relationship (7), the following result holds.

Corollary 1. Given problem (2), if at least one between nA and 
nB is even then C∗ = 0, otherwise

C∗ = np

2nAnB
.

5. A variant of the problem

In this section we face a variant of problem (2), in order 
to take into account more explicitly the cardinalities of J A
and J B in the objective function.
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In particular we tackle the following problem:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

C∗
w

�= min
π

∣∣∣∣∣
nA

n

nA∑
i=1

Cai (π) − nB

n

nB∑
i=i

Cbi (π)

∣∣∣∣∣
with:
pai = p i = 1, . . . ,nA

pbi = p i = 1, . . . ,nB ,

(11)

aimed at balancing the total weighted completion times 
of the two job sets, whose weights are the relative car-
dinalities nA/n and nB/n of J A and J B , respectively. It is 
easy to see that, analogously to problem (2), also problem 
(11) can be interpreted as a special case of the subset-sum 
problem.

For solving this problem we propose a mathematical 
programming formulation by introducing the following bi-
nary decision variables:

{
xij = 1 if the job ai is processed in position j,
xij = 0 otherwise,

with i = 1, . . . , nA and j = 1, . . . , n, and

{
yij = 1 if the job bi is processed in position j,
yij = 0 otherwise,

with i = 1, . . . , nB and j = 1, . . . , n. Then, recalling that 
C[ j] = jp (see (3)), an optimization model solving problem 
(11) is the following:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗
w = min

x,y

∣∣∣∣∣∣
nA

n

nA∑
i=1

n∑
j=1

jpxi j − nB

n

nB∑
i=1

n∑
j=1

jpyi j

∣∣∣∣∣∣
n∑
j=1

xij = 1 i = 1, . . . ,nA

n∑
j=1

yij = 1 i = 1, . . . ,nB

nA∑
i=1

xij +
nB∑
i=1

yij = 1 j = 1, . . . ,n

xij ∈ {0,1} i = 1 . . . ,nA j = 1 . . . ,n
yij ∈ {0,1} i = 1 . . . ,nB j = 1 . . . ,n,

(12)

where the first two groups of constraints impose that each 
job, in the sets J A and J B respectively, must be assigned 
exactly to one position, while the third group imposes that 
each position must be assigned exactly to one job.

The objective function of problem (12) is non-linear and 
it is a convex non-differentiable piecewise affine function. 
It is well known that such a problem can be linearized by 
introducing an additional decision variable, say v , resulting 
in the following equivalent mixed-integer linear program:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
x,y,v

pv

v ≥ nA

n

nA∑
i=1

n∑
j=1

jxi j − nB

n

nB∑
i=1

n∑
j=1

jyi j

v ≥ nB

n

nB∑
i=1

n∑
j=1

jyi j − nA

n

nA∑
i=1

n∑
j=1

jxi j

n∑
j=1

xij = 1 i = 1, . . . ,nA

n∑
j=1

yij = 1 i = 1, . . . ,nB

nA∑
i=1

xij +
nB∑
i=1

yij = 1 j = 1, . . . ,n

xij ∈ {0,1} i = 1 . . . ,nA j = 1 . . . ,n
yij ∈ {0,1} i = 1 . . . ,nB j = 1 . . . ,n,

(13)

which is characterized by one real variable, n2 binary vari-
ables and 2n + 2 constraints.

We note that, although problem (13) is an assignment 
type problem, it cannot be solved as a linear program, 
since the total unimodularity of the constraints matrix is 
lost, due to the presence of the first two constraints intro-
duced to linearize the objective function of problem (12). 
On the other hand we observe that, when nA and nB co-
incide, problem (11) reduces to problem (2) and, conse-
quently, it can be solved in constant time by using formu-
las (4) and (5), or in linear time by means of Algorithm 1
which provides in addition the job-position assignments.

In the sequel we will show that, when the difference 
between the cardinalities nA and nB of the two job sets 
J A and J B , respectively, is sufficiently large, the optimal 
unique solution consists in simply accommodating at the 
end of the sequence all the jobs, in any order, belonging to 
the set with the smallest cardinality and, consequently, in 
assigning to the first positions all the jobs, in any order, of 
the set with the largest cardinality.

Without loss of generality, in the following we consider 
J A , the pioneer set, as the job set with the largest cardi-
nality and J B as the job set with the smallest cardinality. 
We prove first the following lemma.

Lemma 3. Let π̄ = {a1, . . . , anA , b1, . . . , bnB }. Then

nA

n

nA∑
i=1

Cai (π̄ ) − nB

n

nB∑
i=i

Cbi (π̄ ) ≥ 0 (14)

if and only if nB ≤ �n̄A�, with n̄A
�=

√
5n2A + 6nA + 1− nA − 1

2
.

Proof. By (3) we have:

nA∑
i=1

Cai (π̄ ) = pnA(nA + 1)

2
(15)

and
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nB∑
i=1

Cbi (π̄ ) = pn(n + 1) − pnA(nA + 1)

2
. (16)

Substituting (15) and (16) in (14), we obtain:

pn2A(nA + 1) − pnBn(n + 1) + pnBnA(nA + 1)

2n
≥ 0, (17)

which, multiplying by the positive quantity 2n/p, be-
comes:

n2A(nA + 1) − nBn(n + 1) + nBnA(nA + 1) ≥ 0.

Recalling that n = nA + nB , the above inequality can be 
rewritten as follows:

n3A + n2A − n3B − 2n2BnA − n2B ≥ 0,

i.e.

(nA + nB)(n
2
A − nAnB + nA − n2B − nB) ≥ 0.

Dividing by n = nA + nB > 0, we obtain:

n2A − nAnB + nA − n2B − nB ≥ 0, (18)

whose solution, with respect to nB , is:

−
√
5n2A + 6nA + 1− nA − 1

2
≤ nB

≤
√
5n2A + 6nA + 1− nA − 1

2
.

The thesis follows recalling that nB is a positive integer 
number. �
Theorem 2. If nB ≤ �n̄A�, with

n̄A
�=

√
5n2A + 6nA + 1− nA − 1

2
,

then the sequences characterized by all the jobs of J A in the first 
positions (in any order) and all the jobs of J B in the last posi-
tions (in any order) are the unique optimal solutions to problem 
(11), with

C∗
w = p

n3A − n3B + n2A − n2B − 2n2BnA

2n
.

Proof. Let π̄ = {a1, . . . , anA , b1, . . . , bnB } be a sequence 
such that nB ≤ �n̄A�. First of all, we observe that all the 
sequences obtained from π̄ by switching the positions 
between two jobs of J A or between two jobs of J B are 
characterized by the same objective function value pro-
vided by π̄ .

Then, denoting by f (π) the objective function of prob-
lem (11), we show the optimality and the uniqueness by 
proving that, in correspondence to any other sequence 
π̂ �= π̄ , obtained from π̄ by switching the positions be-
tween a job of J A and a job of J B , it holds f (π̂ ) > f (π̄ ). 
In fact, letting

g(π)
�= nA

n

nA∑
i=1

Cai (π),

and

h(π)
�= nB

n

nB∑
i=i

Cbi (π),

we have

f (π) = |g(π) − h(π)|.
Since p > 0, it holds:

g(π̂ ) > g(π̄ ) (19)

and

h(π̂ ) < h(π̄ ). (20)

By Lemma 3, we have:

f (π̄ ) = g(π̄ ) − h(π̄ ). (21)

From (21), taking into account inequalities (19) and (20), 
we obtain:

f (π̂ ) = g(π̂ ) − h(π̂ ) > f (π̄ ).

