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Abstract

The thesis focuses on the study of the regularity and qualitative properties of solutions
to quasilinear elliptic problems. The thesis is divided into two main parts. The first part
(chapters 1-5) focuses on problems involving anisotropic functionals, where the main
operator is governed by a norm that is generally non-Euclidean, leading to the p-Finsler
Laplace operator. The second part (chapters 6-7) examines the regularity properties of
solutions to equations involving both the scalar and vectorial Euclidean p-Laplacian op-
erator.

¢ In Chapter 1, we introduce a suitable anisotropic Kelvin-type transformation ap-
plied to the Finsler Laplace operator for specific types of anisotropy, particularly the
Riemannian case. This transformation leads to a solution that satisfies an anisotropic
equation involving the dual norm.

¢ In Chapter 2, we prove Liouville-type theorems for stable solutions (and solutions
stable outside a compact set) of quasilinear anisotropic elliptic equations. Specifi-
cally, for some general p-Finsler equations, we show that the only stable solutions
to suitable nonlinear problems in R under certain conditions on the dimension of
the space and the nonlinearity of the zero-order term of the equation, are identically
zero.

¢ In Chapter 3, we establish rigidity results for Finsler p-Laplacian-type equations,
including Liouville-type theorems and one-dimensional symmetry results. The
proofs are based on a Poincaré-type inequality and an extension of a formula by
Sternberg and Zumbrun, which relates the second derivatives of a weak solution
to the principal curvatures of the associated level set, within the anisotropic frame-
work.

* In Chapter 4, an asymptotic analysis of solutions to anisotropic doubly critical equa-
tions in RY is provided, with particular focus on the behavior of the solutions and
their gradients. Specifically, we examine these solutions both near the origin and
at infinity, establishing that they exhibit properties analogous to their Euclidean
counterparts.

¢ In Chapter 5, we analyze solutions to degenerate anisotropic elliptic equations with
a focus on their regularity. Specifically, we derive second-order estimates and es-
tablish regularity results for the associated stress field.

¢ Chapter 6 concerns regularity and symmetry properties for the p-Laplacian sys-
tem. More specifically, we focus on second-order estimates for the stress field. As
a consequence of our regularity results, we deduce a weighted Sobolev inequality,
which leads to weak comparison principles. Additionally, we apply the moving
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plane technique to derive symmetry and monotonicity results for the solutions, un-
der suitable assumptions.

e Chapter 7 is devoted to the study of solutions to p-Laplace equations as p ap-
proaches the semilinear limiting case p = 2. Our focus is on the integrability of
the third derivatives of the solutions. As a corollary, the obtained estimates enable
us to deduce regularity results for the stress field of the solution.

The results presented in this thesis were obtained during my three-year doctoral pro-
gram. They stem from various scientific collaborations and are included in the following
research papers: [15, 16, 77,78, 91, 92, 128].



Riassunto

La tesi si concentra sullo studio della regolarita e delle proprieta qualitative delle soluzioni

di problemi ellittici quasilineari. Essa e suddivisa in due parti principali: la prima parte
(capitoli 1-5) e dedicata a problemi che coinvolgono funzionali anisotropi, in cui l’'operatore
principale é regolato da una norma che, in generale, non & euclidea, portando alla definizione
dell’operatore di Laplace p-Finsler. La seconda parte (capitoli 6-7) esamina le proprieta di
regolarita delle soluzioni di equazioni che coinvolgono gli operatori p-Laplaciano scalare

e vettoriale euclidei.

* Nel Capitolo 1, introduciamo una trasformazione di tipo Kelvin anisotropo appli-
cata all’operatore di Laplace Finsler per particolari tipi di anisotropia, in particolare
nel caso riemanniano. La trasformazione conduce a una soluzione che soddisfa
un’equazione anisotropa contenente la norma duale.

¢ Nel Capitolo 2, proviamo teoremi di tipo Liouville per soluzioni stabili (e soluzioni
stabili fuori da un insieme compatto) di equazioni ellittiche quasilineari anisotrope.
In particolare, per alcune equazioni p-Finsler generali, dimostriamo che 1"unica
soluzione stabile di problemi non lineari in R" sotto determinate condizioni sulla
dimensione dello spazio e sulla non linearita del termine di ordine zero dell’equazione
e la soluzione identicamente nulla.

* Nel Capitolo 3, otteniamo risultati di rigidita per equazioni di tipo Finsler p-Laplaciano,
inclusi teoremi di tipo Liouville e risultati di simmetria unidimensionale. Le di-
mostrazioni si basano su una disuguaglianza di tipo Poincaré e su un’estensione
di una formula di Sternberg e Zumbrun, che collega le seconde derivate di una
soluzione debole alle curvature principali dell’insieme di livello corrispondente,
nel contesto anisotropo.

* Nel Capitolo 4, forniamo un’analisi asintotica delle soluzioni di equazioni anisotrope
doppiamente critiche in RY, concentrandoci sul comportamento delle soluzioni e
dei loro gradienti. In particolare, esaminiamo tali soluzioni sia vicino all’origine
che all'infinito, mostrando che esse presentano proprieta analoghe a quelle dei cor-
rispondenti casi euclidei.

¢ Nel Capitolo 5, analizziamo soluzioni di equazioni ellittiche anisotrope degeneri,
con particolare attenzione alla loro regolarita. In particolare, otteniamo stime del
secondo ordine e risultati di regolarita per il campo vettoriale della soluzione.

* Nel Capitolo 6, studiamo proprieta di regolarita e simmetria di soluzioni per il p-
Laplaciano vettoriale. In particolare, ci concentriamo su stime del secondo ordine
per il campo vettoriale associato alla soluzione vettoriale. Come conseguenza dei
risultati di regolarita ottenuti, deduciamo una disuguaglianza di Sobolev pesata,
che porta a principi di confronto deboli. Inoltre, applichiamo la tecnica del piano
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mobile per ottenere risultati di simmetria e monotonicita per le soluzioni, sotto op-
portune ipotesi.

* Nel Capitolo 7, studiamo soluzioni di equazioni che coinvolgono l'operatore p-
Laplaciano quando p tende al caso semilineare limite p = 2. Ci concentriamo
sull'integrabilita delle derivate terze delle soluzioni. Come corollario, le stime ot-
tenute ci permettono di dedurre risultati di regolarita per il campo vettoriale asso-
ciato alla soluzione.

I risultati presentati in questa tesi sono stati ottenuti nel corso del mio programma di
dottorato triennale. Essi derivano da diverse collaborazioni scientifiche e sono inclusi nei
seguenti articoli di ricerca: [15, 16,77, 78,91, 92, 128].
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Notations

e Forn € N, Q C R" open, and a function w : 2 — R, we shall denote by Vw its
n-dimensional gradient, D?w its hessian matrix. For i,j,k = 1,...,n, we write the
partial derivatives as

ow
w; = 0w = Og,w = BT
1
2

o a2 0w

U}z] ij 81,” w 8;5”

3

3 a3 _ Ow
wijr = Ojjw = arijkw = Dre

Moreover we denote with D3w = (D3w); 5 := wj), the “tensor” third derivative of
w.

* Generic fixed and numerical constants will be denoted by C (with subscript in some
cases) and they will vary from line to line.

e By |A| we denote the Lebesgue measure of a measurable set A.

e Fora,b € RY we denote by a ® b the matrix whose entries are (a ® b);; = a;b;. We
remark that for any v, w € RY it holds that:

(a ®bv,w) = (b,v){a,w).

* We denote with I the identity matrix of order N.
e The symbol f* stands for the positive part of a function, i.e. f* = max{f,0}.

* We use the bold style to stress the vectorial nature of different quantities. A N-
vectorial function w defined in 2 will be written as

w(z) = (wl(x), ... ,wN(m)) )

14

where w" is a scalar function defined in Q, for £ = 1,..., N.

We say w := (wy,...,wy,) > 0if
w; > 0 Vi=1,...,n.
Moreover we denote with Dw the Jacobian of w given by

Vuwt
Dw = :
A\
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¢
We also use the notation w’ = ai
J 895]-
Moreover we define
N
ID?w] = | > (wi)2

i=1 jk

We point out that along this paper the symbol : stands for the scalar product of the
matrices rows, namely

q q v
M N:ZMZNZ:ZZM?\/;,
i=1 i=1 j=1

where M, \ are (g x r) real matrices, whereas (, ) denotes the scalar product of two
real vectors.

For a matrix M = M;; € R?", we denote with

M| =

the Froebenius norm of a matrix.



Introduction

This work is devoted to the study of the regularity and qualitative proprieties of solutions
to quasilinear elliptic problems.

In the first part we study qualitative and regularity proprieties of solutions to quasilin-
ear problems involving anisotropic operators. Anisotropy introduces a richer geomet-
ric structure compared to the usual Euclidean geometry. However, the primary interest
lies in practical applications, as anisotropic media occur naturally in various real-world
phenomena. Anisotropic energies are extensively utilized in computer vision (see, for
example, [11, 165, 168]) and in continuum mechanics, especially in materials that exhibit
different behaviors in different directions, often due to the crystalline microstructure of
the medium (see, for example, [19, 20, 26, 154] and references therein). In particular,
anisotropic operators arise in Finsler geometry, see [21, 47, 110, 147, 148], as modelization
e.g. of material science [34, 100], relativity [9], biology [6], image processing [74, 136].

In this initial part of the thesis, we will focus primarily on problems involving the Finsler
norm H ,i.e. a function satisfying following assumptions:

(hu) () H(E) >0 VeeRY\{0};
(ii) H(s¢) =|[s|H(E) VEeRN\{0}, Vs € R;
(iii) H is uniformly elliptic, that means the set B! := {¢ € RN : H(¢) < 1} is
uniformly convex

JA>0: (DXH(E)w,v) > Aw|> Ve e B, vwe VH(E)!. (0.0.1)

Moreover we define the dual norm H° : RN — [0, +00) as:
HO(x) = sup{(¢,2) : H(€) < 1}, 0.02)

It is easy to prove that H° is also a Finsler norm and it has the same regularity properties
of H. Moreover it follows that (H°)° = H. For r > 0 and 7 € R" we define:

BE@) ={zcRY :H(x-7)<r}

and
BE(z) = {z e RN : H°(z — T) < r}.

For simplicity, when 7 = 0, we set: BY = BH(0), B#® = BH°(0). In literature BY and
BHE® are also called “Wulff shape” and “Frank diagram” respectively.

In the following, we will always consider anisotropies H with a uniformly convex
unit ball, meaning that the principal curvatures of its boundary are bounded away from
zero. We recall that Riemannian geometry is a particular case of the Finsler one and,
in fact, also in this more general framework it is possible to define length of curves,
geodesics, curvatures, etc. For our purposes, we focus the attention on Finsler norms
not depending on the position, that means invariant by translations.

13
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For more details on Finsler geometry see for instance [14, 21, 105].

We refer to [51, 21, 52, 94] for a discussion on the geometry of the Riemannian case
and for interesting related results.

For additional properties or further details on the norm H, see Section 1.2, Chapter 1.

Having concluded this general overview of Finsler norms, we now proceed to analyze
in detail the problems addressed in the first five chapters, where we delve into various
theoretical and applicative aspects related to this topic.

¢ In Chapter 1 we consider elliptic partial differential equations involving the Finsler
Laplace operator:
~ Ay .= — div(H(Vu)VH(Vu)),
where H is a Finsler norm (see assumption (k) in Section 1.2).
In the first part of the chapther, we shall consider solutions to the equation
—AHy = f(x) inRY, N>2, (0.0.3)
with f € L? (RM).

Here we provide a suitable Kelvin-type transformation in the Riemannian case,

H(&) = (M, §) (har)

for some symmetric and positive definite matrix M. In this setting, we define the
anisotropic Kelvin-type transformation by

RN N _ VH(¢)
Ty RV {0} BN\ 0}, Tia(6) =~
and consequently
a::% in RY \ {0}.

Our first result is the following

Theorem 0.0.1 ([78]). Let H be given by (har). If u € HL (RY) is a locally bounded
solution of (0.0.3), with f € L3 (RY), then @ belongs to DY far from the origin, and
weakly solves the dual equation

foTy
HN+2

—AH = in RN\ {0}, (0.0.4)

where H° is the dual norm.

As noted by Ciraolo, Figalli, and Roncoroni in [49], a Kelvin-type approach is gen-
erally ineffective in the anisotropic context. This is also true in the Euclidean frame-
work when p # 2.

We remark that, for general Finsler norms, a pure invariance of the equation is not
expected, even in the semilinear case p = 2 (for more details see Remark 1.3.4 in
Section 1.3).

The last part of the Chapter 1 is devoted to the study of the following quasilinear
elliptic equation:

~Alu=gx) inRY, N>3, (0.0.5)
where Al v := div(HN~1(Vu)VH(Vu)) is the Finsler N-Laplace operator.

As in the previous case, we have the following result
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Theorem 0.0.2 ([78]). Let H be given be (hyr). If u € I/Vllo’cN(RN ) is a locally bounded
N

solution of (0.0.5), with g € LY (RY), then u* := wo Ty weakly solves the dual equation

loc

. T
CAH = % in RN\ {0}, (0.0.6)

where H® is the dual norm.

We emphasize that our results rely on the assumption that the norm H has a specific
form, as mentioned in (k) above. This is, of course, a special case to consider, in
contrast to the more general Finsler norms.

¢ In Chapter 2 we consider weak solutions, possibly unbounded and sign-changing,
to the quasilinear elliptic equation

Ay =|uu inQ, (0.0.7)

where (2 is a domain of RN, N > 2, ¢ > 1 and A% is the anisotropic operator
ABy = div(B'(H(Vu))VH(Vu)).
Here H € C?(R¥\ {0}) is a Finsler norm and B satisfies the following assumptions

(hp) (i) B € C*((0,+00));
(i) B(0)=B'(0)=0, B(t),B'(t),B"(t) >0 Vte (0,+00);
(7ii) thereexistp > 1,k € [0,1],v > 0,T > 0 such that

T(k+t)P%t Vt>0
Tip—1)(k+t)P"2 Vt>0.

Yk + )P <B'(t)

v(p—1)(k +t)P"2 <B"(¢) (0.0.8)

<
<

Throughout the chapter, we prove some Liouville-type theorems for stable solu-
tions of quasilinear anisotropic elliptic equation (0.0.7). Liouville-type results for
non-negative solutions and subcritical values of the exponent ¢ have been previ-
ously obtained in renowned papers such as [97, 98] for p = 2 and [145] for p # 2.
The investigation into Liouville-type theorems for stable solutions, or those stable
outside a compact set, which may be unbounded and sign-changing, was first ex-
plored in [84, 85] for the semilinear case p = 2 (also see [71]). The quasilinear case
for p # 2 has been developed in [54] (also see [86]).

Here, by utilizing the techniques developed in [54, 84, 85, 86], we will provide con-
ditions on the dimension of the space N and ¢ under which stable solutions of
equation (0.0.7) are identically zero.

In particular we have the following

Theorem 0.0.3 ([91]). Let us assume that (hy) and (hp) hold and let u € Cllo’f(RN) be
a weak stable (see Definition 2.1.5) solution of (0.0.7) with p > 2. If one of the following
holds

(i) TkP2(p—1)>1,q>T?kP 2y (p—1)? and

I25P=20 71 (p — 1)%(q — 1) + 2¢ + 2y/q(q — T2xP 2y L(p — 1)?)

N <g(q):=2 [2kp—2y=1(p— 1)2(q — 1)
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(i) 0 <TrP2(p—-1)<1,q>r>Py Ltand

KPPy g — 1) + 29 +2V/q(q — k277 7T)
K*Py g —1)

N < f(q):=2

(iii)) Kk =0,q>Ty (p—1)and

Ty 'p—1)(g—1)+2¢+2\/q(¢— Ty T(p—1))
Ly tp-1)(g—(p—1))

N <s(q):=p

Then u = 0.

Moreover, we recover the case of pure Finsler p-Laplacian, that is B(t) = t?/p.

Theorem 0.0.4 ([91]). Let us assume that (hyr) holds and let u be a weak stable solution of
—div(H(Vu)P 'VH(Vu)) = [u|f'u  inRY, (0.0.9)

Assume that p > 2 and

4 3
p—1<g<oo if N < %
(0.0.10)
p—1<q<q(N,p) if N > el
with
w(N.p) = (2= DN —p)’ +0*(p—2) —p*(p— N + 2/ (p — DN 1)
h (N =p)((p—1N —p(p+3))
(0.0.11)
Then u = 0.

In the final part of this chapter we also establish a Liouville-type result for solutions
that remain stable outside a compact set (see Definition 2.1.5). In this regard, using
the Pohozaev identity in the anisotropic setting we get the following result

Theorem 0.0.5 ([91]). Let us assume that (hy) and (hp) hold, with k = 0 in (hp). Let

u € C’llo’f(RN ) be a weak solution of (0.0.7) which is stable outside a compact set (see

Definition 2.1.5). Assume p > 2 and
My l(p—1)<g< o if N < pyI—t
(0.0.12)
N(p=L)+p ) _
My ip—1) <q< <Nr”23 : if N > pyD .
Y

Then v = 0.

We remark that Theorem 0.0.3 and Theorem 0.0.5 are new even in the Euclidean
case, i.e. if H(§) =¢&.

In Chapter 3 we consider u € C'!'(R") weak solutions to the problem

—div (B'(H(Vu))VH(Vu)) = f(u) onR", (0.0.13)

Here, H € C2P (RN \ {0}) is a Finsler norm, f € Cllo’C’B(O, +00) and B satisfies

loc
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(hp) (i) B e CE2(0, +00) N CL([0,0));

(i) B(0)=B'(0)=0, B(t),B'(t),B"(t)>0 Vte (0,+00);
(iii) thereexistp > 1,k €[0,1),v > 0,T > 0 such that

Y+ P2<B'(t) <T(k+t)P"2% Yt>0

oy Ly (0.0.14)

yp—1)(k+t)P2<B"(t) <T(p—1)(k+t)P= Vt>0.
In this chapter, we focus on rigidity properties, including Liouville-type theorems
and one-dimensionality results.

Our first result is the following:

Theorem 0.0.6 ([92]). Let N = 2. Let u € C(R?) be a weak stable (see Definition 3.1.1)
solution of (0.0.13), with Vu € L*(R?). Then there exist up : R — R and w € S* such
that u(z) = ugp(w - x) for any x € R2.

The proof that we present is based on a Poincaré type inequality and it is a vari-
ation given in [89, 150, 151]. For this purpose, we will extend a formula by Stem-
berg and Zumbrun which relates the second derivatives of a weak solution of the
equation (0.0.13) with the principal curvatures of the corresponding level set, in the
anisotropic setting.

The second symmetry result is the following

Theorem 0.0.7 ([92]). Let N = 3. Let u € C*(R3?) N W1°(R?) be a weak solution of
(0.0.13). Suppose that
By > 0, (0.0.15)

Then u has one dimensional symmetry in the full space R, namely there exist up : R — R
and w € S? such that u(z) = uo(w - z) for any x € R3.

In the Euclidean framework and in the case of B(t) = 1 and f(t) = t — t3, Theorem
0.0.6 and Theorem 0.0.7 reduce to a problem proposed by De Giorgi, [64]. The first
result was obtained for N = 2 in [22, 99], and, subsequently, the case N = 3 was
proved in [3, 5]. Moreover, assuming an additional limit requirement on the solu-
tions, the De Giorgi’s conjecture is true for 4 < N < 8, (see [138]). The conjecture
fails for N > 9, [65]. In the case of p—Laplace operator and non-uniformly ellip-
tic operators, one dimensional symmetry for solutions has also been dealt with in
[33, 83, 93, 89, 90, 160].

¢ In Chapter 4 we consider weak solutions to the following anisotropic doubly criti-
cal problem

“Au— e =@ RN
u>0 in RN (Ph)
u € DIP(RY),

where 1 < p < N, p* := Np/(N —p) is the Sobolev critical exponent, 0 < v < Cp :=
((N — p)/p)? is the Hardy constant and

Ay = div(HP~H(Vu)VH(Vu)), (0.0.16)

where AT is the so-called anisotropic p-Laplacian or Finsler p-Laplacian. We point
out that H is a Finsler type norm and H° is its the dual norm.
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The aim of this chapter is to provide a complete asymptotic analysis of the weak
solution u € DVP(RY) and its gradient Vu near the origin and at infinity, showing
that this solution has the same features of its euclidean counterpart.

In the first part of this Chapter we deduce the precise asymptotic estimates for weak
solutions u to the problem (Pg).

In particular we have the following result
Theorem 0.0.8 ([77]). Let u € DP(RY) be a weak solution of (Py) with 1 < p < N,

0 <~ < Cy. Then there exist positive constants 0 < Ry < 1 < Ry depending on N, p,~y

and u, such that
Cy

Cl HO
T S < /v .0.17
R R e TR (0047)
and c
€2 2 H°\c
TT70/ N1t < < TT707 Nliia . .
e = S e 7 B (©018)
where 11, 1o are the solutions of
WP2[(p— 1)p? — (N = p)u] +v =0, (0.0.19)

Cy, Cy are positive constants depending on N, p,~, H and u, ¢y is a positive constant de-
pending on N, p,~, H, Ry, 1 and u, ¢y is a positive constant depending on N, p,~, H, Ra,
o and u.

In the proof of the Theorem 0.0.8, we will also leverage some clever ideas from [166]
to address the challenges of the anisotropic problem.

A different approach is necessary for studying the asymptotic behavior of the gradi-
ent of the solution u. Notably, since the moving plane technique cannot be applied,
a crucial aspect is provided by the following classification result

Theorem 0.0.9 ([77]). Let v € C2% (RN \ {0}) be a positive weak solution of the equation

loc

—AHy mw—l —0in RN\ {0},

where 0 < v < Cy. Assume that there exist two positive constants C' and c such that

O Ve € RV (o),

=)= e

[He ()]

where p; (i = 1,2) are the roots of the equation (0.0.19), and suppose that there exists a
positive constant C' such that

V()| < [H(S]MH vz € RN\ {0},
then -
RNTERIT

for some ¢ > 0.

We remark that the proof of the Theorem 0.0.9 is very much different than the ones
available in the euclidean case H (§) = |¢].

Finally, in the last part of the chapter, using the previous Theorem 0.0.9, we derive
precise asymptotic estimates for the gradient, as stated in the following
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Theorem 0.0.10 ([77]). Let u € D'P(RN) be a weak solution of (Py) with1 < p < N,
and 0 < v < Cy. Then there exist positive constants ¢, C depending on N, p,~, H and u

such that ~ ~
W <IVu(@) < grppan @€ B (0.0.20)

and N
W < Vul@)l < [H(;S]MH z € (B, )", (0.0.21)

where 1, pio are roots of (0.0.19), and 0 < Ry < 1 < Ry are constants depending on
N,p,vand u.

¢ In Chapter 5 we focus on the second-order regularity of the solutions to

—div(A(H(Vu))H(Vu)VH(Vu)) = f(z), in . (0.0.22)

Here Q is a domain of RN, and H € C*(R™\{0}) is a Finsler norm. The function A :

loc
(0,+00) — (0,+00) is of class Cllo’f(O, +00) and satisfies the following Uhlenbeck
structure

A FA(#)
— = < =
L<inf =y = ma s Ma=sup =

< 400

For the right-hand side of equation (0.0.22) we assume the following hypothesis

1 N

(Hy) the source term f € W,/ ¥ 777° (Q)NCY% () where s € (0, N—~)and y < N —2

oc loc

if N >2and y = 0if N = 2. If y = 0, we consider f € W1 (Q) n CY%(Q).

loc loc

If A(t) = t*=2 and in the isotropic case, i.e. when H is the classical Euclidean norm
H(&) = ||, our equation reduces to the well known p-Laplace equation.

In this chapther we analyze solutions to degenerate anisotropic elliptic equations
to investigate their regularity. Specifically, we derive second-order estimates and
establish regularity results for the stress field. To the best of our knowledge, second-
order regularity for equations with Uhlenbeck structure is not fully understood,
even in the isotropic case.

We present the following result regarding the regularity of families of stress fields
of the form A(H (Vu))? H(Vu)V H(Vu) which involves only the quantities m 4 and
Ma.

Theorem 0.0.11 ([16]). Let u € CL%(Q) N C%(Q\ Z,,) be a weak solution to (0.0.22),
where f satisfies (Hy).
Then

(1) If0<mA < My, then

A(H(vu))fﬁ H(Vu)VH(Vu) € WE2(Q,RY),

loc

ma my
k>14+—— .
forany k > 1+ > 50,
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(13) If mg < My <0, then

A(H (V)™ H(Vu)VH(Va) € WE(Q,RY),

loc

1 my
kE>-+—.
for any 5T

(73i) If ma <0 < My, then

k—
A(H(Vu)) s H(Vu)VH(Vu) € WEA(Q,RY),
1 My My My
forany k € <2+2’1+2_2m,4>'
(tv) Ifma =0and My > 0, then
A(H(Vu)*=t H(Vu)VH(Vu) € WE(Q,RY),

3 1
forany k > 5 T 9N,
(v) If ma < 0and My = 0, then
A(H(Vu))F=' H(Vu)VH(Vu) € Wh(Q,RY),

loc

3 1
E<z——.
forany k < 2 2mgy

Naturally, appropriate choices of k yield the optimal results obtained in [8], i.e.

A(H(Vu)H(Vu)VH(Vu) € WhH(Q).

loc

Furthermore, in [8], global second order estimates for anisotropic problems, in the
Uhlenbeck structure have been obtained under minimal assumptions on the regu-
larity of 02 and on H. In particular, the authors, in [8], proved that

fel? — A(H(Vu)H(Vu)VH(Vu) € WH2(Q).

Our second result concerns estimates on the second derivative of the solution to
equation (0.0.22) and generalizes a result obtained in [35]. Specifically, we have the
following

Theorem 0.0.12 ([16]). Letu € Clloca(Q) NC2%(Q\ Z,) be a weak solution to (0.0.22) where
[ satisfies (Hy). Suppose infycio p) A(t) = 0. Then

(i) if My < 1, it holds

u € W2A(9Q). (0.0.23)
(73) If M4 > 1 and if we assume that
f>27>0 ae inQ. (0.0.24)
it holds
u e Wri(Q), (0.0.25)
with ¢ < Ma+ 1.

My
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Ifinfycpoap) A(t) > 0, then (0.0.23) holds without further assumptions on M 4.

In the second part of the thesis, we will examine the regularity properties of solutions
involving both the scalar and vectorial p-Laplacian. In particular we will deal with weak
solutions of

—Apu=f in€Q. (0.0.26)

The p-Laplace operator is defined as follows

Apu = div(|VulP2Vu) = |VulP"2Au + (p — 2)|VulP~*(D?*uVu, Vu)
where (D*uVu, Vu) = 3, 97udiudju and  is a domain of R™ with n > 2. We remark
that the p-Laplace operator becomes the classical Laplacian when p = 2, i.e.

Agu = div(Vu) = Au = Z 2.

When p # 2 the situation is completely different and it is well known that, since the p-
Laplace operator is singular or degenerate elliptic (respectively if 1 < p < 2 or p > 2),
solutions of (0.0.26) are of class Cllo’f (Q)NC%Q\ Z,), where Z, denotes the set where the
gradient vanishes, for every p > 1 and under suitable assumptions on the source term
(see [67, 113, 157]).

The regularity of weak solutions to equation (0.0.26) has a long history. As a quasilin-
ear, degenerate elliptic PDE, the linear theory developed by De Giorgi [63], Nash [131],
and Moser [130] does not directly apply. However, Serrin established an Harnack in-
equality for positive weak solutions of (0.0.26) in 1964 [143], building on ideas introduced
earlier by Moser, which led to the proof of Holder regularity.

The Holder regularity of the gradient is more complex. The range 1 < p < 2 was
studied by Uraltseva [158] and Uhlenbeck [159], while the general case for 1 < p < +o0
was addressed by Di Benedetto [67], Lewis [111], and Tolksdorff [157].

For further extensive discussion on regularity theory in the quasilinear context we
refer to [10, 13, 41, 43, 37, 50, 59, 66, 72, 73, 108, 102, 107, 119, 121, 122, 149]. Recent
significant results are presented in [60, 61, 62].

For p = 2, (0.0.26) becomes the linear Poisson equation

~Au=f inQ. (0.0.27)

Early contributions on second order regularity for solution to (0.0.27) can be found in
[24, 146]. For further generalization to linear equations in divergence form we refer to
[95, 132, 133]. The classical result is the following: if u is a weak solution of (0.0.27) then

fELL(Q) < ueWE(Q). (0.0.28)
For a proof of the previous result, we refer to [30, 81, 101]. If we consider a bounded
smooth domain €2, in particular if 99 € C?, the result can be extended on the boundary,
under Dirichlet boundary condition.
The extension of (0.0.28) for the p-Laplace equation (0.0.26), due to Cianchi and Maz’ya
[45], is as follows
Fell () < |Vul?Vue W Q). (0.0.29)

loc
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Moreover, if we consider a bounded domain €2, they proved a global result under mini-
mal assumptions on the boundary of the domain, when the Dirichlet or Neumann bound-
ary condition are imposed. For a similar result involving the stress field of the solution
we refer to Lou [119]. Further generalizations of (0.0.29) to anisotro ]plc operators, involv-
ing the Finsler norm, can be found in [7, 8]. Moreover, if f € W, )N LY (), with
q > n, similar results as in (0.0.29) have also been obtained (see [126]) for vector fields of
the form V,, := |Vu|*"'Vu, that is

—1
Vo e WE2(Q) fora > Z’T (0.0.30)

Hidden in the result (0.0. 29) and under suitable assumption on f, the solution u be-
longs to the Sobolev space W (Q) If the right-hand side of the p—Laplace equation
(0.0.26) has more regularity, then we can deduce 1mpr0ved second-order estimates for
the solution w. In particular, see [57, 141, 142], if f € I/Vl Y(Q) N LL (), with ¢ > n, then

loc

we have
u € VVZQ(')S(Q) forl <p<3. (0.0.31)
Moreover, if f has a sign, then
—1
weW2Q) g< % (0.0.32)

We remark that the result expressed by (0.0.32) is sharp. This can be deduced by the
example involving u := 2’ /p/, where p/ = p/(p — 1) and z; > 0, which solves Ayu = 1,
In addition, the result can be extended on the boundary, when Dirichlet or Neumann
boundary condition is imposed (see [126]). We also mention the regularity results in [37],
achieved through a different approach.
The last part of the thesis is devoted to the study of the solutions to the following
p-Laplace system
~Ayu = —div(|Du[P"2Du) = f inQ, (0.0.33)

where Q is a domain of R”, p > 1 and Dw is the Jacobian of the vector field u : Q — RY,
N > 2.

Results from [2, 159] imply that any local weak solution u to (0.0.33) satisfies Du €

L2 (Q;RN™), and additionally, Du € Cp:%(9; RN") for some a € (0,1). Recall that, in

striking contrast to the scalar case solutions to nonlinear elliptic systems with a more
general structure than that of (0.0.33) can be irregular. Examples in this context can be
found in [153], where the authors prove the existence of nonlinear elliptic systems with
smooth coefficients depending only on the gradient, but with solutions that are not even
bounded.

The study of global regularity, meaning up to the boundary, in boundary value prob-
lems for nonlinear elliptic systems has a more recent history. Global gradient bounded-
ness and gradient Holder regularity for the p-Laplacian elliptic system (0.0.33) , under
homogeneous Dirichlet boundary conditions, were obtained in [38] as a consequence of
similar results for the associated parabolic problem. That paper considers right-hand
sides that are bounded in = and domains whose boundary is of class C1*. Global gradi-
ent Holder regularity, both for Dirichlet and Neumann problems, is established in [103]
for systems with Uhlenbeck structure in domains of class C'!1.

Second-order estimates were established in [12, 46] for solutions to the p-Laplace sys-
tem with a right-hand side in L. In particular, in [12] the authors proved that

|DuP~2Du € W2(Q)  forp > 2(2 — V/2).
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If the right hand-side of the p-Laplace system (0.0.33) has more regularity, a similar re-
sult was obtained in [123]. In particular, the author proves that forp > 3and f € Wi (Q)
then Du locally lies in a suitable fractional Nikol’skii space. This result is obtained prov-
ing that |Du|* 1 Du € VV;?(Q) for every s € ((p — 1)/2,p/2] when p > 3. As a rule, if
p €[2,3), |Dul*'Du € VVllof(Q) for s € [1,p/2] follows too.

Other results concerning regularity of p-Laplace type systems can be found in [25, 27,
28, 29,42, 44, 68, 69].

We now focus on the specific topics covered in the last two chapters.

* In Chapter 6 we consider weak solutions u € C'!(Q2) to the p-Laplace system

u=0 on 0f),

where 2 is a bounded smooth domain in R", u = (u!, ..., uN) Q> RN, N> 2
and Dw is the Jacobian of u.

Problems involving the p-Laplace system (p-S), present greater difficulties. The
techniques generally used for the scalar case fail for the system, as it is coupled in
the gradient term | Du/|P~2.

The first step of our study addresses the regularity of solutions, a topic still explored
in the literature, despite its importance. In addition to the works cited above, we
refer to the reader to [107] and to the recent deep developments in [60, 61, 62].

Here, in the first part of the chapter, we extend the regularity estimates for the
second derivatives of solutions to (p-5).

In particular, we have the following weighted estimate involving the Hessian D?u
of the solution to the system (p-95).

Theorem 0.0.13 ([128]). Let 2 be a bounded smooth domain and p > 1. Let u € C1()
be a weak solution of (p-S), with

Flo,w) = f(z) € W (@) N C2E (@),

loc loc

where0 < s <n—yandy<n—2(y=0ifn=2).

If1 <p<2letusassume0 < a <p—1landifp > 2let a € [0,1). Then, for any
Q CC Q, it follows that

D p—2—« l)2 2
/ Dyl 1D, < ¢, (0.0.34)
N Za lz —y|

uniformly for any y € R", with C = C(f,n,p, o, 7, Q).

Consequently, we also deduce the integrability properties of | Du|™!.

Theorem 0.0.14 ([128]). Let @ C R" be a bounded smooth domain and let u € C*(Q)
be a weak solution of (p-S) with f(x) = f(z,u) € Wll’"‘w_s Q)N C’O’ﬁ(Q), where

oc loc

O0<s<n—yandy <n-—2ifn >3 (y=0ifn=2). Suppose that for some i:

ff>r>0 in Q.
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Then, for any Q CC Q

1 1
< .U.
/@ Duf le—gp =@ (0.035)

for any

2p—3 fl<p<2
s 3 fl<ps (0.0.36)
p—1 ifp>2,

and C = C(f,n,p,,0,T, Q) is a positive constant. In particular the Lebesgue measure of
Za, 1S zero.

As an important consequence, exploiting our Theorem 0.0.13 and Theorem 0.0.14,
we recover that
uweW2(Q) forpe(1,3)

loc

and, under the assumption that f has a sign, we prove that for p > 3,

. -1
ue W2(Q) withg < ]972
D

The second part of this chapter is devoted to obtaining monotonicity and symmetry
results, using the moving plane technique.

We recall that the scalar case N = 1 has been extensively treated in [56] for 1 <
p < 2, and subsequently extended in [57], for every p > 1. For the vectorial case
N > 1no general symmetry results are available in the literature and some achieve-
ment was obtained in [120], under stronger assumptions on the vectorial function
f (namely assuming that f is strictly increasing respect to x) and in the singular
case 1 < p < 2. We emphasize that the strict monotonicity assumption on the non-
linearity in [120] prevents to consider the natural case of autonomous equations.

Using regularity proprieties we obtain a weighted Poincare inequality that allow us
to establish a comparison principle in small domains.

Theorem 0.0.15 ([128]). Let p > 1 and u,v € C*(Q) such that either u or v is solution
to (p-S) and
-Apu — f(r,u) < —Apv — f(z,v) nQ,

where f satisfies (hs) (see Section 6.1 in Chapter 6). Let Q CC Q be open and assume that
(' — oYW — ') >0 inQ, fori#j,

and u < v on OS). )
Then there exist A = A(f,p, N, ||Dul||sc) > 0 such that, if |2| < X, it follows that

u<ov nf.

Iffl C Q, the same result holds assuming, for p > 2, that Z,, CC €.

Finally, we conclude the chapter deducing a symmetry and regularity result, under
general assumptions on the source term f (see assumptions (/¢)).

We state the following
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Theorem 0.0.16 ([128]). Let 2 be a bounded smooth domain of R™, convex with respect to
the x1-direction and symmetric with respect to Ty, where

T0:{$€QI$1:0}.
Let u be a positive C1(Q) weak solution to (p-S) such that

|DulP2Du € WE3(Q),  Z, ccCQ,

loc

with f satisfying (hy) (see Section 6.1 in Chapter 6) and
flxi,22,...,2n,u) < f(y1,22,...,2n,u) wherex; <y1 <0,

.f(_:l;la ey In—1,Tn, ’Ll,) = f(xlv vy In—1,Tn, u)
We set a := inf x1 and b := sup x1. Assume that
zef xeQ)

(u'(x) — u'(2X — 21, o0y ) ) (0 () — 0! (2N — 21,0, ) >0 0,5 =1,...,N,

either for any a < A\ < 0 with x € Q such that x1 < Xor for any 0 < A < bwith x € 2
such that x1 > \.

Then w is symmetric with respect to Ty and non-decreasing with respect to the x1-direction
inQo={xeQ:x <0}

* In Chapter 7 we deal with the regularity of the third derivatives of weak solutions,
possibly sign-changing, to:

~Apu = f(z) inQ (0.0.37)

where Aju is the p-Laplace operator and (2 is a domain of R" with n > 2.

In this chapter, we examine the integrability of the third derivatives of the solutions
when p approaches the semilinear limiting case p = 2, which can be understood
as distributional derivatives in an appropriate sense. To our knowledge, no other
results in the literature address this topic.

Our results are influenced by the classical theory of elliptic regularity, particularly
by the constant C'(n, ¢) found in the Calderén-Zygmund estimate
1D*w] o) < O, @) | Aw]l age- (0.0.38)

To achieve our main results, we first extend a result in [120], which does not con-
sider the effects of the boundary of 2. In particular, we have the following

Theorem 0.0.17 ([15]). Let €2 be a domain of R"™ and u € Cllof(Q) be a weak solution to
(0.0.37), with f(z) € W21 (Q) N 00’6/(9). Let ¢ > 2 and p be such that

loc loc

_9| < ,
=2 < G

with C(n, q) given by (0.0.38). Then, if 1 < p < 2, we have

ue WEYQ).

loc
—1

If p > 2 then the same conclusion holds if p satisfies, in addition, ¢ < 2—2.



26

CONTENTS

In [45] the authors proved that |Vu[P~2Vu € VVlf)f(Q), if f € L2 (). The natural
generalization could be

[VulP~2Vu € WE(Q) iff f € LE(Q).

loc

Partial results have been obtained in [102], when & — 2 is sufficiently small, with
f e L¥Q) n WL (Q). Using a third order estimate (see Theorem 7.1.4) we de-
duce improved regularity properties of the stress field. Here, we obtain a improved
regularity result for the stress field |VulP~?Vu

Theorem 0.0.18 ([15]). Let Q C R" be a domain and u € CP(Q) be a weak solution of

loc

(0.0.37). Assume that & > 3 and we set ¢ = 2(& — 1). Suppose that
% PR S . S (0.0.39)
max 2a — 1’ C(n,q) p== h

where C(n, q) is given by (0.0.38). Let f(z) € Wz,z(&—1)/3(9) N Cllo’f (Q). Then

loc

VuP~2Vu € WL (Q). (0.0.40)
In the last part of this chapter we obtain second order regularity results for the stress

field |Vu|*~1Vu, for some k € R. In particular, we get

Theorem 0.0.19 ([15]). Let Q C RY be a domain and u € Cllof(ﬂ) be a weak solution of
(0.0.37). We set

=2gn_1 — 1
o = 2wt~ 1) (0.0.41)
qo =4
Let ¢ > qo, with gy < q < qn+1 for some N € Ny.
Assume p such that
2 — <p<min{2+ ! 24 ! } (0.0.42)
C(n,q) g—1 C(n,q) )~ o
Let f(z) € W2 V(@) n L () and
f>7>0 in Q, (or f<T<0 in Q).
Then we have
IVl Vu e W2 (Q,RY) (0.0.43)
forany k > (o + 1)/2, where
(¢ —an) 3—p
o> o (1=p)+ =55 +1 (0.0.44)

In case f has no sign, let ¢ > qo, with qn < q < gn+1 for some N € Ny, and qn given
in (0.0.41). Assume p satisfies (0.0.42). Then (0.0.43) holds for any k > (p + «)/2, where
a>B3-p)/2YN +1G N=0,a>4—p).

We remark that Theorems 0.0.18 and Theorem 0.0.19 follow from more general es-
timates concerning the third derivatives (see Theorem 7.1.4.)

The results presented here were obtained during the three years of my doctoral pro-

gram. They are the product of various scientific collaborations and are included in the
following research articles in [15, 16, 77, 78, 91, 92, 128]



Chapter 1

Anisotropic Kelvin-type transform
for a special class of anisotropic
elliptic operators

1.1 Main results

The aim of this chapter is to investigate elliptic partial differential equations involving
the Finsler Laplace operator:

— Ay = —div(H(Vu)VH(Vu)),

where H is a Finsler norm (see assumption (hy) in Section 1.2), and for H(§) = [¢], the

operator A simplifies to the classical Laplacian. Elliptic equations involving anisotropic

operators appear as the Euler-Lagrange equations of Wulff-type energy functionals.
Initially, we examine solutions to the equation

—AHy = f(x) inRY, N>2. (1.1.1)
which is the Euler-Lagrange equation of the Wulff-type energy functional

W(u) = /RN [H(Z“)z —f(:p)u] dz. (1.1.2)

As usual, a solution has to be understood in the weak distributional meaning, i.e. u €
H! (RY)is a weak solution of (1.1.1) if

H(Vu)(VH(Vu),Vy) dz = (z)p dz, Ve e CLRY). (1.1.3)
RN RN

As mentioned in the introduction, we tackle this issue by providing a suitable Kelvin-
type transformation for the Riemannian case,

H(E) = V(M¢, 6 (har)

for some symmetric and positive definite matrix M. In this setting, we define the
anisotropic Kelvin-type transformation by

Ty : RV N\ {0} — R\ {0}, Ty(é) :=

27
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and consequently

. uoTly .
u = W IHRN\{O},

see Section 1.3 for more details.

Remark 1.1.1. Although our main results are proven in the Riemannian case (h ), parts
of our construction apply to general Finsler norms. Thus, many preliminary results will
be presented in a general framework, using Finsler geometry terminology where possi-
ble. This approach underscores the geometric concepts underlying our construction.

With this framework, we establish the following theorem.

Theorem 1.1.2. Let H be given by (hy). If u € HL (RYN) is a locally bounded solution of
(1.1.1), with f € L2 (RYN), then @ belongs to DY far from the origin, and weakly solves the dual
equation

foTy
HN+2

where H° is the dual norm, given by H°(x) = sup{({,z) : H(§) < 1}.

Remark 1.1.3. Let us stress the fact that the result in Theorem 1.1.2 could be also obtained by
using a suitable change of variable together with the techniques known for the standard Laplace
operator. Such a proof would not be so easier or shorter. This led us to provide a proof that
emphasizes the geometrical properties of the anisotropic Kelvin transformation.

AT = in RN\ {0}, (1.1.4)

We remark that in the Euclidean framework, i.e. if H({) = &, equation (1.1.1), with
f = u* 1, reduces to the classical Sobolev critical problem , for which the classification
of positive solutions u € D?(RY) was started in the seminal paper of [96]. Later on,
Caffarelli, Gidas and Spruck [33], using the Kelvin transformation, classified all the so-
lutions of the Sobolev critical equation without any a priori assumption on the energy.
We refer to [76, 117, 127, 155] for an appropriate use of the Kelvin transformation. As we
shall show adding an example in Remark 1.3.4, a pure invariance of the equation is not
expected for general Finsler norms, even in the semilinear case p = 2.

To our knowledge, this is the first result in this direction within the anisotropic frame-
work. We also acknowledge the work of Monti and Morbidelli [124], which presents a
non-trivial application of the Kelvin transformation for equations involving Grushin op-
erators.

The last part of our chapter is devoted to studying the following quasilinear elliptic
equation:

ARl u=gx) inRY, N>3, (1.1.5)

where Al v := div(HYN~1(Vu)VH(Vu)) is the Finsler N-Laplace operator, and g €
N
LY T (RN).

loc

As pointed out above, we say that u € WY (RY) is a weak solution of (1.1.1) if

loc

. HN"Y(Vu)(VH(Vu), V) dz = /N g(z)p dz, Ve e CHRYN). (1.1.6)
R R

In the Euclidean framework, i.e. if H({) = |{|, we refer to the seminal paper by W.
Chen and C. Li [39], where the, making use of the Kelvin transformation, classified solu-
tions to the Liouville equation (g = e*) via an adaptation of the moving plane method.
As remarked above, in quasilinear case the situation is much more involved and we re-
fer to the work of P. Esposito [80] for a classification result of the Liouville equation for
p = N > 2, with the use of the Kelvin transform, but with a different approach to the one

carried out in [39].
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loc

Theorem 1.1.4. Let H be given be (hyr). If u € whN (RN is a locally bounded solution of
N
(1.1.5), withg € L} * (RN), then u* := u o Ty weakly solves the dual equation

o oT

v RV {0}, (1.1.7)

where H® is the dual norm.

We point out that under suitable assumptions on f and g, due to the results in [7, 67,
113, 157], it is possible to assume that solutions of (1.1.1) and (1.1.5) are of class C1<.

In the following we devote Section 1.2 to the introduction of the main geometrical
notion used in the thesis. In Section 1.3 we study the Kelvin-type transformation, defined
above, and we prove our main results.

1.2 The norm H

The aim of this section is to introduce the Finsler norm H and to recall technical results
about anisotropic elliptic operator that will be involved in the proof of the main results
of the thesis.

Let H be a function belonging to C?(R™ \ {0}). H is said a “Finsler norm” if it satisfies
the following assumptions:

(ha) (@) H(E) >0 VEeRV\{0);
(i) H(s€) = |s|H(€) Ve RN\ {0}, Vs € R;

(iii) H is uniformly elliptic, that means the set BT := {¢ € RN : H(¢) < 1} is
uniformly convex

JA>0: (DXH(E)w,v) > Aw> Ve e B, vwe VH(E)!. (1.2.1)

Now we provide some remarks on Finsler norms.

