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I wish to report you, that I am still doing physics, but, I must admit, that only

nine hours per day. I still enjoy doing physics, I think, that we made a correct
decision, choosing physics as the way of life. At least I have not felt bored even

a minute in my life. Every time when I put my formulae on the sheet of paper I feel
myself as a young guy from Gribov’s department, who is hurrying up to meet you and
discuss, what I have understood. All our hopes, all our ideas, all our dreams

are still with me and I am trying to share them with young physicists.

Fugene M. Levin [1, 2]
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Abstract

The center-of-mass energies available at modern accelerators, such as the Large Hadron
Collider (LHC), and at future generation accelerators, such as the Electron-lon Collider
(EIC) and Future Circular Collider (FCC), offer us a unique opportunity to investigate
hadronic matter under the most extreme conditions ever reached. In particular, we can
access the Regge-Gribov (or semi-hard) limit of QCD, characterized by the scale hierar-
chy s > {Q*} > AQcp, where /s is the center-of-mass energy, {Q} a set of hard scales
characterizing the process and Aqcp is the QCD mass scale. In this limit, large loga-
rithmic corrections can affect both parton densities and hard scattering cross sections.
The Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach represents the established tool to
resum to all orders, both in the leading (LLA) and the next-to-leading (NLA) approxima-
tion, these large-energy logarithmic contributions. However, it is well known that at very
low values of the Bjorken-z, the density of partons, per unit transverse area, in hadronic
wavefunctions becomes very large leading to the so-called saturation effects. The evolution
of densities is then described by non-linear generalizations of the BFKL equation. Among
these, the most general is represented by the Balitsky-JIMWLK hierarchy of equations,
which is needed to describe the scattering of a dilute projectile on a dense target, or also
the scattering of two dense systems. The dense system condition can be achieved by a

very small-z proton, but is more easily achieved for large nuclei.

It is clear that a detailed comparison with experimental data requires precision pre-
dictions that can only be achieved in the next-to-leading logarithmic approximation or
beyond. We face this task from two different perspectives. On the one hand developing
analytical calculations that allow to increase the theoretical accuracy that can be reached
in predictions, and on the other, by proposing phenomenological analyzes that can be
directly tested experimentally. In particular, within the BFKL approach we calculate
the full NLO impact factor for the Higgs production. This is the necessary ingredient to



study the inclusive forward emissions of a Higgs boson in association with a backward
identified jet. We claim that this result should necessarily supplement pure fixed-order
calculations entering in the collinear factorization framework, which cannot be able to
describe the entire kinematic spectrum in the Higgs-plus-jet channel. The result can be
as well used to describe the inclusive hadroproduction of a forward Higgs in the limit of
small Bjorken x. Moreover, using the knowledge of already known impact factors we pro-
pose a series of new semi-hard reactions that can be used to investigate BFKL dynamics
at the LHC. We investigate all observables used so far to study BFKL, including: total
cross sections, azimuthal coefficients, azimuthal distributions and pp-differential distribu-
tions. In the context of linear evolution, we consider also the problem of extending BFKL
beyond the NLLA. To this aim, we compute the Lipatov vertex in QCD with higher e-
accuracy, where € = (D — 4)/2. This ingredient enters the BFKL kernel at next-to-NLA
(NNLLA) accuracy. In fact, the NNLLA formulation of BFKL requires not only two and
three-loop calculations, but also higher e-accuracy of the one-loop results, for instance, in
the part of the kernel containing the product of two one-loop Lipatov vertices. Finally, in
the saturation framework, and more specifically in the Shockwave approach, we calculate
the diffractive double hadron photo- or electroproduction cross sections with full NLL
accuracy. These results are usable to detect saturation effects, at both the future EIC or

already at LHC, using Ultra Peripheral Collisions.



Sintesi in lingua italiana

Le energie nel centro di massa disponibili ai moderni acceleratori, come il Large Hadron
Collider (LHC), e a gli acceleratori di futura generazione, come I’Electron-Ion Collider
(EIC) e il Future Circular Collider (FCC), ci offrono un’opportunita unica di indagare
la materia adronica nelle condizioni piti estreme mai raggiunte. In particolare, possiamo
accedere al limite di Regge-Gribov (o semi-duro) della QCD, caratterizzato dalla gerarchia
di scale s > {Q*} > AQcp, dove /s ¢ lenergia nel centro di massa, {Q} un insieme di
scale dure che caratterizzano il processo e Agcp ¢ la scala di massa della QCD. In questo
limite, grandi correzioni logaritmiche entrano in gioco sia nelle funzioni di distribuzione
partoniche che nelle sezioni d’urto dure. L’approccio BFKL ¢ lo strumento appropriato
per risommare a tutti gli ordini, sia nell’approssimazione dei logaritmi dominanti (LLA)
che nell’approssimazione dei logaritmi sottodominanti (NLA), questi contributi logarit-
mici. Tuttavia, ¢ ben noto che a valori molto bassi della variabile di Bjorken x, la densita
dei partoni, per unita di area trasversale, nelle funzioni d’onda adroniche diventa molto
grande conducendo ai cosiddetti effetti di saturazione. L’evoluzione delle densita deve
essere allora descritta da generalizzazioni non lineari dell’equazione BFKL. Tra queste,
la pitt generale ¢ rappresentata dalla gerarchia di equazioni di Balitsky-JIMWLK, neces-
saria per descrivere la diffusione di un proiettile “diluito” su un bersaglio denso, o anche
la diffusione di due sistemi densi. La condizione di sistema denso puo essere raggiunta da

un protone ad x molte piccole, ma ¢ piu facilmente raggiungibile per grandi nuclei.

Risulta chiaro che, un confronto dettagliato con i dati sperimentali richiede delle predi-
zioni di precisione che possono essere raggiunte solo nell’approssimazione dei logaritmi
sottodominanti o oltre. Affrontiamo questo compito da due diverse prospettive. Da un
lato sviluppando calcoli analitici che consentano di aumentare l'accuratezza teorica rag-
giungibile nelle previsioni e, dall’altro, proponendo analisi fenomenologiche direttamente

verificabili sperimentalmente. In particolare, nell’ambito dell’approccio BFKL calcoliamo

7



il fattore di impatto per la produzione di un bosone di Higgs, nell’approssimazione sot-
todominante. Questo e l'ingrediente necessario per studiare le emissioni inclusive di un
bosone di Higgs in associazione ad un jet identificato. Crediamo che questo risultato
dovrebbe necessariamente supportare i puri calcoli ad ordine fissato che entrano nella
fattorizzazione collineare, che non posso descrivere l'intero spettro cinematico nel canale
di Higgs piu jet. Il risultato puo essere utilizzato anche per descrivere 1’adroproduzione
inclusiva di un Higgs nel limite di basso z. Inoltre, utilizzando la conoscenza dei fattori
di impatto gia noti, proponiamo una serie di nuove reazioni semi-dure che possono es-
sere utilizzate per studiare la dinamica BFKL ad LHC. Indaghiamo tutte le osservabili
utilizzate finora per studiare BFKL, tra cui: sezioni d’urto totali, coefficienti azimutali,
distribuzioni azimutali e distribuzioni differenziali nel py. Nel contesto dell’evoluzione
lineare, consideriamo anche il problema dell’estensione di BFKL oltre I’approssimazione
dei logaritmi sottodominanti. A tale scopo, calcoliamo il vertice di Lipatov in QCD con
maggiore accuratezza in €. Questo ingrediente entra nel kernel BFKL con precisione suc-
cessiva a quella sottodominante. Infatti, a questo grado di accuratezza, la formulazione di
BFKL richiede non solo calcoli a due e tre loop, ma anche una maggiore accuratezza in €
dei risultati a un loop, per esempio, nella parte del kernel che contiene il prodotto di due
vertici di Lipatov ad un loop. Infine, nel quadro della saturazione, e piu specificamente
nell’approccio Shockwave, calcoliamo le sezioni d'urto diffrattive della foto- o elettropro-
duzione di due adroni con precisione sottodominante. Questi risultati sono utilizzabili
per rilevare effetti di saturazione, sia al futuro EIC che gia ad LHC, utilizzando collisioni

ultra-periferiche.
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Introduction

QCD is the most perfect and non-trivial of the
established microscopic theories of physics.

John C. Collins [3]

Quantum chromodynamics (QCD) is a quantum field theory describing the Strong
interaction, one of the four fundamental forces of Nature. It is based on the non-Abelian
gauge group SU(N,), where N. = 3 is the number of quark colors [4]. Although QCD is
a theory that has developed over a long period through a combination of theoretical and
experimental efforts, its birth year is usually considered to be 1973, when David Gross and
Frank Wilczek, and independently David Politzer, discovered the Asymptotic freedom, i.e.
the remarkable property for which interactions between color sources become asymptot-
ically weaker as the energy scale increases and the corresponding length scale decreases.
From that point on, the continued predictive successes of the theory definitely established
QCD as the theory of strong interactions. However, to date, a full understanding of the

theory has not been achieved.

One of the main aspects that makes the theory tremendously complicated is the Color
confinement: the phenomenon that color-charged particles (such as quarks and gluons)
cannot be isolated, and therefore cannot be directly observed. There is not yet an analytic
proof of color confinement in any non-Abelian gauge theory, but it is well established from
lattice QCD calculations and decades of experiments. The phenomenon can be under-
stood qualitatively by noting that the force-carrying gluons of QCD have color charge,
unlike the photons of Quantum electrodynamics (QED). Whereas the electric field between
electrically charged particles decreases rapidly as those particles are separated, the gluon
field between a pair of color charges forms a narrow flux tube (or string) between them.
Because of this behavior of the gluon field, the strong force between the particles is con-

stant regardless of their separation. Therefore, as two color charges are separated, at some

17
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point it becomes energetically favorable for a new quark—antiquark pair to appear, rather
than extending the tube further. This tells us that the theory, which is asymptotically
free at high-energy (short distance), is strongly coupled at low-energy (large distance).
At high-energy, since the coupling of the theory is small, the interaction processes can
be described through the perturbation theory, we speak in this case of pertutbative QCD
(pQCD). On the other hand, at low energies a perturbative approach is not possible; in
this case, the most common approach is the Lattice QCD (LQCD), based on numerical

calculations on a discretized space-time lattice.

It is clear that, when collision processes involving hadronic particles are experimentally
investigated, both dynamics (long and short distance) are involved. Among the great-
est achievements of pQCD, there are the so-called factorization theorems, which allow us
to separate the total process into a hard part, a cross-section for the scattering of par-
tons computable in perturbation theory, and some non-perturbative parts, encoding the
long-distance dynamics. In the factorization approach, the proton beams are treated as
collections of so-called partons: quasi-free quarks and gluons, whose (non-perturbative)
distributions, the parton densities contain the long distance dynamics and have to be
either fit from experimental data or evaluated using LQCD. Factorization implies that
these quantities must be universal, so that, extracted in a process, they can then be used
for the description of other reactions. Concerning the hard part, in any scattering pro-
cess, at least two scales are involved: the center-of-mass of the whole process, /s, and

the so-called hard scale, ). The hard scale must satisfy the relation
Q2 > AéCD )

where Aqcp is the QCD mass scale, to ensure a perturbative treatment in ag(Q?). Al-
though the perturbative approach is a very powerful tool, it also presents some pitfalls.
Among these, one of the most important is related to the appearance of logarithmic cor-
rections, depending on the kinematic scales involved and entering the perturbative series
with a power increasing along with the order. It is clear that, if in certain kinematics
these logarithms are large, they can compensate the smallness of the strong coupling, .

In these cases, a resummation to all orders of the perturbative series becomes mandatory.

An important example of this phenomenon is related to the cancellation of infrared

(IR) divergences in QCD for IR-safe observables. These are typically dealt with through
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the dimensional regularization procedure, which leads us to divergent quantities of the

type
(@) = 1 + Q" +0(e) , (1)

€
which appear when considering collinear gluon dynamics in the massless quark limit. Here,

€ = (D —4)/2¢. In an IR-safe observable, the pole cancels but the logarithm remain. At
any order in perturbation theory we thus have corrections of the type a” In” Q2. In the the
so-called Bjorken limit, @* — oo and moderately small Bjorken z, given by = = (Q?/s),
the logarithms can compensate the smallness of the coupling constant. The resumma-
tion of such logarithms leads to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi [5, 6, 7]
(DGLAP) evolution equations.

Another situation that can lead to the appearance of large logarithmic corrections is
the existence of a hierarchy among the scales involved. A very famous case is that of the

so-called Regge-Gribov or semi-hard region, where
s> Q%> AéCD )

In this case, the logarithmic corrections are of the type In(s/Q?). Suppose we consider a
proton-proton collision, where the partonic center-of-mass energy is Vs = \/zZ1225, with

x1,2 the Bjorken fraction associated to the two colliding protons, we then have

o (3)-n(2) m(3) =(2)

All logarithms on the right-hand side can be potentially large. Those of small-z appear
in the evolution of parton densities, while those of the ratio §/Q?% in the partonic cross
sections. As we will see, from a physical point of view, they are always related to the occur-
rence of large rapidity intervals. The Balitsky-Fadin-Kuraev-Lipatov (BFKL) [8, 9, 10, 11]
approach represents the established tool to resum to all orders, both in the leading (LLA)
and the next-to-leading (NLLA) approximation, these large-energy logarithmic contribu-
tions. In the BFKL framework, the cross section of hadronic processes can be expressed
as the convolution of two impact factors, related to the transition from each colliding
particle to the respective final-state object, and a process-independent Green’s function.
The BFKL approach has proven to be very robust as it is able to predict rapid growth of
the v*p cross section at increasing energy and its consistent with pre-QCD results from

Regge theory. It is also very powerful, being able to be applied in many different contexts.
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Y =In(1/x) Saturation

—
2

DGLAP

In Q?
Figure 1: The parton distribution in the transverse plane as a function of In(1/z) and

In Q2.

One of the major theoretical problems of the BFKL formalism is its inconsistency with
the Froissart bound, which states that the total cross sections cannot grow in s faster than
k x In® s, with k a constant. This limit is explicitly violated by the power-like behavior in
s of BEFKL-resummed total cross sections. When we refer to the small-x logarithms, the
violation of Froissart bound is physically interpretable as an infinite growth of the gluon
density at small-x. The hadronic systems appears to become a denser and denser gluon
medium, until at some point it becomes infinitely dense. This scenario seems to suggest
that at a certain point some saturation effects must intervene to slow this growth. As
we shall see, these effects are theoretically described by non-linear generalizations of the
BFKL equation. Among these, the most general is represented by the Balitsky-JIMWLK
hierarchy of equations, derived, in the so-called Shockwave approach, by Balitsky [12, 13,
14, 15] and, in the so-called Color Glass Condensate (CGC) approach, by Jalilian-Marian,
lancu, McLerran, Weigert, Leonidov and Kovner (JIMWLK) [16, 17, 18, 19, 20, 21, 22,
23, 24]. These approaches are needed to describe the scattering of a dilute projectile on a
dense target, or also the scattering of two dense systems. The dense system condition can
be achieved by a very small-z proton, but is more easily achieved for nuclei. A schematic
representation of the proton/nucleus structure in terms of its constituents is shown in
Fig. 1.
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The center-of-mass energies available at modern accelerators, such as the Large Hadron
Collider (LHC), and at future generation accelerators, such as the Electron-Ion Collider
(EIC) and Future Circular Collider (FCC), offer us a unique opportunity to test the
theoretical framework illustrated above, investigating hadronic matter under the most
extreme conditions ever reached. This requires making theoretical predictions that are
as accurate as possible and this is exactly the aim of this work. The thesis is divided
into three parts. In the first and in the second part we consider the linear regime, well
described by the BFKL approach. In the first part, we focus on aspects more related to
phenomenology, such as calculations of next-to-leading order impact factors and numerical
studies. In the second part, we focus on more formal aspects related to the extension of
BFKL beyond the NLLA. The third and final part is entirely dedicated to saturation in
which we investigate a new process with full NLL accuracy. More specifically, the thesis

is organized as follows:

e In the first chapter, we introduce the problem of scattering in the Regge limit of
QCD. We briefly describe the pre-QCD approach and then move on to the for-
mulation of the BFKL approach. We first develop the approach pedagogically in
the leading logarithmic approximation (LLA), and then, the chapter closes with a
discussion of the approach in the next-to-leading logarithm approximation (NLLA).

e In the second chapter, we present an example of full NLO computation of an impact
factor. In particular, we consider the forward Higgs boson impact factor, obtained in
the infinite top-mass limit. This is the necessary ingredient to describe the inclusive
hadroproduction of a forward Higgs in the limit of small Bjorken x, as well to study
the inclusive forward emissions of a Higgs boson in association with a backward
identified jet. We claim that this result should necessarily supplement pure fixed-
order calculations entering in the collinear factorization framework, which cannot
be able to describe the entire kinematic spectrum in the Higgs-plus-jet channel. We
corroborate this claim in the third chapter, showing a comparison between fixed-

order results and resummed predictions, in the case of Higgs pp-distribution.

e The third chapter is devoted to the BFKL phenomenology and, in particular, to
the study, in the NLLA, of processes featuring a forward-plus-backward two par-
ticle final state configuration. With particular reference to processes involving the
production of the Higgs boson or of bound states of heavy quarks, we will show

which observables are useful for testing the dynamics of high-energy QCD and what
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are the phenomenological challenges. We will present numerical predictions for all

these observables that can compared with data coming from the LHC.

The fourth chapter focuses on more formal aspects. In particular, we briefly discuss
the NNLLA formulation of the BFKL approach and then we compute one of the
ingredient needed in this construction, ¢.e. the one-loop Lipatov vertex with higher

accuracy in the dimensional regularization parameter € = (D — 4)/2.

In the fifth chapter, we briefly introduce the saturation picture and discuss the non-
linear extension of the BFKL approach in the so-called Shockwave formalism. We

derive, in this context, the B-JIMWLK evolution equation for the dipole operator.

In the sixth and last chapter, we apply the Shockwave approach to the study, in the
full next-to-leading logarithmic approximation, of the cross-sections of diffractive
double hadron photo- or electroproduction, on a nucleon or a nucleus. The results
are usable, to detect saturation effects, at both the future Electron-Ion-Collider
(EIC) or already at LHC, using Ultra Peripheral Collisions (UPC).



Part 1

BFKL in the NLLA: theory and
phenomenology
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Chapter 1

High-energy scattering in the Regge

limit

The effort to understand the universe is one of the very few things that lifts human
life a little above the level of farce, and gives it some of the grace of tragedy.
Steven Weinberg [25]

In the first section of this chapter the Regge theory will be introduced, following
the standard presentations in books [26, 27]; it represents a very general framework in
which to discuss the scattering of particles at high center-of-mass energies. The successive
section is focused on the discussion of the BFKL approach [8, 9, 10, 11}, which gives the
description of pQCD-scattering amplitudes in the region of large s and fixed momentum
transfer ¢, s > |t| (Regge region), with various colour states in the ¢-channel. For this
part, we will follow Refs. [26, 28].

1.1 Regge theory and the Pomeron

Before the advent of the field-theoretical approach to strong interactions, physicists sought
to extract as much information as possible about scattering amplitudes of strongly inter-
acting particles by studying the consequences of a number of postulates on the S-matrix,
whose aby, element is the overlap between the in-state (free particles state as t — —00),

|a), and the out-state (free particles state as t — +00), |b),
Sab = <bout|ain> . (11)
This type of approach is known as S-matriz bootstrap.

25
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1.1.1 The S-matrix bootstrap

The most general postulates, which can be imposed on the S-matrix, are

1. The S-matrix is Lorentz invariant.
This implies that can be expressed as a function of the (Lorentz invariant) scalar
products of the incoming and outgoing momenta. For a two-particle scattering the
most natural choice is to use the Mandelstam variables s, ¢, u. Since only two of them
are independent, a two-particle scattering amplitude can be expressed as A (s, t),

i.e. a function of only s,t (obviously, also other choices are possible).

2. The S-matrix is unitary.
This means that
SST =519 =1. (1.2)

As known, this is a statement of conservation of probability. The scattering am-
plitude, Agp, for scattering from an in-state |a) to an out-state |b) is related to the

S-matrix element by

Sab = 5ab +1 27T54 <Z Pa — Zl%) Aab .
a b

An immediate consequence of the unitary of the scattering matrix are the Cutkosky

rules, which read

2Sm Ay = (2m)"6* (Z Pa— Y pb> D AAl (1.3)
a b c

where p,, p, are the 4-momenta of the particles in the states |a), |b), respectively.
The Cutkosky rules allow to determine the imaginary part of an amplitude by
considering the scattering amplitudes of the incoming and outgoing states into all
possible “intermediate” states. When we consider the special case of forward elastic
amplitude, A,,, we get the famous optical theorem. It states that the total cross-
section for the scattering of two particles in the state |a) is related to the imaginary

of the elastic scattering amplitude by the relation

23mAg (5,0) = (2m)' Y o (pr - Zpb) Aunl = For,  (14)
n f b

where F' is the flux factor.
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3. Analyticity

The S-matrix is an analytic function of Lorentz invariants (regarded as complex
variables), with only those singularities required by unitarity [26].

It can be shown that this property is a consequence of causality'. Analiticity has a
number of important and useful consequences. One is that, combined with unitarity,
it allows to establish the existence of an s-plane singularity structure of the ampli-
tude A (s, t) (there are s-plane cuts with branch points corresponding to the physical
thresholds). Moreover, it enables to reconstruct the real part of an amplitude from

its imaginary part using dispersion relations.

From these postulates, coupled with the spectrum of elementary particles, one can de-
velop a set of conditions for amplitudes. In fact, unitarity relates the imaginary parts of
amplitudes to sums of the products of other amplitudes, and dispersion relations then al-
low to determine the corresponding real parts. To underline the beauty of this approach,
we want to observe that no assumptions about the underlying quantum field theory are
made. All this information descend from fundamental principles of Nature.

As mentioned earlier, this approach uses dispersion relations to reconstruct the ampli-
tudes, which involve integrations over the complex s variable, extending to infinity. This
means that we need to know the asymptotic behavior in s of the amplitudes; this is the

goal of Regge theory.

1.1.2 Regge theory

The Italian physicist T. Regge showed that it is useful to regard the angular momenta,
[, as a complex variable, when discussing solutions of the Schrodinger equation for non-
relativistic potential scattering [30]. He has demonstrated that, for a wide class of poten-
tials, the only singularities of the scattering amplitude in the complex [ plane are poles,
called “Regge poles” after him. When these poles occur for positive integer values of [,
they correspond to bound states or resonances, and they are also important for determin-

ing dispersion properties of the amplitudes.

His methods is also applicable in high-energy elementary particle physics. Regge

theory predicts that, for a great variety of processes, the high-energy behaviour of a

!This connection has a very deep meaning and is discussed, for instance, in the section 6.6 of [29].
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Figure 1.1: Sommerfeld-Watson transformation.

scattering amplitude A (s,t) will be
A(s,t) ~ 50, (1.5)

To find this high-energy behaviour, one must consider the partial-wave expansion of
the amplitude. Through this expansion, the amplitude can be expressed as a series of

Legendre polynomials P, (1 + %),
- 2s
D=3 @+a@)p(1+= 16
.A(Sa ) ZZO( + )az() l( —+ t)’ ( )

where a; (t) are called partial-wave amplitudes. Sommerfeld [31] rewrote this partial-wave

expansion in terms of a contour integral in the complex angular momentum (/) plane as

1 20+ 1 —inl 2
A(s,t)ZQ—Hq{Cdz( (1) g~nte a(”)(l,t)Pl<l,1—|—TS), (1.7)

where a(l,t) and P ({,1 + 2%) are the analytic continuations in [ of the partial waves a,(t),
and of the Legendre polynomials P, (1 + %), respectively. The contour C' surrounds the
positive real axis as shown in Fig. 1.1.

It is important to note the presence of the index 7, called signature, which assumes the
two possible values 1 and —1. The signature means parity with respect to the substitution
cos B; «+» — cos 8;, where 0, is the t-channel-scattering angle. As we will see, the separation
into partial waves with a definite signature represents an important operation for the
development of the BFKL approach.

Now, we need to carry out the so-called Sommerfeld-Watson transformation, i.e. to
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Yac(t)

+— Reggeon

Yoa(t)

Figure 1.2: A Regge exchange diagram.

deform the path C' into the path C’, which runs parallel to the imaginary axis with
R | = —1/2, encircling any poles? that the function a™ (I,¢) may have at [ = a,, (t) and
picking up 27mi x the residue of that pole (see Fig. 1.1). After this transformation, for
the particular case of simple poles (in the [-plane) and in the Regge kinematical region

|s| > t, one finds that

B(t)s*®), (1.8)

where a(t) represents the position of the leading Regge pole in the [-plane; it is not a
fixed value, but rather a function of the transferred momentum ¢. More in general, in the
case of non-simple poles and cuts, the expression of the amplitude in Eq. (1.8) will be
different.

The amplitude given by Eq. (1.8) can be seen as the exchange in the ¢-channel of an
object with an effective “angular momentum” equal to «(t). It is called a Reggeon, and
a(t) is called “Regge trajectory”. A Reggeon-exchange amplitude can be thought as the
superposition of amplitudes for the exchange of all possible particles in the t-channel,
with quantum number determined by those of colliding particles. The amplitude can be
factorized as shown in Fig. 1.2 into a coupling ~,.(t) of the Reggeon between the particles
a and ¢, a similar coupling 74(t) between particles b and d, and a universal contribution
from the Reggeon exchange. The couplings v are functions of ¢ only, and hence, the

Reggeon exchange determines completely the behaviour in s of the whole amplitude.

2In principles also cuts can be presented.
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1.1.3 Reggeization and Pomeron

Now, it is possible to give a formal definition of Reggeization. A particle of mass M and
spin J is said to “Reggeize” if the amplitude, A, for a process involving the exchange in

the t-channel of the quantum numbers of that particle, behaves asymptotically in s as
A o s*®)

where a(t) is the trajectory and a(M?) = J, so that the particles itself lies on the trajec-
tory.

In the large-s limit, a hadronic process is governed by the exchange of one or more
Reggeons in the t-channel. The exchange of Reggeons instead of particles gives rise to
scattering amplitudes of the type of Eq. (1.5). Using the optical theorem together with
the Eq. (1.5) we can obtain the asymptotic behaviour of the total cross section of that
process, which reads

Orop O §O~1), (1.9)

In 1965 Pomeranchuk proved from general assumptions that in any scattering process in
which there is charge exchange, the cross section vanishes asymptotically (the Pomer-
anchuk’s theorem [32]). Foldy and Peierls proved the converse, that is, if for a particular
scattering process the cross section does not fall as s increases, then that process must be
dominated by the exchange of vacuum quantum numbers [33]. It is observed experimen-
tally that the total cross sections do not vanish asymptotically. In fact they rise slowly as
s increases. If we are to attribute this rise to the exchange of a single Regge pole, then it
follows that the exchange is that of a Reggeon which carries the quantum numbers of the
vacuum, called Pomeron (ap(0) > 1) in honour of its inventor Pomeranchuk. The physical
particles which would provide the resonances for integer values of the Pomeron trajectory
have not been identified, but in QCD, natural candidates are hypothetical bound states
of gluons (glueballs).

We want to remark once again that the notions of Reggeon and Pomeron that we
have introduced are not linked to the perturbative approach. From now on, we will be
interested in studying the so-called semi-hard processes in pQCD, i.e. those processes

characterized by the scale hierarchy®

s>t> Noyop - (1.10)

3Here t plays the role of a generic hard scale of the process.
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In this context, we will talk about gluon Reggeization in pQCD and we will construct
the so-called hard Pomeron (or BFKL Pomeron). These objects, which allow us to find
the asymptotic behavior of the scattering amplitudes in pQCD, should not be confused
with the corresponding soft objects which are of non-perturbative origin. The connection
between the two objects concerns only the quantum numbers exchanged in the ¢-channel
and the first condition in (1.10).

1.2 BFKL approach

The BFKL equation is an integral equation that determines the behaviour at high en-
ergy /s of the perturbative QCD amplitudes in which vacuum quantum numbers are
exchanged in the ¢t-channel. It was derived in the LLA, which means collection of all
terms of the type o In" s. This approximation leads to an increase of cross sections. In

fact, calculated in LLA, the total cross o2i4 grows at large center-of-mass energies as

wo
LLA ., (1.11)

Otot Vs’
where wy = (¢?N In2)/72, with N the number of colors in QCD, is the LLA position of
the rightmost singularity in the complex momentum plane of the ¢-channel partial wave
with vacuum quantum numbers (Pomeron singularity). The BFKL equation works also
in the NLLA (next-to-leading logarithmic approximation), in which one has to resum
also all the terms of the type a”™!'In" s in the perturbative series. To derive the BFKL

equation, the Reggeization of the gluon in QCD is fundamental. In this section, first, the
BFKL equation will be treated in the LLA, then the NLLA case will be discussed.

1.2.1 Reggeization of the gluon in pQCD

Reggeization of the gluon in QCD has a very deep meaning. Obviously, it means that

there exists a Reggeon with gluon quantum numbers, negative signature and trajectory
alt) =1+w(t), (1.12)

passing through one at ¢ = 0, but it also establishes that only this Reggeon gives the
leading contribution, in each order of the perturbation theory, to amplitudes with the
gluon quantum numbers exchanged in the t-channel.

Considering an elastic scattering process A + B — A’ + B’ with s > |t|, in which

Sz(pA +p3)2 ) t:(f ) q=PpA—pa, (1~13)
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Figure 1.3: Schematic representation of the Reggeized gluon in pQCD. At Born level it
is given by the exchange of a single gluon in the t-channel, while, at higher orders, it is
represented by the exchange of a certain number of gluons which combine in such a way

as to give the exchange of an octet Reggeized gluon in the ¢-channel.

the Reggeization implies that the amplitude with the gluon quantum numbers in ¢-channel

has the factorized form

e ‘ s a(t) ot ‘ o s w(t) s w®)]
A =T () e s =Tl () +(55) | T

(1.14)
where T, (with P = A, B) represent the particle-particle-Reggeon (PPR) vertices (they
do not depend on s) and ¢ is the colour index. It is not difficult to observe that the
amplitude in Eq. (1.14) is exactly of the form shown in Figure 1.2, in fact, there are two
couplings of particles with the Reggeon and a universal contribution which behaves as s,
The second term between square brackets comes from the contribution of the u-channel®.
It can also be seen that this amplitude is antisymmetric under the transformation s —
u ~ —s, which, in the Regge limit, is equivalent to negative signature.

The analytic form in Eq. (1.14) is the result of an infinite resummation of diagrams, this
means that the pQCD Reggeized gluon possesses a perturbative expansion in terms of
normal gluons (see Fig. 1.3). Each of the terms in the expansion in Fig. 1.3 represents a
term in the w(t)-expansion (or equivalently a-expansion) of the expression in Eq. (1.14).

To give a clearer idea of the Reggeization, we will now extract the Regge trajectory at

‘Since s+u+t~s+u=>,m?~0, we have u ~ —s.



1.2. BFKL APPROACH 33

P1 Y41 n Y41 P1 P1

D2 j2 P2 j2 D2 Dy

Figure 1.4: In (a) the leading order diagram contributing to the quark-quark scattering;
(b) and (c) are the two next-leading order diagrams contributing to the Regge trajectory
in the LLA.

one-loop accuracy. To do this, we need to consider a “reference” amplitude, compute
it at least up to 1-loop accuracy in the high-energy limit and then compare it with the
following expanded version of Eq. (1.14):

a S

(Ahg =T [2 +w(t)In (_—j) +w(t)In (_it)} T+ ... . (1.15)

Let us consider the quark-quark scattering amplitude with gluon quantum number ex-

change in the t-channel (see Fig. 1.4). We choose the momenta of the two incoming quarks

P = ? (1,6, 1) . ph= g (1,6, —1) : (1.16)

and use ¢ to denote the exchanged momentum carried by the gluon in the ¢-channel, so
that

as

q=p1—pr=py—ps and t=g". (1.17)
We are interested in studying the process in the Regge kinematical region, where
2p1-pa=s>t|=q*. (1.18)

We choose to work in the covariant Feynman gauge and the form of the leading order

contribution to the amplitude is

191 . . a — _7: V6ab . _ v
AL = (igtiaten = ule) (L Y it ol arute) . (119

Now, it is important to stress that in the Regge kinematical region, any components of ¢

is small compared to /s, and we can make the replacement®

a(p1 — @)y u(pr) = w(pr)y u(pr) = 20, 2,04 - (1.20)

The normalization of spinors is u' (p1)u(p1) = 2E,,6x,, », -
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This is called eikonal approximation and it is correct when the gauge exchanged particle

is relatively soft. The final result for the amplitude can be written as

1ot a 28 a
%22 =Ll <7) 2/2 (1'21)

where
1—\Lll’l = gt?ié/\y)\l ) FS’Z = gtzn(SAQ/Az (1'22>

are the effective quark-quark-Reggeon vertices.
At this point it is interesting to note that this result could also be obtained starting from
Eq. (1.19) and performing the following replacement in the gluon propagator

g L L 20\ ph 4+ 2pTph 12p7ph 25 ([ ph Py
t t (gLL + S t s t S S ( )

This replacement is known as Gribov trick and represents a general method for extracting
the high-energy behavior of QCD amplitudes in which relatively soft gluons are exchanged
in the t-channel. The application of Gribov’s trick produces an overall factor 2s/t and
it causes the upper (lower) vertex to contract with a term —ph /s (—p¥/s). These con-
tractions generate the effective vertices mentioned above, which are energy-independent.
If we look only at the upper part of the diagram (a) in Fig. 1.4 it is as if the effective
vertex can be obtained by writing the normal quark-quark-gluon vertex and assigning an
“effective polarization” (usually called nonsense polarization), —ph /s, to the t-channel
gluon.

In order to compute the Regge trajectory, we need to compute one-loop corrections the
AlZ'. In the LLA and in a covariant gauge there are no contributions from one-loop
graphs which contain corrections to propagators or vertices, but only from the two di-

agrams denoted by (b) and (c) in Fig. 1.4. We will denote the first as A}, and the

12/

second as Ajs . oss

The “cross” diagram will be obtained form the “box” one by using

the crossing symmetry, i.e.

AlF s = —Alsbox(s = u = —s) . (1.24)

12,cross

Eq. (1.24) requires a number of remarks. As it is easy to observe, when we calculate the
“box” and the “cross” diagram, in general, they have a different color structure. If the
“box” is proportional to

(t°4) i ("t Vim (1.25)

the “cross” is proportional to
(") 55 (£ o - (1.26)
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With these structures, in general the two amplitudes have no definite signature and
Eq. (1.24) is not valid. What is convenient to do is to separate each of the two am-

plitudes into two parts with a definite signature, using the identities

1 1
(t°") i = §[tbata]ji + §{tb7ta}ji ; (1.27)
a 1 . 1 . 1 u 1 "
(t tb)ji - §[t ,tb]ji + §{t ,tb}ji - —§[tb,t ]j'i + Q{tb,t }ji . (128)

Now, the parts of the amplitudes depending on the commutator, as far as the color
structure is concerned, differ by one sign, while those depending on the anticommutator
are equal. If we strip off the color factors, the amplitude of the “cross” diagram is
obtained from the “box” through the substitution s — u ~ —s which produces a global
minus sign of difference in the real part of the two amplitudes. This last minus sign
is compensated with that which comes from the color structure only for the part of
amplitude proportional to the commutator. In the part of amplitude proportional to
the anticommutator, it generates a “fatal” cancellation of the dominant (In(s)-enhanced)
contribution. The part of amplitude containing the commutator, which we will henceforth
refer to as negative signature contributions, dominate in the high-energy approximation
and satisfies the relation in Eq. (1.24). To all orders it produces the behavior in Eq. (1.14).
From now on, speaking of gluon quantum numbers, we will always refer to the part of the
octet with negative signature and will therefore make use of definite parity with respect
to s — u transformation of this contribution.

The “box” diagram can be easily calculated using dispersive techniques. Cutting the

diagram in the s-channel and using Cutkosky rules we have®

S =5 > / Do AL (1) AV (g — ) (1.20)
{f}

where”
Pl dPl, 2\ 572 DD
AP, = LE (%)Dfl(s(zl)a(zg)(%) P (pr+pa— 1 — 1) (1.30)

is the two-body phase space. In Eq. (1.30), [; and I, represent the momenta of the two
“cut” particles. Because of the 67 (p;+po—I;—15), one integration can be done immediately

and we can change variables from the remaining one to the momenta k exchanged in the

6We will always use > (s} to denote the summation over all relevant quantum numbers of the inter-

mediate state.
“We work in dimension D = 4 + 2¢. A non-zero ¢ is introduced to regularize IR-divergences.