Consequently, π̄ is optimal and

C∗
w = f (π̄ ) = nA

n

nA∑
i=1

Cai (π̄ ) − nB

n

nB∑
i=i

Cbi (π̄ ). (22)

Substituting (15) and (16) in (22), and taking into account 
that n = nA + nB , we obtain:

C∗
w = p

n3A − n3B + n2A − n2B − 2n2BnA

2n
. �

Remark 5. If nA ≥ 2, the value nB = �nA
2 � satisfies the in-

equality nB ≤ �n̄A�.

Remark 6. From Theorem 2 and taking into account (22), 
we have that, if nB ≤ �n̄A�, the function value in corre-
spondence to any optimal solution π∗ is:

C∗
w = nA

n

nA∑
i=1

Cai (π
∗) − nB

n

nB∑
i=i

Cbi (π
∗).

Then, in such a case, the objective function of the math-
ematical programming model (12) can be assumed to be 
linear and equal to

nA

n

nA∑
i=1

n∑
j=1

jpxi j − nB

n

nB∑
i=1

n∑
j=1

jpyi j,

making problem (12) an integer linear program with only 
assignment type constraints. As a consequence, by the to-
tal unimodularity of the constraints matrix, the continuous 
relaxation of problem (12), or equivalently of problem (13), 
provides an optimal solution to problem (11).
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1. Introduction

Processing two or more classes of jobs is the main characterization of the so-called 
multiagent scheduling problems [2], where various agents, sharing the same machines, 
process their own jobs, each one using different objective functions. The principal dif-
ference between multiobjective and multiagent scheduling problems resides in the fact 
that, while in the multiobjective case all the jobs contribute to every objective function, 
in the multiagent problems each class of jobs is involved in a single objective function, 
that one relative to the corresponding agent.

Two seminal papers on multiagent single-machine scheduling problems are [9] and 
[5]. The problems tackled in [9] are characterized by two or three agents and different 
combinations of following three objectives are considered: the minimization of maximum 
completion time, the minimization of the maximum lateness and the minimization of 
the weighted completion time. In [5] some two-agent scenarios are faced, choosing as 
objective functions the maximum of regular functions (associated with each job), the 
number of late jobs and the total weighted completion times. An extension of the latter 
problems to the case with more than two agents is reported in [6].

In the last years various works have focused on two-agent single-machine scheduling 
problems. In [4] a branch & bound algorithm has been designed, based on the com-
putation of the bounds by means a Lagrangian relaxation technique, with the aim to 
minimize the total weighted completion time of the jobs of first agent, subject to a 
bound on the objective function of the second agent, consisting in the alternative three 
cases: the minimization of the total weighted completion time, the minimization of the 
maximum lateness and the minimization of the maximum completion time. In [25] a 
2-approximation algorithm is presented to minimize the sum of two objectives, the max-
imum weighted completion time of the jobs of the first agent and the total weighted 
completion time of the jobs of the second agent. In [28] and [23] possible release times 
of the jobs are taken into account. In particular, in [28] the objective is to minimize the 
tardiness of the first agent, keeping the lateness of the second one below a certain level, 
while in [23] the linear combination of the makespans of both the agents is minimized.

Finally some recent works have been devoted also to the case of two-agent problems 
characterized by parallel machines, such as [13,22,29].

It is worth noting that all the above cited scheduling problems are characterized by 
the fact that the agents are in competition with each other, in the sense that every class 
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of jobs contributes only to the objective function of the corresponding agent. On the 
contrary, in this work we tackle a new scheduling problem, which could be interpreted as 
a cooperative type two-agent problem, since all the jobs are involved in the minimization 
of a common objective function, aimed at balancing the average weighted completion 
times of two classes of jobs, say JA and JB. Obtaining balanced solutions in a multiagent 
scheduling problem reminds the concept of fairness [11], which plays an important role in 
case an optimal solution, maximizing the system utility, is unacceptable by the worse-off 
agent. Recent works in this field are [3,8,24,30]: some of them concern the so-called price 
of fairness [10], which is a measure of how much the system utility has to be sacrificed 
in order to have a fair (balanced) solution.

The paper is organized as follows. In the next section we state formally the problem, 
showing its NP-hardness. In Section 3 we provide a formulation of the problem as a 
nonsmooth variant of the quadratic assignment problem and we focus on the Glover 
linearization of the proposed model, for which in Section 4 we propose a heuristic algo-
rithm based on the Lagrangian relaxation. In Section 5 some numerical experiments are 
presented and some conclusions are drawn in Section 6.

Throughout the paper we use the following notation. We indicate by nA and nB the 
cardinalities of the job sets JA and JB, respectively. Letting J

�= JA∪JB and n 
�= nA+nB , 

we denote, for each job j ∈ J , the processing time by pj and the corresponding weight by 
wj . Finally we indicate by π any job sequence and by [j] the job processed in position j.

2. Problem definition and computational complexity

Given two job sets JA and JB with cardinality nA and nB , respectively, and using the 
Graham notation (see [19]), we tackle the following single-machine scheduling problem:

1 || |C̄A − C̄B | (1)

where

C̄A
�=

∑
j∈JA

wjCj

nA

and

C̄B
�=

∑
j∈JB

wjCj

nB

are the average weighted completion times of the jobs in JA and JB, respectively, with 
Cj being the completion time of job j.

Facing problem (1) has taken inspiration by the following practical problem, arisen 
in the academic context. In a recovery exam session, a professor (the machine) has to 
schedule the oral examinations of two groups of students (the jobs) belonging to two 
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different classes. Each student should be examined only on the parts of the syllabus 
where he/she failed during the regular exam session and then it is assumed that an 
estimate of the duration of the exam is known (and it is different) for everyone. Since 
the exam session is very short and, at the same time, there are a few available classrooms 
because of the lectures ongoing in the same period, he convokes all of them at the same 
time in the same classroom. If he would like to be impartial as much as possible toward 
the two classes, what is the best way to schedule the students with the aim of balancing 
the average waiting times of the two groups? We have modelled this problem as problem 
(1), introducing in addition the possibility to have a weight in correspondence to each 
job.

The necessity to balance the average completion times of two or more classes of 
jobs could find application in additional contexts, such as in logistics or manufacturing. 
Consider for example a freight transportation company, performing deliveries by a single 
drone. The shipping times depend on the depot-customer distance and mainly on the load 
of the corresponding cargo (which can be very different among the various shipments), 
the latter acting on the speed of the drone. Imagine that, in a given time period, the 
company has to serve two customers, each of them requiring various freights of different 
types and loads. Assume moreover that the drone can perform only one delivery at a 
time and the company wants to balance the average waiting times of the customers. This 
problem could be modelled as problem (1), with the drone being the machine and the 
deliveries to the two customers being JA and JB: for any job j the weight wj is set equal 
to 1 and the processing time pj is computed taking into account both the depot-customer 
distance and the load of the cargo.