Remark 1.2.1. A set is said uniformly convex if the principal curvatures of its bound-
ary are all strictly positive. We point out that these kind of sets are also called “strongly
convex”, which is stronger a condition than the usual “strict convexity”. Moreover, as-
sumption (iii) is equivalent to assume that D?(H?) is definite positive, i.e. there exist
A > 0 such that, for all ¢ # 0 and € RY,

(D2H?(&)n,m) > Aln|>. (1.2.2)

Remark 1.2.2. Actually, in literature the definition of “Finsler norm” is not unique. In dif-
ferential geometry;, it is usual to define this class of norms satisfying directly the assump-
tion that D?(H?) is definite positive. The last one allows to define the fundamental tensor,
that is a very useful tool in order to show suitable properties of geometrical objects like
curvatures, distances and so on. However, in many framework, it is enough to require
that B is only strictly convex, and not strongly convex. Therefore, it is usual to give a
definition of Finsler norm without the requirement (iii) (see for instance [18, 21, 94]), but
with the only assumption that H? has to be strictly convex. For example, for p # 2, the
p-norm in R¥ is not uniformly elliptic, because its unit ball B is not strongly convex but
only strictly convex. For our computations we need the stronger condition (iii) and we
choose a particular class of Finsler norms satisfying it.
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Since H a norm in RY, we immediately get that there exists a1, ap > 0 such that:
al¢] < H(E) < aglé], VEeRN. (1.2.3)
The dual norm H° : RN — [0, +00) is defined as:

H(x) = sup{(¢,z) : H({) < 1}.

It is easy to prove that H° is also a Finsler norm and it has the same regularity properties
of H. Moreover it follows that (H°)° = H. For r > 0 and Z € RY we define:

BH(z)={z RN :H(z—-7) <r}

and
BE (z) ={z e RN : H°(x — %) < r}.

For simplicity, when = = 0, we set: BY = BH(0), BZ® = BH°(0). In literature B and
BE® are also called “Wulff shape” and “Frank diagram” respectively.

We recall that, since H is a differentiable and 1-homogeneous function, it holds the
Euler’s characterization result, i.e.

(VH(E),§) =H(§)  VxeRY, (1.2.4)

and
VH(te) =sign(t)H(E)  VEE RN Wt eR, (1.2.5)

and the same is true for H°.
Since H is 1-homogeneous, we have that VH is 0-homogeneous and it satisfies

VH() =VH (mé') =VH (é) ve e RV {0}.

Hence, by the previous equality, we infer that there exists a constant M > 0 such that
IVH(E)| <M  VeeRY\ {0} (1.2.6)

Since H is 1-homogeneous function we get

D?H(t¢) = |tl|D2H(§) Ve e RV {0}, Vt # 0, (1.2.7)

For the same reasons there exists a constant M > 0 such that:
> M N
D H(§)| < 0 veEeRY\ {0}, (1.2.8)

where | - | denotes the usual Euclidean norm of a matrix, and
D?H(E)E=0  VEe RN\ {0} (1.2.9)
Moreover, there holds following identities:
H(VH®(z)) = 1= H°(VH(z)) (1.2.10)

and
H(x)VH°(VH(z)) =2 = H°(x)VH(VH(x)), (1.2.11)

and we refer the reader to [21] for a complete proof.
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1.2.1 Useful inequalities for the norm H

We start with some elliptic estimates that can be proved in the same spirit of the Euclidean
framework.

Proposition 1.2.3. For any p > 1 and n,n' € RN such that |n| + || > 0, it holds
[HP~ () VH () — HP () VH ()] < Cy(Inl + [ )P =20 — 11| (1.2.12)
Moreover, any p > 2 it holds the following inequality
HP(n) > HP(if) + pH"~ (1 )(VH (i), 0 — 1) + C(p) HP (1 — 1), (1.2.13)
for any n,n’ € RY. Furthermore, if 1 < p < 2 we have that
HP(n) > HP(n') + pH? ™ (0 )(VH (1), = ) + Co[H () + H ()P~ H?(n — 1), (1.2.14)
for any n,n' € RY such that |n| + 7’| > 0.

Proof. We start the proof showing (1.2.12). First of all we note that (1.2.12) is symmetric
in 7, . Hence, without loss of generality, we can assume that |1/| > || > 0. We note that
forj=1,...,N:

oOH
677]

/ { — DHP2(n +t(n—1n')) (gg 2112)( +tn—1)) (1.2.15)

or

P!
U on;

(n) —H ' () 7—() =

2

O2H
+HP 1 + -1 "t —n } ; — 1l dt.
(' +tn—n")) o, (" +tn—n))|- (i — ;)

By (1.2.15), using (1.2.3), (1.2.6) and (1.2.8) we have
|HP~H(n)VH (n) — HP'(if )VH ()| <

< /0 [(p— DHP (' +t(n—))VH(' +t(n—n')) @ VH (i + t(n — 1))

p—1/./ / 2 / / / (1'2‘16)
+H P (' +t(n =)D H (' +t(n — )| - |n —n'| di
1
< (=10 M+ TD)ln =] [ (' + ey = )2
where | - | denotes the standard matrix Euclidean norm.
Now, we observe that
0" +t(n =) < Inl +[n'l, (1.2.17)
and, since || > |n|, we have either
17| ARUARRU
< T — a2 )=o) 2 L TR g 0
, _ 'l
or, putting to := ] € (0,2),
/ ’T]/‘ / / / / /
n—n'l> = "+t =) = |l = tn —'l] = to —t| - [n =
/ /
> o — 1] ’772| ity — t||772| (1.2.19)

Il + 7|
to —¢| AT
—
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If p > 2, using (1.2.17) in (1.2.16) we have
(=P~ () VH () — HP (0 )’WH (i) < Cp(|'| + [n))P~2|n — | (1.2.20)

where C, = (p — 1)a > M? + o~ " M. Hence (1.2.12) holds.
If p < 2and (1.2.18) holds, by (1.2.16) we obtain

[HP= () VH () — HP ' () VH ()| <

< ((p— 1)ah2M2 + o Ty - nl/ (I + (0 — o) P2 dt.

p— 2 (1.2.21)
< ((p—1)ay>M? + ob~"M) |/ <W+!n!>
< Co(In'| + Inl)" =2 — |,
where G, = ((p — 1)of~ M2+ oy ']M) /472, Hence (1.2.12) holds.
If p <2 and (1.2.19) holds, by (1.2.16) we obtain
|HP~(n)VH(n) — H* ' () VH ()| <
1
S(@—1k§2kﬂ+w€lmnn—nWA(M“+ﬂn—#NV”dt
1 / p—2
< ((p - Vg M+ o Dl | [ o P2 <W> dt
’ (1.2.22)

(p— 1) M2+ b "M

1
- = (1 a2 =) [ o =t ~2a

(p—1)ab 2M2 + o' M
4pr—2

= Coll'| + nly*~2In — /|,

IA

1
('] + )P =210 — o] 2 /0 72,

where C), = (2(p — 1)ay > M2 + 2057 ' M) /472,

Collecting the estimates above we deduce that inequality (1.2.12) holds for every
p>1landforC, = ((p— 1)ab > M2 + o5 "M) - max{1,4>7,2 - 4277},

Now we will show (1.2. 13) and (1.2.14). For n,’ € RV, we define

f(&) = HP(f +t(n =)
and Taylor’s formula yields
1
HP(n) = HP () + pHP ™ (f )(VH (1), — ) + /0 (L=0)f"(t) dt, (1.2.23)

provided | 4+ t(n — n')| # 0, for 0 < ¢ < 1. But the case when n' + ¢(n — /) = 0 can be
easily verified. By [52, Theorem 1.5] we obtain that

£t = (D*(HP (W +tn—n)(n—n'),n—1')

k (1.2.24)
)0+t —n) P2 -,

where C(p) is a constant depending on p. We remark that

! . 31,
/O(l—t)f (1) dt > 4/0 () di. (12.25)
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If 1 <p<2by(12.17) we have
(H(n) + H()P™> < b~ +t(n— )P

and using (1.2.25) we arrive at (1.2.14).
If p > 2, using a similar argument as in the proof of the inequality (1.2.12), we obtain

[ 7@ = Cxinl+ 2l = (1226

with C(p) constant depending on p. Since |n — 7/| < |n| + || and using (1.2.3), we get
(1.2.13). O

1.3 Anisotropic Kelvin transformation

The aim of this section is to prove Theorem 1.1.2.
As pointed out in Remark 1.1.1, a part of our construction hold for generic Finsler
norms, but the main results are proved in the Riemannian case (h,/). In this case

H(§) = V(M. §).

In order to achieve our claim, we introduce the formal definition of Kelvin transfor-
mation in the context of Finsler geometry.

Definition 1.3.1. Let H be a Finsler norm. We define the map Ty : RY \ {0} — RV \ {0} as
_ VH(S)
H(¢)

Note that, when H (§) = |¢|, T coincides with the usual Euclidean Kelvin transform.
Hence, we observe that it holds the following result.

Tu(§)

(1.3.1)

Proposition 1.3.2. The map Ty is a global diffeomorphism with inverse given by To.
Proof. We show that, if y = Ty (x), then © = Ty-(y). By (1.2.5),(1.2.10) and (1.2.11) we

have:
Tu(Tae(y)) = VH (VH"(y)) o (VHO(y))

He(y) He(y)

o o —1 o (132)
=VH(VH(y))H®(y)H™ (VH"(y))
=H(y)VH(VH (y))) =y

[
Now, we denote by DTy the Jacobian matrix of T, namely:
1 ) 1 1,
DTy = 775 [HD’H —VH @ VH| = 70 [D <2V(H )) —2VH®VH} :
In particular, if H satisfies (hr), we have
DTy(2) = o | M — —2 Mzo M (1.3.3)
' (x RVIOE H@)? x x| . 3.

Moreover, we set J(x) = | det DTy (x)|. Using these notations, we are ready to prove the
following key lemma.
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Lemma 1.3.3. If H is a Finsler norm that satisfy (har), then

J(x) = }% vz e RV \ {0} (1.3.4)

Proof. Let L be a diagonal matrix with entries dy, .. d ~ and denote by V'L the diagonal
matrix whose entries are \/di, . .., v/dy. Suppose H = +/(Lz,z). In view of (1.3.3) we
have:

1 2
DTH($)2W<L—WLZ'®L$>= .
) 3.
Since )
det (I ML ® y) =1, VyeRN\{0}, (1.3.6)

we get (1.3.4) in the case L diagonal. Let H be of the form (hys). The spectral theorem
ensures that it holds the decomposition C*MC = L, where C and D are respectively an
orthogonal and diagonal matrices. Having in mind this fact, we have

1 2
C'DTy(z)C = ———VL <I —~ VLC'z © VLC' ) VL. 1.3.7
() H(x)?2 (VLCtz,VLCtz) ! ! (13.7)
By (1.3.6) we get the thesis. O

Assumption (hys) is crucial in the previous lemma, and this result is essential also
in the proof of Theorem 1.1.2 and Theorem 1.1.4. Indeed, our approach doesn’t work
without Lemma 1.3.3, as pointed out in the next remark.

Remark 1.3.4. In the proof of Theorem 1.1.2 it will be crucial the fact that H(x)?" J(z) is
constant, see (1.3.4). For a generical Finsler norm this property is not true. For example,
if we consider the norm

H(x) = il/ﬂfil + 3z3xd + 25

for x = (71, z2) € R?, then it follows that H(z)?" J(x) is not constant, even if H satisfies
all the conditions (i)-(ii)-(iii) stated above in the definition of a Finsler norm.

Now, in the same spirit of the seminal paper of Caffarelli, Gidas and Spruck [33],
given a function u(x), we define the action of the Kelvin transform on u as follows

1
U = ——u(T 3.
for every y € RV \ {0}.
Remark 1.3.5. It is easy to check that
1 .
U(CU) = WU(THO (.’13)), (139)

for every z € RV \ {0}. In fact, using (1.2.10), by (1.3.8) we have:

oy N—-2
) = (T () 1 (Lo ()2 = (T 1 (370 5

He ()
1 N—2 _ @(Tho(2))
>

@ (1.3.10)
e T e

= @ (Tho(x))
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Now we are ready to prove the first result of our chapter.

Proof of Theorem 1.1.2. We use ¢» € CL(R™ \ {0}) as test function in (1.1.3). Then ¢(z) :=
Y(THo(z)) can also be used as test function in (1.1.3), obtaining:

H(Vu(x))(VH(Vu(x)), DT (x)Vip(Tye(z))) da
RY (1.3.11)
= [, $@)0(Tie @) do,

Using the change of variable y = T (x), (1.3.11) becomes

H(Vu(Tu(y)(DTue (Tu(y))VH(Vu(Tu(y))), Vi (y)) I (y) dy
RY (1.3.12)

= F(Tu(y)¥(y)J(y) dy.

RN
Under our assumption (hy) we deduce that
H(Vu(Tu(y)))DTue(Tu(y))VH(Vu(TH(y)))
= H(y)"'H° (DT (y)Vu(Tu(y))VH* (DTu(y)Vu(Ta (y)))-

If we set u*(y) := u(Tu(y)) and f*(y) := f(Tu(y)), by using (1.3.13) and Lemma 1.3.3,
(1.3.12) becomes:

(1.3.13)

RN WHO(VU*(y))<VH°(Vu*(y))7V¢(y)> dy
1

Jry H(y)?N
Let ¢ € C}(RN \ {0}) be such that (y) = H(y) N 2¢(y). Then 1/ can be used as test
function in (1.3.14), getting:
1

[y )V (V0 (1), Vo)

| BV )V E (Yt (1)), (
RN

(1.3.14)
[ ()(y) dy.

)}qb(y) dx (1.3.15)

1

= N Wf*(y)qﬁ(y) dy

Recalling (1.2.5), the fact that H is a 1-homogeneous function and that

~ 1 * 1 *

we get

(1.3.16)
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By (har), we deduce that H°V H? is linear and symmetric with respect to the Euclidean
inner product of RY ie.

(H°(x)VH®(2),y) = (z, H*(y)VH (y)) Va,y € RY.

Hence, we have

H(Va(y))(VH®(Va(y)), Vo(y)) d

( ( y%N 2>><VHO (V(fjr(?jzv—z>>vV(U*(y)¢(y))> dy  (13.17)
1

= | gyvd @) 4
Integrating by parts (1.3.17), we get

ox H*(Va(y))(VH®(Va(y)), Voly)) dy

" /RN a <H <v <H(y§1\72>) VE <VH($N2>) u*(y)oly) dy  (1.3.18)

B ry H( §N+2f (y)o(y) dy.

Since w(z) := H(z)* " is an H°-harmonic function, namely A" w = 0, we get the thesis.
U

To conclude, with the same spirit of the previous proof, we prove our last result.

Proof of Theorem 1.1.4. Let us consider ¢» € C1(R™\ {0}) and we set ¢ := 1)(T}-). We note
that ¢ is a good test function and substituting in (1.1.5), we get

N H(Vu(z))N"YVH(Vu(z)), DTye (2)Vip(Tho (z))) dz
R (1.3.19)
_ /R g(@)0(Tye(2)) d

We set y = T'yo(x), and using this variable change (1.3.19) becomes

H(Vu(Tu(y))N (DTwe (Tr (y)) VH(Vu(Th (y))), Vib(y))J (y) dy
RY (1.3.20)

— [ 9T ) d.
RN
If we set ¢g*(y) := g(Tr(y)), and recalling (1.3.13) and Lemma 1.3.3, (1.3.20) becomes:

HYN2(Vu(Th(y)))
Ry H(y)PN

Ho (V™ (y))(VH" (V' (y)), Vip(y)) dy

1.3.21
[ s 521
ry  H(y)?N v
Under assumption (hyy), it is easy to check
o H(f) N
H°(DT = v R, 1.3.22
(DTh(w)e) = gy ¥ (1322)

By (1.3.22) we get the thesis. O



Chapter 2

Liouville-type results for some
quasilinear anisotropic elliptic
equations

2.1 Main results

As mentioned in the introduction, in this chapter we will study solutions, possibly un-
bounded and sign-changing, to some quasilinear anisotropic elliptic equations in general
Euclidean domains and we obtain new Liouville-type theorems. Specifically, for any do-
main Q of RV, N > 2, and ¢ > 1 we investigate the quasilinear elliptic equation:

ARy =|ulry inQ, (2.1.1)
where A is the anisotropic operator
ALy = div(B'(H(Vu))VH(Vu)), (2.1.2)

H is a Finsler norm and B adheres to specific natural growth conditions detailed below.
If H is the standard Euclidean norm and B(t) = %, p > 1, the operator Ag reduces
to the classical p—Laplacian operator.
Here we deal with the anisotropic case, i.e., the general case in which H is a Finsler
norm (see the assumption (hg) in Chapter 1, Section 1.2) and B satisfies

(hp) (i) B e C*((0,40));
(i) B(0)=B'(0)=0, B(t),B'(t),B"(t)>0 Vte (0,+);
(7i1) thereexistp > 1,k € [0,1],v > 0,I" > 0 such that

Yk 4+ t)P72 <B'(t) <T(k+t)P7% Vt>0

P Ly (2.1.3)
Yp—-1)(k+t)P"*<B"(t) <T'(p—1)(k+t)* Vt>0.
For p > 1, a function u € VV;}f(Q) is a weak solution of (2.1.1) if
/ B'(H(Vu))(VH(Vu), V) dr = / lu|T tup dr, Yo € CHR). (2.1.4)
Q Q

In [51] the authors proved that locally bounded weak solutions u to (2.1.1) are actually
of class Cllog(Q) NC?(Q\ Z), where Z is the set of critical points of u and a € (0, 1) (as in

37
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the isotropic case). These regularity properties will be used extensively without further
mention. Additionally, [7, 35] provides new insights into the integrability of the second
weak derivatives of the solutions.

For a historical overview of the problem, we refer the reader to the introduction.

Let us recall the following:

Definition 2.1.1 (see [57]). We say that a weak solution w is stable if

Lu(.9) = [ B'(H(Yu)(VH(Va), Vi)?
Q (2.1.5)
—|—/QB’(H(VU))<D2H(VU)V¢, V) — q!u\q_lvtp, >0 Yo € CL(Q).

Moreover, we say that a weak solution is stable outside a compact set K C § if (2.1.5) holds
for every p € CHQ\ K).

Remark 2.1.2. We emphasize that the quantities involved in the definition of stability might not

be well-defined on the critical set Z,,. The use of the following test-function ¢ := |u\%u¢p/ 2,
with ¢ € CL(Q), in (2.1.5), is enough for our purposes. Indeed if u # 0, by [35, Proposition
3.5] the Lebesgue measure of the critical set Z,, is zero. On the other hand ¢(x) = 0, for every
z € {u(z) = 0}.

Our main result is stated in the following theorem.

Theorem 2.1.3. Let us assume that (hg) and (hp) hold and let u € C;O’S‘(RN ) be a weak stable
solution of (2.1.1) with p > 2. If one of the following holds

(i) TkP2(p—1)>1,q¢>T?kP 2y (p—1)? and

P22y (p = 1) (g = 1) + 29 + 2¢/q(q — T%:P~ 2y~ 1(p — 1)?)
[2rp=2y~1(p —1)%(q — 1)

N <yg(q) =2

(ii)) 0 <TKP2(p—1)<1,q>r>Py Land

R2Py g — 1) + 29 + 2¢/q(g — K27y

N<ilg=2 K*Py g — 1)

(iii) k=0,q>Ty Yp—1)and

Ty tp—1)(g—1)+2¢+2/q(¢— Ty (p—1))

N <s(q):=p T p—1)(g— (p— 1)

Then v = 0.

We remark that under our structural assumptions, it also follows that ¢ > (p—1) > 1.
Our result applies, in particular, to the case of the pure Finsler p-Laplacian, namely
B(t) = %. In this case we have the following;:

Corollary 2.1.4. Let us assume that (hy) holds and let u be a weak stable solution of
—div(H(Vu)P " 'VH(Vu)) = [ulf'u inRY, (2.1.6)

Assume that p > 2 and
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; (p+3)

p—1<qg< oo lfNSP;_l
(2.1.7)

p—1<q<q(N,p) ifN>p§f_7+13)

with

_((p=1N=p)*+p*(p—2) —p*(p— DN +2p*\/(p — 1)(N — 1)
%(Np) = (N2 (0 - DN —p(p+3) @19

Then, u = 0.

Remark 2.1.5. Let us stress the fact that the critical exponent q.(IN, p) is the one found in [54, 85]
when H is the standard Euclidean norm. Moreover, our result is sharp, see [54, 85].

Exploiting the Pohozaev identity in the anisotropic setting, see [125], we shall also
prove a Liouville-type result for solutions that are stable outside a compact set.

Theorem 2.1.6. Let us assume that (hy) and (hp) hold, with k = 0 in (hp). Let u € Cllo’?(RN)
be a weak solution of (2.1.1) which is stable outside a compact set. Assume p > 2 and

My ip—1)<g<oo ifN <pyr—!

N(p—£)+p (2.1.9)
Py lp-1)<g¢< 7N£1p , if N > pyT L.

Y
Then u = 0.

Although the case k # 0 is non degenerate, in our framework it turns out to be quite
involved, since the techniques developed in [54, 85] do not work in this case. This is
due to the fact that, when k is not zero, we have a loss of the homogeneity proprieties of
the stress field B'(H(Vu))VH(Vu). Indeed, in this case, B'(t) ~ t?~! for t large, while
B'(t) ~ t for t small. We also note that the parameter k plays a role in the statement of
our Liouville-type theorem.

2.2 Proof of the main results

The main tool for the proof of Theorems 2.1.3 is the inequality stated in the following
proposition.

Proposition 2.2.1. Let 2 be a domain in RN, with N > 2, and u be a weak stable solution of
(2.1.1) with p > 2. Then, if TkP~2(p — 1) > Land ¢ > T2kP~2y71(p — 1)?, for any

2 — TPy (p — 1)* + 20/q(qg — TP 27 1 (p — 1)?)
B e !1, 22710y — 1)2 (2.2.1)
and for any integer
[ > max {M, 2} (2.2.2)
q— (-1

there exist a positive constant C = C'(B, H, 6, ¢, q, ) such that

/ |u’q+5¢pl < C’/ ‘V@’Z% 4 C’/ ’Vgp’p%pfl VoeCl(Q), 0<p<1, (223)
Q Q4 Q2
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where Q0 := N (5) :=={x € Q : HVu(z)) <0} and Qy := Q(9) := Q\ Qy, with § > 0 fixed.
On the other hand, if 0 < TkP~2(p — 1) < land ¢ > kP21, for any

29 — kPP 4 20/g(g — kTPT2T)
,i—p+2fy—1

(2.2.4)

ge|l,

and for any integer [ as in (2.2.2), the inequality (2.2.3) still holds true.

Remark 2.2.2. The same result holds true if u is stable outside a compact set K C ). In this case
the test functions ¢ belong to CL(Q\ K).

Proof. As already pointed out after Theorem 2.1.6, the case ~ > 0 is quite involved. To
overcome these difficulties we shall split the domain 2 into two subdomains, 2; and Q5.
We split the proof into several steps.

Step 1. Forany 8 > 1and ¢ > 0 small enough there exists a positive constant C =
C(B, H, 6, ¢) such that

F_l
82, 5’7 —62}-

min{ByxP~% — 1

( H(Vu)2|u|5_1<pp+/ B"(H(Vu)H(Vu)2]u|ﬁ_1<pp> (2.2.5)
Q4 Qo

<C [ VPP 10 [ ellul 4 [ fuprtr
Q1 Q2 Q
for any nonnegative ¢ € C}(9).
Let us consider
¢ = [ul”up” € CL(Q),

so that V¢ = plu|?~tupP~ 'V + Blu|?~1¢PVu. Taking ¢ as test function in (2.1.4), we get:

5/ B'(H(Vu))(VH(Vu), Vu)|u[ 1P
’ (2.2.6)
——p | BUTOTHET. Tl w4 [ et

We emphisize that, when the gradient vanishes, the following computations are well
defined thanks to the structural hypothesis on B(-).
Combining (1.2.4), (1.2.6) and (hp) — (4ii) with (2.2.6) we get:

5/ B'(H(Vu) H(Vu)[u] "~

" 2.2.7)

< Mp [ BTVl + [ julr
& Q

Under assumptions (hp) — (iii), there exist positive constants C; = C1(B,0) = I'(k +
§)P=2,01=C1(B,d) =T(p—1)(k +6)P~2,Cy = C3(B, §) and Cy = Co(B, d) such that
B'(H(Vu)) < C1H(Vu)  in{y
B'(H(Vu)) < CoH(Vu)P~'  in Qg 228
B"(H(Vu)) < C; in
B"(H(Vu)) < CoH(Vu)P™2 in Q.
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Moreover, we have that

vkP72H(Vu) < B'(H(Vu)) inQ

" i , ) (2.2.9)
B"(H(Vu))H(Vu) <T'y " (p—1)B'(H(Vu)) inQ.

Using (2.2.8) and (2.2.9) in (2.2.7) we get:

P_l
y?? [ (V) + 5L / BY(H(Vu) H(Va) ul’~
(951 p—- 1 Qo
< MpCy / H(Vw) [Vl [ul’ " + MpC / H(VupP [ Vluff o + / |0 .
(921 Qo Q
(2.2.10)

Now we estimate the first two terms of the right side of (2.2.10). By the standard
weighted Young’s inequality we get:

/Q H(Vu)| Vel [ul P < & /Q H(Vw)?[ulf P + O, /Q Vel ulf P2 (22.11)
1 1 1

where C”. is a positive constant depending on ¢.
Using again the weighted Young’s inequality with exponents p and 1% and recalling
that

v(p — 1) H(Vu)? < B"(H(Vu))H(Vu)? inQ (2.2.12)
we estimate the second term of (2.2.10):
| Hu lluer?
Q2
<eyp-1) H(Vu)P|u|P~ 1P + C”a/ V[P |u|fHP—1 (2.2.13)
QQ QQ

< / B(H(V)H(Va) [P + O [ [Vl
QQ QQ

where C'. is a positive constant depending on ¢. By (2.2.13), (2.2.11) and (2.2.10) we have

~1
min 57,{;;_2_82,7/8711 —e2y.
p—1

( H(Vu)?[ulf 1P + B”(H(vu)H(vu)2yu|ﬁ—1<pp> (2.2.14)
Q1

Qo

<C [ VPP 10 [ ellult 4 [ juprtr
Q1 Qo Q

for any non negative ¢ € C(Q2). Thus we have proved (2.2.5).
Step 2. Let us fix 0, ¢ > 0 and set

a=oa(e,d)=q— (2.2.15)
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Then there exist a positive constant C = C(B, H,6,e¢,B) such that
o [t <C [ VPR C [ 9plulr (22.16)
Q 91 Q2

for any non-negative ¢ € C(9).
To prove the claim, let us consider

b =|u| 7 upt € CHQY),

so that Vi = £+1 cp% u| 7 Vu + Zlu %wp%*ch. Recalling (1.2.9), we have
2 2 &

/ B'(H(Vu))(D*H(Vu)Vu, Vi) = / B'(H(Vu))(D*H(Vu)V,Vu) =0  (22.17)
Q Q

and therefore substituting 1 in the stability condition (2.1.5) and recalling the Euler’s
theorem (1.2.4) we obtain:

1

2
ul?tB — " N u)?|ulP 1P
q/Q\JWPpS )/QB(H(V))H(V)QH Lo

7N
v |+

S
o

B"(H(Vu)|VH(Vu)* [V |*ul P

_|_
|

1

—
=
N+ 9

)p | B ) H0) V| V() ful

B'(H(Vu))(D*H(Vu) Ve, V) u| TP

+
NS
S~

= Lh+L+I3+1, (2.2.18)

By (2.2.8) and recalling that there exists M > 0 such that [VH({)| < M for every { €
RN\ {0}, we have

2 2
b < T, / VPl 2 + T, / H(Vu)P 2Vl jul 12 (2.2.19)
Ql QQ

For! p > 2, we use Young’s inequality with exponents £ and p%z and (2.2.12) to get:

2 o, &2 _
b < P70, [ VePlul e S [ BV H(Tu
Lt i (2.2.20)
+Co [ VP,
Q

where Cy = éQ(B, H,¢,¢) is a positive constant.

Now we estimate I;. By (1.2.7) there exists M’ > 0 such that |D?H (¢)| < % By

'In the case p = 2, the estimate (2.2.20) follows immediately. Indeed in this case we do not need to use
Young’s inequality.
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(2.2.8), (2.2.12) and Young’s inequality with suitable exponents, we have

B/(H(Vu)) )
M 2, 1B+l _p—2
| Fire vl

=
(VAN
3
1o

2 2
MCy | [VePlul 2 + EM'Cy | H(Tu) | Vil 2
Ql Q2

My /Q Vo P+ P2
1

IN

(2.2.21)

AN
SRR

)
[\

B EHTW) VW e + Gy / VeplPlul®P~1
3 QQ QZ

where C; = C’4(B ,H,J,¢€)is a positive constant.
Similarly, we have:

<& [ HVWulfloP +Cs | [Vl ulPHr2
Ql Q1
2 ~
+ % B"(H(Vu))H(Vu)?|ulP~ P + 03/ Veol?u 7!
QQ Q2

(2.2.22)

for a positive constant Cs = C’g(B, H,o,¢,0) .
Plugging (2.2.20), (2.2.21), (2.2.22), into (2.2.18), we get

1 2
o[ et < (T [ B at
+ & [ H(Vu)?|ul’~ P + € / B"(H(Vu))H(Vu)?|u|’~toP (2.2.23)
Ql Q?

+C i IVl |ulP T2 + G i IVo[Plu|P TP,
1 2

where C; = (4 (B, H,d,¢,[) is a positive constant.
Now using the third estimate of (2.2.8), recalling that C; = I'(p — 1)(k + §)P72, we
have

2 2
q/ |u|q+/3wp §max{<5+1> p(p _ 1)(,€+ 5)p—2 +52’ (5"'1> +€2}
Q 2 2

( H(Vu)[ul~te? + / B”(H(Vu))H(Vu)Q]u\ﬁl(pp) (2.2.24)
951

Qo

+ 6 / Vo2l 1P 2 + Gy / Vo lPlul 71
Ql QQ
Plugging (2.2.5) into (2.2.24), we have
a / |8 P < & / V2l gr? 1 ¢ / VlPlulf?~1 (2.2.25)
Q Q1 Qo

for any non-negative ¢ € C1(9Q).
We note that

2 _ 2
lim a(e,d) =q - - { (%) H— 0w (%) }

- , (2.2.26)
£,0—0 min {ﬁ,yﬂpfg’ B’ypl"_ll }
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and, if [kP~2(p — 1) > 1, we have

2 2 -1
<52+1> T(p—1)kP~2 > <52+1> and 5;F < BryrP2, (2.2.27)

On the other hand, if Tk?~2(p — 1) < 1, we have

<5+1> T(p—1)kP2 < <ﬁ+1> and Byr > ByrP 2. (2.2.28)
2 2 p—1
Now the fact that

max{(ﬁ;rl)ZF(p —1)kP2, (f32+1>2}

min {B'y/fp 2,57F 1}

q— >0

follows by the assumptions:

L 24—y 4 2/g(g — Py
B € ’ K7p+2,yfl

) if 0<TwP2(p—1)<1,

2¢ — kP21 (p - 1)2 4+ 24/q(q — T2kP—2y=1(p — 1)2 . B
' [1’ ( F%)P?y\l/(P(— 1)2 CZUD) w121

Step 3. End of the proof. Set ¢ = o, with o € C1(Q),0 < p < landletibea positive
integer. Substituting ¢ in (2.2.16), we obtain:

J et <0 [ el v ow [ wapu g 0229
Q 1971 Qg

Using Holder’s inequality with exponents 2t and q+ﬁ in the integral over €4, and

B+1
ﬁflﬁ : qg;fl in the integral over {2, we get.

~ q 443
/Q|u’q+6(plp §Cl2 (/Q <’u|ﬁ+1 Ip— 2 6+1> </ |V<p|2 +B>
1

q+8 a—ptl

+Cr (/ (’u‘ﬁﬂlfl(‘plp p) Atr=— 1> q+B (/ ‘prqi:61> e
QQ Q2

By (2.2.2) we deduce that:

(lp—2) <Z,:€> > (Ip —p) <m> > p (2.2.31)

Moreover, recalling (2.2.31), and since 0 < ¢ < 1, (2.2.30) becomes:

exponents and

(2.2.30)

B+1

—1
- q+B q+8 443
|t <ce (/Q u|q+%lp)q (/ rwf*)
1

a—p+1

N B
+C1P </Q ]u\‘ﬂrﬁgplp) q </ ]Vgp|pqq:i1> “ )
2

(2.2.32)
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B+1

Multiplying both sides of (2.2.32) by ( o, [ul®? @lp) 7 we get:

g—1
q

q—1
18 - 8\ a+8
</ u|q+5¢lp> < QP < |v(p|2?,fl> !
Q 951

~ 181 ng;Q p q+pB q;ﬁgl
+ CP ]u\q P ’V(p| q—p+1 .
Q Q2

Raising (2.2.33) to the exponent ZJ’T’f, we get

(2.2.33)

p=2 g—p+1

< / |V<p|Pq3ﬁl> (2234
Qo

a8 -
[t <o [ wert 4o ( / |urq+%f’l)
Q (951 Q

where C' = C'(B, H,¢,0,q,3) is a positive constant. Using a weighted Young in-
equality with exponent =% and -2 we have

Q
-

p—2 q—p+1
a+8 +8
/ u|IHP Pt < C'/ |v¢|23—1 +C/ |V(’p‘pqu+1 (2.2.35)
Q 04 Qo
where C' = C(B, H,,¢, q, ) is a positive constant. O

The case k = 0 is simpler. Indeed, we do not need to split €2 into ©2; and Q.

Proposition 2.2.3. Let us assume that (hg) and (hp), with k = 0 in (hg). Let u be a weak
stable solution of (2.1.1) with p > 2 and q > Ty~1(p — 1). Then, for any

2 Ty Hp—1)+2 —Iyi(p—-1
ge | 2= ): Valg =Ty 1(p - 1)) (2.2.36)
y=tp—1)
and any integer
[ > max {W, 2} (2.2.37)
q—(p—1)
there exist a positive constant C = C(B, H, ¢, q, ) such that
a+B
/ B"(H(Vu))H(Vu)®|ul”~1 o 4 [u] P < C / V[P t-D (2.2.38)
Q Q

for every ¢ € CH(Q), with 0 < p < 1.

Proof. Step 1. For any 3 > 1 and € > 0 small enough there exist a positive constant C =

C(B, H,6,¢€) > 0such that

-t —
(255 - &) [ @i te <C [ veripe s [
p—1 Q Q Q
(2.2.39)
for any non negative ¢ € C1(Q).
As in the proof of the Proposition 2.2.1, let us consider ¢ = |u|?~lupP € C1(Q2), so that
Vo = plu|’tueP 1V + Blul’ 1P Vu.

Using ¢ as test function in (2.1.4), we get
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5 | BHVOHG
(2.2.40)
u ulBop1 wldtB P
SMp/QBaf(v NIVelluls +/Q\ 79
By (hp) — (iii), we deduce that
EB”(H(Vu))H(Vu) < B'(H(Vu)) <TH(Vu)P~ . (2.2.41)

-1
By (2.2.41) and Young’s inequality with exponent p and %7, (2.2.40) becomes

A0t
p—1

<3 / B/(H (V) H(Va)|ul* o
(9]
< Mp /Q B/(H(Vw) Vel + /Q 48P
< (p—1) /ﬂ H(Vu)|ul’~'g? + T /Q Vool 4 /Q |8 P

S62/QB”(H(VU))H(WV\UW”@”+C/Q\W)\p!uﬁ”_l+/Q|u!q+%”

/Q BY(H(Vu)) H(Vu)?[uff~1 P

(2.2.42)

where in the last inequality we used the fact that (p — 1)ytP~2 < B”(t).

Step 2. Set
e g (BAD LY (B o\
a=ae)=gq ( 1 +e T —1) € . (2.2.43)
There exist a positive constant C = C(B, H,6,e, ) such that
a/ u| 9P P < C’/ |V [P|ulf Pt (2.2.44)
Q Q

for any non-negative p € C(Q).
To prove the claim, let us consider

= [u] T up? € CH(Q),

so that Vi) = <%) ©* ]u|%Vu + g!M%ugpg_lV@. Substituting ¢ in (2.1.5) and recall-
ing (1.2.9) we obtain:

g /Q WP < (“1) / BY(H(Vu) H(Vu)?|ul?~ 1o

2

4
n ( “) [ B ) H0 VAV H T ol

B"(H(V)|[Vol*[ul"* 2|V H(Vu)|”

+
{3\1\9

[\D

p _
+ I [ BUHT0) (D H (V) Ve, Telul 2
= Lh+L+I3+ 1, (2245)
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Now, if p > 2, by (hp) and Young’s inequality with exponents £ and _25 and we get
2 ~
b< % [ BUHVO)HT '+ G [ Vel (2246)
Q Q

where Cy = Cy(B, H,¢)isa positive constant. For p = 2, inequality (2.2.46) is straight-
forward.
Now we estimate I;. We remark that there exist a positive constant M’ such that
|ID2H (¢)] < % Using this fact, (2.2.41) and Young’s inequality with exponent p and
o7 we get
g2 ~
1< G [ BHT0)HTO e+ G /Q V[P [ufP P (2.2.47)

with constant Cy = Cy(B, H, ¢) > 0.
Similarly, we have

2 ~
Iy < % / B"(H(Vu))H(Vu)?|ul” o + Cs / VelP[ul 7P (2.2.48)
Q Q

with constant Cy = C’g(B, H e, B) > 0.
Plugging (2.2.46), (2.2.47), and (2.2.48) into (2.2.45) we have

1)2 ~
q/Q|U‘Q+5$0P S <('8_Z) _€2> LB//(H(VU))H(VU)2‘U|B1g0p+01/9’v90|p‘u|6+p1

S (2.2.49)
with C; := Cy + C3 + C4. Plugging (2.2.39) into (2.2.49) we deduce
a [P <& [ vaplue (22.50)
Q Q
where C = C(B, H, ¢, ) is a positive constant.
Since
. o ((B+1)? By N\
!g% ale) =¢q ( 1 Tp—1) (2.2.51)
and
2¢ - Ty lp—1)+2 Ty 1(p—1
ge |y 2= p-1) i Valg =Ty 1(p - 1)) (2.2.52)
Iy=t(p—1)
B+ (_8y \7!
we deduce that ¢ — < , ) (F(pzl)> > 0.
Finally we observe that, (2.2.39) and (2.2.44) imply
/ BY(H(Vu)) H(Vu)ul’~'¢? < C / [ViplPfufP+71 (2.253)
Q Q

where C' = C(B, H,¢, ) isa positive constant.
Step 3. End of the proof. Set ¢ = ¢!, with ¢ € C1(2),0 < ¢ < 1 and let | be a positive
integer. Substituting ¢ in (2.2.44) we get
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/Q|u’q+690pl Sélp/g‘v@’pwﬁﬂ)lwlpp
B+p g—p+1 (2254)

-1
<o ([ quprmgrry i) ([ epein) T
Q Q

Now, by (2.2.37), we note that (Ip — p) ( q+5 ) > Ip, and for 0 < ¢ < 1, (2.2.54)

B+p—1
becomes

Btp—1 g—p+1

~ q+B8 q+B
Lt < co ([ursgr) ([ vt T (2255)
Q Q Q

and consequently

/ |u|THE P < CIp / V[P, (2.2.56)
Q Q

Now, substituting ¢ in (2.2.53) we obtain

/ BY(H(Vu)) H (V)2 [u]*~1 o
Q

<Cr /ﬂ |V |P|u|PFP=tppl=p (2.2.57)
B+tp—1 g—p+1
<Cw (/(|u|P+5—1¢lP—P)ﬁiﬁl> " </ |vgo|?’q3ﬁl) o
Q Q
and using (2.2.56), we get
/ B"(H(Vu))H(Vu)?|u|P e < ¢ / |V<p|p7&1$i1 (2.2.58)
Q Q

where C’ = C'(T', 7, p, €, B) is a positive constant.
The conclusion follows now by (2.2.56) and (2.2.58).

We are now ready to prove our main result.
Proof of Theorem 2.1.3. For R > 0, let o € C°(RY) be a cut-off function such that

0<pr<1 in RY

Yr=0 in RV \ B(0,2R)
pr=1 in B(0, R)
“7¢I2’f;‘% h113(072]%)\\13(0a}%%

(2.2.59)

where B(0, R) denotes the open ball centered at the origin and with radius R.
Case (i): TkP~2(p — 1) > 1. From Proposition 2.2.1 we have:

a+B q+8
/ ]t Pl < CRNT2ES 4+ ORN P (2.2.60)
RN

Next we prove that N — 2% < 0.
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To this end, we denote by ¢ := I'?x?~2y~! and for t > ((p — 1)?, we set

Bty = 2 =Sl = 1)2332_\/13(; —CP= 1Y) nd g = 2! :_Bgt). (2.2.61)
Therefore if N < g(¢), we can always choose § € [1, B(q)) such that
N_22t8 (2.2.62)
q—1
Observing that
N — 2‘;tf >N - pq:ﬁl, (2.2.63)

the thesis follows by letting R — oo in (2.2.60).
Case (ii): 0 < TsP~2(p — 1) < 1. The proof is similar to the previous case but uses (2.2.4),

that is
Gy = 2ot znm (2.2.64)

where 7 := kP21
Case (7i7): & = 0. From Proposition 2.2.38 we get

q+8
/ B"(H (V) H(Va)|ulP 10 + [ult+By2 < CRN P, (2.2.65)
RN
As before, to conclude the proof it is enough to find /5 such that NV — quq(;f rj < 0. In this
case we consider
— 2t—0(p—1)+2/t(t—6(p—1
B(t) == (=1 +2yUt—b6lp— 1)) (2.2.66)

0(p—1) ’

where we have set 6 := I'y~!. The proof can be concluded now as in the previous two
cases.
O

Proof of Corollary 2.1.4. The proof follows by case (iii) of Theorem 2.1.3.
Ul

Proof of Theorem 2.1.6. Let us fix Ry > 0 so that K C B(0,Rp). For R > Ry + 3, let
Yr € C°(RY) be a cut-off function such that

Yr=0 if || < Ro+1
YR =1 if Ry+2<|z| <R
Yr=0 if |z| > 2R (2.2.67)

Vir| <C in B(0,Ro +2) \ B(0, Ry + 1)

From Proposition 2.2.3, substituting ¢z in (2.2.38) we get

B
/ B"(H(Vu)H(Vu)2d? ! + [utt? < ¢ + CRN Pa 61, (2.2.68)
Ro+2<|z|<R
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_r
Since (; F”_Z)er < N(jjovfz)fp by (2.1.9), choosing 8 = 1 it follows
vy
N - pq_q(;fl) <0. (2.2.69)

For R — oo, recalling that B(t) < C(p,v,)B"(t)t* we have

B(H(Vu)) € LYRY),  ue LITHRY). (2.2.70)

Now, using the Pohozaev identity in the anisotropic setting, see Theorem 1.3 in [125]
for details, we get

i wlatl = W) — B u U
[t = [ NBUT) - BHE)ETD. @27y

By (hp) we get that

P TB
By <l LB sy
p 7P
Using this inequality in (2.2.71), we have
N NT
— ul? < ( — 1) B'(H(Vu))H(Vu). 2272
q+1RN|| = IRN(())() (2.2.72)

Now if N < pI'"!v, the conclusion follows immediately. Suppose N > pI'"!v and let
us consider the test function ¢ = pru, where ¢p is defined in (2.2.59). Substituting ¢ in
(2.1.4), we get

/ B(H(Vu)) H(Vu)en + / B(H (VW) (VH(Va), Ver)u dz
B(0,2R) B(0,2R)

(2.2.73)
:/ lu|" g dr.
B(0,2R)
. . . . 1— .
Using Holder inequality with exponents (%, q+1, ZZJ =) ) we obtain
/ B'(H(Vu)){VH(Vu),Ver)udz
B(0.2R) - 1 (2.2.74)
<cC ( H(Vu)p> : (/ u\q“) RS
RN RN
Since (2.2.70) is in force, and % —1 < 0by (2.2.69), we can let R — +o0 in
(2.2.73) and (2.2.74), to get
/ ufr+! = / B (H(V) H (V). (22.75)
RN RN

Combining (2.2.72) and (2.2.75) we get

N NT
< - —+ 1) / lu[7Tt < 0. (2.2.76)
qg+1 py RN
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Recalling (2.1.9)

and therefore we get the thesis.

51



52

CHAPTER 2. LIOUVILLE-TYPE RESULTS



Chapter 3

On a Poincaré type formula for stable
solutions of quasilinear anisotropic
elliptic equations

3.1 Introduction

In this chapter, we aim to establish rigidity results for weak solutions u € C(R") of the
following equation

—div (B'(H(Vu))VH(Vu)) = f(u) onR". (3.1.1)

As usual the weak formulation of (3.1.1) is given by

- B'(H(Vu))(VH(Vu), V) = | Fwe, e CHRYN). (3.1.2)

Hereafter, H € 27 (RN \ {0}) is a Finsler norm (see Section 1.2 for details),

loc

fect? (0,4+00) and B satisfies following assumptions

loc

(hg) () B e C¥(0,400)NCL([0,0));

loc (
(i) B(0)=DB'(0)=0, B(t),B'(t),B"(t) >0 Vte (0,+0);
(iii) thereexistp > 1,k €1[0,1),v > 0,T > 0 such that

Y+ )P 2 <B'(t) <T(k+t)P"% Yt>0

B - (3.1.3)
Yp—1)(k+t)P2<B"(t) <T(p—1)(k+t)’2 Vt>0.

In the isotropic framework, i.e. H(§) = |{|, and if B(t) = %, the operator at left-hand
side of (3.1.1) boils down to the usual p—Laplace operator.

Note that under those assumptions the considered problem is well defined!. Under
assumption (hp)-(iii), by standard regularity results, see [67, 157, 52, 51], weak solutions
of the equation (3.1.2) belong to C’llo’? (RM)NC%(RN\ Z,), where Z,, is the critical set where
the gradient of a solution vanishes.

We define the following matrix A : RY \ {0} — Mat(N x N) by

Ay (§) == B"(H(§))0:H (§)0; H (&) + B'(H(£)) 0y H (), (3.1.4)

IThe function B o H is of class C* (RN), see [51, Lemma 2.3]
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fori,j=1,...N
For k = 1,2, we set

M (t):=B"(t), Xt)=---=Ay:= B/t(t). (3.1.5)
and, forany ¢ € R,
t
= / f(s)ds (3.1.6)
0
and? .
:/ Ai(|s])sds. (3.1.7)

We remark that solutions of (3.1.2) are critical points of the functional

/ Ao(H(Vu)) — F(u)da. (3.1.8)

Now, we discuss the notion of stability for weak solutions to (3.1.1). This is a some-
what delicate issue due to the general nature of our framework. We address it in the
following definition.

Definition 3.1.1. Given a domain Q C RY, we say that a weak solution u € Cllof(Q)
C%({Vu # 0}) is stable if

Lup.¢) = /Q (A(V) Ve, V) — f(u)e?
_ /Q B(H(Vu))(VH(Vu), V)2 (3.1.9)
+ /Q B(H(Vu))(D*H(Vu)Vp, V) — f'(u)p® > 0,

for every ¢ € CH(Q\ {Vu = 0}).

Remark 3.1.2. We note that the quantities involved in (3.1.9) are well-defined since the support
of the test function  is far from Z,. Moreover, in the case 1 < p < 2, if {Vu = 0} = 0, we can
consider test functions p € CX(Q). For p > 2, test functions o € CL(Q) can be considered if
k = 0. In these cases the integral in (3.1.9) is well-defined.

In the Euclidean framework and in the case of B(t) = 1 and f(t) = t —t3, the equation
(3.1.1) becomes
—Au=u—u® inRV. (3.1.10)

In [64], De Giorgi proposed the following problem:
Suppose that u € C%(RYN; [—1, 1)) is a solution of (3.1.10), satisfying

eyt >0 foranyz € RY.