36 CHAPTER 1. HIGH-ENERGY SCATTERING IN THE REGGE LIMIT

t-channel; we obtain

- ) 2
(27T>D—2d ko((p1 — k)*)o((p2 + k)7) - (1.31)

Now, it is convenient to introduce the Sudakov decomposition for the momentum k:

dq)z =

B = B+ o + K (1.32)

where k; = (0, k, 0) is a four-vector, completely transverse with respect to the plane
identified by the two light-cone vectors p; and p,. In terms of these variables, the phase

space becomes

S

dd, = Wdadﬁd[’”md(—s(l — Ba+Ek1)é(s(14+a)B +k7)
~ Wdadﬁdl)%lé(—sa +E2)5(s8 + K2) | (1.33)

where, in the last step, we have used that in the kinematics we are interested in
a<l, f<1, K=K =-F (k+¢?=((k+¢>=—-Kk+q7)*. (134
Now, it is very simple to see that %-’4%/22,1/00)( takes the form

2
2 b 4b s 9 D—2 t

S AL box = IOriAy IOy (it (Eithm) (;) W/d klm . (1.35)

Since we are interested in gluon quantum numbers we have to perform the projection on

the negative signature and the octet colour state in the t-channel. This is easily achieved

through the replacement
a 1 a a 1 C (&
(") i — 5(wtbt — %) = 5 (T et - (1.36)

After this, the color structure becomes

1 c c a CA a 1a
§(T )abtji(tbt )kn = _T jilkn > (1.37)

and hence we obtain

(1.38)

DY 2t N dDiQk‘
x Al'2 — Fa, fPa/ - g 5 :
\9-/4127100)( 132 2( 7T) [(277)(13—1) 2 k‘i (q - k?)i

The mere existence of this imaginary part tells us that the full amplitude must be pro-

In (:—‘z) ~In (_it) —ir, (1.39)

portional to
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and hence, we have

2 D—2
ror 0 Sta 5 gt N d kl
A%Q%box - F1/1;112/2 In (;) [ (D—1) /kg 2 : (1.40)

Using the Eq. (1.24) we can immediately write down the full (LO+NLO) amplitude, which

reads

"41 Z "4%/22,;)@( + A%/22,/cross Al z A%/22,£)ox - A%22£)0X<S — U= _8)
_1a S (1) B (1) S a

where
gt N dP2k,

N RN NPT

(1.42)

The last definition is not casual. By comparing (1.41) and (1.15), we understand imme-

diately that, the deviation from one of the gluon trajectory is
g t N dD 2]@_
w(t) ~ w(t) = / 2 . (1.43)

A curious reader might reasonably wonder why the relation w(t) ~ w®(t). It indicates
that we have extracted only the one-loop contribution, w®(t), to the complete Regge
trajectory, w(t). What are the sub-dominant contributions to Regge trajectory, it will
become clear in the next sections when we will discuss BFKL in the NLLA. For the
moment, is important to remind that, although we have made a resummation to all
orders, we have collected, order by order, only those terms in which the number of powers
of a is compensated by an equal number of logarithms of the ratio s/t.

The integral in Eq. (1.43) can be evaluated by using standard techniques for Feynman

integrals, we get

w(t) =

g2t N/ dP- 2]{1 _ _gQNF(l —€) [11(6)]2((?2)6 (1.44)
2 : .

(2m) (-1 (4m)>te  T'(2¢)

From Eq. (1.44), it is easy to observe that, for the gluon, w(0) = 0, hence «(0) = 1; this

shows that the gluon lies on the Reggeon trajectory with its quantum numbers.

1.2.2 The Lipatov vertex

The second key ingredient to build the BFKL approach in the leading-logarithmic approx-

imation is the so-called Lipatov vertez. It is an effective non-local vertex. To understand



38 CHAPTER 1. HIGH-ENERGY SCATTERING IN THE REGGE LIMIT

(a) (b)

Figure 1.5: The two types of diagram which contribute to the imaginary part of the elastic

amplitude, %A%;Ql, at this perturbative order.

its nature, Let us consider the quark-quark scattering again. Let us imagine we want to
demonstrate explicitly that the form (1.14) is correct at two-loop level. If we want to
use again dispersive techniques, cutting diagrams in the s-channel, we should compute a
series of diagrams that we can split into two categories®:

e Diagrams in which the cut goes through one gluon line and two quark lines (see

diagram (a) in Fig. 1.5); we have 25 diagrams of this kind.

e Diagrams in which the cut only goes through the two quark lines (see diagram (b)

in Fig. 1.5); we have 4 diagrams of this kind.

Let us concentrate on the first class for the moment. It is clear that, for this class of

diagram, the contribution to the imaginary part of the elastic amplitude will read®

S i = 3 2 / A5 AT (a1, @) (AT (@ — g, — ), (145)
{r}
where 3 is labelling the additional particle (gluon in this case). Since the gluon can be
emitted by one of the four quark lines or by the ¢t-channel gluon, the inelastic amplitude
A{;,?”U has five contributions. These contributions are shown in Fig. 1.6. Let us start by
computing the diagram (a). Using the Gribov trick for the ¢-channel gluons, it can be
immediately written as

It a 1 c pl7 p275 - % ]_
A%z%(i) - _ermag(T )ab 2PTA’35 <QQuQ1 - CI2)5U] grgfz ) (1-46)

8In analogy with before, we do not get contribution of the form o2 In? (s/t) from graph which consist

of vertex or self-energy corrections on the one-loop diagrams.
9T denoted this contribution with the label “ladder” because (within this order), as we will see, this

contributions are organizable as an effective ladder of pure gluons.
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/
1 P} D1 2 D !

a

q1— q2
S

(d) ()
Figure 1.6: The five diagrams contributing to the inelastic process ¢ +q¢ — ¢+ g + q.

where
AP (go, g1 — @) = g7 (1 — 2¢2)° + ¢"° (@1 + @) — 9”21 — @2)°

is the tensor structure appearing in the triple-gluon vertex. Now, we introduce the usual

Sudakov decomposition for gluons momenta:
¢ = Bupr + g P2+ q11 G2 = Bpp1 + g2 + @21 - (1.47)
The dominant logarithms come from the region where
1> By, > By, 1> |ag| > agl, th=¢=-3", t=¢g=-0. (149
It is easy to understand that the first three conditions automatically imply also that
1> By — B4 >0, 1>y —ay >0, (1.49)

and hence the three particles through the cut are strongly ordered in rapidity. This
kinematical constraint is very important and it is known as multi-Regge kinematics.

From the on-shell condition of the emitted gluon, we also have

(Q1 - Q2)2 = _ﬁtha(JzS - ((71 - @)2 =0 = ﬁ(IlOé(IQS = _((Tl - 62)2 : (150)
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That said, we understand that
P1,oD2,5 4 pso " ; 3
2= PS 20 APO (2, 1 — q2) = =g, 05 — By + (1 + ¢2)7 (1.51)

and hence
1/ 2’ a 1 c * o o 1
A = 231—‘1’159(7—‘ )abEg [aqu2 + Bthpl - (Q1 + q2) ] 1—‘2’2 (152)

Let us now consider diagram (b), we first observe that the quark propagator appearing

in this diagram, in the multi-Regge kinematics, can be approximated as

iy — @1+ Q) ip
(P1— @ +Q2Z ~ P ’ (1.53)
(p1 — @1+ q2) Olgy S
where p = v#p,. The approximation in (1.53) is justified by the fact that any components
of q1 —qo is negligible compared to the longitudinal component of p;. After this observation

is clear that, by using again the Gribov trick for the t-channel gluon propagator, we get

o B 12941 1 B
ALY = Ot 25001 — ) 2o oes [ 228 Lat+ ) Zutp) . (150
Q2

The diagram (c) is computed in the same way, but with respect to the previous one it has

a minus sign and the color structure in front is (¢°t%);;t5,,. The sum of the two gives

~

3 '3 agc cya a — ﬁQ 1 2p 1 1_ P2
-/4%22(17 "4122(0 (t92° — %) jity, 25 gu(p1 — ql);u(m) 9¢, [ : ] t—u(pg +€I2)?U(p2)

t Qgy S
| 291, 1
= 2sI'Y Tc - s, . 1.55
51119( Jab 0|: oquS]tz 2/2 (1.55)
The sum of the two remaining diagrams, A}2% + A%, can be obtained from (1.55) by

adding a minus sign and performing the substltutlon. P1 > Po, t1 > tg, a0 <> —fB1. The

contribution is

1 2p3ts ] 1
Al + AZE = 25T — g(TC)ab j;[ §2 2} —I%, . (1.56)
q1

Hence, the complete inelastic amplitude AL is

1 c * o 2t2 o 2tl p 1
A%223 = 23P1'1 9(T)apey, {p2 <04q2 - _> + D1 (ﬁcn - E) — (@1 + QQ)L:| EFSQ

t ﬁ(hs q2

1 . 1
= QSFT,lag(Tc)abegC (qQ,ql)gFg,Z : (1.57)
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The structure in the middle of the two propagators,

%Cb(Qh Q2) = g(TC)abai;C"(qg, Q1) ) (1-58)

is the previously mentioned Lipatov effective vertex and its structure is schematically
represented in Fig. 1.7. Defining k& = ¢; — ¢2 and re-expressing the Lorentz structure

inside the Lipatov vertex in terms of scalar products, we obtain

(ol a

ag g g p p
Cqz: 1) = —¢7L — 451 — 21)1—1k (ki - ZQ%J_) + 2p22« 2 (ki - QQSJ_)
o O‘+ O‘( Q% +2p2k) a( q% +2p1k) (159)
=—q —q p -Dp . .
! 2 ! pr-k  pi1-pe 2 p2-k  p1-po

Before proceeding further, let us take a little digression to discuss some properties of the

vertex. It is simple to observe that
C’U(qQ,ql)k:g =0 s (160)

which means that the vertex is gauge invariant.
In physical light-cone gauges, the vertex simplifies considerably. Let us choose the follow-
ing gauge:

e(k) -po=c(k)-k=0. (1.61)

From the first condition (k) has no p; component, the second automatically fixes the one

along py and we have

gl kJ_
£o(k) = €1o(k) — P20 1.62
(k) = 210(F) = par = (1.62)
Using (1.62), we find the form of the Lipatov vertex in this gauge,
c _ c * o " ZQ%J_
’yab(QM CI2) - g(T )abgg qiy. — kL ]{ZQ . (163)
1
In the light-cone gauge defined by
e(k)-pr=¢k)- k=0, (1.64)
the vertex becomes ,
¢ N 2q
Yap(q15 @2) = 9(T) ave, [QM + kik—ﬂ : (1.65)
1

Let us now return to the calculation of the imaginary part of the elastic amplitude
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a a
a1 — G2 qa— G
_|_ (12+

+ .
P2 P2 P2 b )
2 7 2 P m Py
a
+ + q1 = "}/ ¢
= ab
q2 +
P2 P2

Figure 1.7: Schematic representation of the Lipatov effective vertex.

(Eq. (1.45)). First of all, we have to compute the contraction between the two Lorentz

structures appearing in the Lipatov vertex!?,

2 .2 2 .2
C (e a)Cold — o — 1) = 24° — e —aia (@ —-9ien, 166
(92, 01)Co(q — 2,4 — q1) q; (@ — )2 (1 — )2 ( )

In the last equation we have neglected the longitudinal component §,(c,) of the net
transverse momentum exchanged in the ¢-¢ scattering, with respect to 5, (cy,). As for

the color structure and other factors, we have

232965>\1>\1,5,\2,\2,
fabcfdec(tdta) 'i(tetb)kn . (167)
a2 (@ — )2 (g2 —q)} ’

Performing again the projection on negative signature and ¢-channel color octet through

the substitution:
1
(E o = S (E4 = £ (1.68)
we get
_ 529500, Oron, C%
43,43, (¢ — )3 (g2 — @2

For the imaginary part of the elastic amplitude, we get

(€%)55 (¢ e - (1.69)

2 65 5
o~ A1 ST O Ny 2 40 a
\SA12,1adder = - 5 Ca(t)i(t" ) kn

10Recall that Hermitian conjugation requires the reversal of the direction of momentum in the right

hand effective vertex.
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1 (2 — @)1ty (@ — )i,
X | dP @ — — . 1.70
/ @63 (0 — 92— )2 [ Tl (-l )
Now, we can write down the three-particles phase space in terms of Sudakov variables of
0 and g, 1 2
s _ _
A5 = (s (5) dBudBnday, day,d® g d" g,
X 0(—0igy 5 + 71 )0(Bys + 651 )0(= By o5 + (@1 — @2)1) (1.71)

and obtain!!

6 2 (1a a 1
o 5G°0ax, Orany, CA (1) i (1) kn ag .
SAlstadder = — = 8(2272?)21)‘3 : s 5;1 A" d” g1

@

1 1
2 (-9 (2—-92 dile—-0  (a-e)? E(a-9i(a-—qe)? 1ro)

The first term in the previous expression looks promising, in fact, since the two transverse

X

momentum integration are decoupled, we can easily obtain a factor w?(t). The other
two terms, on the other hand, are far from promising, but we still have to include the
contributions that come from the second family of diagrams (see (b) of Fig. 1.5). Let us

consider the diagram (b) of Fig. 1.5, we have

%22(b) - Z/dq)ZAlQQbOX Q2)A%22 (q - C]2)
{f}

Sg 5A1/\1/5)\2)\2/0At]z kn ( S )/ D—2 D—2 1
16(27)2D-3 —t G (@ 0@ — ) L73)
1.73

The last equality in Eq. (1.73) is obtained by exploiting the expression for d®,, as in

Eq. (1.33), but in terms of the Sudakov variables of ¢ and expressing the Regge trajec-
tory w(q3), contained in A} (g2), as an integral over the variable ¢;'%. Another point
that needs to be clarified concerns In(s/(—t)). We have only considered the real part of
the A2 “box amplitude, which is dominant in the high-energy limit. However, the reader
may be confused by the fact that, if we keep full amplitude, it seems that AL acquires
an imaginary part, which is absurd since it is real by definition. The illusory presence of
this imaginary part is due to the fact that we are taking all contributions through the cut

separately. If we put all the diagrams together, a contribution will also appear where the

" The motivation for the bounds in the integration over B; is that, in the kinematic region we are

interested in, 1 > B > (s > 0.
12 As usual, we also project on negative signature and t-channel color octet.



44 CHAPTER 1. HIGH-ENERGY SCATTERING IN THE REGGE LIMIT

box is to the right of the cut and its imaginary part will remove exactly the one previously
mentioned.

The diagram in which the “box” is replaced by the “cross” gives exactly the same contri-
bution, while, it is simple to observe that the contribution of the two diagrams in which
the single gluon is at the right of the cut are obtained by the exchange ¢; <+ ¢2. In this
way, we obtain that the total contribution due to the four diagrams in which the cut

crosses only the quark lines is

ccAV2 _
JAlQ,unladder -

8965)\1)\1/ 5)\2)\2/ Cit?zt%n In i
3(2m)203 t

1 1
x [ dP g dP gy, + } : 1.74
/ ' A (-2 —w)?  E -0 (n—@)? (1.74)

This contribution exactly cancels the “unwanted” part in Eq. (1.72). Finally, we obtain
that the imaginary part of the two-loop correction to the amplitude ALY is

G A20) _ ~59%0010,, 00ny CA) i (1) b
Sy = 8(27T)2D73

X /1 —dﬁql dP2q . dP gy, { a } . (1.75)
15 Ban i 2 (o — )2 (2 — )3

With few efforts, we can rewrite this as

197 t 2
%A}; @ = Lf/1§ g/z% {—QW In (%)} : (1.76)

We can use dispersion relation to reconstruct the full amplitude. First, we observe that
the term in the square bracket is the imaginary part of In*((—s)/(—t)) and then we add
the contribution coming from the crossed diagrams in which s is replaced by u'3:

1o/ t 2 —
Ay ® =T, Sa% [ln2 <—‘;) +In? (it)} . (1.77)

This is exactly the third term in the w(t) (or equivalently ay)-expansion of Eq. (1.14) and
it therefore confirms the Reggeization ansatz up to 2-loop. It is important to note that it
was necessary to include the contribution of diagrams in which the gluon does not pass
through the cut. In the context of this dispersive technique, the contributions obtained
when the gluon is cut, are generated by the interference of two inelastic amplitudes at

tree level, while the contributions in which the gluon is not cut can be interpreted as

13 As usual, the minus we get from the factor s t hat goes in u = —s is compensated by a color factor

and hence the net effect is only in the sign inside the logarithm.



1.2. BFKL APPROACH 45

coming from radiative corrections to the inelastic amplitude at the previous perturbative
order. The systematic inclusion of these terms, to all orders in perturbation theory, will

be discussed in the next section.

1.2.3 Multi-Regge form of the inelastic 2 — 2 + n amplitude

In this section, we want to establish the last ingredient that allows to construct the BFKL
approach, i.e. the general form of the inelastic 2 — 2 4+ n amplitude in the Regge limit.

This form is a generalization of the one appearing in Eq. (1.57).

A useful gauge trick

Let us once again consider the five diagrams that contribute to the Lipatov vertex, Fig. 1.6.
Let us imagine that we remove the lower quark line, we are left with the three diagrams
corresponding to the emission of a gluon either from the upper quark lines or from the
central gluon. In the sum of these three diagrams, all but the bottom gluon are on-shell
and this means that we have the Ward identity

11) 1()) ~ pzMz((h,QQ) = —ai(IuM (QhQZ) . (1-78)

q2

BMI(q1.0) =0 = A"

The second implication is correct as the py-component of M is negligible. Now, since
in the eikonal approximation M has no transverse component from diagrams (b) and
(c) in Fig. 1.6, the only diagram contributing is (a). Now, we can repeat the discussion

removing the upper part of the diagram and obtain

N (q1,q2) =0 = Aif{zw 1;+1(()1) ~ p/fNZ<Q17Q2) qu./\/' (q1,62) (1.79)

By
where N is the analog of M for the lower line. Now, since in the eikonal approximation
N has no transverse component from diagrams of the type (b) and (c¢) in Fig. 1.6, again,
the only diagram contributing is of the type (a). This observation is very important,
because it means that we can organize the structure of the amplitude in (1.57), in such a
way to make only the genuine ladder-type diagram contributing. Let us be more precise,

the amplitude is
/3 1 Tey o 1 20005\ L, 1 1
Al %= 231—‘1'1 9(T) e, C (Q2>CJ1)_F3/2 = 2s <#> th9(T° )ab€grw(q1,q2)—rg/2 g
31 lo s 31 to
(1.80)

where we have defined the quantity

Yod 2p 5 p vV o
V(a1 a2) = %C (42, 1) - (1.81)
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24}

s Bq;

\/7‘11+1L
aqz+1

Figure 1.8: Schematic representation of the gauge trick.

® 1N

In the last equality in Eq. (1.80), we have isolated the factors p; , and p,, appearing
in the previous Ward identities. From the previous discussion, it is clear that, the same
amplitude must be obtained considering only the diagram involving the triple gluon vertex
(i.e. —A,,7(q2, 1 — qo) instead of '], (q1,¢2) in Eq. (1.80)), but performing at the same

time the replacement

(2p‘fp5> R (2611161&) . (1.82)
S 6(110‘425
Hence, we must have
2611 95 1 L
A123_ 23( 1L M) =g aben A, (2,1 — q —T5 .
B(halbs lltl ( ) " ( e 2>t2 ¥

By substituting the explicit expression of A7 and using the Sudakov decomposition for
momenta ¢; and ¢s, we can verify the relation explicitly. After a bit of algebra, we find

1
1 2 = 23F1,1 9(T)ap
a1

2ty 2ty (5, —d5)) 1
X * g _ _ _ g A - e _ (o F ,
o {pQ <aq2 5q15> s (6% O‘qzs) @+ )+ B Qgys (2~ ) z

We recover exactly the same expression, apart for a gauge term that evidently Vanlshes

because
g1 — @) =e(a1 — @) (@1 — )’ =0. (1.83)
We have therefore established that, apart from a gauge term, the following equality
2p1P5 o 290,45
! 2F a1, q2) = 1 MA S (@2, 1 — @) (1.84)

6% anS

holds. In the next section, we will need this relation applied to the i-th vertex of the

scale, i.e.
2py" Py’ 24,1 d;4 11
o , R — | i1, Gi it1) - 1.85
s Wil (ql q2) 5qi@qi+13 Wil (q +1, 4 — ¢4 +1) ( )

A schematic representation of this trick is shown in Fig. 1.8.
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b1
+ q1

Verin
D2 + Qn

Figure 1.9: Schematic representation of AL2 "2,

Proof of multiperipheral form of inelastic amplitude a la Gribov-Levin-Ryskin

In this section, we want to prove that the inelastic 2 — 2 4+ n amplitude, generalizing

Eq. (1.57), assumes the following form:

rop - 1) 1
1'2"4n c P; ) ) - Cn+1
Ags = 2s1) (1:[ 'chﬂ(%, q”l)ti) tn+1r2'2 ) (1.86)
which is schematically represented in Fig. 1.9. As a first observation, we note that the
eikonal approximation we have illustrated in the section 1.2.1 holds for particles of any
spin and therefore also for gluons. In this case, it is still valid at every central vertex due

to the strong ordering in rapidity required by the multi-Regge kinematics, i.e.
—1 —1
1> /qu' > /BQi-H > ? ) 1> |QQi+1| > |QQi| > ? : (1'87)

To prove the form (1.86), we will follow the elegant derivation in [34]. Consider the
amplitude for two quarks to scatter into two quarks plus n gluons. As described before, if
we cut the iy, vertical propagator the amplitude is split into an upper part M, (p1, ¢1, ..., ¢)
and a lower part N, (p2, ¢, ...,qn) (see Fig. 1.10). As seen in the previous sections, the

following two Ward identities
@My = —Buph M, @\ N, = —agpiN, (1.88)

hold. This means that we can replace the numerator of the cut gluon propagator by

2qﬁq¢i

) 1.89
By g ( )
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DO0000000"
qi %
qi v
000000000,
N -
000000000,

Figure 1.10: t-channel cut of the amplitude ALZ*".

It is evident that this procedure can be repeated for all vertical gluon lines and we
can perform the same manipulations. Therefore, we end up with an amplitude that is a
genuine uncrossed ladder in which the metric tensor in the propagator (approximated a
la Gribov) can be written as (1.89).

We can associate a factor \/gqﬁ /g, to the top of the iy, vertical gluon line and a factor

\/gq;l /B, to the bottom of the same line. In this way, the amplitude immediately

becomes

19 4 c - * ) 2q’ftiq:l 1L o 1 1 Cn
1o =250 (H(—g)%Tmemf‘uw/(qm,qi — i)y | T (190)
i+1/G; v n

Using Egs. (1.81, 1.85), we obtain exactly the result (1.86).

Genuine gluon ladders only

Everything we have shown works if, when the gauge trick is applied to the ¢-channel
gluons, the only dominant diagrams are the genuine gluon ladder contributions (see
Fig. (1.11)). Each of the diagrams contains multiple terms, we focus on a few of these
to demonstrate the suppression mechanism of non-genuine contributions. Since they are
useless for the purposes of the discussion below, we neglect color factors.

Let us start by considering the diagram (a), we are going to focus on terms proportional to
oi1_ oy oic1

p1 'pyt and ¢; ') q7; . The upper vertex of the diagram has a contribution proportional

to

244,97, ¢ _ |
i (i + ; L v Tic1y _ . - ’
qu‘ﬂat]is 9 (q v ) qu,lOéqiS <ﬂq171p1 ) Bq2*1p1
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Figure 1.11: The diagram (a) represents the genuine ladder contribution, while, all other

contributions are the non-genuine ones.

while the lower has a term of the form

B 297,971, , 13

3 . s Gro (@i + Qis1)7" ~ m(aqiﬂpgi) = g, D5 -
qi —qi+1 qi;—"qi+1

In the last two equalities of previous expressions we have used that £, , ~ —£='*. The
i

total contribution goes like
[CPR VY iy (1.91)
The transverse contribution can be immediately extracted and goes like

t t Oi— (ox Oi— g
( ) ( ) qi—lj_qi—&-lj_ ~ qi—lj_qi-i—lj_ : (1.92)

Boi1 Qg /B‘Iia‘ZH»IS

We must also note that we have a propagator of the order
1 1 1

—2 ~N - —
4; t 6%‘—10@18

Let us move to diagram (b). We observe that, when we work on a genuine ladder, we are

(1.93)

always dealing with terms of type

2¢;1 45,

il 1411 o,

- Au,.yi’(%ﬂa ¢ — Qit1)
Byt 18

14Please note that these relations come from the on-shell conditions of outgoing particles.
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Mi Vi
24314400
B%‘Oéqzdrls

Unlike this, when we work with crossed ladders, the momenta entering the upper and

[ =G (G + @i1)7 + 95260 — Qi1 )v, + 95 (20541 — @), - (1.94)

lower vertex are not simply the “closest neighbors” ¢; and ¢;;1. The generalization of

formula (1.94) in this latter case is

B QQﬁqﬁ o

Ba; Qq; S "

(QjaQi - Qj)

nov
24,195,
Ba,0tq;

By using this formula, we are able to see that the diagram (b) has a contribution propor-

=9 (@ + @) + 9720 — @) + 95 (205 — @i)u] - (1.95)

tional to

/B(Ii ? 0;—1_0; 1 96
ﬁq 6q¢710‘qz‘+1p1 by - ( : )
i—1

We immediately realize that Eq. (1.96) has a suppressing®® factor (3,,/8,,_,)? with respect
to the corresponding term in Eq. (1.91). Furthermore, also the propagator is strongly

suppressed, in fact

1 1 1 < 1 (1 97)
@'2 (Qi—l + Giv1 — %)2 /Bq'i—la‘thlS B‘h‘flalﬁs ' ‘

We now pass to diagram (c), it is obtained by the contraction of two triple gluon vertices
and the usual “effective” polarization of ¢-channel gluons. We can easily find that it has

a contribution proportional to

ﬁi g;— g;
. qifﬁ_qiiu_ ) (1.98)
6(]7271
which again has a suppression factor and, moreover, the gluon propagator in this case
gives
1 1 1
— < . (1.99)

(i1 = Gir1)* Qg Bays  Batgs
The last diagram is (d); since in this case we do not have a propagator, we can multiply
and divide by a factor t in such a way as to make the factor related to the denominator

equal to that of (a). In this way, we obtain a term of the form

t 8.
By s~ g 1.100
ﬁqiflaquS(bilJ_Ql_lL s G119 -11 > ( )

which has the usual suppression factor.

15Remind the strong order in the Sudakov variables in Eq. (1.87).
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Figure 1.12: Diagrams involving fermions.

Absence of fermions

Another important point is the absence of diagrams containing fermions (see Fig. 1.12).
The reason for this absence is to be found in the fact that a particle of spin 1/2 is being
exchanged in the t-channel. A particle of this spin generates a less strong s-dependence
than that of a spin one boson such as the gluon.

We can understand this suppression as before. In the case where fermions cross, (b) in
Fig. 1.12, or are produced by the splitting of a single outgoing gluon, (c¢) in Fig. 1.12,
we certainly have a suppression factor coming from a propagator. For the diagram (a) in

Fig. 1.12 a simple computation shows that we have again a suppression factor of 5,,/5,, -

Reggeization in all sub-channels

In the previous subsection, we constructed the tree-level amplitude for two quarks to
scatter to two quarks and n gluons in the multi-Regge kinematics. This amplitude,
multiplied by its complex conjugate and integrated over the phase space of n+ 2 particles
will contribute to the imaginary part of the amplitude of the Reggeized gluon. Obviously,
as seen explicitly in the section 1.2.2, this is not sufficient to reconstruct all the dominant
part of the amplitude in the high-energy limit. In fact, in the two-loop calculation it is
necessary to insert some corrections in which the cut only goes through the two quark

lines. It is important to find a systematic method of including these loop corrections in
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Figure 1.13: In the upper diagram the contribution to the order ¢® which is obtained
from the square of the amplitude A{QQ/”. In the bottom diagram, the contribution to the
order ¢® in which one gluon is not cut. This contribution can be included by reggeizing
the corresponding propagator in the amplitude A%lzm .
our generalized form for the amplitude in Eq. (1.86).

Let us start with a very simple observation. If we focus only on the real part of the
amplitude A4%" (which is dominant in the high-energy approximation), the Reggeization

ansatz in Eq. (1.14) becomes

g o 28 (s w(t) ;
Basically, it can be obtained by the following replacement in the ¢-channel gluon propa-
gator
s V(Sab s V(sab w(t)
Wl " 2y (1.102)
t t —t
Now, the crucial point of the whole Reggeization is that, including these loop corrections
is equivalent to Reggeize all the t-channel gluons in the inelastic amplitude A{QQUF”, i.€.
performing the replacement
11 (s\°"
- — = (—) (1.103)
ti ti SR

in Eq. (1.86), where s; is the center-of-mass energy coming into the iy, section of the gluon
ladder and we have introduced a scale s which is of the order of —t. The scale sp is

irrelevant in LLA as its variation produces sub-leading effects.
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Therefore, the final multi-Regge exchange amplitude for 2 — 2 + n is'®

19/ - P Si W(ti) 1 1 Sn+1 w(tn+l) c
RAZ ™ =255 | [] 25 (@ qinr) (g) n ( ) TS5t (1.104)
=1 g

lny1 \ SR

A proof can be achieved, in the LLA, using Regge theory techniques, exploiting unitarity
in all possible final state sub-channels. We will not delve into the intricacies of this proof,
but we want just to give some intuitive arguments. Previously, we proved the Regge form
of the scattering amplitude for two quarks to two quarks up to the order ¢® (2-loop).
Suppose we want to consider the order ¢® (3-loop), for sure we will have to consider the

inelastic amplitude

1ot ]_ S1 w(tl) 1 S9 w(tz) 1 S3 w(t3)
Al 2'34 -9 FC} (=2t Py ’ — | 2= P ’ — | 2= FC§ )
12 S 1’1 tl SR fyc102 <QI Q2> t2 SR 76203 (Q2 q3) t3 SR 22
(1.105)

An immediate observation is that, if we perturbatively expand the Regge factors up to
the non-trivial first order, we find a term of order ¢g* plus three terms of order ¢°. When
we square and integrate over the phase space this 2 — 4 amplitude to reconstruct the
contribution to the imaginary part of the 2 — 2 amplitude, only the term of order g*
in Eq. (1.105) will produce a term contributing within ¢® (see top diagram in Fig. 1.13).
Hence, the Reggeization of this contribution will only impact the next perturbative order.
Now, let us take a step back and look at the form of the inelastic 2 — 3 amplitude, we

have

1/9'3 1 S1 w(t) P 1 S9o w(t2)
12 = 23{?1; (_) ”YcllcQ(Q1>fJ2)t_ <_) F% . (1-106)
1 \SR 2 \ SR

Obviously, as before, this form contains a factor ¢® as well as two factors ¢°; this means
that, when we square we produce four interference terms which are of the order ¢® and
will impact in our 3-loop computation. A schematic representation of some of these terms
is presented in the bottom diagram of Fig. 1.13. These terms reproduce exactly the
corrections of order ¢g® which, using this dispersive technique, would have been obtained
from diagrams in which a gluon is not cut. There is therefore a reshuffle, which allows
us to automatically generate the contributions in which there are loops that are not cut
when the 2 — 2 amplitude is dispersively reconstructed using Cutkosky’s rules.

Let us look more closely at the contribution in the bottom of Fig. 1.13 and study the

16Tt is important to observe that this simple factorized form is strictly valid only for the real part of
the amplitudes. However, as we will see, only the real part is important within LLA and NLLA accuracy.

The real part will be implied in subsequent formulas in which we remove the symbol .
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b1 P1—q1
é *ql }31 = (pl - QZ)2
0 * q1 — 42

Figure 1.14: Upper section of the diagram in which one gluon is not cut.

section of the diagram shown in Fig. 1.14. In this section of the diagram, the momentum

exchanged is ¢; and the energy available in the center of mass is
s1=(p1 — 2)? = —argys . (1.107)

This energy is much lower than s, but is much greater than the typical transverse scale

sg that we introduced, in fact
1 1

1
ﬁ_ql (_6q1aq28) ~ ﬁ_ql(_t) ~ ﬂ_qlSR . (1108)

We therefore have a scale hierarchy which, in the spirit of Reggeization, will produce

51 Y —Qg,S =

logarithmic corrections of the ratio s;/sg. To all orders in perturbation theory, the effect

will be to Reggeize the propagator with momenta ¢, i.e.

w(t1)
11
N (i) , (1.109)

tq E SR

Obviously, the same reasoning extended to all subsections of the ladder, leads us precisely
to the form in Eq. (1.104). The final form of the inelastic amplitude, schematized in
Fig. (1.15), it is therefore a “half ladder”, whose vertical gluons are themselves Reggeized

gluons (and therefore they are themselves an infinite superposition of diagrams).

1.2.4 BFKL equation

Let us now consider the BFKL equation in the LLA. Instead of directly considering the
Pomeron channel, i.e. imaginary part of the forward-scattering amplitude (¢ = 0 and
vacuum quantum numbers in the t-channel), we will keep more general. Indeed, it should
be noted that the BFKL approach gives the description of QCD-scattering amplitudes in

the region of large s, for any fixed momentum transfer ¢ (i.e. not growing with s) and for
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Figure 1.15: Schematic representation of Ai/f/*” after we include the Reggeization in all

sub-channels.

various color state exchanges in the ¢-channel.
The imaginary part of the scattering amplitude AL? (of the process 1+ 2 — 1’ +2') in

the s-channel can be written, using the Cutkosky rules (1.3), as
1S - S
SAY =530 / A (A dos (1.110)
n=0 {1}
where Aﬁg*” is the amplitude introduced in Eq. (1.104) for the production of n + 2
particles having momenta k;, with i = 0,1,....,n,n + 1 (we set p; = ko and ps = k,11),

d®,, .o is the element of the intermediate particle phase of space, >  Ineans sum over all

the discrete quantum numbers of the intermediate particles (see Figure 1.16).

Kinematics

As before, we introduce the light-cone vectors p; and p, (p? = p3 = 0), so that the center-
of-mass energy is s = 2p; - po. Using the Sudakov decomposition, the momenta k; can be
parametrized as

ki = Bip1 + aupa + ki, siBi = ki — k7 = k7 + l;f. (1.111)

To extract the dominant contribution (~ s) in Eq. (1.110) we should rely on the MRK.

By definition, in this kinematics, transverse momenta of produced particles are limited
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Figure 1.16: Production of n + 2 particles in the multi-Regge kinematics

and their Sudakov variables a; and ; are strongly ordered in the rapidity space, having

8017

Qpy1 > Oy > Qp_q... > Qg Bo > 1> Po... > Bpaa - (1.112)

In this case, we have that

L2 L2 .
0 n+
Qpy1 > 1, Bop~1, and Qo ~ B = .