Another example could be to balance the production of the semi-finished products, 
needed to assemble a finished product and characterized by high storage costs. Imagine 
the case where all the semi-finished products are manufactured by the same company 
owing a unique plant, which is able to perform in sequence different operations. Then all 
the semi-finished products are obtained by the same plant (single machine) performing 
in sequence, without precedence constraints, a finite number of independent different 
operations (jobs). Since the final product requires to assemble all the semi-products, 
in case the storage of the semi-products is expensive, a natural criterion to optimize 
the production could be to balance as much as possible the manufacture of the semi-
products, by balancing the average completion times of the corresponding operations 
(more classes of jobs, one per semi-product), each of them characterized by a specific 
processing time.

Using the polynomial reduction from the well-known NP-complete partition problem 
[15], we show in the sequel that problem (1) is NP-hard in the weak sense. In [7] it has 
been proved that, whenever wj = 1 and pj = pconst for any j ∈ J , the problem can be 
solved in linear time, or even in constant time if the job-position assignment procedure 
is not explicitly considered. It remains an open problem to show the eventual strong 
NP-hardness.
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Throughout the paper, we indicate by C∗ the optimal objective function value of 
problem (1) and by C(π) the objective function value of problem (1) in correspondence 
to the job sequence π.

Partition problem. Given a set of positive integers A 
�= {a1, . . . ak}, let K

�= {1, 2, . . . , k}
be the corresponding index set. Is there a partition of K into two subsets K1 and K2
such that 

∑
j∈K1

aj =
∑

j∈K2
aj?

Theorem 1. Problem (1) is NP-hard.

Proof. Given an instance A = {a1, . . . , ak} of the partition problem, we construct an 
instance of problem (1), by setting:

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

JA = {1, . . . , k}; JB = {k + 1};
pj = aj , j = 1, . . . , k; pk+1 = 1;
w1 = 1; wj = 0, j = 2, . . . , k;

wk+1 =
∑k

j=1 aj

2k(
∑k

j=1 aj+1) .

(2)

We show that the partition problem has a solution if and only if, in correspondence 
to the instance (2), problem (1) admits an optimal sequence π∗ with C∗ = 0.

(⇒) Suppose that the partition problem admits a solution, i.e. there exists a partition 
of K into two subsets K1 and K2 such that 

∑
j∈K1

aj =
∑

j∈K2
aj . Then

∑

j∈K1

aj =
∑

j∈K2

aj =
∑k

j=1 aj

2 . (3)

Without loss of generality, assume that 1 ∈ K1 and let K̄1
�= K1 \ {1}. In case 

1 ∈ K2, it is sufficient to switch the roles played by K1 and K2. Then the sequence 
π∗ = (K̄1, 1, K2, k + 1), where the jobs in K̄1 and K2 are scheduled in any order, is 
an optimal solution to problem (1) with C∗ = 0. In fact, taking into account (3) and 
recalling that w1 = 1 and wj = 0 for j = 2, . . . , k, we have

C̄A =
∑

j∈JA
wjCj

nA
= C1

k
=

∑k
j=1 aj

2k

and

C̄B =
∑

j∈JB
wjCj

nB
= wk+1Ck+1 =

∑k
j=1 aj

2k(
∑k

j=1 aj + 1)
(

k∑

j=1
aj + 1) =

∑k
j=1 aj

2k .

Then |C̄A − C̄B | = 0 and, consequently, π∗ is an optimal solution to problem (1).
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(⇐) Suppose that, in correspondence to the instance (2), problem (1) admits an 
optimal sequence π∗ such that C∗ = 0. Then

C̄A = C̄B ,

i.e.

C1
k

= wk+1Ck+1.

Substituting the value of wk+1 in the above equality, we obtain:

C1 =
Ck+1

∑k
j=1 aj

2(
∑k

j=1 aj + 1)
,

i.e.

Ck+1 = 2C1 +
2C1∑k
j=1 aj

. (4)

Since the processing times in the instance (2) are integer, then all the completion times 
are integer. As a consequence also the second term of the right hand side of (4) is integer, 
i.e. there exists an integer t ≥ 0 such that

2C1 = t
k∑

j=1
aj . (5)

The case t = 0 cannot occur because C1 > 0. Moreover, in case t ≥ 2, from (5) we would 
have

C1 ≥
k∑

j=1
aj

and, from (4), it would follow:

Ck+1 ≥ 2
k∑

j=1
aj + 2,

which is impossible since each completion time cannot exceed the sum of all the pro-
cessing times, which is equal to 

∑k
j=1 aj + 1. Then in (5) we have necessarily t = 1, 

i.e.

C1 =
∑k

j=1 aj

2 . (6)
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In summary, we have shown that, whenever C∗ = 0 in correspondence to the instance 
(2), in any optimal sequence the completion time of job 1 is given by formula (6). As a 
consequence, comparing (3) and (6), a solution to the partition problem is obtained by 
setting K1 (or indifferently K2) equal to {1} ∪ K̄1, where K̄1 contains all and only the 
indexes corresponding to the jobs which, in any optimal sequence, precede job 1. �
3. Problem formulation and Glover linearization

For solving problem (1) we propose a heuristic Lagrangian relaxation based approach, 
stemming from the mathematical formulation of the problem as a nonsmooth variant of 
the well known quadratic assignment problem (see [12] for an extensive review).

We define, for j ∈ J and t = 1, . . . , n, the following decision variables:

xjt
�=

{
1 if job j is assigned to position t

0 otherwise,

grouped, for the sake of simplicity, into the vector x of dimension n2.
Taking into account that the completion time of a job j scheduled in the position t is

pj +
∑

l∈J

t−1∑

i=1
plxli,

problem (1) can be formulated as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗ = min
x

∣∣∣∣∣∣
1
nA

⎡
⎣∑

j∈JA

wj

(
pj +

n∑

t=1

(∑

l∈J

t−1∑

i=1
plxli

)
xjt

)⎤
⎦

− 1
nB

⎡
⎣∑

j∈JB

wj

(
pj +

n∑

t=1

(∑

l∈J

t−1∑

i=1
plxli

)
xjt

)⎤
⎦
∣∣∣∣∣∣

(a)

n∑

t=1
xjt = 1 j ∈ J (b)

∑

j∈J

xjt = 1 t = 1, . . . , n (c)

xjt ∈ {0, 1} j ∈ J, t = 1, . . . , n, (d)

(7)

where the constraints (7b)-(7d) are the classical assignment constraints, which impose 
that each job must be assigned to exactly one position and each position to exactly one 
job.
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Letting pA
�=

∑
j∈JA

wjpj and pB
�=

∑
j∈JB

wjpj , problem (7) is easily rewritable as 
follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗ = min
x

∣∣∣∣∣∣
1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjxjt

∑

l∈J

t−1∑

i=1
plxli

⎞
⎠

− 1
nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjxjt

∑

l∈J

t−1∑

i=1
plxli

⎞
⎠
∣∣∣∣∣∣

assignment constraints (7b)-(7d),

which is a sort of quadratic assignment problem, characterized by a nonsmooth objective 
function. By introducing the auxiliary variable v, it can be rewritten in the following 
equivalent form, corresponding to a mixed integer quadratically constrained program 
(MIQCP):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗ = min
x,v

v

v ≥ 1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjxjt

∑

l∈J

t−1∑

i=1
plxli

⎞
⎠

− 1
nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjxjt

∑

l∈J

t−1∑

i=1
plxli

⎞
⎠

v ≥ 1
nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjxjt

∑

l∈J

t−1∑

i=1
plxli

⎞
⎠

− 1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjxjt

∑

l∈J

t−1∑

i=1
plxli

⎞
⎠

assignment constraints (7b)-(7d).