Is it true that u has a one dimensional symmetry, at least for N < 8?
The first result was obtained for N = 2 in [22, 99], and, subsequently, the case N = 3
was proved in [3, 5]. The conjecture fails for N > 9, see [65].

*Under assumptions (hg), we note that B'(t), B”(t)t € C([0,+0o0)). Therefore, the quantities Ay are
well-defined.
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To the best of our knowledge, the question is still open when 4 < N < 8, though a
positive answer holds under the additional assumption that
. /
$N11_>nioou(a: ,TN) = %1, (3.1.11)
for any 2’ € RV, due to [138].

In the case of p-Laplace operator and non-uniformly elliptic operators, one dimen-
sional symmetry for solutions has also been dealt with in [32, 83, 93, 89, 90, 160]. For
further results on this topic, see also [17, 23, 88, 75].

Inspired by the works of [82, 89], we establish one-dimensional symmetry results for
stable solutions to quasilinear anisotropic elliptic equations in R? and R3.

Our first result is the following:

Theorem 3.1.3. Let N = 2. Let u € C*(R?) be a weak stable solution of (3.1.1), with Vu €
L>®(IR?). Then there exist ug : R — R and w € S* such that u(z) = uo(w - x) for any z € R2.

We remark that, in the case 1 < p < 2, the result is new even in the Euclidean case,
since, unlike in [89], we did not assume {Vu = 0} = ().
The second symmetry result is the following

Theorem 3.1.4. Let N = 3. Let u € C*(R3) NW1L°(R3) be a weak solution of (3.1.1). Suppose
that
By > 0, (3.1.12)

Then u has one dimensional symmetry in the full space R3, namely there exist ug : R — R and
w € S? such that u(x) = ug(w - z) for any x € R3.

We remark that we will prove Theorem 3.1.4 under weaker assumptions, namely:
Ogsu > 0, {Vu = 0} = (. Furthermore, the condition (3.1.12) implies the stability condi-
tion in (3.1.9) (see Lemma 3.4.1 in Section 3.4).

The techniques used in the proofs of Theorem 3.1.3 and Theorem 3.1.4 are based on
a Poincaré type inequality represent an anisotropic modification introduced in [89, 150,
151]. In this context, we will extend a formula by Sternberg and Zumbrun that relates
the second derivatives of a weak solution of equation (3.1.1) to the principal curvatures
of the corresponding level set in the anisotropic setting.

The chapter is organized as follows. In Section 3.2, we will state some lemmas that
will be useful for the proof of Theorem 3.1.3, which concludes the section. Section 3.3
contains some general preliminaries, needed for the proof of the Theorem 3.1.4. In Section
3.4 we give the proof of the Theorem 3.1.4.

3.2 Proof of Theorem 3.1.3

The aim of this section is to prove Theorem 3.1.3. For this purpose, we will prove several
lemmas that are useful for the proof of Theorem 3.1.3.

Recalling (3.1.4), we start this section recalling a result that will be useful to us in the
sequel (see [52, Theorem 1.5]).

Lemma 3.2.1 ([52]). Forany ¢ € RN \ {0} the following matrix
A(€) = B"(H(§)VH(§) © VH(E) + B'(H(€))D*H (€) 8.2.1)
is positive definite. In particular, there exist a constant C' such that

Aij(©mimy = Clr+ [E)P 2, V& e RV \ {0}, VneRN. (3.2.2)
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Now we prove the following

Lemma 3.2.2. Let Q be a domain in RY. Let u € CY(RY) be a weak solution of (3.1.1). Then,
u; 1= a is a solution of

/ BY(H(V))(VH(Va), Vu) (VH(Va), Vi)
0\Z

(3.2.3)

+ B'(H(Vu))(D*H(Vu)Vu;, Vi) = / f(wuip Vo € CHQ),
Q
foranyi=1,...,N.
Moreover we have
/ ZB” WV H(Vu), V) (VH(Vu), V(uip?))
Qﬂ{Vu;éO} i—1

+ Z B'(H(Vu))(D2H(Vu) Vg, V(uip?)) dz (3.2.4)

-/ FW)IVuPetds Vi € CLQ).
QN{Vu#0}

Proof. We recall that B'(H(Vu))VH(Vu) € Wlif(ﬂ) (see [8, 35, 125]). Using Stampac-
chia’s theorem (see [112, Theorem 6.19]) we deduce that the distributional derivative of

B'(H(Vu))VH(Vu) is given by

B"(H(Vu)){VH(Vu),Vu;)VH(Vu)

9 (B'(H(Vu))VH(Vu)) = +B'(H(Vu))D*H(Vu)Vu; if z € {Vu # 0}.
0 if x € {Vu = 0},
(3.2.5)

forany i = 1,..., N. Taking ¢ := 0;¢ in (3.1.2), by (3.2.5) and integrating by parts, we get
the (3.2.3).
Now we prove (3.2.4). Now, fix € > 0 and, for ¢ € C}(Q), let us consider

= Ge(ug) (3.2.6)

with G. € C*(R) such that G.(t) = tif [t| > 2¢, G(t) = 0if |t| < e and G(t) < 3 for any
t € R. Using G- (u;)¢? € CH(Q) in (3.2.3) we have

0= /Q BY(H(Vu)(VH(Va), Vi) (VH(Va), V(G (1))

+ B'(H(Vu))(D*H(Vu)Vu;, V(Ge(ui)p?)) — f(u)u;Ge(u;)o* da
WV H(Vu), Vu ) (VH(Vu), Vu) G (u)p? (3.2.7)
(

+ B"(H(Vu)(VH(Vu), Vi) (VH(Vu), V( ) Ge(u;)
+ B'(H(Vu))(D*H (Vu)Vu;, V)G (u;) o*
+ B'(H(Vu))(D*H(Vu)Vui, V(9*)Ge(u;) — F(u)u;iGe(us)? da.
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Since that VH is a continuous and 0—homogeneous function, we infer there exist
M > 0 such that

IVHE)| <M VeeRV\ {0} (3.2.8)
By (3.2.8), and since B'(H(Vu))VH(Vu) € W,2(Q), we note that

loc

B"(H(Vu))(VH(Vu), Vu; ) (VH(Vu), Vi) GL (u;) o

< 3M2B"(H(Vu))|Vu|?¢* € LY(Q). (3:29)

Recalling that D?H is a continuous and —1—homogeneous function, there exist a pos-

itive constant M’ such that D?H (&) < MTﬁl) for all ¢ € RV \ {0}. Similarly, we get

B'(H(Vu))(D*H(Vu)Vu;, Vug) G (ui)?
B'(H(Vu))
H(Vu)

(3.2.10)

<3M \Vu;|*p? € L'(Q).

Consequently, by (3.2.9) and (3.2.10), passing ¢ — 0 in (3.2.7), using dominated con-
vergence theorem and summing over i we get

N
/ S° B (H(Vu) (VH(Vu), Vui)(VH(Va), V(uig?)
QN{Vu#0} T3
N (3.2.11)
B'(H(Vu)){D?*H (Vu)Vui, V(ujp?)) de = "(w)|Vul?¢? da.
# 3B (V) (D H (V) Vi, V) /m{wﬂ)}f( )IVule
]

To simplify future computations, we now state a key result that will be useful later.

Lemma 3.2.3. Let Q2 be a domain in RY. Let u € C1(RY) be a stable weak solution of (3.1.1).
Then, we have

/ B"(H(Vu))(VH(Vu),V|Vu|)2¢? + B"(H(Vu))(VH(Vu), V)2 Vu|?
QN{Vu#£0}

+ B"(H(Vu))(VH(Vu), V|Vu|)(VH(Vu), V)2|Vu|p

+ B'(H(Vu))(D*H (Vu)V|Vul|, V|Vu|)? + B'(H(Vu))(D*H(Vu)Ve, Vo) | Vu|?

+ B'(H(Vu))(D*H(Vu)V|Vu|, Vo) |Vulp + B'(H(Vu))(D*H(Vu)Ve, V|Vu|) | Vu|p
— f(w)|Vul|?*p?*dz >0 VYo CLQ).

v
v
(3.2.12)

Proof. For e > 0, we consider
V= G(|Vul)p (3.2.13)

where ¢ € C}(Q) and G, € C®(R) such that G(t) = tif |[t| > 2¢, G.(t) = 0if |t| < e and
G.L(t) < 3foranyt € R.

We observe that G.(|Vu|)p € CL(Q)\ Z,) is a good test function in (3.1.9). Substituting
(3.2.13) in (3.1.9) we get
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/Q B"(H(Vu))(VH(Vu), ¥ (Go(|Vul)))?

+ B'(H(Vu))(D*H(Vu)V (Ge([Vul)p) , V (Ge(|Vul)g)) — f'(u)Ge(|Vul)?? dz > 0.
(3.2.14)

Since Vi) = GL(|Vu|)V|Vulp + Gc(|Vu|) Ve, (3.2.14) becomes

0< /Q B"(H(Vu))(VH(Vu), V|Vul)2GL(|Vu]) *?

)
+ B"(H(Vu))(VH(Vau), Vo) 2G.(|Vul)?
{ )

(H( (
+ B"(H(Vw)(VH(Vu), V|Vu|)}(VH(Vu), Vo) 2G (| Vu|)GL(|Vu| )¢
+ B'(H(Vu))(D*H(Vu)V|Vul, V|Vu|)GL(| Vu|)p?
+ B'(H(Vu))(D*H(Vu)Vp, Vo) Ge(|Vul)?
+ B'(H(Vu))(D*H(Vu)V|Vul, Vo) Ge(| Vul ) G| Vul)p
+ B'(H(Vu)(D*H(Vu)Ve, V|Vu)G(|Vu)GL(|Vul)p — f'(u)Ge(|Vu|)*? da.
(3.2.15)
We note that, for any m > 0 and ¥ € L'(Q), we have
lim [ GL(|Vu|)"W¥dx — / U dr < lim 3" V| Xe<|u|<2e dT = 0.
=0 Jq QN{Vu£0} =0 Jon{Vuz0}
(3.2.16)

We now let € — 0 in (3.2.15), using (3.2.16) and the dominated convergence theorem,
proceeding as in the proof of the Lemma 3.2.2 we conclude that
0 S/ B"(H(Vu))(VH(Vu), V|Vu|)*¢® + B"(H(Vu))(VH(Vu), Vi) [Vul®
QN{Vu#0}

+ B"(H(Vu))(VH(Vu),V|Vu|)(VH(Vu), V)2|Vu|p
+ B/(H(Vu))(D*H(Vu)V|Vu|, V|Vu|)p? + B (H(Vu))(D*H(Vu) Ve, Vo) | Vul?
(H(V

+ B'(H(Vuw))(D*H(Vu)V|Vu|, Vo) |Vulp + B'(H(Vu))(D?*H(Vu)Ve, V|Vu|) | Vu|p
— f'(uw)|Vul|*¢* dz.

(3.2.17)

O

Now we recall the definition of the tangential gradient with respect to a regular level
set. For u € C1(R"), we define the level set of u at x as

Loz = {y € RY such that u(y) = u(x)}. (3.2.18)

Given f € CY(B,(x)), for r > 0, the tangential gradient denotes the orthogonal pro-
jection of the gradient along this level set, explicitly

In the sequel we give an extension, in the anisotropic framework, of a formula ob-
tained in [150, 151].

(3.2.19)
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Lemma 3.2.4. Let Q C RY be an open set. Then for any function u € C1(Q) N C?*({Vu # 0})
and any x € {Vu # 0}, we have

N
> (D’H(Vu)Vus, Vui) — (D*H(Vu)V|Vul, V|Vul)

= (3.2.20)

N—-1
CH 2
k’L u?
02k

where k; (), fori = 1,..., N — 1, denote the principal curvature of the level set L,, , of u at
.

Proof. We suppose Vu(zg) # 0, for some zo € . For all z in a neighbourhood of x,
we set 7, () = éggi;'

tangent plane of the level set {x : u(z) = u(zo)} at 9. We note that

and we denote with {7;};—1 . ny—_1 an orthonormal basis for the

N
j=1
fori=1,...,N. By (3.2.21), we get
N
> (D*H(Vu)Vu;, Vu;) — (D*H(Vu)V|Vul, V|Vul)
=1
N (3.2.22)
= Y (D*H(Vu)rj,n)(Vui, 7)) (Vui, ) — (D*H(Vu)V|Vul, V[Vul).
i,5,0=1

Since D2H (¢)¢ = 0 for every ¢ € RV \ {0}, we have

N
> (D*H(Vu)Vu;, Vi) — (D*H(Vu)V|Vul, V|Vul)

i=1
N-1 (3.2.23)

N
= Z H(Vu)j, 1) (Y, 7)) (Vui, 1) — (D*H(Vu)V|Vu|, V|Vul).
i=1 g,l:l

Since T, is orthogonal to 7;, for j = 1,..., N — 1, we deduce that
(Vug, 75) = (0: ([Vulm) , 75) = [Vul((Tn)e; 75, (3.2.24)
fori=1,...Nandj=1,...,. N —1.

From previous identity we get

(D?*H (Vu)Vu;, Vu;) — (D*H(Vu)V|Vul, V|Vu|)

M=

2»—‘

N-1

|VU, D2 H(Vu)7i, 1) ((Tn) s T5)((Tn )i 1) (3.2.25)
j,l=1

.

[y
<.

=

+ Y (D*H(Vu)Tj, 1) (Vun, ;) (Vun, n) — (D*H(Vu)V|Vul, V|Vul).

<.

T~
I
—
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Without loss of generality, we now assume that 7;(z¢) points in the direction of the
coordinate x; fori =1,..., N.

At the point z = z(, we note that

N
V|Vul(xo) (Z V|Vul, 7)1, ) (z0)
p=1
N
— (Z ap(vu)Tp> (z0) = <Z<vup,7n>rp> (20).

p=1 p=1

(3.2.26)

=2

By (3.2.26), since D?H is a symmetric matrix and D?H (£)¢ = 0, V¢ € RV \ {0}, we
have

N-1
(D*H(Vu)V|Vul, V|Vul)(zo) = | Y <D2H<Vu>fp,fs><wp,rn><Vus,m>) (o)
p,s=1

N—1
= Z <D2H(Vu)7'p,TS>BN(up)6N(us)) (20)
p,s=1

N-1
- Z <D2H(vu)7p,75><qu,Tp><qu,TS>) (o).

p,s=1
(3.2.27)
By (3.2.25) and (3.2.27), we have at xg
N
> (D*H(Vu)Vu;, Vu;) — (D*H(Vu)V|Vul, V[Vul)
i=1
N—1N-1
=3 3 IVuP (D H(Vu) g, 7 ()i 75) () ) (3.2.28)
i=1 j,l=1
N-1 N-1 N-1
= |V’LL| D2 Z ij,uTjs 2 Bil,uTl>
i=1 Jj=1 =1

where B = (B;j) denotes the second fundamental form at z( associated with the level
set {z: u(z) = u(xzp)}.

Since H is uniformly elliptic, see (1.2.1) and D?H is —1-homogeneous function, there
exist a constant C'y > 0, depending on H, such that

Z ’vu‘ D2 VU Z Bzy uTj, Z By uTl

N—
Z 2, (3.2.29)
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where k; (), fori =1, ..., N — 1, denote the principal curvature of the level set L, ,,
of u at xg.

O

We are now ready to prove a key result for the proof of the Theorem 3.1.3.

Theorem 3.2.5. Let Q C RY be open. Let u € C(Q) be a weak stable solution of (3.1.1). For
any x € QN{Vu # 0} let k; (), fori =1, ..., N — 1, denote the principal curvature of the level
set L, 5 of wat x. Then there exist a positive constant C'y, depending on H, such that

N-1
/ <A2(H(vu))yvu\2 >k, + M(H (V) }VLWH(Vu)|2> ©? dx
QN{Vu#£0} (3.2.30)

i=1

<Cu / (A(Vu)Vi, Vo) [Vul? de,
Q

forany ¢ € CL(Q).

Proof. Using Lemma 3.2.2 and Lemma 3.2.3, in particular by (3.2.4) and (3.2.12) we de-
duce that

0< / B"(H(Vu))(VH(Vu), V|Vu|)2¢? + B"(H(Vu))(VH(Vu), V)| Vu|?
QN{Vu#0}

+ B"(H(Vu))(VH(Vu), V|Vu|}(VH(Vu), V)2|Vu|p
+ B'(H(Vu))(D*H(Vu)V|Vul|, V|Vu|)p? + B'(H(Vu))(D?H(Vu)Ve, V) | Vu|?
+ B'(H(Vuw))(D*H(Vu)V|Vul|, Vo) |Vulp + B (H(Vu))(D?*H(Vu)Ve, V|Vu|) |Vl

N
— > B"(H(Vu))(VH(Vu), Vu)(VH(Vu), V(u;0?))
=1

N
> B/(H(Vu))(D*H (Vu)Vug, V (uis?)) da.

(3.2.31)

Since V(u;9?) = Vu;p? + 2p0u; Vi, we have
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0 g/ (B'(H(Vu))(D*H(Vu)V|Vul, V|Vul)
QN{Vu#0}
N
— ZB/(H(VU))<D2H(VU)VW,Vui>> @2
i=1

+ (B”(H(Vu))(VH(Vu V|Vul)? ZB” WV H(Vu), Vui)2> o>

+ (B"(H(Vu))(VH(Vu),V¢)? + B (H (vu))< H(Vu)Vp, Vo) |Vul?
+ B'(H(Vu))(D*H(Vu)V|Vul|, Vo) |Vulp + B'(H(Vu))(D?*H(Vu)Ve, V|Vu|) | Vu|p
+ B”( (Vu))(VH(Vu), VIVu|)(VH(Vu), Ve)2|Vulp

— ZB” WV H(Vu), V) (VH(Vu), V) 2up

- ZB/<H<Vu>><DQH<w>wi,vwzwdx_

(3.2.32)
Since D?H is a symmetric matrix and |Vu|V|Vu| = YN | Vuu;, we get
0 g/ (B'(H(Vu)(D*H(Vu)V|Vul|, V|Vul)
QN{Vu#0}
N
—> B/(H(Vu)){D*H(Vu)Vu;, vui>> o>
i (3.2.33)

+ <B”(H(Vu))(VH(Vu), V|Vu|)? - iB"(H(Vu))(VH(Vu), Vui)2> 0
+ (B"(H(Vu))(VH(Vu), V)? + B'(J;Z(lvme?H(vu)w, V) [Vul? dz.
We note that
Vi H(V)|” = i(VH(Vu), Vu)? — (VH(Vu), V|Vul)2. (3.2.34)
Therefore (3.2.33) becomeZs: 1
N

0 g/ B'(H(Vu))g? ((DQH(Vu)V|Vu|,V|Vu! =Y (D*H(Vu)Vu,, Vul>>
QN{Vu#£0}

i=1
— B"(H(Vw)) |V, H(Vu)| ¢
+ (B"(H(Vu))(VH(Vu), V(p)g + B’(H(Vu))(DQH(Vu)Vgo, ch)) \Vu]Q dx.
(3.2.35)

By Lemma 3.2.4, we get

B/
/ B(H(Vu)) ( 2\v K Zk2 + B"(H(Vw)) |V, . H(Vu)| ¢* dz
an(vuzoy H(Vu) ’ (3.2.36)

<c / (A(V0) Ve, V) [Vul?, da,
(9]



3.3. PRELIMINARIES FOR THE PROOF OF THEOREM 3.1.4 63

where k; ,(x), for i = 1,..., N — 1, denote the principal curvature of the level set L, , of
u at z and Cp is a positive constant depending on H. We remark that the integral on the
right-hand side of (3.2.36) is well defined also on {z € Q : Vu(z) = 0}.

O

Using the previous result we give

Proof of Theorem 3.1.3. 1f Vu(xz) = 0 for any z € R?, the one-dimensional symmetry is
trivial.

Since |Vu|is bounded in R? and A(Vu)|Vu|2L2 ([0, +00)) (by (hy)—(ii7) and assump-
tions on H), by (3.2.30) we obtain

B'(H(V
/{ - }((u))wzlw%iu + B"(H(Vu)) |V, , H(Vu)|* ¢’
Vu#0

H
(Vu) (3.2.37)
<C / Vo|?
R2
for suitable C > 0.
We fix R > 0, and let us consider the function
2
Q= max{(),min{l, ln(R/xD}} . (3.2.38)
InR

We remark that ¢ € W1°°(Q), compactly supported. Therefore by density argument we
can use ¢ in (3.2.37).
Substituting (3.2.38) in (3.2.37) we get

ki(z)=0 (3.2.39)
and
Vie.H(Vu(z)) =0 (3.2.40)

for any z € {Vu # 0}.

By (3.2.39) and (3.2.40), every a non-empty connected component L of L, ,N{Vu # 0}
is a flat hyperplane (for all details see [89, Section 2.4]). Therefore u is constant on these
hyperplane, since each of them lies on a level set. On the contrary, u is constant on any
other possible hyperplane parallel to the ones of the above family, because the gradient
is zero there. From this u has one-dimensional symmetry.

O

3.3 Preliminaries for the proof of Theorem 3.1.4

In the first part of this section we aim to classify the solutions of (3.1.1), in the case NV = 1.
The second part is devoted to the study of solutions that are monotone in one direction.

3.3.1 ODE analysis
We start this section analysing the following ODE
(B (H (K 0)H' (W (£)) + f(h(t)) = 0 (33.1)

forany ¢t € R.
We consider weak solutions h € C1(R) N W1 (R). Here, the function H : R — Ris a
Finsler norm, B satisfies the assumptions (hp)-(iii) and f is a continuous function.
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Remark 3.3.1. Since a Finsler norm H : R — R is given by H(&) = c|{|, where c is a positive
constant, the ODE (3.3.1) simplifies to the equation analyzed in [89]. For the sake of clarity, we
revisit all the calculation related to the ODE from [89], this time using Finsler notation.

We give a regularity result.

Lemma 3.3.2. Suppose = 0 in (hp)-(iii). Then we have h € Cllo’cl/(p_l)(R) N C2({K # 0})
ifp>2and h € C*(R) if p < 2.
Otherwise, if k > 0 in (hg)-(iii), we have that h € CLY(R) N C2({K # 0})

Proof. Suppose x = 0.

We set ®(t) := B'(H(t))H'(t) and ~(t) := B'(H(K'(t)))H' (W' (t)) for any ¢t € R. Un-
der assumptions (hp), we note that v € C(R) and /(t) = —f(h(t)) € C(R) in the dis-
tributional sense, and hence v € C!(R) (see [112, Theorem 6.10]). We note also that
O (R (t)) = ~(t). We prove that ® is invertible.

By (hp)-(7ii), (1.2.9) and using Euler’s theorem (1.2.4), we deduce that

0 =yH"(t)tH' (t)H(t)P~2 = vH"(t)H (t)H (t)P~2
< B'(H(t))H"(t) (3.3.2)
<TH"(t)Ht)H ()2 =TH"(t)tH (t)H(t)P? =0,

for any ¢ > 0. By (3.3.2) and (hp)-(ii) we get

@' (t) = B'(H(t)) H'(t) + B'(H(t) H" (1)

3.33
= B"(H(t))H'(t)?> > 0 (3.33)
for any ¢t > 0. Since ® is odd, we get the invertibility of the function ®. Moreover, since
t = (®'(t)) and using (hp)-(ii7) we infer

C1t[t| 2P/ =) < &= 1(1) < Cytt|Z—P)/ (P 1) (3.3.4)

for any ¢ > 0, where C; and C are positive constants. Now, using the fact that 1 =
o (d-1(t)) (2-1(t))’, by (hp)-(ii7) and (3.3.4), we get

Cy 2=/ (r=1) < ((I)‘l(t))/ < Cot2—p)/(p=1) (3.3.5)

for any t > 0, where C1,Cy are positive constants. Now we note that, since ® € C(R) N
CH(R\{0}),and ®'(t) # 0, for t # 0, then ®~1(t) € C(R)NC(R\{0}). By (3.3.5) and using
the fact that ®~! is odd, we deduce that ®~1 € C1(R) if p < 2. Since |a? — b?| < |a — b9,
for a,b > 0,0 < g < 1, by (3.3.4) and using the fact that ®! is odd, we have that
o1 ¢ COVE-D(R) N CY(R\ {0}) if p > 2. Since b/ = ¥~! 0 7, with v € C'(R), we have
the desired regularity.

The case x > 0 reduces to the case p = 2. O

Lemma 3.3.3. Let Ly (t) := Ay (H (W (t))). Then we have L1 € C(R) N C*({K' # 0}) and that
Li(t) =0if h'(t) = 0.

Proof. Since H € C%(R\{0} and B"(t)t € C(R), we deduce that L; € C(R)NC*({r’ # 0}).
Now we prove L (t) = 0if '(t) = 0.
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First we consider the case k = 0 in (hp)-(iii). If ¢ € {h/(t) = 0}, by (hp) — (i4i) and
(1.2.3) we have

Ly 4 ) — L) ’ | fERO) gy
s s (3.3.6)
I p /(¥ — h(F\|P
SC(F,p,O@)w:C(Fapaoﬂ)’h (t+8)8 h(t)| )
where C(T', p, a2) is a positive constant. By Lemma 3.3.2 we get
Ly (F + 83 - Ll(t)‘ < C(B, H)|s|V/ @D, (3.3.7)
if p > 2, while
|Ly(F+s) — Li(7) ‘ < C(B, H)|sP" Y, (3.3.8)

s
if 1 < p < 2, where C(B, H) is a positive constant. By sending s — 0, we get that
Li(t) =0.

Now we consider the case x > 0. Since £ > 0 in (hp)-(ii1), (1.2.3), using the fact that
h € WL (R), by Lemma 3.3.2 we have

SO grayar
S
W (T + s)]? (3.3.9)
S
W(E+s) =k (D)|?
G +) = WO - o181 (0008l

S loc

)|L1(t+ s) — Ll(t)}

S

C1B" Iz, (0,000))

loc

C(IB"]l e ((0,00)))

loc
By sending s — 0 we get the thesis. O
Lemma 3.3.4. Let h is a weak solution of (3.3.1), then we have
Ay (H (KW (t)) + F(h(t)) = F(inf h) = F(suph) (3.3.10)

foranyt e R.
Proof. First, we prove that

A (H(B' (1)) + F(h(t)) = A (H(R'(s))) + F(h(s)) (3.3.11)
foranyt,s € R.

Suppose h € C?(t — €,t +¢€) with i/ # 0in (t — ¢,t +¢€), for € > 0.
By (hp)-(iii), (1.2.9) and using Euler’s theorem (1.2.4), we deduce that

0 =y H" (W (&)W () H' (W' (t)) (5 + H (W' ()P~ = vH" (' (£) H (W (£)) (s + H (K (t)))P~2
< B'(H(I'(t)))H" (M (t))
< TH"(W (8))H (W (1)) (s + H (W (£)))"~
=TH"(W ()W (&) H' (' () (s + H (W (1)))"~* = 0.

(3.3.12)
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Since h € C%(t — ¢,t + €), using (3.3.1) and (3.3.12), we have

0= (B'(H(W (1) H' (K (1)) + f(h(1))
= BY(H(K (1)) [H'(W (6)]” B"(t) + B'(H (W () H" (W ()R" () + f(h(t))  (33.13)
= B(H (W (£)) [H'(W ()] 1" (1) + f (h(1)).
Using Euler’s Theorem (1.2.4) and (3.3.13) we have
d

& (M(H R () + P(h(1)

— B (H (R () H (R (0)) H' (' ()W (1) + F(h(t))H (1) (3.3.14)
= [B"(H(W () [H (W ()IPH (1) + F(h(0)] 1 (1)

=0.

On the other hand, suppose /'(¢) = 0. From Lemma 3.3.3 we have

L (M(H®E 0)) + F0)) 0) = 40 + F(h@H)WE) = 0. (3:3.15)

By (3.3.14) and (3.3.15) we have (3.3.11).
Now we only consider inf h, since sup h can be dealt with analogously. Firs we con-
sider the case inf h = h(t), for some ¢ € R. Then by (3.3.11) we obtain

A(H (R (8)) + F(h(t)) = Ay (0) + F(h(7)) = F(inf h).

Now we suppose that inf & is not attained and we consider a sequence ¢,, — oo such that
h(tn) — infh. Let us consider hy(t) := h(t + t,,). By [51, 157] ||hn[lcra(w) is finite®, we
have that h,,, up to subsequence, converges to a suitable h e Clloc(R). We note that £ is a
weak solution of (3.3.1). Since

h(0) = lim h(t,) = inf b < lim h(t + t,) = h(t),
n n

we have that inf & = A(0). So, by (3.3.11) we get
F(inf h) = F(inf ) = A1 (H(
zliglAl(H(h’(tth ))+ F
= lim Ay (H (1 (£))) + F(h(t)
— M(H (R (1)) + F(h(1)).

H(R' (1)) + F(h(t))
(h(t +15))
)

We remark that, as a consequence of Lemma 3.3.4,
F(inf h) = F(suph) = F(h(t")), (3.3.16)

for any t* € {h’ = 0}.
From previous result follows the classification of the ODE in (3.3.1):

*Let u € W (RY) be a weak solution of (3.1.1). Then, given any 2o € RY and R € (0, 1), there exist
a € (0,1) and C > 0, depending only on N, R, ||u|| e gy, H, B such that

[Vullpoo @nyy < C and

[Vu(z) — Vu(y)| < CR™ [z — y|*,
for any z,y € Br(xo). For more details see [51, Proposition 3.1] and [157]
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Lemma 3.3.5. One of the following holds:
(i) his constant
(it) {h =0} =10
(iii) h'(t) # 0 for any t in a bounded interval (51, B2) with h' (1) = h'(B2) = 0 and

F(h(B1)) = F(h(Ba)) = F(inf h) = F(suph). (3.3.17)

(iv) h'(t) # O for any t in a unbounded interval either (—oo, 8) or (8, +00) with h'(B) = 0
and

F(h(B)) = F(inf h) = F(suph). (3.3.18)

Proof. Assume that condition (7) is not satisfied. Then, there exists some ¢t* € R such that
h'(t*) # 0. Take an interval I around t*, that is as large as possible, ensuring h’(t) # 0, for
t € I. If I = R, then we fall into case (7).

If I is bounded, with endpoint 8; < 2, then A/(31) = h'(f2) = 0, which puts us in
case (7i7), and (3.3.17) follows by (3.3.16).

If I is unbounded in one direction, meaning I is either (3, 4o00) or (—oo, ), then
h'(5) = 0, placing us in case (iv). Hence, (3.3.18) follows by (3.3.16). O

3.3.2 Behavior of the one-dimensional profiles at infinity

Given v : RV — R, we set v(z) := v(a/,2n + t), for any z = (2/,2y) € RV~ x R and
t € R. We now prove a Poincare type formula, in one dimension less.

Theorem 3.3.6. Let u € C;"(RN) N WH°(RN) be a stable weak solution of (3.1.1). Suppose
Oz u > 0. We set

/

Pp— 3 /
u(z') = ti}t_noou(x , TN + 1)
u(x') = li ) +t
w@) = lim u(@,zy +¢) (3.3.19)
H(z')=H(z2") := H(«',0)

N

() = Ai(§)  i,j=1,.,N -1

Then u,uw € C (RN 1) are weak solutions of (3.1.1) in RN=1. Moreover, we have

N—-2
I _ _ 2
/ X (H(V)?|Val* Y kg + M (H (VD)) Vi, H(VE)| ¢
RN —11{VzE£0} ) ’ (3.3.20)

<C (A(Va)Ve, Vo) |Val®

RN-1

for any o € CHRN=1) and C is a positive constant depending on H (and analogous claim holds

for u.)

Proof. We note that u and u are well defined since u is monotone in the direction z and
bounded. Since u € WH>(RY), by [51, Proposition 3.1] and [157, Theorem 1],

[uell cre@yy < C,
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where C' is a positve constant not depending on ¢. From Ascoli-Arzela Theorem we de-
duce that u! tends to @, for t — +o0, in the norm || - || cLe @y with o/ < a. (same claim
for u.) e

We now fix ¢ > 0 and we set A, := {(z/,2y) € R x RN¥~! such that |[Va| > ¢}. We
consider a compact set K CC A.. Since u; converges to @ in the norm C*(K), we deduce
that |Vu(a/, zx + t)] > /2, for t sufficiently large. Since u € C;.*(RN \ {Vu # 0}), by
Shauder estimates we obtain

uellc2a iy < C,

where C is a positive constant not depending on ¢. From Ascoli theorem u’ tends to 7,
for t — 400, in the norm | - || ., ) (same claim for w.)

lo

2
Let us consider ¢ := @1 (2 )p2(zy) with 1 € CLRY 1) and ¢ € C}(R) satisfying

/ pa(xn)dzn = 1. (3.3.21)
R
We note that u; is a weak solution of (3.1.1), that is
B'(H(Vu)){VH(Vu), V) dx = / flur)pdx (3.3.22)
RN RN

Substituting ¢ in (3.3.22), passing to the limit, we get

| B HETD)THTD,Y (o1 palan) d doy = [ @)@ eatan) de’ day.

R
(3.3.23)
By (3.3.21) and recalling (3.3.19) we have
/ B(H (V) (VE(Va), Vi )da!

R (3.3.24)

+ [ BET0) 00 H(VA ) dylan)or(a!) da' doy = [ fon de'

RN RN—
Since 9 is compactly supported in R, we deduce
/ ©h(s)ds = 0.
R
By Fubini Theorem we get
/ B'(H(Vu))(VH(Vu),Ve;)dx' = / f@)py da’, (3.3.25)
RN-1 RN-1

for any ¢; € C}(RV~1), and the same for w.

Since u(z',zny +t) — @, for t — +oo, in the norm || - , and recalling the
g

Ciac’ (A¢)
definition of the tangential gradient (3.2.19) we deduce l
i i, HV0 oy + )
=, 1i£Ln D?u(z’,zn + t)VH(Vu(z', zy + 1))
—+oo
3.3.26)
Vu(d oy +1)  Vu(@, oy +1)
_ D2 / t H / t ) 9

= VLE&U/F(VU)) (),
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ina’ € {|Vu| > ¢}.
By [150, 151] we recall that

2
3 [Vuy(al an + 1) = Vi, V(! 2y + t>|]
J

(3.3.27)
— VIV, ay + )2 = [Vu(a', o + )2 kP,
l
where ky ¢, ..., k(y_1),,+ denote the principal curvatures of L, (y/ ;+1)-
Using (3.3.26) with H = | - | and by (3.3.27) we obtain
N-2
— N2 /
|Vu(x')| Z kia(a') = tlgrnoo \Vu(z', zn + 1) Zk‘l uts (3.3.28)

=1

where we denote with k; z(z") the i—th principal curvature of Ly, at 2’ € Ly, N
{IVa] = e}.

We now consider ¢ := ¢1(2')pa(zy) with o1 € CLHRN"1) and g9 € CL(R). In partic-
ular, we take @5 := /) (uzy), where 11 > 0 and ¢ € C}(R) such that

/ V¥ (zxy)dey =1 and / O (xn)dzy = 1. (3.3.29)
R R

We remark that, by Theorem 3.2.5, (3.2.30) holds for u;. Using (3.3.26), (3.3.28), (3.3.29)
and (3.2.30), we have

B/( ( H 2 " — N
/{v >e} H(VH) eifval Zk + B v“))‘vLa,z/H(vu)’ ey d

2
//v - 801‘V ? Z kiz + B"(H(Vu)) ‘VL (Vﬂ)’ I3 dx’ day

B/
= i t2 k
ngloo//vm} Wt ) 20| Z 2

2
+ B"(H(Vdb)) ‘vLut’ (I,JNH)H(vut)‘ 2o di’ dey

< Cpy lim (A(Vu" )V (102), V(p1p2)) | Vu' |2

:/ (A(Va)Ve, V)| Va|? dr’ dey.
RN

(3.3.30)
where C'y is a positive constant depending on H.
We note that
(A(VE)Ve, Vip) = (A(Va)Vorp, Varp)
N
+ Ain (V) 0y, 005, ¢
; N (33.31)
N-1

+ ) Api(VI)0a, 005 0,

=1
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where /L-j = Ay, for i,5 = 1,...,N — 1 and V, is the gradient of the variables
x1,...,2N—1. Now we prove that

N-1
/ ]Vu\ ZAm Va)0y, cp@mNgod:r—/ \Vu| ZA”J V)0, 00z dx = 0. (3.3.32)

=1 7j=1

Since u € W1>°(RY) and by definition of ¢ we obtain

N-1
/]RN Z |Vu\ Am(Vu)axjgpaxngdx

N—-1
< C/ Z aa:J‘Pl )SOZ(xN)awN(p?(xN)SOl( )dx dzy

—CZ / O o1(x")pr (2") da’ / Ozyp2(an)p2(zN) dzy (3.3.33)

<c /R O nipa(an)pa(n) diy
<c /R 129 (ua ) (uo) de

en /R Blun)¥ () dyy — 0,

for 1 — 0 and C is a positive constant depending on u, H and B. In a similar way we
deduce that

/ |Vu| ZAm VU)0y, p0z p dx = 0, (3.3.34)
=1
hence (3.3.32) holds.
Taking e arbitrarily small in (3.3.30), using (3.3.31), (3.3.32) and (3.3.29), we have
B’ (F( 2 " o2 2
= Vu kim + B"( Vi ,H(Vu)| ¢idx
[ Z ) [Ve,, AV &
<C <A(W)vx,¢, V)| Val da' duy (3.3.35)
RN
=C | (A(Va)Ver, V)| Val d',
RN

where C is a positive constant depending on H.
O

We now recall a result (see [51, Theorem 1.1]) of a pointwise energy bound in an
anisotropic setting. Similar estimates were given in [32, 58].

Lemma 3.3.7 ( see [51]). Let u € C1 SO (RN N WL (RN g weak solution of (3.1.1). We set
cw = sup  F(t). (3.3.36)

te[inf u,sup u]

Then we have

A(H(Vu(z))) = B'(H(Vu(2))) H(Vu(z)) — B(H(Vu(@))) < cu — Flu(z)).  (3.3.37)
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Remark 3.3.8. If the set where the gradient of w vanishes is empty then follows that c,

max{F (inf u), F(supu)}. Indeed, suppose by contradiction that ¢, = F(t), for some t €
(inf u, sup w). Then there exist & such that u(z) = t, and by previous Lemma A1 (H (Vu(z))) =
0, against the assumption that the set of the gradient of u is empty.
From here we suppose, for simplicity, that
¢y = F(inf u). (3.3.38)

We now are ready to give the following result of classification

Lemma 3.3.9. Let u € Cllo’co‘(]R{N) N W1 (RN) be a stable weak solution of (3.1.1). Suppose
that {Vu = 0} = 0 and O,u > 0. Let u as in (3.3.19) and suppose that exist w € SN2 and
h: R — Rsuch that u(z') = h(z'-w), for any 2’ € RN=L. Then one of the following possibilities
holds:

(i) his constant,

(i) {W' =0} =0,
(iii) There exist 3 € R such that I/ (t) < 0 for t < B and h(t) = infu fort > j3,
(iv) There exist 3 € R such that b/(t) > 0 fort > 8 and h(t) = infu for t < j3,

(v) There exist 1 and B2 such that I/ (t) < 0 for t < By, ' (t) > 0 for t > B9 and h(t) = inf u
for B <t < Ba.

Proof. We note that from Theorem 3.3.6, u is a weak solution of (3.1.1) in RV ~!. Now we
will prove, since h(t) = u(wt), that h satisfies

(B (AW ) AW (1) + Fh(r) =0 (3.3.39)

where we set H(t) = H(tw).

Indeed, we consider the following change of variables given by (t,y/') = ¢! (21, ..., 2x_1)
= ({t,w), (t,wb ), ..., (t,wN=21)), where w, w"*, ..., w™N =21 is a basis of RV ~!. Since u is
a weak solution of (3.1.1), we obtain

/ B'(H(Vuw))(VH(Vu), V1) da' = / f(u)p da’
RN-1 RN-1
= [ B O) W O0), Vor it ) ' df (3.3.40)

— /R )o@yt day,

for any o1 € CHRN1).
Now we set ¢(t,y') = ¢1(4(t,9')), hence V&(t,y') = Di(t,y')Ver(¥(t,y')), where



72 CHAPTER 3. ON A POINCARE TYPE FORMULA

Dy(t,y') denotes the Jacobian matrix of the function ¢. Therefore (3.3.40) becomes
[ B A ONTHE @), or (/) ' df
= /RN_lf(h(t))wW(t, y)) dt’ dy
= /RN1 B'(H (I ()))(VH(I (t)w), (Dy(t,y) ' Ve(t.y)) di' dy’
= /R L J@®)e(ty) dt' dy (3.3.41)
= /RN_1 B (H(B (6)(VH (I (H)w), w)dep(t,y/) dt’ dy
T /Rm B'(H (K (£)(VH(I (t)w), (Dy(t,y) ' Vy@(t,y)) dt’ dy’
— [ swsyyaray,

where we set (D (t, 1))~ Y)ij == (DY(t,y')) V)ij, fori=1,..,N —1,j=2,... N — 1 and
V, denotes the gradient of the variables y'. Now we consider ¢(t,y") = ¢1(t)@2(y'), with
@1 € CHR) and Py € CL(RN-2), satisfying

/RNQ P2(y)dy' =1 and /R L vew)ldy =o. (3.3.42)

By (3.3.41) and (3.3.42) we have that
[ BaEEO)EEO)AGd= | f00)a0d (33.49)
R R

for all ¢; € C}(R).
Additionally, we have:
h(t) < supu (3.3.44)

for any ¢ € R because if h(t) = sup u for some ¢, since 9, u > 0, then

supu = h(t) = u(wt) = lim wu(wt,s) < u(wt,0) < supu,
s——00
SO
supu = u(wt, 0),

which implies Vu(wt, 0) = 0, contradicting the fact that {Vu = 0} = (. Next, we use the
classification from Lemma 3.3.5: if h satisfies conditions (i) or (ii) of the Lemma 3.3.5,
we fall into cases (i) or (ii), and we are done. Now, we show that case (ii:) of Lemma
3.3.5 is impossible in this situation. Indeed, if case (iii) were to hold, then by the fact that
Izyu > 0and {Vu = 0} = (), we have

F(h(B1)) = F(h(B2)) = F(inf h) = F(inf u) = F(inf u).

By (3.3.38) we obtain
F(h(B1)) = F(h(B2)) = cu,

so from Remark 3.3.8 we deduce that

h(B1),h(B2) € {inf u,sup u}.
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By (3.3.44), we get that h(31) = h(2) = inf u, which contradicts the fact that A is strictly
monotone in (31, B2).

Thus, the only remaining possibility is that & satisfies condition (iv) of Lemma 3.3.5.
By changing t to —t if necessary, we can consider the case where the interval in (iv) of
Lemma 3.3.5 is of the form (—o0, 3). By the fact that 0, u > 0, {Vu = 0} = (), and by
(3.3.38) we have

F(h(B)) = F(infu) = F(inf u) = cy.

Thus by Remark 3.3.8 and (3.3.44) we get h(3) = inf u. Now, if h(t) = inf u for ¢ > 3, then
we are in case (ii¢). Thus, we can assume there exists some ¢* > /3 such that h(¢*) > inf u.
This implies there must be some ¢ > 3 where h/(t') > 0. Consequently, there exists an
interval (32, 3), as large as possible, with 32 >  =: 81 and f3 € (82, +00) U {400} such
that #/(t) > 0 for any ¢ € (52, B3).

If B3 # 400 then h'(B2) = K'(B3) = 0, and by (3.3.16), we would revert to case (7ii) of
Lemma 3.3.5, which we have already shown to be impossible.

Therefore, 3 = +o0. Similarly, () must equal to inf u in [, 82|, because if not, there
would exist an interval (31, 3) C [B1, 2] such that 1/(t) # 0 in (81, 85) and 1/(B]) =
I(B,) = 0, leading us back to the impossible case (iii). This shows that h/(t) # 0, for
t < frandt > B2 and h(t) = infu for ¢t € [51, f2] resulting in case (v).

0

Given v : RY — R, with |Vu| € L®(RY), we consider, for R > 0, the energy
Egr(v) = Ao(H (Vo)) — F(v).
Br

We give the following result that controls the energy of a solution v with the one v?,
up to a term of order RV L.

Lemma 3.3.10. Let u € C2(RN)NW12(RN) be a weak solution of (3.1.1), with O,y u > 0 and
{Vu =0} = 0. Then exists C > 0, depending only on N,u, H and B such that

Er(u) < Eg(u’) + CRV! (3.3.45)

foranyt e R.

Proof. Since u € C?*(RY), we have that u, therefore u!, is a strong solution of (3.1.1).
Integrating by parts we have

O Eg(ut) = : B'(H(Vu"))(VH(Vu"), 0,(Vu')) — f(u')opu’

=/ B'(H(Vu"))(VH(Vu'), 8(Vu')) + div (B'(H(Vu'))VH(Vu')) du’

:/ B (H(Vu!))dyu (VH (V) 1) do,
OBRr
(3.3.46)

where 7 is the exterior normal of Bp.
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Since VH is a 0—homogeneous function and B'(t) € L2 ([0, +o0)), by (3.3.46), and
since 0., u > 0, we get

Egr(u / 0sEr(u®)ds > C’/ / Osu’dods
OBr
=—C [ (= uydo > —2Cu] gz OB, (3.3.47)
9B,
2 _CRN717
where C'is a positive constant depending on B, H, N and u. O

Lemma 3.3.11. Let u € CL%(RN) N WHo°(RN) be a stable weak solution of (3.1.1). Suppose
that {Vu = 0} = 0 and O, u > 0. Let u has one-dimensional symmetry. Then

/ Ay(H(Vu)) — F(u) + cyde < CRN 1 (3.3.48)
Br

where C'is a positive constant depending on B, H, N and u

Proof. We suppose that there exist w € SN_2~and h : R — R such that u(z') = h(z" - w),
for any z’ € RN~1. Recalling (3.3.19), we set H(t) := H(tw) := H(tw,0).
First, we will show that

/RAg(ﬁ(h’(t))) — F(h(t)) + cudt < 4o00. (3.3.49)

Indeed, since 0., u > 0, we remark that ¢, = F(infu) = F(inf h). By Lemma 3.3.4, by
(hp)-(ii1) and by (3.3.38), we get

+o00 +o0 ~
/ - Fbe)de= | A(AQ(0)dr

+oo  pH(W (¢ +oo  pH(R (1))
/ / B” ysdsdt < C / / s)ds dt (3.3.50)
A Jroo ~
e / Ao (T (R (1)) dt,

where (' is a positive constant depending on B. Now, (3.3.49) is proved, if

- Ao(H(K (1)) dt < +oc. (3.3.51)

To prove this, we consider different cases in Lemma 3.3.9. We consider case (v) in
Lemma 3.3.9, the other cases are similar. Since h € W*(R) and B'(t) € L{°[0, +oc),
using the fact that H is a norm equivalent to Euclidean one (see (1.2.3)) we get

+oo “+oo h’t)
/ Ao(H (R (1)) dt = / /

< HB/HLoo(o,H(ﬁ’( m)ag/ B/ (t)| dt

—0o0

B1 B
T, 3 . Y, . /
= 1Bl o, 1 (1 1y @2 (al_lﬂloo/a h(t) +ﬂh_{{>lo ., h (ﬂ)

— 15 o oy (Jim,_hlo) = h(30) + Jim 1(5) ~ h(5o))

S 4||B/||Loo([07f{(ﬁ/(t))])a2HUHLOO(RN) < +OO,

(3.3.52)
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and (3.3.49) is done.
Therefore

/ Ao(H(V)) — Fu) + codz
Br (3.3.53)

= [ A(H(W (1)) — F(h(t)) + cudz”dtdzy < CRN 1,
Br

where C is a positive constant depending on B, H, and u. By Lemma 3.3.10 and (3.3.53)
we get

5 AQ(H(VU)) — F(u) + Cudl’ = ER(U) + CU|BR|

< lim Eg(u') + cu|Bg|+ CRN ! (3.3.54)

~ t—4o0

< | A(H(Vu) — F(u) + cydz + CRN ™ < RN,
Br

where C'is a positive constant depending on B, H, N and u.