(1.113)

In the MRK the squared invariant masses s; ; = (k;+k;)? of any pair of produced particles

i and j are large (see Fig. 1.16). In particular we have

B
Bi

The momenta ¢; of the t-channel Reggeons can be expressed as follows:
i—1 i1 i1 i—1
TRV SUEE (B ) PR 0 o) P o0
J=0 Jj=0 j=0 j=0
n+1 i—1 i—1 i—1
= (Z 5;‘) p1— (Z aj) pr= Y ki~ Bipr—iipr = kjo
j=i 5=0 §=0 5=0

1"Differently from the previous section, we give the definition of multi-Regge kinematics in terms of the

(K2 4+ k2) . (1.114)

Si—1i = Si = (k=1 + ki)® ~ sBiiq; =

(1.115)

longitudinal Sudakov variables of the outgoing particles. The two sets of conditions are fully equivalent.
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where we first used the conservation of momenta along p;-direction,

n+1

1= 8 (1.116)
§=0

and then conditions of MRK in Eq. (1.112) to simplify the expression. The iy, momentum
squared is t; = ¢7 ~ ¢?, = —¢* and is predominantly transverse.
We now recall the form of the inelastic amplitude 2 — 2 + n, introduced in the previous

section (see Fig. 1.15):

P54 n P ey w(ti) 1 1 Sni1 w(tnt1)
n __ c1 a3 1 n Cn+1
A12 - 2SF11 | | ’ycicz!%l (Q’H qi+1) (SR) t_z ( ) Fiz ) (1117)

t S
i1 n+1 R

where
'Ygém (¢, Giy1) = gTiEHE:(ki)CM(%H? ) (1.118)

and the Lorentz structure (C*) is

2 2
q; k; - pa di1 ki - p1
C*"(gis1,q) = —¢t' — ¢ +p“( L2 )—p“< + 2 > 1.119
( +1 ) +1 1 kzpl D1 - Pa 2 ]Cng Py - Po ( )

The current conservation property (k;),C* (see Eq. (1.60)) permits us to choose an arbi-

trary gauge for each of the produced gluons. It is easy to observe that the other amplitude
appearing in the Eq. (1.110) (.A}?;,“ ") can be obtained from Eq. (1.117) by the substitutions

1—>1/7 2—>2/7 Ql—>quQZ_q7
with
q=p1—DPr=qL. (1.120)
Color decomposition

Of all the possible color states exchanged in the t-channel, we would like to extract the two
cases of greatest physical relevance, that of singlet (Pomeron channel) and that of anti-
symmetrical octet (Reggeized gluon channel). For this purpose, we have to decompose
the product of two adjoint SU(3) representations (the two gluons in ¢-channel) into sum

of irreducible representations, i.e.
88=1"®8, 8L d (108 10)” @ 27", (1.121)

where the superscript denotes the signature of the representation and the symmetric and

anti-symmetric parts of the color octet have been decoupled. In practice, this corresponds
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to decomposing the product of two matrices in the adjoint representation of SU(3) in the
following way:
T, (TS

CiCit1 iCit1

) =D cnleidi|Paleindin) . (1.122)
R

where Py are the projection operators of two-gluon colour states in the t-channel in the
unitary condition (1.110) on the irreducible representation R of the colour group. For the

singlet representation, we have

L ) §CiCi §CiH+1Cit
=N, {eiciPoleiriciv) = —m—1 (1.123)
while for the color octet
N ~ facicg faci cj
Cg = Dl <CiCH738|Ci+1C§+1> = % . (1-124)

It is easy to check that these are the correct projectors; for example, in the case of singlet
we have
§CiCh §Cit1Ci 2C2Cr if ¢; = ¢ and ¢;41 = ¢4

o (Cic§|750|ci+lc;+1> =N— = ,
N2 -1 )
0 otherwise

(1.125)
where in the upper term the summation is taken over ¢; and ¢;; 1. On the other hand, if
we are exchanging a singlet (¢; = ¢} and ¢;41 = ¢j;), on the right side of the equation
(1.122) we have

T (ngm)* = fascicus Jascies = 2C5CF . (1.126)
The octet case can be verified in a similar way by remembering that in Eq. (1.124)
we are referring to the anti-symmetric part and that therefore this component must be

extracted. To do this, we can apply the substitution (1.36) to the SU(3) matrices in the

adjoint representation. The introduced decomposition brings us to

Z’YS;H (45 Gi+1) (’VCG;QL_H (¢ Qi+1)) = Z (Cz‘C§|75R|C¢+1C;+1> 2(27)D71K7(~R) (@, Gi+139)
Gi R
(1.127)

where the sum is taken over color and polarization states of the produced gluon and

2
- 9 Cr
ICf«R) (Gis Giv159) = — —2(27r)D*1 C*(qit1, @) Culdivr — ¢, 4 — q)

g%cr (q‘?@ﬂ —*+ G- qﬂ)
(2m) D! (@ — G1)

(1.128)
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Therefore, from Eq. (1.122) it is possible to decompose the scattering amplitude A2 as

AL =S (AR (1.129)

R

where (Ag)15? is the part of the scattering amplitude corresponding to the definite irre-

ducible representation R of the colour group in the t-channel.

Partial wave expansion

Now, it is necessary to introduce the Mellin transformation fr(w, )42 (partial wave) of

the imaginary part of the amplitude, that following [28], we define by

i () L]

Its inverse is given by

Sy (Ap)l2 = - " (i) Frlw, @2 = i,]{ dw (i)wfR(w,q)}’f’ , (1.131)
d—ico S0 2mi Jo So

where § +i(w) is an axis, on the real axis of the complex plane of the variable w, which
lies to the right of all singularities of fr(w,q) and the closed surfaces C' is obtained by
adding to this axis an infinite semicircle which extends in the left region of the complex
plane (which is in the direction in which the real part of w becomes negative). The
second equality holds due to the fact that the contribution on the semicircle is zero since
the integrand vanishes exponentially when the real part of w tends to minus infinity.
Using dispersion relations it is possible to reconstruct the total amplitude. Hence, the

expression for the total amplitude in the form of a partial wave expansion is

ntf =2 [T () (L) ety s

100

where 7 is the signature and coincides with the symmetry of the representation R.
It is important to observe that in the octet representation we have to add the Born

contribution to the dispersion relation, i.e.

Al = A ¢ S [T e K__S>‘”(i” Frlw, DLE . (1133)

27 Js_ino Sin(mw) S0
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Phase space

From Eq. (1.114) imposing the on-shellness of outgoing gluons, we have

<11 Eﬁ) (H B ) (H sl> <11 Eﬁ) - sw% ~s.  (1.134)

We can manipulate this further to get

n+1 -1 n+1
s= (] Hk = [ == a2z, - (1.135)
k2 k2

i=1 =1

i—1™"

The phase of space element of n + 2 particles reads

n+1 n+1
AP, 2 = (2m)7 6" <p1 +p2 — Z kz) <H (k?) )
=0
2 n+1 n+1 n+1 dD 2k
— 27T D(; (1 — Z O./Z> (1 — ZBZ> 5(D 2) (Z kzl)_ 0[0508 + k?OJ_)dO[()d/BO( ) OL
S

. dP2k. | dP 2k 11
X H 55(0@@3 + le)dazdﬁZ()T 25(04n+15n+13 + kn+1l)dan+1dﬁn+lw
_2
S

n+1 n+1 n+1 n+1
_ dfy dov dp; 7y d° *kio
D _ _ | 5P-2) I i
(2m)Ps (1 E:a@ 1 § Bi) 6 § kit 2602(“11_[ HQWDI.
1=0 1=0
(1.136)

In performing the integration over phase space, exploiting the MRK, the limits of inte-

gration in the variables (5;’s must be restricted according to the condition £; < ;_1. In

the following, we need to consider

ds ds b 11 4B v AP ks
— g = o5 (2m) 11 H : (1.137)

We perform the following changes of variables

{ﬁla "'767173} — {817 "'7Sn75n+1} ) {kOJ_a "'7knj_} — {q17 "'7Qn+1} (1138>

by making use of relations

{Si = 52'183 ,i = 1,...,TL} y Sp+l1 = an s k?ol = —q11 , {le =dqil —qi+11L ,i = 17...,n
(1.139)

ds 2m v ds, s dP2g;
— = (H Si) (HW , (1.140)

and get

i=1 i=1
where the integration over variables s; is extended between sg and infinity.
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Generalized BFKL equation

We can consider the ny, contribution to the partial wave amplitude, implicitly defined by

the relation
Ny = Z 7w 17 (1.141)

which reads

(w L2 _/ ﬁd‘pnw (88 >_w : ZAI2+” (“4}?5”)*
s0

0 f

ds s\ ¥ L . o
=2 [T v, (2) s (H (i Prlciachys) 2<2w>D—lrc£R><qi,qm;q->)
50 50 i=1

x <ij (j-}l)w(ti)wt) e ) (ZFH, ) (ZFZQ, ) . (1.142)

Now, we observe that

(cici|Prleircyy) = (d | PrPrlcinciy) = Y (e Prlv) (w|Prleiady) o (1.143)

v

where the sum over the index v is extended to all states of the irreducible representation

R. Using this, we can write

> {erch[Palv) [(v1Prleacs) {each Prlesch) .. (each [ Prlt/)| (V' Prlensichin)
v,V

. . . . (1.144)
=Y (ad|Prlv) W) (V| Prleniicyin) = Y (i Prlv) (v Prlcanc) -

v

Starting from (1.142), using Eqs. (1.135, 1.144) and performing the change of variables
(1.140), we obtain

(w0, P = o / ﬁ BT (s_) (ﬁ>w@i>+w<t;>—w—1 o
( )D—2 ; (ZQ((Z—®2 SR SR m

X le’?y) (H’CS’ q“%—l—l)@) 2/2 ) 5 (1145)

where

15 =5 (endy [Prlv) T (F%*) : 1 ZFC”“F"“ (W Prlenirc, ) -

(1.146)
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The quantity Ii(,?’u) in (1.146) are usually called impact factors. It is important to keep
in mind that for the singlet representation the index v takes only one value, hence it can

be omitted and
500’

N2 -1

whereas for the antisymmetrical octet (gluon) representation v coincides with the gluon

(| Po|0) = , (1.147)

colour index and

facc’
\/N .

We can now perform the integration over the variables (s;/sg)’s to find

. 1y 1 a2y, 1
I(%)(C‘WQ}QQ:ﬁ/ H—»z—» QJ—2 /
(2m) 2 37(q — 9w — w(t) + w(t))

xZ[ﬁ’” (H@ %a%+1;®) Br) (1.149)
=1

where we neglected terms of order w In sg, since the essential integration region in (1.131)

(cd'|Psla) = (1.148)

is the one where w ~ (Ins)~!. In particular, the exact lower bound of integration in the
invariant masses has been neglected as it produces sub-dominant effects. Finally, from

the last expression, we can reconstruct the complete partial wave and cast it in the form

r(w @12/ ZfR %22/

_ 1 / dP2qa,  dP7%qp,
(2m)P=2 ) q3(da — §)* d5(dB — 9)?

S IRGI G a5 (1.150)

The function GEJR), called Green function for the scattering of two Reggeized gluons, is
defined as

R n+1 dD—quJ_
(@a, @53 0) = Z/ ( L7200 - 02 (w—w(t) —w(té))>

X <H ’Cg'R)(q_’Zﬁ Jit1; @) QA (QA - (D qB( 67) 6P~ ((Ju - QAJ_)(SD72(Qn+1J_ - QBJ_)-

i=1

(1.151)

The function GI¥ is the only quantity depending on w, and hence it determines the
s-behaviour of the scattering amplitude. It is the perturbative solution of the integral

equation (see Fig. 1.17):
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+ a1 —4q
\ ¢ —q
+ a2 —4q
Figure 1.17: Schematic representation of the BFKL equation.
R D d"q ‘ R)(~'
WGENG, 3 0) = 3 (G — 02072 (q — @) + / == s K@, 4 G (@ 6 D),
@ (q —q)

(1.152)
where the function X" (g1, ¢,’; §), called kernel of the integral function, has the following
expression:

KNG, 3 0) = [wlat ) + w(la = D] & (@ - D7 672G — @) + K6, 3 ) -

(1.153)

Two terms can be distinguished in Eq. (1.153); the first of them is called “virtual” and
it is expressed in terms of the Regge trajectory of the gluon, while the second, which is
related to the production of real particles, is given by the Eq. (1.128) (see the Fig. 1.18).
The Eq. (1.152), in case of R = 0 (singlet) and ¢ = 0, is called BFKL equation. In the
most general case, it is called generalized BFKL equation. It is an iterative equation. The
kernel K and the Green function GU¥ can be seen as operators which act on the space

of the transverse momentum defined by

— | =

5\qi> =G @) ,
@B =57 G -3, (AIB) = (AIF) (F1B) = [ @EAR)BE). (1150
In this representation, the equation (1.152) can be written in the operator form:
wGF) =14+ KBOGH (1.155)

which implies
G = —— (1.156)
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Figure 1.18: Schematic representation of the LO BFKL kernel.

1.2.5 Introduction to BFKL cross section and impact factors

We now focus on the case of the exchange of vacuum quantum numbers in the ¢-channel,

considering an elastic process, A + B — A + B, with the additional simplification of

forward scattering (¢ = 0). We can relate the imaginary part of this amplitude to the

total cross section of the process A+ B — X by using the optical theorem (1.4)'%,
S,A47

oap(s) = P (1.157)

From Egs. (1.131) and (1.2.4),

w1 s \“ Pa(dn) ®p(—s)

_ do 12, o2 (5 2alh) o oo PB(—dB)
UAB(S) /5_Z‘OO 97i (27T)D_2 / qaL qB1L (30) (CZ42)2 G <QA7QB) (q—»BQ()Q ’ )
1.158

where @ 4(q4) = Iﬁlof)l , Pp(qp) = 11(30])3 are the impact factors projected on the color singlet

representation. Their expressions are obtained from (1.146), remembering that in the
singlet representation and in the case of an elastic process, the color projector are given
by the Eq. (1.147) with ¢ = ¢; hence:

o 1 c . ,
aldn) = VN1 D TGal da= s, (1.159)
Ac
®5(qn) P 7 (1.160)

1 , }
:\/ﬁZ‘FBB| 4B = "PB-
B,c

At this point, it is very interesting to understand that in the BFKL approach the am-
plitude for a diffusion process at high energy can be written as the convolution of the

Green function G for two Reggeized gluon with the impact factors ® 4.4 and ® /g of the

8Note that the flux factor, for /s much larger than the masses of the incoming particles, becomes
F =~ 2s.



1.2. BFKL APPROACH 65
q)BB

Figure 1.19: Schematic representation of the factorized amplitude.

colliding particles (see Fig. 1.19). The BFKL Green function is universal and completely
governs the s-behavior of the amplitude, instead the impact factors depend on the par-
ticular process under analysis and they are s-independent.

It is important to make a clarification on the definition of impact factor. The one given
above is not the most general possible, in fact, only one particle of the intermediate state
across the s-channel cut has been included in its definition. In general the intermedi-
ate state can be a system of particles, and in this case, within the LLA, the definition

generalizes to [35]

— A dSpR c o *
D a4(qa) = {cc|Po|0) Z/ o dpilpya (F{f}A> : (1.161)
{3

In the case of a single particle in the intermediate state the integration becomes completely

trivial and the expression (1.161) reduces to the one in Eq. (1.159).

1.2.6 Solution of BFKL equation at ¢t =0

The s-behaviour of the total cross section (1.11) is determined by solving the BFKL
equation (1.152) and finding the leading singularity wy. Then, performing the anti-Mellin
transformation, it is possible to get the asymptotic behaviour of cross sections. First
of all, the Egs. (1.152, 1.153) must be taken in the case of R = 0 (singlet) and ¢ = 0.
Redefining

G (@1, 3;0)

= =G, (71, @) , (1.162)
C]12CI22
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K(O)<§17 q_’27 6)

—= = K(q1, ¢2), 1.163
q12q22 ( 1 2) ( )
and hence 0 .
’CT (jla (727 O) — g2N 2
QS5 o9 = ICT q_’,q = - = , 1.164
T2 (@, ) 2m)P=1 (1 — ¢2)? ( )

it straightforward to find that the BFKL equation takes the following form:
WG (@ @) =07 (@~ @)+ [P K@RGEE), (1169
that can be rewritten as
WG (@1, @) = 09 (@1 — @) + K @ G (1, @) (1.166)
where we have defined the convolution operator as
Ao B (g ) = /dl”k Ay, k) Bk, 42) (1.167)

The expression of the kernel function reads

KOGy, @) i\ 2
K(G,¢) = ——=5t = 2w(—@H)0" () — @) + - 1.168
(@, 2) 4’ dy (=a) @~ ) @2m)P~H (@ — @)? ( )

Finding the Green function G, means solving the eigenvalue problem for the kernel K.

In fact, if the equation
K e ¢i(q) = Xidi(q), (1.169)

is solved, then, the Green function can be reconstructed through the spectral representa-
tion

G ) - 3 B wrm

It is important to stress that the BFKL kernel can be seen as an operator acting on a
space of complex functions, defined on a vectorial space, V. Now, it is easy to see that

the kernel is rotationally invariant'?, i.e.
K(Rq, Rjx) = K(q1, @), 1,2 €V, (1.171)

with R a generic rotation operator in . The consequence of rotational invariance is that

the kernel admits a set of eigenfunctions of the type

¢5(@) = (17 DYa(9) , (1.172)

19P]ease note that the Jacobian of a rotation is one.
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where ¢ on the right hand side denotes the set of angular variables and Y,, is a spherical
harmonic which, in dimension two, is nothing more than an exponential function e™?.

The kernel is also a scale invariant operator, in fact, given a A € IR,
KOG, AR) = A2K (G, ), GG e V. (1.173)

The scale invariance forces the radial function f,(|¢’|) to be a power of |7’ |, we will take

them as
£A71) = (@) (1.174)
The last step is to fix the value of v and the overall normalization by requiring that these

functions form an orthonormal complete sets, i.e.
/d267¢f@¢ff/@ =d(v—v)o(n—n'). (1.175)

By imposing this last condition, it is simple to see that v must be equal to iv — 1/2 with

v € IR and hence, the set of eigenfunctions that solves the problem is

ni =\ __ 1 —»2 —7+w nf . v n
{gby(q) — 5@ )3 L veR, ez}. (1.176)

To find the corresponding eigenvalues we have to make the kernel act on a test eigen-
function. We consider separately virtual corrections and real emissions in dimensional

regularization with d = 2 + 2e. To this purpose, we introduce the “continuation” of the

LO BFKL eigenfunctions to non-integer dimensions,
()" = (@) (1) (1.177)

where [ lies only in the first two of the 2 4 2¢ transverse space dimensions, .e. [ = €1 +1iey
with €7, =1, € - & = 0. In the limit € — 0 the r.h.s. of Eq. (1.177) reduces to the LO

BFKL eigenfunction, since we have

e = (cos@ +isinf)" = (qw +qu) = (M> ) (1.178)

[ (q2)"2

For the virtual part we have
dP- 2/<: 7 (k- )" .
IC, .(bn q / —1/24iv o 2w _q—»2 5D72 q—»_ k
7= T ) 2T

_2¢°N(q?) (1 — e)I*(e)

e Teg @ (1.179)
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We see that the virtual part contains a pole in ¢; this will be cancelled by the real part,

ensuring the infrared finiteness in the singlet case. For the real part, we have

° d”- k _’ —1/2+iv (E l_j g2N 2
e / ((E W) @mP (g - k)2

To solve this integral, we perform a Feynman parametrization to obtain

2g2N + no_ Zl/ dD 2k 1 _ x)—1/2+n/2—iu<lg . f)n
(27r)3+26 + n ZV 3/24n/2—iv °

K, e Qb:/l(q_) =
—2xq - k+xq2]

(1.180)

If we perform the shift k—k+ x(, in the numerator we obtain a factor
Flreg =3 (”) (i [V (G T (1.181)
J
Only the j = 0 term in Eq. (1.181) gives a non-vanishing contribution to the integral and
therefore,

2°N T(3+%—iv)
(2m)3+2 (3 + 2 — i)

2

dP—2k 1
. / ™2 [7 13/ 02— (1.182)
[k2 +z(1— x)qQ}

1
,Cr ° ¢Z((D _ (J?)n/2em¢/ dr an(l . m)—1/2+n/2—w
0

Both integrations are now simple and we get

K, o 6n() = 2¢°N(G?) 2T ()l (3+ 2 —iv—e)L(3 + 2 +iv+e)
(4r)2te D3 +2%2—w)l(3+ 2 +iv+ 2

¢p(q) . (1.183)

Combining real and virtual parts, we get the full action of the kernel on its eigenfunctions:

29°N(q%)° (QF(E)F(% Fo -l + 2 tivte) T(1—eT2(e)

Kedy(a) = (47r)2te F(% +35 = iy)F(% + 5 + v + 2¢) B ['(2€) ) () -

Expanding in € and up to constant order, we get

Koo, =asx(nv) =uw,(v), (1.184)
where N
G, = (1.185)
7r
and

x(n,v) = 20(1) — p(1/2 +1/2 + iv) — $(1/2 +n/2 — iv)
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=2(—ye — R[¥((n + 1)/2 + )]). (1.186)
The function x(n,v) in Eq. (1.186) characterizes the behavior predicted by the BFKL
approach in the leading-logarithmic approximation, it is a remarkable achievement of L.
Lipatov and it is therefore known as Lipatov characteristic function.
As anticipated, from the knowledge of the eigenvalues and the eigenfunctions, we can
immediately write a spectral representation for the Green, Gy, (¢, ¢2), which reads
in(61—02) 1

0o 0o 2\ W
oo Z @y €
G o (z . 1.187
(ql qz) n /—oo Y (qg) 27T2Q1Q2 w = O_ésX(na V) ( )

Since v is a continuous variable, we do not obtain an isolated pole which we can associate

with the intercept of the Pomeron. One is interested in the leading In s behaviour which
means the singularity with the largest real part in the w-plane. This allows to make a
number of simplifications. Since the function x(n,v) decreases with increasing n, it is
possible to restrict the sum over n in Eq. (1.187) to the case where n = 0. Furthermore,
X (0, v) decreases with increasing |v|, so one can expand x(0, ) as a power series in v and

keep only the first two terms. One obtains
x(0,v) =4In2 — 14¢(3)2 + ... . (1.188)

In this approximation

o 1 [~dv (¢\" 1
G (G0, ) ~ / (q—l) (1.189)

T2 J_ o o q (w—wo + a?v?)’

with
wo = 4asIn 2 (1.190)

being the position of the leading singularity (the branch point of the cut) and
a® = 14a,((3). (1.191)
Eq. (1.189) can be inverted, performing the anti-Mellin transform,

~ 1 s\Y 1 o dv (¢? W 1
G B) = — ¢ dw [ wia)y - 1.192
(1, ¢2) 2m’?{c “ (30> Tq1q2 /_OO 27 (q%) w — wy + a?v? ( )

where the contour C' is to the right of the w-plane singularity of the integrand function.

Using the residue theorem, one finds

2.,2

5 1 +o00 s wo—a‘v qg w
Gt =y [ ar(2) (B
( ) 27T2Q1Q2 —o0 S0 q%

1 /+OO dye(wo—QQVQ)ln(%>+iyln(z

B 271—2(]1(]2 —00

(1.193)

=

).

(NN
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An exponential factor, independent from v, can be taken out the integral, while, in the

remaining term one can complete the square to obtain:

~ 1 s wo +o0
(@ 3) = (-) / o
( ' 2) 272%(]2 S0 —0

In? (@) In? (é
x exp | —a*In (i) V> +iln (ﬂ) v+ £ — z

S0 42 4a?1n %) 4a2 In %)

2
1 s\ [t
- 27T291Q2 (5_) / av
0 —00

2

s 71n <q—2>
xexp | — exp|—1|a ln(—)u— 2
S S
4a”In ?) 0 2a4/In (%)
(1.194)
Applying the substitution
0 (3)
r=v—i——t (1.195)

and remembering the solution of the Gaussian integral,

/ dze 4% = : (1.196)

[e.9]

)=

the result is

. 1L s\ 1 1 n*(¢7/G5)
G~ L (2 ox _#) . 1.197
() V@ra? (50) mIn(s/sg) 2ma b ( 4a?In(s/s0) ( |
20

The predicted s-behaviour (1.11) of the cross sections appears from this expression®, in

fact, using the power series expansion of the exponential, one has:

wo
G (G.5) 1 (s) 1

s\d1,q2) F—F/——= | — —

b VIEGE \ S0 min(s/so)

ay is fixed, increasing s, all terms of the expansion are suppressed with respect to one,

(1.198)

and the leading contribution is

] 1 s wo 1 1
oL (5 7 1.199
(71, @) \/@ (8[)) mln(s/sg) 2ma ( )

that shows exactly the behaviour in Eq. (1.11).

20Note that the s-dependences appear only in this “piece” of the cross section.
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1-loop 2-loop

o Ww(t) — w(1) — @

Born 1-loop
° Fg? })3 — F;(,l 1); —
Born 1-loop
G4 (0 G
b fYCiC§+)1 — 7011051)1 —

Figure 1.20: Next-to-leading corrections to Regge trajectory, PPR vertices, and central

gluon production vertex in the multi-Regge kinematics.

1.2.7 BFKL equation in the NLLA

In the previous sections, we built the BEFKL approach in the LLA; the goal of this section,
is instead to describe the approach in the NLLA. In this approximation we can use an
approach which coincides in the main features with that used in the LLA [36]. In general,
the program of the calculations is analogous to that in LLA. The final goal is the elastic
scattering amplitude, which has to be restored from its s- and u-channel imaginary parts.
The s-channel imaginary part is given by the unitarity relation (1.110). It can be shown
that, Eqgs. (1.129)-(1.132), expressing the elastic scattering amplitudes in terms of their
s-channel imaginary parts, remain unchanged.

Although conceptually the approach does not differ much from what has been described
previously, the technical effort to complete the calculation program is enormous. For
this reason, in the following, we will limit ourselves to a simple introductory description,

referring to [28] (and reference therein) for all the details.
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Gluon Reggeization in the NLLA

In the NLLA, Eq. (1.14) has been proved in the first three orders of perturbation theory
and assumed to be valid to all orders. Only later, it has been proved to all orders of per-
turbation theory. Demonstrating Reggeization in the NLLA is again a very challenging
topic, we refer to [37] (and reference therein) for full details on this topic.

Instead, we want to focus on how the Regge trajectory can be extracted in this approxi-

mation. To this scope, Let us consider again the quark-quark scattering and let us expand
the Eq. (1.14) up to a?:

w(t) w(t)]
S =S a a(0) 25 1-a(0)
— + <_) 919 = {Pl’l — T }
[<_t> —t ¢ LLA

a(0) S S —S ] a(0 a128 a(0 a025 a(l
+{P1’(1)Z {w(l)(t) In (_—t) +w®(#)In (-) F2,(2>} - {FIFJT b+ 252)}
= LLA NLLA

(1) (4112 (1) ()2 _
o) S [ (W), 5[ s (W) o (=3\] pa©
+{P1/1 13 |: 2 n —t " 2 8 —t FQ,Q LLA
+{FT’( !t [111 (—St) o (ij)} 3+ T G [hl (—St) o (:D] e

a S S —S a a 28 a
+F1’(f)¥ {w(z)(t) In (—_t) +w®(t) In (_—tﬂ sz(g)} + {Fl,(f)7l“2,(§) + } :
NLLA NNLLA
(1.200)

In Eq. (1.200) we have restored the superscript (i) to denote the i-loops correction to a

certain quantity and we have introduced a subscript to clarify within which approximation

a given term contributes. Analyzing the Eq. (1.200), we have that

e In the first line we have the only contribution of order «ay, which is proportional to

the Born effective vertices and obviously contributes within the LLA.

e In the second line we have three terms of order 2. The first is proportional to the 1-
loop Regge trajectory and contains a logarithm of the energy which compensates the
additional o factor, hence it contributes within the LLA. The second and the third
are both proportional to the 1-loop correction to one of the two effective vertices;
compared to the Born contribution they have an extra o, power and no large energy

logarithm to compensate; they contribute within the NLLA.

e In the remaining lines we have a collection of terms of order . The first is propor-

tional to the squared of the 1-loop Regge trajectory and contains two logarithms of
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the energy which compensate the additional a? factor, hence it contributes within
the LLA. The second and the third contain the 1-loop Regge trajectory, the 1-loop
correction of one of the two effective vertices and a logarithm of the energy which
compensates one « factor; they contribute within the NLLA. The fourth term is
proportional to the so called 2-loop correction to the Regge trajectory and contains
a large logarithm of the energy; it contributes within NLLA. Finally, we have terms
proportional to the product of 1-loop corrections to the effective vertices or terms

proportional to the 2-loops correction to one of the two effective vertices. They
contribute within the NNLLA.

At this point, it is clear how to proceed. First, we have to go back to our 1-loop compu-
tation of the quark-quark scattering and we have to include also those corrections that
we have discarded in LLA since they do not generate large logarithms of energy. Among
these we have contributions from the box and cross diagrams in Fig. 1.4 which come from
regions of the phase space which we have ignored previously, but also vertex corrections
which, in Feynman gauge, do not produce large logarithms of the energy.

By comparing this result with the correction of order oy in Eq. (1.200), we can extract

the effective vertices up to 1-loop accuracy. In general, they assume the following form?!
Lpp = 5,\p,,\P,F§;73> + 6)\p,—/\P1F(P_/)P : (1.201)

where in the first term of Eq. (1.201), as before, the helicity is conserved, but there is a
second term in which the helicity is not conserved [38, 39, 40, 41, 42].

Once these vertex corrections are found, the only ingredient to extract is w® (t). To do
this, we need to compute the 2-loop correction to the quark-quark scattering amplitude,
in the high-energy limit, and select those contributions that give rise to energy logarithms
and compare it with Eq. (1.200). The result can be found in [28], it was derived in [42,
43, 44, 45, 46].

Multi-Regge kinematics

In the MRK and NLLA, as well as in LLA, only the amplitudes with the gluon quantum
numbers in the channels with momentum transfers ¢; do contribute. The appearance in

the right hand side of Eq. (1.110) of amplitudes with quantum numbers in ¢;-channels

21 As always, we are thinking in terms of the quark-quark scattering amplitude, but nothing prevents
us from considering the case of quark-gluon or gluon-gluon. The agreement of results extracted from

different amplitudes is a further confirmation of the Reggeization.
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different from the gluon ones leads to loss of at least two large logarithms and therefore
can be ignored in NLLA. As before, the key point in the calculation of the amplitudes
contributing in the unitarity relation (1.110) is the gluon Reggeization. In MRK the real
parts of the contributing amplitudes (only these parts are relevant in NLLA because the
LLA amplitudes are real) are presented in the same form (1.132) as in LLA.

In this kinematics, we need the two-loop contribution w® (¢) to the gluon Regge trajectory
w(t) and the corrections to the real parts of the PPR-vertices that we discussed previously.
Moreover, we need also to compute the one-loop corrections to the Lipatov vertex [39,

47]. The calculation program for these corrections is schematized in Fig. 1.20.

Quasi-multi-Regge kinematics

Probably, the most interesting feature of the NLLA is the appearance of a new kinematics,
in fact, in the NLLA, MRK is not the only kinematics that contributes to the unitarity
relation (1.110). Since we have the possibility to “lose” one large logarithm (in comparison
with LLA), the limitation of the strong ordering (1.112) in the rapidity space cannot be
implied more. Any (but only one) pair of the produced particles can have a fixed (not
increasing with s) invariant mass, i.e. components of this pair can have rapidities of
the same order. This kinematics was called quasi-multi-Regge kinematics (QMRK). We
can deal with this kinematics by including, together with the production of a gluon, the
production of more complicated states in Reggeon-Reggeon (RR) and Reggeon-particle

(RP) collisions, which were neglected in the LLA. In particular, we must

e Include the possibility of producing gluon-gluon (GG) [36, 48, 49] and quark-
antiquark (QQ) [50, 51, 52, 53, 54] states in Reggeon-Reggeon collisions.

e Include the possibility of producing states with larger number of particles in the

Reggeon-particle collisions in the fragmentation region of one of the initial particles.

The calculation program for these corrections is schematized in Fig. 1.21.

BFKL kernel and impact factors in the NLLA

As already mentioned above, the partial wave (1.130) can be presented in the same form
(1.2.4), but with modified impact factors and Green function. This fact is very important
because it confirms that also in NLLA the amplitudes can be factorized as in Fig. 1.19.

In the definition of the impact factors (1.146) we have to include radiative corrections
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Figure 1.21: Next-to-leading corrections to the vertices PPR and RRG in the quasi-multi-

Regge kinematics.

Figure 1.22: Schematic representation of the real part of the NLO BFKL kernel. In the

first contribution, one Lipatov vertex is to be taken at one-loop.
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to the PPR vertices and the contribution of the “excited” states in the fragmentation
region. Eq. (1.152) for the Green function remains unchanged, as well as the represen-
tation (1.153) of the kernel, but the gluon trajectory has to be taken in the two-loop
approximation:

w(t) = wW(t) +w® (1), (1.202)

and the part, related with the real particle production, must contain, together with the
contribution from the one-gluon production in the RR collisions (calculated to one-loop
level), contributions from the two-gluon and quark-antiquark productions. The one-gluon
contribution must be calculated with the one-loop accuracy, whereas the two-gluon and
quark-antiquark contributions have to be taken in the Born approximation. For the

forward scattering case the real production takes the form (see Fig. 1.22)

IC <QI7 qa) KE%;%G ((Th 2) + ’CRRGG’ (q ) + ICRRQQ ( q_)g) . (1203)

There is an important point to stress, the appearance of a new kinematics introduces tech-
nical problems. Calculating the two-gluon production contribution to the kernel and the
contribution to the impact factor from the gluon production in the fragmentation region,
we meet divergencies of the integrals over invariant masses of the produced particles at
upper limits?2. The reason for the divergencies is the absence of a natural bound between
MRK and QMRK. In order to give a precise meaning to the corresponding contributions
and to treat them carefully, an artificial bound, which we denote as s,, is introduced [35].
Obviously, the dependence on this artificial parameter disappears in final results.

As a consequence of what has just been explained, the definition of impact factor at the

next-to-leading order, in the singlet case, reads

w(—4
. S v dsA
D 44(q1;50) = (%) E / SA — SAR) = dpy [r1a <F{f}A> (cc'[Pol0)
{r}

1 5%
e A U 50 (2,) KO 7, d) In <4—Aq) . 1.204
5 [ 47 @) KOG (= (120

The first term in Eq. (1.204) is very similiar to that in Eq. (1.161); the important differ-
ence with respect to the leading-order definition is the Heaviside theta that creates the
separation between MRK and QMRK and automatically regularizes the aforementioned
rapidity divergence (sagr goes to infinity). In this scheme, a contribution in which there is

the emission of an additional gluon is included in the “QMRK part” of the impact factor

22In the next chapter we will refer to these as rapidity divergences.
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only if sqgr < sa, i.e. only if the particle (or the system of particle) that we had at the
leading order and the additional emitted gluon are not strongly separated in rapidity.
The second term comes instead from the MRK contribution to the partial wave amplitude
Eq. (1.145) in the NLLA. Consistently with how we define the QMRK kinematics using
the cut-off s, we must now impose that the integration over invariant masses s; in MRK
kinematics is performed by imposing s; > sy. When we compute in the LLA, the lower
bound of integration over invariant masses produces negligible contributions within this
approximation. Within the NLLA, terms from the lower bound of integration must be
included. In the specific case of the invariant mass s4g, the produced term is exactly the
one in the second line of Eq. (1.204).

The s, parameter introduced must be understood as tending to infinity. Both expres-
sions in the first and second line of Eq. (1.204) are divergent, but in their combination
any dependence from s, disappears and the result is finite. As it is easy to understand,
also the contribution to the kernel from the emission of two gluons has a term similar to
the second in Eq. (1.204). For the complete calculation of the separation between MRK
and QMRK see [28].
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Chapter 2

Next-leading order forward Higgs

impact factor

We have made the discovery of a new particle, a completely new particle,
which s most probably very different from all the other particles.
Rolf-Dieter Heuer

Precision physics in the Higgs sector has been one of the main challenges in recent years.
The pure fixed-order calculations entering the collinear factorization framework, which
have been pushed up to N3LO, are not able to describe the entire kinematic spectrum. In
particular conditions, they must be necessarily supplemented by all-order resummations.
In the Regge kinematical region, large energy-type logarithms spoil the perturbative be-
havior of the series and must be resummed to all orders. The BFKL approach, that
we have presented in the previous chapter, allows us to achive this resummation, in the
NLLA, but, as already said, it requires the knowledge of impact factors. In this chapter,
we calculate the next-to-leading order correction to the impact factor (vertex) for the
production of a forward Higgs boson, in the infinite top-mass limit. We obtain the result
both in the momentum representation and as superposition of the eigenfunctions of the
leading-order BFKL kernel. As already mentioned earlier, this impact factor allows to
describe the inclusive hadroproduction of a forward Higgs in the limit of small Bjorken
x, as well as for the more interesting study of the inclusive forward emissions of a Higgs

boson in association with a backward identified object.

The chapter contains five sections. In the first section, we introduce the necessary

ingredients and the program of computations. In the second and third section, we calculate

79
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BN
(2rk1, ) , N

7 | N
ki

T

Figure 2.1: Schematic description of the Higgs impact factor: zp is the fraction of lon-
gitudinal momentum of the initial parton carried by the outgoing Higgs and py is its

transverse momentum.

real and virtual corrections, respectively. In the fourth, we perform the projection onto
the eigenfunctions of the LO BFKL kernel and we show the cancellation of divergences.
Lastly, in the fifth section we summarize and discuss future perspectives. The material
in this chapter is based on Ref. [55, 56].

2.1 LO and NLO in a nutshell

2.1.1 The leading-order impact factor for forward Higgs pro-

duction

Since we are interested in the description of the inclusive production of a Higgs in proton-
proton collisions, say in the forward region, the setup sketched in the previous chapter
must be suitably modified. First of all, we need to consider processes in which the parton
A can be a gluon or any of the active quarks and must then take the convolution of
the partonic impact factor with the corresponding PDF. Secondly, the integration over
the intermediate states {f} in (1.204) must exclude the state of the Higgs, so that the
resulting impact factor will be differential in the Higgs kinematics (see Fig. 2.1).