(8)

A possible way to treat the nonlinearities of problem (8) is to use the Glover linearization 
[18], as shown in the following theorem.
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Theorem 2. Letting

dt
�= (t− 1)P, t = 1, . . . , n,

with

P
�=

∑

l∈J

pl,

problem (8) is equivalent to the following mixed integer linear program (MILP):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗ = min
x,v,z

v (a)

v ≥ 1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt

⎞
⎠− 1

nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt

⎞
⎠ (b)

v ≥ 1
nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt

⎞
⎠− 1

nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt

⎞
⎠ (c)

dtxjt +
∑

l∈J

t−1∑

i=1
plxli − zjt ≤ dt j ∈ J, t = 1 . . . , n (d)

zjt ≤
∑

l∈J

t−1∑

i=1
plxli j ∈ J, t = 1 . . . , n (e)

zjt ≤ dtxjt j ∈ J, t = 1 . . . , n (f)

zjt ≥ 0 j ∈ J, t = 1 . . . n (g)

assignment constraints (7b)-(7d). (h)

(9)

Proof. Problem (8) can be easily rewritten as follows:
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C∗ = min
x,v,z

v

v ≥ 1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt

⎞
⎠− 1

nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt

⎞
⎠

v ≥ 1
nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt

⎞
⎠− 1

nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt

⎞
⎠

zjt = xjt

∑

l∈J

t−1∑

i=1
plxli j ∈ J, t = 1 . . . n

assignment constraints (7b)-(7d),

where, for j ∈ J and t = 1 . . . n, the nonlinear constraints

zjt = xjt

∑

l∈J

t−1∑

i=1
plxli (10)

impose that

xjt = 1 ⇒ zjt =
∑

l∈J

t−1∑

i=1
plxli (11)

and

xjt = 0 ⇒ zjt = 0. (12)

Since

dt = (t− 1)P =
∑

l∈J

t−1∑

i=1
pl, (13)

it is easy to show that, in problem (9) the linear constraints (9d)-(9g) guarantee the 
satisfaction of both the implications (11) and (12). �

Problem (9) constitutes the Glover linearization of problem (8). Such linearization is 
obtained by introducing n2+1 continuous variables and 4n2+2 constraints, including the 
nonnegativity of zjt, which expresses the time that job j starts to be processed, when it 
is assigned to the position t (see (10)). In passing, we recall that, in the case of a standard 
quadratic assignment problem characterized by positive cost coefficients in the objective 
function, the Glover linearization reduces to the Kaufmann and Broeckx linearization 
[21], which requires n2 new continuous variables and 2n2 additional constraints.
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We conclude this section by showing that, under mild assumptions, the optimal ob-
jective function value of the continuous relaxation of problem (9) provides a null lower 
bound.

Lemma 1. Let

pB
nB

≥ pA
nA

. (14)

If

P ≥ 2(pBnA − pAnB)
nB(n− 1)wA

, (15)

with wA
�=

∑
j∈JA

wj, then the optimal objective function value of the continuous relax-
ation of problem (9) is equal to zero.

Proof. We show that the solution
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

xjt = 1/n j ∈ J, t = 1, . . . , n; (a)

zjt =
2(t− 1)(pBnA − pAnB)

n(n− 1)nBwA
j ∈ JA, t = 1, . . . , n; (b)

zjt = 0 j ∈ JB , t = 1, . . . , n (c)

(16)

is feasible for the continuous relaxation of problem (9) and provides a null optimal value 
of the objective function v.

First of all, we trivially observe that vector x, defined by (16a), satisfies the assignment 
constraints (7b)-(7c) and, in addition, 0 ≤ x ≤ e, where e is the vector of ones. Moreover, 
by (14), we have zjt ≥ 0 for j ∈ J and t = 1, . . . , n.

Taking into account (13) and (16a) and since n ≥ 2, constraints (9d) are satisfied by 
any nonnegative values of zjt.

As for constraints (9e) and (9f), it is easy to observe that, by definition of dt, they 
coincide in correspondence to the values xjt = 1/n. Then, to show their satisfaction, it 
is sufficient to prove that

zjt ≤ dt/n,

for j ∈ J and t = 1, . . . , n. For j ∈ JB and t = 1, . . . , n, the above inequality is 
trivially satisfied because of the nonnegativity of dt and n. As for the indexes j ∈ JA
and t = 1, . . . , n, combining (15) and (16b) and recalling the definition of dt, we have:

zjt =
2(t− 1)(pBnA − pAnB)

n(n− 1)nBwA
≤ (t− 1)P

n
= dt

n
.
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About the optimality, constraints (9b) and (9c), together with the objective function 
(9a), guarantee that, in correspondence to any optimal solution, it holds:

v =

∣∣∣∣∣∣
1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt

⎞
⎠ − 1

nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt

⎞
⎠
∣∣∣∣∣∣
.

Substituting in the above equality the values of zjt given by (16b) and (16c), we have:

v =

∣∣∣∣∣∣
1
nA

∑

j∈JA

n∑

t=1
wj

2(t− 1)(pBnA − pAnB)
n(n− 1)nBwA

+ pA
nA

− pB
nB

∣∣∣∣∣∣

=
∣∣∣∣
wA

nA

n(n− 1)
2

2(pBnA − pAnB)
n(n− 1)nBwA

+ pA
nA

− pB
nB

∣∣∣∣

=
∣∣∣∣
pBnA − pAnB

nAnB
+ pA

nA
− pB

nB

∣∣∣∣

= 0. �
Remark 1. Lemma 1 holds also when condition (14) is not satisfied. In such a case, it is 
sufficient to swap the roles played by JA and JB and condition (15) becomes

P ≥ 2(pAnB − pBnA)
nA(n− 1)wB

, (17)

where wB
�=

∑
j∈JB

wj .

Remark 2. It is easy to verify that, in the unweighted case, i.e. when wj = 1 for any j ∈ J , 
since wA = nA and P = pA+pB , condition (15) is automatically satisfied, provided that 
n ≥ 3. This condition is apparently a mild assumption even in the weighted case, as 
confirmed by its satisfaction in correspondence to the more than one thousand randomly 
generated test problems, used for our numerical experiments (see Section 5).

4. A Lagrangian relaxation based approach

Problem (9) is a mixed integer linear program characterized by n2 integer variables, 
n2 + 1 continuous variables and 4n2 + 2n + 2 constraints (including the nonnegativ-
ity of zjt). As a consequence, solving it exactly requires a remarkable effort from the 
computational point of view, especially for large values of n.