3.4 Proof of Theorem 3.1.4

We start this section, showing that the weak solutions of (3.1.1) that are monotone in one
variable are stable.

Lemma 3.4.1. Let u € CY(RY), be a weak solution of (3.1.1). Suppose O, u > 0. Then u is
stable.

Proof. Fixed § > 0, let us consider

b= (3.4.1)

for o € CHRN \ {Vu = 0}). Since 9,y u > 0, € CH(RN \ {Vu = 0}) and using (3.4.1) in
(3.2.3) we get

/R B'(H(Vu))(VH(Vu), Vux)(VH(Vu), V) 2¢

un + 0
2
B H(Vu)(VH(Va), Vun ) (VH(Va), Vay)—F
" , ¥ (uy +0)? (3.4.2)
+ B'(H(Vu))(D*H(Vu)Vuy, Vi) uNi 5
©* ¥?

Recalling the definition of the matrix A (see (3.1.4)), we deduce
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[ 2¢

0— /R B H(V0)(VH(Vu), Vuy)(VH(Vu), Vi) -
" ()02

— B"(H(Vu))(VH(Vu), Vun)(VH(Vu), VuN>m

+ B'(H(Vu))(D*H (Vu)Vuy, V) 27

un +0 , (3.4.3)
/ 2 ¥ / ¥

_ /RN —(A(V) (V@ _ uN(er 5VUN> : <V¢UN¢+ 5VUN>>

2
+ (A(Vu)Vo,0) — f(u)uy

uN—i—(S'

Since A is definite positive by Lemma 3.2.1, for ¢ sufficiently small we obtain

| AF0Ves) - e 2o, 344)
RN
and therefore the thesis.
O
Given a function v € Cllo’g(RN ), let us consider the graph of a function Y (z) :=
(z,v(x)) € RY x R. The following result is useful for the proof of Theorem 3.1.4.
Lemma 3.4.2. Suppose v € C*(RN) satisfies
/ B'(H(Vv))H(Vv)dz < Cr? (3.4.5)
Y ()| <r
for r sufficiently large and C positive constant. Then we have
/
/ B'(H <W>3H V) _ oy (3.4.6)
NG A Y|
for r sufficiently large and C' > 0.
Proof. Since
2/ s3ds = Y72 =172, (3.4.7)
Y]
using the Fubini theorem and by (3.4.5), we get
[ BEE)HEYE )
VrsY|<r
= 2/ / B'(H(Vv))H(Vv)s 3 ds dx

2 / 573 / B'(H(Vv))H(Vv)dzds
NG VTE|Y|<s

< C’/ slds < Clnr
Jr
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if r is large enough. By (3.4.8), using the fact that |Y|72 = (V|72 — 772) + r~2 and (3.4.5)
we have

/ B/(H(Vv))H(Vo)|Y| 2
Vr<[Y|<r

< / B'(H(Vv))H(Vv)r2+Clnr (3.4.9)
Vr|Y|<sr
<C+Clnr,
where C'is a positive constant.
O

Proof of Theorem 3.1.4. Since u and w are functions on R? using (3.3.20), we have

kiu=hkiz=0=Vy, H(Vu) =V, H(Va).

Therefore v and @ have one-dimensional symmetry.
Now we prove that u satisfies (3.4.5). By (3.1.7) and by assumptions (hp)-(iii) we
remark that
B'(t)t — Ao (t) = Ay (1), and  A(t) < C(B)Ax(t) (3.4.10)

for any ¢ > 0, and where C(B) is a positive constant depending on B. Using Lemma
3.3.11 and by (3.4.10), we get

/ B (H (V) H(V)
(uta))|<R

< / B(H(Vu))H(Vu) < C(B) / Ao(H (V) (3.4.11)
Br B

R

< C(B) Ay (H(Vu)) — F(u) + ¢, < C(B, H,N,u)R?,
Br

where C(B, H, N, u) is a positive constant depending on B, H, N and w.
Since Vu € L>®(RY), we have

H(Vu)*B'(H(Vu)) < C(u, H)B'(H(Vu))H(Vu), (3.4.12)

where C(u, H) is a positive constant depending on u and H.
Fixed R > 0, we now consider the function

1 if Y| < VR
pr(x) = ZEIYD e /R < Y| < R (3.4.13)
0 if Y| > R.

By construction and using the fact that [ is a norm equivalent to euclidean norm we
have
|22 + u(z)?H(Vu)?

. -
v <
[Vor(z)]” < Ch Y] (in R)2 ;

(3.4.14)

where Cy is a positive constant depending on H.
Since H is 1-homogeneous function, there exist positive constants M, M such that
M

VHE <M. DHE| < g

ve e RV {0}. (3.4.15)
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Taking (3.4.13) in (3.2.30), by (3.4.11), (3.4.12), (3.4.14), (3.4.15), by Lemma 3.4.2 and by
assumptions (hp)-(ii7), we get

/{vuﬂ}mBR H(Vu)) |Vl ;’%,ﬁB (H(Vuw)) |V, . H(Vu)|
< Cu [ (A4, V)| VP
R3

= Cy /R ) (B"(H(Vu))(VH(Vu), V)2 + B (H(Vu))(D*H(Vu) Ve, V) |Vul?
<cu [ (s + ) (v

H(Vu)?B'(H(Vu))|z|? H(Vu)*B'(H(Vu))|u|?
= CULB) /BR\% Yimre P /BR\% Y] R)?

H(Vu)B'(H(Vu)) H(Vu)B'(H(Vu))
< CH,B) /BR\B\/E [Y[2(In R)? O, B,u) /BR\B\/E [Y[?In R?

InR
<C(H,B,N,u)——
> C( ) ) ,’LL) (h’l R)Q:
(3.4.16)
where C(H, B, N, u) is a positive constant depending on H, B, N and u. For R arbitrarily
large we obtain that u possesses one-dimensional symmetry. O



Chapter 4

Asymptotic behaviour of solutions to
the anisotropic doubly critical
equation

4.1 Main Results

This chapter is devoted to the study of the following anisotropic doubly critical problem

“Au— g =@ RN
u>0 in RY (Pw)
u € DVP(RVN)

where 1 < p < N, p* := Np/(N — p) is the Sobolev critical exponent, 0 < v < Cy :=
((N —p)/p)? is the Hardy constant and

Ally = div(H?H(Vu)VH(Vu)), (4.1.1)

where Af is the so-called anisotropic p-Laplacian or Finsler p-Laplacian. We point out
that H is a Finsler type norm and H° is its the dual norm (H satisfies assumptions (),
see Chapter 1, in particular we refer to Section 1.2 for further details). In particular, when
H(¢) = |¢] = H°(&) the Finsler type p-Laplacian coincides with the classical p-Laplacian,
and, hence it is singular when 1 < p < 2 and degenerate when p > 2. Then, according
with standard regularity theory [67, 157] and the regularity results in the anisotropic
framework [7, 35], we say that any solution of (Pp) has to be understood in the weak
distributional meaning, i.e. u € D"P(R") satisfies the following integral equality

/ <Hp1(Vu)<VH(Vu)7VSO> - upl‘/’> dx:/ u” lodr Vo € CR(RY).
RN RY

(4.1.2)
The study of critical problems has been a rich field of investigation in the context of

both Euclidean and anisotropic frameworks. For the Euclidean framework, when we
consider H(§) = [£| = H°(&) in (Pg), we deal with

7
He(x)p

—Apu — ﬁup—l =u” ! inRV. (4.1.3)
x

In the seminal paper by Caffarelli, Gidas, and Spruck [33], any positive solution to (4.1.3)
with p = 2, N > 3, and v = 0 was classified. Prior to this, Gidas, Ni, and Nirenberg

79
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[96] obtained a similar result under stronger decay assumptions for solutions. Addition-
ally, the celebrated work of Gidas and Spruck [97] provided a complete answer in the
subcritical case, proving Liouville-type theorems.

In the quasilinear framework, the situation is much more involved due to the non-
linear nature of the operator. Recently, a classification result of positive solutions to to
(4.1.3) withp > 2, v = 0 and u € DYP(RY) := {u € LP"(RN) | Vu € LP(RN)} was ob-
tained in [140]. The proof of this result is based on a refined version of the well-known
moving plane method of Alexandrov-Serrin [4, 144] and on some a priori estimates of the
solutions and their gradients, proved in [163].

To be more precise, we note that the classification result of positive solution to the
Sobolev critical quasilinear equation with finite energy started in [55] in the case, and
then was extended in [163] for every 1 < p < 2. Subsequently the full case was obtained
in [140].

Recently, new partial results on the classification of positive solutions without a priori
assumptions on the energy of solutions were presented in [36, 135, 164].

In the anisotropic setting, Ciraolo, Figalli, and Roncoroni [49] obtained a complete
classification result for positive solutions to (Pr) with v = 0 using different techniques
that do not require the moving plane method, which is inapplicable in the anisotropic
context due to the lack of invariance.

When v # 0 the situation is significantly different. In the seminal paper by Terracini
[155], the classification result for positive solutions to (4.1.3) was established for the first
time in the case p = 2. The author proved the existence of solutions using a minimiza-
tion argument based on the concentration and compactness principle. Subsequently, she
proved that any solution to this problem is radial and radially decreasing about the ori-
gin by combining the moving-plane technique and the use of the Kelvin transformation,
in the same spirit as [33].

The case where p # 2, v # 0 is much more complex and is addressed in [134]. The
techniques used in this case are mainly based on a fine asymptotic analysis at infinity and
refined versions of the moving plane procedure. Additionally, some asymptotic estimates
proved in [166, 167] are also employed.

Our aim is to prove some decay estimates for positive weak solutions to (Pr) in the
anisotropic framework 1 < p < N and v # 0. More precisely, our first main result is the
following;:

Theorem 4.1.1. Let u € DYP(RY) be a weak solution of (Py) with1 <p < N,0 <~y < Cy.
Then there exist positive constants 0 < Ry < 1 < Ry depending on N, p,~y and u, such that

C1

C1 3
e =@ S e x € BR, , (4.1.4)
and
(&) CQ o
E@@pe =S e z € (B, )", (4.1.5)
where 1, o are the solutions of
W = Dp? = (N = p)ul +7 =0, (4.1.6)

C, Cy are positive constants depending on N, p,~, H and w, ¢y is a positive constant depending
on N,p,v,H, Ry, p1 and u, ¢z is a positive constant depending on N, p,~, H, Ra, p2 and u.
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Remark 4.1.2. In the following we shall assume that p1 < po and it is easy to see that

N — N —
p<M2§ p.
p—1

0< <

furthermore BH" is the dual anisotropic ball also known as Frank diagram (see Section 1.2 for
further details).

In the proof we will also exploit some clever ideas from [166] facing the difficulties of
the anisotropic issue. A different approach is in fact needed for the study of the asymp-
totic behaviour of the gradient. In particular, the fact that the moving plane plane tech-
nique cannot be applied, a crucial point is given by the following classification result:

Theorem 4.1.3. Let v € C%(RN \ {0}) be a positive weak solution of the equation

loc

N mwl = 0in RN\ {0}, 4.17)

where 0 < v < Cy. Assume that there exist two positive constants C' and c such that

¢ <o(z) <

¢ C s e RV
[He (2)] = o Vo e RT\ {0}, (4.1.8)

— [Ho(2)]

where p; (i = 1,2) are the roots of (4.1.6) and suppose that there exists a positive constant C' such
that

o

Vo(x)| < @ vz e RV \ {0}, (4.1.9)
then .
v(z) = W’ (4.1.10)

for some ¢ > 0.

Theorem 4.1.3 is new and interesting in itself. The proof is very much different than
the ones available in the euclidean case H (&) = |{|. Here we shall exploit it to deduce the
precise asymptotic estimates for the gradient. More precisely we have the following:

Theorem 4.1.4. Let u € Dlﬂp(RN) be a wNeak solution of (Pp) with1 <p < N,and 0 < v <
Cu. Then there exist positive constants ¢, C depending on N, p,~, H and w such that

W < [Vu(z)| < RO By, (4.1.11)
and )
" . O
W < Vu@)l < gy 7€ Bi)” (4.1.12)

where (11, po are roots of (4.1.6) as in Theorem 4.1.1, and 0 < R; < 1 < Ry are constants
depending on N, p,~y and u.

The Chapter is structured as follows:

¢ In Section 4.2 we state some technical lemmas that will be crucial in the proof of the
main results.

¢ In Section 4.3 we prove some preliminary estimates, elliptic estimates and weak
comparison principles in bounded and exterior domains that will be essential in
the proof of Theorem 4.1.1.
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¢ In Section 4.4 we give the proof of decay estimates of solutions to (Pr) near the
origin and at infinity, i.e. we prove Theorem 4.1.1. The, using this result we also
prove decay estimates for the gradient of positive weak solutions to (Pr) near the
origin and at infinity, i.e. we prove Theorem 4.1.4.

¢ Although the existence of solutions can be easy deduced in the radial-anisotropic
setting, in the Section 4.5 we show that problem (Px) admits at least a positive
solution u € D'P(RY) that minimizes the Hardy-Sobolev anisotropic inequality.
This result follows using classical arguments (see also [155]).

4.2 Preliminaries

In this section, we will present results that will be useful in the following parts.
We state now the Hardy inequality for the anisotropic operator AZfu, defined in
(4.1.1). We refer to [161, Proposition 7.5].

Theorem 4.2.1 (Hardy inequality). For any H satisfying the assumption (hg) and any u €
DYYRN)and1 < p < N,

p
o, [l

o T () dx < ox HP(Vu) dx, (4.2.1)

where Cyr = ((N — p)/p)? is optimal.

Now we prove a technical lemma that will be very important in the proof of the
asymptotic estimates.

Lemma 4.2.2. Let p > 1 and a,b > 0. Then, for all § > 0 there exist Cs > 0 such that

a® (a + b)P — CsbP. (4.2.2)

> L
— 12t
Proof. Let us consider p > 1 as follows:

p = p] +1{p},

where | -] is the floor function and {-} is the mantissa function. Without loss of generality
we assume that {p} # 0 and, moreover, we set m := |p|. Hence, we have

(a+b)P = (a+b)Pa+b)" = (a+b)P i <’Z> a™ Rk = (%) (4.2.3)
k=0

Noticing that 0 < {p} < 1 it follows that
(a + b)Pr < P 4 pirh,

Using this inequality in (4.2.3), we deduce

(x) <alPr (Z) a™ Rk bty <’Z> a™Fpk
k=0

k=0 (4.2.4)

m

m—1
=’ + 0+ <7:> a4 Y <TIZ> a"RREHPY = (),
k=1 k=0
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where we used the fact that p = m + {p}. Now, we can apply the weighted Young’s
inequality to each member of the first sum with conjugate exponents (p/(p — k), p/k) and
to each member of the second sum with conjugate exponents (p/(m — k),p/(k + {p})) as
follows

akot < P sor Ko < sap v b,
P P (4.2.5)

a™Fp P < §aP 4 C50P.

Hence, using this estimate we deduce

m m—1
(¥) <aP + 0 + (6aP + C50") Z( ) + (6a” + C507) Z( )
—1 —0 (4.2.6)

< (1+2°%168) aP + Csb?,

where we renamed C; := (1 4 2P7!Cs). Collecting (4.2.3), (4.2.4) and (4.2.6), we deduce
that

1
P p_
@ > s (a0 = G, (4.2.7)
with Cs := C5/(1 + 2P*16), and hence the thesis (4.2.2). O

Finally, we recall a lemma (see Lemma 4.19 in [104]) that will be very useful in the
proofs of our results.

Lemma 4.2.3 ([104]). Let £ and g be two nondecreasing functions on the interval (0, R], for
some R > 0. Suppose that it holds

L(TR) <oL(R)+g(R) forall R <R,

for some 0 < o, 7 < 1. Then, for any pu € (0,1) and R < R we have

LRy <t @)aﬁ(m b gRrRm

o l1—0

where « = a(o, 7, 1u) = (1 — p)logo/logT.

4.3 Preliminary asymptotic estimates and comparison principles

The aim of this section is to prove some preliminary estimates that will be crucial in the
proofs of the main results.

Lemma 4.3.1. There exists a positive constant T depending only on N, p and ~ such that for any
R > 0 and for any solution u to problem (Py) satisfying

HUHLP*(BgO) + HUHLP*(RN\B{II/E) <7, (4.3.1)
there exists a positive constant C depending only on N, p,~y and R such that
||u||Lp*(B§I°) <CR’* forR < R, (4.3.2)

and that
(4.3.3)

3 =

C
HUHLP*((BgO)c) = Jor R> =

where o1, 09 are two positive constants dependzng on N,pand .
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Proof. We start proving (4.3.2). To this aim let us consider R > 0 and a cut-off function
n € C2(RY) such that

0<n<1 inRY
n=0 in (BH")e
1=1 Bl 434

Vol <4 Bl \BY,

By density argument it is possible to put ¢ = 7n”u as test function in (4.1.2), so that we
obtain

[ ot () (THV 0, Vi o+ [ T G0V H(T0), V) do
RN RN (4.3.5)

- i p=1.0., d / P =1.p. d
RNHO(x)pu nudr + ]RNU n-uax.

First of all, using Euler’s Theorem (1.2.4), the 0-homogeneity of VH (1.2.6) and Schwarz’s
inequality, equation (4.3.5) becomes

HP(Vu)n? dz = HP~Y(Vu)(VH(Vu), Vu)nP dx
R RY ., (4.3.6)
< p—1 p—1 PP P P d
_pM/RNH (Vu)|Vn|n udx—k/RNHo(x)pun d:c+/RNu n? dx

Recalling that H is 1-homogeneous function, using the weighted Young’s inequality

ab < car T + C:bP on the first term of the right hand side of (4.3.6), forany 0 < e < 1 we
have

HP(nVu)dx < e H?(nVu)dx + C(p, M,a)/ |Vn|PuP dx
RN RN RN

_l’_

@.3.7)

PpD PP
RNHO(a:)Pun m+/RNu n" dwx,

where C(p, M, €) := (pM)PC.. Now, noticing that V(nu) = uVn + nVu, by the triangular
inequality, we deduce that for every p > 1 it holds

HP(V(nu)) = HP(uVn + nVu) < [H(uVn) + H(nVu)]?. (4.3.8)
Thanks to (4.3.8) and applying Lemma 4.2.2 with « = H(nVu) and b = H(uVn), we
deduce that

HP(nV > —— HP(V — HP(uVn)d 439
. (nVu) dz > 112775 Jon (V(nu)) dz — Cs ox (uVn) dz ( )
Using (4.3.9) in (4.3.7) we obtain
1-¢
P P PyP
1+ 2rtlg RNH (V(nu)) dx SC(;/RNH (an)dm—i—C(p,M,s)/RNW?ﬂ uP dx

(un)?
ry He(x)P

(4.3.10)
+

dx +/ P 0P dx
RN

Now, applying the anisotropic Hardy inequality (see Theorem 4.2.1 or [161]) and
(1.2.3) we have

1—¢

- P < (P Py
14 2p+1§ ]RNH (V(nu))dm_(aQC(;—i—C(p,M,e))/RN |Vn|PuP da

(4.3.11)
+7/ Hp(V(nu))dx—l—/ uP P da.
CH Jry RN
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Let us fix ,§ > 0 sufficiently small such that C; := (1 —¢)/(1 + 2P16) — v/Cy > 0, so
that

C1 HP(V(nu))dx < Cg/ |Vn|PuP dx + / uP P d, (4.3.12)
RN RN RN

where Cy := C(p, M, ¢) + abCs. By (1.2.3) we have

afC’l/ |V (nu) P dz < Cg/ |Vn[PuP dx +/ uP P d. (4.3.13)
RN RN RN

Now, using the Sobolev inequality in the left hand side of (4.3.13), the Holder inequality
and (4.3.4) in the right hand side, we obtain

P

oACiCY </RN nulP” da:) "< aiCy /RN |V (qu) [P dz

< / P da + / P ()P da
RN RN

P

: 2
< Cy / VN dx / uP dx

R/2 R/2

» (4.3.14)

() (o)

p_
E3

P
< CC(p,N) (/ u?” dm)
BgO\BHO

R/2
»

*__ * P*
ol ([ i)
RN
hence we deduce

p
. e N .
(/ |ul? dx) < ‘CZ€<p7 P ) / uP dx
RN alclcs BgO\BHO

R/2

p_
p*

(4.3.15)
p

W (L

where C(p, N) is a positive constant depending on p and N.

Setti
etting o o
p*—p
T= (al ! 5) 7

h@*"‘d \_/

2

and choosing R > 0 sufficiently small such that (4.3.1) holds, then

[|lul ’z’;:fBgo)/(affclcg) < 1/2forall 0 < R < R. Hence we obtain that

/ up*dazg/ [nulP” dz < C uP” dx VO< R<R,
BH® RN

R/ B \Bp

where C' := ((2C2C(p, N))/(o/;clcg))p? and it depends only on N, p and 7. Denoting

with L(R) := / . uP” dx for 0 < R < R, we get that

B

L(R/2) <VYL(R) VYO<R<R,
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where ¥ = C/(C + 1) € (0,1), depends only on N, p and . Now, by Lemma 4.2.3 it
follows that

cry < e (B " Go<R<R
_19 R — )

where o} = 3log(1/9) // log 2 depends only on ¥, Now (4.3.2) follows by setting o, =
o) /p*and C = ('R "'L(R))Y/?". In a similar way, we can deduce (4.3.3). O

Now, we denote by Ar = Bg; \ Bg;g and D = BZ; \ Bg‘% for R > 0.

Lemma 4.3.2. Let t € (p*, N/u1). There exists a positive constant o = o (N, p,,t) such that
for any solution u to problem (Py) and for any R > 0 satisfying the following inequality

[l Lo~ (Bp) T ||“HLP*(RN\31/R) <o, (4.3.16)

then

1 1
<][ ut da:) ‘<c (f u?” d:v) ’ VR < R/Sor R > 8/R, (4.3.17)
Dr Agr

1 . .y . -
where ][ utdr = —— u' dx and C is a positive constant depending only on N,p,v, R
Dr |DR| Dr
and t.

Proof. 1t is easy to see that, setting @(z) = u(Rx), for R > 0,

AH,\ ﬁp*l _ Rp ap*—1 . A
_ pu_’yHO(ZL’)P = u m 1.
Let m > 1 and set
A=A1Nn{t<m} and B:=A; Nn{a>m}. (4.3.18)

Hence we can consider the weak formulation of the last equation as follows

L+ T:= / HPY(Va)(VH(V4), V) dr + / HPY(Va)(VH(V4), V) do
- B (4.3.19)
p1 3.

— — d:c+Rp/ WP rodr Yo € C(A).
b omn ¥ P (A1)

A1

Let define @y, := min(a, m) for m > 1. By density argument, for any € C:°(A,) it is
possible to choose ¢ = 17%%5_1)11, with s > 1, as test function in (4.3.19), so that, using

(4.3.18) and (1.2.4), we can compute [; and I
L= / HP~Y(Va)(VH(Va), pp~ a1 V) do
A
+[p(s —1) + 1] / HPY(Va)(VH(Va), PP~ va) da
A (4.3.20)
—=p / HP~Y(Va)(VH(Va), Vp)nP~taPe—D+ gy
A

+ [p(s — 1) +1] / HP(Va)nPaPt—Y de.
A
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In the same way, we obtain
I = | HP"YVa)(VH(VA), pp? ' mPEDavn) da
+ [ HP"YVQ)(VH(Va), PmPCIVa) de (4.3.21)
=p [ HP~Y(Va)(VH(Va), V)P~ mPE Vi de + / HP(Va)nPmP=Y da.

Collecting both (4.3.20), (4.3.21), using the Scwharz’s inequality and recalling (1.2.6) we
obtain

p(s —1)+1] /Hp a)nPart—h da:+/Hp Vi) nPmPY da

<pM [/ HP Y (Va)npPtars- 1+1\V77\dx+/Hp L(Va)nP~tmps— 1]V77\uda:]

1
+/ vocpdx—l—Rp/ W Lpde
H )p A

—pM /Hp 1 p 1 (p 1)(s—1) S|V77|dx+/Hp 1 v )np 1 (p 1)(s—1) ms— 1|V7’]|Udl‘:|
+ : cpd:c—i—Rp/ " Lo da.
H( ) A1

(4.3.22)

Now we can apply the weighted Young’s inequality to the first two terms in the right
hand side of (4.3.22) with conjugate exponent (p/(p — 1), p) in order to obtain

[p(s — 1)+ /Hp va)pParts— d$+/Hp a)nPmPCY dg
<erlp(s — 1)+ 1] / HY (VP de + Cay (p, 5, M) / PP do
A A

(43.23)
+62/ HP(Va)nPmPE=Y do + C., (p, M)/ IV|PmPE= VP da
B B

/ i dx + RP Plod
+ Voo pdr + / uf " rpdx,
A1 H ($)p A1

where C., (p, s, M) and C, (p, M) are two positive constants. Hence we obtain

(1—e1)[p(s — 1) +1] / HP (nas, Vi) de + (1 — 52)/ HP (nas Vi) do
A B
=1 —e)lp(s = 1) + 1]/ HP(Va)Pae ™ do + (1 — &) / HP(Va)yPmPE dx
A B
<C.r(pr M) [ 9P de 4 Cop, M) [ [Tl
A B

T ap—1 pop(s—1)- p Ap*=1,pap(s—1) -
—|—/ ———aP nPab udr + R af? T inPa wdzx.
Ay He ()P " A "

1

(4.3.24)
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Thanks to (4.3.8) and applying Lemma 4.2.2, with a = H(na*~'Va) and b = H(a°Vn),
we deduce that there hold the following inequalities in the sets A and B respectively:

/ HP(nis Vi) de = / HP (ni*~1Va) dz
A A

1 1
- = P <5 o plas
> 1T orig, SP/AH (V(na?)) dz 051/,4H (4°Vn) dzx
1 1
= —_— . — P ~5—1 o D/ ns—1 4
o 1+2p+151 sP /.AH (v(num u)) dx C51/AH (um UVT]) dx

(4.3.25)

/ HP (s 'Va) do = / HP (pm* V) da
B B

1
> HP s—1gp _ HP(m 14
2 15 orti, /B (V(pm*™ 4)) dx 652/8 (m*~aVn) dx
1 ~s5—1 ~s5—1
= m /BHP(V(num w)) dz — Cs, /BHp(um uVn) dx
(4.3.26)
By (4.3.25) and (4.3.26), we obtain
1—¢ p(3—1)+1/ o1 /
. e s d HY(V dzx
ey e [ s ) de - T ')
<Cs,(e1,p, 8) / HP (45 aVn) de + Cs, (2) / HP (a5 'aVn) dx
A B
+Clps0) [ VP Vir do o+ Cp, ) [ 9PV da
A B
+ [ L ypareDiade + RP / P ~Pppar(sUap dy.
A1 Ho(x)p A1
(4.3.27)
Using (1.2.3), we deduce that
1—¢ p(s—1)+1/ o] 1— g9 /
. HP s d H?(V dz
S e [ Vi ) e+ e 'a)
<[ I hpartVade+C [ |VpPartVar de + R / WP P (i )P de,
A, Ho(z)P A A
(4.3.28)

where C depends on 41, d2,€1,€2,p, s, M. Using Hardy’s and Holder’s inequality in the
right hand side of (4.3.28), and the definition of the sets .A and 3, we obtain

1—¢ —l— 1 JUREE R 1—eo g1 ~
HP(V (niiss ST s
1+ 2vHlg, / @) de + 1420+, [ (Vi) d
g”/ HP(V (s Vi) da + - /Hp nis=14)) da
Cu Ja Cu

= 1
+C [ |VnPaE P do + ( / a?" RN dac) ! < / (s )P d:n) "
Ay Ai Ay
(4.3.29)
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where x = p*/p. Finally, we deduce

-1 p(s—1)+1 PV (s i
<1 Foriiy, sP ) / H¥( i) dw
1— €92 p
+ (1 T ortis, ) / HP(V (i3, ")) da (4.3.30)
1
<C (VnPare—Dap do + HuH A ) (/ (pasta)Px dx) <
Ar Ay

Noticing that (p(s — 1) +1)/s? > ~v/Cpg forall s € (N —p)/(pp2), (N — p)(pp1)), we can
fix 01,1 > 0 sufficiently small such that

l—e  ps=1)+1 «
14 2rtls sP Cy

and d, €2 > 0 sufficiently small such that
1—e9 Y
1+20t15,  Cy

Hence by (4.3.30) we get

1
¢ | B (Ve ta)de<C [ |VpPareVap de + HuH]g;IfAR) </ (nasta)Px dm) °

Aq A
B (4.3.31)
where C is a positive constant depending on €1, €2, d1, 02, p, 5,7, Cr. In conclusion, by
(1.2.3) and Sobolev inequality we have

ofCccy, < /A (nasLa)Px dm)x <alC . |V (nasta) P de < C . HP(V(nas a)) do
1 1 1

<C / \Vn[Pars—DaP da
Ax

1
p*—p ~s—1~\pXx x
+ HUHLP*(AR) </Al (nag, " a) d:L‘) :

In order to apply the Moser’s iteration method we need to rewrite the last inequality as
follows

(4.3.32)

1
( / (=L m«)* <e / ‘Wpa%s_napdx+CQ||u||§;:{AR) ( / (s L)X dg:)X’
Aq Aq Ar
(4.3.33)

where C; := C/(a%CC%), Ca := 1/(a4CCY) and x = p* /p.
Fix t € (p*,N/u1) and k € N so that px* < ¢t < px**!. Then there exist positive
constants C; and Cy such that (4.3.33) holds for all 1 < s < min {(N —p)/(pp1), x*}.

Now, we set o = (1/(2C2)) 7 and choosing R sufficiently small such that (4.3.16) holds,
we get

1
( / (s La)Px da:) Y<c | (vpParsDar de (4.3.34)
Az A
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forall 1 < s < min{(N —p)/(pm),x"} and C = C;/2. Applying Moser’s iteration
method (see e.g. [104, 166] for further details), we conclude, after finitely many times

of iteration,
1 L
<f mﬁm) gc(f mﬂ¢0p. (4.3.35)
Dy Ay

for any ¢ € (p*, N/u1). This proves (4.3.17).

Let us now prove the following:

Theorem 4.3.3. Let u be a weak solution of (Px). Then there exists a positive constant C' =
C(N,p,~,u) such that

C . o
lu(x)| < o )]N‘f'—al in B,
o(r 7
and that
C e
lu(z)| < W in (B, )",
o(x P 2

where o1, 09 are givem in Lemma 4.3.1 and Ry, Ry > 0 are constants depending on N, p,~ and
Uu.

Proof. Let us fix t := (p* + N/p1)/2 € (p*, N/p1) as in Lemma 4.3.2 and « := min{7,0},
where 7 and o are respectively as in Lemma 4.3.1 and Lemma 4.3.2. Let R > 0 such that
(4.3.1) holds for « and let us consider u(x) = u(Rz), for R > 0 fixed. We note that @
satisfies the equation

—Afa—l—c(x)ﬁp_l =0 in Dy,

where

—__ 0 ppgp-p
c(x) = Ho@)? RPGP 7P (x).
We note that H°(x)? is bounded in D; and Vg(z) := RPaP ~P(x) € LI(D;) with ¢ =
t/(p* — p) > N/p due to Lemma 4.3.2. Hence, as in the proof of [143, Theorem 1] a
classical Moser iteration argument yields

P
sup 4 < C <][ P d:v) (4.3.36)
BH® (z) BY” (x)

for any ball BY’ (x) C Dy, where C = C(N, p,~, Vel La(p,))- We claim that ||Vg||zqa(p,) is
uniformly bounded with respect to R. Indeed from Lemma 4.3.2, since

N > *_
p——+N -N2 P
q t D

0,

we get
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1 1

(/ VE@:)": Py </ u@*—PMdm)q
Dl DR

b —p
. (4.3.37)

_N p*—p t
<CR? PN (][ utdm)
Dr
p*—p

_N p*—p_nrp*-p p*
< CRP 4 PN NS </ ut d:c)
Ar

*

P:P
* p
SC(/ uP da:)
RN

where C is a positive constant depending on N, p, v, ¢ and R.
Using a covering argument we deduce that

1
sup @< C (][ P d:p) ’ (4.3.38)
BYHO\BI® Dy

Noticing that u(x) = u(Rx), by (4.3.38) we obtain that

1
sup u < C ( ][ uP da:) ’ (4.3.39)
HO \Bgo DR

BQR

VO<R§§0rR2§,
8 R

foreach0 < R < R/8or R > 8/R. By applying the Holder’s inequality in (4.3.39), we get

1 1
; * pT p=N
sup u<C (f updx> <C <][ uP dac) = CllullppyR 7 . (43.40)
BI\BH Dr Dr

foreach0 < R < R/8 or R > 8/R and C depends only on N, p,~,q, R and ||ul| ;,* (RN)-

Now we note that, since Ar C Bgo forany 0 < R < R/8 and Ag C (Blh;%.)c for any

R > 8/R, there exist, by Lemma 4.3.1, 1, 02 > 0 depending only on N, p, v such that

oo| &

||u||Lp*(3§’°) <CR°* forO< R<

and that

C _
“u"LP*((BgO)C) S ﬁ fOI' R Z S/R
Now, if we set R; = R/8 and Ry = 8/R, by (4.3.40) we get the thesis.
O

The next result is devoted to showing the existence of some special supersolutions of
our problem, in order to perform a comparison between them and the solutions of the
doubly critical equation (Pg).

Proposition 4.3.4. Given two constants A > 0 and « < p, there exist constants 0 < £,6 < 1,
depending on N, p,~, A, «, such that

1 =4[H (2))

v(H(z)) = e () e D'P(BE) (4.3.41)
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is a positive supersolution to equation

~Afy — HOZx)PUpil — g(x)?™ " in B, (4.3.42)

for some positive constant 0 < Ry < 1 depending only on N,p,~, A and o, where g(z) is a
N o
positive function that belongs to L'» (Bf; ") such that

g(z) > AH®(z)]™® in B . (4.3.43)

In a similar way, given A > 0 and « > p, there exist 0 < €, < 1 such that

o 1—9d[H(x)]~¢ o\e
v(H"(z)) = [H[(x)(}ﬂ)j € DP((BR,)°) (4.3.44)
is a positive supersolution to equation
H v -1 _ -1 . (gH\c
—Aj v — o) P = g(x)P in (Bg, ), (4.3.45)

for some positive constant Ry > 1 depending only on N,p,~ and o, where g(x) is a positive
N o
function that belongs to L'» ((B’g2 )¢) such that

g(z) > A[H®(z)]™™ in (BR,)". (4.3.46)

Proof. Let us consider p,d,¢ > 0 and let us define the function

et = L@
u(w) = v(H°(@) = et
It is easy to deduce that
Vu(z) = s(H°(z))VH®(x), (4.3.47)

where s(t) := t7#71[—p + §(u — £)t°]. Using (1.2.10), we now compute

—Alfy = — div (HP(Vu)VH (Vu)) = — div (|s(H°(z)) [P~ " sign(s) VH(VH®(z)))
=— (p— D|s(H®(2))|P~2s'(H®(2))(VH® (z), VH (VH®(x)))
— |s(H°(z))|P~ L sign(s) div (VH(VH(z)))
|s(H®(x))[P~*s(H°(x))
He(z) ’

=— (p—)[s(H®())P~2s'(H*(x)) = (N = 1)
(4.3.48)

where in the last line we used the fact that (VH®(z), VH(VH®(z))) = 1 and

div (VH(VH (z))) =

He(x)

due to (1.2.10) and (1.2.11).
Making standard computations on the right hand side of (4.3.48), one can deduce

A s P = g @)l (43.49)

where
h(t)

T 1= ste[p2(1 — ote)tp’

g9(t)
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and
h(t) = — |u— 6(u — e)t°|P -

AWP(p—1)— (N=pp—(p—1)(n—¢e)*5t° + (N —p)(u—e)5t°}  (4.3.50)
— 1 =6t P72(1 = 6t%),  fort € [0,+00).

We note that h(0) = —|u|P~2[u?(p — 1) — u(N — p)] — 7. Hence, using the definition of 1
and p2, we deduce that A(0) = 0 when p = p1 and g = po. Also we have A/(0) > 0 if
p=p1,€>0o0r u=po, e <0. This implies there exist 0 < ), < 1 such that

2 (0)t > h(t) > %h’(o)t S0 VEe(0,8). (43.51)

We set § = min{d,,1/2}, ¢ = (p — a)/2 and

T N

)= (1—=06[H(x)]F)[H®(z)] " € Dl’p(Bgf) is positive, which

(Bgf) and it satisfies (4.3.43). The other case is similar.

~—

It easy to check that v(H°(x
thanks to (4.3.51), g(z) € L

S1p

O]

Now, we consider the following equation

—AHy - Hozx)p WPl = f(z)uPt inQ, (4.3.52)

where () is an open subset of RN, w>0and w € DLP(Q). Let us start with a comparison
principle in bounded domains.

The first result is given by the following pointwise estimate, in the same spirit of
[134, 166].

Proposition 4.3.5. Let u, v two weakly differentiable strictly positive functions on a domain Q.
We have that:
(i) if p > 2, then
P

HP~ Y (Vu)(VH(Vu), V (u - Zpu>> + HP Y (V) (VH(Vv), V <v - “Zv>>

v
> C,(u? + P)HP(V(Inu — Inv)),
(4.3.53)

for some positive constant C,, depending only on p;

(1) if 1 <p <2, then

HP™Y(Vu)(VH(Vu),V <u — Z;u>> + HP-Y(Vo)(VH(Vv),V <v — sz)>

> Cp(uP +0P) [H(VInu) + H(VInw)P 2 H3(V(Inu — Inv)),
(4.3.54)

for some positive constant C,, depending only on p.

'We mean that u,v > C > 0 a.e. in Q.
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Proof. Let u,v two weakly differentiable positive functions and consider the following

VP uP
=u— —u and = — —0.
(1 o o o

Then, thanks to the Euler’s theorem for 1-homogeneous functions, and since VH is 0-
homogeneus, we deduce that

HP~Y(Vu)(VH(Vu),Vip1) =
p—1 P
= HP(Vu) — p%mfl(vu)(vmvu), Vo) + (p — 1) HP(Vu)
= H?(Vu) —vP {(1 —p)H? (Vu“) + pHP™! <vu“> (VH(Vu), v@”ﬁ

= HP(Vu) —v? [HP(VInu) +pHP"H(VInu)(VH(VInu),Vinv — Vinu))
(4.3.55)

and

HPY (Vo) (VH(Vv), Vi) =

(Vo) (VH(Vv), Va) + (p 1)ipHp(vU)

= HP(Vv) — uP [(1 — p)HP (VUU) + pHP! (VU ) (VH(Vv), Vﬂ“)]

= HP(Vv) —u? [H?(VInv) + pHP "1 (VInv)(VH(VInv), ViInu — Vino)] .
(4.3.56)

= HP(Vv) —

(i) p > 2. We recall that when p > 2, it holds (1.2.13), i.e.

HP(n) > HP (i) + pH" = (o )(VH (), 0 — 1) + HP(n =), Voo €RY.
(4.3.57)
Hence we can apply this inequality, in order to give an estimate from below for (4.3.55)

and (4.3.56):

2p—1 —1

HPY(Vu)(VH(Vu), Vi)

= H?(Vu) —o? [H?(VInu) + pH? ' (VInu)(VH(VInu), Vinv — Vinu)]

> HP(Vu) — 0P [HP(VInv) — CLHP(V(Inv — Inw))]
) =

(4.3.58)
= HP(Vu) — H?(Vv) + CpoP HP(V(Inwv — Inw)),
HP~H(Vo)(VH(Vv), Vi)
= H?(Vv) — u? [HP(VInv) + pH?"1(VIno)(VH(VInv), Vinu — Vinov)] (43.59)
> HP (Vo) —uf [HP(VInu) — C,HP(V(Inu — Inv))] -
= H?(Vv) — H?(Vu) + Cpu’ HP(V(Inu — Inv)).
Adding both these two inequalities, we obtain
-1 -1
HP™(Vu)(VH(Vu), Vi) + HP 7 (Vu)(VH(Vv), Viba) (4.3.60)

> Cp(uP +vP)HP(V(Inu — Inw)).
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(i) 1 < p < 2. We recall that when 1 < p < 2, it holds (1.2.14), i.e.

HP(n) > HP(n) + pH? " (' )(VH(0),n — )

43.61
Y ColH() + H P2 H (- ), Vi €RY, (4:3.61)

where C), is a positive constant depending only on p.

Now we proceed exactly as in the previous case to get an estimate from below for
(4.3.55) and (4.3.56):

HP~Y (V) (VH(Vu), Vi)
= HP(Vu) —o? [H?(VInw) + pH?"(VInu)(VH(VInu), VInv — Vinu)]
(4.3.62)
> HP(Vu) — P [HP(VInv) — Cp[H(VInu) + H(VInv)P?H*(V(lnv — Inw))]
)

= HP(Vu) — HP(Vv) + Cpo? [[H(VInu) + H(VIno)P?H*(V(lnv — Inw)]

HP~H(Vu)(VH(Vv), Vi)
= H?(Vv) —u? [H?(VInv) + pH?"H(VInv)(VH(VInv),Vinu — Vinv)]
> HP(Vo) —u? [HP(VInu) — Cp[H(VInu) + H(VInv)P?H*(V(Inv — Inw))]
= HP(Vv) — HP(Vu) + Cpu?[H(VInu) + H(VIno)P2H*(V(Inv — Inu)).
(4.3.63)

Adding both these two inequalities, we obtain
HPH(Vu)(VH(Vu), Vi) + HP~H (Vo) (VH(Vv), Vi)

> Cp(u? +oP)[H(VInu) + H(VInv)|P2H*(V(Inv — Inu)).
(4.3.64)

O]

Now, we are ready to prove the comparison principles in bounded and exteriors do-
mains.

Proposition 4.3.6. Let Q be an open bounded smooth domain of RY and f € L%(Q) Let
u € DYP(Q) be a weak positive subsolution to (4.3.52) and v € DYP(Q) be a weak positive
supersolution of

—Afv - HOZm)PUp_l = g(z)oP ! in Q, (4.3.65)

with g € L%(Q) Assume that infov > 0and f < gin Q. If u < v on 0, then
u<ov inf.

Proof. We will give the proof of this result in the case p > 2. The case 1 < p < 2 is similar.
Let us define
min{(u? — v?)*, m}

n = w1 and 2 =

min{(u? — vP)*,m}

pP—1

where m > 1. It is quite standard to show that 7; and 7, are good test function that we
can use in the weak formulations of (4.3.52) and (4.3.65). Taking both these test function
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and subtracting the two equations, we obtain
/ HP~Y(Vu)(VH(Vu), Vi) do — / HP~Y(Vo)(VH(Vv), Vi) da
Q Q
i -1 i -1
< P — P
_/Q HO(:L‘)T’U n dx /Q Ho(m)PU no dx
+/ f(z)uP~tn dz—/g(x)vp_lng dx (4.3.66)
Q Q

— i p—1 _ p—1 d
/QHO(x)P (U m—v 772) Z

+/ f(:c)upflm — g(m)vpflng dz <0,
Q

since f < g in Q. Hence, setting Q1 := {x € Q|0 < w? —vP < m} and Qy := {z €
Q| uP —vP > m}, we deduce that

HP~Y(Vu)(VH(Vu),V (u — ZZu)) dz +

o HP~Y(Vv)(VH(Vv),V (v — Z;v)mx

+m(1 - p) [ /Q 2 HP~Y(Vu)(VH(Vu),u PVu) dz — /Q 2 HP~Y(Vv)(VH(Vv),v PVv) da:]

1951

<0.

(4.3.67)

Applying (4.3.53) in (4.3.67) and making some computations we obtain

Cp [ (WP +P)HP(V(Inu —1nv))dx
& (4.3.68)
+m(p—1) [ HP(VInv)dr — Hp(Vlnu)dx] <0,
Qz QQ
but this implies that

Cp | (WP +0P)HP(V(Inu —Inv))dz < m(p—1) H?(VInu)dz. (4.3.69)

Ql QZ

For the right hand side of (4.3.69), we have

m(p—1) HP?(VInu)dx = (p—1) mu PHP(Vu)dr < (p—1) H?(Vu) dz,

Q Q Q)
(4.3.70)
where ), := {x € Q | v» > m} and it holds that
HP(Vu)dz — 0 for m — +o0.
Q)
Hence, passing to the limit for m — +oo in (4.3.69) we obtain that
/ (u? + vP)HP(V(Inu — Inwv)) dx = 0, (4.3.71)
{ur—vr>0}

which clearly implies that

u=Kv in the set {x € Q | u(x) > v(x)},
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for some positive constant K. By our assumptions inf,cqv > 0 and u < v on 012, hence
it follows that K = 1. But this implies that

u <o in

and this complete the proof of this result in the case p > 2. The case 1 < p < 2 follows
repeating verbatim the proof of the case p > 2, but applying inequality (4.3.54) instead of
(4.3.53). O

Now we want to prove the corresponding result of Proposition 4.3.6 in exterior do-
mains.

Proposition 4.3.7. Let Q be an exterior domain such that RN \ Q is bounded and f € Ly (Q).
Let u € DYP(Q) be a weak positive subsolutions to (4.3.52) and v € DP(Q) be a positive
supersolution of

—Afv — Hozx)pvpfl = g(z)oP ! in Q, (4.3.72)

N
P

with g € Lr (). Assume that infov > 0and f < g in Q. If u < v on O and

1
lim sup / uP|Vlogv[P~1 =0, (4.3.73)
R—>+OO BQR\BR

then
u<ov inf.

Proof. In the same spirit of Proposition 4.3.6 we prove our result in the case p > 2. The
other case is similar and it can be shown using the same arguments. To this aim, let
wr € C°(B2g) be a standard cut-off function such that

0<¢pr<1
pr=1 on Bp
IVor| < % onBag\ Bg.

Let us define

min{(u? — vP)*t, m}

up~1

min{(u? — vP)*t, m}

pp—1

M ‘= ¥R and 2 ‘= YR

where m > 1. As pointed out in the proof of previous proposition, it is possible to show,
by standard arguments, that n; and 7, are good test functions for the weak formulations
(4.3.52) and (4.3.72). Hence, we obtain

/ HP~Y(Vu)(VH(Vu), Vi) de — / HPY (Vo) (VH(Vv), Vi) dz
Q Q

) -1 -1
< p R
- /Q He(z)p (w7 i — 0" ) da (4.3.74)

—I—/ f(:n)up_lm — g(x)vp_lng dr <0,
Q
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since f < g in Q2. Now we explicitly compute the left hand side of (4.3.74).