Let us illustrate the procedure in the simplest case of the leading-order (LO) contri-
bution. In the infinite top-mass approximation, the Higgs field couples to QCD wia the
effective Lagrangian [57, 58],

gH a v,a
Logrr =~ Fi, F""H . (2.1)

where H is the Higgs field, F, = 0,A} — 0,Af, +¢ f“bcAZAf, is the field strength tensor,

11
gy = =8 (1 4 —%) +0(a?) (2.2)
4 7
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is the effective coupling [59, 60] and v> = 1/(Gpv/2) with G the Fermi constant. Feyn-
man rules deriving from this theory can be found in Appendix A.1. We introduce the

Sudakov decomposition for the Higgs and Reggeon momenta:

2 ~9
miy +p
P = zrk1 + —H _H H/f2 + PHL , pfq = qu ) (2-3)
ZHS
q=—agka+q, ¢=-7". (2.4)

At LO, the impact factor takes contribution only from the case when the initial-state
parton (particle A) is a gluon, for which k4 = ky. For the polarization vector of all gluons

in the external lines involved in the calculation we will use the light-cone gauge,
e(k) - ke=0, (2.5)

which leads to the following Sudakov decomposition:

(ki -ei(k))

W)=y

ko +ei(k), (2.6)

so that for the initial-state gluon we have e(k;) = €, (k1). The transverse polarization

vectors have the properties
(€L (k1, A1) e (ki, A2)) = (7 (k1 M) - €(k, A2)) = =y s
>V kN (R A) =~ (27)
A

where the index A enumerates the independent polarizations of gluon (sometimes it will
be omitted for simplicity, but it should be always understood), g*” is the metric tensor

in the full space and ¢*/ the one in the transverse subspace,

K'KY + kYK
nv — nyo 12 21 ) 28
911 g (kl . kg) ( )

The LO impact factor before differentiation in the kinematic variables of the Higgs is

given by

HY(0) (7Y _ CC’PO|O dSR c(0) (0) .
q)ég () N2 —) Z . HP{H}g( q) <F{H}g (Q)> 5 (2.9)

where the only state contributing to the intermediate state {f} is the Higgs boson and
the particle A is identified with an on-shell gluon. Here,

T?Z(?Q(Q) = %H(S“C (g1 -e1(k)), (2.10)
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ki, a, ju pH

Figure 2.2: Born gluon-Reggeon-Higgs effective vertex (left) and schematic description of
the single contribution to the impact factor LO (right). We draw the Higgs boson above

the cut to emphasize that we do not integrate over its kinematic variables.

is the high-energy gluon-Reggeon-Higgs (gRH) Born vertex (see Fig. 2.2). The overall
factor 1/2(N? — 1) comes from the average over the polarization and color states of the
incoming gluon. The vertex in Eq. (2.10) is obtained from the Higgs effective theory Feyn-
man rules, taking for the Reggeon in the ¢-channel the “nonsense” polarization (—k%/s).
We stress again that this effective polarization arises from the fact that, for gluons in the

t-channel that connect strongly separated regions in rapidity, the Gribov trick,

KOKY + KoY kEkY —k\ [ —kY
g = g 422 21—>221:25(—2>< 1) : (2.11)

S S S S

can be used in the kinematic region relevant for the “upper” impact factor. Since the
integration over the invariant mass spgr and over the phase space is completely trivial, we

simply obtain

2
PO 7y = _ IH 22 2.12
g (1) =g NS (2.12)
Hence, it is straightforward to construct the differential (in the kinematic variables of the
Higgs) LO order impact factor. This is the only chapter of the thesis in which, to adapt
our notation to Ref. [55], we work in D = 4 — 2¢ dimensions. The impact factor in this

dimension reads?

H}0) / ~
doly " (q) gir

- 725(1 — 2) 0D (T — ) . 2.13
dZHdQﬁH 8(1 _E)mq ( ZH) (q pH) ( )

23Not to burden our formulas, we write 62 instead of 6(°~2) in the R.H.S. and d?py instead of

dP~25y in the L.H.S.; the latter convention will apply also in the following. Moreover, if gy is meant to

€

have dimension of an inverse mass, then in D-dimension it should be replaced by ggp~¢, where p is an

arbitrary mass scale.
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Figure 2.3: Schematic description of the calculation of the impact factor at the NLO. In
the first figure from above the hard process is initiated by a quark, and an additional
quark is produced through the cut. Note that this quark “crosses” the cut to indicate

that we will integrate on its kinematic variables.

After convolution with the gluon PDF, we obtain the proton-initiated LO impact factor,

Ao O (2 G @) / den (x_H) Ao (e, P, @) g3y (2m)0P (T — Fn)
_ ; _ ,
zy FH

dryd*py ZH dzpd*py 8(1—e€)vVN2 -1
(2.14)

2.1.2 NLO computation in a nutshell
The program for calculating the NLO Higgs impact factor is the following:

e Real corrections
At NLO the process can be initiated either by a gluon or by a quark extracted from
the proton. Moreover, the Higgs must be accompanied by an additional parton
(see the first two diagrams from the top of Fig. 2.3). These corrections will be
calculated in section 2.2, separating the quark-initiated case (subsection 2.2.1) and

the gluon-initiated one (subsection 2.2.2).

e Virtual corrections
Another NLO order correction is obtained when we take one of the two effective

vertices I' that appear in the definition of the impact factor at one loop and the
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other at Born level (see diagrams in the last line of Fig. 2.3). This correction is trivial
to compute once the 1-loop correction to the vertex (2.10) has been extracted. This

problem will be addressed in the section 2.3.

e Projection onto the eigenfunctions of the LO BFKL kernel and cancella-
tion of divergences
In section 2.4 we perform the convolution with the PDFs for the previously calcu-
lated contributions and show that, after (i) carrying out the UV renormalization
of the strong coupling, (ii) introducing the counterterms associated with the PDF's,
(iii) performing the projection on the eigenfunctions of the LO BFKL kernel (more

details in section 2.4), the final result is free from any kind of divergence.

2.2 NLO impact factor: Real corrections

In this section, we compute real corrections to the Higgs impact factor. At NLO both
initial-state gluon and quark can contribute: if the process is initiated by a quark (gluon),
then the intermediate state {f} will contain the Higgs and a quark (gluon). The Sudakov

decomposition of the momentum of the produced parton reads
72
pp = Zpkl + Z_pSk:Q +ppL ) p; = O ) <215)
P

where the subscript p is equal to g (g) in the quark (gluon) case. We have then

2,(z + 2p)m% + (2,05 — 2HD)?
SpR — (pp +pH)2 — p( 4 HZHZ( D. p) 7 (216)
P

dspr _ @7 o o o zpder dPpdP Ppy
o dppH = 5(1 Zp ZH)5 (pp +pH q ) ZpZH 2(27T)D71

The integration over the kinematic variables of the produced parton is trivial due to the

(2.17)

presence of the delta functions and results in the constraints

p=1—zy, Pp=q—pn- (2.18)

The integration over zy and pgy is not performed, since our target is an impact factor
differential in the kinematic variables of the Higgs.
In the gluon case we will use the Sudakov decompositions of the polarization vectors

of the initial-state gluon with momentum k; and of the produced gluon with momentum

p97
(pg,l_ "€ (pg))

sh) =eulh),  elpy) = =08

k21 (py) - (2.19)
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Figure 2.4: Feynman diagram contributing to the ¢ R — ¢ H amplitude.

which encode the gauge condition ¢ - ks = 0 for both gluons.

We observe that, when calculating NLO real corrections, the sg-dependent factor in
the definition (1.204) can be taken at the lowest order in the perturbative expansion and
therefore put equal to one. Moreover, in the quark case there is no rapidity divergence for
spr — 00, therefore the regulator sy can be sent to infinity in the argument of the theta
function and the second term in Eq. (1.204) (the so-called “BFKL counterterm”) can be

omitted.

2.2.1 Quark-initiated contribution

In the case of incoming quark, the contribution to the impact factor reads

~ 1 ds R . o *
ARL1) = (e [Pol0) 37 S / R dpg T @) (Tim@) - (220)
1,]

AN

where color and spin states have been averaged for the initial-state quark and summed
over for the produced one. There is only one Feynman diagram to consider, shown in
Fig. 2.4, leading to

(0 c l—zy _ kz ko
F{(Hz;}q = —ggHtijmu(pq) (;(pH —q)-q—¢ ((pH —q)- ;)) u(ky) . (2.21)

Substituting Eq. (2.21) into Eq. (2.20), one easily gets the quark initiated contribution to
the impact factor,
g™ (zu, P, @) VNT—1 g
dzpd*py 16N (2m)P=1 (7 — pu)?)?
401 — 2m) (@ — ) - )" + 233 — qH)2]
ZH

x (2.22)
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ki, a, p

Py, b, v
ki, a, p Py +PH /

e, g —>— d)\

Figure 2.5: Feynman diagrams contributing to the gR — gH amplitude. In the text we
label them from (1) to (4) starting from the top left.

We observe that this contribution to the impact factor vanishes in the limit ¢ — 0, as

required by gauge invariance.

2.2.2 Gluon-initiated contribution

In the case of gluon in the initial state, the NLO real corrections, which are given, up to
the BFKL counterterm, by the first term in Eq. (1.204), take the following form

CC |P|0 ds gR abc(0) abc’(0) *
dq)glgqg}@j - 2(1—¢) —1) Z/ dp{Hg}F{Hg}g( ) (F{Hg}g(q)> O(sn — s4r)

)\ )\’
(2.23)

where color and polarization states have been averaged for the initial-state gluon and

summed over for the produced one. The Feynman diagrams contributing to the amplitude

Pabc(B

(Hglg of the gR — gH process are shown in Fig. 2.5, and give

2—ZH
2

Ty = —iggn f*eu(k1)e, (py) 9" (2.24)



2.2. NLO IMPACT FACTOR: REAL CORRECTIONS 87

ro —iggn [ e, (k1)eh (pg)
2= 2 . 1) 2 —*2]
[(zu my — Py

(1= za) (Mm% + Pi) g™ — 2zuply (py; — zuky)] . (2.25)
igngabcgu(kl)gi(pg)
2[(1 = zg)m¥ + (P — 207 )]
X [g" (1= zu)*mi + (Pu — 260 )?) + 226(1 — 20)* Pl — 2251 — z0)phpy)]
(2.26)
[~9"" (@~ Du) - @ — zu (ki +pipi)] .+ (2.27)

ng

. abe * l—=z
L= g e, )<L )

which sum up to

(1 = zp)(m3, + p3) g™ — 2zup; (P — 2uky)]

Fabc(O)
2[(1 = zm)mi; + P

gy = 1991 f " eu(k1)es ()

(9" (1 =z )*mi; + (Pr — 2uG )?) + 225(1 — zu)*Plpty — 225 (1 — z0)pip)]
2[(1 = zg)m¥y + (P — 2uq )?]

+

2— o (L —zu) [¢"(0— Pu) - T+ zu (kY + pivy)]
2 (¢ — Pr)?

Using Egs. (2.19), we can decouple longitudinal and transverse degrees of freedom and

(2.28)

get
2zuply Py — 2a(1 — zm)mi g™
2[(1 — zm)m¥ + Pl

F??;;(])»)g = —iggn f*" e, (k1)e), (y) [

_2an QLAY — zn(L = zr)migg? | zn(@irf — (1= zm)rliaf) = (1= 2m)7- 79"

2 [(1 — zg)m? + &2] 2 ’
(2.29)
where we have defined, similarly to [61],
Al = p’;LL —zuqy . rL=q} —QD‘;QLL ) (2.30)

We can finally plug this expression into Eq. (2.23) and get the gluon-initiated contribution

to the impact factor,

dq’éfg}(zmﬁfh@ _ 929?{0,4 { 2
dzpd®py 8(2m)P=1(1 — e)/N2 — 1 | zu(1 — 2zp)

2 — 201 — zu)e] + 223 (P - 7) (P - q) 2251 — 2)miy

72 (1 = zu)md; + D] [(1 = zm)mi; + pj]

(1 — ze)znm3 (@ P)[2h — 200 — zn)e + 225 (A - A)(A-9) 223 (1— z)m},
721 = zg)m% + &2] [(1 — zg)m3 + &2]
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(1—€)2%(1 — zp)*m} 1 1 ?
" 2 ([(1 ey + A7 A= emd + ﬁé})

222 (B - N2 — 2e(1 — zp7)225mY,
(1= zm)mi; + pg] (1 — zu)miy + A7

2772 1— 7. )2 1— 2 4 A2
+ri = +ZH(1—ZH)+2(1—€)( ZH)<?]’2;2”0<SA_( = >

1— 2y 2H 2u(1 — zp)
(2.31)

We notice that this expression is compatible with gauge invariance, since it vanishes for
(I){Hg}
99

¢ — 0. We have presented our result for in a form similar to that given in Eq. (46)

of Ref. [61] to facilitate the comparison. One can see that the expression in Ref. [61]

24

agrees with ours®*, except for:

e two terms which are proportional to zg(1 — 2x)? instead of 2% (1 — zg);
e two terms, proportional to z3;, which have a sign different from ours.

These little discrepancies are due to misprints in Ref. [61], as privately communicated to

us by the authors of that paper.

2.3 NLO impact factor: Virtual corrections

In this section, we compute the contribution to the impact factor coming from virtual
corrections. The basic ingredient we need is the 1-loop correction to the high-energy

vertex in Eq. (2.10), that we indicate as

ac ac(0
F{I‘%)g(q) = F{};})Q(Q) [1 + 5NLO] . (2.32)

Thereafter, the virtual contribution to the impact factor can be calculated as

(Y1) (2 ) (cc'[Po|0)
o (T 50) = SV 1)

24We stress that in Ref. [61] authors work in D = 4 + 2¢, while we work in D = 4 — 2¢
2>We remind that this is the effective vertex for the coupling of the initial-state gluon with the final-

state Higgs and a t-channel Reggeized gluon, which is an object in the octet color representation with
negative signature. Up to the NLO, the effective vertex takes contribution from the exchange in the
t-channel of either one or two gluons; in the latter case, the projection onto the octet color representation
with negative signature should be taken; in our calculation this projection is automatic in presence of an

initial-state gluon, since the Higgs is a color singlet state.



2.3. NLO IMPACT FACTOR: VIRTUAL CORRECTIONS 89
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Figure 2.6: g¢ — Hq amplitude.

<% [ S apnriyo (@) [0 (25) + oo+ dtuo] 23

where the sy-dependent term comes from the expansion of (so/72)*" 7% in (1.204).
The general strategy to find a NLO high-energy effective vertex is to compute, in
the NLO and in the high-energy limit, a suitable amplitude and to compare it with the
expected Regge form, written in terms of the needed effective vertex and of another
known one. For our purposes, we consider the diffusion of a gluon off a quark to produce
a Higgs plus a quark, whose amplitude Ay, rq, for the octet colour state and the negative

signature in the ¢-channel has the following Reggeized form (see Fig. 2.6):

(8.) s w(t) s w(t) 4c(0) 2 ( :

ac(0) S c ac(0) 28 c 2s c
ST S ) {ln(—t) Hn(_tﬂp(o)H{éc})) tp<1>+p{}§}; t ST | (2.34)

where

50 = gttty — ) Mu(h) .39

is the LO quark-quark-Reggeon effective vertex and FZEJI) its 1-loop correction, known
since long [40, 42|, and t = ¢* = —¢>.
Let us now split the 1-loop contributions to this amplitude into three pieces, related
to 2-gluon (2g) or 1-gluon (1g) exchange or self-energy (se) diagrams in the t-channel:
ARG | 6N 419)() _ {F@g)ac(l) 23rc<o> L 12l 25 pag)en

gq—>Hq g9q—Hgq gq—>Hq {H}g {HYg ¢ " aa

c(0) S (1) S c<)
—|—F{H}gtw (t) {ln <—t> +1n< t)} Iy
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{H}g {H}g ¢ {H}g {H}g ¢ ~aa

N {F(Se) c(1 )Q—FC( 0) 4 e ac(0) 2s F(Se)c( )} {F(lg)ac(l) 2SFC( ) FC(O)} QSF(lg)c(l)} 7 (2.36)

where the self-energy diagrams and 1-gluon exchange diagrams are automatically in the
8~ color representation.
We stress that we will use a unique regulator € = eyy = g for both ultraviolet (UV)

and infrared (IR) divergences. As a consequences, scaleless integrals such as

dPk 1
/ i(2m)P k2(k + k)2 (2.37)

are equal to zero due to the exact cancellation between IR- and UV-divergence. In our

case of massless partons, this implies that the contribution from the renormalization of
the external quark and gluon lines is absent in dimensional regularization.

(lg)ac(l) can be calculated in a straightforward way

The 1-gluon-exchange contribution I',
by taking the radiative corrections to the amplitude of Higgs production in the collision
of an on-shell gluon with an off-shell one (the gluon in the ¢-channel) having momentum
q, colour index ¢ and “nonsense” polarization vector —ky/s. In a similar manner one
could calculate the 1-gluon-exchange contribution to the quark-quark-Reggeon effective
vertex; in this case, the t-channel off-shell gluon must be taken with “nonsense” polar-
ization vector —k;/s. This is the consequence of the Gribov trick on the ¢-channel gluon
propagator, valid in the high-energy limit. The 1-gluon-exchange contribution does not
include self-energy corrections to the t-channel gluon, which must be calculated separately
and assigned with weight equal to one half to both Fg‘j;}ac(l) and Tl

For the 2-gluon exchange contributions we have the relation

2s

(2g)ac(1 )25 c(0) | 7ol 2 p2g)e(t)
e T Ui Tad
(29) )(1) ac(0) S S c
= AR F{H}g;w(l)(t) [111 <_—t> +In (_t)] reo, (2.38)
which shows that we need to know the correction I‘((]q “D " This correction has been
obtained in Ref. [62] and reads
2g)c(1 2 c
ngg) L _ 5( 9)( £)Tl 0) (2.39)
with
1 1
S0 (0) = (0 |~ + (1) + vl + 0~ 201 - )
(2 1 1
= ¢*N 2491 (=) [—=+1—e+4e'(1) ) + O(e). (2.40)
(4m)2=¢€ € €
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Figure 2.7: 1-gluon in the t-channel exchange diagrams. In the text we label them from

(1) to (4) starting from the top left.

2.3.1 The 1-loop correction: 1-gluon exchange and self-energy

diagrams

There are four non-vanishing diagrams with 1-gluon exchange in the t-channel, including
the one with self-energy corrections to the exchanged gluon; they are shown in Fig. 2.7,
where, the blob in the third diagram means the sum of gluon, ghost and quark loop
contributions.

Let’s start by considering the first diagram; it gives

1 k dPk T H_,(—k — pu, k
MY = ity 2 [Tk e CR P ) (241)

v =4 (2m)D k2(k + pr)?2

where
Lot = [(T9)ab(T9)ca(9"° 9" — 9" g"") + (T7)ac(T)oa(9"" 9" — 9" 9"")

+<Tg)ad(Tg>Cb<g”pgyo - g,uzxgop)] ) (Ta)bc = _ifabc ) (242)
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and H,, is defined in (A.1). After a trivial computation, we obtain

pt) _ paco) 2 (D =2)

T _ pac(0) 5(19)
LV 4(D—1)Bo<m%f):F{H}g51,5- (2.43)

The definition and the value of the integral By(m?%), together with all the other integrals
that appear in the calculation of the virtual corrections, can be found in the Appendix A.2.

The second diagram gives the following contribution

(1g) _ __Z @ ac 2 dPk V,ul/o(_kh —k — q, k)ApUV(_k7 k + Q)
Ty = —e€u(kr) ; N§*qg gH/ @m)P PR o (2.44)
where
AP (p,q) = 9" (g — )" + 9™ (2p + )" — ¢" (p + 2¢)° (2.45)

and V7 is defined in (A.2). We find
ac 3 — ac
Iot =Ty, {—QNgQBo(—qz)} SV (2.46)

The correction due to the Reggeon self-energy is universal and reads (see, e.g., Ref. [63])

ac(0 1
SV (2.47)

ri = ) [0

(5—3¢)N —2(1 — e)nf}
{H}g

4(1 —2¢)(3 — 2¢) N

The last correction is the one associated with the “triangular” diagram,

k
ngg/) = QQNGM(kl)%(SanH

. (2.48)

/ dPk ARV (=k,k+ k))APP(—q,q — k)H,5(—k1 — k, k — q)
i(2m)P k2(k + k1)%(k — q)?
This correction is less trivial and we made use of the FEYNCALC [64, 65] package to

perform some analytic steps; up to terms power-suppressed in s, we end up with

[(19) _ pac(®) 5(1g) _ pac(0) Ng*
Vo AD = 2)(1 - D) (mi + 7%

X {2(D — 1) [(=5(D = 2)myy — 43D — 8)myq* + (16 — TD)(@')*) Bo(—7*)
+2(D = 2)mi; (2my + 3myq* + (7%)°) Co (0, —q*, mi;)| + (=D(D - 2)(7*)*

+ (D(D(4D — 35) 4 92) — 60)my; — 2(D(—2(D — 9)D — 41) + 24)m%,¢*) By (m7;) } :

(2.49)
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Figure 2.8: Feynman diagrams contributing to the gR — gH amplitude.
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2.3.2 The 1-loop correction: 2-gluon exchange diagrams

- (@)

gq_,Hq and use

As already mentioned, to extract this contribution we need to compute A9
Eq. (2.38). There are three diagrams contributing to this amplitude (see Fig. 2.8). If all
vertices involved in these diagrams were from QCD, one could use the Gribov trick (2.11)
on both gluons in the ¢-channel and adopt the powerful technique explained in Refs. [66,
63] to simplify the calculation. Instead, it is interesting to note that, the use of an
effective Lagrangian containing an operator of dimension 5, requires a modification of the
technique introduced in renormalizable theories for extracting the high-energy behaviour
of amplitudes. In particular, for diagrams where a single gluon connects the two rapidity
regions, the trick can be safely applied, while for diagrams with two gluons exchanged
in the t-channel, the transverse part of the metric tensor should be kept in any gluon
propagator directly connected to the effective vertex. For those propagators, one should
use the modified Gribov prescription,
kiKY + kb kY kS kY

g“”—gu%—Q% — gi" 422

(2.50)

We begin by computing the first diagram; the second one can be obtained from the

first by analytic continuation from the s-channel to the u-channel, namely

ACDEDD) gy = _ pROEDM gy (2.51)

99—Hgq, 2 99—Hg, 1

The amplitude relative to the first diagram is

dPk AP (—k,k + k) H (= — ki, k — q)
(20)(8, abe (b4e) : -
A 0 = (k1) g g f(801°) / M) K2k + k1)2(ks — k)2(k — q)2

X Joe ok — )7 (ks — K)7y ulks) . (2.52)

Observing that
abc (4byc 1 abe [ 1byc cyb i a 4 acyc

and then using FEYNCALC [64, 65], we obtain

ACOE) | 42981 _ pac) 9*N (2q%((5D —12)m3; + (D — 2)¢?) By (m3)
9q—{H}q, 1 99—Hg, 2 Hg (—4) (D —2) (m% + 52)2

L AD = 2)miy + (D = 2)mjq” + (2D = 5)(§°)*) Bo(=q”)

+25C, (m?%,0, —s
(D —2) (m% +72)° o (i 0. =5)




2.3. NLO IMPACT FACTOR: VIRTUAL CORRECTIONS 95

4 (my —myq? — §*) Co (my;, 0, —¢°)

—25Cy (m7,0,s) — 47°Cy(0,0, —q?
S O(mH, ,s) R +447Cp(0,0, —7~)
—25C5(0,0, —s) + 25Cy(0,0, s) 4+ 24*sDy (m7;,0,0,0; -2, —s)
-2 2 -2 25 c(0)
—2¢%sDy (m7;,0,0,0; =77, s) tr . (2.53)
The third diagram gives a much simpler contribution:
1 2s c

Aéql(Hq ):)f = F{hg}; [NQZBO( %0, 0)} TFqE,O’ - (2.54)

At this point, using Eq. (2.38), we are able to extract the contribution to the gRH
vertex from the exchange of two gluons in the t-channel:
(29)(8 (29)(8,-)(1) (29)(8,—)(1)
529 _ qu—>Hq 1 +qu—>Hq 2 +qu—>Hq 350 _ —w(l)(t) {ln (i) +In (_—8)] :

Hg = ac(0) 25 c(O) 9 2
I1{H}g t Ly

(2.55)

2.3.3 Full 1-loop correction to the impact factor

Adding §; 29 to 5%1‘9/), (551?/, (531‘9,, and 0 1{[} as defined in Eqgs. (2.43), (2.46), (2.47), and
(2.49), respectlvely, we obtain

_ 9\ —€ 2
as [ q Ca  11C4 —2ny  Sny . miy 7T
) ~ | = — — Cal2Lis ([ 1+ —2 —
NLO T <,u2) { e Ge 9 T 2T q? 3 + ’

2.56)

where we have kept only terms non-vanishing in the limit ¢ — 0 and have used

g’T(L+eju™™

Qg = (471')1_6 , Cy=N. (257)

Substituting (2.56) into Eq. (2.33), we finally get the virtual correction to the Higgs

impact factor:

by (21, P, T s0) _ A5y (2, 0, @) 0 (7°) [ Ca
dzndp dendpn  2m \p ¢

110A_2nf CA (72 5nf . qu 7T2 67

ATy A (4 Ca (2 Re (Liy (14 2H T 1] .

T 6 en(so T thalstel It )t )t
(2.58)

where gy has to be taken at leading order, while the last term equal to 11 takes into

account its next-to-leading contribution (see Eq. (2.2)). The result in Eq. (2.58) can be
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also obtained from Ref. [67], by taking the high-energy limit and using crossing symmetry.
We used this alternative strategy as an independent check, finding perfect agreement.26
The comparison with Ref. [61], whose virtual part contribution is based on Ref. [68], is
not immediate, since their calculation is based on the Lipatov effective action and on a
different definition of the impact factor. This implies, for instance, that in their purely
virtual result, Eq. (43) of Ref. [61], the rapidity regulator is still present, which cancels
when one combines the impact factor with their definition of the unintegrated gluon

distribution?®’.

2.4 Projection onto the eigenfunctions of the BFKL

kernel

In this section we will carry out the projection of the Higgs impact factor onto the eigen-
functions of the LO BFKL kernel. There are two main reasons for performing this proce-

dure.

First, being our impact factor differential in the Higgs kinematic variables, IR diver-
gences do not appear in the real corrections and, therefore, it is not possible to observe
their cancellation in the final result for the impact factor, as it would happen for a fully
inclusive hadronic one (see Ref. [66]). The cancellation must of course be observed at
the level of the cross section: the projection onto the LO BFKL eigenfunctions is an
effective way to anticipate the integrations needed to get the cross section and, therefore,
the projected impact factor, when all counterterms are taken into account, turns to be
IR~ and UV-finite. This procedure has been already successfully applied in Refs. [69,
70]. The second reason is more practical: moving from the momentum representation
to the representation in terms of the LO BFKL kernel eigenfunctions makes the numeric

implementation somewhat simpler.

To understand the idea behind the projection, it is enough to consider the partonic

26To perform the comparison, we first used crossing symmetry to obtain from Ref. [67] the NLO
amplitude for the Higgs plus quark production in the collision of a gluon with a quark, then we took the
high-energy limit of this amplitude and confronted with the BFKL-factorized form of the same amplitude,

taking advantage of the known expression for the NLO quark-quark-Reggeon vertex.
27We recall that they considered the single-forward Higgs boson production.
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amplitude in the LL,

s dD72q deZq
S, ((AO1E) = s [0 [ 12
(27)

q7 qs
0Fico g s\“
X(I)(f?lx (ql;SO)/ i K—) GSJO) (Q17Q2)1 q)g)j)g(—qmso) )
§—ico <M1 So

and the spectral representation for the BFKL Green’s function (1.187),

> +o00 n Tk
GO (G, 3)= > /_ dv f_(asgfx((n 3). (2.59)

If we use it, then, integrations over transverse momenta decouple and each impact factor

can be separately projected onto the eigenfunctions of the BFKL kernel, so that

d2_2€q S2\iv—23 in pod
| SRkt = o). (2.60)

and similarly for the ®gg. The extension of the procedure to the NLL is straightforward
(see the next chapter). Since we work in D = 4 — 2¢, we rely again on the “continuation”

of the LO BFKL kernel eigenfunctions to non-integer dimensions,

(7%)e™ = (73 2(7- )", y=iv—g.

As already discussed in subsection 2.1.1, to get the Higgs impact factor for a proton-
initiated process, we must take the convolution with the initial-state PDF's. This brings
along initial-state collinear singularities, which must be canceled by suitable counterterms.
In the rest of this section we will construct the (n, v)-projection of all contributions to the
hadronic Higgs impact factor, including the PDF counterterms, and will check the explicit
cancellation of all IR divergences. The residual UV divergence will be taken care of by
the renormalization of the QCD coupling. To perform the (n, v)-projection, according to

Eq. (2.60), we will make use of the integrals computed in Appendix A.3.

2.4.1 Projection of the LO impact factor

Recalling the expression of the LO impact factor,

d(b}p} (xw, PH, q) / dZH (IUH) d¢>gg (ZH PH, Q) _ 9572 [y (x1)6P(T — Pr)
dxpd* Py dzpd* Py 8(1—e)VN2—-1 '~
(2.14)
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we get immediately from Eq. (2.60) its projected counterpart,

d®§f;}(0)(xH7ﬁH7n7 I/) — 912"] (ﬁ]?[)iy_%ein(be (x ) (2 61)
dr 2Py 81— eWNZ—1 w2 o '

Here ¢y is the azimuthal angle of the vector py counted from the fixed direction in the
transverse space. The projected LO impact factor is the starting point for the calculation
of the NLO contribution to the projected impact factor from the gluon PDF and QCD
coupling counterterms. From now on, we will omit the apex () since all contributions to

the projected impact factor are NLO.

2.4.2 Projection of gluon PDF and coupling counterterms

Taking into account the running of ag,

ulp) = () |1+ S (E0 20y (] gy o (21

€

(2.62)
and the running of the gluon PDF,
O‘S(ﬂF) 1 —g ,U2
foo ) = Syt ur) = ) (=2~ mfane ) (2
Vdz x x
X i ? Pyq(2) Zﬁfa (;7MF> + Pyg(2) 4 (;;MF) ) (2.63)
a=qq
where )
1+(1—-=
Paqg(2) = CF—< . ) , (2.64)
z (1—2) 110A—27”Lf
P =2 1-— —0(1 — 2.
a(2) = 2Cy <<1 o, + . + 2( z)) + 5 (1 —2), (2.65)
with plus prescription defined as
1 1 _ a
/ do 0 / PO =) |t O (2.66)
a (1—$)+ a (1—1’) 0 l—x

we obtain the following projected counterterms,

_ dq)EDI]{:’}(O) (xHaﬁHa n, V) % ]3_121 B
drgd?py 2 \ p?

dq)%} (xHaﬁHa n, V)

dx HdQﬁH

coupling c.t.

2
(a2 (1 (v
3 3 € i
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— d(PEDI;?div(IH?ﬁHa n, V) dq)gé%ﬁn(xf{’ ﬁH’ n, V) (2 67)
drgd*py coupling c.t. dxyd?*pu coupling c.t. , ‘
d@}ljg}(IH,ﬁH,n, V) _ _ 1 dq)}IjD}(O)(xHaﬁHan7 V)% (]7_1?[) -
Ay oy Jolom)  dondpy 25 \ g
X ——+1n<_,— —— | Pye(2 Ja |l —
< € pfz ey “H ool H)an:q “H n
dl’HdzﬁH Py c.t. dl'HdQﬁH Py c.t. .
and . HY0 _
d®§3P}($H7ﬁH>n>V) _ 1 dq);P}( )(QZ'H,]?H,TL,V)%(]?_}%> ‘
drpd?py Pgg c.t. 1 g(IH) drpd®py 2m \ p?
1 ,u,%ﬂ /1 dZH Ty
x (== 4+ (EE & p o
(em(5) [, S [rtens (S
o d¢;§?div($HaﬁHan7 V) dCD}’Igrﬁn(IH’ﬁH7n’ V)
_ i 2 (2.69)
da;Hd PH Py c.t. dde Pu Pgg .t

With obvious notation, we have implicitly defined divergent (“div”) and finite (“fin”) part

of each contribution. We will keep adopting this notation in the following.

2.4.3 Projection of high-rapidity real gluon contribution and
BFKL counterterm

The contribution from a real gluon emission has a divergence for zy — 1 or (z, — 0) at
any value of the gluon momenta ¢— py. This divergence is regulated by the parameter sy
and, in the final result, cancelled by the BFKL counterterm appearing in the definition of
the NLO impact factor. In this section we make the cancellation of s, explicit and give
the (n,v)-projection of the high-rapidity part of the real gluon production impact factor
combined with the BFKL counterterm.

First of all, let’s take the convolution of the impact factor for real gluon production,
given in (2.31), with the gluon PDF and rewrite it in an equivalent form, by adding and

subtracting three terms, for later convenience:

Ao (e, fur, T s0)  dOUE (wir, Far, m, @ 50)

dx g d?py depgd?py

AU (i, @ o) ARPE ™ (0, P, @ 50)

i drpd®py drpd*py
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! AL (2, P, T 50)
—i—/dzfx % AR , 2.70
TH " 9( H) dZHd2pH zg—1 ( )
where - "
YL (wy, P, @ 50) _ / den o (@n) d%sy " (a7 50)
dLL’HdQ]QH Ty ZH g ZH dZHd2ﬁH
1 {Hg} >
TH dq)gg (ZHJ PH,q; 50)
— d — 2.71
[ et (22) [ Al , (271)
zg=1
a2 (o, i, @ 50) _ /*H G f () 208" s P 8 50) 2.72)
dﬁHdsz 0 H/g\"H dZHd2ﬁH 1 '
ZH=
and Hg}pl H
dOLE (e, P, @, 50) _ _/IH dep fo(x >dCI>£{,g D (2, P, T, 50)
dﬂ?HdeH 0 H/g\"H dZHd2ﬁH .
2=
1 {Hg} S
TH d@gg (ZH7PH7 q; SO)

d — | = : 2.73
+/w “ (fg(zH) fg(xH))[ T 27)

The pieces d®, ddtHo—=n) and detH9IPls gre free from the divergence for zy — 1
and therefore in their expressions the limit sy — oo can be safely taken, which means
that 0(sy — spr) can be set to one. The projection of these terms will be considered in

subsection 2.4.5. The last term in Eq. (2.70) can be easily calculated, since

d(b.gfg}(zHa ﬁH: CT, SO)
dzpd?*py

(c'|P0)
21 —e)(N2—1)

zg—1

dsprdpy .. R
X Z/TFP{J‘}( bisy) 0 (sa = spr)
{1}

zg—1
2 2 =9 - = \2
_ g gHOA _ q —— 1 0 (SA N (q pH) ) . (274)
4(1 — €)v/N2 — 1(27)P=1 (¢ — pu)? (1 — zm) (1 —zn)
We get
! dq)é;{g} (ZH7 ﬁH: (Ta 80)
/;H dZHfg(iUH> dZHCPﬁH i
2 92 -9 1 =)
9295Ca q / 1 < (7 — Pr) >
— deg————Tf,(zg)0 | sp — —
= VN =105 T oy = 2 2O 0 )
202 (O 9 1 ) P-
_ g ggla - _ q _ 2fg(~rH) 11’1(1 . IH) I [(q ];H) ] '
4(1 — e)v/NZ = 1(2m)P-1 (¢ — Pu) 2 o

(2.75)
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Let’s consider now the BFKL counterterm

AHBFKL c.t.(ZH,ﬁH’ q: s0) 1 q? d(I){H}(O) g’ o 52
g9 _ __/dqu/_ 99 ( )Kﬁo)(ql,q)ln( A )280) .

=19

dzpd®pr 2 q? dzpd’pm (¢ —q
(2.76)
Using Eq. (2.13) and Eq. (1.164), we find
LG T SN S R S P
Az d2pir 8(2m)P1(1 — e)VN2 —1(7—pu)*  \(T— Pu)*so
(2.77)
and, after convolution with the gluon PDF, we get
dq)I}%FPKL C.t.(xHaﬁHa (j; SO) — /1 d’Z_H Z’_H dq).]qngKL C't.(ZH7ﬁH’ q_)
drgd®py ey 200\ ZH dzgd?py
__ 99nCa T Jolen) ), ( oA ) (2.78)
8(2m)P~1V/ N2 —1(7—pu)* (1 —¢) (7— Pr)?*s0

When we combine the last term of Eq. (2.70), given in (2.75), with the BFKL counterterm,

given in (2.78), we obtain

dPPE " (w1, P, & S0) 9°94Ca q? (1- xH)\/%)

dryd*py - 42m)P1 (1 — VN2 — 1 (7 — ﬁH)2fg<xH) " < |q — Pl (2.79)
2.79

Note that this term is finite as far as the high-energy divergence is concerned. The

remaining divergences can be isolated after the projection,

AV (wy piy . viso) _ AR wn ) G0 (BR\ [ Ca  Cay (TR
drpd®py dxpd*py 2m \ pi?