Then, for solving problem (1) we propose a Lagrangian relaxation approach (see the 
surveys [14,16,20]), based on relaxing all the constraints of problem (9), except the 
assignment ones and the nonnegativity constraints on variables zjt. The motivation is 
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to design a heuristic algorithm requiring to solve, at each iteration, a linear assignment 
problem.

4.1. The Lagrangian relaxation problem

Dualizing constraints (9b)-(9f) and grouping all the corresponding Lagrangian mul-
tipliers into the vector λ ∈ R3n2+2, the Lagrangian relaxation problem of the mixed 
integer linear program (9) is the following:

LR(λ)

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

fLR(λ)
�= min

x,v,z
f(x, v, z)

zjt ≥ 0 j ∈ J, t = 1, . . . , n

assignment constraints (7b)-(7d),

where λ ≥ 0 and

f(x, v, z) �= v +

⎡
⎣ α

nA

⎛
⎝∑

j∈JA

n∑

t=1
wjzjt + pA

⎞
⎠
⎤
⎦−

⎡
⎣ α

nB

⎛
⎝∑

j∈JB

n∑

t=1
wjzjt + pB

⎞
⎠
⎤
⎦− αv

+

⎡
⎣ β

nB

⎛
⎝∑

j∈JB

n∑

t=1
wjzjt + pB

⎞
⎠
⎤
⎦−

⎡
⎣ β

nA

⎛
⎝∑

j∈JA

n∑

t=1
wjzjt + pA

⎞
⎠
⎤
⎦− βv

+
∑

j∈J

n∑

t=1
γjt

(
dtxjt +

∑

l∈J

t−1∑

i=1
plxli − zjt − dt

)

+
∑

j∈J

n∑

t=1
δjt

(
zjt −

∑

l∈J

t−1∑

i=1
plxli

)

+
∑

j∈J

n∑

t=1
εjt (zjt − dtxjt) ,

with α, β, γjt, δjt, εjt, j ∈ J and t = 1, . . . , n, being the Lagrangian multipliers (grouped 
in vector λ) corresponding to the constraints (9b)-(9f), respectively.

The above function f can be arranged in the following form:

f(x, v, z) = fx(x) + fv(v) + fz(z) +K,

where
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fx(x) =
∑

j∈J

n∑

t=1
γjtdtxjt +

∑

j∈J

n∑

t=1
γjt

∑

l∈J

t−1∑

i=1
plxli

−
∑

j∈J

n∑

t=1
δjt

∑

l∈J

t−1∑

i=1
plxli −

∑

j∈J

n∑

t=1
εjtdtxjt,

fv(v) = v(1− α− β),

fz(z) =
∑

j∈JA

n∑

t=1
zjt

(
wjα

nA
− wjβ

nA
− γjt + δjt + εjt

)

+
∑

j∈JB

n∑

t=1
zjt

(
wjβ

nB
− wjα

nB
− γjt + δjt + εjt

)

and

K = pAα

nA
− pBα

nB
+ pBβ

nB
− pAβ

nA
−

∑

j∈J

n∑

t=1
dtγjt. (18)

As a consequence, the Lagrangian problem LR(λ) is a separable program and, for any 
value of λ ≥ 0, it can be solved by separately solving the following linear programs:

LRx(λ)

⎧
⎨
⎩

fLRx
(λ) �= min

x
fx(x)

assignment constraints (7b)-(7d),

LRv(λ)

⎧
⎨
⎩

fLRv
(λ) �= min

v
fv(v)

0 ≤ v ≤ v̄,

and

LRz(λ)

⎧
⎨
⎩

fLRz
(λ) �= min

z
fz(z)

0 ≤ zjt ≤ dt, j ∈ J, t = 1, . . . , n.

Some comments about the above problems are in order. Problem LRx(λ) is a linear 
assignment problem, for which it is well known that constraints xjt ∈ {0, 1} can be 
substituted by constraints xjt ≥ 0.

In problem LRv(λ), since variable v represents the original objective function of prob-
lem (1), then such variable is nonnegative and bounded from above by any objective 
function value v̄, computed in correspondence to any arbitrary job sequence in the set J .

In problem LRz(λ) any variable zjt, j ∈ J and t = 1, . . . , n, is bounded from above 
by dt, as a consequence of constraints (9f) and (7d).
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It is worth noting that problems LRv(λ) and LRz(λ) are easily solvable by inspection. 
In fact, indicating by v(λ) and zjt(λ), j ∈ J and t = 1, . . . , n, the respective optimal 
solutions, we have:

v(λ) =
{

0 if α+ β ≤ 1
v̄ otherwise,

zjt(λ) =

⎧
⎨
⎩

0 if wj(α− β)
nA

≥ γjt − δjt − εjt

dt otherwise

for j ∈ JA and t = 1, . . . , n, and

zjt(λ) =

⎧
⎨
⎩

0 if wj(β − α)
nB

≥ γjt − δjt − εjt

dt otherwise

for j ∈ JB and t = 1, . . . , n.
Then, for any λ ≥ 0, we come out with:

fLR(λ) = fLRx
(λ) + fLRv

(λ) + fLRz
(λ) +K, (19)

which constitutes a lower bound on the optimal objective function value C∗ of problem 
(9), i.e.

fLR(λ) ≤ C∗, for any λ ≥ 0.

We conclude the subsection by providing the following theorem, which gives a char-
acterization of any lower bound fLR(λ) in case Lemma 1 holds.

Theorem 3. If

P ≥ 2max
{
pBnA − pAnB

nB(n− 1)wA
,
pAnB − pBnA

nA(n− 1)wB

}
, (20)

then fLR(λ) ≤ 0 for any λ ≥ 0.

Proof. Let

LD

{
f∗
LR

�= max
λ≥0

fLR(λ)

be the Lagrangian dual of problem (9). Then, for any λ ≥ 0, it holds

fLR(λ) ≤ f∗
LR.
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Because of the integrality property (see [14,16,20]), f∗
LR coincides with the objective 

function value of the continuous relaxation of problem (9). By (20), taking into account 
Lemma 1 and Remark 1, such value is equal to zero. �
4.2. The heuristic Lagrangian algorithm

We have all the ingredients to design a Lagrangian relaxation algorithm for solving 
problem (1).

The core of our approach is to generate, at each iteration for any fixed nonnegative 
value of λ, a trial solution x(λ) to problem (7), or equivalently to problem (9), by solving 
the linear assignment problem LRx(λ).

Since a feasible solution of the scheduling problem trivially requires only the job-
position assignments, we do not need, differently from a general Lagrangian relaxation 
framework, a feasibility recovering procedure to adjust the current solution in case the re-
laxed constraints (9b)-(9f), aimed at guarantee the optimality, are not satisfied. Instead, 
once a trial solution is generated, we try to improve it by performing a local search (see 
Subsection 4.3).

In Algorithm 1 we summarize our Lagrangian heuristic approach, where by L and U
we denote, respectively, the lower bound and the upper bound (the incumbent), available 
at the current iteration on the optimal objective function value C∗. Moreover, for any 
fixed value of λ, using the notation introduced at the end of Section 1, we indicate by 
π(λ) the sequence generated by x(λ), such that [t] = j in correspondence to xjt(λ) = 1. 
We denote also by ∂fLR(λ) the subdifferential of function fLR at λ (see for example the 
fresh survey [17] on nonsmooth optimization) and by ‖ · ‖ the Euclidean norm.