0> /Q HP™Y(Vu)(VH(Vu), Vi) de — /Q HP~Y (Vo) (VH(Vv), Vi) dz

= o HPY(Vu)(VH(Vu),V (U - upu>>90R dx

+ /Ql HP~Y(Vu)(VH(Vv),V <v - Ziv>>90R dz
N /Q | <u =) H Y (V) (VH(V), Voor) da
N /Q | (v ~ ) HP N (Vo) (VH(Vo), Vr) da

[ HTHVu)VH(VW), V (u)ymep + HH(Vu)(VH(Vu), Vorjmu! ™ de

— [ HP Y Vo)(VH(V0),V (v 7P))ymer + HP~ (Vo) (VH(Vv), Veg)mo' P dz
Qo
=L+ I+ I3+ Iy + I + I,
(4.3.75)

where Q) == {z € Q|0 < v’ —v? < m}and Qy := {z € Q| uP —vP > m}. By Propo-

sition 4.3.5 and using the definition of ¢, it follows that there exits a positive constant
depending only on p such that

L+1,>C, (uP +0vP)HP(V(Inu — Inw)) dz. (4.3.76)
Q1NBr

Now we are going to give estimates for the other terms. We start with I3 + I. Using
(1.2.6) and the Cauchy-Schwarz inequality, setting ©; := {z € Q : vP < P}, we have

(I3 + 14| <M
951

Hp_l(Vu)|chR| dx

'l}p
U ——u
uP

+ M
951

<M | (2uHP"'(Vu) +vHP (V) |Veg|dz
951

+M [ wPHP™H(VInw)|Veg|dz

Q1

HP~Y(Vv)|Vor| dx

up
v— —v
vP

£ u- HP~Y(Vu) dz + ¢ v - HP~Y(Vv) dx

~ R /BB R JBor\Br (4.3.77)

+ ¢ u? HP~H(V Inwv) da
R JB,p\Br

p=1 1
=

P P
<C / HP(Vu) dz / u?" dx
Bar\Br Bar\Br

p—1 1

*

+C (/ HP(Vv) da;) (/ P da:)
Bar\Br Bar\Br

+£ uP? HP~H(V Inv) dz,
R Bar\Br
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where in the last line we applied the Holder inequality with conjugate exponent
(N,p/(p—1),p*) and C := 2M. Passing to the limit for R that goes to +oo in the right
hand side of (4.3.77), using also assumption (4.3.73) and (1.2.3), we deduce that I3 + I4
goes to zero.

Now we proceed with the estimate of the term I5. By (1.2.4), we have

Is=m [ HP Y Vu)(VH(Vu),Ver)u'Pdr+m(1—p) [ HP(Vu)pru P dz
QQ 92

Therefore

|I5] < mM[ HP Y (Vu)|Veplu'Pde +m(p—1) [ HP(Vu)pgu P dr,
QQ Q2

where Qy := {2 € Q | v» > m}. Using this definition and also the properties of pp we
deduce that

2M
15| < R/ w- HP"Y(Vu)de + (p—1) | HP(Vu)dax
QQ QQ
-

p P
<C / HP(Vu) dx / uP dx +(p-1) | HP(Vu)dz,
Bar\BRr Bar\Br Qo
(4.3.78)

1
£

where C := 2M. Passing to the limit for m, R that go to +00, we deduce that

lim I = 0. (4.3.79)

m,R—400

For the last term I, by (1.2.4), recalling Qy = {zx € Q:uP >m}, wehave

Is=m(p—1) [ HP(Vv)prvPdx — mHP~Y(Vv)(VH(Vv), Vor)v' P dz
Qo Q2
> M [ mHPYVInov)|Veg|de > M [ «’HP~Y(VInv)|Veg|de (4.3.80)
QQ QQ
> M uP HP~H(V Inw) da
R Bar\Br

Hence, passing to the limit the right hand side of (4.3.80), by (4.3.73) we have that I goes
to zero when R tends to +oc.

Finally, if we combine all the estimates (4.3.76), (4.3.77), (4.3.79), (4.3.80) and we pass
to the limit for m, R — +oo we deduce that

0> /Q HP Y (Vu)(VH(Vu), Vi) dx — /Q HPY (V) (VH(Vv), Vi) dx

=limsup(ly + Io + Is + I4 + I5 + Is) > liminf(Iy + Iy + I3 + Iy + I5 + Ig)
R—400 R—+o0

>/ (u? +P)HP(V(Inu — Inv)) dz > 0,
{uzv}

which implies v < v in 2 as we concluded in the proof of Proposition 4.3.6.
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4.4 Proof of the main results

This section is dedicated to the proof of our main results: Theorem 4.1.1, Theorem 4.1.3
and Theorem 4.1.4.

Proof of Theorem 4.1.1. We start by proving (4.1.4). To this aim, let us consider u a solution
of

Ay T ypl eyl in RV, (4.4.1)
P [He()p

In particular, we have that u is a subsolution of (4.4.1) in any bounded domain 2 = Bgf.
We note that f(z) := u? P € L%(Bgf) and satisfies |f(z)] < A[H°(x)]"* with a =
(N—=p)/p—o01)(p* —p) <pforzx € Bglo due to Theorem 4.3.3. By Proposition 4.3.4 we

have that the function

o 1=
V) = e e

€ D'?(BR,)
is a positive supersolution of (4.3.65) in Bglo C Q,with g € L%(Bgf) satisfying g(z) >
A[H°(x)]”“ and where 0 < §,¢, Ry < 1 are positive constants depending only on N, p, v,
A and a.
Let us consider I' > 0, M = Sup e U, N = Suppr© 1/v and define
1 1

w(x) == N(M+T)v(H(z)).

It is easy to chek that w is a positive supersolution of (4.3.65) in Bglo C Qand inf BHo W =
1

M+T >0and u < won 88510. Hence, by Proposition 4.3.6 we deduce that
u<uw in Bglo.
Passing to the limit for I' — 0 we obtain that

u(z) < ¢

. He
~ [He(z)|m in Bg, ,

where C = M - N.
Now we have to show the estimate from below. Let u be a weak solution of (Py), then
u is a supersolution of

Ay T =0 inBE. (4.4.2)

We set c1 := inf zpo u > 0.
Ry

Now, we define
1

[He ()]

. o
in Bgl ,

w(z) :=c
where ¢ = inf oBY° [H°(z)]"* = R{" . The function @ is a subsolution to (4.4.2) in Bg:.
Since, it holds that u > @ in 88510, we conclude by using Proposition 4.3.6 to obtain
u>w in Bglo,

and hence combining the estimates from above and below we deduce that (4.1.4) is
proved.
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Now, our aim is to prove (4.1.5). Let us consider u a subsolution of

AH, T p—1 _ P pyp—1 in (BH")e 443
Aju [Ho(x)]l’u uf Py in (Bg, )°. (4.4.3)

We note that f(z) := u? 7P € L%((Bg;)c) and by Theorem 4.3.3 we have |f(z)| <
AlH®(z)]"* witha = (N —p)/p+02) (p* —p) > pforz € (Bg;)c. By Proposition 4.3.4

the function
1 —6[H"(x)] ¢

) = e

€ D'((B, )°)

is a positive supersolution of (4.3.72) in (B R:)C C Q, with g € L%((ng)c) satisfying
g(x) > A[H®°(z)]”® and where 0 < 6,¢ < 1 and Ry > 1 are positive constants depending
only on N, p,v, A and a.

Let us consider I > 0, M = sup(agg;)c u, N = sup(agg;)c 1/v and define

w(z) := N(M+T)o(H"(z)),

We note that w is a positive supersolution of (4.3.72) in (B} )¢ C Q and inf (BHSYe W = M+
2

I'>0andu < won (68%;)"’. We verify the condition (4.3.73). Since |V log v(z)| < C|z| 7},
by Holder inequality we have

P
1 C . p*
lim sup — / uP|V log v[P~t dz < limsup — / |u|P dz =0, (4.4.4)
R—+oc It B2r\Br R-too It Bar\Br

where C'is a constant independent of R.
Hence, by Proposition 4.3.7 we deduce that

u<w in (Bg: )€,
Passing to the limit for I' — 0 we obtain that

C . H°\¢
u(x) < W m (BRQ )6,
where C = M - N
We conclude with the estimate from below. Let u be a weak solution of (Pg). Then u
is a supersolution of

—AHy - mu’?_l —0 inRY. (4.4.5)
We claim that
/ |VlogulP < CRN=P (4.4.6)
Bar\BRr

for R sufficiently large and constant C' independent of R. Indeed, by (4.4.5), we have
~Alfu>0 inRY. (4.4.7)

Therefore, considering the test function 7 = (Pu! =P, with ¢ € C}(RY) nonnegative func-
tion, and taking in (4.4.7) we have
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—(p—1) | HP(Vu)PuPdr+p | HP Y (Vu)(VH(Vu), VP ! "Pdz > 0.

RN RN
(4.4.8)
By Hoélder inequality and by 0-homogeneity of VH we get
p=1 1
P P
/ HP?(Vlogu)(Pdx < M2 < HP?(Vlogu)¢? dm) (/ V(P d:c) . (449)
p— 1 RN RN

Taking a standard cutoff function ¢ in (4.4.9) we get the claim (4.4.6).
Now we set ca = inf ,zuoy.u > 0 and ¢ = inf ,.po\.[H°(z)]#2. We note that v =
(@BH) (@B1°)

cac[H®(x)]7#2 is a weak solution of (4.4.5). Moreover the condition (4.3.73) is verified.
Indeed by Holder inequality and (4.4.6) we have

p=1
1 L N p
= oP|VloguP~t do < CR™! pratsy / |V log ul? dz
R JByp\Bg Ban\Bn (4.4.10)
< C R 1Pretis L(N-p)+Z -0
since p12 > (N — p)/p. Applying the Proposition 4.3.7 we conclude that
C2 . H°\c
u(z) > v(x) = CW in (Bg, )
and therefore the thesis. O

Now we prove Theorem 4.1.3 that will be essential to prove the asymptotic behavior
of the gradient of solutions to (P ). For the reader convenience we state a more detailed
statement contained in the following:

Theorem 4.4.1. Let v € C’llo’g(RN \ {0}) be a positive weak solution of the equation

—AHy mw—l —0  nRY\ {0}, (4.4.11)

where 0 < v < Cy. Assume that there exist two positive constants C' and c such that

# < v(a:) < L
[He(x)re =07 7 [Ho(z)]2

and suppose that there exists a positive constant C' such that

vz € RV \ {0}, (4.4.12)

|V'U(a?)’ S W VCL' c ]RN \ {0}, (4413)
then B
v(z) = [HEW (4.4.14)
with

¢1 = limsup[H°(z)]"?v(z).

|x|—0
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On the other hand, suppose that there exist two positive constants C and ¢ such that

¢ C

=S

THe ()] T N e 2
[He(z)]e = Vo € R\ {0}, (4.4.15)

and suppose that there exists a positive constant C' such that

|Vo(z)| < [H(S]#l“ vz € RV \ {0}, (4.4.16)
then .
v(z) = W (4.4.17)
with

¢z = limsup[H°(z)]" v (z).
|z| =400
Proof. We prove this result only for p > 2. The other case is similar. Suppose that (4.4.12)
holds. From definition of ¢;, there exist r (sufficiently small) such that

(@) < m in B,(0)\ {0}, (4.4.18)

given a, — 0.
On the other hand, there exist sequences of radii R,, and points z,, with R,, tending
to zero and H°(z,) = R,, such that

C1 — Qp
> . 4.
v(xy) > EENE (4.4.19)
Now we set
wn () = RiZv(Rpz) Vo € By \ By, (4.4.20)

By (4.4.12), it follows that w,, is uniformly bounded in L>°(B" \ Bf‘;;) and, since wy,
satisfies the equation (4.4.11), by [7, 113, 114], it is also uniformly bounded in CH(K),
for 0 < a < 1 and for any compact set K C BL" \ B{% Moreover, from Ascoli-Arzela’s
Theorem, we deduce that w,, — ws in the norm || - HCl,a( k), for any compact set K C

B\ 85; By (4.4.18), we have

and by (4.4.19), there exist a point 7 € 9B" such that we(Z) = . By the strong com-
parison principle [53], that holds under our assumption on H (see Section 7.2), we have

C1 . o o
Woo = W m BQI—I \ 852 (4.4.21)
Now we set N
T
v i= W (4422)

and we note that it solves (4.4.11). Fix R > 0 sufficiently large and let o € C2°(Bar) be
a standard cut-off function such that
0<pr<1
por=1 on Bpr (4.4.23)
[Veor| <% onBsg\ Bg.
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Let us define

min{(vP — )T, m}

op—1

min{(vP — )T, m}

pp—1

and Y2 = PR N (4424)

$1 = ¥R

where m > 1.
We remark that ¢; and ¢ are good test function in any domain 0 ¢ (2. Testing (4.4.24)
in (4.4.11) on the domain RV \ BH:, and, since the stress field H(Vu)P"'VH(Vu) €

Wlf)f RN\ B R;) (see [125]), exploiting the divergence theorem, we have

/ HP~Y(Vv)(VH(Vv), Vi )dr — / HP~Y (V) (VH(Vd), Vis)dx
RN\BH® RN\BH®
_ Y p—1 _ ,p—1
/RN\BE,: He(x)p (V"1 = 0" pp) da (4.4.25)

- /03H° HP=H (Vo) (VH(Vv),mu)p1 — HPZH (V) (VH (VD), 1) pade,

where 7, is the inner unite normal vector at 6!35:. Now we set A := {0 < vP — 0P < m}
and B := {v? — 0P > m}. Then (4.4.25) becomes:

|~ TV, ) + 7 (V) (TH (V). ) do

:/ HP~Y(Vv)(VH(Vv),V v— Ty Yordz
(RN\BE*)NA C

D
+ / HP Y (Vo)(VH(Vi),V <@ - ”v>><pR da
(RN\BE)NA v

npP
/ ( ”pv) HPY (Vo) (VH(Vv), Vog) do
(RNM\BHE*)NA v

P
—v
/(RN\BHO)HA < uP

/ HPY(Vu)(VH(Vv),V (v'P))mepg dr
(RN\BHE®)nB

_l’_

HP~Y(V9)(VH(Vd),Vyr) dx

—+

(4.4.26)

+

_l’_

/ HP~Y(Vv)(VH(Vv), Vor)mv' P dx
(RN\BE®)nB
/ HPY (Vo) (VH(VD),V (01 7P))mep dx
RN\BE®)nB
_/ HP~Y(V9)(VH(V?), Vr)mo' P dx
(RN\BE*nB
=:h+L+Is+ 14+ 15+ I+ I7 + Ig.

Now we set Q1 := (RV \ B’) N Aand Q, := (RN \ B") N B. By Proposition 4.3.5, it
follows that there exits a positive constant depending only on p such that

L+ >C, (WP +0P)HP(V(Inv — In?))pr dz. (4.4.27)
Q1NBar
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Now we estimate I3+ 14. Using (1.2.6) and the Holder inequality with conjugate exponent
(N,p/(p—1),p*) we have

H ™ (V6)| Vo] da

.o
V— —0
P

P
v — —V
VP

I3 + L4 SM/
951

HP~Y(Vv)|Vr|de + M/
1951

<M [ (20HP"Y(Vv) +oHP (VD)) |Vpg|dr + M/ P HP~Y(V In9)|Vg| dx
1951

941
gﬂ vHP (Vo) da + M / OHP (VD) da
R BQR\BR R B2R\BR
42 P HPY(V1Ind) dx
R JByp\Bg
p=1 N
p . p*
<2M (/ H?(Vv) d:c) (/ vP dx)
Bar\Br Bar\Br
et i
p . p
+2M </ HP (Vo) d:v) (/ P da:)
B2R\BR BZR\BR
2M vPHP~Y(V1nd) d.
R Bar\Br
(4.4.28)
By (4.4.22) we have H(V Ind(z)) < C[H®(z)]~!, where C = p15, we have that
1/ WPHPTH(VIno) < C/ |vP
R JByp\Br RP JByp\Br
2 (4.4.29)

P
<C ( / w*) :
Bar\Br

where we used the Holder inequality. Since v has the right summability at the infinity,
for R that goes to infinity in the right hand side of (4.4.28), we obtain that I3 + I goes to
Zero.

Now we proceed with the estimate of the term I5 + Is. Recalling that v» > m in (2,
we get

|Is + Ig| <mM [ HP Y (Vv)|Vegrlo' Pde+m(p—1) [ HP(Vv)erv ?dz,
QQ Q2

Using the properties of ¢ we obtain that

M
[I5 + Ig| < R / vHP Y (Vu)de + (p—1) | HP(Vv)dz
Bar\Br 2]

p—1 1
=

p p
<M / HP(Vv) dx / o dx +(p-1) [ HP(Vv)dx,
Bar\Br Bar\Br Q2
(4.4.30)

Passing to the limit for m, R that go to +o00, we deduce that I5 + I goes to zero since the
set (29 vanishes as m — +oo.
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For the last term I7 + Ig we obtain
I+ Is=m(p—1) | H'(Vo)priPdz— [ mHP™ (Vo) (VH(Vo), Vipr)o' P du
Qo Qs

>-M [ mHP Y (VIno)|Veg|dz
Qo

oM

> _

> P HP(V Ind) dx
R Bar\Br

(4.4.31)

Hence, passing to the limit in the right hand side of (4.4.31) and using (4.4.29) we have
that the right hand of (4.4.31) tends to zero when R tends to the infinity.

Now we estimate the left hand of (4.4.26). By (4.4.24) and Proposition 1.2.3 (in partic-
ular see (1.2.14)), we get

|~ TV, g + (Vo) (TH(V0) ) do

_ /8 o #1 (P (VO (VH(VE), ) — HP™ (Vo) (VH(V0), ) d

R'"/
- / (2 — @1 ) HP~H(V0) (VH (VD), nn) da (4.4.32)
3] gs
ule b|P—2 p—2 D — 277?7, ~1p—1
< /%go (Vo2 + Vel )|V — Vol + =5 Mao| Vo da,
=J1 + Jo.

where, in the last line, we used (1.2.3) and (1.2.6).
We set z = R,y, withy € 0Bf". Using this change of variables and recalling (4.4.12),
(4.4.20) and (4.4.21), J; can be estimated as

Ji < él/ mRY ==t D) 05 VHC (y) — Vwn(y)| dy
oBI° (4.4.33)

=CyR) P

where we choose m = R, for e > 0 fixed sufficiently small, and C is a positive constant.
In a similar way J» is estimated as

Jo < CyRN P, (4.4.34)

where ég is a positive constant.

Finally, if we combine all the estimates (4.4.27), (4.4.28), (4.4.30), (4.4.31), (4.4.33),
(4.4.34) and passing to the limit for R,, — 0, and then, exploiting the Fatou’s lemma,
for R — +o00, we deduce that

/ (vP 4+ oP)HP(V(Inv —Inv)) dz = 0,
{vzo}
which implies v < ¥ as we concluded in the proof of Proposition 4.3.6.

To prove that o < v, let us consider

min{ (¢ — vP)*,m}

P1 = @R pr and @2 :=pp

min{ (o — vP)*,m}

vp—1 ’

(4.4.35)
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where m > 1 and ¢p, is the standard cutoff function defined in (4.4.23). Using (4.4.35) in
the weak formulation of (4.4.11), proceeding in a similar way as above we obtain (4.4.14).
The only thing to check is that

1

— oPHP~H(VInv)dz — 0. (4.4.36)
R Bar\BRr

Assumption (4.4.13) ensures (4.4.36), and therefore we are done.

Now, assume that (4.4.15) holds and suppose that p > 2, the other case is similar.
The proof is similar to the previous one and, for this reason, we omit some details. From
definition of ¢y, there exist r (sufficiently large) such that

C2 + an . N

v(z) < Ho ()] in R™ \ B,(0), (4.4.37)
given a,, — 0.

On the other hand, there exist sequences of radii R,, and points z,, with R,, tending

to infinity and H°(x,,) = R,, such that

Co — Qp

U(l’n) 2 W. (4438)
Now we set
wn(z) == R v (}:) Vo € B\ Bl (4.4.39)
As in the previous case we obtain
62 . o o
W = ety D By \ B, (4.4.40)
Now we set _
S -
- [Ho()m

and we remark that it solves (4.4.11). We show that v = © in RY. To this aim, fixe > 0
sufficiently small and let ¢. € C°°(R¥") be a function such that

0<¢:<1
e=0 B.
¥ on (4.4.41)
we=1 on (By)°
‘V(Psl < % 0nB25\Bs-
Let us define
min{(v? — P)T, m min{ (v — P)T, m
or i S IVTI) gy W) 4 )

pp—1 op—1
where m > 1.
We note that ¢; and @9 are good test function in any bounded domain 0 € €. Testing

(4.4.42) in (4.4.11) on the domain Bg: we get

HP~Y (Vo) (VH(Vv), Vi )de — HP~Y (Vo) (VH(VD), Vo )dx

H° H©°
BRn BRn

v -1 1
= e TP (v — 0P ) da (4.4.43)
Rn

- / HP (Vo) (VH (Vo) na)or — HP~ (V) (VH(V5), na)s da,
oBH°
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where 7, is the outward unite normal vector at 8[5’5:. By (4.4.42) and Proposition 1.2.3,
the right hand of (4.4.43) becomes

/%Ho —HP"Y(VO)(VH(V),n) 02 + HP L (Vo) (VH(V), na)e1 d

= /8 e P (HPH (VO (VH(VD),nn) — HP N (Vo) (VH(V), 1)) da

Rn
- / (p2 — 1) HP "L (VO)(VH(VD), n,) da (4.4.44)
aBH°
~ P
< / Cpu(|Vo[P=2 + |Vu|P~2) (Vo — V) + Av_ Mao|VolP~ dz,
8850 op—1

= jl + jg.

where, in the last line, we used (1.2.3) and (1.2.6).
We consider the following change of variables = = y/R,,, with y € 9B{". Using this
fact, by (4.4.39) and (4.4.40), we have

hsh /a L Ry Nt e D] gy — Y (y)| dy
Bl

(4.4.45)
— 61 R;N+Hlp+p
where C is a positive constant.
In a similar way J; is estimated as
Jo < CoR;NHmptp, (4.4.46)

where C5 is a positive constant. We note that —N + j;p+p < 0since 0 < iy < (N —p)/p.
Proceeding as in the case (4.4.12), we prove that

/ (WP + 67) HP(V(Inv — In9)) dz = 0, (4.4.47)
fo2o)

which implies v < v in §2 as we concluded in the proof of Proposition 4.3.6.
To prove that © < v, let us consider

min{ (o — vP)T, m}
T

min{ (o — vP)*, m}
pp—1 ’

V1= Pe and V2 1= Pe (4.4.48)

where m > 1 and ¢, is defined as (4.4.41). Testing (4.4.48) in (4.4.11), using the assump-
tion (4.4.16) and proceeding in a similar way as above we get (4.4.17). O

At this point we are ready to prove

Proof of Theorem 4.1.4. We prove (4.1.12), the other case is similar and it can be proved in
a similar way. We start by showing the estimate from above. For R,, tending to infinity,
let us consider

wn(x) := Ri2u(R,x) Vo € By \ Byjy. (4.4.49)

We remark that w, is uniformly bounded in L (B4 \ 352) and it weakly solves

~Aly, - Hozx)p wP™t = RE2=DAp—pma(p =1y p" =1 RN, (4.4.50)
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Since p2(p — 1) +p — p2(p* — 1) < 0, by [7, 113, 114], wy, is also uniformly bounded in
CL(K), for 0 < a < 1 and for any compact set K C Bi" \85; For R, sufficiently large
we get the estimate from above in (4.1.12).

Now we prove the estimate from below. Suppose by contradiction that there exist
sequences of points z,, such that

[H®(z,)]"2 T Vu(z,)| = 0 for |z,| — oo. (4.4.51)
For 0 < a < A fixed, let us consider
wp () = RE2u(Ryx).

For n sufficiently large, from Theorem 4.1.1, relabeling the constants, we have

c - RHO\ pH°
e Swn(l’)gw lnBA \Ba .

Furthermore, recalling the estimate from above of the gradients of the weak solution u,
proved previously, we get

C
[Vwn ()] <

< o nBI\BI”. (4.4.52)

For a, A fixed, by [7, 113, 114], wy, is also uniformly bounded in CH(K),for0 < a <1
and for any compact set K C BY" \ B, Moreover

wn(:c) — Wq, A in BA\Ba,

. / .
in the norm C1?%, for 0 < o/ < «. Moreover, since w;, weakly solves

~ A wy ~ Hoz@pwffl = R Utpmie=Dypt=t - in BEE\ BT, (44.53)

we deduce that

Y -1 . ° °
—~Aw, 4 — ng =0 inBY{ \BI. (4.4.54)

Now we take a; = 1/j and A; = j, for j € N and we construct w,, 4; as above. For j goes
to infinity, using a standard diagonal process, we construct a limiting profile w, so that

H Y -1 : N
— A Woo — Ho(w)pwgo =0 in R™ \ {0}, (4.4.55)
with wee = wg; 4, in Bf; \B(Zo.
Since wo, satisfies the assumptions (4.4.12), (4.4.13) of the Theorem 4.4.1, we get

— €2
Woo () = [

RO (4.4.56)

where we set €3 := limsup|,|_,o[H°(2)]"?weo (7).
Now we set y,, = z,,/ Ry, and by (4.4.51), we deduce that |Vw,(y,)| tends to zero as
R, tends to infinity. This fact and the uniform convergence of the gradients imply that
there exist y € 9B” such that
[Vweo (y)] = 0.

This is an absurd since the solution w, has no critical points. O
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4,5 Existence of solutions

In this section we prove the existence of a weak solution to problem (Pp) by means of a
minimization problem. For this reason we define the following minimization problem:
Let S(v) defined as

S(y) = inf L) (4.5.1)
ueDLP(RN)\{0} . »*
(/ |ulP da:)
RN
where
L(u) = HP(Vu) —~ [ul” dx (4.5.2)
- oy 5.

Thanks to the Hardy inequality (4.2.1) we deduce that S(vy) > 0.

Theorem 4.5.1. Let 0 < v < Cpg. The problem (Pr) has a positive weak solution that it
minimizes the quotient (4.5.1).

Proof. Let {u,} be a minimizing sequence to (4.5.1). Without loss of generality, because
of the homogeneity of the quotient in (4.5.1), we assume that

L(uy) = 1. (4.5.3)

By Hardy inequality (observe that H is a norm equivalent to the euclidean one), £(-)/
is an equivalent norm to the standard one || - | p1»(gy), we have that

[unllpre@yy < C,

with C that does not depend on n. Hence up to a subsequence u,, — ug in D'P(RY).
Moreover let us also assume that (we will prove it later)

ug % 0. (4.5.4)

Recalling (4.5.1), using the weak lower semicontinuity of the norm and (4.5.3), we deduce

L(un)

L*
* P
</ ug d:r:)
RN

1
7

(/ ug* d:c> !
]RN

Using Sobolev inequality we have that u, — wug a.e. in RY. Therefore by the Breis-
Lieb result [31], it follows that

/ ub’ dx—/ ul dm—/ (un, — up)?" dz 4 o(1).
RN RN RN
Then from (4.5.5) we obtain

L(uo)

</ u‘g* da:) !
RN

S(vy) <

< lim inf
n

(4.5.5)

S(v) (4.5.6)

IN
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From (4.5.1), we deduce

Llun) = S(7) (/RN u’ da:) " o)

and
Db
p*

Ll =) 2 50) ([ huo =l o)
RN
Using these last inequalities in (4.5.6) we get

S(y) < S(%) !

p_
* * p*

<£‘2(un) — L% (o — up) + 0(1))

1
<S(v) -

(1 — L5 (up — un) + 0(1)> g

4.5.7)

where in the last line we used (4.5.3). Taking the limit superior of (4.5.7) we get a con-
tradicition, i.e. S(v) < S(v) unless the sequence £(ug — u,,) — 0. Hence, since £(-)'/? is
an equivalent norm to || - | p1.»(g~), we finally get that u,, — ug in D'P (RY). Therefore
passing to the limit in (4.5.1), we obtain

L(uo)

S(y) = 7
(S [uolP” da) 7"

)

namely v (eventually redefining it as C'ug, for some positive constant) is a weak solution
to (Pr).

Now we prove that actually (4.5.4) holds, concluding indeed the proof. Let {u,} the
minimizing sequence such that (4.5.3) holds. For every n let us take a sequence of radii
R,, such that

and let us define the rescaled sequence
wy = BT, <x) . (4.5.9)
Ry,
Using assumptions (hy), (4.5.8) and (4.5.9) we deduce that
. HP(Vw,) — 7 h’f“’gf;p dx = /R o, HP(Vwy) — 7 f';”zf;p N (;‘") (4.5.10)

Now we prove the following

Lemma 4.5.2. Let {u,} be a minimizing sequence, weakly converging to zero. Then, for every
ball B, and for every € € (—r,r) there exists p € (0,¢) U (e, 0) such that for a subsequence

either / H?(Vuy,)dr — 0, or / H?(Vuy,)dr — 0. (4.5.11)
Brip R

N\BT'+0
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Proof. By the homogeneity of the quotient in (4.5.1) we can assume that the minimiz-
ing sequence {u,} is such that |[u,|| ;- gyy = 1, so that L(u,) — S(v). By Ekeland’s
e—principle, we can suppose that the minimizing sequence has the Palais-Smale prop-
erty, that is

=1y U —
RNH (V n)<VH(V n)7v90> Ho(x)p

=50) [ o o de + oD lplpraen,

uP o da

(4.5.12)

for all ¢ € D'P(RY) We have that

r+e
/ dp / HP (V) = / HP (V)
r pSN-1 Bry\Br

is bounded. Then we can find p € (0, €) such that for infinitely many n’s it holds

(r+p)SN-1 Brie\Br

for some positive constant C' and hence up to redefining the constant

/ VP < C HP (V).
(r+p)SN-1 Bric\Br

Therefore (see [152, Theorem A.8]) since
WP ((r + p)SNY) o WP ((r + p) SN o IP((r 4 p) SV (4.5.13)

with both embedding compact, we can assume that a subsequence converges strongly to
some limit, say u in the trace space WP ((r + p)SN~1). Using the fact that the trace
operator has a continuous embedding from W'?(B, ) into WP ((r+p)SN~1), by the
weak convergence to zero of {u,}, we deduce that indeed u = 0.

Now we show the following

CLAIM: Let @ C RY a generic smooth bounded domain. The inverse operator

(AL R P (00) - Whe(Q),

1
is continuous. Indeed we consider a succession g, — g in W' »” (Q), and let uy,u €
WLP(Q) be the solutions to

(4.5.14)

Uy = gn on 0f).

—Afu:O in Q —Afun:O in Q
u=g on 012,

The solution to (4.5.14) can be obtained minimizing the functional

J(u) = ; /Q HP (V) da
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on the set {{g} + W&”’(Q)}, {{gn} + Wol’p(Q)} respectively. Since (u — g), (up — gn) €
VVO1 P(€2), integrating by parts (4.5.14) and subtracting the equations, we obtain

0= / HPY(Vu)(VH(Vu),V(u — g))dx
Q
— [ TV (Tu). Vi, = g2) d
= / (HP~Y(Vu)VH(Vu) — HP"Y(Vu,)VH(Vu,), Vu — Vu,) dz
Q

_ / (HP~Y(Vu)VH(Vu) — H~Y(Vu,)\VH(Vuy,), Vg — Vg,) dz.
Q

We recall (see [35, Lemma 4.1]) that for € RV \ {0}, 5 € R there exist a constant C' > 0
such that
(HPY(2)VH (z) — HP"H(y)VH(y), & —y) > O(|a] + [y))P e -y, (4.5.15)

Therefore, by (4.5.15) and (1.2.12) we get

c/ (1Yl + [V P (1Y~ Vun)?) e
Q

<G, [ (19l + [Vun |90 = V||V - Vg da (@5.16)

p—1 1
<G ([0vu+Furac) " ([ 99 Tarac)
Q Q

where in the last inequality we have used the Holder inequality.
We recall that by WP (0€2) we denote the space of traces u g, namely the set (of
equivalence classes) {{u} + WO1 P(Q),u € WIP(Q) }, endowed with the trace norm

Hu|an||w1f = inf{|[v[lwre) : u—ve Wy (Q)}. (4.5.17)

1
P (00)

Hence using (4.5.16) letting the boundary data g, — ¢ in the sense of (4.5.17) we obtain
the claim.

Let us define the two auxiliary sequences of D'?(RY) as follows:

up(z) ifx € By,

U1 () = S wip(z) if € Brye \ Bryp
0 elsewhere;
and
0 ifxe B, .
ug () = S wan(x) if z € Bryp\ Br_s (4.5.18)

up(x)  elsewhere,
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where w; ,, respectively ws ,, denote the solutions to

—Aflwi =0 in Brye \ Bry,

Wi, =0 on 0B, (4.5.19)
Wip = Up on 0B,4,

respectively
—Aflwy =0 in Bry,\ Bre
Wo,p = Unp on 08,4, (4.5.20)
wa, =0 on 0B, _..

Since u, — 0 on 0B, 4, in the Wl_%’p norm, see (4.5.13), by the above claim we immedi-
ately get that both

wip . wlp .
wim — 0 inByye \ Brgy and woy, — 0 in By, \ Br_.. (4.5.21)

Using uy , as test function in (4.5.12) we obtain

p—1 _ i p—1
. HP™ (Vu,)(VH(Vuy,), Vuy p) o @) ub™ ug p do

=50) [ o e+ o(D)unnllprageyy
R

and recalling the definition of u; , and by (4.5.21), we obtain

/B y HP (V) — HOZ$)pug dz = S(7) /

BT+P

uP dx + o(1) = S(v) / ujl’n dz + o(1)

Bryp

In the same way, using u» ,, as test function in (4.5.12) we obtain

v
HP(Vuy,) — ub dx
fon o, 50~ Bl

= 5(7)/ uP dx + o(1) = S(’y)/ Wb dx+ o(1).
RN\Br, RM\Brt,

Moreover, by definition (4.5.2), using the two sequences {u; ,} and {us,} we infer that
actually

L(uy) = / H?(Vu,) — i ub dx + o(1)
Bry,

He(x)P
and
v
L(ugp :/ HP?(Vuy,) — ub dx + o(1
(o) = [, HV) = s 1)
so that

L(up) = L(uryn) + L(uz,n) + o(1) (4.5.22)

and Hunﬂgi = HulnHz: + ||U27nH£: + o(1). Let us assume for example, that {u; ,,} does not
converges to zero. Since {u,, } is a minimizing sequence we have that (see (4.5.1))

L(un) = S(y)llunlpe + o(1)
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and also that L(uz ) > S(7)[luzullp- and

Lluiyn) L(un) — L(ugyn)+ o(1)

Tl (= gl +o(1)%
L Up ) — L(u N +o(1
Sy Llun) = £z + of)

- p* »
*

(L(un)7 — Llun)® +0(1))?

By (4.5.22) we deduce that

lim sup £(ug,,) = limsup(L(uy) — L(u1,n) + o(1)) < limsup L(uy,),

n n

by some computations we deduce that actually

lim sup
n ”Ul,n

p*

a contradiction with (4.5.1) unless £(u2 ,,) tends to zero. Using Hardy inequality in (4.5.2),
recalling (4.5.18), we obtain

0 [ HY(Vusy)de = / HP (V) dz + / HP (V) d
RN RN\BT+/J BTer\Brfs

:/ HP (V) dz + o(1).
RN\BT+/J

The other case of (4.5.11) can be proved arguing in the same as we have done above,
assuming that {usg,,} does not converge to zero. This concludes the proof of the lemma.
t

Using the invariance of the problem under the scaling RE~MN/p u(z/R,), the sequence
{wy} (see (4.5.9) and (4.5.10)) is still a minimizing sequence bounded in D'?(R"): hence
it admits (up to a subsequence) a weakly convergence sequence. We want to show that
the weak limit cannot be zero. We argue by contradiction and we apply Lemma 4.5.2
twice choosing r = 1 and ¢ = +1/4 respectively. We find the existence of p* € (0,1/4)
and p~ € (—1/4,0) such that (4.5.11) holds. Using the alternative (4.5.11) together with
(4.5.10), we obtain that

/ H?(Vwy)dx — 0 and H?(Vwy,) dz — 0. (4.5.23)
B

1+p— RN\B1+p+

Since w, — 0 using the strong convergence on compacts K of w, — 0in LP(K) we
deduce that

p
/ ‘f”‘ dz — 0. (4.5.24)
B(0)3\B(0) He(x)p

[N

Let us take a smooth cut-off function , with 0 < 7 < 1, such thatn = 1in B(0)5,4\ B(0)3/4
and n = 0in RY \ (B(0)3/2 \ B(0)1/2). Take in to account Hardy inequality, (4.5.23) and
(4.5.24) we deduce that

[ 19 w) — 2T, o 0
]RN
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for n — +o00 and therefore we infer that

HP(nVuwy,) dx = HP?(Vwy,) dx + o(1).
RN RN

Then, recalling also (4.5.1) we get

H?(nVw,,) dx

IN

S(0) < B~ -

omre) (om

Passing to the limit we obtain

S(0) < S(v). (4.5.25)

We claim that (4.5.25) is not possible. Indeed let uy be a minimizer of (4.5.1) for v = 0
([49]). Therefore we clearly deduce the following

y |ug|P N
He(z)P < RN

Z Z
* P * p
</ |ug|P d:n) </ lug|? da:)
RN RN

Inequality (4.5.26) gives the desired contradiction, concluding the proof. O

HP(Vug) —

HP (V) dx

S(y) < =& = 5(0). (4.5.26)



Chapter 5

Second order regularity for solutions
to anisotropic degenerate elliptic
equations

The goal of this chapter is to investigate the second order regularity properties of solu-
tions of degenarate elliptic problems based on the Uhlenbeck structure.

Let Q2 be a domain in R and H be a Finsler norm (see Section 1.2 for more details),
we are interested in the second order regularity of solutions of

—div(A(H(Vu))H(Vu)VH(Vu)) = f(z), in Q. (5.0.1)

If A(t) = tP~2, we immediately recognized that problem (5.0.1) reduces to Finsler
p-Laplacian problem

—AlMy = —div(H(|Vu|)P"'VH(Vu)) = f(z),  inQ. (5.0.2)

Throughout the chapter we assume the following assumptions on A and f

(H4) The function A : (0,+00) — (0,400) is of class C’llo’f(((), +00)) and fulfills the fol-

lowing
. TA(?) tA'(t)
— = < =S
1<%r>1£ Al ma < My iglo) At < 400
N

(Hy) the source term f € W;’N’”’S (Q) N CP(Q) where s € (0, N —~) and v < N — 2 if

C

N >2andy=0if N = 2. If y =0, we consider f € I/Vllocl(Q) NC2e(Q).

loc

Recalling that for the p-Laplace equation, which is obtained when A(t) = t*~2 and H
is the Euclidean norm, solutions are understood in a weak sense, it is not surprising that a
similar interpretation must be applied to solutions of (5.0.1). In particular, we choose as a
natural space for solutions of (5.0.1) an Orlicz-Sobolev space that depend on the function
A(-). This setting has been strongly used in [41, 42, 45]. For a precise definition of a weak
solution to (5.0.1), we refer the reader to Section 5.1.

By standard regularity results (see [51, 67, 101, 109, 113, 114, 157]) weak solutions
to equation (5.0.1) belong to Cllo?(Q) N C%(Q\ Z,) where Z, denotes the set where the
gradient vanishes.

117
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As mentioned in the introduction, our first result concernes the regularity of the
families of stress fields A(H (Vu))? H(Vu)V H(Vu)-like and involves again only m 4 and
May.

In [7], the authors proved that, if u € VV;?(Q) is a weak solution of (5.0.2) and for
f € L (Q) for a suitable choice of ¢, the stress field H(|Vu|)P"'VH(Vu) € VV&E(Q)
Global second order estimates for anisotropic problems, in the Uhlenbeck structure has
been obtained in very recent result due to Antonini, Cianchi, Ciraolo, Farina and Maz’ya
[8]. This paper is focused on an L?-second order regularity theory for solution to (5.0.1)

and it can be stated as
ferl? < AH(Vu)H(Vu)VH(Vu) € WH(Q).
under minimal assumptions on the regularity of 92 and on H.
We have the following

Theorem 5.0.1. Let u € CZIO’S(Q) N C2(Q\ Z,) be a weak solution to (5.0.1), where f satisfies

(Hp).
Then

* If0 <my < My, then

A(H(Vu) "2 H(Vu)VH(Vu) € Wh2(0,RY),

ma mAa

k>1 .
forany k > 1+ > M4

° IfmA<MA<0,th€1’l
k—1 19 N
A(H(Vu))™a H(Vu)VH(Vu) € Wioe (Q,RY),

1 mgy
k>—-+—.
for any >2+ >
® Ifma <0< My, then

A(H(vu))% H(Vu)VH(Vu) € WH2(Q,RY),

loc

My My MA)

1
k —+ =14+ == - —
forany k € (2 + 5 + 5 A

® Ifmyg=0and My > 0, then

A(H(Vu)* ' H(Vu)VH(Vu) € WE(Q,RY),

loc

* Ifmy <0and M4 =0, then

A(H(Vu)* ' H(Vu)VH(Vu) € WE(Q,RY),

loc

3 1
E<s——.
forany k < 2 2ma



5.1. PRELIMINARIES 119

We remark that for a suitable choices of k (for k = mu + 1,k = M4+ 1and k = 1) we
get
A(H(Vu))H(Vu)VH(Vu) € Wh(Q).

loc

In the second part of this chapter, we derive second-order estimates for the solution
u of equation (5.0.1). In the isotropic case, as shown in [45], the authors proved that if
f e L™ and irtlf A(t) > 0thenwu € VVZQOCQ(Q) Similar results are obtained in [40, 79], under

stronger assumption on the functions f and A.
In [35], for the anisotropic case with A exhibiting p-type growth, and under stronger
assumptions on f, the authors prove that if u € C*(Q) is a weak solution of (5.0.1) then

e ifp € (1,3), thenu € W22(Q);

e if p > 3 and f is positive then u € W24(Q) where ¢ < ;’%.
The hypothesis u € C1(Q) is giustified by the fact the Q2 is supposed to be smooth and
hence Lieberman results [113] applied.

Our result does not require any growth conditions on the function A. In particular we
have

Theorem 5.0.2. Let u € Cllgf(Q) N C?(Q2\ Z,) be a weak solution to (5.0.1) where f satisfies
(Hy). Suppose infycig pp) A(t) = 0. Then

* if My <1, it holds

u € W2A(9Q). (5.0.3)
o If M4 > 1and if we assume that
f>7>0 ae inQ. (5.0.4)
it holds
ue W), (5.0.5)
with ¢ < Ma+ 1.

My
If infyeo,ar) A(t) > 0, then (5.0.3) holds without further assumptions on M 4.

The chapter is organized as follows: In the next section, we introduce preliminar-
ies and briefly define Orlicz-Sobolev spaces to clarify our notion of a weak solution for
(5.0.1). In Section 5.2 we establish summability properties for the second derivative,
which are crucial for our results. In the same section, we prove Theorem 5.0.1 by means of
Propositions. In Section 5.3 we get a summability properties for the weight A(H(Vu))™},
which is a key tool for proving the second part of Theorem 5.0.2, thus concluding the
chapter.

5.1 Preliminaries

In what follows, we will assume standard hypotheses on the functions involved in our
problem (see [41, 42, 45]).
We recall that the function A € Cllo’g(((), +00)) and fulfills the following:

tA'(t)
= < M, = . .1
Ty T ma S Mai=sup s < o (.1.1)
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We recall that above assumption gives us that (see [42, Proposition 4.1])
A1) min{t™A, M} < A(t) < A1) max{t™4, M4} fort >0, (5.1.2)

holds.
Moreover, since my > —1 there exists o € [0, 1) such that m4 + o > 0 and

t?A(t) -0, ast—0. (5.1.3)

Next Lemma will be useful later.

Lemma 5.1.1. For any v,w € RN and for any ¢ € RN\ {0}, there exist two constants C,C' > 0
such that:

[ACH(€)) + H()A(H(E)] (VH(E),v)? + H(E)AH (€)(D*H(E)v, v) > CA(H(ﬁ)z!vlz )
5.1.4
[ACH (&) + H(A'(H (€))] (VH(), v)(VH (&), w) + H () A(H(§))(D*H (€)v, w) (5.1.5)
< CA(H(E))|v]|w] h
where C = C(ay, ma, A) and C = C(ag, M, M, My).
Proof. Let ¢ € RN \ {0}. By (1.2.4), we deduce that RY = Span{¢, VH(£)*}. Now we

consider
v=ag+1,

with @ € Rand n € VH(¢)*. By (5.1.1), (1.2.4), (1.2.9), (1.2.1), since D?H is a symmetric
matrix we get:
(VH(€),0)* + H(§)A(H (€))(D*H (§)v, v)

((VH(€),€))* + aH(E)A(H (€))(D*H (€)v, &)
(5.1.6)

5) (H(ﬁ)

)
)

)] @*H?(€) + aH (§)A(H (§))(D*H (€)1, €)

D*H (&)n,n)
eI nl* =

(HED] 2 Ly
() | O+ AT A

o (ma +1) A(H (&) H?(§) + AH(§)A(H (€)) I n?

We now consider two cases: if 2|aé| < |v],

ZHP(€) + H(§A(H(€))
SH?() + AH(§A(H (€

|
—
=~
—~
/-\/-\\_/E\_//-\/\

)
)

|
|
)1
|
> Tl
] <
] )

v
Qm E'
=z
v

™

=

+

Y

Iv\2

1 (5.1.7)

2 = Jv - ag> > (jo] - |ag])?
Therefore, by (5.1.7) and (1.2.3) we have that
[ACH(€)) + H(A(H ()] (VH(E),v)? + H(E)AH (€))(D*H (§)v, v)
AH(©O Al > AHE© A > ciaagenh
= CLA(H(9)|v|?, (5.1.8)

~ A
where C; = 017 > 0.