C4 ph 1 n .
-2 . ln(l—xH)+C'A |:1Il <80(1—:CH)2 2’)/E+w 2+2—ZV
1 n 9 1 (1 n (L on
+¢(§+§+zu)>—2yE—C(2)—§<w <2—|—2 w> ¢<2+2+w>)
1 n . 1 n
_27E(¢(§+§_ZV)+¢<§+§+ZV>)
1 s 1+n ) 4o 1+n+, 2
2 2 T T p T T
dq)BFKL (IH)ﬁH) n,v; 80) dq)]BDFPI,%E;(xH7ﬁH7 n,v; SO)

PPdiv
= ’ . 2.
dz Hd2pH N ddeQPH ( 80)
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2.4.4 Projection of virtual and real quark contributions

Since the virtual contribution is proportional to the LO impact factor, the convolution

with the gluon PDF and the (n,v)-projection are trivial and give

Ay ey i n,vis0) _ dRp " (wa fi ) as (53] Ca
deydpy depd 2w \ 42 ¢

_ 52 2 2
—|——1ch 2ns — %ln (@) — % + Cy (2 Re (Liz (1 + nj—f)) + T + g) + 11]

Ge € 50 9 D 3 18
dCb}’[}I)}éB(l‘Hvﬁanv v, SO) dq)}{f}[:)}érll)(xH,ﬁH,n,V)
= : — : - (2.81)
dx g d?p drgd?*py
We recall that the real quark contribution is
dq)éfq}(ZH,ﬁH, q) _ N2 —1 929%{
dzpd®Pn 16N (2m)P=1 (7 — P )P
4(1 — 2. 712 2 22( > = 2
ZH

Using

(G i) - 0= 5[0 + G~ P~ 7]
this contribution can be projected using the integral I;(71,72,n,v), defined in (A.31),
and suitably choosing v, and 7, for the different terms. The projected quark contribution

gives

d@éfq}(zH,ﬁH,n, V) NZ—-1 ,, 1— 2z
= 2 L(—-1,1

]_—ZH

(1 0.2.0.0)

ZH

_2]7[—21 (]1(07 17”7 V) + ]1(_]—a 2)”)”)) + Il(_2727n7 V):| } :

If we replace I1 (1,72, n, v) by its explicit expression (A.31), perform a partial e-expansion

and take the convolution with the quark PDF's, we obtain

112

> (e} -t (P2 1 g (20

—ad H
a=qq

AL (v, punov) 1 AP (@n, fain,v) aa (pH)
d!L’HdzﬁH fg(QZH) dI'HCPpH 27’(’

! dZH
X -
zy ~H
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O [y — 1y (LM =) (L (1= 2)®) B — 1) + (e =3

2 (3 +2—iv) (242 +iv) (—3+%+wv)

~(14 (1 —zn)?) (H—1/2+n/2—w R A MH }

_ d‘p}{:};ﬁw@m ﬁHu n, V) dé;i?f{n(xH7ﬁH7 n, V)

2.82

We observe that the e-singularity is cancelled when we combine this object with the
counterterm containing Py, (2 ), which appears in (2.68). We emphasize that the limits

n — 1orn— 3, v — 0 are safe from divergences.

2.4.5 Projection of the real gluon contribution

In this subsection we discuss the projection of all terms appearing in (2.70), but the last,
which was already treated in subsection 2.4.3.

We start with the terms labeled “plus”, which, after (n,v)-projection, gives

dq)}Ing}plus(xHa ﬁHa n, v, SO) _ 1 d(I);I}ID}(O) ('TH7 ﬁH; n, V) % 1113 -
dﬁHdQﬁH fg(xH) dde2ﬁH 27T /JJ2

U dz x z 1
X / Hfg <—H> 20— {— + (H—1/2+n/2—iu + H—1/2+n/2+il/):|

H Z ZH (1 B ZH)+ €
AL @ Py, v)  dOUE (wn, iy, v) (2.83)
= dzy2py drgd?py .

The divergence in this term is cancelled by the term containing the plus prescription in
Pyy(zr), which appears in (2.69).

Then, we project the term labeled “(1 — xy)” and find

dq)}'[;g}(l_mH)(xH7ﬁH7 n, V) _ dq){PI;}(O) (‘TH7 ﬁH7 n, V) % 17_1?1 -
diL'Hd2ﬁH dLCHd2ﬁH 2w /,62

1
x2C,In(1 — zy) - + (H-1/20n/2—i + H—1/2+n/2+iu):|

_ dq)jDIjD?(j}l(\,l_xH)(xH7ﬁH7 n, V) + dq)élj??grsl_xH)(IH7ﬁH7 n, V)

2.84
drpd?*py drpd?*py ( s )

The divergence cancels with an analogous term present in d®B5RE | given in (2.80).
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We are left with the first term in Eq. (2.70), i.e.

d(f}{ajjag}(ﬂﬁH,ﬁH, Cf; 30)

2.85
drndpr (2.85)
:/1 dZ_Hf I_H d@g{lfg}(ijﬁqu*) — 5 dq)églg}(zHaﬁHJ@
ey 200\ 2H dzpd?pu m dzpd?pu ) '
ZH=

The effect of this subtraction is to remove the first term of the last line in Eq. (2.31),

which in fact represents the only true divergence for ziy — 1, and we obtain

Ao (znr, P, @) B by (211, P, T 50) _ 995 Ca
dzpd®py " dzpd® iy 8(2m)P-1(1 — )V N2 — 1
Zg=
. {_ {222 o (L= 2n)zamy (@ Pl = 20 = zm)d + 22 - )P - )
an(1—zm) |71 r2 (1= zg)m¥ + ]
223 —z)md (1= zp)zgm3 (G F)[2h — 201 — zn)e] + 225(A - M) (A - )
(1 = zm)mi; + PF] 72 [(1 — z)m + &2}
2251 = zm)my N (1 —€)2%(1 — z)*mY, ( 1
[(1 — zg)mi + &2] 2 (1= zm)mi; + A?]
+ 1 )2 228 (- A)? = 2¢(1 — zp)*2mi;
(1= zi)m¥ + P (1= z)m¥y + p3] (1 — zu)mi; + A7)
2q (1 —zx) (¢-7)?
—I—ﬁ |iZH(1 — ZH) + 2(1 — 6) o q_, 72
_ A e i @) AR e e @) AR G D) g
o dZHdQﬁH dZHdZﬁH dZHdzﬁH ' ‘

In the last equality, we split this term in three contributions: 1) ddSHI! contains the
pure collinear divergence remained, 2) d@gfg}(l_’m ) contains terms that taken alone are

singular for z;y — 1, but when combined are safe from divergences, 3) d®§ ™" is the

rest.

Collinear term

Ay (2, P, @) _ 6°94Ca 2
dzgd®py 8(2m)P=1(1 — €)y/N2 — 1 72
1— 7 )2
| zn(1 = 2p) +2(1 — U=z (@ 17] (2.87)

ZH q2r?
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This term can be projected and taken in convolution with the gluon PDF in a way quite

analogous to the quark case; we find

APy wr, P, v) _ 1 dpp " (wn, P, v) @ (p—H) *6 / Cden (x—H>
dl‘Hd2]7H fg(l'H) dIHdzﬁH 2T [12 Ty ZH ZH
1 1—2 1—2z
X {——2 CA <ZH(1 - ZH) + Q) - 27ECA <ZH(1 — ZH) + Q)
€ ZH ZH
204(1 — = 1+n 1+ 22 3 —n+ 222
_2Ca( = 2n) 14+ +V62hH — =1 — —
zy 25+2—iv) (-2+2+0v) 2—3+%+iwv)

+(1+ 23) (w (§+§—W) +¢<_g+g+w>)]}

_AOPEE (ww, B v)  dREEE (P, v) (2.88)
= Az g d®py drgd?*py ‘

We observe that the e-singularity is cancelled by a terms contained in the counterterm
with Py,(zp), which is given in (2.69). As in the quark case, the above expression is safe

from divergencesinn=1orn =3, v =0.

(1 — zg)-term

dq)églg}(lizH)<ZH,ﬁH, q~> _ 92912LICA 1 222
dzpd*py 42m)P-1(1 — e)V/NZ = Lzg(1—zy) | "
PR = z)mi + PR 2 (1= 2gym2 + &2]
222 (P - A)?
(1= zu)mi; + D] (1 — zm)mi; + A%]
Here, and in the rest of the calculation, we will use the following formula,
o ol o1 ol o1 e(¢—om)  o—ild—¢n)
- = ) eosto - o) = @R () 290

Let us first observe that the term in square bracket gives zero in the limit zy — 1, so that
there is no singularity in this limit. Now, using (2.90), we perform the projection and

convolution with the gluon PDF and obtain, up to vanishing terms in the ¢ — 0 limit

dofi ™ @y, ) 1 dOP N w, fayn,y)  2V2Ck a

drpd*py fo(zm) drpd*py (ﬁfl)i”_%emw 2w
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—2igpg
X - e L(—-1,1,n+2,v
/zH ZH Is zi ) zn(1—zm) U[(1—zm)mi + g | 4 ( 1 )

) ) 1
—|—€22¢H11(—1, I,n—2,v)+2L(—1,1,n, 1/)) — (Pir)? <e_z¢H]1 (—5, 1,n+ 1,1/)

; 1 222 ~
st (—gn—t0) )| - S 0L

2 >2
25D
HPH

0 (791 I3(—1,1,n+ 2,v) + e*F [;(—1,1,n — 2,v) + 2I3(—1,1,n,v))

. 1 , 1
<6_Z¢H13 (—5, 1,n+ 1,1/) + e [, (—5, 1,n— 1,1/))}

. 1 , 1
—2z3 [% <6_’¢H13 (—5, 1,n+ 1,V) + e [, (—5, 1,n— 1,1/)) —zpl3(—1,1,n, 1/)]

(VI3

—ZH (ﬁé)

-9\ 1 A 3 A 3
—225(1 — zp) [<pg)2 (1+ zg) (6_’¢HIQ (—5, n+1, V) +er ], (—5, n—1, 1/)) — ZH
7 |
wIo(—2,m,v) — ZH (e7298 [o(—1,m + 2,v) + 21 [h(~1,n — 2,v) + 2I5(~1,n, 1/))] } .

Setting € = 0 and using the limits (A.17), (A.18), it is easy to show that the result is safe
from zy — 1 divergences. In this result, there are combinations of integrals, which are
safe from e-divergences, even if single integrals, taken alone, are divergent. In particular,
we note that if we use Eq. (A.31) for the integrals of the type I3, the first five terms vanish
up to O(€). Moreover, if we apply the replacement (A.30), we see that the “asymptotic”
counterparts of the last six integrals cancel completely and therefore any I, integral in

the previous expression can be replaced by Is,es. The final form for this contribution is

d(I)}DPIIDg}(l_ZH)(xHa ﬁH: n, V) _ 1 dq);ii} (ZL’H, ﬁH7 n, V) 2\/§CA %
drpd*py folzm) drpd?*py (ﬁﬁ,)i”_%eimH 27
- — - = , Ly, V
e 21\ 2 ) za(L—=2m) | [(1 = zm)mi + Pl )
22 ]5»2 ) ]
+% (791 I3(—1,1,n+ 2,v) + e I3(—1,1,n — 2,v) + 2I3(—1,1,n,v))

- 1 . 1
_ZH(ﬁI?I)% <6_Z¢H‘[3 (_57 ].,’I'L—i- 177/) +€Z¢H-[3 (_5,17'ﬂ— 171/)):|

. 1 4 1
—222 [% <e_’¢H[3 (—5, 1,n+1, 1/) + e I, (—5, 1,n—1, 1/)) —zpl3(—1,1,n, 1/)]
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. 3 . 3
—223,(1 — zy) (pg)Q (14 zp) <6_Z¢)H.[2’reg (—§,n +1, 1/> + 61¢H127reg (—5, n—1, V>>
P :
—2nlares(=2,v,m) = T (€7 Dyreg(—1,m + 2,v)
(2.91)
_‘_€2i¢H]27reg(—17n -2,v)+ 2]27reg(—1, n, 1/)) ] } .
Rest term
Sy " (2, P, @) _ g% C {m%[((f- P2 — 2(1 — 25)€]
den®iy AemPA(1— OV NE—T1 | 72 [(1— za)midy + )
(1 —€)zg(1 — zg)mY, ( 1 N 1 )2
2 (1= zm)mi + A2 [(1 = z)mi; + P
2¢(1 — zp)zgmty ) ( 1
+ - — 2zgm S
(1= zg)m2 + p2] [(1 — z)m2 + A?] TP = zg)m2, + P2
[(1 — zg)m? + AQ] 72 [(1 — zg)m? + AQ]

We perform the projection and convolution with gluon PDF and, finally, we find, up to
terms O(e),

0P w Pan,y) 1 dOP O en puiny) V20

as 1 dsz (IH>
d$Hd2]7H fg(«rH) dl’HdQﬁH (ﬁfl)i’/_%ein¢H 2w TH g ZH

ZH
om?, [, — 2(1 — 72): [ 1
X i [ZH (2 Z—»];I)E] ]1(_1717n7y> - (pH>2 (€_Z¢HII (——7177’L—|—1,V>
[(1 - ZH)mH +pH] 2 2

4 1
LeitH ], (_57 1,n—1, I/)):| —2m3 (2% — 2(1 — zx )] [[2 (—1,n,v)
=2

1
3 , 1 , 1
—M el —=n+1,v|+eL(—=n—1v —dzpm?215(0,1,n, v
2 2 2 "

de I3(0,1,n,v)
1— 1— 4 115(0,2,n, 2 A
1= el = sy 10200+ (24 7)oy
Using the explicit result for the integral I; and applying the same ideas as befor, after
the e-expansion we end up with

oY @ Pan,v) 1 dOP O (en puiny) V20

oy [*den (LH)
dJ?HCPﬁH fg(«rH) dl’Hd2]7H (ﬁfl)i”_%ein¢H 27T TH ZH g ZH
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(p 2)'V—§—Eein¢>H 1 1
W \Gri-w) Chriew)

o 2m? 2%
(1 — ze)m3; + P
—2m§{z?{ [Iz’reg (—1,n,v)

=2 , 1 ‘ 1
- (p}2]> (ewH[Q,reg (_57 n 4+ 1’ V) + €Z¢H[2,reg (—5,71 — 1, V)) ]

2153(0,1,n,v)
[(1 = zm)mi; + P

S

—4zym313(0,1,n,v) + 2z (1 — zi)m7; {13(0, 2,n,v)+

} . (2.93)

2.4.6 Final result

In this subsection we present the final result. First of all, we observe that if we sum all
the e-divergent contributions in Egs. (2.67)-(2.69), (2.80), (2.81), (2.82)-(2.84), (2.88), we
get that they cancel completely. The finite parts in the same equations, together with the
contributions in Egs. (2.91), (2.93) represent the final result. Setting ¢ = 0, we can cast

the final result in the sum of three terms,

— s O —
d(I)j[DI}{?LNLO (vapHv n, V) o dq)}[j?,}lNL ($H7pH, n,v, 30)

dl’HdzﬁH N dl’Hd2ﬁH
dq)}{f]é}éNLo (va ﬁHv n, V) dq)g}]?}éNLo(xH7ﬁH7 n, V)
’ - : - , (2.94)
dx g d?py drpd?py

where the first term is given by the sum of all contributions purely proportional to fy(xg),

1.€.

dq);lé,}iNLo (T#, Py m, V3 o) _ dq)l%llgéilﬁ(xHa P, M, V;S0)
dxpd*py N dryd’py
d(PEf;;}ﬁn(xH’ ﬁH’ n, V) d@}f};gi) (‘rH7ﬁHa n, V)

; (2.95)

drpd?*py drpd?*py

coupling c.t.
the second is the sum of all contributions that are taken in convolution with ) fo(xu/21),
i.e.

dq)g;[;éNLo (vaﬁfb n, v, SO) o d(p;i?ﬁn(wl_[’ ﬁH’ n’ V)

dq)g?’?én(xl‘[? ﬁHa n, I/)

drpd®py

Y

dl‘Hd2ﬁH o diL'HCZZﬁH

Pqg c.t.

the third is the sum of all contributions that are taken in convolution with fy(xpy/zx),

i.e.
H} NLO — H . Hgl}plus .
d(bépig (vapH7n7 v, SO) . d(bép?ﬁn(xHapHana V) d(bép‘?gf (xHapHana V)
dl‘Hd2ﬁH - diL‘HdZﬁH Pyg c.t. diL‘HdZﬁH
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d@}ﬁi‘f’ﬁ}ﬁl_“)(fHﬁH7 n,v) d@}’}fﬁf“(m,ﬁﬂ, n,v)
dx g d?py depyd?py

+dq)§3}FI’g}(lizH)(xH7ﬁH7 n, V) d(I)}PIIDQ}reSt (Z’H, ﬁH’ i V) (2 96)
ddeQﬁH ddeZﬁH ‘

2.5 Summary and outlook

We calculated the full NLO correction to the impact factor for the production of a Higgs
boson emitted by a proton in the forward rapidity region. Its analytic expression was
obtained both in the momentum and in the Mellin representations. The latter is partic-
ularly relevant to clearly observe a complete cancellation of NLO singularities, and it is
useful for future numeric studies. We relied on the large top-mass limit approximation,
thus we employed the gluon-Higgs effective field theory. We have found that the Gribov
trick (see Eq. (2.11)) cannot be applied to both the ¢-channel gluon legs connected to the
effective gluon-Higgs vertex. This prevents the use of the technique outlined in Refs. [66,
63] to simplify calculations. Formal studies on the generalization of that procedure to
non-QCD vertices are underway [71]. As a first step forward towards phenomenology,
we plan to extend the analysis on high-energy resummed distributions for the inclusive
Higgs-plus-jet hadroproduction done in Ref. [72]. Our forward-Higgs NLO impact factor

is a key ingredient to conduct a precise matching between BFKL and fixed-order approach.

From a more formal perspective, there are different natural developments of this work.
One is the calculation of the Higgs impact factor via gluon fusion in the central-rapidity
region. At the LO level it takes the form of a doubly off-shell coefficient function [73],
where the top-quark loop connects two incoming Reggeized gluons with the outgoing
scalar-boson line. Moving to NLO, the computation of contribution due to real emissions
is not complicated, while technical issues are expected to emerge from the extraction of the
vertex at 1-loop accuracy, due to the presence of an additional scale in the off-shellness
of the incoming Reggeon. Once calculated, this doubly off-shell impact factor will be
employed in the description of the central inclusive Higgs production in a pure high-
energy factorization scheme, given as a kp-convolution between two UGDs describing the
incoming protons and the aforementioned g*¢g* H vertex. Another interesting development,
that is under development is the inclusion of top-mass corrections in the forward case.
Even in this case, real corrections are quite straightforward, while the biggest problems

emerge from virtual corrections that require two-loop calculations.
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Chapter 3
BFKL phenomenology

Fermi’s inclination toward concrete questions verifiable by direct
experiment was due, at least in part, to his desire to check

the soundness of his work by Nature, the infallible judge.

Emilio Segre [74]

In this chapter, we propose a number of new semi-hard reactions as testfield of BFKL
dynamics. We focus on a class of partially inclusive processes featuring a forward-plus-
backward two-particle final-state configuration. We investigate processes that can be
studied at the LHC in proton-proton collisions, in particular, reactions involving, in the
final state jets, Higgs bosons and identified heavy-flavored hadrons. This will require the
use of a hybrid approach in which both collinear and BFKL ingredients are encoded, to
which we will refer as hybrid high-enerqgy/collinear factorization. In the previous chapter,
we have already seen a specific example by considering the Higgs impact factor. In the
case of jets, in addition to a PDF for the description of the initial state in the impact
factor, it is necessary to consider a jet algorithm for the final state, while, in the case of
production of identified hadrons, it is necessary to make a further convolution with a frag-
mentation function (FF). The impact factors of the forward jets were calculated in [75,
76, 77], while the impact factors of forward hadrons in [70]. For our analyses, we use the

expressions present in [77, 70], where the jet algorithm used is the small-cone one [78, 79].

The chapter contains four sections. In the first section, we introduce the hybrid
factorization and construct the generic cross section within the NLLA. In the second,
we describe the processes under investigation. In particular, we give details about the

framework in which we study heavy-flavor production, the so-called variable-flavor number

111
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(a)

Figure 3.1: (a) Picture of the generic inclusive forward/backward reaction. (b) Schematic

representation of the hybrid collinear /high-energy factorization.

scheme (VFNS). We also give details concerning the production of the Higgs in association
with a jet or a charmed hadron. In the third section, we present numerical results, while
in the fourth we summarize and discuss future perspectives. The material of this chapter
is based on Refs. [72, 80, 81, 82, 83|, where the numerical elaboration of all the considered
observables is done by making use of the JETHAD modular work package [84, 85].

3.1 Theoretical framework

We want to study the high-energy behavior of interesting observables for the following

type of semi-hard reactions:
P(ka) + P(kp) — O1(y1,p1) + X + O2(y2, p2) - (3.1)

Here, two objects (O; and O) are emitted in proton-proton (P) collisions with large
transverse momenta, |p;| and |ps|, and wide separation in rapidity, AY = y; — ys, to-
gether with the radiation of an undetected system, X. A schematic representation of the
process is given in Fig. 3.1. The hybrid factorization that we use in this section was firstly
introduced in the context of Mueller-Navelet jets [86] (two jets separated in rapidity) and
then successfully extended and investigated at the next-to-leading order [75, 76, 77, 89,
90, 91, 92, 93, 94, 87, 88].
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We begin by observing that the BFKL factorization allows us to construct cross sec-
tions as convolutions of two impact factors as defined in Eq. (1.161), and the Green’s
function for the scattering of two Reggeons. In the case of hadroproductions, this is suffi-
cient to describe the parton collision only, but when we want to move on to the description
of the whole physical process, we have to introduce some non-perturbative information
on the distribution of partons inside protons®. This is done exactly the way it was shown
in the chapter 2 for the Higgs impact factor. The hybrid factorization is schematically
depicted in Fig. 3.1.

At this point, a clarification is in order. In literature, hybrid factorization can have
slightly different meanings. For instance, recently a general hybrid kp-factorization for-
mula, in which one initial-state parton is light-like, and its associated PDF only depends
on the longitudinal momentum fraction, while the other is space-like and its associated
PDF also depends on kr, has been established at NLO [95], using the auxiliary parton
method. Through this chapter, although our impact factors are obtained considering the
collisions of a parton extracted from a PDF (on-shell) and a Reggeon that comes from the
BFKL Green’s function (off-shell), we never introduce a kr-dependent PDF. This latter
object is necessary, for example, if we want to describe single-forward productions. The
formalism on which we rely can be adapted to such a situation considering the convolution
of a single forward impact factor with an unintegrated gluon distribution (UGD). In this
case, however, leaving out the PDF in the impact factor, this would look more like a pure
kr-factorization, in which the impact factor and the unintegrated gluon distribution are

linked only through the factorization in the transverse momentum.

Another important clarification concerns the use of the optical theorem. As we know,
in the forward elastic case, the BFKL approach allows us to construct the imaginary
part of the amplitude of an elastic process, A + B — A + B. Through the optical
theorem, Eq. (1.157), we can immediately obtain the total cross section of the process
A+ B — X. Since in this case we want to study partially inclusive processes of the
type (3.1), we actually need to use one of the generalizations of the optical theorem? and

adjust the imaginary amplitude constructed via the BFKL approach accordingly. For this

28In the case of identified hadrons in the final state, also the hadronization phase must be taken into

account.
29The generalization we need is due to A. H. Mueller and it can be found in [27].
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purpose, it is necessary to consider differential impact factors in which the kinematical
variables of the tagged particles are left unintegrated and where the sum over all possible
intermediate states in the s-channel cut is restricted to the final states compatible with

the process (3.1).

3.1.1 Next-to-leading order BFKL cross section

In this subsection, we build the differential cross section of the generic process, (3.1),
within the NLLA. We recall the representation introduced in Eq. (1.154), which allows us

to represent the BFKL cross section as

do ap(z1, D1, 22, P2, S) 1 0¥y 5\ dPas, 5 dPpp
= / 2— — < |Gw| =9 >7 (32)
s i\ So

@% dp
where 21, zo are the longitudinal Sudakov fractions with respect to the proton momenta

ledQﬁleQdZﬁg (27’(’)2

—100

k4 of the two detected particles. In this representation, the Green’s function solving the
BFKL equation is

. N\ -1

G = (w - K) . (3.3)

The NLO kernel can be expanded in the strong coupling,
K = a,K° + a’K*, (3.4)

where @, is defined as in Eq. (1.185), K is the BFKL kernel in the LLA and K represents
the NLLA correction. To determine a cross section with next-to-leading accuracy we need

an approximate solution of Eq. (3.3). With the required accuracy, this solution is
. N1 N1 . N1 N2
Go= (0= a) "4 (w-a k) (@R (o - ak?) T ro|(2k7)] . @)

In this representation the eigenfunctions of the LO BFKL kernel are denoted by the set
of kets {|n,v) : v € R, n € Z}, defined by the relation

n,vy = —-— 2 e, 3.6
(q|n,v) 7 (7% (3.6)
The action of the LLA kernel is

KO, v) = x (n, ) |, ). (3.7)

where the function x (n,v) is the Lipatov characteristic function defined in Eq. (1.186).

For the basis introduced, the orthonormality conditions

d2 7, w—iv' —1 /
(', Vn,v) = / 1A (77) Lm0 — g (v —1") b (3.8)

272
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hold and the identity operator, with respect to this basis, can be written as

1= Z/Oodz/mu ) (n,v|. (3.9)

n=—oo

The action of the full NLA BFKL kernel on these functions may be expressed as follows:

S )1 1) ) o)

K n,v) = s () x (0, 0) [, ) + a2 () (X (n,) +

0
+a; (ur) 46\(}(;)((”’ V) (z’%) In,v), (3.10)
where ppg is the renormalization scale of the QCD coupling, while
11 2
Bo = gN — 3" (3.11)

is the first coefficient of the QCD S-function. The first term of Eq. (3.10) represents the
action of LLA kernel, while the second term and the third ones stand for the diagonal
and non-diagonal parts of the NLA kernel. For the calculation of x™V) (n,v) see [96, 97].

Here, only the final expression is presented:

i) = =2 (0 = ) - @) ) +x(m), (312
where
) = =1 | T = 6608) = X" (m,) + 20(0,0) + 2000, )
o~ sinh(7wv) smh (mv) nf 11+ 1202 5 ny 1+ 402 5
vt (7 (3 70m) 0= (= 56) st )|
(3.13)
1 —1/24iv+n/2
otn) == [ a2 (v (M) - 6@) + LisGo) + Lis(-0

+Inx (@/}( 1) — (1) + In(1 + z) +Z ) kin)z(l_(_l)k)]
k=1 k=1

)k—i—l

Z n~|—1/2+zu

[W(k+n+1)—¢(k+1)+ ()" B (k+n+1)+8(k+1))

1
Ck+(n+1)/2+

B(z) = i [w’ (Z—QH) — (%)} . Lig(z) = —/Ox dtw . (3.15)

(Y(k+n+1) =Yk + 1))} , (3.14)

and
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Here \/'(n,v) = dx(n,v)/dv and X" (n,v) = d*x(n,v)/dv>.
Starting from the expression (3.2) for the differential cross section and inserting two

identity operators in the form of Eq. (3.9), one obtains

ds ), 22, .
O'AB(Zly_%)bZZ)pfﬁS) _ Z /dV
d21d2p1d22d2p2 (27T)2 n=—00 n

5 [

'=—00

d+ioco d A w d@ R d@
X / _w' (i> (—_,’;M In,v) (n,v|G,|n', V') (n', 1] 4§B> . (3.16)
d—i00 2mi S0 qi dp

In Eq. (3.16), we have the projection of the impact factors onto the LO order BFKL

eigenfunctions

?

AP (z1,01,m,v) ,dPaa / o 1dPaa(z1,00,44) 1 [ _oviv—1 e
— =(——In,v) = [ d°Ga—= — 2 glva
dz d?p; < CIAQ ’ > 14 qj dz d?p; 7r\/§ (qA) ( )

3.17

dq)*BB(Z%ﬁ% n, V) _ <n/ I//‘ dq)BB> _ /d2 L 1 dPpp (227ﬁ27 _CTB> 1 (_,2),7;1,/71 —in'0p

2
= S ey = € )
dzod?py q 5 15 q § dzod?ps 7T\/§ 5

(3.18)
and the matrix element of the BFKL Green’s function, which is obtained by substituting
the expansion for G, (Eq. (3.5)) in the braket (n, v|G,|n/,/):

. o\ -1 N1 . N1
(n,v|G,|n', V') = (n,v| [(w — @SKO) + (w — @SKO) (@§K1> (w — &SK()) } In', V).
(3.19)
Since one knows how the operators KO, K, act on the states |n, vy, this final expression

can be easily calculated:

1
w_as(MR)X(n’V>

(n, V|G|, V') = S [5 (v —1") (

&2(0r) (% (1,0) + £ (X2 (0,0) + 23 (0,0) + 24 (0,0) W+ i (n, )
(w — as (ug) X (n, 1))

_|_

Bo

il (ur) X (n, V') ( 45— u/))] . (3.20)

@ — s () X (1)) (@ — s () X (7)) \' @7

The projected impact factors can be written as

d(p 21, D ,n,v B . ~ .
AAdilldeﬁl’l ) = Qs (/J/R) |:Cl (Zlapla n, V) + Oés(MR)C(ll) (217p17 n, V)i| s (321)

D% (2, o, v/ o o
b 22 B ) () (6 ) + ) (Bl )] (322)
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Inserting the expression for the matrix element, (3.20), together with the expressions
for the impact factors projected onto the eigenfunctions of the kernel, (3.21, 3.22), in
Eq. (3.16), one obtains

dé—AB(ZlvﬁhZZ)ﬁQJ / / /6+’LOO 5 ~ — ~ — /o
= E d
d21d2ﬁld22d252 27'(' 2 v 5 (:uR)Cl(Zlaplana I/)C2(z27p27n71/>

(1) . (1) Sy
1 ¢ (z1,p1,n,v) &7 (21, 1,0, V)
x [0 (v—1 — 1+« 1 L = S 7
[ ( ) (w — s (ur) X (n,v) ( SWR) ( ¢1 (21, P1,m, V) Co (21, 1,1/, V')
a? ()Z (n,v) + 86_136 (—X2 (n,v) + %X (n,v) +2x (n,v)In p% + z’%x (n, 1/)))
(w - 078 (MR)X(“> V))2

s (nr) X (n, V) d
— ) ( —i(v—v ))] . (3.23)

+ -
(w—as (NR) X (n V) (w = as (pr) x (n, dv
In Eq. (3 23) there are three terms. The first term is

d+ico dow

dV ( ) a?(ﬂR)ﬁl(Zl,ﬁl,n,V)éQ(ZQ,ﬁQ,TL,V)

651) (Zlvﬁlanv I/) + égl) (Zl,ﬁl,n/, V’)))

X 1+ oy = = ~ S
W — @ (MR)X(”?”) ( (kr) ( é1(z1,p1,m,v) G2y, p1, 0, V)

that, using the residue theorem, becomes

1 5 asx(n,v)
2 Z /dVOé MR)CI(prl?n V)02<227p27n V) <_>

S0

2m
n=—oo 6

(3.24)

(2m

n=—oo

(3.25)
() ~(1) Sy

z SN,V Gy (z1,p1,n, v
><<1+043(MR)< (1p1 )—i- 3 (1?1 )>> )

Cl (Zlvplanal/) C2 (Zlaplvnlay/)

The second term is

Z /dy/5+loo > wa2(uR>61(21)ﬁ1)n)V)62(227ﬁ27n7 V)
)2 5 271 #

n=—oo

72 | v B 2, 10 2 . (3.26)
a2 [x<n, ) + o (—x(mv)? + 2x(n,v) + 2(n, ) In i, + i (m, ) |
(w — as (ur) X (n,v))? ’

that, using the residue theorem, becomes

1 o) , ) 3 as(nr)x(n,v) B
27)2 Z /dV as(:uR)él(Zbﬁl?n7y)62(227ﬁ27n7y)d3(:u]%) <_> In (_)

So S0
Bo
8N,

n=—oo

(2)
< 3t +

(—X(n, VY2 4 13—0)((71, V) + 2x(n, 1) In 1 + i/ (m, y))] |

(3.27)
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The third term is

dv | dV T dw wag(,uR)El(Zhﬁhn,1/)62(227172,71,1/)
)2 5 ine 2T

5n__oo ( ) ) (3.28)
w« 05200 XA Y i—d(v—1)).
i ) G ) x (o 0)) (@ — G Gem) X (0. 7) ( i’ )>

Let us focus the attention only on the integration in v and /. One can use the following

symmetrization:
V') d

y / ¢1(z1, p1,n, V)22, o, n, V') x (N, A
/d /d (@ — as (1r) X (1, ) (@ — s (12r) X (1, ) 10 =)
)

’ cl Zlaplan V)CZ(ZQaPQan v X( ) d
dv [ dv -
(@ — @ () X (1)) (@ — s () x (n.7))
& (21, 1, n, V)8 (20, P o v)x(nv) - d
(W = as (ur) x (0, V) (w — a5 (ur) X (n,v)) dv
and, thereafter, the following properties:

v —v), (3.29)

z'diyé(u’ —v) = —ii(S(z/ —v),

dv’
/ d / ! /
/dl/ (Eé(y - 1/)) f)==1r0",_, (3.30)
The resulting form for the term considered is
_1 / dv |:61(Zl7ﬁ17 n, V)EIQ(ZQ)ﬁ% 777‘7 V) - 6/1(217517277‘7 V)é2(z27ﬁ27 n, V)X (n7 V)
2 (w — as (ur) x (n,v))
61(217517 n, 7/)62(22752, n, l/)
; X' (n,v)], (3.31)

(w = as (1r) X (n,v))
that, using

6,1(Zlvﬁla n, V)52(22aﬁ2a n, V) - 51(zlaﬁ1a n, V)éé(z%ﬁ% n, V)
d Nl(zbﬁb n, y) (332)

~ — ~ = C
:Cl(zlvphn?V)CQ(ZQ?p??n?”)%ln 62(22 ﬁ2 n V) )
y P2, 1,

can be put in the following form:

_E/dV _Cl(Zl7p17n V)02(227p27n V)dcf/ ln Z;gz;:gﬁjgx(n I/)
2 (w— a5 (1g) X (n,v))? 7
61(217ﬁ17n7V)62<Z27ﬁ27nay) !
+ X' (n,v)| . (3.33)

(w = as (ur) X (n,v))?
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Now, one can go back to the complete expression for the third term and use the residue

theorem to obtain

1 oo d ) ) ( . )~ ( . ) é as(HR)X(n,V)l ﬁ
(2m)? Z v o (r)ci (21, P1, n, v)Ea(22, Pa, n, v n ”

B S0
50 . d él(zlaﬁbn?V) -X,(nal/)
—1 — .
Sch(n,y) Zdu . C2(22, Pa, m, V) ! x(n,v)

Summing the three terms, the result is

(3.34)

«[a2un

d&AB(Zl, ﬁla 2,’27]5)2’ S) 1 / § &s(HR)X(NW) ) _ . _ .
= E dv | — z n,v)ca( 2 n,v
dz1d2p) dzed?ps (27)? = v S0 o (RR)r (21, P11, V)2 (22, Po )

X

51 (217171?”?”) 62 (Zlvﬁbn?]j) S0

59) (Zlaﬁ17n7 I/) 69) (Zlaﬁlunu U) —2 $
1+ as(pr) + + o (pr) In | —

) B, 10 s . d . ¢&(z,p1,n,0)
- 0 ., L ELPLL AL (335
<{Hnn+ G (xmn+ 3 2mir i ERRT ] 639

The expression for the cross section given in Eq. (3.35) is valid both in the LLA and in
the NLLA. However, it is not the only possible one. Actually, several NLA-equivalent

expressions can be adopted; we use the exponential representation,

d&AB(Zl>ﬁ1>ZQaﬁ2,3): 1 i /du ﬁ as(ur)x(n,v)
dz1d*prdzd?ps (2m)2 S0

n=—oo

2
o\ 20 (xmrt fnon) (neor e e )Y
X as(:uR>cl(Zlvpl7n7V)CQ(22>p2>n7V)

So

~(1) — ~(1) — o
&’ (z,pun ) | & (2,PL0,0) ) | 5\ bo
1 s L 1 - ) )
x ta <IuR) < él (Zlaﬁla n, V) * 62 (Zlaﬁh n, l/) * aS(IUR) . So 4NCX(n V)f(y)
(3.36)
where
d 51(217]717”71/)
2f (1) = i Lqn (ABLPLY)N oy 3.37
f(y) ZdV n (62(22,]72,717 I/) + /8182, ( )

and s1, sy denote here the hard scales which enter the impact factors ¢; 2. We stress that
the difference between the two representations is beyond the NLLA [92], as it can be
easily checked.
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3.1.2 From the partonic to the hadronic cross-section

What we saw in the previous subsection is correct for our partonic cross section. In this
subsection, we want to understand how to pass to the hadronic cross section. In order to

implement the hybrid factorization, we perform the following manipulation:

L1298 @S(MR)X(an): 21295 as(pur)x(n,v) ) as(pr)x(n,v) ) as(pr)x(n,v) (3 38)
So S0 Z1 22 7 '

and reabsorb the second (third) factor on the right hand side in the definition of the upper

(lower) hadronic impact factor®®. The impact of these corrective factors is seen at the sub-
leading order3!. In all next-to-leading terms, corrective factors produce sub-sub-leading
effects and hence we can immediately perform the replacement zix5 — z129. Keeping in
mind that the impact factors have been re-defined, we obtain

da—AB(Zlaﬁla Z27ﬁ2a S) _ 1 i /dl/ 217228
ledQﬁleQdQﬁg (271')2 So

n=—0oo

)QS(NR)X(an)

2
~2 - Bo _ 10 MR
s asom)(x(n,u)+—8ch(n,u>( X))+ 10 421 W)) o -
X S as(MR)Cl(Zl7p17n7 V)CQ(z27p27n; V)
0

(1) (1)

61 (Zlaﬁl7na V) 62 (Zl7ﬁl7n7y) ~92 z1%228 60
1 1 .
+a5(,uR) ( 61 (Zlaﬁlana V) - 62 (Zlaﬁlanv V) +QS(MR) N S0 4A]Vc><(n7 V)f(]/)
(3.39)

If one calculates the impact factors at the next-to-leading order, the expression of the

X

cross section is that of Eq. (3.39). Nonetheless, when the next-to-leading impact factors
are unknown, some universal corrections may still be included. Indeed, if the impact
factors were calculated up to the next-to-leading order, the dependence on the arbitrary
scale, sg, and on the renormalization scale®?, pp, would be next-to-next-to-leading. We
can therefore add, to a prediction in which only the Green’s function is known within the
NLLA, some next-to-leading universal terms, coming from impact factors, which make the
dependence on the scales sub-sub-leading. We adopt this scheme in the section devoted to
Higgs production because the numerical implementation of the full next-to-leading Higgs

impact factor is not yet available.