The steps of the algorithm reflect a standard Lagrangian relaxation scheme aimed 
at shrinking, at each iteration, the interval [L, U ] containing C∗. We stop the iterative 
procedure either after a prefixed time limit, or when a maximum number kmax of itera-
tions is reached, or when the difference between U and L becomes less than or equal to 
a certain threshold.

At step 7, to possibly decrease the incumbent, we perform a local search (see for 
example [1]), which will be object of the next subsection. The best sequence πλ provided 
by the local searches constitutes a heuristic solution to problem (1).

At steps 18-19, we update the vector λ of the multipliers by a standard subgradient 
method [27], aimed at solving the nonsmooth Lagrangian dual problem LD and where 
the projection on the nonnegative orthant guarantees the nonnegativity of λ. As concerns 
the computation of a subgradient g of fLR at λ, we take

g =

⎡
⎢⎢⎢⎢⎢⎣

gα
gβ

gγjt
j ∈ J, t = 1, . . . , n

gδjt j ∈ J, t = 1, . . . , n
gεjt j ∈ J, t = 1, . . . , n

⎤
⎥⎥⎥⎥⎥⎦
,
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Algorithm 1: Lagrangian heuristics.
Input: a sequence π̄init; λ ≥ 0
Output: a sequence π̄

	Initialization
1 π̄ ← π̄init

2 v̄ ← C(π̄init)
3 L ← −∞
4 U ← v̄
5 repeat

	Computing a trial solution
6 Solve problem LRx(λ) to compute x(λ) and fLRx

(λ)
	Local search

7 Starting from π(λ), compute πλ by a local search
	Updating the incumbent

8 Compute C(πλ)
9 if C(πλ) < U then
10 U ← C(πλ)
11 π̄ ← πλ

	Updating the lower bound
12 Solve problem LRv(λ) to compute fLRv

(λ)
13 Solve problem LRz(λ) to compute fLRz

(λ)
14 Compute K // see formula (18)
15 fLR(λ) ← fLRx

(λ) + fLRv
(λ) + fLRz

(λ) + K
16 if fLR(λ) > L then
17 L ← fLR(λ)

	Updating the multipliers
18 Compute t > 0 and g ∈ ∂fLR(λ)
19 λ ← max{0, λ + t g

‖g‖}
20 until a stopping criterion is satisfied

where

gα = 1
nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt(λ)

⎞
⎠− 1

nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt(λ)

⎞
⎠− v(λ),

gβ = 1
nB

⎛
⎝pB +

∑

j∈JB

n∑

t=1
wjzjt(λ)

⎞
⎠− 1

nA

⎛
⎝pA +

∑

j∈JA

n∑

t=1
wjzjt(λ)

⎞
⎠− v(λ),

gγjt
= dtxjt(λ) +

∑

l∈J

t−1∑

i=1
plxli(λ)− zjt(λ)− dt,

gδjt = zjt(λ)−
∑

l∈J

t−1∑

i=1
plxli(λ)

and

gεjt = zjt(λ)− dtxjt(λ),

with xjt(λ), j ∈ J and t = 1, . . . , n, v(λ) and zjt(λ), j ∈ J and t = 1, . . . , n, being the 
optimal solutions of the respective relaxed subproblems LRx(λ), LRv(λ) and LRz(λ).
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Finally the stepsize t is the Polyak stepsize [26], given by:

t = f∗
LR − L

‖g‖ . (21)

Note that, in case Theorem 3 holds, f∗
LR is equal to zero, providing t = −L/‖g‖, with 

L ≤ 0. Vice-versa, in case f∗
LR is unknown, its value in formula (21) can be substituted 

by the incumbent or, because of the integrality property, can be computed by initially 
solving the continuous relaxation of problem (9).

4.3. The local search

A relevant role in Algorithm 1 is played by step 7, where a local search is performed.
The aim is to provide a sequence πλ possibly better than the initial sequence π(λ), 

by exploring a neighbourhood of the trial solution x(λ).
In particular, for each of the n(n−1)

2 couples of indices (i, j), with i < j, we check 
whether swapping jobs [i] and [j] results in the decrease of the current objective function 
value. If this is the case, we execute the exchange, we update the current objective 
function value and we iterate the process.

A remarkable consideration is that, in correspondence to any sequence πij, generated 
by swapping jobs [i] and [j] in an initial sequence π, there is no need to compute from 
scratch the objective function value, which would be expensive. In fact, denoting by CA

and CB and by CAij
and CBij

the weighted completion times of the jobs in JA and JB
provided, respectively, by the initial sequence π and by the generated sequence πij, it is 
possible to show that CAij

and CBij
can be determined in function of CA and CB , by 

means of the following formulae:

CAij
= CA +

∑

k∈JAk

w[k]
(
p[j] − p[i]

)
+

∑

k∈JAi

w[i]p[k] −
∑

k∈JAj

w[j]p[k] (22)

and

CBij
= CB +

∑

k∈JBk

w[k]
(
p[j] − p[i]

)
+

∑

k∈JBi

w[i]p[k] −
∑

k∈JBj

w[j]p[k], (23)

where

JAk

�=
{

{k | i < k < j} if [k] ∈ JA

∅ otherwise,

JAi

�=
{

{k | i < k ≤ j} if [i] ∈ JA

∅ otherwise,

JAj

�=
{

{k | i ≤ k < j} if [j] ∈ JA

∅ otherwise
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and

JBk

�=
{

{k | i < k < j} if [k] ∈ JB

∅ otherwise,

JBi

�=
{

{k | i < k ≤ j} if [i] ∈ JB

∅ otherwise,

JBj

�=
{

{k | i ≤ k < j} if [j] ∈ JB

∅ otherwise.

Although using (22) and (23) would however require a linear time in n, it is worth 
noting that, since such formulae involve only the jobs placed between positions i and j, 
avoiding the recalculation of the objective function from the beginning leads to a relevant 
improvement on the performance of the overall algorithm.

5. Numerical results

Our Lagrangian heuristics (Algorithm 1) has been implemented in Java (version 14.02) 
and tested on a Windows 10 system, characterized by 16 GB of RAM and a 2.30 GHz 
Intel Core i7 processor.

We observe that, in the mixed integer linear model (9), the parameter dt provided 
by the Glover linearization can be interpreted as a sort of big M , since it constitutes 
an upper bound for the variable zjt. Based on this consideration, in all the numerical 
experiments we have used a more stringent value, say d̄t, for this parameter, letting

d̄1
�= 0

and

d̄t
�=

t−1∑

l=1
p(l), t = 2, . . . , n,

with p(j), for j = 1, . . . , n, being the processing times such that

p(1) ≥ p(2) ≥ . . . ≥ p(n).

This choice does not affect the equivalence between the MILP formulation and the 
nonlinear problem (8) (see Theorem 2), since, taking into account the assignment con-
straints (7b)-(7d), it holds

∑

l∈J

t−1∑

i=1
plxli ≤ d̄t, t = 1, . . . , n.