A\
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On the contrary, if 2|a€| > |v]:

[A(H(&)) + H (A (H(E))| (VH(E),v)* + H(E)AH (£))(D*H (&)v,v)
> ol (ma+ 1)AH(€))¢ LA(H (E))|v]?, (5.1.9)

T
IV

ozl(mi +1) >0

Choosing C = min{C}, Cy}, we have (5.1.4).
Let us now prove (5.1.5). By (5.1.1), (1.2.3), (1.2.6) and (1.2.8) we get

[A(H(€)) + H(E)A'(H ()] (VH(E), v)(VH(€),w) + H(E)A(H (§))(D*H (§)v, w)

where C5 :=

(H
< [A(H(€)) + H(E)A'(H(E)] [VH(E)?[v]|w| + H()A(H (€))|D*H (€)|[v]|w]
< M? (14 [Ma]) AH(E))v][w] + Maz A(H (€)) v [w]
Clag, M, M, Ma)A(H (€))|vl|w],
(5.1.10)
where C (g, M, M, M4) > 0. This completes the proof. O

5.1.1 Weak solution of our problem.

We conclude this section defining the meaning of weak solution for our main problem
(5.0.1). Following [41, Section 2.2], in our hypotheses on A, one can verify that the func-
tion

= /tA(s)s ds (5.1.11)
0

is a Young function (i.e. it is convex and .A(0) = 0). By [41, Proposition 2.9], we get
A e Ay (ie. A(2t) < CA(t) whenever t > 0) and A is a N—function (i.e. A(t)/t is a null
function as ¢t — 0 and it goes to +00, as t — +00). For a such function A define

WHA(Q) = {u € LAQ) : u is weakly-differentiable and |Vu| € LA(Q)} (5.1.12)

where LA() is the Banach space of the real-valued measurable functions on {2 such that
the Luxemburg norm

|]u!A=inf{u>0:/QA<|uSU)|> dx§1}<oo

The space WU1 ’A(Q) is the subset of TW'-4(Q) of those functions such that the contin-
uation of u by 0 outside (2 is weakly differentiable in R". The space Wli;l(Q) is defined
accordingly.

The next is an immediate corollary of classical results due to Donaldson and Trudinger
[70]

Corollary 5.1.2. Let €' be an open bounded set in RN and A defined in (5.1.11), the space
C () is dense in W), C () is dense in WHA(SY), for every ' CC Q, where Q' has
a Lipschitz boundary. Moreover I/VO1 A () and WHA(QY') are reflexive.

Definition 5.1.3. Let 2 C R" be a domain and f satisfying (Hy). A weak solution of (5.0.1) is
a function u € VV;}CA(Q) such that it holds

/ ACH (V) H(Vu) (VH(Va), Vi) da = / Fub da, (5.1.13)
Q Q
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for every ip € C°(R2).
By Corollary 5.1.2, by density arquments, we can test our problem against ¢ € I/VO1 A (),
for any subset Q' CC Q.

5.2 Local regularity

In this section we prove a result about the integrability of the second derivative of our
solution and thus we exploit this last to prove the Theorem 5.0.1. The next summabilty
properties is crucial in our method to investigate on the regularity of weak solutions to
(5.0.1).

In what follows we will suppose that u € C’llo?(ﬂ) NC%*Q\ Z,). By Lemma 5.1.1 (see
(5.1.4)) and [8, see (3.29)] we have

[AH(E) + HOA O] (VHE), o + HOAHO D H(E)v,0) > CAUTO)
e 88) 4 e

> ¢4l
therefore hypotheses (1.10) of Lieberman [114] are satisfied. Moreover, by [106, The-
orem 5.1] we have that v € L3 (€2). These permits to exploit [114, Theorem 1.7] to get
ue Crt(9Q).
Regularity outside the set of critical point Z, is supposed for our solutions mainly taking
into accout the results obtained in [101, 109].

Since we are supposing u € CZIOS‘(Q) NC?(Q\ Z,) let us denote by

_ Ug,, () € QN Zy,
iz = i%j 521
(@) {O T E Zy. ( )

Our first result give us the summability of the second derivative in the above sense. In
order to make the proof readable, we usually omit the tilde-symbol on the derivatives.
Moreover, in what follows we will denote by u; := 0,,u.
Let us start proving the following;:

Theorem 5.2.1. Let u € Cllc;f(Q) N C?(Q\ Z,) be a weak solution of (5.0.1),where f satisfies
(Hy).

Fix xo € Qand R > 0 such that Bar(zo) CC 2, and consider y € Q. Then, for 0 < 5 < 1 and
v <N —=2for N >3 (y=0for N =2), we have:

12
/ A(H(W))ng' de <C Vi=1,..,N, (5.2.2)
BrlzoN\Ze 1T —y|7|uil

where C = C(ay, a9, M, M, ma, Ma,z0, R, 3,7, A, || Vu|| =

loc

@) Iflly _~ ) is a positive
T(N=v)~

constant.

Proof. For ¢ € C°(Q\ Z,) and denote by ¢; := J,,¢. Using ¢; as a test function in
N
(5.1.13), since f(z) € W (), integrating by part we have

Ly(uiy, o) = /QA(H(Vu))(VH(Vu%Vuﬁ(VH(Vu),Vg@) dz
+/QA'(H(Vu))H(Vu)(VH(Vu),Vuﬁ(VH(Vu),ch) dx (5.2.3)

+/ A(H(Vu)H(Vu)(D?*H (Vu)Vu;, Vo) dr — / fip dz = 0.
Q Q
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Let us now take an arbitrary ¢ > 0 and define for ¢t > 0:

0 if tel0,e
Ge(t) =< (2t —2¢) if t € [e,2€] (5.2.4)
t if te€ |2 00),
while G¢(t) := —G.(—t) if t < 0. Moreover we consider a cut-off function pr = ¢ €
C2°(Bar(zp)) such that:
Y = 1 in BR({L'())
Vel < % in Bagr(o) \ Br(zo) (5.2.5)
Y = 0 in BQR(.Z‘Q)C.

For0 <3 <1,y< N —2if N >3"!and forevery ¢, > 0 we set:

_ Ge(t) _ Gs(t)
T.(t) == anEe Hys(t) == M (5.2.6)
Next, we test (5.2.3) by the function
(@) = Te(ui) Hs(|z — y])* () (527)

obtaining:

/Q A(H (Vu))(VH(Vu), V) (VH (Vu), Vug)T! (u;) Hy? da

+ /Q A(H(Vu))(VH(Vu), V) (VH(Vu), VHs) T (u;)@? da

+2 /Q ACH (VW) (VH (), Vi) (Y H(Va), V)T, (ug) Hyp dar

+ /Q H(Vu)A'(H(Vu))(VH(Vu), Vi) (VH (Vu), Vui) T (u;) Hs? da

- / H(Vu)A' (H(Vu)(VH(Vu), Vu ) (VH(Vu), VHs) T (u;)@? da

+2 / H(Vu)A'(H(Vu))(VH(Va), Vi) (VH(Vu), VI T, (u;) Hyp da
/ H(Vu)A(H (Vu))(D?H(Vu)Vui, Vu)T! (u;) Hsp? da

+ /Q H(Vu)A(H(Vu))(D*H(Vu)Vu;, VHs) T (u;)p? da

+2 / H(Vu) A(H (V) (D2H (V) Vs, Vi) T, (i) Hyep dar = / FiT(us) Hy? da.
N N (5.2.8)

Iy=0if N=2.
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Next we have to estimate every integral in above formula, hence let us rename:
I = /Q ACH(Vu)|(V H (Vu), Vas) 2T (u:) Hyo? da
I = /H (Vu)A'(H(Vu))(VH (Vu), V) |* T, (u;) Hsp? dx
I3 := /H (Vu) A(H (Vu))(D?*H(Vu)Vug;, Vu)T! (u;) Hsp? da
Iy = /Q ACH (V) (VH (Va), Vas) (VH (Vu), V Hs) T ()02 da

I5 = 2/ A(H(Vu))(VH(Vu), Vu))(VH(Vu), Vo)Te(u;) Hsp dx
Q (5.2.9)
Is = / H(Vu)A'(H(Vu))(VH(Vu), Vu ) (VH (Vu), VHs)T. (u;)p* dx

=2 / H(Vu) A (H (V) (VH (Vu), V) (VH(Va), Vo) T (u) Hyp da
Iy = / H(Vu) A(H (V) (D2H (V) Vi, V Hs) T, ()02 da
Iy := Q/QH(VU)A(H(VU)X H(Vu)Vu;, Vo)Te(u;) Hsp dx

I := / fiTe(wi)Hsp? du,
Q

in such a way that (5.2.8) is rewritten as

9

I+ Ir + I3 = I —Z[k
k=4

Note that, by Lemma 5.1.1 (see in particular (5.1.4)), and since T/(t) > 0, for 5 < 1, we
have:

C(a1, ma, A)/ A(H (V) |Vug T (ui) Hso? de < Iy + I + I3. (5.2.10)
Q

By (5.1.5) in Lemma (5.1.1), by definition of 7, and using a weighted Young inequality
we get:

—(Iy+ I + I3)
— /Q [(A(H (V) + H(Vu) A (H(Vu))(VH(Va), Vi) (VH (Vu), VH;)
+ H(Vu)A(H(Vu))(D*H(Vu)Vu;, VH) ] Te (u;)o* da
<Cloa, MM | AGH (V)| Va [V HS|T: (0 do

<C/A VU))W“J%SDQ da (5.2.11)
é/ Az (H (VU))IVW\(IEH(W)I)W A:(H (VU))IﬁJ(IGﬁ(ﬁz)I)W A
& — yl? |ui] |z =y 72 u| 2

2-p
<o [ AHT) UVGHIGl 2y ¢ [ AT s,
Q

!w—y!”\uz\ﬁ\uz\ |$_y|7+2

2-5
/ H(Vu))|Vu;i|*Ge (u;) +0/ H(Vu))|Vul o dr,

|z =y ulPu; |z —y|7+2
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|Ge(ui)| _ Ge(ui)

where in the last inequality we use that ] = and denoting by
Uj Ug
C(ag, M, M, My,~,0) a positive constant. Now we set B := Bg(x), and
M { / L 4 / Ly } (5.2.12)
:=max{sup [ ———dx, sup | ————— dx ;. 2.
! veJp |z —y e Jp v —y[t?

We note that M, does not depend on y. By (5.1.2)-(5.1.3), we have that the function
t — tA(t) is locally bounded, so:

[AHGDTE?
Q

|z — y[ T2 (5.2.13)
1
< C(HVUHL%DC(Q)) /B m dr < C(ma, Ma, M, ||VUHL;>§C(Q))»
where C(ma, Ma, My, ||Vul| 1 ()) is a positive constant.
So by (5.2.11) and (5.2.13) we get:
2
(I + Ig + Ig) < e/ AVW))Vul*Ge(w) 5401 o (5.2.14)
|z — y[7uilu
where C(ag, M, M, mq, Ma, M,,,0, HVUHLZOSC(Q)) is a positive constant.
In a similar way we can estimate I5 + I7 + Io.
— (Is + I7 + Iy)
= =2 [ [(AUI(Yw)) + H(V)A'(H(V)) (VH(Va), V) (VH (V). V)
Q
+ H(Vu)A(H (Vu)(D*H(Vu)Vug, Vo) | Te(u;) Hsp da (5.2.15)

< Clag, M. M) | AGH (V)| V|Vl Te(w) i da

2
<9/ H(Vu))|Vu|*G. (UZ)QOQ-FQ

\w—Mﬂme

where C(a, M, M, ma, Ma, M., 7,0, HVUHL?SC(Q)) is a positive constant.
Finally we estimate the term I;o. By definition of 7, and H; (see (5.2.6)), we have

. T€ .
IlO < / |szTE(U1)‘H5g02 dx < M@Q dx
; o (5.2.16)
T i 2.
™ o
|z —y[7
where C(M,, HfH1 IVl o< () is a positive constant.
) oc

By (5.2.10), (5.2. 14) (5.2.15), (5.2.16) we obtain:

H(Vu))|Vu;|*Ge <UZ)SO2 )

é(al,mA,A)/QA( (V)| Vs 2T () g2 dm<0/

W—meWm
Passing § — 0, by Fatou Lemma, we obtain:

Ge(ui)

%

~ A(H(Vu))|Vu, |2
C<mA70517A)/Q ’1’ — yh’uz‘ﬁ

<Ggmy—W+ﬂ) >¢dx<c (5.2.17)
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Now choosing 6 sufficiently small such that 1 — 5 — 6 > 0, since for ¢ — 0,

(6t - (5405 ) 51— 50,

7

by Fatou Lemma, we get

A(H i|?
/ ( (v“))WZ' do < O, (5.2.18)
Br(zo\Za 1T — y[V|uil
where C' := C(Ctl, a9, M,M, ma, MA,.%'(), R,H,'y,ﬁ,/\, HVUHL%’C(Q% HfHL(NN)_ ) O
-

As a consequence of above result we get information about the regularity of the stress
field of (5.0.1). For make readble the proof of Theorem 5.0.1, we consider each statementof
it as an autonomous proposition that next we are going to prove.

Proposition 5.2.2. Let u € Cllo’f (Q)NC%(Q\ Z.,) be a weak solution to (5.0.1), where f satisfies
(Hf).
IfO <my < My, then

k—1
A(H(Vu))™a H(Vu)VH(Vu) € W22(Q,RY), (5.2.19)
ma ma
forany k> 1+ o T oy

Proof. For € > 0 define

V., = A(H(Va)) ™1 H(Vu)H, (V) Jo(|Va)), (5.2.20)
where J (t) := th(t), H,, = gf and H(n) = H(n,...,n,). We have
J
aav;j _ (kmA1> A(H(Vu)) 72~ A (H(Vu) B (V) (Y H(Vu), V) Jo(|Vul) Hy, (Vu)

H(Vu)) ™ (VH(Vu), Vui)Jo(|Vul) Hy, (Vu) (5.2.21)
(1Vul) H, (Vu)
H (Vo)) " H(Vu) Jo([Vul)(V Hy, (Va), Vi),

i

+A(H(Vu
FA(H(Vu)) ™2 H(Vu)J. ([Vu))ds
+A(H(Vu

Using (5.1.1), (1.2.6), (1.2.8) and the definition of J. we get:

oV, k=1
”J < C(k‘,M, mA,MA)A(H(Vu))’"A ’VU1|

Zg

+ C(M)A(H(Vu) ™ H(V)|J.(| V)| [V (5.222)
+ Clas, M) A(H (V) ™4 [Vag| < CACH(Vu)) " [V,

where C' = C(ag, k, M, M, ma, M,) is a positive constant.
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Fixed zg € Q and R > 0 such that B := Br(xp) CC , using (5.2.22) and (5.1.2) we
get

_ 2(k—1)
/\VVEJdegC(ag,k,M,M,mA,MA)/ A(H(Vu)) ma |D%*u)? dx
B B

2=1) 1 A(H D?ul?

20-0) 4 A(H D2yl?

2(h=1) _ 2,12

<C A(H(Vu)) 1H(VU)ﬁA(H(VU);ID ul
BNH> |uil

2(k—1) LA H D2 2

+C AH(T) A () A <W>;\ ul

BNH< ]

dx

dx.
(5.2.23)

where H. := {H(Vu) <1}, H- := {H(Vu) > 1} and C = C(a1, a9, k, M, M, m4, M4) >
0.
Now, since u € C*(Q\ Z,,) and by Theorem 5.2.1, choosing 8 ~ 17, forany k > 1+ %4 —

ma
anr,; We get

A(H(Vu))|D?ul? dr
BAH. |us | (5.2.24)
< C(Oél, a2, éa k, M, M? ma, Ma, ||VUHLZO(?C(Q))1

/ IVV.;P<C+C
B

where C'(aq, ag, C.,k, M, M,ma, Ma, ||VuHLlo;>c(Q)) is a positive constant and Cis given by
Theorem 5.2.1. )
Since Wllof () is a reflexive space, there exists V; € I/Vllocz(Q) such that

Vej —Vj, fore—0. (5.2.25)

By the compact embedding, V; — V; in L9(Q) with ¢ < 2* and up to subsequence

Ve.; — Vj a.e. in (). Because of the choice of , it is easy to verify that
k-1

Vej — A(H(Vu))™a H(Vu)H,,(Vu) a.e. in ©, then

~ k-1

Vi = A(H(Vu)) " H(Vu)H,,(Vu) € W2 (Q).
O

Remark 5.2.3. The choice k = m 4 + 1 permits us to cover the optimal result in [8] obtained for
f € L2. Let us reveal that this choice will be possible in all next propositions, therefore, in all case,
we cover the main result in [8].

Proposition 5.2.4. Let u € C’llog(Q) NC2%(Q\ Zy,) be a weak solution to (5.0.1) and f satisfying

(Hy).
IfmA < My <0, then

A(H (V)™ H(Vu)VH(Va) € WE2(0,RN) (5.2.26)

loc
ma

1
k —
forany k > 5t 5
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Proof. Consider V, ; in (5.2.20). We only prove that
/ IVV,|?dz < +o0
B

Indeed the thesis follows exploiting arguments in above Proposition 5.2.2 . Using (5.2.22)
we already know that
2(k—1)—m 2,,12
/ YV, da < C’/ AT AHENVID S G s (5227)
B B |u;|?

Now let us consider the two cases 2(k — 1) —my > 0and 2(k — 1) —my4 < 0.

In the first, i.e. £ > m*“2+2, using (5.1.2) and u € C?(Q\ Z,), from Theorem 5.2.1 we
get

Ak—lmmy A(H D22
[wvapaso [ g upATTIDE
B BNH< i
2k my A(H D22
+C AH(VW) 74 |[Vul? ( (VU)gI u?
BNH- |ui
—1)-ma)Ma g A(H 2y)2
=C i (va) G0 A A (W);'D Circ<o
BNH< |ui
(5.2.28)

renaming C = C(ay, ag, k, M, M, ma, My, C, HVUHLZOZC(Q)) a positive constant, Cis given
by Theorem 5.2.1 and

H. :={H(Vu) <1}, H- :={H(Vu) > 1}.

Let us now cosider 2(k — 1) — m4 < 0, thatis k < "4*2. As in the previous case, using
(5.2.27), (5.1.2) and since u € C?*(Q2\ Z,) we obtain
2(k—1)—m A
[IVVPae<c [ @) vl
B BNH<

(H(Vu))|D?ul?

2(k=1l)—my 212
+C A(H(Vu))  ma A’vu‘ﬁA(H(VU)”D ul

dzx
BNH-> ’Uz‘ ’ﬁ

(5.2.29)

2,12
cof  Hvapn-ma g p A T)ID

3 dx +C
BNH< |uil

< C ‘vu|2(k—1)—mA+BA(H(vu))|D2u|2 d.’E + C
~ JBnH- |u; P '

From Theorem 5.2.1, for /3 close to 1, we get
/ \VV.;|>dzx < Clag, k, M, M, ma, Ma,C, IVl oo (@) (5.2.30)
B oc

for any k € (74t mat2] Exploiting (5.2.28) and (5.2.30) the claim holds for any &k >

ma+1
2 ]

Proposition 5.2.5. Let u € Cllog“(Q) NC2(Q\ Zy,) be a weak solution to (5.0.1), with f satisfying
(Hy)-
Ifma <0< My, then

k-1

A(H(Vu) M4 H(Vu)VH(Vu) € W22(Q,RY), (5.2.31)

1 M M M
forany k € <2+2A,1+2A—A>.
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Proof. Here we set
k-1
Ve = A(H (V) 4 H(Vu) J.(|Vul) Hy, (Vu). (5.2.32)
By the same computations of the previous two cases we get
— 2(k-1)-My
[ 19Vl do < Clon b ML M) [ AGH(Tw) 5 AH(T0)| D do
B BﬁH<
2(k—1)—My
+C A(H(Vu))” Ma  A(H(Vu))|D*ul? dx
BNH>
=11 + Is.
(5.2.33)

The integral I is estimable exploiting that u € C1(2) N C%(Q\ Z,,).
Hence we only explicitly estimate /;. Suppose that 2(k — 1) — M4 > 0. By (5.1.2) and
from Theorem 5.2.1, for 3 close to 1, we have

2(k—1)—My

L <C A(H(Vu))T|Vu’BA(H(VU))|D2U|2

dx
BNH- |Uz‘|5
2(k—1)—M 2,12
<cC H(vu)®+ T s AHVW)IDE (5:2.34)
BNH- \Ui|
< Cl(ay, a9, kb, M, M,Ma,C, IVullLee (@)
M M M . _
forany k£ € |1+ —A, 1+ =2 - 24 where Clar,a2,C k, M, M, Ma,, |[Vull= )
2 2 2mA loc

is a positive constant and C is given by Theorem 5.2.1.
On the other hand, if 2(k — 1) — M4 < 0, by (5.1.2) and from Theorem 5.2.1, with 3
close to 1, we obtain

2(k—1)— My A(H D22
L <c A(H(V’LL)) My, A |Vu|5 ( (vu)y u\
BNH< Jui
2,12
<C H(Vu)P 201 =Ma A(H(Vu))|[D?ul
BNH< ’ul|ﬁ
< Cla, gk, M, M, My, [Vl s ).

dx

" (5.2.35)

1 My
f k -+ —
or any €<2+ 5

tive constant.
By (5.2.33), (5.2.34) and (5.2.35) we get

M N
1 + 2A:| 7 Where C(O[]_a 012, k) C) M; M, MA, ||vu”Llo;>C(Q))7 is a pOS].'

/; ’v‘/e7]|2dl‘ < C(alaa2a k7é7M7 M’ My, ||V'U/||L;>;>C(Q)) (5236)

The thesis (5.2.31) follows as in the previous cases. O

Proposition 5.2.6. Let u € Clloca(Q) N C?(2\ Z,) be a weak solution to (5.0.1) and f satisfies
(Hy)-
Ifmyg =0and My > 0, then

A(H(Vu)*=t H(Vu)VH(Vu) € WE(Q,RY) (5.2.37)

3 1
forany k > 2 " o
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Proof. Now we prove the case (5.2.37). Let us consider

Vo, = A(H(Vu)F~ H(Vu)J.(|Vul)H, (V). (5.2.39)

J

As we did before, we distinguish two cases. If 2(k—1) —1 > 0, using (5.1.2) and Theorem
5.2.1 we can deduce

/ IVV.;|? dx < C(ag, k, M, M, MA)/ A(H(Vu))>5=D|D%u? d
B B

ﬁA(H(Vu))|D2u]2
|u;|?
ﬁA(H(Vu))|D2u|2 "
Jusl (5.2.39)

+C A(H (V)21 g (vy)? AHGW) D2
BNH> ’Uz‘ﬁ
A(H(Vu))|D?ul?
BNH< |us |
< Clag, ao, é, k, M, M, My, HVUHL?;JC(Q))

dx

<C / A(H(Vu)2*=D=1 g (V)
B

< 0/ A(H (V)27 g (V)
BNH <

<C dz +C

where C(ay, ag, C,k,M,M, My, ||VuHL;>§C(Q)) is a positive constant.
If 2(k —1) —1 < 0, by (5.1.2) and Theorem 5.2.1, for /3 close to 1, and for any k£ >

3 we can deduce

_1
2M 4y’
[ IVl o < Clan, b ML) [ G600 do
B B
2,12
s AUH(Vu)| D22
|uil?
2,12

<C A(H(vu))“k*l)*lH(vu)ﬂA(H(v“);w i gy

BH- i (5.2.40)

2,12
+C A(H (V)2 =Dt H(vu)ﬁA(H(Vu);]D af
BNH> ™
cof  mvapree-n-nm AT D P
=~ BﬂH< ‘uz|,8
< Clan, s, €, k, M, 3, Ma, |V 13 (o)

<C / A(H (V)2 D=1 (V)
B

dx +C

where C(ay, ag, C, k, M, M, M, [VullLee () is a positive constant. O

Proposition 5.2.7. Let u € Cllof(Q) N C?*(Q\ Z.) be a weak solution to (5.0.1), and f satisfies

(Hy).
Ifma < 0and My =0, then

A(H(Vu)~Y H(Vu)VH(Vu) € WE2(Q,RY) (5.2.41)

3 1
forany k < 2 oma
Proof. The proof of (5.2.41) is similar to the case (5.2.37). We take V ; as in (5.2.38). Let us
consider first the case 2(k — 1) — 1 > 0. By Theorem 5.2.1, by (5.1.2) and choosing 5 ~ 1~
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we get

/ \VV.;[* dx < C(ag, k, M, M, MA)/ A(H (V)25 D%y? da

B B

5A(H(Vu))]D2u\2
|u;|P

BA(H(Vu))\DQUP

dzx

<C / ACH (V) 2601 [ (7)
B

SO AT DT (V) P a
e ] (5.2.42)
A(H D22
BNH> ]
=C (VP et-n-nma AHVu)IDuf
= BﬂH< ’u2|5
< Clan, az, Ok, MM, Ma, |Vl e (@)
for any k£ € [%7 % - ﬁ) , where C'(aq, as, é, k, M, M, My, ||VUHLIC>§C(Q)) is positive con-

stant and C is given by Theorem 5.2.1.
If 2(k — 1) — 1 < 0, by Theorem 5.2.1 and by (5.1.2) we get

/ VVL[? dz < Clas, k, M, 7, M) / ACH (V) 2D D2y 2 dy
B B
s A(H(Vu))|D*ul?
|ug|?
2,12
<C A(H (V)20 H(W)M(H (Va)|D>uf” = (5.2.43)

BNH. ’Uz‘ \5

2,12
BNH- ‘Uz’B

S C(alv a9, C’v k? M7 Ma MA7 HV’U’HL%)C(Q))

dzx

<C / A(H (V)2 kD=1 g (V)
B

dzx

forany k < %, where C'(aq, ag, C,k,M, M, M4, HVUHL?(?C(Q)) is a positive constant. There-
fore by (5.2.42) and (5.2.43), proceeding as in the previous cases, (5.2.41) holds for any
k<3—5i O

5.3 Second-oreder regularity of weak solutions.

We conclude our chapter proving our main result. In order to do this, we first prove an
integrability property for of A(H(Vu))™L.

Theorem 5.3.1. Let u € Cllof(Q) N C?(Q\ Z.,) be a weak solution to (5.0.1), with f satisfying
(Hy) and
f(z) > c(xg, R) >0 in Bagr(zo),

where Bag(xg) CC Q, x9 € Qand R > 0. Consider y € €.

Then, we have
1 1

/BR(mO) A(H(Vu)o |z —y[7

where o 1= J(ﬂl,MA >0,r<1,y<N—=2if N>3whiley=0if N =2and
C = C(M,ma, Ma,r, R, 0,7, 0, [|Vul L (o).

dz < C (5.3.1)
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Proof. For n € N consider G1 (t) following (5.2.4). Fix an arbitrary € > 0, let n. € N such
that for any n > n, it holds
sup |G1(t) —t| <e. (5.3.2)
t>0 n

Choosing N > n,, consider the following test function:

__ Hs(z—yhy?
~ (GL(A(H(Vu)) + o) (5.3.3)

where ¢ and H; are defined in (5.2.5), (5.2.6). Then

_ 2 Hs V1) 2V Hg
7T (G AHTW) T (G (A(H(TW)) + e
, G% (A(H(Vu)))A'(H(Vu))D*uV H(Vu)
—er TG A ) + 9
(5.3.4)
Since f(z) > C(zo, R) > 0in B := Bagr(x), testing (5.3.3) in (5.1.13) we get
Hs(|l — y|)y? I (53.5)

Clhan) |, (@ (A(H(VW) + O
AQH (V) H(Va)G, (ACH (V) A'(H (V) (VH (Vu), DuV H(V)
= _M/B (G (A(H (V) + )
A(H(Vu) H(Vu)(VH(Vu), VHy)
G g
A(H(Vu) H(Va) (VH(Vu), Vi)
*2/9 G, AV +97 o

Hs? dx

Z|=

Therefore, denoting by I the left-hand side of the previous inequality, we have

Jo sty v

@ i

C(r, Ro a0, ) / |H (VU)AU(T{G(:Z?{Z E;f i)V;;)J)FH:)?jﬂIIVH (Vu)|? Hy? da
[ AT VTS5, 536
+O(R, 20 / H(Vu) ((ZIEZ?))!T)?(V;)!VM

Iy

Hyh da:
= -[1+-[2+I37

where C(r, R, z9,a) and C(R, o) are positive constants. First, we estimate the term Is.
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Using (5.1.2), (1.2.6), (5.3.2) and since oo = (M4 + 1)/M 4 we get:

I3

IN

ar Hsp dx

A(H (Vu))H (Vu)
C(M, R, fco)/B (GL(A(H(Vu))) +¢)

A(H(Vu))H(Vu)
Bria<ty (GL(AH(Vw)) + )"
A(H(Vu))H (Vu)

a1y (GL(AH(Vw)) +
A(H(Vu))"H(Vu)
Bnia<1y (G (A(H(Vu)))+e)

(V
H(Vu ()a Hstp dx 4+ C

IN

C ~Hs dx

+C a7 Hs dx

¢)

IN

C

1
N

= C

Bn{A<1} A( ( ) Lr

)
= C / (—)TH(;zp dx + C
Bn{A<1} A(H(Vu))Ma
H(V

H ~
< C wHsy e da + C,

Bo{A<} min{H (Vu)", H(Vu) Ma }

A

Since r < 1 and rma < My, there exists a positive constant
C=C(M,r, R,z0,a,7, [|[Vul 1 (@) such that

Is < C(M,r, R, 0, 0,7, |Vl (@))-

133

(5.3.7)

arH ¢dx+C(M T, R Zo, &, 7, ||VUHL°° )

(5.3.8)

(5.3.9)

(5.3.10)

By a similar computation, we get that there exists a positive constant C' such that

I, <C.

(5.3.11)

Now we estimate I;; by (5.1.1), (1.2.6) and using a weighted Young inequality we get

i
et
- _9/3 (GMA(;(%)) L z B (g(i(:{?v)u;» |+¢)H "
<elpe i

(5.3.12)
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Now, by the definition of o = (M4 + 1)/M 4 and (5.3.2), we get

/ A%(H (V)| D?*u|*y? Hg
B (G1(AH(Vu))) +¢€)™"

(

_ N D2 202 )
- /BH{M}A(H N R RV Ton)
(

+ [ AETw)D P Hy
BN{A>1}

A(H (V)| D*uf?Hy————— d
S/Bm{A<1} VDIl 6A(H(Vu))MA ’ (5.3.13)

2 12,2 A(H(VU))H(VU)O
+ /B oy AT Dy

P / A(H(Vu))|D?*u|*? Hg

T AR gty min{ H(Vu), H(Va) Va )
A(H(Vu))|D?*u|*y? Hg

Bn{A>1} H(Vu)?

< C-C(ma, Ma,r, R, 20,7, 0, |Vl e (@),

dx

dzx

+sup [ACH (Vu))H(Vu)?|

where o < lis givenin (5.1.3), C(ma, My, r, R, x9,7, 0, ||VUHL;>§C(Q)) is a positive constant
and C is given by Theorem 5.2.1. By (5.3.12) and (5.3.13) we get

1 N
I <O0CIp + EC(fo, R M,a,r,o,v,ma, Ma,C, ||VUHL?OOC(Q)), (5.3.14)

with C(C’, M, ma, Ma,r, R, xg,,,0, ||VUHLZO§C(Q)) positive constant.
Choosing 6 sufficiently small such that 1 — C8 > 0, letting § — 0in (5.3.6), by (5.3.10),
(56.3.11), (5.3.14) and using Fatou’s Lemma we get

(1—09)/9((;

where C' = C’(C’, M,ma, Ma,r, R, xg,7,0,0, ||VUHLE>;‘>E(Q)) is a positive constant. Using
(5.3.2) and letting ¢ — 0 by Fatou’s Lemma we obtain

2 dx C, (5.3.15)

(A(H (Vu))) +e)o|z -y

1
N

1 N
dz < C(C, M, ma, Ma,r, R 0 o o).
/;R(QCO) A(H(vu))ar"’f—yh RS ( ’ sy A, VLA, T, IV, X0, 7,0, ,HVUHLIOC(Q))
(5.3.16)

O]

We conclude the section with the proof of our Theorem 5.0.2. Before to do this let us
remark that

Remark 5.3.2. Supposing iItlf A(t) > 0, the following proof of (5.0.3) can easily simplified in
(5.3.18) order to get u € I/Vlicz(ﬂ), without hypothesis on M 4.

Proof of Theorem 5.0.2. First we prove (5.0.3). Let 29 € © and R > 0 such that B :=
Br(z) CcC Q. Fix e > 0 and consider G defined in (5.2.4). Since v € C?(Q\ Z,), we have

Wi = Ge(w;) € WEA(Q).

loc
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Since 0, (W) = GL(u;)u;;, we have

/ IVW.i|* dz < 4/ |D%ul? da. (5.3.17)
B B\Z,
Taking 8 < 1 we get
/ |D%ul? dx
B\Z,
5.3.18
S [ oI, Ty v’ Lo
e Vul? min{H (Vu)ma, H(Vu)Ma}

Using Theorem 5.2.1, we can choose 3 ~ 1~. Since we are assuming M4 < 1, then (5.1.2)
and (1.2.3) we get

in{H(Vu)™4, H(Vu)
D*u? dz < C(an, ||Vul| / min{ ’
/1o o0 Vel [ o

A(H (V)| D2ul?
o Vul?

MA}
|D?u|? dx

< Clan, [[Vull e

loc

dz < C- C(||Vull 1= (o)),
(5.3.19)
where C(az, |Vul|re (o)) is a positive constant and C is given by Theorem 5.2.1. Follow-

ing the proof of the Proposition 5.2.2 we get the thesis.
Now we suppose M4 > 1. In this case,

/ VW, i|? dx < 29 / |D?u|? dx. (5.3.20)
B B\Zu
If we set By := BN {H(Vu) < 1}, using Holder inequality and (5.1.2) we can deduce

|D?u|? dx

B1

-/ (D)t AUTTW)E (9t
B1

dx
Vul’2  A(H(Vu))?

2—q

([, ) (), () )

< O, ) [ AHCIIPE )

(5.3.21)

4 2

/ A(H (V) ﬂdw
B \ A(H(Vu))

1
0,y 4T
Br A(H(Vu)) Mat=a)

Applying Theorem 5.2.1 and Theorem 5.3.1 we have

(SIS

(SIS
no
I
(=}

< Clon ([ AT )

/ |D?u|? dz < +oo0. (5.3.22)
B1
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On the other hand, since u € C?(Q2\ Z,) we note that on the set By := BN {H(Vu) > 1},
we have

|D?u|? dz < +oo. (5.3.23)
Bs

By (5.3.22) and (5.3.23) we can conclude that u € Wfog(Q) O



Chapter 6

Regularity and symmetry results for
the vectorial p-Laplacian

6.1 Main results

Let © be a bounded smooth domain in R™ with n > 2. In this chapter we will consider
problems involving the vectorial operator —A,u defined, for smooth functions, by

~Ayu = —div(|DuP~?Du) (6.1.1)

where p > 1 and Du is the Jacobian of the vector field u : Q — RY, N > 2. We shall use
the notation u = (u!, ..., u"), for a weak C'(Q) solution to the p-Laplace system

-S
u=0 on 0f), #-5)

{— div(|DulP~2Du) = f(z,u) inQ

where f : Q x RY — R¥ satisfies a suitable set of assumptions (/) stated below.
The first step of our study concerns the regularity of the solutions, an issue still actively
explored in the literature despite its significance. It is well known that, under suitable
assumptions on the source term, solutions to (p-9) lie in C1*(Q) N C*(Q \ Z,,), where Z,,
is the set where the gradient vanishes, for every p > 1 under suitable assumptions on the
source term.

We extend the regularity estimates for the second derivatives of solutions to (p-5)
and, as a consequence, we also deduce integrability proprieties of | Du/|™!.
Our first result is the following:

Theorem 6.1.1. Let Q be a bounded smooth domain and p > 1. Let u € C'(2) be a weak
solution of (p-S), with

Lo=t= ,
Flau) = f(x) € W™ (@) N Cpr(),
where0 < s <n—yandy <n—2(y=0ifn=2). .
If1 <p<2letusassume0 < a <p—1landifp > 2let o € [0,1). Then, for any Q CC Q,
it follows that

p—2—« 2 2
/ | Dyl 1D, < ¢ (6.1.2)
N\ Zu lz —y[7

uniformly for any y € R", with C = C(f,n,p, o, v, Q).

137
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In the case 1 < p < 3, as a consequence, we have that

2 2
/ 1Dl < o (6.1.3)
\za |7 =yl

Remark 6.1.2. The estimate obtained in Theorem 6.1.1 holds true, as a consequence, also in the
case o < 0, which is actually an easiest case when the gradient is bounded, see the proof of (6.1.3).

We also point out that Theorem 6.1.1 holds without any sign assumption on the source
term f. If else we assume that f has a sign, as a consequence of the previous result and
we obtain the integrability properties of the inverse of the weight | Du[P~2.

Theorem 6.1.3. Let Q2 C R" be a bounded smooth domain and let u € C'(Q) be a weak solution

of (p-S) with f(z,w) == f(x) € W, () N C%2(Q), where 0 < s < n—yand v < n —2

ifn > 3 (y = 0ifn = 2). Suppose that for some i

ff>r>0 in Q.

1 1
-~ < 6.1.4
AJDMUW—MW—C’ (614)

Then, for any Q CC Q

for any
2p — if 1 <2
o<{p 3 fl<ps (6.1.5)

and C = C(f,n,p,v,0,T, Q) is a positive constant. In particular the Lebesgue measure of Z,, is
zero.

Remark 6.1.4. The reader will observe in the proof of Theorems 6.1.1-6.1.3 that the case v = 0
follows assuming f(x) € W= () N CoP Q).

loc loc

Remark 6.1.5. If u € CY(Q) and Z,, CC Q, it follows that the estimate (6.1.4) holds up to the

boundary, i.e.
1 1
— < (. 6.1.6
e = < (616

Note that Theorem 6.1.3 will be crucial in our application since it will allow us to deduce
a weak comparison principle in small domains.

As an important consequence, exploiting our Theorem 6.1.1 and Theorem 6.1.3, we re-
cover that u € W>*(Q) if p € (1,3) and, under the assumption that f has a sign, we

loc

prove that forp > 3, u € VVZQOCq(Q) withl <g¢ < Z%;, see Theorem 6.2.2 in Section 6.2.

The second part of this chapter focuses on establishing monotonicity and symmetry re-
sults using the moving plane method. This approach is closely linked to weak and strong
comparison principles, which are generally known to fail in the vectorial case. Therefore,
we first derive a comparison principle for our system under very general assumptions
on f. We begin with the following:

Theorem 6.1.6 (Weak Comparison Principle in small domains). Let p > 1 and u,v €
C1(Q) such that either w or v is solution to (p-S) and

—Apu — f(zr,u) < —Apv — f(z,v) inQ, (6.1.7)
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where f satisfies (hs). Let Q CC Q be open and assume that
(u' — o) (! =) >0 inQ, fori#j, (6.1.8)

and u < v on ON. 3
Then there exist A = X\(f,p, N, || Du||oc) > 0 such that, if 2] < X, it follows that

u<v in Q.

If Q C Q, the same result holds assuming, for p > 2, that Z,, CC Q.

Remark 6.1.7. Here and in the following, for a vector valued function w, we adopt the notation
w = (wy,...,wy) > 01if
w; >0 Vi:1,...,n.

Consequently we say that u < v if v —u > 0.

We conclude the chapter deducing a symmetry and monotonicity result. To get this result
we need further structural assumptions on the nonlinear term f. For the convenience of
the reader, we denote by (%) the following

(hg) (i) f(x,t1,...,tn)islocally Lipschitz continuous and f(z, -) is a locally Lipschitz
continuous vector field, uniformly with respect to .

Consequently, each component ¢ € {1,..., N}
izt .. tn) OxRY 5 R

is a Lipschitz function with respect variable to ¢; namely, for every ' C Q
and for every M > 0, there is a positive constant L, = Ly(M, ') such that for
every z € Q' and every t;, s; € [0, M] it holds:

|F b, sty tN) — Aty 84, t)| < Lolty — s
(#7) f is a nonnegative vector field and there exists ¢ € {1, ..., N} such that
fg(x7t17"' >tN) >0

for all z € Q2 and for every t; > 0.

(7i1) f(z,-) satisfies

aft
a—m(x,tl,...,tj,...,tN) >0, a.e.andfork #1.

We succeed in adapting the moving plane procedure in the context of vectorial p-Laplace
equations proving the following:

Theorem 6.1.8. Let €2 be a bounded smooth domain of R", convex with respect to the x1-direction
and symmetric with respect to Ty, where

T():{IGQ:ajlz()}.
Let u be a positive C'*(Q) weak solution to (p-S) such that

|DulP"2Du e W'2(Q),  Z,ccQ, (6.1.9)

loc
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with f satisfying (hy) and
flz1,mo, ...,z u) < flyr,22,...,2n,u)  wherexy < yy <0, (6.1.10)

fl=z1,..,xp_1,2p,u) = f(21,...,Tp_1,Tn,W).

We set a := inf x1 and b := sup x1. Assume that
€N 20

(u'(x) — u'(2X — 21, oy ) ) (0 () — 0! (2N — 21,00y ) >0 6,5 =1,..., N, (6.1.11)

either for any a < X\ < 0 with x € Q such that x1 < X or forany 0 < A\ < bwith z € Q such
that 1 > A

Then w is symmetric with respect to Ty and non-decreasing with respect to the x1-direction
inQy={xeQ:x <0}

Remark 6.1.9. Hypothesis (6.1.9) is quite natural. Indeed it follows e.g. from (6.2.29) of Theorem
6.2.2 or using [12, 46].

This chapter is structured as follows. In Section 6.2 we prove the local regularity re-
sults given by Theorem 6.1.1 and by Theorem 6.1.3. In Section 6.3 we prove the Symmetry
result, i.e. Theorem 6.1.8.

6.2 Regularity results for second derivative

Notation

We recall and we introduce some notations that will be useful in the following sections.
We will use the bold style to stress the vectorial nature of different quantities. For in-
stance, a N-vectorial function w defined in 2 will be written as

14

where w* is a scalar function defined in Q for ¢ =1,..., N.

We say that a vector field u weakly solves (p-S) if and only if uw € W,?(Q) =
W, P (€;RN) and

/Q|Du|p_2Du : Dpdr = /Q<f,cp> dx, Ve e Wol’p(Q). (6.2.1)
Here
Vul
Du = : ,
A\
where , ,
ou ou
¢
= . f = N
Vu <6x1’ ’8xn> or/{ 'S
and
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Vi 8'&[

We also use the notation u; = T

Lj
We point out that along this chapter the symbol : stands for the scalar product of the
matrices rows, namely

q
M:N=> M N = ZZMU\P

=1 =1 j=1

where M, N are (¢ x r) real matrices, whereas - denotes the scalar product of two real
vectors.

In the following we will denote the space of the ¢ x r matrices as R?*" with ¢,r € N.
Observe that (6.2.1) can be rewritten as

N N
Z/Q|Du|p_2<Vué,V<p£> dx:Z/Qf%‘fdx, Yo € WyP(Q).
/=1 /=1

In order to simplify the computations below, we define the vector

Du : Duy
DY2u:=| Du:Du; |. (6.2.2)

Du : Du,,

|D2UH A ZZ ]k
i=1 j,k

In what follows we often use the inequality

|DY2u| < |Dul||D*ul. (6.2.3)

Moreover we define

We are now ready to prove Theorem 6.1.1. The proof will be mainly based on the idea of
testing the linearized equation with

1 u;
|z —y|" [Dul*

(P:

This is clearly not allowed and, therefore, we pass to the regularized problem and we
exploit a regularization and localization argument. More prec1se1y let zp € Qand B =
Bop(z) CC . Sincew € C1(Q), forany e > 0, let u, € u+W, 2 (B) be the unique solution
to

—div((e + [Duc?)"7 Duc) = f(x) in By -5
Us: = U on 8sz(w0). :
Testing (p-S:) by ¢ € C°(B) we get
| €+ 1Du)F (Duc: Do = [ (£, ¢)d, (624)
B

The existence of such a weak solution follows by classical minimization procedure
Notice that by [139, Corollary 1.26] and [68, Corollary 5.5], it follows that u. € Cz (B)

Then, looking at the single equations and considering that the therm (e + |Du.|? )z
is now holder Contlnuous we deduce from standard Schauder theory ([101]) that the
solution u, € CZOC (B).

oc
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Lemma 6.2.1. Using the same notation introduced here above, we have that

(6.2.5)

2
—2—«
5/B(€+D%\2)p2 D%

|z —y|7

n N
s/ SN fi@)ldn + Cn,p,a,7,6,p) < C.
B “

i=1 j=1

Proof. Fixing i =1,...,n, using ¢, € C°(B) in (6.2.4), we obtain

/ (e + |Duc )3 (Du, - Depy)dax = / (F, i)de
B B

Integrating by parts, we get

/ (e + \Du€\2)¥(Dum : Do) dx
B

4
2

+(p—2) /B(g + |Du|?) T (Du. : Du. ;)(Du, : Dp) dx

| (sl

For any m € RY, let G 1 (t) be defined by

3=

and for a given v > 0,

G(t)

Hy(t) = (6.2.6)

1
m

Let ) € C°(B2,(x0)) be such that ¢ = 1in B,(zg), 1 = 0in (Bg,(z0))¢ and |V < % in
the annulus By, (o) \ B,(o).