39This means that we include it when convoluting partonic impact factor with PDFs.
31Note that x; and z; are fractions of longitudinal momenta of particles that are in the same fragmen-

tation region and, therefore, correction proportional to In(x;/z;) are not large.
32In hadronic impact factors we also have the dependence on the factorization scale pp. The argument

can be extended also to this latter scale.
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3.1.3 Kinematics

For the tagged particles we introduce the standard Sudakov decomposition, using as light-

cone basis the momenta k4 and kg of the collinding protons,

2, =2 2 | =2

mi + ms +

T TP kp+pil, Dp2=zmks+—2—2 2 kg +pai ,
18 218

p1 = z1ka +
with s = (ka4 + kp)? = 2ka - kg = 4E}, E,, choosing the momenta of protons as
ko= Fp,(1,0,1), kp=F,(1,0,-1).

Now, we easily find that the rapidities of the two tagged particles are

221 F 220 F
v =1In (—Zl ’“) = —1In (—ZQ ’“B) : (3.40)
mi mo]

where m;; = y/m? + p? denotes the transverse mass of the iy,-particle. The rapidity

difference is given by

21298
AY =y —yo=1In <L> (3.41)
miimay
For the semi-hard kinematics we have the requirement
ey s

= > 1. (3.42)
2122 miimsoy

In what follows, we will need a cross section differential in the rapidities of the tagged
particles. For this reason we adopt the change of variable

AY
€7 M11Mo]

ledZQ = dyldyg .

If we set the scale s = mqmo , we can write the cross-section as

A6 ap(y1, Pr, Y2, P2, S) _ 1 eAY 1| || my L may i /dVeAYOls(MR)X(”:V)
dy1d|ﬁ1 |d¢1 dy2d|ﬁ2 |d¢2 (27T)2 S

n=—0oo

2
_92 - B 10 H
AY a3 ur) (X4 oxn) (—x(n)+ 4210 B

xe ))az(ﬂR)61<zlaﬁ1an’ V)62(227ﬁ27n7y)

(D), = ), -
c Z1,pP1, N,V & Z1,pP1, N,V —
1"‘@5(#]%) ( 1 ( 1,P1 )+ 2 ( 1,P1 )) —|—a§(,uR)AY Bo

X ~ — ~ —
C1 (zlaplvna V) Co (21,171,", V) 4N,

x(n,v)f (V)]
(3.43)

The coefficients defining the impact factors projected in the (n,v)-space have the form

61(2171717”7 V) = ed)lcl('zla’ﬁl’JHJ V) ) 62(22,52,7’1, V) :€7¢27ﬂ—02<227|ﬁ2‘7n7 V) . (344)
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Hence, the cross section (3.43) can be re-expressed as

d&AB(Z/hﬁla Yo, D2, 3) _ 1
dyd|py|dprdyad|pa|des  (2)2

Co+2 Z cos (ny) Cn] , (3.45)
n=1
where

AY

27 27 ~ — N
dcap(y1, P1, Y2, D2, S) 2 / AYa
C, = / d / dps cos(n e LB dyetY & (ur)x(ny)
L 10 ) doacostne) g e (dordyadpldds s

2
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Xe ‘ 2/ ) o (pr)cr(z1, pr,m, v)ea(z2, pa, n, V)

Cgl) (Zlvﬁlvnv V) Cgl) (Z17ﬁ17n7 V) ) 60
1+ ovg(pir) + + ag(ur)AY ——x(n,v) f(v)

X — —
C1 (217171,7% V) Co (Zlvplanv V) 4N,

(3.46)
and ¢ = ¢1 — @9 — m. Eq. (3.45) represents the final form of our fully differential cross-
section and it is the starting point for the construction of all observables under investiga-
tion in this thesis. For illustration purposes, we have constructed the cross section using
a single ug scale throughout. This is not the only possible choice for this scale and also
completely asymmetrical choices can be made. More in general, this is true for all scales
involved. The extension is trivial and, since we will consider several processes, we refer

the reader to the original works for details [72, 80, 81, 82, 83].

3.2 Processes under investigation

3.2.1 Heavy flavor production in a VFNS

As it is well known, the treatment of the ¢ and b quarks in pQCD is rather delicate. When
we are in a perturbative regime, we have Q% > Aécm where () is the typical hard scale
of the process and Aqcp is the QCD mass scale. For light quarks, this is sufficient to
treat them as massless partons and to assume that they are always present in the initial
state when introducing parton distribution functions. Instead, the presence in the initial
state and the way one must treat the mass of an heavy quark (Q = ¢,b) depends on
kinematical conditions. For this reason there are two main schemes for the treatment of

an heavy quark:

¢ Fixed-Flavor Number Scheme (FFNS)33 where the heavy quark is always

treated as a massive particle and never as a massless parton irrespective of the value

33For more details see, e.g., Ref. [98] and references therein.
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of the scale (). In this scheme, the heavy quark PDF is ignored and the number
of active flavours is always kept fixed. This scheme takes into account heavy-quark
mass effects in coefficient functions, but does not resum logarithmically enhanced
terms of the form In(Q*/m3,).

e Zero-Mass Variable-Flavor Number scheme (ZM-VFNS)3* where all heavy-
quark mass effects are ignored. These corresponds to neglect powers of the ratio
m2Q /Q% On the other hand, since the heavy quark is treated here as a massless
parton, the scheme allows us to resum potentially large logarithms of the type
In(Q?/ mé) into parton distribution functions and fragmentation functions. In this

scheme, the heavy quark is present in the initial state above a fixed threshold.

It is clear that the two approaches work in complementary regimes. The ZM-VFNS is
applicable when Q? >> m2Q holds. In these kinematic conditions, power mass corrections
are suppressed and DGLAP-type logarithms are large. On the other hand, the FFNS,
which allows us to include all finite quark mass corrections, is only accurate in the region
Q) S mg. It is clear that there is no exact natural separation between these two ap-
proaches and it is reasonable to think of a more complete description. This is provided by
the so-called General-Mass Variable Flavour Number scheme (GM-VFNS)%
which combines the advantage of the massive and massless calculations by means of an
interpolated scheme which is valid for any value of the scale (), and that matches the FFN
and ZM-VFN schemes at small and large values of (), respectively.

Currently, a complete next-to-leading order description of the impact factors contribut-
ing to the production of heavy quarks in adroproduction channels is not available. For
example, the impact factor(s) for producing the J/¥ have been computed in Ref. [109],
using two different approaches for the description of the charmonium state: 1) Color
evaporation model (CEM) [110, 111], 2) Non-relativistic QCD (NRQCD) for-
malism [112, 113, 114]. Even limiting ourselves to the first case, or only to the color
octet production mechanism in the NRQCD formalism, the corrections are not known.
At the level of gluon channel only, the diagrams to be calculated would be the same
ones to be calculated for the next-to-leading order heavy-quark pair impact factor, shown

at LO in the Appendix B and originally computed in Ref. [115]. This impact factor has

31Gee Refs. [99, 100, 101, 102, 100, 103].
35See Refs. [104, 105, 106, 107, 108].
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been applied to the study of inclusive production of a heavy-light dijet system in Ref. [116].

The remaining part of this section is dedicated to the description of semi-hard reactions
involving the production of heavy bound states in the ZM-VFNS, leaving the inclusion
of mass effects for future projects. In this way, the final state transition from partons
to hadrons is described by a usual fragmentation function which is suitably convoluted
with the partonic impact factor and with the parton distribution function. The leading

order expression of this impact factor, projected onto the eigenfunctions of the LO BFKL

B} Cr /1 - i1/ / d¢ ( ¢\
:2 & w o> o
Cl(”? v, ’p1’721> CAOpl, ) . C 2

g—;jfg@Df( ) S QD ( <)] (3.47)

a=q,q

kernel, is

while the next-to-leading corrections can be found in Ref. [70]. Within the same accuracy,

the LO impact factor for producing a jet is

— C — w—
c2(n, v, |Pa|, 22) =2 C—i(lpz|2) 2 ( folze) + > fs Zz) : (3.48)

B=4q,q

while the next-to-leading corrections can be found in Ref. [77].

Using the aforementioned scheme, here, we analyze the following semi-hard reactions:
P(ka) + P(kp) — AZ(y1,p1) + X + M- (y2,02)

o P(ka) + P(kp) — Hy(y1,p1) + X +jet(y2, p2)

o P(ka) + P(kp) — Hy(y1,p1) + X + Hy(yo, p2) ,

P(ka) + P(kp) — J/¥(y1,p1) + X +jet(ya, p2)

where we are inclusive on the baryon charge of the A. particle, H, stands for a generic

bottomed flavored hadron?®

36In our analysis we are inclusive on the production of all species of b-hadrons whose lowest Fock
state contains either a b or b quark, but not both. Therefore, bottomed quarkonia are not considered.
Furthermore, we ignore B, mesons since their production rate is estimated to be at most 0.1% of b-hadrons
(see, e.g., Refs.[117, 118]). Our choice is in line with the b-hadron FF determination of Ref.[119].
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Collinear PDFs are calculated via the MMHT14 NLO PDF set [120] as provided by
LHAPDFv6.2. 1 interpolator [121], and a two-loop running coupling with a (Mz) = 0.11707

and a dynamic-flavor threshold is chosen.

We describe jet emissions at NLO perturbative accuracy in terms of a reconstruction
algorithm calculated within the “small-cone” approximation (SCA) [78, 79], i.e. for a
small-jet cone aperture in the rapidity/azimuthal angle plane. More in particular, we
adopt the version derived in Ref. [69], which is infrared-safe up to NLO perturbative and
well-suited for numerical computations, with a cone-jet function selection [122] and for
the jet-cone radius fixed at R; = 0.5, as usually done in recent experimental analyses at
CMS [123]. The expression for the NLO jet vertex can be obtained, e.g., by combining
Eq. (36) of Ref. [77] with Eqs. (4.19)-(4.20) of Ref. [122].

A. and b-hadrons fragmentation functions in VFNS

We described the parton fragmentation into A, baryons in terms of the novel KKSS19 NLO
FF set [124] (see also Refs. [125, 126]), whose native implementation was directly linked
to JETHAD. This parameterization mainly relies on a description a la Bowler [127] for ¢
and b quark/antiquark flavors. Technical details on the fitting procedure are presented in
Section IV of Ref. [124].

We depicted the parton fragmentation to b-hadrons by the hand of the KKSS07 NLO FFs,
that were originally extracted from data of inclusive B-meson emissions in e*e™ annihila-
tion [128]. In this parametrization the b flavor has its starting scale at py = 4.5 GeV ~ my,

and is portrayed by a simple, three-parameter power-like Ansatz [129]
D™z, ) = Na*(1 - )" (3.49)

whereas gluon and lighter quark (including ¢) FFs are generated through DGLAP evo-
lution and vanish at pup = ug. Following Ref. [119], we obtained the b-hadron FFs from
the B-meson ones by simply removing the branching fraction for the b — B transition,
which was assumed as f, = fq = 0.397 (see also Ref. [128]).

We also show comparisons with predictions for lighter-hadron species (A hyperons,
pions, kaons, and protons), these latter are described in terms AKKO8 NLO FFs [130],
which are the closest in technology to KKSS19.
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Quarkonium fragmentation functions

We build our NLO collinear FF sets for the direct J/1 or T meson production by taking,
as a starting point, the recent work done in Ref. [131]. There, a NLO calculation was
performed for the heavy-quark FF depicting the transition ¢ — J/¢ or the b — T
one, where ¢ (b) indistinctly refer to the charm (bottom) quark and its antiquark. It
essentially relies on the NRQCD factorization formalism taken with NLO accuracy (see,
e.g., Refs. [113, 114, 132, 133, 134, 135] and references therein), which allows us to write
the FF function of a parton i fragmenting into a heavy quarkonium ©Q with longitudinal

fraction z as

(o) = 30 D2 (e, ur, [1)(O([n]) (350)
[n]

In Eq. (3.50), D;(z, pur, [n]) denotes the perturbative short-distance coefficient containing
terms proportional to In(ur/mg) (to be resummed via DGLAP evolution), (O2([n]))
stands for the non-perturbative NRQCD LDME, and [n| = 25+1Lff) represents the
quarkonium quantum numbers in the spectroscopic notation (see, e.g., Ref. [136]), the
(¢) superscript identifying the color state, singlet (1) or octet (8). Limiting ourselves
to a spin-triplet (vector) and color-singlet quarkonium state, 359), the analytic form
of the initial-scale FF depicting the constituent heavy-quark to quarkonium transition,
Q — Q (we refer to ¢ — J/1 here®” as well), reads (for details on its derivation, see
Sections II and IIT of Ref. [131])

3m
Dl = o) = D) + 20 R )rrg o) (s
Q
with m, = 1.5 GeV, and the NRQCD radial wave-function at the origin of the quarkonium
state set to |R /4 (0)]* = 0.810 GeV?, according to potential-model calculations (Ref. [137]
and references therein). The expression for the LO initial-scale FF was originally calcu-
lated in Ref. [138] and reads

aZ(3mg) 8z(1 — 2)?
mg  27Tm(2 - 2)8

DSLO(’Z) _ |RQ(0)|2 (524 — 322347222 — 322 + 16) , (3.52)

and the polynomial function FS’NLO(z) entering the expression for the NLO-FF correction

18

DN G) = —9.0172621° + 18.227772° + 16.118582° — 82.5493627

37In the original paper, Ref. [82], we consider the b — T
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+ 106.575652% — 72.301072° + 28.857982* — 6.706072°
+ 0.84950z2 — 0.05376z — 0.00205 (3.53)

Coefficients of z-powers in Eqs. (3.53) are obtained via a polynomial fit to the numerically-
calculated NLO FFs. Starting from pp = po = 3mg, in Ref. [131] a DGLAP-evolved
formula for the Dg(z, pr) function was derived and then applied to phenomenological

studies of J/1 production via e*e” single inclusive annihilation (STA).

As pointed out in Ref. [139], both (¢ — J/¢) and (g — J/) fragmentation channels
are similar in size. The relative weight of the heavy-quark and gluon contributions is also
driven by the size of the hard scattering producing these partons. Therefore, the number
of large pr-gluons emitted could be of the same order, if not larger, than the heavy-quark
one. Moreover, in a hadroproduction process such as the one considered in our study,
the gluon FF is enhanced by the collinear convolution at LO with the corresponding
gluon PDF (see Eq. (3.47)). Thus we expect, in our case, a stronger sensitivity on the
gluon-fragmentation channel with respect to the case of a SIA-like reaction. Therefore,
we include in our analysis also the contribution coming from the gluon fragmentation.
The gluon to vector-quarkonium LO fragmentation mechanism starts at a2, namely at the
same order of the NLO correction to the heavy-quark FF in Eq. (3.51). The (¢ — 3S§1)gg)

fragmentation function was computed in Ref. [140] and reads

5 [Ro(0)P / e 1
D2(z,2 = 32 —_— d d
(z,2mgq) 36(2#)2a5( mQ) m ; £ €12) /22 7(1 —1)2(r — €2(r2 = €)?

2
i (9) 1+{-2r TR Uy 3
;Z L7 T) + g (677)2(7_5) 7_2_5111(7_&_\/7_27_5)], (3.54)

with the six £ and ¢\¥ functions being given in Eqs. (4)-(9) of Ref. [141]. We stress

that the mechanism considered here is the direct production of the quarkonium from the
parent gluon. Another contribution to .J/¢-meson production in high-energy processes,
not considered in our analysis, is the production of a P-wave charmonium state x., fol-
lowed by its radiative decay x. — J/¥ + v (see Refs. [138, 142]).

The different initial energy scales at which quarks and gluons FF are taken is due
to the production mechanism itself. The heavy-quark fragmentation involves at least
three heavy quarks in the final state (Fig. 3.2, left panel), thus the running coupling in
Egs. (3.51) and (3.52) is calculated at pp = 3mg. Conversely, the gluon fragmentation
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c/b

Y

Figure 3.2: Left: one of the leading diagrams contributing to the heavy-quark fragmen-
tation to a 3551) vector quarkonium Q at order a?. Right: one of the leading diagrams
contributing to the gluon fragmentation to 3S§1) vector quarkonium Q at order . The
green blob denotes the corresponding non-perturbative NRQCD LDME.

involves two heavy quarks only (Fig. 3.2, right panel), and this explains why the running
coupling in Eq. (3.54) is taken at up = 2my.

Starting from the initial-scale FFs in Eqgs. (3.51, 3.54), we generate the corresponding
functions for all parton species. This is a required step in order to perform analyses by
means of our high-energy VFNS treatment. For a given quarkonium, J/¢ or T, we set
the corresponding constituent heavy (anti-)quark FF, DIV = D‘E]/ Y or Df = DBT , to be
equal to the parameterization given in Eq. (3.51) at the initial scale py = 3mg and we set
the gluon FF, D;,]/ Y or Dg, to be equal to the parameterization given in Eq. (3.54) at the
initial scale pip = 2mg. Then, we compute the DGLAP-evolved functions via the APFEL++
library [143, 144, 145], thus getting a LHAPDF set of FF's that embodies all parton flavors.
From now, according to names of Authors of Ref. [131], we will refer to these sets as the

J/¢ ZCW19" NLO FF parameterizations®®.

3.2.2 Higgs plus jet/charmed-hadron

In Ref. [72, 83] the following semi-hard reactions
d P(kA) + P<kB) — H(y17p1> + X +jet(y27p2) )

o P(ka)+ P(kp) — H(y1,p1) + X + Ac(y2,p2)

38In Ref. [82] we named ZCW19 the set which does not include the gluon FF at the initial scale pup = 2mg.

In that set, also the gluon channel is purely generated by the evolution.
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have been proposed as testified of BFKL dynamics. The setup of the PDF's, FFs and the
jet reconstruction algorithm is identical to the one described in the previous subsection.
As the implementation of the next-to-leading order level impact factor for the production
of a forward Higgs boson from a colliding proton is not yet available, we use the leading
order one (including finite top-mass contributions), which reads [72]

1 [H 0P

— —2
cu(k,v,|p1],z1) = =
(il 2) = e 2(NZ-1) ()

wv+1/2
2 fo (s i) (3.55)

where [146]
W) = 2t
(5= 250 ) (o= (o] + ( 20 ) [T B - vaz Bt 21,

(3.56)
with m; = 173.21 GeV the top-quark mass, vy = 1 —4m?/m?%,, vy = 1 +4m?/p#, the root
V/U1 = i4/|v1] holding for negative values of v;. Moreover one has

( 1

— 2¢ arcsin , v<0;
v1—wv
1+ .
An(v) = 1n1_\/fz—m, 0<uv<l; (3.57)
1
In +\/5, v>1.
\ \/5_1

In our study we consider a partial NLO implementation that includes the “universal”
contributions to the Higgs impact factor, proportional to the corresponding LO impact
factor. These terms are obtained on the basis of a renormalization group analysis, namely

via the requirement of stability at NLO under variations of energy scales. Thus we have

— 1 5 S 1
cg)(/i, v, pil, z1) = cu(k, v, |p1], 21) {@ <1n M_],% + —) + x (k,v)In (ﬂ) + ﬁlnui

27 | 6 My 2 mpgy
L (MF1 ) / dé
— n —_—
ng(Zlqul) mygl zlf

Po(©)J, (guF) £ 3 PO, (?“F)] } |

a=q,q
(3.58)

3.3 Numerical results

The numerical elaboration of all the considered observables is done by making use of the

JETHAD modular work package [84]. The sensitivity of our results on scale variation is
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assessed by letting g and pupr to be around their natural values, up to a factor ranging

from 1/2 to two. More specifically, we set®®

UR = fip = N = \/M11Ma] , (3.59)

and the C), parameter entering plots as the ratio pp r/py for all the consider processes,
except the ones involving the production of a Higgs boson. In these latter cases, we use
the geometrical mean in Eq. (3.59) only the exponential factor in Eq. (3.46), while the

scale associated to each impact factor is chosen as

pr, = pr, = Cupiy, = Cymyy .
Error bands in our figures embody the combined effect of scale variation and phase-space
multi-dimensional integration, the latter being steadily kept below 1% by the JETHAD
integrators. All calculations of our observables is done in the MS scheme. The kine-
matical cuts are always shown directly in plots, for more detailed discussion on these
choices we refer to [72, 80, 81, 82, 83|. Furthermore, Refs. [72, 80, 81, 82, 83] contain
for all the processes mentioned above, long and detailed studies, both at natural scales
and at scales obtained through the Brodsky-Lepage-Mackenzie (BLM) optimization pro-
cedure [147, 148, 149, 150], which prescribes that the optimal scale value is the one that
cancels the non-conformal [y-terms in the considered observable. In the following, we
want to provide a review of the observables that can be studied, focusing on the possibil-
ity of carrying out studies at natural scales. The reason for this choice is that, although
the application of the BLM method led to a significant improvement of the agreement
between predictions for azimuthal correlations of the two Mueller-Navelet jets and CMS
data [123], the scale values found, much higher than the natural ones, generally bring
to a substantial reduction of cross sections (observed for the first time in inclusive light
charged dihadron emissions [151, 152]). This issue clearly hampers the possibility of doing

precision studies.

3.3.1 Azimuthal-angle coefficients

The azimuthal-angle coefficients, are obtained by integrating coefficients C,, in Eq. (3.46)
over the phase space of the outgoing particles, at fixed values of their mutual rapidity

separation, AY. One has

max 171, max
P 2

n p ax yrlnax 3
Cn(AY,s):/_ | [ d|ﬁ2|/‘ dy1/4 s 6 (1 — yo — AY) G- (3.60)
min plénln yirlln yglln

P

39In case of jet or light hadrons the transverse mass coincide with the |p'|.
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We investigate the AY-behavior of the p-summed cross section (or AY-distribution),
Co(AY, s), of the azimuthal-correlation moments, R,0(AY,s) = C,/Cy = (cosny), and
of their ratios, R, = C,/C,, [153, 154].

AY -distribution

In Fig. 3.3, we show the AY-behavior of Cj for a series of different semi-hard reactions.
The common feature is the downtrend exhibited by the cross section at increasing AY. It
emerges as the interplay of two competing effects. On the one hand, the pure high-energy
evolution leads to the well-known growth with energy of partonic cross sections. On the
other hand, collinear parton distributions and fragmentation functions quench hadronic
cross sections when AY increases. All the plots show a promising partial stabilization of

the high-energy series.

Upper left panel of Fig. 3.3 shows the AY-dependence of the ¢-summed cross section
in the double A, channel, together with corresponding predictions for detection of A hy-
perons, at NLLA. We note that NLA bands are almost nested (except for large values
of AY, for which they overlap but are not fully nested) inside LLA ones and they are
generally narrower in the A, case. Since this analysis is performed around natural scales
and without implementing any BLM optization, we claim that this is a clear effect of a
(partially) reached stability of the high-energy series, for both hadron emissions. The fact
that the stabilization effect is stronger for heavy species was corroborated in Ref. [80],
observing that, while predictions for hyperons lose almost one order of magnitude when
passing from natural scales to the expanded BLM ones, results for A. baryons are much
more stable, with the NLA band becoming even wider in the BLM case. Moreover, in
Ref. [80] it was proposed that the stabilization effect is connected to the smooth and
non-decreasing with pr FFs behavior of the A, fragmentation functions. Subsequently, a

similar behavior was observed for other hadronic species.

Another manifestation of stabilizing effects is shown in the upper right panel of Fig. 3.3,
where we consider the A, + H channel. We perform phenomenological study by imposing
realistic kinematic cuts of forthcoming experimental analyses at the LHC. In particular, we
allow the charmed-hadron transverse momentum to be in the range 8 GeV < pe < 20 GeV
and its rapidity in the ultraforward rapidity window 6 < ye < 7.5. This choice is in line
with nominal acceptances of FPF detector plans [155, 156]. We observe that the NLA
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predictions are systematically contained inside LLA ones and the width of uncertainty
bands considerably decreases when moving to the higher order. It should be specified
that, even if this stabilization effect is very strong in the latter case, especially if one
considers into the high rapidity-difference between the two detected objects, the analysis
is only partial next-to-leading, due to the presence of the Higgs impact factor, whose

complete next-to-leading implementation is not yet available®.

Lastly, in lower panels of Fig. 3.3 we study, with the full NLLA, the AY-behavior of
the cross section in the double J/¢ and J/v-plus-jet channels. Predictions are obtained
by making use of the ZCW19™ set. We note that values of C are everywhere larger than 0.5
pb in the J/iy-plus-jet channel. This leads to a very promising statistics, although being
substantially lower than the one for heavy-baryon and heavy-light meson emissions [80,
81].

Azimuthal-correlation moments and their ratios

Azimuthal-correlation moments and their ratio are widely recognized as very sensitive to
the BFKL dynamics. It is also well known that, in the Mueller-Navelet channel, the insta-
bilities under higher order corrections and scale variations prevents any realistic analysis
around natural values®*'. In Fig. 3.4, predictions for the Ry, Ry azimuthal ratios in the
double A, (upper panels) and in the double H, (lower panels) channels, at natural scales,
are presented. The downtrend of all these ratios when AY grows is a well know signal
of the onset of high-energy dynamics. Larger rapidity distances heighten the weight of
undetected gluons, thus leading to a decorrelation pattern in the azimuthal plane, which

is more pronounced in pure LLA series.

Although, instabilities rising at natural scales are strong, they are milder than the ones
observed in the Mueller-Navelet dijet channel. In the presented plots, the value of the Ry
moment exceeds one in the small-AY region. This unphysical effect is fairly explained by
the fact that contributions which are power-suppressed in energy and are not included in
our BFKL treatment start to become relevant in those kinematic ranges, thus worsening

the accuracy of our predictions.

4ONonetheless, we include all of the universal NLO terms presented in the previous section.
41 At least for the pure azimuthal correlation moments.
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The situation improves, when one considers ratio of azimuthal correlation moments.
As firstly observed in Refs. [153, 154], the Ry; ratios exhibits a fair stability under NLA

corrections for both both final-state channels.

3.3.2 Azimuthal distribution

The azimuthal distribution of the two tagged particles, as a function of ¢ and at fixed

values of AY, is

doyp(o,AY,s) 1)1 & 1 &
P =-13 + ;cos(mp) (cos(np)) ¢ = 13 + ;cos(nw)Rng . (3.61)

Proposed for the first time in the context for Mueller-Navelet studies [90, 157], this
distribution represents one of the most directly accessible observables in experimental
analyses. Indeed, experimental measurements hardly cover the whole azimuthal-angle
plane due to limitations of the apparatus. Therefore, distributions differential on the

azimuthal-angle difference, ¢, could be easier compared with data.

In Fig. 3.5, we present predictions for the azimuthal distribution in the A, + H (left
panels) and in the J/¢ + jet (right panels) channels, for three distinct values of the rapid-
ity interval. LLA predictions are given in the upper panels, while NLA are found in the
lower ones. In all cases the height of the peak visibly diminishes when AY grows, while
the distribution width slightly widens. Again, at large values of AY the weight of gluons
strongly ordered in rapidity predicted by BFKL increases, thus bringing to a reduction
of the azimuthal correlation between the two detected objects, so that the number of

back-to-back events lowers.

Focusing on patterns for the ¢-distribution in the J/¢ + jet channel, we observe that
at AY =1 the LLA peak is much more pronounced than the corresponding NLA one, at
AY = 3 the LLA and NLA peaks are similar in height, and at AY = 5 the LLA peak
is beyond the NLA one. This behavior as a straightforward explanation. The small-AY
range stays at the limit of applicability of the BFKL resummation, since the low values
of the partonic center-of-mass energies reduces the phase space for secondary-gluon emis-
sions. This leads to a stronger discrepancy between LLA and NLA results. Conversely,
in the moderate-AY regime the high-energy series shows a fair stability when NLA cor-

rections are switched on. Finally, the large-AY territory is very sensitive to the BFKL



134 CHAPTER 3. BFKL PHENOMENOLOGY

dynamics, this reflecting in a stronger weight of the re-correlation effects, predicted by

the NLA resummation, over pure LLA results.

The same pattern is observed in the A.+ H channel. The only difference is that, from
the lower AY value, the LLA predictions are below the NLLA ones. This is due to the
fact that in this analysis we are considering ultra-forward kinematics, in fact, the first
value of the rapidity difference is four. At these values, re-correlation effects, predicted

by the NLA resummation, are already very strong.

3.3.3 Transverse-momentum distributions

Cross sections and azimuthal-angle correlations differential in the final-state rapidity in-
terval, AY | are excellent testing grounds for the high-energy resummation. However, in
order to probe regimes where other resummation dynamics are also relevant, more differ-
ential distributions in the pr-spectrum are needed. Indeed, when the measured transverse
momenta range in wider windows, other regions that are contiguous to the strict semi-
hard one get probed. On one hand, when the transverse momenta are very large or
their mutual distance is large, the weight of DGLAP-type logarithms as well as threshold
contaminations [158, 159, 160] grows, thus making the description by our formalism inad-
equate. On the other hand, in the very low-py limit a pure high-energy treatment would
also fail since large transverse-momentum logarithms entering the perturbative series are
systematically neglected by BFKL. Therefore, in this section, rather than claiming to
be able to describe the whole spectrum in pr of the observables, we want to show that
there exist kinematic windows in which high-energy resummation is relevant and in which

therefore it must be taken into account in a serious precision program.

Single differential py-distribution

We start by studying the transverse-momentum distribution of one particle at fixed values
of AY, i.e.

max max max

doy,(|P1], AY, s) /p2 . /yQ /yJ
= d d dys —yy — AY . 3.62
d|]71 |dAY g ‘pZ‘ s n in Y2 (yl Y2 ) Co ( )

min
2

We investigate this distribution in the Higgs + jet channel. Our calculation in the Born
limit at AY = 3 (left panel of Fig. 3.6) is in fair agreement with the corresponding pattern
in Ref. [146] (solid line in the left panel of Fig. 2), up to a factor two, due to the fact
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that we restricted AY to be positive, which means that the Higgs particle is always more
forward than the jet*?. In our study, this calculation cannot exceed a given upper cut-off
in the |py|-range, say around 125 GeV. This is due to our choice for the final-state kine-
matic ranges, where consistency with experimental cuts in the rapidities of the detected

objects would lead to x; > 1 for sufficiently large jet transverse momenta.

Both the LLA (blue) and the NLA (red) series in upper panels of Fig. 3.6 show a
peak (not present in the Born case) at |py| around 40 GeV for the two values of AY,
and a decreasing behavior at large |py|. For the sake of simplicity, we distinguish three
kinematic subregions. The low-|py| region, i.e. [pg| < 10 GeV, has been excluded from
our analysis, since it is dominated by large transverse-momentum logarithms, which call
for the corresponding all-order resummation, not accounted by our formalism. To the
intermediate-|py | region the set of configurations where |py| is of the same order of |p}],
which ranges from 35 to 60 GeV, corresponds. It is essentially the peak region plus the
first part of the decreasing tail, where NLA bands are totally nested inside the LLA
ones. Here, the impressive stability of the perturbative series unambiguously confirms
the validity of our description at the hand of the BFKL resummation. Finally, in the
large-|py | region represented by the long tail, NLA distributions decouple from LLA ones
and exhibit an increasing sensitivity to scale variation. Here, DGLAP-type logarithms
together with threshold effects start to become relevant, thus spoiling the convergence of
the high-energy series. In Fig. 3.6 we present also the py-distributions at AY = 3 and 5,
as obtained by a fixed-order NLO calculation through the POWHEG method [161, 162,
163], by suitably adapting the subroutines dedicated to the inclusive Higgs plus jet final
state [164, 165]. It is interesting to observe that, both at AY = 3 and AY =5, the NLO
fixed-order prediction is systematically lower than the LLA- and NLA-BFKL ones and
this is more evident at the larger AY', where the effect of resummation is expected to be
more important. This observation provides with an interesting window for discrimination

between fixed-order and high-energy-resummed approaches.

Finally, in lower panels of Fig. (3.6), we compare the pr-distributions presented above
with the corresponding ones obtained in the large top-mass limit, M; — +oo. In Ref. [72],

it was noted that, when this limit is taken, cross sections become at most 5+ 7% larger,

42Note that in Ref. [146] the Higgs mass is a free parameter. We compare our result with the corre-

sponding one at My = 120 GeV.
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whereas the effect on azimuthal correlations is very small or negligible. We do not show
figures related with this comparison, since the bands related to the large top-mass limit
are hardly distinguishable from the ones with physical top mass. The impact on the py-
distribution is also quite small in the |pyy| ~ [p};| range, while it become more manifest

when the value of |py| increases.

All these considerations brace the message that an exhaustive study of the |py|-
distribution would rely on a unified formalism where distinct resummations are concur-
rently embodied. In particular, the impact of the BFKL resummation could depend on
the delicate interplay among the Higgs transverse mass, the Higgs transverse momentum
and the jet transverse momentum entering, in logarithmic form, the expressions of partial
NLO corrections to impact factors. Future studies including full higher-order corrections

will allow us to further gauge the stability of our calculations.

Double differential pr-distribution

Lastly, we also investigate the double differential pr-distribution at fixed values of AY,

max max

doyy (1P|, [Pal, AY s) /yl /yz
ALz - d dy 6 (y1 — y2 — AY) Co. 3.63
d|p1|d|pa|dAY ) Y i Y20 (Y1 — ¥ ) Co (3.63)

1

In Ref. [166] this study was proposed, without pretension of catching all the dominant
features of this observable by the hand of our hybrid factorization, but rather to set
the ground for futures studies where the interplay of different resummations (among all
BFKL, Transverse momentum, and threshold one) can be deeply investigated. Results
for our distributions in the H, + jet channel at AY = 3 and 5 are presented in Fig. 3.7.
In this analysis no BLM scale optimization is employed. We note that predictions fall off
very fast when the two observable transverse momenta, |py| and |pj|, become larger or
when their mutual distance grows. As generally predicted by the BFKL dynamics, LLA
predictions (left panels) are always larger than NLA ones (right panels). Furthermore,
we do not observe any peak, which could be present in the low-pr region, namely where
Transverse momentum-resummation effects are dominant and that it is excluded from our

analysis.
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3.4 Summary and outlook

In this chapter, we have proposed a series of new semi-hard reactions that can be stud-
ied at the LHC, presenting a whole series of observables useful for detecting high-energy
effects. We believe that such effects should be included in the precision programs of the

LHC and of future accelerators capable of reaching even higher center-of-mass energies.

There are several interesting future developments on the side of forward/backward
phenomenology. The analysis presented here in the case of heavy-flavor production only
partially covers the ppr-spectrum. In fact, as already said, in the region of small-p; of
the produced heavy-hadron a FFNS description is more reliable. The construction of
predictions within this scheme (or in a full GM-VFNS), necessarily requires finding the
NLO corrections to impact factors for the production of massive quarks (Q). The impact
factor for the ) — @ transition is already known at next-to-leading order [167]. Never-
theless, the production of heavy-flavor involves other channels that are even dominanting.
Among them, the contributions calculated at LO in the references [109, 115] are neces-
sary to study the productions of quarkonia or heavy-light mesons. Another interesting
channel in the context of forward/backward productions has been proposed in Ref. [168],
i.e. forward Drell-Yan and backward jet production. In this case, a full NLL description,
requires the calculation of the next-to-leading impact factor for the forward Drell-Yan

production.