20 M. Avolio, A. Fuduli / EURO Journal on Computational Optimization 10 (2022) 100032

For each run, we have fixed a time limit equal to 3600 seconds and the maximum 
number kmax of iterations equal to 1000. The code stops also when an incumbent equal 
to zero is generated, which, due to the presence of the absolute value in the objective 
function, corresponds to an optimal solution of the problem providing a perfect balancing 
between JA and JB. As for the initial setting of λ, we have chosen λ = e, where e is the 
vector of ones.

To solve the linear assignment problem LRx(λ), we have used the Gurobi Optimizer 
software, version 9.1. Regarding the choice of the initial sequence π̄init, we have set it as 
the sequence obtained by alternating the jobs between the two classes until one class is 
completely scheduled, and by accommodating at the end the remaining jobs of the other 
class, if any.

The code has been first tested on 21 test problems listed in Table 1 and obtained for 
different values of nA and nB, up to 500 jobs. The processing times and the weights have 
been randomly generated from a uniform distribution on the interval [1, 25] for problems 
1-12 (small instances), on the interval [1, 50] for problems 13-16 (medium instances) and 
on the interval [1, 100] for problems 17-21 (large instances).

We compare our results with those ones obtained by Gurobi Optimizer in solving 
exactly the mixed integer quadratically constrained program (8) and the mixed integer 
linear program (9) (columns MIQCP and MILP of Table 1, respectively), with dt sub-
stituted by d̄t in the latter. For both programs, we have fixed as well a time limit equal 
to 3600 seconds and, in order to force Gurobi to generate better feasible solutions, we 
have set the parameters MIPFocus and Heuristics equal to 1.

In Table 1, for each solver, we report the execution time and the best objective function 
value found by the algorithm (the incumbent). The character “-” means that no feasible 
solution has been found within the time limit, while “OOM” indicates an out-of-memory 
failure.

In solving each problem, our code has exited with the best incumbent being equal to 
zero, which is a sign of optimality (perfect balancing between JA and JB). We remind, 
in fact, that zero is as well a trivial lower bound for the original problem because of the 
absolute value in the objective function.

Note also that our approach is very fast, whereas solving exactly the mixed integer 
programs appears to be prohibitive from the computational point of view: in the quadrat-
ically constrained case (column MIQCP), in most of the instances Gurobi Optimizer is 
not able to provide a feasible solution or fails because of the out-of-memory event, while 
in the linear case (column MILP) an optimal solution is found prevalently on the small 
instances, whereas for the medium and the large ones the out-of-memory event occurs.

A trivial greedy solution to problem (7) is that one obtainable by alternatively schedul-
ing the jobs of the two classes and used to initialize π̄init. Then, in order to get an idea of 
how far this trivial solution is from the optimal one, we have added in Table 1 the values 
of the corresponding incumbent (column Greedy Incumbent), which clearly testify that 
the greedy approach provides a very imbalanced solution.
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Table 1
Comparison of the Lagrangian heuristics against Gurobi Optimizer.

# n nA nB Greedy Lagrangian heuristics MIQCP (Gurobi) MILP (Gurobi)
Incumbent Time Incumbent Time Incumbent Time Incumbent

1 20
10

10 525.50 0.021 0 139.73 0 0.940 0
2 30 20 1194.75 0.017 0 3600 0.50 3.05 0
3 40 30 1446.23 0.031 0 3600 2805.10 7.55 0

4 40
20

20 836.65 0.019 0 3600 0.350 14.20 0
5 50 30 2156.72 0.031 0 3600 6227.03 42.58 0
6 60 40 2049.95 0.123 0 3600 - 41.85 0

7 60
30

30 585.77 0.049 0 3600 - 61.46 0
8 70 40 2488.88 0.069 0 3600 - 128.76 0
9 80 50 1537.95 0.242 0 OOM 361.27 0

10 80
40

40 279.83 0.337 0 OOM 145.09 0
11 90 50 342.63 1.69 0 OOM 250.51 0
12 100 60 2922.91 0.288 0 OOM 528.43 0

13 100 50 50 5203.38 0.067 0 OOM 532.79 0
14 150 100 31312.22 1.02 0 OOM 3600 376.26

15 200 100 100 4066.43 3.26 0 OOM OOM
16 250 150 25109.42 1.49 0 OOM OOM

17 300 150 150 5520.81 2.97 0 OOM OOM
18 350 200 82117.30 97.47 0 OOM OOM

19 400 200 200 67275.48 146.49 0 OOM OOM
20 450 250 172938.22 41.95 0 OOM OOM

21 500 250 250 39367.53 128.12 0 OOM OOM
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Table 2
Lagrangian heuristics on small test problems (pj , wj ∈ [1, 25]).
n nA nB Time 

(secs)
Incumbent # Iter Time per 

iter (secs)
# Solved 
to opt

20
10

10 0.041 0 16.38 0.003 50/50
30 20 0.039 0 7.26 0.005 50/50
40 30 0.041 0 4.44 0.009 50/50

40
20

20 0.062 0 6.52 0.010 50/50
50 30 0.158 0 9.74 0.016 50/50
60 40 0.092 0 4.01 0.023 50/50

60
30

30 0.079 0 3.50 0.023 50/50
70 40 0.248 0 7.18 0.035 50/50
80 50 0.346 0 7.08 0.049 50/50

80
40

40 0.122 0 2.32 0.053 50/50
90 50 0.651 0 8.96 0.073 50/50
100 60 0.261 0 2.96 0.088 50/50

Table 3
Lagrangian heuristics on medium test problems (pj , wj ∈ [1, 50]).
n nA nB Time 

(secs)
Incumbent # Iter Time per 

iter (secs)
# Solved 
to opt

100 50 50 0.514 0 5.54 0.093 50/50
150 100 1.04 0 3.48 0.300 50/50

200 100 100 1.89 0 2.54 0.744 50/50
250 150 8.35 0 4.82 1.73 50/50

Table 4
Lagrangian heuristics on large test problems (pj , wj ∈ [1, 100]).
n nA nB Time 

(secs)
Incumbent # Iter Time per 

iter (secs)
# Solved 
to opt

300 150 150 20.99 0 5.14 4.08 50/50
350 200 65.91 0 10.50 6.28 50/50

400 200 200 66.10 0 3.38 19.56 50/50
450 250 212.55 0 8.56 24.83 50/50

500 250 250 123.29 0 3.64 33.87 50/50

To assess the Lagrangian heuristics results of Table 1, we have performed further 
experiments by testing our code on three additional groups of problems (small, medium 
and large), considering different scenarios by varying of nA and nB chosen in the same 
way as in Table 1 (see Tables 2-4). For each scenario a set of 50 instances has been 
generated, adopting the same above strategy in order to randomly obtain the processing 
times and the weights.