For y € R™ let us define,
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Then using ¢ as a test function we deduce

e+ |Du
/< | a‘)ar wedPHo (Jo — yl)o? do
B m

e+ Du.?)?
Du.?)7
o Ei "DZ" ; (Ducy s e (DY) VH o (o — yl)o? da
-2 [ <§;'ﬁ)“i‘>); (Du. : Duci*H (o — yl)? do (627)
2250

—atp-2) [ Ei:gz;’%%ﬁwus:Dus,»(Due:uE,i (D"2u) "V H (o =y} do
=7 (f:ﬁf;'s,)); (Ducy s ue VO H o (12— yl)o do

_ /B (?;f;;j)g (Dus,i:us,i (VH%(m—y\))T) 2 dx

202 [ (f;'ﬁfif)i (Dt s Dute)(Due s we V) H . (J — yl)o o

—(p—2) /B (:jﬁ;‘i‘;); (Du. : Du.) (Dug tue (VH (o~ y|)>T> 02 di

+ [ g

Exploiting also a nice computation found in [123], we deduce on (6.2.7)-left hand-side
that

- (c + |Duc?) 2 o
;{/B (e + |Du.]?)s ‘D el H (o — yl)y* da (6.2.8)

e+ |Du.|?) 2 T
_a/ E +||D €|| ;“” (Duei s ue; (D Pue) ) H
15 U,

gy [ EHDuE
+p 2)/B ey (Pue s Dueo) o (g do

—alp-2) [ Dl )m (Due : Due) (D, - wes DYl VH (o — gl da
B (e + |Dug| ) 2 m

= [ (e IDu) DR P (1~ gl da
+p=2-a) [ e+ D) D Py (i — o
B m
L N
—a(p—Q)/(a—i— |Du.|?) 2 Z(Dmua,Vuk) Hi(|z -y de = T+ To + Ts.
B k=1 "

We distinguish two case: if 1 < p < 2, note that J> < 0. Using (6.2.3) in J> and noting
that the J35 > 0, we deduce

Ih+T+Tz>(p—1-a) / (e + |[Du)) = | D*u|?Ho (| — y)v* do.  (6.2.9)
B m
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In the case p > 2, we observe that
N
> (DY2u., Vuk)? = || Du.DV?u.|® < |Ducl?|D 2 u.|’. (6.2.10)
k=1

Therefore plugging again (6.2.10) in J3, we obtain

T+ T+ T > J1+<p—2+a—ap>/<6+|Dus\2>”42 2w PHa (|z — y|)v® do
B m

> min{1, (p — 1)(1 — a)}/ (e + |Du®) = | D*uc||*H o (|z — y|)o? da. (6.2.11)
B m
where we also use (6.2.3),in o ifp— 2+ a —ap < 0.
Let us continue working on each term on (6.2.7)-right-hand-side, first considering
their norm and then summing over i. Observe that

N n
(Dttei : e i VO] < [Ducil|ue V| = [Ducil, | > > (ul )2
7=1 k=1
N .
A1V (Wl )2 < | Due||Du|[ V. (6.2.12)
j=1

Using weighted Young inequality and (6.2.12), taking into account that G 1 (|z — y|) <
|z — y|, we have

2/<e+rDu> (Dt : ue s V)| Ho (jo -yl da
B m
< 2 / (¢ + | Duel) 5 | D | Duc VI H 1 (1 — )0 de
B
p—2— 2
< 2 / (e + [Du ) Pk
1
2
tag [ (6 DU T DUV da
—2—« 2
< 26 / (e + |Du.|?) "2 da (6.2.13)
|z —y|7
1
2
25/ E—i—\Dua\) \VM z _y,vdac

w2
lz —y[7

where in the last line we used the fact p > « and |Du.| < C for some constant uniformly
on ¢ (see [68]).
Summinguponi=1,...,n

,‘2

< 2% / (e + |Du. )5 dz + C(p, @, 7,6, p),
B

22/ (e + |Duc)?) 2 |(Due, : ungT)|H1(\a:—y])wda: (6.2.14)

wQ
[z —y

u5||2 d$+ C(n b, & 7775) p)v

< 25/(5+|Du5]2)p2
B
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Asin (6.2.13), by weighted Young inequality, we get

p—4—«a

2/(p — 2)| /B (e + [Duel) 5% | (Due - Ducy)||(Due - ue i Vo) H s (|2 — y])ib de

—2—«
< 2p=2l [ (e 10w ) Dol Do IVl (o = o d
2
p—2—«
S 25|p—2’/(5+|Du5’2) 2 |Du5,i 2|x’lpy|’yd$
. -
L2 /(€+Du 12)" 2 | Duc 2| V2 L (6.2.15)
20 Jp : : |z —y[7 a
—2—« 2
< 25]p—2]/(€+]Du5]2)p > |Du6’i2|xwy|7 dx
i -
p—2|/ 2\ 2z 2
D d
+ 55 B(€+| ucl) 2 | VY P
—2—« 2
< 26!p—2!/<6+!Due!2>”3 Duei2—Y— dz+ C(p,a,7,6,p).
B lz —y[7
Then

1
m

L —4—a
2213 [ (€4 1Du) " (Dut : D) (Drte e VU (ol
=1

—2—« 2
< 20p-2| [ e+ 1Du) Do 62.16)
B |z —y|
+C(n,p,a,7,6,p).
Arguing as in (6.2.13), following (6.2.12), inasmuch
T
‘(Dugﬂ' S (VH#(M - yl)) )‘ < [Dueil | Due|[VH 1 (Jo — y])|- (6.2.17)
By (6.2.6), (6.2.17) and weighted Young inequality, we get
9\ P=2-« T 9
/(5+|Du5|) = (Dus s uei (VHL (o = y))) ) |02 da
B m
= /(5+\Duslz)p_g_a\Due,z‘HDuaHVHl(\w—y\)lwzdw
B m
. Gy (Jr =)+ (v + )
< [ e+ 1Du.) 5 Duc | Du o= T v do
2
< 0 Du )" 7" |Duc,|? d
< O [ (e 1Du) D P
¢y oyeze 97
it D N S
Hag [ DT g e
2 2
S 075/(€+|Du€|2)p g ‘Du€7’i|2 dx—i_c(pva)’%&p)a
B lz —y|

where we have used the fact that v + 2 < n, and C, and C(p,a,~, 9, p) are positive
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constants. This implies that

T
2/ £ + |Du.|?) ‘(Dum Ue ( Hi(Jz —y|) )’1#2 dzx (6.2.18)
p—2—a ¢2
< 06 [ e+ D) Dl A+ C(n,p, @, 7,6).
B |z —y|7
Similarly, we see that
T
lp — 2|/ (e + | Du,|? )2 |(Dus. : Du, ;) |‘<Du€ uEZ(VH1(]:B—y] )‘lDQdZL'

< Ip- 2|/ (e + [Duc) 2 (e + | Du| %) D il | Due|[VH 1 (o = yl)|¢* da

2

p—2—«
< Cwélp—QV/B@HDue!Q) 2 ‘Du&iplx—yl” ’

—9 Ca 2
+07‘p46 ‘/B(6+|Du€|2)p2wdx (6.2.19)

< Cyolp—2| /B (c + |Ducf?) 3 —da+ C(p,a,7,8,p).

So we conclude that

|p—2rZ/B<a+\Dus\2>
=1

< Clp-2 /B (e + | Duc?) 3

—4d—« T
2= y(DugzDue,i)\KDua:ua,i (VH%(\:c—y])) )‘@bgdx

T,Z)Q
[z —y?
Next we use lower bounds on (6.2.7)-LHS obtained in (6.2.9) and (6.2.11), as well as
upper bounds on (6.2.7)-RHS from (6.2.14), (6.2.16), (6.2.18) and (6.2.20). Exploiting the
Fatou Lemma, for m — 400 and redenoting by C,, := 2 + C,, we deduce:
ifl<p<2

<p—1—a>/B<a+\Du€\2>

dx + C(n,p,a,,0,p). (6.2.20)

Ua||2

2 Y d 6.2.21
u|| z ?J’V T (6.2.21)

w2
< Cydmax{(p—1),(3 —p)}/B(5+ ‘Dus‘z) 5”2’ —yp dz
—|—;/;<fz,§0>dx+C(nap7aa’775>p)7
ifp>2
2
win{L (p = (1 =)} [ (e+1Du) Dot dr (6222
PN=E o W
< C’V(smax{(p—l),(?)—p)}/B@*‘Dus| ) U | |x_y|vd

S /B (Fi@)da + Cln,p, 7,8, p).
=1

There exists § = d(p, «, y) such that both
(p—1-0a)-Cydmax{(p—1),(3—p)}:=5>0,
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and
min{1, (p — 1)(1 — a)} = Cydmax{(p - 1),(3 —p)} := 5> 0,
hold. Therefore from (6.2.21) and (6.2.22) we obtain

w2

lz —y[7

—2—«
?L@+D%WPQHD%AQ

n N
< [ SN H@)de +Clnpaydip) <,
B*

i=1 j=1

1,—n
where in the last inequality we have used f € W, """ (£2) and where

C = C(f,n,p,,v,p) is a positive constant. This concludes the proof of the lemma.
O

Proof of Theorem 6.1.1. Let us consider a compact set K CC B\ Z,. We note that, by [68],
u. is uniformly bounded in C1#(K), for some 0 < 3 < 1. Moreover, by Dirichlet datum
in (p-5¢), it follows that

ue — u inthenorm [| - [|c1s (k.- (6.2.23)
By Schauder estimates (that it can be applied to each component) we remark that
[uellg28 1) < C

where 3 € (0,1) and C is a positive constant not depending on . So, by last inequality,
it follows that the second limit in (6.2.23) holds in C?(K). Therefore, exploiting Fatou’s
Lemma, by Lemma 6.2.1 we deduce that

p—2—a 2 2
[ purEeivug,
Bp(20)\Zu |z —y|

where C' = C (f,n,p,a,,p) is a positive constant.
If Q@ Cc Q, by finite covering argument,

pP—2—a 2 2
R A
N Zu |z —y["

To conclude and deduce (6.1.3) by (6.1.2), note that

ID*u]|* = | Du| 4| DuP =2~ D*u|® < O|Dul'~*~|| D*ul?
since, for 1 < p < 3, we can fix a so that p — 2 — a < 0 and | Du/| is bounded. O
Now we are in the position to prove:

Proof of Theorem 6.1.3. Once we have at hand the summability properties of the second
derivatives proved in Theorem 6.1.1, we proceed exploiting such information, testing the
equation. The idea is mainly to plug into the equation the function ¢ = (0, - - -, o' -+ ,0),

where
1 1

~ [Duf e —yp

2

¥
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To allow such a procedure, we exploit the regularized problem and a suitable truncation
and regularization argument.
For any m € RY let G 1 (¢) and

Ga(t)
H% (t) = t’YT,
as in Theorem 6.1.1. Moreover let zy € €2 and p > 0 such that B = By,(x) C 2. Define
2
p € CX(Q)suchthat ¢ = 1 on B,(x), |Vy| < —on By,(x0) \ By(z0) and ¢ = 0 otherwise.
T

Let u. be the solution to (p-S;) with f(z) := f(z,u(x)) and w solution to (p-S).
Consider the test function ¢ = (0,--- , %, --- ,0), where

By (p-S¢) and (6.2.3) we obtain

(6.2.24)
/Qf (e + [Duc|?)? Hy (e ?/|)d~'“—/9(5+|Dus| )2 (Vul, Vi) da
Hi (| — y|)?
= /(E+|Dua| )7 (Vul, DY) & y‘)m
@ (e + |Du.|?) 2
p=2 ; Ho (|l —yl)v
e v _m
+2/Q(€+\Du€\ )z (Vul, Vi) BT T

2
+ [ (e DS (vl v, <\x—y\>>(+$mgdas
(!w—y!W
< D 7 |Du.|||D*u. —
< /Q<s+|ur> D uu( D

w2 [ (e |Du )= vyl Hyle=vl)
3 Ue D EE———
Ba, (e + |[Du.|?)2

1
+ e+ |Du, VH:i(Jz —y|)|———= dx
[, DT IV oD

We estimate the three terms in the right hand side of (6.2.24). By weighted Young in-
equality we have

P

Hi (2 - y|)u?
(e + | Ducf2) ™

Hi (|z —y|)w? Hi(\ﬂ?—y!)iﬁ
< 4o / e IV e O / 7z (e + D) D | D | da
Q (¢ + |Dusl2)

a/(€+ |Du.|?)"% | Du. ||| D?u.| (6.2.25)
Q

= dr +
o (e+|Ducl?)2 40

For the second term, since |[Du.| < C for some constant uniformly on ¢ (see [68]), we
deduce

H (Jz —yl)

L dy (6.2.26)
(e + [Ducl?)?

/<a+\DuE|> V4
Ba,

p=l_o 1
< C(p)/ (e + |Ducf?) T dz < C(p, p,,7),
Ba, |z —y[7
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where we use that 0 < p — 1 and v < n — 2. We observe that the constant C' does not
depend on the position of y in R™. Similarly to above we obtain

1

. (6.2.27)
(e + |Du.|?)2

-1
| (e 10wy 9 (o = o)

2p
2y
< O : (e + |Du<|?) Tz — gt
2p

_g
2

dx < C(p, p,0,7).

Using estimates (6.2.25), (6.2.26) and (6.2.27) in (6.2.24) we deduce, recalling that, f* >
>0,

/ Hi (Jx —y|)y? H (lz — y|)y?
T 22— dx < 00/ -_—
o (e + |Duc|?)2 o (e+4 |Du|?)2

o [ Hallo—y)?

+— 5 (e + [Du )P~V | D2 || dx + C(p, p, 0, 7).
49 Jo (e + |Du.|?)F : c

Choosing 0 < ~ we infer that
g

Ho(lz —yl) Ho (|2 = yl)y?
/ m—dix < / m—ﬂd$
By(wo) (€ + |Ducl?)> Q (e+[Ducl?)?

Ho (Jo —y|)y? D2 12
< C(U,T)/ = 7z (€ 4+ [Due| ") V|| D% ||” do + C(p, p, 0,7).
Q (e + |Duc?) 2

LetE:%.We obtain
[ e,
By(xo) (€ + |Ducl?)2
< o) [ (e+IDuf)
B

2p

+C(p,p,0,7).

p—2—a

%M(E_F‘DUEP) 2 ||D2us||2¢2 de
|z —y[7

Since o is as in (6.1.4), thereexists 0 < a <p—1,if 1 < p < 2or a > 0if p > 2 such that
a— o+ (p—2) > 0so that (6.2.5) of Lemma 6.2.1 holds. We obtain

H _
/ =94 < c(fmpys pro, 7). (6.2.28)
By(zo) (€ + |Duc|?)2

Using Fatou Lemma in (6.2.28) and a classical finite covering argument, we get the thesis.
O

The estimates for D?u and |Du|~! obtained in Theorem 6.1.1 and Theorem 6.1.3 gives
us tools for proving more regularity for our weak solution u. We have

Theorem 6.2.2. Let Q be a bounded smooth domain and p > 1. Let u € CY(Q) be a weak
solution of (p-S) and assume f(x) € I/Vllocl(Q) N Co’ﬁ(Q). Then

loc

(i) if p > 3, recovering the result already proved in [46]

|DulP"2Du € W22(Q); (6.2.29)

loc
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(1) if 1 <p < 3, then
u e W2 (Q);

loc
(zii) if p> 3and forsomei=1,...,N
fif>r>0 in Q,

then )
ueWﬁﬂm,m%1§q<;—3

Proof of Theorem 6.2.2. In this proof we use the regularity results contained in Theorems
6.1.1-6.1.3 in the case v = 0, see Remark 6.1.4.

We start proving (iii). Let u. be the solution to (p-S:) with f(x) := f(z,u(z)) and u
solution to (p-S). We split | D?u.|? as

1

(p— 2 a)g *
|Du|

(p— 2 a)q

|D?u.|? = | Du.| |D?u.|?

Let us exploit estimation (6.2.28) of Theorem 6.1.3 together with the fact that, in this case,
if p > 3,q < 2. Then

/ |D?u.|9dx
By (zo)

_L/‘ (e + | Ducf?) 5 D% . =z g 07
(e + |Du.|?)
. 2
pae : 1 ’
< +1Du ) D far )| e
Bp($0 By (z0) (5 + |Du5|2) 4-2¢

2—q
2

1
=C / (p—2—a)q dx ’
Bo(x0) (& + |Du,|?) *-2

by (6.2.5) of Lemma 6.2.1. Whenever the right hand side is bounded (see Theorem 6.1.3
and (6.2.28)), namely for

(p—2—a)q<p—1
4 —2q 2

choosing a ~ 1 since ¢ < £—, we deduce that

/ |D?u.|%dx < C.
By(z0)

If Q CC Q, by finite covering argument we get
/ |D?u.|%dx < C,
9)

where C' does not depend on . It is now easy to see that, consequently, u € I/Vicq(Q) in
this case. Indeed u. — w € W24(2). Moreover because of the compact embedding in
Lq( ), up to a subsequence, u. — w a.e. in Q. On the other hand (see [68])

U: — U a.e.



6.3. COMPARISON PRINCIPLES AND SYMMETRY 151

Hence .
u=wcW>(Q).

We prove now the cases (i)-(ii). We set

Vemij(x) == (e + IDuslz)%lug (6.2.30)

7Z.

Since
-3 - —1 ;
VVemig = (n—1)(e + |[Ducl?) "= [Duc|V(|Duc)(ul ;) + (¢ + [Duc?) 'z Vil ;.

We have
/ DV, > dz < C (e + |Duc|*)" | D*u. | da,
By(zo By(z0)
for a suitable positive constant C' = C(n).
Using (6.2.5) of Lemma 6.2.1, if p > % andn =p— 1 we get

/ |DVey|?dz < C (e + | Duc )P 2| D?ucl* dz < C.
By (o)

By (zo
Using this estimate, arguing exactly as in the previous case, we deduce (i)
—2 1,2
|DuP™Du € W, )7 (Q).

Finally (i7) follows setting n = 1 in (6.2.30) and recalling (6.1.3). O

6.3 Comparison Principles and Symmetry

In this section we will first prove some comparison principles that are new for vectorial
p-Laplace equation. First of all, let us state a useful inequality; for given n,n’ € R?*",
there exists a positive constant C,, = C,(p) such that

(InP=2n =0 P20") « (n—n') = Cyp(|nl + 10" )P~ 2n — 0| (6.3.1)

As a consequence of Theorem 6.1.3, we deduce a weighted Poincaré type inequality and
then we use it to get a weak comparison principle in small domains. The integrability
property (6.1.4) is the key to get weighted Poincaré inequality. Indeed once (6.1.4) is in
force, we deduce the Poincaré inequality from [87, Theorem 8]. Let us remark that the
Poincaré inequality is relevant to the case p > 2 in the proof of the symmetry result. We
have the following

Theorem 6.3.1 ([57, 87]). Let p > 2, u € C*(Q) be a weak solution of (p-S) with Q C R" a
smooth bounded domain and assume that f(x,-) satisfies (hy) ()-(it).
Forany ' CC Q, let u be such that

1
de < C
Jyy BT e
-1

with1l <t < %,,y <n—2ifn>3(y=0ifn=2). Then for any w € C°(§Y') there exist a
constant Cs(|€Y]), with Cs(|Y|) — 0if || — 0, such that

1
2
lollzoy < Cs(2)) ( / Du|p—2w|2) , 632)



152 CHAPTER 6. VECTORIAL P-LAPLACIAN

forany 1 < q < 2*(t), where

Furthermore (6.3.2) holds for any w € Hj H(&), [48].

Remark 6.3.2. The proof of the weighted Sobolev embedding, although it goes back to [57], the
reader should look at [87, Theorem 8] since the embedding is proved there for general weights, so
that no matter if the weight p = |Du|P~2 arises from a scalar or from a vectorial equation. Note
that [87, Theorem 8] is proved in a more general version that can be reduced to our case without
splitting the domain.

Remark 6.3.3. As already noted in Remark 4 in [87], the largest value of 2*(t) is obtained for
v ~mn—2(y=0,whenever n = 2) and t ~ %. In this case

and therefore 2*(p) > 2.
Moreover we point out that if u € C*(Q) and Z,, CC , it follows that the estimate (6.3.2) holds
forany Q' C Q.

Theorem 6.3.1 allows us to prove Theorem 6.1.6:
Proof of Theorem 6.1.6. Let us consider the vectorial function
(u— )t = ((ul ol =) (W — UN)+) . (6.3.3)

Since (u — v)* is a good test function for equations (6.1.7), using (6.1.8) together with
(6.3.1), we obtain

c, / (1D + | Dv])P2| D(u — v)*Pde
Q

< /(|Du|p_2Du — |Dv|P2Dv : D(u — v) ) dx
Q

< /((f(x,u) — f(z,v)), (u — v)") du. (6.3.4)
Q

Now we can evaluate the right term of (6.3.4) as
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Iterating this procedure for the remaining variables we get

[ () fao)) = o)) ds (635
/Z feznu u?, o uN) = e ot d® ) ot P )
Q=
—fg (xz,v ,v2,...,uN)—|—~~—l—ff(a;,vl,UQ,...,ue,...,uN)

_fe x7vl7v27 71}[7 7uN)
+...+ fe(x,vl,v2,...,uN)—fe(x,vl,v2,...,vN)} (u* — o9t da.

Now, having assumend among the others the cooperative condition (h¢)-(7ii), (6.3.5) be-
comes

/ (F(u) — £z, ), (u — v)" da

/ [ z,ut u?,. ,uN)—fg(x,vl,uz...,uN)(ul o) (i — oty
1 _ )+ N N
Q5 (u' =)
i, vt 2, uY) — ot 0% u)
+ s (= ) =t
iz ot o2l ) = ot 0?0l N2
+ (ug_vg)+ [(u —1}) ]
+ fe(x7vlvv27--~7(u]]\\]/> —f].\f)(f,’l)l,?)2,...,’l)N> (UN—UN)+(U£—U€)+:| dx
ulh — v
N N
< Lf/ﬁzz I — o) =T de < NL; QZ[(UK—’UE)—’—]QCZ:E, (6.3.6)
/=1 j=1 (=1

where in the last inequality we used the Young’s inequality, and L/ is a positive constant
depending on the constants L, in (h)-(4).

If 1 < p < 2 we use classical Poincaré inequality in the right hand side of (6.3.6). In this
case we obtain

/Qzu—v < |Q|/Zyv da:—C'p/|Du—v) ? dz

(=1

IN

C/(|Du + Do) D(w — v)* |2 da, 63.7)
Q

where C'is a positive constant depending on |Du||%? and |, since 1 < p < 2. As well
known C' — 0, as |Q2| — 0.
In the case p > 2 since either u or v is a solution to (p-5), (6.1.4) and (6.3.2) hold, the right
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hand side of (6.3.6) becomes

N ~ N
/Q St — o) e < Cs(9) /Q S (1Dl + (Do) — o'y 2 da
=1 /=1
< CS(]Q|)/Q(\Du|+|Dv|)p2\D(u—v)+|2d:c (6.3.8)

Collecting (6.3.4)-(6.3.8) we deduce
[(\Du! + |Dv|)P72|D(u — v)T|2dx < C[ (|Du| + |Dv|)P~?|D(u — v)*|*dz, (6.3.9)
Q Q

where C = C(f,p, N, |Q|, || Du||~) goes to zero as |Q| goes to zero. 3
There exists A := A(f, p, N, | Dul|«) sufficiently small such that, if 2] < A, then C < % in
(6.3.9). This is a contradiction unless u < v in €. O

The following result that will be useful in the proofs of Theorem 6.1.8.
Proposition 6.3.4. Let ) C R" be a bounded smooth domain and let u,v € C1() such that
|Du[P~2Du, | Dv|P~2Dv € W,22(Q) (6.3.10)
and satisfying
-Apu— f(r,u) =0 —Apw—g(z,v)=0 n. (6.3.11)
Weset A = {z € Q: u(z) = v(x)} and suppose that
flz,u) < g(z,v) ae in A. (6.3.12)
Then |A| = 0.
Proof. Using Stampacchia’s theorem (see [112, Theorem 6.19]) we have that
|Du|P~2Du = |Dv[P"2Dv a.e.on A.
By (6.3.10) and Stampacchia’s theorem we get
div(|Du[P~2Du) = div(|Dv|P"?>Dv) a.e. on A.
By (6.3.11) and (6.3.12) we get the thesis. O

The last part of this section is devoted to proving the symmetry result Theorem 6.1.8.
For a real number )\, we set
Q) :Qﬂ{:cl < )\},

zx = Ry(z) := 2\ —x1,22,...,20),
which is the point reflected through the hyperplane T\ = {x € R” : z; = A}. Also define
uy(z) == u(zy) = w2\ —x1,22,. .., Tn_1,Tp).

We recall the u) solves the following equation

/ Dus[P~?(Duy : D) dir = / (Flans wn), @ ),
Qy Qx

for any ¢ € W,"”(Q). Finally we define

Ap:={a<A<0:u<wu inQforallt € (a, ]}



6.3. COMPARISON PRINCIPLES AND SYMMETRY 155

Proof of Theorem 6.1.8. We start showing that
Ao #0.

To prove this, let us consider A > a with A — a small enough, so that |Q2,| is small. As
remarked above and by (6.1.10), we deduce that u) is such that

—Apuy = f(za,uy) > fz,uy) Q. (6.3.13)
Since u < wuy on €2y and (6.1.11) holds, by Theorem 6.1.6 it follows that
u < u) in Q)\.

Since Ay # (), let us now set

A =supAyg.

We shall show that A = 0.

To do this assume that A < 0 and we reach a contradiction by proving that u < usy b
in O o forany 0 < 7 < 7, for some small 7 > 0.

We set A := {z € Q5:u(r) = uy(r)} and let B C )5 be an open set such that
(AUZyUZy )N C B. Theorem 6.1.3 and Proposition 6.3.4 (using (6.1.10) with g(z, v) =
f(zy,uy)) guarantee that |[A| = |Z,| = 0; therefore B will be of an arbitrarily small
measure.

By continuity we have
u < uy in{s.

We choose a compact set K C Q5 \ B such that Theorem 6.1.6 applies, e.g. |25\ K| < %,
Where 5 = 5(f7p7 N7 ||DU’HOO)
We set

Sy = {x e K :ul(z) < u%(x)} . S = {:p eK:ul(x) = u%(x)} :
Since K N A = (), without loss of generality we consider S} # (). We can select a compact
set K1 C Si such that S;\ K has small measure. By (6.1.11) and by the uniform continuity

of u, we deduce that
u < uy, in K, (6.3.14)

forany 0 < 7 < 7; for some small 71 > 0.
Since S; N A = (), for any = € S; there exist at least an index i = 2, ..., N such that
ul < u’X in B,(z) CC Qy, for some r > 0.

Since S is closed (and obviously bounded), therefore there exist compact sets Ky C
{u2 < u%} e Ky C {uN <uf } in O (some of them eventually empty) such that
S;=(S1NKy)U---U(S1NKy).
By (6.1.11) and by the uniform continuity of u, we have that
u <uy,, in S, (6.3.15)

for any 0 < 7 < 75 for some small 75 > 0. Let us choose 0 < 7 < min{7j, 72} sufficiently

small such that [Q5_ (S1UK))| <6, forany 0 < 7 < 7.

Since u < uyx, . on (5, \ (S; UK})) and (6.1.11), Theorem 6.1.6 permits to have

u<wug,  inQg \ (5’1 UKy)),
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for any 0 < 7 < 7. Exploiting also (6.3.15) and (6.3.14), we have that

u<uyp,, inQy,,
forany 0 <7 < 7.

This is a contradiction with the definition of )\, hence we have A = 0 and v < ug in
Q.

Performing the moving plane technique in the opposite direction, we deduce that u
is symmetric with respect to the hyperplane {z; = 0}. We also remark that the solu-
tion is increasing in the z-direction in {; < 0} since it is implicit in the moving plane

procedure.
O



Chapter 7

Third order estimates and the
regularity of the stress field for
solutions to p-Laplace equations

7.1 Main results

We deal with the regularity of the third derivatives of weak solutions to:
—Apu = f(z) inQ (7.1.1)

where Apu := — div(|Vu|P~2Vu) is the p-Laplace operator and (2 is a domain of R” with
n > 2.
We consider possibly sign-changing solutions u € I/Vllof(Q) such that

(/|Vup26th¢MM:i/j¢dx Vi) € C(0Q). (7.1.2)
Q Q

Here we address the study of the integrability of the third derivatives of the solutions.
The latter can be defined as distributional derivatives in a suitable meaning. As men-
tioned in the Introduction, to our knowledge, no other results in the literature address
this topic. Consequently, our estimates will enable us to deduce regularity results for the
stress field |Vu|P~2Vu.

Our results are influenced by the classical theory of elliptic regularity, particularly by the
constant C(n, ¢) found in the Calderén-Zygmund estimate

1D%wl|a(q) < C(n, )| Awl| La(e)- (7.1.3)

Under the influence of this factor, we obtain second order regularity results for the stress
field |Vu|P~2Vu:

Theorem 7.1.1. Let Q C RY be a domain and u € Cllof(Q) be a weak solution of (7.1.1). We set
=2(gn-1—1
av = 2(gn-1—1) (7.1.4)
qo =4

Let ¢ > qo, with qn < q < qn41 for some N € Ny.
Assume p such that

2 —

1 1
<p<min{2+ 24 } (7.1.5)

C(n,q) q—1 C(n,q)

157
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Let f(x) € W2/ V() n L (Q) and

f>7>0 in Q, (or f<T<0 in Q).

Then we have

\VulF1Vu e WEHQ,RY) (7.1.6)
forany k > (o + 1) /2, where
(¢ —an) 3—-p
o> Tq(l_p)—’_QiN—i_l (7.1.7)

In case f has no sign, let ¢ > qo, with qn < q < qn+1 for some N € Ny, and qn given in (7.1.4).
Assume p satisfies (7.1.5). Then (7.1.6) holds for any k > (p + ) /2, where a > (3 — p)/2V + 1
(if N=0,a>4—p).

As a consequence of the regularity results on third derivatives, we obtain improved reg-
ularity properties of the stress field when p approaches the semilinear case p = 2.

Theorem 7.1.2. Let Q) C R" be a domain and u € C’llo’cﬁ (2) be a weak solution of (7.1.1). Assume
that & > 3 and we set ¢ = 2(& — 1). Suppose that

1

1
2 — 2 — < 2. 1.
max{ 55 — 1’ C(n,q)} <p<L2 (7.1.8)

where C(n, q) is given by (7.1.3). Let f(z) € W2’2(&_1)/3(Q) N C’l’ﬁ, (Q). Then

loc loc

IVulP~2Vu € WH%(Q). (7.1.9)

loc

To accomplish this, we first extend a result in [120], which does not take into account the
effects of the boundary of 2. We have the following

Theorem 7.1.3. Let Q be a domain of R" and u € CZIOE(Q) be a weak solution to (7.1.1), with
f(z) € WEHQ) N C%P(Q). Let ¢ > 2 and p be such that

loc loc

1
9l < ,
Ip =21 C(n,q)

with C(n, q) given by (7.1.3). Then, if 1 < p < 2, we have

uwe W2I(Q).

loc

If p > 2 then the same conclusion holds if p satisfies, in addition, ¢ < 1%.

Theorems 7.1.1 and Theorem 7.1.2 follow from more general estimates concerning the
third derivatives. More precisely we have the following

Theorem 7.1.4. Let 2 C R™ be a domain and let u € Cllo’f (2) be a weak solution of (7.1.1).
For v > max{(p—2)/(p —1),2 — p}, we set

{QN =2(qgn-1—1)

(7.1.10)
g =3+17.
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Let ¢ > qo, with gy < q < qn+1 for some N € Ny and p be such that:

1
C(n,q)

1 1
<p<mini2+ 2+ } , (7.1.11)
{ q— 1 C(nv Q)

where C'(n, q) is given by (7.1.3). Assume

a>a(p,q,N):= Vg

3—p
1 —p) + 2T + 1. (7.1.12)

Let f(z) € W2V (Q)ncHP(Q) and

loc loc

fz27>0 in Q, (or f<T<0 in Q).

Then, for any QccQ, for v > 1, we have that

[ |VulP~2T2| D?u) | D3uf? dz < C, (7.1.13)
O\Z.

where C' = C(v, o, p, q,n, f,Q, Hvu||Lf§C(Q), N).
Ifmax{(p—2)/(p—1),2 —p} < v <1, forany Q CC Q, we deduce that

[ |Vu|P~2 | D2u| Y D3uf? de < C, (7.1.14)
O\(ZuU{| D2ul=0})

where C = C(v, o, p,q,n, f, Q? HVUHLE’;(Q)’ N).

We also point out that, if we assume that f has no a sign, Theroem 7.1.4 holds, in the case
a> (3—p)/2Y +1,forsome N € N,if N = 0, « > 4 — p (see Theorem 7.3.3 in Section
7.3).

This chapter is structured as follows. In Section 7.2 we recall some preliminary results
that will be useful to prove our result. In Section 7.3 we prove Theorem 7.1.1, Theorem
7.1.2, Theorem 7.1.3 and Theorem 7.1.4.

7.2 Preliminary results

In this section, we will state some results that will be useful for proving our main results.
In the sequel, we will use the notation u; := u,, , fori = 1, ..., n, to indicate the partial
derivative of u with respect to x;. The second derivatives of u will be denoted with w;;,
1,7 =1,...,n.
Let zp € Q and Bagr(z9) CC Q2. Now we consider the regularized problem

{_ div (€ +[Vue?)'s" Vue) = f(x) in Bop(xo) (7.2.1)

Ue = u on 0Byg (o),

where € € [0, 1). The existence of such a weak solution follows by classical minimization
procedure. Notice that by standard regularity results [68, 101] the solution u. belongs to
C?(Bag(x)), therefore u. is a classical solution of

(D?*u-Vue, Vu,) f

—Au, =(p—2 .
=PATNGD T e e

(7.2.2)
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Let us consider a compact set K CC Bag(zg). We note that, by [68], u. is uniformly
bounded in C18 (K), for some 0 < 3 < 1. Moreover, by Dirichlet datum in (7.2.1) and by
uniqueness, it follows that

u: = u inthenorm [| - [|o1,6(x)- (7.2.3)

We remind (see e.g. [101]) that it holds the Calderén-Zygmund inequality for elliptic
operators

Lemma 7.2.1. Let 2 be a bounded smooth domain of R™ and let w € WO2 1(Q), then there exists
a positive constant C(n, q) such that

I1D*w]| a0y < C(n, Q)| Awl|ze()- (7.2.4)

We recall a weighted Hessian regularity result and an integrability property of the
inverse of the weight |Vu|P~2.

Theorem 7.2.2 (see [57, 120]). Let §2 be a domain of R™ and p > 1. Let u. be a weak solution of
(7.2.1), with f(z) € WEH Q) N C2Z(Q). Then, for any © cc Q, it follows that

loc

/ (€ + |Vue|) 57| D2 |2 da < C (7.2.5)
Q

forany 0 < B, 5 < 1, with C = C(p, 3, .| Vull 1< (o).
Moreover, for p > 2 and for any fixed 1 < q < %, there exists a constant
C= C(p7 q, Qa f7 ||VUHL%>C(Q)) > 0 such that

/ s 5 < C. (7.2.6)

Q (e |[Vue)?) 2

If 1 < p < 2, the inequality (7.2.6) holds for any 1 < q < +o0.

We conclude this section recalling a result that will be very useful in the proofs of our
results.

Theorem 7.2.3 (see [57]). Let Q@ C R"™ be domain, p > 1 and u € Cllo’f () be a weak solution to
7.1.1) with f € WEHQ) N CXF (Q) and

f>2r>0 in Q, (or f<T<0 in Q).

Then, for any Q CC Q, we have that | Z,| = 0 and

1
/Q|Vu|(p1)’" dr < C,

for any r < 1 with C = C(p,r,Q, f, IVull e ()) positive constant.
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7.3 Proof of the main result

. . . . 1,
We start the section by extending a result proven in [120], for solutions u € W, *(2).

Proof of Theorem 7.1.3. We start with the case p > 2. Let o € 2 and R > 0 be fixed such
that BQR<$0) ccC Q. Let p < CCOO(BQR(:U())) such that p=1 in BR(.’I}()), p=20 in (BQR(xo))C
and [Vy| < 2 in the annular Bog(z0) \ Br(zo).

Since u.p € VVO2 “I(Bag(z0)), using Lemma 7.2.1, and recalling that . is solution of (7.2.2),
we have

I1D?(uep)l| La(Bap(zo)) < C(n @I A(Uep) || La(Bar (o))
= C(n, q)||pAuc +2(Vue, Vo) + u8A90HL‘I(BgR(IO))
(pD?*u-Vu., Vu,) of

(e + [ Vue|?) (e + |Vu6|2)p772
+ C(nv ¢, R, ||vu”Ll°O°c(Q))’

(7.3.1)

< C(TL, Q) (p - 2)

L4(B2r(z0))

where in the last inequality we have used the fact that |Vu.| < C, for a constant C' not
depending on ¢ (see [68]), and C'(n, q, R, | Vul| LZOSC(Q)) is a positive constant.

Since pD?u, = D?*(u, ) — Vu, ® Vo — Vo ® Vue — u.D?p, and using Theorem 7.2.2,
in particular see (7.2.6), we deduce that

1D*(uep) || La(Bon(zo)) < C(1: Q) (0 — 2) 1D (ued) || La(Bag (o))

(7.3.2)
+ C(TL, q, Ra f7p7 ||VUHLZ°§C(Q))a
where C(n, q, R, f,p, [|[Vul| 1~ (q)) is a positive constant.
Sincep — 2 < ﬁ and using the fact that
ID*ue|| Lo (Br(ze)) < D% (wed) | La(Bon(zo)): (7.3.3)
we infer that
I1D?ucl| La(Br(ao)) < C(n: ¢, R, £, [Vl e (@))- (7.34)
where C(n, ¢, R, f, p, [|[Vul[ L= (o)) is a positive constant not depending on e.
Therefore we have
sup e lw2.a(By(z)) < 00
e>0
By Rellich’s theorem, up to a subsequence we get
ue = w € W24(Bg(xg))
and almost everywhere in Br(x(). Therefore we get
u=w € W>4(Bg(z0)).
O

Next we shall be intersted in the second linearized equation of (7.1.2) at any fixed
solution u, which we can write as follows. For ¢ € CX(Q\ Z,), taking ¢ = ¢;; =
(0%¢)/(0z;0x;) in (7.1.2), we get
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/ VU2V, Vo) + (p— 2) / Va4V, Vuy) Vi, Vip)
Q Q

+ (p—2)(p—4)/9|Vu|p_6(Vu,Vuj)(Vui,Vu)(Vu,Vgo)

+ (p—Z)/Q]Vu\p4(Vuij,Vu)(Vu,Vg0)

Y /Q VP (Vui, V) (Vu, Vip)

L2 /Q IVl (s, V) (Vuy, Vo) = /Q fii @
(7.3.5)

where f;; := (0 f)/(0z;0x;).
Now we are ready to prove

Proof of Theorem 7.1.4. To facilitate reading, we split the case v > 1 from the case max{(p—
2)/(p—1),2-p} <y <L

Case v > 1.

We start exploiting the second linearized equation (7.3.5). We use a regularization
argument. For ¢ > 0 we define:

0 if tel0,¢
Ge(t) :=< (2t —2¢) if t€ [, 2€] (7.3.6)
t if te[200)
if t > 0, while G.(t) := —Ge(—t) ift < 0. Let 29 € Q and B = Bpr(xzo) CC . Let us
consider the cut-off function ¢i := ¢ € C2°(Bag(z0)) such that:
P=1 in  Br(wo)
‘V?M < % in BQR(CCQ) \BR($0) (737)

1/1 =0 in BQR((L'O)C.

Now, let us define

Ge(|Vu|)et! _
Q= (‘\szl) | D?u7 0%, (7.3.8)
SO
1 G (V) G(|Vu))**! -
Vo = |D?u|? 1W¢2vuw + (v — 1)W¢2umD2u|’Y 33y - D2y
+ Ge(|[Vu))*(( + 1)GL(|Vu|) — GE(|VU\)|Vu|_1)|D2u|7_1uij¢2|Vu|_2D2uVu
G a+1
+ 2 S(lvu‘) |D2u"y—1uijwv¢’

[Vl
(7.3.9)

where D3u - D?u denotes the vector (..., >, ; uijug, -..), for j =1, ...,n.
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Testing (7.3.8) in (7.3.5) we get

[ TGV al) [Vl DR Ve 02 d
+ (v — 1)/ |VulP2Ge(|Vu])* ™ [ Vu| D2l "3 (Vuijuij, D3u - D*u)y? do
Q

+ / IVulP G (IVu)* ((a + 1)GL(|Vu]) = Ge(|Vu])[Vu| ™) x
Q
x (Vuij, D*uVu)|Vu| 2| D*u" uyp? de
+2 / VP 2G, ([Vu]) [V~ (Vaugg, Vi) D2 gy dee
Q

+(p—2) / |Vu|p_4(Vu, V) (Vug, Vuij)]D2u|7_1GE(]Vu|)°‘+1|Vu|_1¢12 dz
Q

+(y=1(p-2) / \VulP~(Vu, Vi) (Vug, D3u - D*u)u;jx
’ x | D*u| 3G (|Vu))* T | Vu|~1y? da
+p—2) /Q VP (Va, Vg ) (Vg, D*uVa)|Vau| > x
X Go(|Vu))*((a + 1)GL(|Vu]) = Ge(IVu])[Vu| ) D?u] uyp? de
+2(p—2) /Q \VulP~(Vu, Vi) (Vug, Vi) Ge(|Vu)) T V| 7 D2 ) da

+(p—-2)(p—4) / \VulP~8(Vu, Vi) (Vugi, Vu) (Vu, V) x

Qx |D2u[ "G (|Vul) T Vu| " 1? da
(= D=2 —4) [ [Vl (T, V) (Vu, V)

x (Vu, D*u - D*u)u;| D*u? 3G (|Vu|)* T Vu|1y? do
(p—2)(p—4) / VP~ (Vat, V) (Vai, Vo) (Va, D2uV)| V| >

x GSZ(IVUI)Q((@ +1)GL(IVul) = Ge(IVu])[Vul 1) D2l uy)? da

+2(p—2)(p—4) / |VulP~8(Vu, Vi) (Vui, Vu)(Vu, Vip) x

SGe(\vuy)a“yvu\—l\Dqu—luW dz

+(p—2) / |Vu|p_4(Vuij, Vu)2]D2u|7_1GE(]Vu|)a+1|Vu|_1¢2 dx
Q

+(y—=1(p—2) / ]Vu\p%(Vuijuij, Vu)(D3u - D*u, Vu) x
Q
X \DQUP*SGG(\VM)O‘H|Vu]*11/12 dz
+(p—2) / \VulP~*(Vuij, Vu) (Vu, D*uVu)|Vu| 7% x
Q

X G(|Vu)*((a + 1)GL(IVu|) = Go(|Vu])[Vu| ™) | D?ul " uyy)? do
(7.3.10)
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+2(p—2) /Q \VulP~*(Vuij, V) (Vu, Vi) G (|Vu|) T V|~ D" ug o) de
+(p-— 2)/ VP (Vas, Vg ) (Y, Vg )| D2 G|V )2 [V~ 462
Q
(= D(p—2) /Q IVl (Vui, Vg ) (Y, DPu - D) x
x wij| D*u 3G (| Vu])* T Vu| 1 do
+(p—2) / \VulP~4(Vug, V) (Vu, D*uVu)|Vu| "2 x
Q
X Ge(|Vu)*((a + 1)GL(|Vul) = Ge(|Vul)[Vul 1) D?u|" ™ uy)? da
+2(p—2) / \VulP~(Vug, Vuy) (Vu, Vi) Ge(|Vu)) T Va7 D2 a0 da
Q
+ (p — 2)/ \VulP~(Vug, V) (Vug, Vi) | DG (|Vau] )2 Vu| " 1? da
Q
+(vy=1)(p-2) / \VulP~*(Vug, V) (Vaug, D3u - D*u)x
Q
x uig| D>l Ge(|Vul ) Vul T ? da
+(p—2) / V[P~ (Vuy, V) (Vaugj, D*uNVu)|Vu| "2 x
Q
X Ge(|Vu)* (o + 1)GL(|Vul) = Ge(|Vul)[Vul 1) D?u|"  uyy)? da
+2(p —2) / \VulP~4(Vug, Vu) (Vug, Vi) Ge(|Vu)) T V| 7 D2 ugep da
Q
— / fl-jGE(\VuDaH|Vu]_1\D2u]7_1uij1,Z)2 dr =: fl —+ .4 j25 =0
Q
Since G.(t) < tand G'(t) < 2 for any ¢t > 0, we deduce that
L4 L+TLs+1y= / |VulP=2G (|Vu])* ™ [ Vau| = D2 ™ Vg, 2
Q
+ (v- 1)/ |VulP2G(|Vu])* T Vu 7 D" (Vugjuig, D3u - D*u)i? da
Q
+ (p— 2)/ \VulP~4(Vugg, V)2 D?u] " Ge(|Vu|)* T Vu| 12 do
Q
+ (vy—1D(p—2) /Q \VulP~(Vuguij, V) (D?u - D*u, V) x

X |D2u|7_3GE(|Vu|)°‘+1|Vu|_11/)2 dzx

IN

Clep, ) / VP3G (|Vul)*| D2 | Dl di
Q
L o) / Vul 3G, (|Vul)*| D3ul V|| D2 di
Q
+ C(a,p)/ |Vu]p+°‘_4|D2u\7+3w2dx
O\ Zu
L o) / Va3 D212V |y da
O\ Z,

+/ |Vul®| fi | D*u 4 da, (7.3.11)
Q
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where C(p), C(«, p) and C(«, p, y) are positive constants.
Summingoni,j =1,...,n we get
L+ L+ L+ L= / IVu|P2Ge (| V)T V| 7 D%t D3u|?y)?
Q
+ (v-—- 1)/ IVulP2G(|Vu))* | Vu| L D?u| 73| D3 - D?ul?y? d
Q

+ (p—2)/ |VuP~? Z(Vuij,Vu)Z\DguP_lGE(\Vu])O‘H|Vu]_1w2 dz
Q

1,j=1

- (7—1)(p—2)/ |Vu|P~4(D3u - D*u, Vu)?| D*u[ 773G (|Vu|)* T Vu| 1% da
Q
< Clmap) [ [Vl S G(Tu) DDl do
Q
+ C(n,p)/ [VuP72G(|Vu|)* | Du| V| | D*u| ") da
Q
+ C(n,a,p)/ ]Vu\p+a_4]D2uP+3w2dw
O\ Zy
+Cup) [ [Tupe DAVl da
N\ Zu
+C(n)/ |Vu|*| D f|| D*u|"y? de, (7.3.12)
Q

where C(n),C(n,p),C(n, o, p) and C(n, a, p,y) are positive constants.
In the case p > 2 and v > 1, by Cauchy-Schwarz inequality we have

1:1 +1:2 + 1:13 +1:14
7.3.13
> [ Vup G V) 9l DRl D da (7:313)
Q

Using Cauchy-Schwarz inequality for 1 < p < 2 and v > 1, we note that

Iy =(y=1)(p - 2)/ VulP ™ (Du - D*u, Vu)?| D*u 7 Ge(|Vul)* V| ™'y da
Q

>(y—1)(p— 2)/ VP72 Ge(|Vul)* T Vu| T D?u[ 73| DPu - D?ul?y? da.
Q
(7.3.14)
Therefore, by (7.3.14) and using Cauchy-Schwarz inequality on I3, we get
L+ 1+ L3+ 1y

7.3.15
> (o= 1) [ VU2 GeVuly [ Vul D% Dl e (7319
0

Using (7.3.13) and (7.3.15) in (7.3.11), and since v > 1, there exists a positive constant
C(p) such that
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C(p) / Vul 2G| Vul)* | Vul D2 Duf?? da
Q
< Cn, o, p,”) / Vul? 3G (| Vul)*| D>l Dl do
Q

+C(n,p) / VulP2Ge(|Vul)* V| | D*ul | DPuly dz
Q

(7.3.16)
+C(n, o, p) / [VulP+e—4 D2u[173y? dz
O\ Zy

+Cup) [ [Vap DAV do
0N\ Z

+ C(n) / V|| D? f|| D*u|"p? do =: Iy 4 Iy + I3 + Iy + I.
Q

Now we estimate the right hand side of (7.3.16). We estimate the term /3. Using a stan-
dard Young inequality we obtain

I3 < C(n, a,p)/ |Vu|PTo= 4 D2u>™ da
BQR\Zu

p—2—8 2—p+B

:C(n,a,p)/ \Vu|PTo= 4\ Vu| 2 |Vu| "2 |D?u||D*u|*™ dz
BQR\Zu

< C(n7 Olyp) / ]Vu\p_2_’8]D2u\2 dr
2 Bar\Zu (7.3.17)

+ C’(n,a,p) / ’vu‘Q(p—4+a)+2—p+B‘D2u’4+2fy dr
2 BQR\Zu

S C(”v a, p, R> Ba f, ||VUHL?§C
+ C(n, a,p)/B y |V |2(p—4+0)+2-p 5| D2y, 14427 gy
2R u

)

where in the last inequality we have used Theorem 7.2.2 and
C(n,a,p, R, B, f,[|Vull = () is a positive constant. Iterating this procedure N-times, we

loc

get
Is < NC(n,a,p, R, B, f,[[VullLe (@)
+ C(n,a,p) / ‘VU’zN(p_4+a)+ZIIcV:1 2k=1(2—p+f) ’DQU‘QN dz, (7.3.18)
Bor\Zy,
where ¢y is given by
= 2 1 — 1

o w1 =) (7.3.19)
go =3 +.