In the case of Higgs-plus-jet production, it is already possible to perform a full next-to-
leading logarithmic analysis. Using the next-to-leading order result, for example obtained
through POWHEG, it is also possible to implement a matching procedure to obtain a full
next-to-leading order prediction supplemented by a complete resummation of high-energy
logarithms. Through such a procedure it will be on the one hand clearer to distinguish
the high-energy effects from those of the fixed order dynamics and on the other hand to

provide valid predictions in a broader kinematic regime.
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Figure 3.3: Behavior of the p-summed cross section, Cy, as a function of AY in the
double A. channel (upper left panel), in the A, plus Higgs channel (upper right panel),
in the double J/1 (lower left panel) and in the J/1 plus jet channel (lower right panel).
Vs = 14 for the A. plus Higgs channel and /s = 14 in the remaining cases. Predictions
for A, emissions are compared with configurations where A hyperons are detected. Text

boxes inside panels exhibit final-state kinematic cuts.
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Figure 3.4: Behavior of azimuthal-correlation moments, R,,, = C,/C,,, as functions of

AY, in the double A, channel and in the double H, channel, at natural scales, and for

Vs = 13 TeV. Text boxes inside panels exhibit final-state kinematic cuts.



140 CHAPTER 3. BFKL PHENOMENOLOGY

p(Pa) + p(Py) = AZ(pe, ye) + X + H(pu,yn) P(Po) + P(B) = J/¥(po,yo) + X + jet(ps, ys)
050t g < pe/GeV < 20; 20 < prr/GeV < 60 ] 41 20 < po/GeV < 60: 35 < p;/GeV < 60
04506 < ye < 7.5; |ym| < 2.5 MMHT14 + KKSS19 ] lvol < 2.4: |ys| < 4.7 MMHT14 + ZOW19+
0.40} /5 = 14 TeV 1/2 < Cu < 2] VG =13 TeV 1/2<C, <2
0.35F LLA accuracy ] 3 ]
5| 30300 AY =4} i) |_% JETHAD v0.4.7 LLA BFKL
| b 0.25f = b 2 AY =1 |
0.20f A 0 AY =3
0.15} 1t AY =5
0.10} ] ,.* ‘::‘\
0.05} ‘ JETHAD v0.4.9 ol M/ \"‘w ]
— = 0 z T - = 0 3 ™
p=@c—pH—T p=¢gg—¢;—m
p(Pa) + p(P) = AZ(pesye) + X + H(pn,yn) p(Pa) + p(B) = J/¥(po,yo) + X + jet(ps,yr)
050t g < pe/GeV < 20; 20 < prr/GeV < 60 1 4| 20 < po/GeV < 60; 35 < py/GeV < 60 |
04516 < ye < 7.5; |ynl| < 2.5 MMHT14 + KKSS19 | lyo| < 2.4; |ys| < 4.7 MMHT14 + ZCW19™
0.40 \/s = 14 TeV 1/2<Cu < 2] V5 =13 TeV 1/2<C. <2
0.35¢ NLA accuracy ]
5 |_%0.30» L |% JETHAD v0.4.7 NLA BFKL
— | & 0.25} - | b 2r
0.20f
0.15} 1t
0.10}
0.05} ‘ JETHAD v0.4.9 ‘ ol ‘ ‘ ,
— = 0 z T —m = 0 3 T
p=¢c—PH—T p=¢gg—¢;—7

Figure 3.5: LLA (upper panels) and NLA (lower panels) predictions for the p-distribution
in the A. + H (left) and in the J/¢ + jet (right) channel, at /s = 14 TeV and /s = 13
TeV, respectively, and for three distinct values of AY. Text boxes inside panels exhibit

final-state kinematic cuts.
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Figure 3.6: ppr-dependence of the cross section for the inclusive Higgs-jet hadroproduction
for /s = 14 TeV and for AY = 3,5. In the top panels, resumed predictions are compared
to the fixed order result obtained through the POWHEG method. In the bottom panels,
predictions in the standard case and in the large top-mass limit are compared. Text

boxes inside panels exhibit final-state kinematic cuts.
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Figure 3.7: Double differential py-distribution for the H, + jet channel at AY = 3 (top)
and AY =5 (bottom), v/s = 13 TeV, and in the LLA (left) and NLA (right) resummation

accuracy.
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Chapter 4

Lipatov vertex in QCD with higher

e-accuracy

How can it be that mathematics, being after all a product of
human thought which is independent of experience, is so
admirably appropriate to the objects of reality?

Albert Finstein [169]

In this chapter, we deal with the computation of the Lipatov vertex with higher accu-
racy in the dimensional regularization parameter ¢ = (D — 4)/2. There are a number of
reasons motivating the need of the NLO Lipatov effective vertex with higher e-accuracy:
first, it is the building block of the next-to-NLO contribution to the BFKL kernel from the
production of one gluon in the collision of two Reggeons; second, it enters the expression of
the impact factors for the Reggeon-gluon transition [170], which appear in the derivation
of the bootstrap conditions for inelastic amplitudes; these discontinuities are needed in
the derivation of the BFKL equation in the NNLLA; third, the discontinuities of multiple
gluon production amplitudes in the MRK can be used [171] for a simple demonstration of
violation of the ABDK-BDS (Anastasiou-Bern-Dixon-Kosower — Bern-Dixon-Smirnov)
ansatz [172, 173] for amplitudes with maximal helicity violation in Yang-Mills theories
with maximal super-symmetry (N =4 SYM) in the planar limit and for the calculations
of the remainder functions to this ansatz. In the planar maximally supersymmetric N' = 4

Yang-Mills theory, the Lipatov vertex, within accuracy €2, has been computed in [174].

The chapter contains four sections. In the first, we briefly discuss the formulation of

the BFKL approach in the NNLLA. In the second, we review the derivation of the Lipatov

145
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vertex at one-loop. In the third, we compute the fundamental integrals appearing in the
vertex up to the required accuracy. In the third and last section, we summarize and

discuss future perspectives. The material of this chapter is based on Refs. [175, 176].

4.1 BFKL beyond NLLA

Extending BFKL beyond the NLLA is an extremely complex task. Let’s summarize what

we have seen in the previous chapters.

The s-channel discontinuities of the processes A + B — A’ + B’ are presented as the
convolutions P44 ® G ® ®pp, where the impact factors ® 44 and P describe
transitions A — A’ and B — B’ due to interactions with Reggeized gluons and G is the
Green’s function for two interacting Reggeized gluons. The Mellin transform of the Green
function, satisfy the BFKL equation (1.155)

Energy dependence of scattering amplitudes is determined by the BFKL kernel, which is
universal (process independent).

In the LLA, up to the required accuracy,

K=a +KY (4.1)
where @, is the one-loop Regge trajectory and I@g] )is the part of the kernel related to real
production of one gluon.
In the NLLA, we can still rely on the previous program of computations, but the kernel,
up to the required accuracy, is

K=dn+an+K§ + K5+ KG + K5 (4.2)

4

where, in the “virtual” part, we have included the two-loop corrections to the Regge tra-
jectory, while, in the real particle production part, we have included, together with the
contribution from the one-gluon production in the RR collisions (this time calculated at
one-loop accuracy), contributions from the two-gluon and quark-antiquark productions

(these latter computed at Born level).
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One might think that this scheme is applicable in the NNLLA as well. In this case it
would be sufficient to calculate three-loop corrections to the trajectory, two-loop correc-
tions to lég, one-loop corrections to ICQQ and Kge and to find in the Born approximation
two new contributions, I@QQG and I@GGG Unfortunately, the scheme based on the forms
(1.14) and (1.104) does not provide a full resummation in the NNLLA. The reason is the
need to take account of the contributions of Regge cuts and the imaginary parts of the

amplitudes in the unitarity conditions (1.110).

The main difficult in the extention of BFKL beyond the NLLA is the appearance
of three-Reggeon cut which invalidates the forms (1.14) in the NNLLA. This was first
shown in [177] when considering the non-logarithmic terms in two-loop amplitudes for
elastic scattering. A detailed consideration of the terms responsible for the breaking of
the pole-Regge form in two- and three-loop amplitudes was performed in [178, 179, 180].
In [175, 181, 182] it was shown that the observed violation of the pole-Regge form can be
explained by the contributions of the three-Reggeon cuts. A procedure for disentangling
the Regge cut and Regge pole in QCD in all orders of perturbation theory has been sug-
gested in [183]. Moreover, in deriving BFKL in the LLA, we have not emphasized much
that the form of the inelastic amplitudes in Eq. (1.104) is strictly valid only for the real
part of the amplitude. The reason is that only the real part is really needed in the LLA
and in the NLLA. Indeed, the imaginary parts are suppressed by a power of Ins; with
respect to the real ones. In the LLA, no logarithm can be “lost” and hence only the real
part is important. In the NLLA, in principle, the products of imaginary and real parts
in the unitarity relations (1.110) are important, but they cancel due to summation of
contributions complex conjugated to each other. In the NNLLA, we can “lose” two large
logarithms and hence imaginary parts should be taken into account. At computational
level, this is not very complicated since we need imaginary parts just in the main approx-
imation. Nonetheless, this complicates the derivation of the BFKL equation and deprives
it of its universality (see Ref. [175] for details).

In the following, as already mentioned, we focus our attention just on the one-loop
Lipatov vertex, extending its knowledge in the e-expansion up to the required accuracy
for NNLL formulation of BFKL. In fact, the NNLLA formulation of BFKL requires not
only two and three-loop calculations, but also higher e-accuracy of the one-loop results.

Thus, since the NLO RRG vertex has the singularity 1/€%, it must be known in general
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up to terms of order €2 to ensure the accuracy €” in the part of the kernel containing the
product of two RRG vertices. Of course, in the region of small transverse momentum p’
of the produced gluon, the accuracy must be higher (¢?). Fortunately, in this region the

vertex was obtained in [184] exactly in e.

4.2 Review of the Lipatov vertex at one-loop

4.2.1 The gluon production amplitude

The RRG vertex can be obtained from a generic A+ B — A’ 4+ g+ B’ amplitude taken in
MRK and with the gluon emitted in the central kinematical region. In this case we follow
the construction in [47] and consider gluon-gluon collision. We will use the denotations pa
and pp (pa and pp/) for the momenta of the incoming (outgoing) gluons, p and e(p) for
momentum and polarization vector of the produced gluon; ¢ = p4—pa and ¢o = pp —pp
are the momentum transfers, so that p = ¢; — ¢2. The denotations are the same as in [47],
except that we use p for the “central” outgoing gluon, instead of k. The MRK kinematics
is defined by the relations

§>> 51,52 > |ti| ~ |ta| , (4.3)

where
s=patps), si=@a+p)?’, s2=@p+p), te=d¢,. (44)
In terms of the parameters of the Sudakov decomposition
p=0pypataype+pL, ¢ = Bipa+aipp+ i, , (4.5)

the relations (4.3) give

=2 =2
1>>ﬁpz/31>>—a1:q?1, 1>>apz—a2>>ﬁ2:q?2,
- 8152
SIRSQ,, SaNSP,, pl=-plm—. (4.6)

s
Here and below, the vector sign is used for the components of the momenta transverse to

the plane of the momenta of the initial particles p4 and pg.

To extract the RRG vertex, we can restrict ourselves to amplitudes with conservation

of the helicities of the scattered gluons. The form of this amplitude is well known:

C 1 1 C *
Ay 43 =25 93 Ty o E ngcl g Ty ey(p) A (g2, q1) (4.7)
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where T}, are matrix elements of the colour group generator in the adjoint representation

and the amplitude A* in the Born approximation is equal to C*(qz, q1):

7 i
p — — p — —
A'L];)orn = C’M(q2, ql) = _QﬂL_ - q2lJL_ - S_? (p2 - 2(]12) - S_f (p2 - 2@122) . (48)

It was shown in [39] that at one-loop order the amplitude can be presented in its gauge

invariant form,
A = C*go, 1) (1 + GPre) + PHg 2tita rp (4.9)

where the terms proportional to p* were obviously omitted and

__ NgT(1—¢)
9= (dm)e
T 1
S 89
Fs (), o [ 1 s1(—$1)
ro={tita (v, + ) + tuZin + g @) |5 (252 ) 4 2000 - w20
1 € t1(3+ 1de + 8€?) — ta(3 + 3 + €7)
—(1 — —3(1+¢€) —
W 6)Jr26(1+26)(3+2e)( S T h—t

+% <(2+e)t2 — etl)l } + {A e B} ,

o= {@ a0 - T L0 e (L (2ol

s(—s)t2

+1p(e) — (1 —€) —(2€) + LT 2?)(3 54 Ll % % (114 7e)

+(tl]i—t2)3(t2(t1 +to) — €ty (t; — t2)> + %((2 +€)ty — etlﬂ)}Jr{A — B}.

(4.10)
The expression for the function r, appearing in the definition of A* is
r :f—(%2_§22)_f+ﬁ2 (411)
T8(@E — (@)?)
. D) oy (1) (sl=s)sa(—s)
= |_ _ T N 51(—381)82(—82
1= [t g (g (M52 )

FOL= = (0 + w20 - (1)) - |4 5] (1.12)

= onera i e (b (525
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(1= €) — le) +1(2) — w<1>)

o (sm () o) faoa).

nd L s
s(—s)(p
Fs=1Is— L3 — —In Zs . 4.14
S (31(—31)32(—32)> ’ 414
The total amplitude is given in terms of five structures Zs, L3, Zyp, Zsa, Zs, defined
as [47]
d2+2ek 1
s :/ — _ : 4.15
3 ﬂ-l—i—er(l e) k2(k _ 51)2(]{; _ q~2)2 ( )
242¢ 1 E— a)2(k — )2
T = ) k2(k — q1)2(k — ¢2)° k24— @) °
. B /1 d.fE/ d?—‘r?ek
s o x ) mrel(1 —e)
y 11—z B 1
(cF 4 (1 -0 —q) - (- o)@ - ) (- @ — G- @)
(4.17)
d2+25k 1
/ l1—=z / (1 —€) k2[(1 — 2)k2 4 z(k — §1)?]
1
Xﬁfq_ﬁqq (4.18)
(k—z(@—@)* (k—q+@)?

and I4A = I4B(§1 <> —q_é)

4.2.2 The Lipatov vertex

Imposing general requirements of analyticity, unitarity and crossing symmetry, the pro-

duction amplitude must take the Regge the form [39, 185]

s {[ ()7 ()G G) e
S w2 —w1 — 89 w2—w1 s \“! -5\
GG @) e

where w; = w(t;) (we have chosen p? as the scale of energy), I'(¢;;p?) are the helicity

+

conserving gluon-gluon-Reggeon vertices, R* and L* are the right and left RRG vertices,

depending on ¢, and ¢. They are real in all physical channels, as well as T'(t;; p?).
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In the one-loop approximation we have

w(t) =w(t) = -7 m(cf)e, (4.20)
Dt 5?) = g(1 " F(l)(t;ﬁ2)) | (421)
where o
(5 572) = 7 [ (02)° |00 - 500 = 501 -
9(1+4¢€)* +2 1, [(p?
190208120 2" (?)] | (422)

In the same approximation we obtain from (4.19)

29 {A“ — C"(g2:q1) |:F(1)(t1§ﬁ2) STty 7?) + Lin (51(_51>) L2 (Sz(—82))

2 (p'2)? 2 ()2
-
(4.23)

Since in all physical channels

In (Sli:;))i?%?)) —ir (4.24)

the combinations R* + L* and R* — L* are respectively related to the real and imaginary

parts of the production amplitude. Using this we find that

(@1 @)C* (g2, q1) + 247 G5 P [42 =

4749 p
v e Is— L3
2((112(122 - (CI1 : C_I2)2) 2 ( )

R+ LF = 2g {C“((Im(h) +7° (

=2

(@ - @) (0() — (1 — ) + (@)@ - 7) (m (2_> e

~@ (@ - P) Lap +

I*(e) ((ﬁ_z)e

['(2¢) 2 i
-2 2 =2\ €

ol + 0l -+ 0020 ) )|+ O |-Zin + o 5 (T w0 - v - )

1 ) =2 -2

@) {w(e) ~ 00+ S o a2 (Z{Q - 2} (11 4 7€) + %ﬁ
IR, )m [2() (72)° [ i N

_4 12 S
@-ar )| )| TP teat e [@-g T T g gy

=2 =2 =2
o0 0@l T3 — 2P _
%G 1@2 = )8 D —7 (A B)} (4.25)
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and

(@1 2)C* (g2, q1) + 242G P

207> () ,
Ro_ 29 {—c~<q2,q1> () (52 4

w1 — Wy I'(2¢) Ga — (G- @)
< |REPT A T (@D - @D - )| a2

It is clear that, in order to know the Lipatov vertex at a certain order in the e-expansion,

we must calculate the integrals 73, 744, Zyp, and Z5 — L3 with the same accuracy.

In the region of small momenta of the central emitted gluon (the soft region, from now
on) the vertex must be known to all orders in e. The soft limit of integrals entering the
vertex are computed in appendix C.4. By using Eqgs. (C.45), (C.48) and (C.50), we easily
find

Rf 4 L = 29C" (g2, ) (1 +a22§(<;3) (7)) — (1 — e)]) L @)
R = g_g;%,ql)?fgj 7). (4.28)

The last two equation confirm the result in [184, 186].

4.3 Fundamental integrals for the one-loop RRG ver-

tex

In this section we present the result at e?-accuracy of the integrals in the transverse
momentum space entering the one-loop RRG vertex, expanding expressions already avail-
able in the literature and, whenever possible, cross-checking them with an alternative

calculation.

4.3.1 Z3: Bern-Dixon-Kosower (BDK) method

We start from the integral
To =7 T(1 — ) Zs
— / 2+2¢e — ]‘ _ — /d2+26k_E ]' 7
k2(k — q1)%*(k — ¢)? kp(ke — qe)*(ke — qp)?

where kg, ¢1g, g2 are Euclidean vectors in dimension 2+ 2¢ and ¢;%, 455, (15 — ¢28)? # 0.

(4.29)

We can relate this Euclidean integral to a corresponding Minkowskian integral by Wick
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rotation:
/ d* kg ! = / d*tk ! (4.30)
kz(ke — qe)*(ke — q2p)? K2k —q1)*(k — q2)*
where k = (ik%, kL), @1 = (10, ¢ig), @2 = (i¢5 s, ¢35). We note that
W= =—0 & =—@Gr=—0, ((—@)°=—(qp—@s)’=—(G—@)>=-p"
(4.31)

Hence, we need a triangular integral with three massive external legs. This result to
all order in e-expansion can be found in [187], taking care to apply the replacement
(e = —e+1), because they calculated the integral in d*~*k, instead we need it in d*™*k.
One finds that

10(2 — )T%(e)

Al/2—e
Ié = 7T1+€041042043 (_ ) 3 5 [f (51) + f (52) + f (53) + C] R (432)

2 T(2e—1) ) (1—¢)
where
-9 > 2\2 -9
qs (Q1 - CIZ) qq
Al =\ S35 v 2=\ "33 v W= o9 (4-33)
' Q12(Q1 - QZ)z ? Q12(Z22 %2(% - (J2)2
71:—a1+a2~|—oz3, ’)/QZCYl—OéQ—FOlg, ’73:Cl/1+052—&3, (434)
=P, =l G= e (4.35)
As As As
As = —a? — a3 — a2 + 2010 + 2003 + 2003 (4.36)
['(2e —1)
CcC = —27T(1 — €>F2—(€) s (437)
1| /14i6\" 1+id
o) =— Fil2—2¢1—¢2—¢—
10) =3 (1—2’5) 2 1< GrTesTE (1—15))
(4.38)

—_

1—i0\'™* 1—id
_<1+i5> 2F1(2—26,1—e,2—6,—( +i5>)]'

Using the expansion (C.11) and the definitions

Zi=— <1 Héi) : (4.39)

1 —10;
we find
c12-e D21 46€) (1 —2¢€) | ag + g+ as 5 iz
T, = 7T(1 — €)ananas Ay~ - + 7+ ‘
3 5Tl +2€) (1—e) VAse z; 1— 2z




154 CHAPTER 4. LIPATOV VERTEX IN QCD WITH HIGHER e-ACCURACY

1+Zi
Zj

X (1 —In(—2z)+ In(1-— z,)) —(z =z

x (2 + (1 ki Zi) In(1— 2)In ((1— z)e) + %m? (—2) =~ 5L, ()

e (1 9)) s ) (2
+Z { - (4 +In(l - ) (2“;" %) 4 2(1; ) + %(3(1 + )

+2(1 + z) In(1 — 2) — 3(1 — z;) In zi)) - (1 ; %) (14 2In(1 — z))Lis(2;) — @

xgﬂywﬂwgw_wg_mgm+ng@+(jfyu_%>

(=) (2 + (1 “i) I (1 — 2) In (1 — 21)e) — —— L4, (zi))> (e o } |

Zi <
4.40
Please note that 0; — —0d; is equivalent to z; — z; ~. We also observe that as = a1 (g <>

—~
~—

¢ — @) and a3 = a1(q1 <> ¢2). From this we realize that the second and the third term

of the summation can be obtained from the first by two simple substitutions. We can

rewrite:
;e 12— (1 +¢€) (1— 26) T (—
T, = T(1 — €)ayaasAy Tl12) (1= \/_6 — (1 —=1In(—2)
Lita In (1 —zl)) —(z1 = 27Y) >+ T+ { L2 (2+<1+Z1)1n(1 —2)In((1 = 2z)e)
21 1 - 21 21

PR (—2z1) — LA, (z1) — In (—2) (1 ;1A In(1— zl))) — (7 — zl—l)D €

21 21

2
+ (w 2+¢(2) + [f_ - <4 +1In(1 — z) (2<1 ) + 201 - zl)g(g) + In(l = 21)
(30420 +2(

( 21 21 2
(314 21) +2(1+ 2)In(1 — ) — 3(1 — 2) lnzl)) _a ;Zl) (1+ 21n(13— 21))Lis(21)
_2_(1; 2, (L13(1 = z1)+Ll3( 2o )) mg(G_Zl) + IHQ(;Z” (1+ (1 ;Zl> In(1 — 21))
Cn(—2) (2+ (1 Zzl) In (1= 2)In (1 = 21)e) — ~ ;ZlLig (zl)))—(zl — zf1>De2},
(4.41)

where the operator S acts on a generic function f(G2, ¢2,52) as

S{(@% @ 0%) ) = (@%@ 0°) + £ (a2.0°.@) + £ (&, a7 57) - (4.42)
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4.3.2 13: Alternative calculation

We verify the previous result through a different calculation procedure. We introduce the

Feynman parametrization to get

1 1 ye—l
Izl—e/dx/ dy—""———, 4.43
2= ) 0 o (A—By)*e (4.43)

where A = 2¢2 + (1 — 2)¢¢ and B = A — x(1 — z)p%. Now, it is convenient to perform

the decomposition

1 1 e—1 1 € 2 2
Yy Yy 1/A B/A B/A ]
dm/ d —:/ d { + +
/o o A-Byr Jy YA-By <y TA-By (A-Byy?
e—1

1 €
_ Y B By* By~
- / 4y [A (1 Ay> TR By T AA By>2—e} |

After this, we can safely expand (1 — %y)6 in the first term and ¥ in the second and third

terms, getting

1 1 e—1 B
B Y B B In (1 — Zy)
n=(-9 [ [ {A“ FEE By T AE By ' ( 7y

Blny Blny , |In(1=2Zy) (In(1 - By)
InA+1
+A2(A—By)+A(A—By)2)+E A 5 +hA+Iny
Blny Iny 1 1 3
In(A— B — .
A(A—By)(2 - y)> <A+A—By)”+0(€)

Integrating over y, we obtain

1
2-3) 1 (1-e(A-B) 1 1 [(A-B
T, — _ 1,
s /de{ e Az ¢ & Tau-pr a4
2_. (B Ldx (B B
b (5) e [ e (5) + 9 (5)

+Lis (%) + % <1n (A ;1 B> — 2 Li, (g)) + }lhf (A_TB)] +O() . (4.44)

In this form, all divergences are contained in the first three terms, which we can

promptly compute, to get

- € a—>b a—b a—>b

v €A2—¢  ab

1 2 — 3e 21 alnb—blna 1 € /aln®b—>bln’a alnb—>blna
d + - -+ — —1
0 2

%5 a—> 2 a—> * a—>

62( 5 3alnb—blna 3aln’b—bln’a aln®b—0blnda
6

)} +O(),  (4.45)



156 CHAPTER 4. LIPATOV VERTEX IN QCD WITH HIGHER e-ACCURACY

SO [ A e [ (8) - a5 (1 (1-4)
i (1-0) = ({)] e - 55w () (@ em () (5w ()
i (3))) - 2+ (s (1) i (1- ) 411 (5))] } + 00

(4.46)

[t LI e g (2) v [
=t (%) = @+ 50 - (=) (Liz (1-4) -1 (1 _ g))]+ez [“T” I
= () e me((@ 0o+ (a-0) (L (1 5) <1 (1-2) ) ) 4o
o= (1 (5) (¢ -m (1= ) (§)+ g (7)) - (1= §) 20 (5)) ]}

+0(e%) (4.47)

where a = @2, b = ¢, ¢ = p?. Plugging into (4.44) the results given in (4.45)-(4.47),
one gets an expression for Zs, valid up to the order €2, in terms of finite one-dimensional
integrals. A quick numerical comparison shows that this expression is perfectly equivalent

to the one obtained in the previous section.

By limiting the accuracy to the order e, we can express the result in a very compact

form. We calculate the two residual one-dimensional integrals,
| A—B 1 c? a+b. ra
dr—In|—— )| =—|2—In| — In (- 4.4
/ xA?“( A ) Qab[ n(ab>+a—bn<b>]’ (4.48)
1——) 1 c? at+b. ra (a—b)* —c(a+Db)
d d — [2—-2C¢(2) —In | — In (-
/ x/ Ty T [ ) n(ab)+a—bn<b>+ cla—0b)

b
, a , b 1 o a (a —b)* — 2c(a +b) +
X (ng (1 — E) — Liy <1 — a) + 5111 <E> In (Z))} + Sabe Tope,
(4.49)
where

fope = /01 (= 13 R (axci(f(i ;)x)> ' (4.50)
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Various properties and representations of the integral (4.50), together with its explicit

value for Iz2 z252, are given in appendix C.2. Combining everything we find

F2(1+e)[ ) ( 1 1 1 )

I?): /1 a0\ ﬁ ¢ — — + — — T SS9

eI'(1 + 2¢) v P P QR
1

+(q*2>6(1 T 1)+<q*2>6 e 1)
1 (712(?22 (1»12]72 (Tzzﬁz 2 q—» (T (72215»2 (j12]72
2
€ — — — —92 = —92 =
=== (0 + (@0)% + (67)? — 2405 — 2470 — 245 0%) Iz2. 32 52 (4.51)
q7q9s'P
or
 IP(1+¢)
57 eD(1 + 2e)

A 1 1 1 €2
" q( L L )+ (@ - —52p2>f~2~2~2}
{( ) @2ql @t qp?)  qraEpr b Bl e 2

This result, after multiplication by the factor 7'™<I'(1 — €) (see the definition (4.29)), is
equivalent to (4.41) at the order e.

4.3.3 Z,p and Z,4: BDK method

The integral that has to be evaluated is

dx dP—2k
Zsp _/ /W1+er

11—z 1
X - e - )

(5”“2 + (1 —x)(k - 51)2> (k—(Q—a)(q —q@)? k—a)*k—(0-a))°

(4.17)
Let’s start from the integral I,p defined as
1 1
L=~ [ d°k . 4.53
R / (k2 +ie)[(k + 1) + ie][(k + q2)? + ie][(k — pB)? + ic] (4.53)

Using the BDK method and working in the Euclidean region (s, s1, s, t1, ty < 0) the result
for this integral is [187]

e F(l _ 6)F2<1 + 6) 9
Lip = RV B . . .
4B 52t2 F(l + 26) €2 |i( 044(061 045)) ol (E, €, + €

a0y + a0y — 045044)

044(041 - 045)

a1y + a5y — asQ
+<—Oé5(053—044>>76 2F1 <€,€,1+€; 17 i > 4)

Qs (043 - Oé4)

- 10y + 503 — 50y
_ — - <o F L+6—
((al a5)(a3 064)) 241 (67 € 1+¢ (Oél _ as)(a3 — 044) ):| 7

(4.54)
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51852 82t2 3t2
a1 = - 9 Qg = - ) ag = - )
Stgtl SSltl SgSltl
st 51t
oy = — ! s Q5 = -~ . (455)
8182t2 Sgt
We then have

(1 — I (1 2 | (—s2)(—t2)¢ —t
fy T4 2 [ ) (L ()
82t2 F(l -+ 26) €2 (52 — tl)e SS9 — tl
(—s52) (—t2)" S2
— L F 1 i1 — 4.56
+ (t2 _ tl)e 2471 67 67 _'_ 67 tl _ t2 ( )

(=s2) (=) (—ty)* JF) (E,e, l+e1- i ﬂ '

(89 —t1)<(t2 — t1)" (82 —t1)(t2 — t1)

where

Using (C.9), this result can be put in the following simpler form:

Lip = 7:; ra ;<i)£22(i)+ 6% {(—52)6 L F) (1, e1+el— ‘9(:;;1) (4.57)
(s2 —t1)(t1 — tz))} '

82<—t2)

t1 — 1o
59

+(—t2) 2 F} (1,67 I+61-— ) —(—t1) 2 F4 (176, I+¢1—

We re-derive this result in appendix C.2.

For the first term in the square roots in (4.54) we have

(—t2) (—5)° (55 — 1)~ o F} <e, cltel P ) | (4.58)

Sg — 1y

Analytically continuing the result in the region of positive s, by the replacement
(—s2) = € sy, (4.59)

using the MRK approximation to neglect (—t2)/(se — t;) with respect to one in the

argument of the hypergeometric function and recalling that

s

oFi(e,6,1+61)=T(1—-€el(1+¢) = sin(me) (4.60)
we obtain
(—t2) e ™™ T (1 — )T(1 +¢€) = (—to)° {COS(WG)% - iﬁe} ) (4.61)

The second term,

—t282 ‘ 52
Fleel+el— , 4.62
(tl_tQ) 9 1(66 + € t1—t2) ( )
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with the help of (C.9) and (C.10) gives, assuming t; > £,

(—t) o Fy (1,6, e :2) — (—ty) (1 —eln (tl;“) _ i(—e)”((n))

The third term,

tita \° t
_( 102 ) 2F1(E,E,1—|—6;1—|—t 2 ) (4.64)

tl—tg 1_t2

using (C.9) and (C.10), again assuming ¢; > to, becomes

— (—t1) 2 FY (1,5, 1+¢ i—:) = —(—t)" (1 —¢ln (1 - %) - i(—e)“Lin (i—l)) :

i (4.65)
We finally obtain
2 T(1— )I2(1+¢) 2 ta\" ([ -
#1—em (M) - g—e)“an)) —tem(1-2) 4 > (=o' (ﬁ—)] -
(4.66)

Furthermore, starting from the integral in eq. (4.53), using the standard Sudakov de-
composition for the 4-momentum k, one finds that, in the multi-Regge kinematics (see

appendix C.3),

tip = - T gt (1 (232) vt — 0~ 2000+ 0020 ) + Taa|
(467)

where Z,p is exactly the integral defined in eq. (4.17). From this relation we can hence

derive an expression for Z,g that, after some manipulations, can be cast in the following

F2<1+6) 2 (—tl)e tg ¢ 1 e tl
Iip = = = —= —eln(1——
P T +20) e —ty th 2 * sin(7e) cos(re) — eln to

+§enc<n> (1- (-1 (@ - 1))) “tem(1- 1)+ g—e)"m (ﬁ—)] .

2

form:

The result remains valid for ¢ > ¢;. In particular, truncating the summation at n = 4

gives the desired result.
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This result is completely equivalent to the one obtained by calculating directly Zyp in-
troducing Feynman parameters (see the next subsection). The integral Z,4 is defined

similarly to Zyp in eq. (4.17), up to the replacement ¢; — —¢o, implying that

I4A = I4B(t1 — tg) . (469)

4.3.4 7I,p and Zy4: Alternative calculation

/ dm/ dP—2
mitel(1 —¢)

11—z 1

(aF2 + (1= )F — @) (= (1 - 0@ — @) (K= 02— (@ — &)

introducing the Feynman parametrization and performing the integration over k, we ob-

Starting from the expression

X

tain

i :/Olcf Uol A=) (e +(1b(_1 gi):c)(l—zml—f _/1 dzm
(4.70)

Defining
a:(ff:—tl, b:(j’;:_t27 C:1——, (471)

we can write Zyg = b 1 F(c), with

Fle) = /01 i—x Uol % = :Cilz_(ffx))“ - /01 dz 21 (1 — z)e—l] @)

Performing the transformation y = (1 — )z in the first term, we get

Fle) = /01 ‘i—x UOH % = zi’_ = /01 dz 2 (1 — 2)6_1] | (4.73)

It is very simple to compute the integral for ¢ = 0; we find

. -z 1
Fo= [N [T aa- g [aea o]
o T 0 0
1 1 1 1
= —/ d_x/ dz 211 — )<t = —/ dz ze_l(l—z)e_l/ du
0o T Ji—x 0 1-z L

= /O1 dz 2N (1—2)'In(1—2) = d% [/01 dz 2711 - 2)5—1} o (4.74)
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The function F(c) in ¢ = 0 is then

FO) = o (900~ 0(20) (4.75)

We now compute the derivative with respect to ¢ of the function F' and get

1x y
1—e/dx/ y(1—zc—y 1—6/ / dz(1 — zc —y) 2

€ 61_1F2 e—1
:—/Oyy«(l A=) = (=97 = g (a7 =1) - (476)

C

Having this information, we can write

F(e) = F(0) + /D iz F(z) = % [w(e) (20 + /0 da (w)} (477)

T

The integral on the right-hand side can be computed to all orders in e:

[ar(B27 Y iy (1) ]

n

R I e S e A )]

Using

we finally find

/OC o (%) h ien_l <_ln”(711—‘—c) +e(=1)" Sl,n(c)) : (4.80)

n=1

The final result for Z,5 is then

I4B:£Z§3(—t2) [ 0(2€) +Z n- 1( M+e(—1)”8 (1—?))]

2

(4.81)
The expression (4.81) gives an alternative representation of Zyp, which is completely
equivalent to (4.68). Again, the complete €? result is obtained truncating the series at
n =4.
We can achieve an alternative representation in terms of the hypergeometric function. In
fact, we note that

/0 dx (1—2)—1)=(1-c)f—1)Inc+e (/01%111(1 _y)yg_/ol_c%ln(l —y)ye)

T
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-0

=((1-¢)f—Dnc+y(1) —9¢(l+e¢€) — (2F1(1,6,1+6;1—c) —1—1—61110).

(4.82)

The last equality can be proved by using the explicit result for the first integral, i.e.

Ly d [tdy
—Z1In(1 (1 — y)0y*
/0 ) (1-y)y = o) (1-9y)

AT +0)I()
so  AOT(140+¢€) |5

= Z@)-¥(1+e)

(4.83)

and the following expression for the second, in terms of the hypergeometric function,

. — ' = 1 ¢ J
2F1(1,e,1+6,1—c)—6/0 (= ( c)y 6/0 dlnm

1
:—elnc—e/dygfllny—l—e / dyy* In(1 —y(1 —¢))
0

= —elnc+1+€(1— c)e/ dyy ' In(1 — y). (4.84)
0

Using (4.82), we obtain

(e 1 1—rc¢)f
i = ngibe_l (Z + (1) — (14 2€) —Inc— ( ) oF1(1e,14+ 61— c)) ,
(4.85)
which is completely equivalent to both (4.68) and (4.81).
4.3.5 Combination 7; — L3
Let’s start by considering the pentagonal integral I5, defined as
=2 / d"k !
T (k2 +ie)[(k 4+ q1)? + ic][(k + q2)? + ie][(k 4+ pa)? + ie][(k — pp)? +ig]
(4.86)
In multi-Regge kinematics (and in D = 4 + 2¢), it is given by the following combination:
2+5F 1 — _ 2o 2)\2
I5 = u |:111 << S) (ql QQ) ) I3 + £3 — Z5:| (487)
s (=s51)(—52)
Inverting this relation, we obtain
(=s)(@ — &)° s
—L3=1 Iy — ————15. 4.88
o= () B = s

Hence, the integral I5 can be used (together with Z3) to calculate Zs — L3 (this combination

is the one appearing in the Lipatov vertex [47]).
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We start by working in the Euclidean region, defined by s, s1, 2,11, %2 < 0, the analytical
continuation to the physical region is obtained according to the prescriptions
T

(—s) — e s, (—s1) > e sy, (—89) = e sy . (4.89)

We use the quantities «; defined before, which we recall here:

51852 o 82t2 o StQ
2 — - 3 — -
Stgtl ’

[ sty [ sity
= 4] — , Q= 4/— . 4.55
4 5189t > 88t ( )

Let’s define the reduced integral I5 in this way:

o) = —

SSltl ’ 8281t1 ’

I5 = —7TD/20410[20130(4045f5 . (490)

In Ref. [187] it is shown that this integral is given by the recursive relation
1 [3
> 2(i ~(D=6+2¢
Is =3 EI: I — 2 A TP | (4.91)

where Aj is the following quantity:

5

As = Z(O‘? — 205041 + 205042) (4.92)
i=1
The ~;’s are
Moo= g —atagtag—as, (4.93)
Y2 = —aptay—aztogtas, (4.94)
Y3 = Q- Qo ta3— gt as, (4.95)
Yo = ot —agtag—as, (4.96)
¥5 = —Qq + o+ a3 — a4+ as . (497)

I f) are the reduced version of I ii) (apart for a trivial 727¢), i.e.