In Tables 2-4, for each scenario we report the following results:

• the average execution time (seconds);
• the average value of the best incumbent;
• the average number of iterations needed to compute the best incumbent;
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Table 5
Lagrangian heuristics on test problems with large ranges (pj , wj ∈ [1, 3n]).
n nA nB Time 

(secs)
Incumbent # Iter Time per 

iter (secs)
# Solved 
to opt

60 30 30 1.08 0 95.45 0.011 20/20
100 50 50 12.01 0 124.10 0.097 20/20
200 100 100 144.58 0 178.10 0.812 20/20
300 150 150 737.13 0 177.00 4.17 20/20
400 200 200 1467.99 0.001 138.05 10.63 16/20
500 250 250 1847.42 0.005 81.70 22.61 4/20

• the average execution time (seconds) per iteration.
• the number of instances certainly solved to optimality, i.e. when the generated in-

cumbent is equal to zero (in the other cases the optimal objective function value is 
unknown and we are not able to verify the optimality).

The results reported in Tables 2-4 are coherent with those ones reported in Table 1, 
since in solving each problem the code has exited very fast with the best incumbent 
being again equal to zero.

To make the numerical experiments more compelling, we have run the code also on 
some additional instances characterized by larger values of pj and wj , which have been 
taken randomly as integer numbers from a uniform distribution on the interval [1, 3n]
(see Table 5). In such case we have considered six scenarios, and for each scenario we 
have generated 20 instances.

Differently from the previous type of experiments, the code did not exit always with 
the best incumbent equal to zero, within the fixed time limit. Nevertheless, on the other 
hand, it is possible to observe that in all the cases an incumbent less than or equal to 
0.005 has been found on average.

From the overall results reported in Tables 2-5, it is evident how the average time per 
iteration is monotonically increasing with respect to the number of jobs. This behaviour 
is not surprising, since solving the assignment problem and performing the local search 
require clearly more computational effort for large values of n.

It is worth noting that, even if having C∗ = 0 is very frequent in the practical cases 
(as shown by our randomly generated instances), on the other hand this is not always 
guaranteed. Then, for the sake of completeness, in order to analyze the behaviour of 
the Lagrangian heuristics in solving a non-perfectly balanced problem (i.e. a problem 
with C∗ > 0), we have constructed a simple toy example characterized by 10 jobs and 
C∗ = 17, whose data are listed in Table 6.

The results obtained by the Lagrangian heuristics on the toy problem are reported 
in Table 7, in comparison with those ones provided by Gurobi Optimizer in solving the 
two mixed integer problems, the quadratically constrained program (MICQP) and the 
linear one (MILP). Our algorithm has exited for reaching the maximum number kmax of 
iterations, performed in 0.758 seconds. On the other hand Gurobi Optimizer has solved 
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Table 6
Toy problem with nA = nB =
5 and C∗ = 17.

JA JB

pj wj pj wj

5 5 7 10
3 3 3 11
1 4 9 16
6 2 2 15
5 1 4 9

Table 7
Comparison of the Lagrangian heuristics against Gurobi Optimizer on 
the toy problem described in Table 6.

Lagrangian heuristics MIQCP (Gurobi) MILP (Gurobi)
Time Incumbent Time Incumbent Time Incumbent
0.758 17.00 91.24 17.00 20.15 17.000

the quadratically constrained program in 91.24 seconds, while in the linear case it has 
determined the optimal solution in 20.15 seconds.

To confirm the results obtained on the above toy problem, we finally report in Table 8
the results obtained by the Lagrangian heuristics and Gurobi Optimizer on additional 
20 test problems, characterized by unweighted identical jobs (i.e. with pj = pconst and 
wj = 1, for all j ∈ J) and nA and nB odd numbers. These problems, for which the 
optimal objective function value is computable a priori as C∗ = npconst

2nAnB
> 0 (see [7]), 

have been obtained by randomly generating the constant pconst (fifth column of Table 8) 
from a uniform distribution on the same intervals used for generating the instances 
of Table 1, i.e. [1, 25] for problems 1-12 (small instances), [1, 50] for problems 13-16 
(medium instances) and [1, 100] for problems 17-21 (large instances). In all such cases, 
the Lagrangian heuristics code has been able to compute an optimal solution, exiting 
either for the maximum number of iterations or for reaching the time limit.

About the comparison against Gurobi, we can confirm the comments done on the re-
sults of Table 1, even if, in solving the MILP model, Gurobi is faster than the Lagrangian 
heuristics on some of the small instances. Also for such kind of problems, the greedy ap-
proach, for which in these cases the objective function value is easily computable in a 
closed form,1 provides an objective function value that is always far from the optimal 
one.

1 |C̄B − C̄A| =
pconst

(
max{nA, nB}2− min{nA, nB}2 + nA + nB

)

2max{nA, nB} .
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Table 8
Comparison of the Lagrangian heuristics against Gurobi Optimizer on test problems with unweighted identical jobs and both nA and nB odd.

# n nA nB pconst Greedy Lagrangian heuristics MIQCP (Gurobi) MILP (Gurobi)
Incumbent Time Incumbent Time Incumbent Time Incumbent

1 30
15

15 11 11.00 3.05 0.733 3600 0.733 0.68 0.733
2 40 25 9 79.20 8.16 0.480 3600 180.00 2.22 0.480
3 50 35 10 150.00 9.17 0.476 3600 250.00 5.71 0.476

4 50
25

25 13 13.00 10.45 0.520 3600 325.00 5.81 0.520
5 60 35 13 122.57 19.75 0.446 3600 - 14.20 0.446
6 70 45 12 196.00 42.31 0.373 OOM 29.88 0.373

7 70
35

35 12 12.00 21.15 0.343 OOM 3600 0.343
8 80 45 15 146.67 31.47 0.381 OOM 56.28 0.381
9 90 55 15 257.73 44.87 0.351 OOM 102.37 0.351

10 90
45

45 14 14.00 43.33 0.311 OOM 102.76 0.311
11 100 55 14 140.00 60.28 0.283 OOM 3600 0.283
12 110 65 17 302.08 76.23 0.319 OOM 3600 0.319

13 150 75 75 43 43.00 211.41 0.573 OOM 3600 517.72
14 200 125 16 652.80 733.44 0.171 OOM OOM

15 250 125 125 42 42.00 1927.55 0.336 OOM OOM
16 300 175 2 87.43 3378.99 0.014 OOM OOM

17 350 175 175 77 77.00 3600 0.440 OOM OOM
18 400 225 1 45.33 3600 0.005 OOM OOM

19 450 225 225 26 26.00 3600 0.116 OOM OOM
20 500 275 54 2503.64 3600 0.218 OOM OOM
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6. Conclusions

We have introduced a new scheduling problem whose objective is to balance the aver-
age weighted completion times of two classes of jobs. For such a problem we have shown 
the NP-hardness and we have presented a heuristic solution approach.
The proposed method is based on the Lagrangian relaxation of a mixed integer linear 
model, obtained by applying the Glover linearization to a nonsmooth quadratic assign-
ment type program. The numerical results obtained on more than one thousand randomly 
generated test problems have shown the efficiency and the effectiveness of our approach 
that has been able to compute a certified optimal solution in almost all the cases.

Future research could be oriented into two different directions. On one hand, it would 
be interesting to extend such problem to the case with more than two classes of jobs 
and, on the other hand, some research could be devoted to tackling a bi-objective version 
of the problem, where, in addition to the balancing, the minimization of both average 
weighted completion times is also performed.
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