Now by Young's inequality with exponents (¢/qn, ¢/(q — qn)) we get

/ |VU‘2N (p—4+o¢)+sz:1 2k’1(2—p+,3) ‘DQUIQN dr
BQR\Z'U,

q At N —1(9_
< Clg) / Vi T OO 2 ) g 4 o) / |D%ult dx
Bar\Zu Bag
(7.3.20)
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where C(q) is a positive constant.

If
N

q <2N(p—4+a) +Z2’H(2—p+5)> >-p+1, (7.3.21)
q—AagnN k=1

and ¢ > gy, from Theorem 7.2.3, we have

N —
/ 7o T EAFOTE 2T CE) g < (N, 0y, £, B, R, IVl e ()
Bagr

(7.3.22)
where C(N, a,p,q, f, 8, R, [[VullL () is a positive constant. Moreover, since ¢ > g,
from Theorem 7.1.3 we deduce that

/ |D*u|?dx < C(n,p,q, f, R), (7.3.23)
Bar

where C(n,p, q, f, R) is a positive constant.
By (7.3.22) and (7.3.23) we estimate

-[3 < C(Oé,p, q,n, f7 R7 /Ba HVUHL%’C(Q)a N)? (7324)

where C(a,p,q,n, [, R, B, | Vul| L (), V) is a positive constant.
We note that (7.3.21) yields, for /3 close to 1,

(q_QN)(l_p)

3—p
+ -+ 1L
2N¢g

a>a(p,q,N):=ay:= 5N
We note that,if p <2+ 1/(q¢— 1), thatisqg < (p — 1)/(p — 2) we have,

ap < ap_q1 Vk €N,

and

a>ay>1 VN eNg.

For the term I, using weighted Young’s inequality and by (7.3.24) we get

I < 0/ |VuP2G (| Vu|) T | Vu| 7L D?u| Y D3u*y? dz
Q

+ Oy, pr s 0) / VulP o D2u 2 da
N\ Zu (7.3.25)

< 9/ V2G|V ul)o T [ Va| "L D% [ DPul2? da
Q

+ C(eury)avpu q,mn, f) R)/B7 HVUHL;’;)C(Q% N)v

where C(0,v,a,p,q,n, f, R, 3, HVUHLZO(?C(Q), N) is a positive constant.
For the term I, since a > 1, by (7.3.7) and from Theorem 7.1.3 we deduce that
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I < 9/ VU2, (V] V|~ [ D2 Y D22 da
QO
- Cln.p.6) / Vul o2 D2l |V 2 da
Q

< 9/ V2G|Vl [Vul D% D320 da
Q (7.3.26)

+C(m,p,0, R, |Vl 2o () / D2+ d
°c Bar
< 9/ V2G|V [ Vul L D21 D[22 da
Q
+C(‘97a7p7Q7n7 f7 RaHquLlO:C(Q)aN))

where C(0, o, p,q,n, f, R, \|Vu||L§>§C(Q), N) is a positive constant. From Theorem 7.2.2, by
(7.3.24), (7.3.26) and using standard Young’s inequality we estimate

I, < C(n,p, R)/ |VuPTo=3| D?u*T7 da

Bar

< C(napv R) / ‘vu|p+a—2‘D2u’1+'y dx + C’(n,p, R) / \Vu|p+°‘*4\D2u|3+7 dr
2 Bagr 2 Bagr
< Clo,p,a,n, f, R, [ Vul[ e (), V),
(7.3.27)
where C(a, p,q,n, f, R, HVUHL?‘?C(Q), N) is a positive constant.
For the last term I5, by assumptions on f and from Theorem 7.1.3 we get
s < Clno, RVl o) [ D)D" ds
¢ Bar (7.3.28)
< C(Oé, R7 fa n,p,dq, HVUHL;’;’C(Q))’
where C(«, R, f,n,p, q, |\Vu||Loo (@) is a positive constant.
Using (7.3.24), (7.3.25), (7.3. 26) (7 3.27) and (7.3.28) in (7.3.16), we get:
C(p) — 26 / VulP72G(|Vu) 2 [ Vu| D2 | D3ul?y? da
(C(p) )QI | (IVu)* V| | D7u|" 7 Dyl (7:3.29)

S C(eu «,7v,p,q,Mn, f7 R7 HVUHL%’L(Q)a N)7

where C(0, a, v, p,q,n, f, R, HVUHL?&(Q), N) is a positive constant.
Now, by Fatou’s Lemma and choosing 6 sufficiently small such that
C(p) — 20 > 0, we get:

/ \Vu|P~2 | D2u| Y D3 de < C(6,v, o, p, ¢, n, f, R, HVUHL?O @) N).
Br(z0)\ OC

(7.3.30)
Using a covering argument, we are done.
Case max{(p—2)/(p—1),2—p} <~y < 1.
Let us define G .
Y= Gel(lVu)™™ G (|D?u))|D*ul" 2y 12, (7.3.31)

[Vl
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where G, G., ¢ are defined in (7.3.6) and (7.3.7). So we obtain

a+1
Vo = GT(|D2u|)|D2u|V_2MdJ2Vqu
Vul
a+1
+ S g D24 ((y ~ G- (D) + (D2 DPul) Do D

+ Ge(|Vul)*((a + 1)GL(IVul) = Ge(|Vul)[Vu| ™) x
x G (|D?u))|D*u|"?ui9?| Vu| > D*uVu
Ge(|Vupott

|vu’ GT(|D2U’|)‘D2U|7_2UU¢V¢7

+2
(7.3.32)

where D3u - D?u denotes the vector (..., D k1 UkljUkl, ), for j = 1,..,n. Now we set
ha(t) = (7 — 2)G () + GL(1)t, for ¢ > 0.

Testing (7.3.31) in (7.3.5) we get

/|Vu|p_2G€(|Vu|)a+1|Vu|_1GT(|D2u|)|D2u7_2|Vuij|2w2dx

Q

+/ \VulP2G(|Vu|)* T Vu| D" *h, (| D?ul) (Vuijuij, D?u - D*u)y? da
Q

+ / IVulP G (IVu))* (o + 1)GL(Vul) = Ge(|Vul) | Vu| 7 x
Q
x (Vugj, D*uVu)|Vu|"2G (| D?u|)| D*u|"~2u;j1p? dx

+2/ [VulP~2G (| Vu))* T Vu| " (Vuig, V) G (|D?ul) | D*u|" 2w da
Q

+(p—2) / VP (Vu, Vg ) (Vas, Vg )G (| D2 )| D22 x
" x G(|Vu)) 2 | Vu| ty? de
+(p—2) / \VulP~*(Vu, Vui) (Vui, Du - D*u)u;;x
Q (7.3.33)
x| D2u[ b (| D?u)) Ge (| V) V| 12 d
+p-2) / IVl (Va, Vg ) (Vag, D2uV )| Vel > G (V)
><Q((oz +1)GL(|IVu]) = Ge(|Vu))[Vu| )G (| D?ul)| D?u|" uijp? de
+2(p — 2)/ \VulP~(Vu, Vuj) (Vui, Vi) Ge(|Vu]) Va7t x
) x G- (|D*u|)| D*u"~2u; ) dx
+(p—2)(p—4) / VP~ (Y, V) (Vas, Vi) (Y, Vi) x
Q>< G- (|D*u)) | D*u[ 772G (|Vu|)* | Vu| 1% da
+(p-2)(p—4) /Q |VulP~5(Vu, Vu;) (Vug, V) (Vu, D3u - D*u)x

% g | D*u| " he (| D2u) Ge([Vu)) T V| ~1y? do
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(p—2)(p—4) / IVl (Vu, Vg ) (Vui, Vi) (Va, D2V ) [Va|~2Ge([Vul) x
x ((a+ %GQ(WUD — G(IVul)|Vu| )G (|D?ul) [D*u]"u;;0° da
+2(p—2)(p—4) / VP~ (Y, V) (Vai, Vo) (Y, Vib)
>§<2Ge(|VU|)a+1|VU|_1GT(|D2U|)|D2U|7_2Uz‘j¢dx
+(p—2) /Q IVulP~ (Vug, Vu)* G- (|D*u))| D*u] "G (|Vul)* T [Vu| 7' ¢? d

+(p—2) / \VulP~(Vugjuij, Vu)(D>u - D*u, V) x
) 5 | D2u" 4 (| D?u)) Ge(|Vu) )T V|12 d
Fp—2) / VP (Vusy, Vi) (Va, D2uVa) [ Va|2G.(|Vul)® x
><Q((a +1D)GL(Vul) = G=(|Vu])[Vul ") G| D*ul )| D*ul " ?ui)? da
+2(p—2) /Q [VulP~ 4 (Vuij, Vu) (Vu, Vi) Ge(|Vul)* V| x
x G (|D*u|)| D*u|"2u;) dx
Fp— 2)/ VP (Vus, Vg ) (Y, Vg )G (| Dul) | D2l x
’ Ge(|Vu)* | Vu|~y? d
+(p— 2)/ \VulP~(Vui, Vu,) (Vu, D?u - D*u)x
) X wij| D*u[" " by (| D)) Ge(|Vu]) 2 V|~ 1? da
+(p— 2)/ VP~ (Vug, Vuy) (Vi D2uV)[Vu| ~2Go(|Val)* x
XQ((a +1)GL(IVul) = Ge(|Vu))[Vu| )G (|D?u]) [ D*u| " 2uiy)? da
+2(p=2) [ [VuP4(Vus, V) (T, V)G Tul) [Vl
’ x G (| D?u))| D*u|" " 2u;j4 dae
+(p—2) / IVulP =4 (Vug, Vu) (Vag, Vi )G (| D)) D?u) "2 x
) X Ge(|Vu)) 2| Vu| 1?2 do
+p—2) / VP (Vus, Vi) (Vug, Do - D)
’ X i D*u[" " he (| D20 ) Ge(| V) > [V ~H? dae
+(p— 2)/ VP~ (Vui, Vi) (Vuj, D*uVu)|Vu| 2Ge(|Vu|)® x
’ x ((a+ 1)GL(|Vul) = G=(|Vul)[Vu T G- (| D*ul) |[D*u ™ usyyp? da
+2(p — 2)/ |VulP~4(Vug, V) (Vug, Vi) Ge(|Vu])* T Va1 x
) x G (| D*u))|D*u|"~2u;j1 doe

- / FiiGe(|Vul) ™ Vu| " G (| D)) | D*u|" 2uijp? doe =: Iy + -+ - + Io5 = 0
Q
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Since G(t) < t and G'(t) < 2 for any ¢ > 0, we deduce that

L+ 1+ I3+ hy= / |VulP2G (| Vu))* T Vu| LG (| D?u) | D) 2| Vg, |*?
Q
+ / \VulP2Ge(|Vu))* ™ Va7 D2u| " *he (| D)) (Vuijuig, D3u - D*u)y? da
Q
+ (p— 2)/ |Vu\p_4(Vuij,Vu)2GT(|D2u|)|D2u|7_2G6(|Vu|)O‘+1\Vu|_1¢2 dzx
Q

+ (p— 2)/ \VulP~*(Vuijuij, Vu) (D - D*u, Vu) x
Q

x| D?u| "y (| D?u)) Ge(|Vu))* T V|~ % da

IN

Cletp) [ (VU690 G (D) D2l [ Dl
Q

&) [ IV GTu 1D (D21 D% - Dl da
Q

+CO) [ IVl GVal) Dl (D%l (D Do, Vl? do
Q

+CO) [ VUGVl D VG (D) Dl
Q

+ C(a,p)/ |Vu|PTo=4 D2u| 32 da

O\ Z

b O [ VDR T da

O\ Zu

+ / [Vul®| fij| | D?u|"¢? da, (7.3.34)
Q

where C(p), C(a,p) and C(a, p, ) are positive constants.
Summing oni,j = 1,...,n we get

[ 1V G Ty Wl G (D) D DR

Q

+/ IVulP G (|Vul)* TV~ D" he (| Dul)) | DPu - D?ul*? da
Q

+(p — 2)/ |VuP~? Z (Vuij, Vu)? G (|D*ul) | D*u|" " 2G (| Vu|)* T Vu| 1y? do
Q

ij=1

+(p—2)/ IVulP~*(D*u - D*u, Vu)*| D*ul""*hy (| D*u))Ge(|Vu))* | Vu| "' ? da
Q
<C(n,a,p,'y)/ |Vu\p_3G€(]Vu|)°‘GT(|D2uD|D2u|V|D3u|1/)2d:U
Q
+C(n,p)/ VulP~2Ge(|Vul)*|D?ul" " he (| D?ul)|| DPu - D?ulg)® da
Q

+C(n,p)/ |VulP~1G(|Vu))*| D?*ul" 7 by (| D?u|)||(D3u - D*u, Vu)|y? da
Q
(7.3.35)
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+C(n,p) / VulP~2G(|Vul)* | D*ul [V |Gr (| D?ul) [ D*u[ ™4 da
Q

+C’(n,a,p)/ \Vu]p+“*4]D2u]7+3w2 dx
Q

u

+Cnp) [ [VaPt DAVl do
Q

u

+ Ol) [ VUl DR R s = i
Q

where C(n), C(n,p), C(n, a, p) and C(n, a, p,7) are positive constants.

Now we estimate the right-hand side of (7.3.35). We estimate the term .J;. By weighted
Young's inequality we get

Jp < 9/ \Vu|p_2GE(|Vu|)a+1|Vu\_1GT(|D2u\)|D2u|7_2|D3u|2¢2 dx

a (7.3.36)

+Cnpad) [ [Tup DR
Q

Zny

where C(n,~,p, o, 0) is a positive constant.

For the term .J,, since |h-(t)| < (2 — v)G-(t) + G.(t)t, for any ¢t > 0, by (7.3.36) and
using a weighted Young’s inequality we obtain

Jy < C(n,p.7) / VulP~3G.([Vul)° G (| Dul)| D?ul"| DPul? da
Q
+ Cn,p) / VulP~3Go(IVaul)? | D2~ G| D?ul) | D?ul||D3u - D2ul? do
(9]

< 0/ |VulP2Ge(|Vu|) T Vu| 7 G, (| D?ul)| D*u| 2| D3ul*¢? dx
Q

(7.3.37)
+C(n,v,p,0) / |Vu]p+a*4\D2u]3+”’¢2 dx
Q

u

+ 0/ |VulP2G(|Vu)) V| 7 D?u| 4G (| D?u|) | D?u|| D3 - D?ul?y? dx
Q

u

+ C(n,p,0) / ]Vu\p+a_4|D2u\3+7w2 dx
Q)

where C(n,~,p,0) and C(n,p,0) are positive constants. We estimate the term .J;. By
(7.3.36) and by weighted Young inequality we get
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I3 < Cnp) [ IVl Gl Vul) "G (| D D2l [Pl d
+Cnp) [ 1Vl GVl DR G DAl | DRl (DY D, V)l da
<0 [ 1Vl 2G(Vul ™ Vul 7 G D Dl 2D s da
+C(n,7,p,0) /Q\ |Vu\p+a_4\D2u\3+71/12 dx

+ 9/ \Vu]p_4Ge(]Vu\)“+l]Vu\_l]D2u\7_4G'T(|D2u\)]DQu](D?’u . D%, Vu)2¢2 dx
Q

4+ Cn,p,0) / VulPr 4| D2y da,
O\ Z
(7.3.38)

where C(n,~,p,0) and C(n,p,0) are positive constant. For the term .J;, by weighted
Young's inequality we have

Jy < 9/ |VulP2G (| Vu))* T | Vu| LG, (| D?u)) | D?u|" 2| D3u|?y? dz

Q (7.3.39)

+Clnp.6) [ (Va2 |D2 VP da,
Q

where C(n, p, 0) is a positive constant. Now we set h, o(t) := (v —2)G-(t) + (1 — )G (t)t,
for any ¢t > 0. By (7.3.36), (7.3.37), (7.3.38) and (7.3.39) we get

(1 —46’)/QWI”QGE(\VUD“HIVU1GT(\DQUI)ID%I”QIDP’UW2 dx
+ /Q|Vup—2G€(|vu\)a+1\vu|—1|D2u|7—4h7,9(yD2u|)|D3u-D2u|2¢2 da
+ (p—2)/g|Vu]p4zn:(Vuij,Vu)QGT(]D2u|)|D2u72G6(|Vu])a+1|Vu\11/J2dx
=1
+ (p—2)/Q|Vu]p_4(D3u-D2u,Vu)2\D2u]7_4h779(\Dzu])Ge(]VuDO‘H\Vu]_lwzdac
< C’(n,a,p,%ﬁ)/ﬂ \Vu|p+a_4|D2u|7+31/)2dx
+ Clnp) [ (VU DR T da
Q\Z,
+ C(n,p,0) /Q (Vu|P~2e | D2u VY ? da
+C(n) /Q |Vu|Y| D? f|| D*u|"? du, (7.3.40)

where C(n, a, p,,0) is a positive constant.
Now we split the domain (2 into three subdomains as follows

Q= {|D?u|] <7}y U{r < |D*u| < 27} U{|D%u| > 27} =: Qo UQ; U Q.
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Now we estimate the left-hand side of (7.3.40). Recalling the definition G (see (7.3.6)),
we get

Ji+-+Js
—(1— 49)/ VulP=2G. (V) Va1 Gy (| D) D2u] 2| D3| 202 da
951

+ |Vu\p72Ge(|Vu\)°‘+1 \Vurl |D2u|774h7,9(|D2u|) |D3u . ]_?2u|2¢2 dx

Q1
+(p—2) / | V[P~ Z (Vuj, Vu) G, (|D?u))| D*u| " 2G (| Vu|)* T [ Vu| ~1y? dx
iyt ij=1

+(p—2) \Vu|p_4(D3u - D?u, Vu)2|D2u|7_4h779(|D2u|)G6(|Vu])O"H|Vu|_11/12 dz
Q1

+(1 - 49)/ IVulP2Ge(|Vu])* T Vu| ' G (|D?u])| D?u|" 2| DPul*y? d
Qo
+/ \VulP2Ge(|Vu)) ™ V| 7 D2 *hy o (| D?ul) | D3u - D*ul?? da
Qo

+(p—2)/ VP~ § (Vuij, Vu)? G (| D?u|) | D*u|" 2G| Vu|)* T Vu| 1y? do
QQ S
i,7=1
+(p—2) IVuP~4(D3u - D*u, Vu)?|D?u| " *hy o (| D?u))Ge(|Vu])* V|~ 1p? da
Q2
(7.3.41)

We consider the case p < 2. For max{(p — 2)/(p —1),2 —p} <~y < 1fixedand 6 > 0
sufficiently small, we note that b, p > 0in Q; and h¢(t) = (y—1-0)t = (y—1-0)G-(t) <
0 in €. Using Cauchy-Schwarz inequality we have

p—2) [ IVuP=H D D, TP (D) G ) [Vl 02
1951
> (= 2) [ IVl GV Tl Dl (D) D D e
951

(7.3.42)
By (7.3.42) and Cauchy-Schwarz inequality we have

Ji+-- 4 Jg

>(p—1- 49)/Q VulP72Ge(|Vul)* [ Vu T G (|D?ul)| D*u| 2| DPul*? da
1
+(p — 1)/Q \VuP2G(|Vu))* V| 7 D2u| " hy o (| D?ul) | D3u - D*ul?? da
1
oy p=2=56) [ [Vup6.(Tu TVl G (D) | DRl D P do
2
>(y+p—2—50) /Q IVuP=2Ge(|Vul)* T Vu| T G- (| D?ul) | D*u] 2| DPul? da,
2

(7.3.43)

where in the last inequality we have used the fact that i,y > 0 in 4, for 6 sufficiently
small.
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In the case p > 2, by Cauchy-Schwarz inequality we have

Fitt
>(1- 46) / IVulP 2G| Vul)* ! [Vul " G (| D?ul) | D?u 2| Duf?¢? da
1951

+r+ (@ —2)(y-1-0)-50) /Q VP2 Ge(|Vul)* [Vl 7' x (7.3.44)

x G, (|D*ul)| D*u|"~2| D3u|*y? dx
>(y+(—2)(y—1-0)—50) /Q [VulP2G e ([Vu] ) V|
2

x G (|D?ul)| D*u|"~2| D3u|*y? d.

Using (7.3.43) and (7.3.44) in (7.3.40), and since v > max{(p — 2)/(p — 1),2 — p}, for
6 > 0 sufficiently small, there exists a positive constant C(y, p, #) such that

C(v,p,0) / VulP G (|Vul)* V| G- (|Du)) | D*u"?| D3uf*y? dx
Qo

IN

C(n,a,p,7.0) / [ufP et D2 +5y? d
0\ Z
+ Clnp) / VP3| D22 V| da

0\ Z,
4 Clnp.0) [ [Vap~ DA Vo ds

Q

+C(n) / \Vu|¥| D2 f||D?u|"? da, (7.3.45)

Q

By Fatou Lemma, for 7 — 0 we obtain

C(v,p, 9)/ VP72 Ge(|Vul)* T Vu| 7 D?u ! DPul*y? d
Q\{|D2u|=0}

IN

C(n, .7, ) / VulP e D213y di
Q\Zu

+ Cop) [ VDVl da
+ C(n,p,0) /Q |Vu|P~2 | D2u| VY| da
+C(n) /Q |Vu|Y| D? f|| D*u|"? da. (7.3.46)
Proceeding as in the case v > 1, we get the thesis.

Theorem 7.1.4 allows us to state the following

Theorem 7.3.1. Let Q C RY be a bounded smooth domain and u € Cllo’f () be a solution of
(7.1.1). Let f(z) € W22(Q) N CLP () and

f>2r>0 in Q, (or f<T<0 in Q).
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Then for ¢ > 0 sufficiently small there exists 69 = 0g(g) > 0, such that for any p € (2—59,2+0dy),
we have ~
|D3u|? € LL,.(Q), (7.3.47)

withg <1 —e.

Proof. We note that, from Theorem 7.2.3, the Lebesgue measure of Z,, is zero. Moreover,
since D2u € VVzicl (Q2\ Z,), using Stampacchia’s Theorem, we deduce that D3u=0a.e. in

{x € Q\ Z, : |D?u| = 0}. We fix 79 € Q and R > 0 such that B := Bag(z) CC Q. Then,
taking 8 < 1 we obtain

1| D%| "7 1) D2u| 2 x

2—p—«
2

[ 1Dt az = | DVl H4 90
B B\(Z,U{|D?u|=0})

(p=2-B)(1—7) ~ (2=—p+B)(A—=7) ~
1

X |Vul 1 1V u| 1 dx,

(7.3.48)

where o and v are given in Theorem 7.1.4.
Choosing 0 < ¢ < 4/(3 — «), with max{(p — 2)/(p — 1),2 — p} < v < 1 (see Theorem

7.1.4) we can use a Holder inequality with exponents (%, =5 472574(177)5), so we get

NI

/ ‘DSu’q~ dzr < (/ ‘vu’p—2+a‘D2u’"f—1’D3u’2 dx) %
B\(Z,U{|D?u|=0}) B\(Z,U{|D?u|=0})

A-=v)g

1
x < / |Vu[P~2-8| D2y)? da:) X
B

y </ ’vu|_[(p727§)(177>q+p—§+aq] 472674(17W)§ dx>
B

4-2¢4—(1-7)q
4

(7.3.49)

Using Theorem 7.1.4, we have

/ ‘Vu|p—2+a|D2u|’Y—1|D3u|2 dx < C(fy’ a,p,q,n, fa 37 ||VU||L00 (92)» N)v
B\(Z,U{|D2u|=0}) foe

(7.3.50)
From Theorem 7.2.2, we obtain
/ VulP~2 8| D?u)? dx < C(p, B, B, f, | Vul (). (7.3.51)
B oc
By applying Theorem 7.2.3 to the third integral we get
(pP—2-B)(1=-7)  p—2+a 4q
-1 7.3.52
[ 1 T i P 7:352
that is, taking (3 close to 1
4(p—1
i< (p—1) (7.3.53)

TS 6p+2v2—p)+2a—10°

We consider the case p < 2. For v =~ 2 — p, we have
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i< 2(p—1)

_— 7.3.54
pPP-pta-1 ( )
In the case p > 2, for vy = 1, we get
- 2p—1)
—_— 7.3.55
¢< 2p+a—3 ( )

Now recalling (7.1.12) (see Theorem 7.1.4), for « close to 1, and therefore for ¢ suffi-
ciently small, there exists d9 = do(e) such that (7.3.54) and (7.3.55) are fulfilled for any
¢ <1—c¢and forany p € (2 — dg, 2 + dp). This concludes the proof.

[

Now we state a result which will be useful to us later

loc

f,q,p, a obey the assumptions of Theorem 7.1.4. Then for v > 1, and for any Q CC Q, we have
that

Proposition 7.3.2. Let u. € C1-” (Q) be a weak solution of the regqularized problem (7.2.1). Let

/(5 + |Vu5]2)p7§+a |D?u || D3u.|? dx < C, (7.3.56)
Q

forall e € (0,1), where C'is a positive constant not depending on e.

Proof. The proof is similar to that of Theorem 7.1.4. However, we will give a sketch of the
proof. First we consider the second linearized equation of (7.2.1) at any fixed solution .,
which satisfies

/ (e + |Vue )5 (Vae, Vib) dz = / fibde Vi € C(Q). (7.3.57)
Q Q

For p € CZ°(R2), taking ¢ := ¢;; in (7.3.57), we get

/Q (e + [ Vue2) "2 (Vuesj, Vo)
+ (p—2) /Q(a + \Vu5|2)%(Vua, Ve ;) (Vuei, V)
=204 [ V) (Ve Vo) (Vues, V) (Vue, V)
+ (=2 [ (¢ +IVu)F (Vi Vi) (Vue, V)

+ (p—2)/(€+\Vu5|2)p24(Vua7i,Vu57j)(Vua,ch)
Q

+ (p—2)/g(£+\Vua\z)p;L(Vuw,Vue)(Vum-,Vap) —/inj ©.
(7.3.58)

Let us define
¢ = (e + |Vu?) 2 | D?uc | ue i 0%, (7.3.59)
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where 1) is defined in (7.3.7). Substituting (7.3.59) in (7.3.58), following the proof of The-
orem 7.1.4, we can deduce

p—2+«

C(p)/(é—i—\Vug\Q) > |D*u.| Y D3u|?? da
Q

p—3+a

< C(n,a,p,7) / (e + |Vuel) 5 | D?uc | DPuc |y da
0

P

+Cp) [+ 190y 5 V0Dl Dol
Q

o (7.3.60)
+ C(n,a,p) / (e + |[Vu )2 | D2 32 da
Q
) [ (e V) D201 de
Q
+0m) [ e+ Va0 Dl 42
Q
where C(n, a, p,7), C(n,a,p), C(n,p), C(p) and C(n) are positive constants.
Proceeding as in the proof of Theorem 7.1.4, we get the thesis.
O

In the case in which the function f does not have a sign we can state the following

Theorem 7.3.3. Let Q) C R" be a domain and let u € Cllo’f () be a weak solution of (7.1.1).
For v > max{(p—2)/(p —1),2 — p}, we set

=2 1—1
QN’ (qN 1 ) (7:&61)
g =3+

Let ¢ > qo, with gy < q < qn+1 for some N € Ng and p be such that:

1 1
2 - <p<min{2+ 24 , 7.3.62
Clnq) =" { q—1 C(n,Q)} 7:3.62
where C'(n, q) is given by (7.1.3). Assume
3—p
a>alp,N) = +1, (7.3.63)

2N

ifN=0,a>4—p. Let f(z) € M/lich/(q—’y) Q)N C’llo’f/(Q). Then, for any Q CC Q, fory > 1,
we have that

[ |Vu[P~2 D2y D3u|? dz < C, (7.3.64)
O\Z,,

where C = C(ry? a,p,N,q,n, f, Q? HVUHL%’C(Q))
Ifmax{(p —2)/(p —1),2 — p} <y < 1, for any Q CC Q, we deduce that

[ \VuP~2HY D2 | D3ul? dz < C, (7.3.65)
O\(ZuU{|D2u|=0})

where C = C(y,a,p, ¢, 1, [, | Vull L @), N)-
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Proof. We consider the case v > 1, the case max{(p —2)/(p — 1),2 — p} < v < 1is similar.
The proof is similar to that of the Theorem 7.1.4. The key distinction lies in the non-
application of Theorem 7.2.3. However, we will give a sketch of the proof for the reader’s
convenience.

Let us define
G(|Vu|)*+!

[Vl
where G, and 1) are defined in (7.3.6) and (7.3.7). Substituting (7.3.66) in (7.3.5), following
the proof of the Theorem 7.1.4, we obtain (7.3.16), that is

Q= | D?u7 ;% (7.3.66)

Co) [ 1Val™Go(Vul)™ [ Vul | DPuP ! DPus? da
Q
< Clnaup.y) [ [VuP 5G| Vul) | D2l Doul g2 d
Q

4+ Cn,p) / VulP2G. (|Vul)* V| [ D2 D¥ulip do
Q

(7.3.67)
+Cnap) [ VulPr DR R ds
Q
+Clnp) [ [Vup DRVl do
Q
+C(n) / Vul® | D2 D2 2 de = I + I + I + T + I,
Q
where C(n, o, p,7), C(n,a,p), C(n,p), C(p) and C(n) are positive constants.
Now we estimate the term /3. Using a standard Young inequality we obtain
Is < C(n, a,p)/ |VaulPro=4 D?u 3T dx
Bar
= C(n,a,p) / |Vu\p+a_4|Vu]p7§7ﬁ |Vul L | D?u||D?u*™ dz
Bar
< Gnap) / IVulP~2-8| D2uf? de
2 Bar (7.3.68)
+ C(n,a,p) / ’vu‘Q(pf4+a)+27p+ﬁ‘DQu’4+27 de
2 Bsr

< C(n,a,p, R, B, 1, ||Vl e (o))
+C(n,a,p)/ |vu‘2(p—4+a)+2—p+6|D2u’4+27d$’

Baor

where in the last inequality we have used Theorem 7.2.2 and
C(n,a,p, R, B, f, || Vul| LlO;JC(Q)> is a positive constant. Iterating this procedure N-times, we

get

I3 < NC(”v a,p, R, Ba fv ||VUHL?§C(Q))
+Clnap) [V ORI 2 ) D2y i, 7:36)
Bar
where ¢y is given by
=2(gn-1—1
gv =2(gn-1—1) (7.3.70)
g =3+7.
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For 3 ~ 1, we note that o > (3 — p)/2" + 1 yields

N
2Vp—4+a)+) 2"'2-p+pB)>0. (7.3.71)
k=1

We note that if N = 0, then we have o > 4 — p.
By (7.3.71), using Theorem 7.1.3 we get

I3 SNC(H, a,p, R, 57 f7 HVUHL;’;’C(Q))
+Clnap. [Vl o) [ 1Dl do 7.3.72)
B
S C(nu q,0,p, f)q7 B7 HVUHLE’;’C(Q)7 N)7

where B := Bap(zo) CC Q, withzg € Q, and C(n,q,a,p, f, ¢, B, [Vul| L (), N) is

a positive constant. Using (7.3.67) and proceeding as in the proof of Theorem 7.1.4, we
obtain the thesis.

O

Remark 7.3.4. Under the assumptions of Theorem 7.3.3, for a weak solution u. of the regularized
problem (7.2.1), the following inequality, for v > 1, holds

/ (e + |V |2) 5 D2u Y D2 da < C, (73.73)
Q

forall e € [0, 1), where C' is a positive constant not depending on . The case € > 0 follows by the
same arguments used in the proof of Theorem 7.3.3 and Proposition 7.3.2.

Now we are ready to prove Theorem 7.1.1

Proof of Theorem 7.1.1. First we suppose that f > 7 > 0in Q. For ¢ > 0 sufficiently small
we set

Vei := he(|Vu|)|[Vu|*2u;, (7.3.74)
where k > 0, he(t) := eh(%) and h € C*(R™) is such that
0 if te]|0,1
nt) = {0 i e (0] (7.3.75)
t if te[2,00),

with h(t) < t for t € [1,2]. We note that there exists a positive constant C' such that

h.(t) < Cand B! (t) < g forany ¢ > 0.
Then, we have

oV,
S = he(|Vu])|Vu k_2ui- + (k — 2)he(|Vu|)|Vu k=4 Vu;, Vu)u;
oz, (IVul)[Vu| it ( Vhe([Vul)[Vu|"(Vuy, Vu) 73.76)

+ h;(]Vu\)]Vu\k*?’(Vuj, Vu)u;.
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We set B := Bpr(zp) CC €, with rg € Q. Moreover, for 5 >0, yet to be determined,
sufficiently small, we set r := 1 + 0. Since h.(t) < ¢ and h.(t) < C, using a Holder

inequality with exponents (2, -2-) we deduce that

r?2—r
/ OVei
B

Lj

dz < C(k) / (Vu|" Y| D" dx
B\Z,

(7.3.77)

3
< C(k)|B|"" (/ |Vu|2<“>|D2u|2dx> ,
B\Z,

where C(k) is a positive constant. Now we note that it is possible to find 5 close to 1 such
that

-1
2(k:—1)2p—2—5<:>k>pT. (7.3.78)
So using Theorem 7.2.2 we have that
/ WVeil 4u <, (7.3.79)
B | O%j

with C' not depending on e. Moreover

OVei

= h.(|Vul)(Vur, Vu) [ Vul Bug; + (k = 2)he(|Vul) [ Val* (Vi Va)ug;
8xj8xl

+ h6(|Vu\)]Vu|k72uiﬂ + (k — 2)hl€(|Vu\)<Vul, V) |Vl =5 (Vu,, Vu)u
+ (k= 2)(k — D he(|Vu)) | Vulf 5 (Vay, Vu)(Vuj, Vu)u;
+ (k = 2)he(|Vu)) [ Vul*~* ((Vuji, Va) + (Vug, V) u,
+ (k — 2)he(|Vu|) [ Vul" "1 (Vuj, Vu)u;
+ he (|Vu|) (Vuy, V) (Vug, V)| Va4,
+ he(IVul) (Vuge, V) + (Vug, Vag)) [Vul* 5y,
+ (k = 3)h (|Vu|) (Vuy, V) (Vag, V)| Vul =P
+ h;(]VM)(Vuj, V) [ VulF 3.
Since h(t) < t, h'(t) < C and h”(t) < C/t, we deduce that

/ Ve, |
B

6wj8xl
< C(k:)/ IVl 5D D22 da + C(k:)/ V"D D3| da = Iy + Iy,
B\Zy B\

u

(7.3.80)

(7.3.81)
We estimate the term I;. By applying a standard Young inequality we get

p—2—8 2—p+B

h:C(k)/\vur(’f2>\D2u12’"yp2u|u>2u|lyvu\ 21V 5 do
B

(7.3.82)
< C(Qk) / IVulP~?P| D?uf® da + C(Qk) / | V|22 F2mp | D2y A2 gy
B B

Iterating this procedure N-times we obtain

I <C(k, N)/ |VU\p’2*’B|D2u\2 da
’ y y (7.3.83)

’ C(k’m/ (Va2 2R 2T ) D2y i
B
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where G is given by

qo0 = 2T7

and C(k, N) is a positive constant.
For 8 = 1, we get

- —3+2r
p+p ‘

Y
¢ 3
oVp(k—2)+> 2712 -p+p) 20 = k> (7.3.85)

s=1

2Np r

Now we fixed k& > (a + 1)/2. We note that, under assumptions on p (see (7.1.5)), we
have (a4 1)/2 > p — 1. Recalling » = 1 + 4, for any N sufficiently large, there exists
b =146 (]\7 ) > 0, sufficiently small such that G5 < 4. Moreover, by (7.3.85), for any N
sufficiently large, there exists £ > 0 sufficiently small

k>p—1+¢. (7.3.86)

Using Theorem 7.2.2 and Theorem 7.1.3 we get
L <O+ C/ |D?u|i% de < C, (7.3.87)
B

where C'is a positive constant not depending on e.

We estimate the term I>. Using a Holder inequality with exponents (%, 273r> we get

12:/ V| k=2 () |74, 5 (P=240) | D3y " gy
, (7.3.88)

2—r
= 3
(/ \Vu]Q (k=3 (pte)) dac) (/ |Vu|P~2e | D3y ? dac) :
B

We note that for any N sufficiently large there exist ¢ = £(IN') sufficiently small, such that

2 1 1
2jr(k—§(p+a))>l—p = k>%+ é. (7.3.89)

By (7.3.89), using Theorem 7.2.3 and Theorem 7.1.4 we get

L <C, (7.3.90)

where (' is a positive constant not depending on e.
So by (7.3.87) and (7.3.90), for any k£ > (« + 1)/2, we have that

/ OVe
B

ox 7 83:1
where C is a positive constant not dependmg on e.
Since W2 () is reflexive space, there exists V & I/Vl "(€2) such that

loc

T

dx < C, (7.3.91)

VE,;AV fore — 0.

By the compact embedding, V.; — V in L9(2) with ¢ < 2* and up to subsequence
Ve,i — V a.e. in Q. Since V ; — \Vu]k Lu; a.e. in ©, then

V = |Vul"lu; € W2T(Q) € WEHQ).

loc
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In the case f has no sign we cannot apply Theorem 7.2.3. So by similar computations we
get

J

r

OVei
3.Tj81‘l

< C(k)/ (Vu|" =2 | D% da + O(k)/ (V" VD3| de =: I) + Is.
B B

i

(7.3.92)

Now the term I; can be estimated as in the previous case. For the term I, from
Theorem 7.3.3 and for k > (p+a)/2, applying a Holder inequality with exponents (2, 52-)
we get

I = / V| (=3 (00)) | 7y 5 (=240 D3y |7 g
b (7.3.93)

S </ |Vu|22%7(k—%(p+a)) d.’L’) ? (/ |vu|p—2+a|D3u|2 d!E> 2 S C,
B B

where C'is a positive constant not depending on ¢. Proceeding as in the previous case we
get the thesis. O

Using Theorem 7.3.3 we can prove

Proof of Theorem 7.1.2. Let zyp € ©Q and R > 0 such that B := Bagr(zg) CC . Let us
consider ue € u + VVO1 P(Q)) be a solution of

/ (€ + |Vue2)'Z (Vaue, V) dz = / fode Yo e CX(Q). (7.3.94)
B B

We remark that if f € Cllo’f ,(Q), by standard regularity result [68],[101] u. € C3(B). We
fixi=1,...,n and we use ¢; € C>°(Q) in (7.3.94). Integrating by parts we get

/(e—l— Ve 2) 52 (Ve s, Vo) da
B

» (7.3.95)
+(p-2) / (e + ]Vue\z)p?(Vue, Vuei)(Vue, Vo) de = / fipdx.
B B
We prove (7.1.9) in Br(xo). The result will follow by a covering argument.
Fori, k,l € {1,...,n} let us define
(@=1)(p=2) =
¢ = (e + |Vuc|*) 2" Ue i ue pt|* 27, (7.3.96)
where & > 3 and 1 is the standard cut-off function defined in (7.3.7).
So
~ 9\ (@=D(@=2)-2 o &—2 2
Vo= (a—1)(p—2)(e+|Vuel?) 2 D*ucVucte i|ue | > “9
e+ [Vae2) THFE Va2
) p E1)p-2) s , (7.3.97)
+ ( — 2)(6 + \Vue\ ) 2 u67i|u5,kl| 81gn(ue,kl)Vue7kl¢
9 (A=1)(p-2) a9
-+ (6 + ]Vug\ ) 2 u€7i|u€,kl| QT/JVIZJ
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Substituting (7.3.97) in (7.3.95) we get

(a—1)(p— 2)/ (e+ !Vu€|2)¥(Vum-, D?u Vue)x
B

(@=1)(p—2)—2
2

x (e + |Vue|2)
2 p—=2 2 )(P 2)
+ [ (e+|Vue®) 2 |Vue,l (6+|Vu€| )
B

U i|ue | *2p? dz
e p1|® 2% da

(@=1)(p=2)

+(&—2)/(6+]Vue\Q)p;Q(VuE,i,Vue,kl)(e—i-\Vue|2)2 y
B

X e i|ue | sign(ue g )y? dz

(a=1)(p—2)

+2/(6+‘VUG‘ ) (Vugz,vw)(6+|Vue| ) 2 7 ‘d72w de
B

+(@—-1)(p— 2)2/ (e + |VuE]2)%(Vue, Ve ;) (Vie, D*ucVue) %
B

(a-1)(p-2)-2
x (e + |Vu?) ™ 2

+(p—2)/B(e—|—|Vue| ) (Vue,VuE,) (e + |[Vu?)

’d—2w2 dx

1)(
e N

@G- 2p-2) /B (e 1 [Vue®) 7" (Ve Vite ) (Vite, Vatg o)

(@-1)(p—2) .
X (€ +|Vue®) 2 weilue | sign(ue p)9? da

+2(p—2)/B(6—|—|Vu€| V52 (Vate, Ve s) (Vate, Vib)

(a=1)(p—2)

x (e 4 |Vu€|2) 2 ugi\ue’kl\d_zq/) dz

= [ et v in.
(7.3.98)
Summing over i = 1,...,n, we get
~ a(p=2)— G
@=1p-2) [ (e Vu)™ UVl a2 di
2, 22=2) 2 a-2,2
+ [ (e+|Vu*) 2 Ue| “ |t g |* ™ d
B
~ 2\ &2=2) o a—3 - 2
+(04—2)/(6+|Vue| )2 (D ueVue, Vue g) [ue g sign(ue 1)Y° do
B
+2 / (€ + [Vue2) 52 (D*ue Ve, Vo) e a2 da
B (7.3.99)

a(p— 2)

+<d—1><p—2>2/<e+m| )

B

(Vug,D uEVue) |e, kl\a 2y? da

+(p—2) / (e+ [Vud®) ™™ 3 (Vue, Vo) uegal 20 do
B i=1
+(@-2)(p—2) / (e 4 [Vuel) 2" (Vue, D*ucVuue) (Vue, Ve ) %
B

X |u67k1]5‘*3 sign(uakl)w2 dx
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a(p—2)—2

+2(p—2) / (e + ]Vug\Q) 2 (Vue, D2u6Vu€)(Vu€, V¢)|u5,kl|d_2¢
B

(@=1)(p—2)

— / (Vf,Vue)(e+ |Vu5|2) 2 \uakl\d*%p? dr=1I1+---+1g=0
B

Since p < 2, using the Cauchy-Schwarz inequality we get

a(p—2)— -
L =(@—-1)(p-2) / (€ + [Vue) 2 | D2 Va2 e |~ 22 da
B ) (7.3.100)
~ 2y 4e=2) o 9 a-2,2
>(@=1)(p—2) | (e+|Vul?) 7 |D%uc|*|uc | “¢* dx
B
In the same way, we deduce
a(p—2)—2 n G—
I —(p—Q)/(6+|VuE]2)p2 S (Vttes, Vi) uaepa| =22 da
B i=1 (7.3.101)
> (p—2) / (e+\vum““’;”|D2u6|2yue,klyd—2¢2 dx
B
Using (7.3.100) and (7.3.101) in (7.3.99) we get
- a(p—2) S
[(p—1)+(@—1)(p—2)] /B(e V)T [ DuePlue |2 da
<h+DL+1I5+1s
_ a(p—2)+1 G
<(@-2)(p-1 /B (e 4+ |Vael®) ™= [Ducljuep|** Vueml® dr 309y
2\ &=+l o a—2
+(2+2|p—2) B(e+|Vue| ) 2 | D?ueue | * VY Y da
- / VFI(e+ [Vu?) 5 ]2 da
B
Taking p > 2 — % we get
/ (€ + [Vuel?) = | D?uc 2 ue 5202 da
B
B a(p—2)+1 G
<C@) [ (4190 Il Ve lv? do
B
a(p—2)+1 -
+Cp) /B (e [Vue®) 5 | D2ul e a2 (Vb o d (7.3.108)

(@=1)(p=2)+1

+ / V£ + Vue?) 2 202 da
B

where C(&,p) and C(p) are positive constants.
Now we estimate the term I; of (7.3.103). From Proposition 7.3.2 (see also Remark
7.3.4), and using a standard Young inequality we get:

. C(a —2+4a
[1 S ((;’p)/(ﬁ-i-\VueF)p §+ |D2ua"yfl‘D3u£|2¢2 dr
B

C(a, 2a(p—2)+4—p—a < o
S5 / (e [Vue®) ™2 | DPuc P08 702 da
B

S C(% «,p,q,n, f7 R7 HVUHLZOS’C(Q)J d)

C(a, 2a(p—2)+4—p—a .
+E5 / (e+ Va5 D055 da,
B

(7.3.104)
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where a, v are given in Theorem 7.3.3, and C(v, &, p, ¢, n, f, R, [|Vul[ L= (), @) is a positive
constant.

From Theorem 7.3.3 (see also Remark 7.3.4) we can choose o = a(p,0) = 4 — p, and
for 8 ~ 1, we obtain

2a(p=2)+d-p-azp-2-f < p>2- 5. (7.3.105)
For v = 2& — 5, by Theorem 7.2.2, we have that
jl < C(’% a, B,p,q;n, f7 R, HVUHLE’SC(Q)v d) (73106)

We note that, since ¢ > 3+ vy = 2(& — 1) > 4 and p satisfies (7.1.8), we can apply
Theorern 7.3.3. Furthermore, from Theorem 7.3.3, we note that f Wli’cq/ (q_w(Q) =

We estimate the term I». Since p fulfils (7.1.8), by definition of ¢ and using Theorem
7.1.3 we get

b < C(R,ép, IVul e (o) / rDQuEW Ly

(7.3.107)
<Cp.gn [, R [[Vul e @
where C(p,q,n, f, R, |\Vu||Loo (@), @) is a positive constant.
For the term I3, by assumptions on f and p, we deduce
I3 < C(a, p, || Vul| / V|| D?ue |2 da
3 < C(a,p, [[VullLee (@) B IVFIID | (7:3.108)

< C(dvp’ q,n, fv Ra ||VUHLE’;’C(Q))’

where C(a,p,q,n, f, R, HVUHLZ?C(Q)) is a positive constant. By (7.3.106), (7.3.107) and
(7.3.108) we get

&( G ~
/B(E+ ’VUG‘ ) p |D2u€| ’ue kl’ 2¢2 x < C(’)/,Oé b,q,n, va ||VUHL°° a)v
(7.3.109)

where C'(v, a, p, q,n, f, R, HVuHLoo (@), @) is a positive constant.
Let us consider a compact set’ Kk CC B \ Zu. By Schauder estimates we remark that

Hua”czB(K) <C,

where 3 € (0,1) and C is a positive constant not depending on ¢.
Setting now

Vo= (e + |[Vue2) "2 Ve,
by (7.3.109), we deduce V; € I/Vllof‘(Q), and it is uniformly bounded in the space. There

exists V e W (Q) such that
V. =~V fore— 0.

By the compact embedding V. — V in L{, () with ¢ < 2* and up to subsequence V. — V/
a.e.. V. — |Vul[P~2Vu a.e. therefore

V = |VuP~2Vu € W,5%(Q)

loc
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providing the desired regularity result. Let us also emphasize that, by Fatou’s Lemma,
we also deduce that

/ |vu|d(p—2) ’D2u|d dx < C(/y’ a,p,q,n, fa Ra ||vu”L°° (92)» d)a
Br(z0)\Zu foe

where C(~, a,p,q,n, f, R, HVUHL?OOC(Q), &) is a positive constant. O
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