[ = DU @) (4.98)

Q;
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s

e

Figure 4.1: Schematic representation of the pentagonal integral. The arrows denote the

direction of the momenta.

Box integrals part

The integrals I ii) are box integrals with all external legs on-shell, but one, which is off-

shell.

m2Te):

They can be obtained starting from I5 (see Fig. 4.1) in this way (apart from a factor

e
Making the propagator between p4 and pg “collapse”, so that the two on-shell legs
associated with p4 and pp become a unique off-shell external leg with (incoming)

momenta p4 + pp.

1

Making the propagator between p4 and pa = pa — q1 “collapse”, so that the two
on-shell legs associated with ps and ps become a unique off-shell external leg with

(incoming) momenta ¢ .

1
Making the propagator between p4 = pa — ¢ and ¢ — g2 “collapse”, so that the
two on-shell legs associated with pa and ¢; — g2 become a unique off-shell external

leg with (outgoing) momenta ps — go.

Y

Making the propagator between q; — ¢» and pp = pp + g2 “collapse”, so that the
two on-shell legs associated with ¢; — ¢o and pgs become a unique off-shell external

leg with (outgoing) momenta pp + ¢;.

IR

Making the propagator between pg and pg: “collapse”, so that the two on-shell legs
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associated with pp and pp become a unique off-shell external leg with (outgoing)

momenta ¢o.

The results for the reduced version of these integrals are

A 9 B Q503 + Qo0ry — QyQr3
i _“ _ _ €, F 1 ;=2
A (31’ S9, S) Ezrr ( (Jé3(OZ5 Of4)) ol | €,6,1 + ¢ 043(065 _ CK4)

Q503 + oy — 044043)
ag(ag — ag)

‘|‘(—C¥4(042 — 043))76 2F1 (6, €, 1 + €

—((a5 — ag)(a2 — a3)) ™ 211 (6, €1+¢€ _ Q50 F Qaty — 044043>}

(a5 — au) (g — az)

(4.99)

~ 2 e
[iQ)(SQ, '[52, tl) :E—QTF (—CY4(Oé1 — Oé5)) 2F1 (E, €, 1 + €]

ooy + azos — a4a5>
ay(ar — as)

ooy + a5 — a5a4>

065(043 - 044)

+(—Oé5(0é3 — 044))_6 2F1 <6, €, 1 + €]

—((n —as)(as —ou)) ™" 217 (67 €1 46— T A0 = 0‘50‘4)} ,

(1 — as)(az — ay)
(4.100)

-3) 2 e S Qs + ay — Qs
117 (s, 51, 12) =2’ (—as(az —a1))™ 2 (6’ &lte as(an — ay) )

Qo5 + 1Oy — a1a5>

(03] (Oé4 — Oé5>

+(—ai(ag —as5)) " o Fy (e, e,1+¢€;

—((a2 = a1)(oy — a5)) " 211 (6, 6,1+ ¢ _ Qa5 T 10y — 041045)1 ’

(a2 — ar)(a — a)

(4.101)

A 2 B
[f)(s, 52, 4) 'l (—ai(as —a2)) ™ 213 (a €,1+¢ 103 + 05 042%)

Oél(Oés - 042)
[e5Ye%! + Qo — a2a1>

Oég(Oé5 — Oél)

+H(—ag(as —aq)) " o Fy <e, e,1+e€

(05 — a2)(as = 01)) ™2 ( €14 ¢ S0 a2 awl)] ,

(a3 — az)(as — ay)
(4.102)
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~(5) 2 e L Q3 + Gy — Qg
17 (s1,t1, t2) 2T (—as(ar — a2)) ™ 213 <€’ &l+e az(a; — ay)
Qg + Qoyy — 0620é3>

042(044 - 043)

+(—062<Oé4 — 043))76 2F1 <E, €, 1 + €]

—((c1 — ) (g — a3)) " 2 F1 (e, e,14¢ Qg+ apey — (12043)] 7

(1 — ag)(a — a3)

(4.103)

where
[(1—el%(1+e)
(1 + 2¢)

It is clear that with appropriate exchanges of the invariants s, sq, s9,t1, %2 they can be

obtained from each other. In particular, as pointed out in [187], starting from one of
these integrals the others can be obtained by cyclic permutations of the «;’s.

By expanding these results, in multi-Regge kinematics, we have

zp(sl,sg,s)g”1;(?122(2)“)6%<<‘S(1j )52) {1+Z n g (1— 1_1>C(2n)} ,

(4.105)
st = ORI Z oy [ () (cra-ara g
—|—1—eln(t18_2t2)—i(—e)"((n)) 14l (1——)+§: ( )] .
" (4.106)
19 (s, 81, t) ~ F(l;(i)£22(i)+ €>€2( {1+eln< ) g } . (4.107)
(s, 59 1) ~ LU ;(§)5—22(i)+ ) 62 (—t {1 teln ( ) 2 } . (4.108)
[P (51,11, 1) = F(lgé)féif 6)622( K—;) < STl -l (1+¢)
+1—¢ln (“;“) - i(—e)”g( )) —1+eln (1 E) + i(—e)"Lin (%)] .
" " (4.109)

Again, truncating the summation at n = 4 gives the desired result. The integral I f), up

to trivial factors, coincides with (4.66), as can be easily verified. Since we have computed
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the integral Z,p through two independent methods, the integral I f) can be cross-checked.
We can use the technique explained in appendix C.3 to obtain the relation (4.67) and
then, by using the knowledge of 7,5 integral from the alternative method explained in
section 4.3.4, obtain an alternative expression for I f). This automatically verifies I f’), that
is obtained from I f) by the substitutions sy — s; and t, <+ t;. The technique explained
in appendix C.3 can be also applied to I f), I f’), I i4) in order to verify also the results.
These latter cases are really much simpler with respect to the ones computed explicitly
in appendix C.3. We can also verify these integrals using direct Feynman technique, as
explained in C.2 for Ip.

7 D=6-+2¢
I5

Del Duca, Duhr, Glover, Smirnov result for part

As it can be seen from eq. (4.91), beyond the constant order in the e-expansion, the
pentagon in dimension D = 4 + 2¢ takes a contribution from the pentagon integral in
dimension D = 6+ 2¢. The latter pentagon integral is finite and hence does not contribute
to the divergent and finite parts in (4.91). It starts to contribute at the order €, and hence,

if one wants to obtain the pentagon in D = 4 + 2¢ up to €2

accuracy, the first two non-
trivial orders of the pentagon in D = 6 + 2¢ must be computed. There are different
results in literature for the 6-dimensional pentagon integral [188, 189, 190, 191]; among
these, the one obtained by Del Duca, Duhr, Glover, Smirnov (DDGS) is the most suitable
for our aims, as it is calculated in multi-Regge kinematics and its e-expansion up to the
desired order is given. In [188] the integral is computed by two independent methods:
1) negative dimension approach and 2) Mellin-Barnes technique. The final result can be
expressed in terms of transcendental double sums that, following Ref. [188], we denote by

M-functions; their definition is given in appendix A. Adapting their notation to ours, we
define

_ st _ Sle 1o Lo (=s1)(=s2) — _n
n=E_——==5, 2= _—_—=—5, TP =S, N=_—, p=_—.
5152 p 5152 b ( S) T2 (=T2 )
4.110

In Ref. [188] the three regions contributing to the pentagonal are identified as
e Region I: /71 + /7, <1
e Region II (a) : — /71 + /22 > 1

e Region II (b) : /71 — /73 > 1
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The solution in the Region II (a) is

[(D=6+2¢) I'(1—el*(1+¢) s1saty (((=51)(=52) " 111(a) [ 2
. T - A t,t 4111
5 F(l +2€) sty (_S) DDGs(p y U1, 2) ) ( )

where
7 t,t IT(a) _ e ill@ O 4.112
DDGS(p 1,t) = (Y1, 92) —€iy (Y1, y2) + () (4. )
with

i (1, y2) = (—8Inyy — 4Iny) M (0,0, (1,1); —y1,45) — 4In gy M((1,1),0,0; —y1, )

+18M (07 07 (L 2>a —Y1, 92) + 18M <O7 07 (27 1)7 —Y1, y2) — 24M (Oa 07 (]-7 17 1)7 —Y1, y2)
+8M (07 ]-7 (17 1)7 —Y1, y2) + 16M(17 07 (]-7 1)7 —Y1, y2) - 8M((]—7 1)7 07 17 —Y1, y2)

72 1n In? y; In 72 1n
+8M((1,1),1,0; =1, 92) — M(0,0,0; —yl,yz)( : oy y12 L : vz 2((3))

2

5
— M(0,0, ;=1 12) (2In g Iny + 0%y + 2= ) + (6 1y +31ng2)M(0,0,2:—pn, 1)
2

2
+ (2 g Iy + =5 ) M(1,0,0: —y1,32) + (4lng + 4 Iyn) M(1,0,1: =1, o)

Ay M (0, 1,15 =1, o) — 4y M(1, 1,0 =1, 1) + (I +72) M(0, 1,0: =y, o)
+ In sz (27 07 07 —Y1, y2) —12M (Oa Oa 3a —Y1, y?) - 6M (Oa 17 2a —Y1, y?)

- 12M(17 07 27 —Y1, 92) - 8M(17 17 ]-7 —Y1, 92) +2M (27 07 ]-a _ybyQ)

_ZM(Qa 1707 _3/173/2); (4113)

igna)(yl, Yo) = ./\/l(O, 0,(1,1); =y, y2) <4 Iny; Inys —4Iny; +2In?ys + 472)

+(2In®yo — 4lny; Inyo) M((1,1),0,0; —y1,52) + (8Iny; — 12Iny) M (1,0, (1,1); —y1,32)
+ (4lny, — 8lny1)/\/l((1, 1),0,1; —yl,yg) + (8Iny, — 4lny2)/\/l((1, 1),1,0; —yl,yg)
—15InyoM (0,0, (1,2); —y1,y2) — 1510y M(0,0, (2,1); —y1, y2)

+20 1y M (0,0, (1,1,1); —y1, y2) — 4InyaM (0,1, (1, 1); —y1,2)

- lnsz((1,2),0,0; —?Jl,yz) - lnng((Z, 1),0,0; _y1>y2>

+4InyM((1,1,1),0,0; —y1, y2) + 32M (0,0, (1,3); —y1, y2) + 36M(0,0,(2,2); —y1, y2)
+32M(0,0, (3,1); —y1, y2) — 48M (0,0, (1,1,2); —y1, y2) — 48M (0,0, (1,2,1); —y1, )
—48M(0,0,(2,1,1); —y1, y2) + 64M (0,0, (1, 1,1,1); =y, y2) + 12M (0,1, (1,2); —y1, )
+12M (0,1, (2,1); —y1,92) — 16M (0,1, (1,1,1); —y1,y0) + 18M (1,0, (1,2); —y1, y2)
+18M(1,0,(2,1); —y1,y2) — 24M (1,0, (1,1,1); —y1,92) + 8M (1,1, (1,1); —y1,92)
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_2M(( ) ) 07 17 _ylayZ) + QM((LZ)a 170a _yl>y2) - QM((Za 1)707 1) _ylayZ)
+2M<( ) )7170;_y1ay2) +8M((17171)a071a_y17y2) _SM((]-’]-71)71707 _ylayQ)
0

2] In? ;1 21n? 321
70717_y17y2)<1ny11n2y2_7r nyl - - yl ny2_ I y1+ il ny2—6c<3)>

3 2 3 2

72 1n In? 1, In 21n3 m21n
01,0 y1,yz i Iy y2+ o y2+2C(3))
2 3 2
72 1n 31In?y; In m21n
£ M(1,0,0: =1, ) (= Iy Iy + T 4 SRR T o (3)

31n?
31nyllny2—i—31n Y1 — il —37T2>

4
—2lny Inys +2In%y, — %)
2

2Iny; Iny, — 3In’y; + 3 ) + (Inye —211191)/\4(27170;—%,3/2)

0,1, 1; =y1, 92

M(
M(
(
M(0,0,2; —y1,y2)
M(
(

?/2

Iny; Iny, —

(=

(-

( 2
) (

+ M(LT,0 -1, )
)

+/\/l(2 0,0; —y1,y2 > + (9Iny, — 61ny1)./\/l(1,(),2; —yl,yQ)

+(4Iny, — 41H91)M(1a L 1; y1>y2) + (2Iny; — Inyy) M (2»07 L; —yl,y2)
In? y; In® 21n? In®y; In
+ M(0,0,0:=yn, ) (2 - T - = —2lng(3) +

+ (3 Iy, — 2In?y, — 7r2>./\/l(1, 0,1; —y1, 42) + 1010 g2 M(0,0,3; —y1, 1)

72 n? 2
Yo 4 7T>
4 15

+3In yQM (07 ]-7 2) —Y1, y2) — 20M (07 07 47 —Y1, y2) — 3M (07 17 37 —Y1, 92)

— 12M(1,0,3; —y1,y2) — 6M (1,1, 2; —y1,12). (4.114)
The solution in the Region IT (b) is obtained by the replacement
t a)

Topas(P® ) = Tppas(% b 1) = P Topes(P oty (4115)

in eq. (4.111).

The solution in the Region I can be written as

7 T(1— 21 +e) [ stity [(—s1)(—s2)\°
I(6+26) = — _ :Z.I ) t t 411
i F(]_ + 26) 5189 (—8) DDGS(p ) U1 2) ) ( 6)

where Z5 a5 (72, 1, t2) can be obtained from Ig[(;gs (p?,t1,t2) by analytical continuation,

according to the prescription y; — 1/v;.

4.4 Summary and outlook

We have calculated at the NLO the Reggeon-Reggeon-gluon (also called “Lipatov”) ef-
fective vertex in QCD with accuracy up to the order €2, with e = (D —4)/2 and D the
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space-time dimension. The NLO Lipatov effective vertex can be expressed in terms of a
few integrals (triangle, boxes, pentagon), which we obtained at the required accuracy in a
two-fold way: 1) taking their expressions, known at arbitrary e, from the literature [187,
188] and expanding them to the required order; 2) calculating them from scratch?®, by an
independent method. The purpose of the latter calculation is not only cross-checking, but
also providing with an alternative, though equivalent, expression for the integrals, which
could turn out to be more convenient for the uses of the NLO Lipatov effective vertex.
For instance, the result up to order € of the integral Z3, calculated in section 4.3.2, is very
compact compared to the result for the same integral computed in 4.3.1. It contains the

structure Iz 22 5» which has been extensively used in the BFKL literature (see e.g. [37]).
1042 >

The integrals Zyp, Zsa and I f) have been written as expansion to all orders in €, in
terms of polylogarithms. The integral Z; has been expanded up to the order €2, but can
be expanded to higher orders, if needed. The residual and most complicated term is the
one related to the pentagonal integral in dimension 6 — 2¢. Restricting to the order € in
MRK, it is given in section 4.3.5. The knowledge of the one-loop Lipatov vertex in QCD
at any successive order in the e-expansion is completely reduced to the computation of

this integral with higher e-accuracy.

43With the exception of the part of the pentagon integral in D = 4 4 2 which depends on the same
integral in D = 6+42¢. Nevertheless, in Ref. [188] this contribution was computed through two independent

methods. In the case of 73 we have used an independent method valid just up to the order €.
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in the Shockwave formalism



172 CHAPTER 4. LIPATOV VERTEX IN QCD WITH HIGHER e-ACCURACY



Chapter 5
The Shockwave formalism

Physics is a very difficult thing; ... Unless you think that
physics is the most important thing in your life,

you should not do it. It takes passion, precision, patience.
S. Ting

In this chapter, the Shockwave formalism is introduced following [12, 192]. This
approach, or equivalently his CGC formulation**, applies when one consider the scattering
of a dilute projectile on a dense target with high center-of-mass energy.

The chapter is organized in four sections. In the first section, we introduce the general
picture of saturation. In the second section, we build the effective Lagrangian of the
Shockwave approach. In the third, for pedagogical purposes, we derive the propagator
of a quark crossing the Shockwave. Finally, in the last section, we derive the famous

B-JIMWLK evolution equation for the dipole operator.

5.1 Saturation picture

The BFKL equation has gained much of its fame for being able to predict the rapid growth
of the v*p cross section at increasing center-of-mass energy s. In the large s limit, which
in this context corresponds to the small Bjorken-x limit, the k;-factorization is the most
suitable scheme to investigate QCD processes.

If we consider the total cross section of Deep-Inelastic Scattering (DIS) through Eq. (1.158),

44CGC can be used also in the scattering of two dense systems.
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we have
1 AP 2k (k) (P72, pp(—K) [TH®dw (1\Y .
O',Y*P(jL‘) = D—2/ = 1 1( )/ = L PP—»( )/ -~ |\ Gw(QAaQB)v
(2m) k2 k2 k'2 k'2 S—ico 2T \ X
(5.1)
where z = %2 Obviously, it is important to make a clarification. Two impact factors

appear in Eq. (5.1), one describing the y*-v* transition and the other describing the
proton-proton transition. The second, clearly, contains non-perturbative information and
cannot be defined and treated like the parton impact factors that we introduced in previous
sections. Suppose we model it on the basis of reasonable physical arguments and define
its convolution in the transverse momentum & with the Green’s function as F (z, l;) We
then have

0y (1) = B () @ Fla, F) | (5.2)

where ®; means convolution in the transverse momenta k. The object we have denoted
by F(z, E) is known as unintegrated gluon density and it is defined in such a way that the
gluon collinear parton distribution function, f,, is given by

2 d*k 7. 2 72

k2

From Eq. (5.2) it is clear that the growth of cross sections that BFKL predicts is

1 wo 3 wo
o~ (5) = ()
This growth violates the Froissart bound [193],

2
Oor < cIn® s,

where ¢ is a constant. The violation cannot be removed by calculations of radiative
corrections to a fixed NNN...NL order and it is physically interpretable as an infinite
growth of the UGD at low-z. The target appears to become a denser and denser gluon
medium, until at some point it becomes infinitely dense.

It is clear that this scenario is incomplete and that some saturation effects must come
into play in order to slow down this growth. The first idea to incorporate these effects
was introduced by Gribov, Levin and Ryskin (GLR) [34] and it is based on a non-linear
modification of the BFKL equation to incorporate recombination effects. This approach
makes use of the double-log approximation, i.e. resummation of ayIn(s)In(Q?) terms.

The most modern approach to saturation physics is based on a hierarchy of equations,
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known under the name of Balitsky-JIMWLK (B-JIMWLK) equations. They were derived,
in the so-called Shockwave approach, by Balitsky [12, 13, 14, 15] and, in the so-called
Color Glass Condensate (CGC) approach, by Jalilian-Marian, Iancu, McLerran, Weigert,
Leonidov and Kovner (JIMWLK) [16, 17, 18, 19, 20, 21, 22, 23, 24]. In the large N-limit,
a closed equation, which is known as Balitsky-Kovchegov (BK), is obtained. This large-N
truncation was recovered by Kovchegov using Mueller’s dipole formalism [194, 195]. It
can also be shown that, in the dipole operator case and in the double logarithmic limit,
the GLR equation is recovered.

In saturation physics, a new dimensional scale is introduced, the so called saturation scale,

Q*(z) = (Ax™")5A%cp (5.3)

where A is the mass number of the target. It is estimated that the CGC formalism
(or equivalently Balitsky’s shockwave formalism) must be applied instead of the BFKL
formalism for
Q* < Q3.

Eq. (5.3) contains in itself extremely important information. The saturation scale grows
not only with the inverse of the Bjorken-z, but also with the mass number of the target.
Saturation effects are therefore emphasized in large nuclei. This is crucial, because it
means that if very low values of x have to be reached for a proton to perceive these

effects, for a large enough nucleus, these effects will be seen at larger x.

5.2 Boosted gluonic field and effective Lagrangian

5.2.1 Notation and conventions
We introduce the dimensionless Sudakov vectors n; and ng, defined as

1 1 _
n, = E“’OL 1), ng = E(I,OL,—l) ., nf=ny, =ng-ng=1. (5.4)
With these definitions, for any four-vector p, we can introduce the components

pT=p_=(p-ny) Z%(p“rp?’), pr=p = -m) Z%(po—p?’),

p=pni+p na+p,. (5.5)

A generic scalar product can therefore be written as

(p-k)=p'ky=p k™ +p k" + (pL k) =pik_+p ke —(F-k).  (56)
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We use the same notation for Dirac matrices, and denote

Y= =9"ny,, Y= = (5.7)

Throughout the chapter we also use the notation
V'Pu="- (5.8)

In the Regge limit, both the projectile and the target possess large components, respec-

tively along the n; and along ns, of the order

_ S
Py ~ P~ \/; (5.9)

Again, we work in a k;-formalism, therefore the scattering amplitudes will be expressed
as convolutions in transverse momenta between a projectile impact factor and a target
impact factor. The gluons exchanged in the t-channel, describing the interaction between
projectile and Shockwave field, are once again eikonal and carry an effective polarization

proportional to ny. Once again, we work in dimension D = d + 2 = 4 + 2e.

The fundamental idea of the Shockwave approach is to immediately exploit the Regge
kinematics in such a way as to formulate the high-energy scattering problem in terms of
the relevant degrees of freedom. In particular, since in Regge kinematics all the trans-
verse momenta are of the same order of magnitude, but colliding particles strongly differ
in rapidity, it is natural to factorize in the rapidity space (see Fig. 5.1). This type of fac-
torization is achieved by introducing a rapidity cut-off, e”p; , which separates the “slow”
modes from the “fast” modes. The interpretation of these modes as “fast” and “slow” is
thought in the rest reference frame of the target. Gluons with +-momentum component
below the cut-off act as an external classical field. The interaction between projectile
and target is through these “slow” modes and, as we will see, it is described in terms of
a Wilson-line operator. The B-JIMWLK evolution equations are the result of quantum
corrections, due to “fast” gluons, to the Wilson line. Practically, in the spirit of the
renormalization group, it is the dependence of the relevant matrix elements on the cut-off

1 which determines the high-energy behavior of the original amplitude.

One could reasonably ask why slow gluons can be treated classically. The answer lies
in the fact that, in the saturation regime Q* < Q?(z), we are dealing with weakly coupled
QCD, i.e.

a,(Q?) < 1. (5.10)
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Figure 5.1: Schematic representation of the separation in the rapidity space between

)

quantum “fast” modes (blue) and classical “slow” modes (red).

As it is well known, in the small-coupling regime, field theories are dominated by clas-
sical solutions. In this observation lies one of the most interesting aspects of saturation
approaches. In fact, like other semi-classical approaches, they are able to describe inter-
esting phenomena, which occur for small coupling, but for which approaches based on

perturbation theory only are inadequate.

5.2.2 Boosted gluonic field

Let’s consider a gluon field by(i) in the target rest frame. Let’s now perform a boost,
with velocity /3, along the 2T axis to move to the projectile rest frame. The coordinate

transformation is

+ 1
(x7,27,7) = (%,Az‘,f) ., with A= % . (5.11)
In the new frame, the gluonic field reads
. 1 r-
bt (1;+’x ,I) :Kba— (Ax""x’x) ,
b (at, 2,7 ) = Aby (A:ﬁ, %f) , (5.12)

Assuming that the field vanishes to infinity, and remembering that we are making a very

large boost, the + and i components of the field vanish. Hence, up to A~! corrections,
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boost

bo (%) 0(x)B(Z)ny

Figure 5.2: Schematic representation of the Shockwave approximation.

we get that

bt (2t 27, 2) =0,
b~ (:E+,:E_,f) = Ab, (Am+,0,f) , (5.13)
b (:(:Jr,x_,i”) =0,
where we note that, in this approximation, the surviving component of the field is always
evaluated in x~ = 0. Exploiting that, for any integrable function F',
Alglgo AF(Az) x 6(x) (5.14)
we can write
W (at, 27,2 ) =b (27,2 ) nh = 6(z)B(Z )nk . (5.15)
The last equation expresses precisely the idea of re-formulating the problem in terms of
the relevant degrees of freedom. From the point of view of the projectile, the interaction
takes place with an eikonal field (n%), well localized in the +-component (6(z*)) and
whose shape is described by a function depending on transverse coordinates only (B(Z')).
The effect of this transformation is depicted in Fig. (5.2).

Let’s consider the collision of our projectile with a large momentum p, along p* on a
target with a large momentum p; along p~ and with mass m,;. The energy of the target

in the projectile’s frame is

P AaeT w2 Tnv

From Eq. (5.16) it is simple to see that

A~

2
t
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when p; Dy~ \/g . Thus, the above approximation (neglecting A=! corrections) is equiv-

alent to neglect terms suppresed by \/ig factor.

5.2.3 Effective Lagrangian

We now start from the QCD Lagrangian,
1 - A
L == 1 FanF* +i0DY = Liew + Lun (5.17)
where we split the free and the interaction part; this latter reads
1 VR - 4a fa
Eint = _gfabc (a,LLAz) (AHbAVC) - Zg2fabcfade (AZA?,A“dAye) + 'lw (—th A > w . (518)
In this interaction part, we write the total gluon field, A, as the combination of the external
field, b, and the usual gluon field A. The former describes the effective interaction of the
projectile with the small-x gluons from the target, while the latter contributes to the
quantum evolution of the system. We then have,
A=A+ b (5.19)
Using the fact that b#b, « n3 = 0, we obtain
Ling = — gfabe [((A"-0) A"+ (b"-9) A*) - (A°+0°) + ((A°-9) b* + (b°- D) b*) - A°]
1
= 59" fae faae [((A" - A7) + (b7 A7) ((A7- A7) + (0 A") + (- A7)
(b7 AT) (A7) (b A) 4 (0 A%))] it [—igee (A0 + b)) v
(5.20)
In the lightcone gauge A - ny = 0,
AbxA-n,=0
holds, and hence, Eq. (5.20) can be simplified. Therefore, in this case, unlike the formu-

lation of the BFKL approach presented in the previous sections, it is essential to choose

an axial gauge. In the aforementioned gauge, we then have
L =~ o (A*-0) (A® - A°) — 262 Fane foae [(A*- A%) (A 4)] i [ig® 4¢)
~ase (V- 0) (A" A%) + gt” (G0 (5.21)
The first three terms describe the usual interactions of QCD, while the last two terms

describe the interaction between the internal field and the Shockwave field. We denote

this part of the Lagrangian as

o 04

‘CS = —YJac b—° o
int gf b g B oaam,

+g (z@t“f)%) - (5.22)
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5.3 Quark propagator through the shockwave field

To give an explicit example of how Feynman rules describing the effective interaction can

be found, let us re-derive the one for a quark propagator crossing the Shockwave.

5.3.1 Two gluons interaction

We start by considering the propagator interacting twice with the external field while
propagating from a point zy (at negative light-cone time) to a point z3 (at positive light-

cone time). We have®

G (23,20) [t 50528
= / dDZQdD,ZlGQ (Zgg) [Zgb_ (ZQ) ")/+] GO (221) [Zgb_ (21) ")/+] G[) (Zlo)
d"ps d"p, d”p

= / dP zdP [z’gb‘ (22)igb™ (21)} / (2m)D (27)D (2m)P Go (p3) 7" Go (p2) v Go (p1)

X exp[—i(ps-23)+i(ps—pa2)-22+i(p2—p1) 21 +i(p1-20),

(5.23)
where we denote the free quark propagator by Go. As explained before, the field b~ (z)
has no dependencies on z~; this means that we can immediately integrate over z;, z, .

These integrations produce two Dirac deltas which impose pj = py = pf = p™:

G (23, 20) |5 50520 = (27T)2/d2';d2f_dd22dd21 ligh™ (25, 22) igb™ (2, 21)]

Ay, dd den, . _
/d +/ p3 p2 (2 1;1 eXP[ (D5 - Z32) + 1 (P2 - Zo1) + @ (P - Z0) — zp+230]

_ i(ptyT +p3L i(pty™ + par L
X / dps — .) exp [—ip; 24 / dpy " ( — ‘) v exp [—ipy 23]
opt Ps —10 — _)

N
_ (P + D1 .
X / dp; ( - .) exp [—ipy 2] -

(5.24)
In Eq. (5.24), we have already removed the ¥* component in all quarks propagators
exploiting vy = 0. The integration over the three variables p; can be preformed using

Jordan’s lemma. Due to the conditions imposed by theta functions, only the region p™ > 0

45p= contains the SU(3) matrix in the fundamental representation.
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gives a non-zero contribution:
G (23, ZO)’2;>O>za' = (27?)5/dz§rdzfrdd22ddzl ligh™ (25, 2) igb™ (21, 71)]
X /dpﬂ? (p+) 0 (2;'2) 0 (zjl) 0 (zfz)) exp [—ipJ“zi]]
d*ps (p™y™ + PsL) 23 pr 2 P\ L,
%3 U A (P o 0
X / om)P o exp ZQpJF 3 74 32 " Z3g — 1 (5.25)
d'p (o
a5 5]
d'py (p™y” +p11) N O A S A S
X / (27T>D 2p+ exp —Z%ﬁ pP1 — Z—1+0210 - Z_1+O 2o — 10 .

Up to corrections of order A~t ~ s74/2 b(zF, ) oc §(2). This allows us to approximate

7 7

the Gaussian integral over j, by setting 2, = 0 and getting therefore a 6(Z5). This is
important, because it tells us that the interaction with the shockwave field occurs at a
single transverse coordinate. We note that the remaining Gaussian integrals are always
convergent since 1+° ;;rf > 0. Observing that we can clearly rescale the pole prescription
10 by using an arbltrary positive quantity, we can make the following manipulation

+ [ + 2 +\ 2
. 239 p p
— == —Z — =] Z& —1i0
2p* <p3 7532 32) < Z?J,rz ) 31 ]

+ [ + 2 + 2
. %39 S b . . p

- ~Pzn) —iob - (B (22440
2+ {(p ) } () (& +i0)

+

= — —+(1 — O) (ﬁg — §232)2 + ’L p+ (2’31 + ZO)
2p 232 223

(5.26)

An analogous manipulation can be done for the exponent depending on p;, and then both

integrations can be performed to get

G (23, 20) | 50528 = /dz;dz+ddz2ddz1 ligh™ (25, %) igb™ (21, 71)]

d d
2311 _ . ZwoL —2impt\? (—2imp* 2

(v +i) 7" (7 +%) /dp+< T ) ( ) 0(p7) 0 (=)
Z32 210 232 <10

+ +
x 0 (23;) 0 (=) exp [—zp Zg + i N (Z +140) +i-—— (Z5 + ZO)] (5.27)
223 2 10

= Z‘—Dlz /dzjdz diz, [ng (Zg ,21) igb~ (21 >Z1)]

o (Z:;W* + 231L) y* (—Z(TV* + 210L) 0 (2;2) 4 (2;1) 4 (Zf?))
D . > o ND-1"
(44)" (s Be )
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Now, it is useful to define

U8 = (ig)? [ d5dso ()0 () 0 ()0 (.20 (.9) . (529)
and re-write the previous expression as
ID-1 B 23y 4 Z1n) v (20 +
G (23, 20) | 505z = ZW /ddlez%z) & z ) i — )D—l :
(—z2t) (—Z;O =

(5.29)
The physical interpretation of this expression is not immediate. We therefore introduce

a representation which, as we shall see, is completely equivalent:

= / d218 (=) Go (231) 7" Go (210) 0 (23) 0 (=) US . (5.30)

G (23, ZQ)

2 >0>28
From Eq. (5.30), the physical picture is clear: first the quark propagates from zy to z1,
then it interacts instantly at z;” = 0 with the external field, then it propagates again from
21 to z3. Let’s now prove that the expression we gave is completely equivalent. We first

integrate over z;" to get

2
[ a5t e
D zZ D
5055 | 2% (=222 + 2R +0) 7 (22 g + 2R ? @'0))
5.31

G (23, Zo)

)

Nl|s]

and then we introduce the Schwinger representation for the denominators,

)" e 1 +ia(A£i0
(Ailz'O)” - (FJF(TB) /0 dav (a"71) e (5.32)

Performing the integration over z; and then over one Schwinger parameter, we find

d . A
T S .y PRy @A MG AR B AMC AT
370 z;>0>za' 47TD_1 ! Za_ ZS_
) 400 J Z+
X Uél) / doy (aq1)” exp {ioq (—2z§z30 a7 T ZO>:| :
0 <0
(5.33)
Integration with respect to the Schwinger parameter now gives
- iTD—1) [ 4. (57 + %) 7" (-2 + 201)
G(Zg,Zo) . N =70 ND_1 d 21 D
23 >0>2 4(27’(') (—Z;Z(J]r) 2
.34
0(:) 0 (—) U2 534
% 22 22 b=l
-
<_Z30 + 2z; 226r + ZO)
We have proved that
G (23,20) 20>zt = G (23, 20) Foomat (5.35)
3 0
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5.3.2 The appearance of the Wilson line

We would like to generalize what we saw previously and resum all possible interactions of
the quark line with the external field b*. A great hint in this direction is given by form of
Uz@ in Eq. (5.28). Tt is easy to see that it is the (ig)? term in the (ig)-expansion of the

Wilson line (in the fundamental representation)

P
ig /j dz"b~ (z+,2')] : (5.36)

0

[z;,z;]gzpexp

where P means time-ordered product. We want to establish that the generalization we
seek is obtained by replacing U ;2) with the full Wilson line defined in Eq. (5.36), i.e.

G (23, ZO)|Z.§F>0>ZO+ = /dDzlé (27) Go (231) 7T Go (210) [#7, ZaL]zl : (5.37)

We prove this by mathematical induction. We already proved that (5.37) is correct for
n = 2, where n is the number of interactions, and for n = 1 is trivial. Let’s prove the

n = 0 case by setting the Wilson line to the identity in Eq. (5.33), we get

(—9)” /ddz ( Z;>g (2;77 + ":’SIL) ol (—zm* + 210L)
Y

el (23,Zo)| —

2z >0>2 - 4rD-1 zg' Za‘
+o00 J Z+
X / doy (o) exp [ial <—2z§r230 +Z2 — Z—3+2'120 + ZO)] :
0 0
(5.38)

A shift in the variable z] allows us to have a Gaussian integral and hence to obtain

G(O)(z z)‘ __i _£ : +Ooda (ay)
30202 >0 AgD=1zt + ; 1151

Nl

<0
+ .+ + 42 +
z 23 2 2 d z
—2zF 28 (v7) =225 (Bs01) — 222 (V) +is—= (7"
ostat () -2 o) - F ()4 45
d
+ N\ 2
z —imz
X exp {ial (—2z§“z§0 + %23% + Zo)] ( 7: 0 ) .
230 230
(5.39)
After the last integration we recover the usual free quark propagator in coordinates space:
il (2 3
G(O) (’237 Z0)|Zf>0>z+ = <g> 2 D - GO (237 ZO) . (540)
B

To complete our proof, we only need to show that, assuming the result holds for n inter-

actions, the case n + 1 follows. If for n we have

G(n) (23, ZO>}2;>0>23' = /dD215 (Zfr) GO (231) ’)/+G0 (210> [Z;, Zar] gll) y (541)
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then
G(nJrl) (23, ZO)}z;r>O>zaL = /dDZQGO (232) [Zg’}/eri (22)] G(n) (22, Zo)

~(ig) / dP2dP21b™ (22) 8 (=) [Go (232) 7 o (221) 7" Gl (210)] 0 (=) [, =12

Z1
(5.42)

The integration is performed as explained before and we get
GO (o 20) gy = [ 47238 (1) [Go ) 7 G o))

« (ig) / 4550 () 0 () 0 (=) b (o, 72) [, 2]
(5.43)

This last expression can be immediately re-written as

GO (25, 20)| g gos = / AP 210 (=) [Go (231) 7 Go (210)] 0 () 0 (—2) [ 5 )0

(Zl 44)

ot

This completes our proof.
We want to make one last observation. Since the interaction is localized in light-cone

time, we can have two situations:

e The integration boundaries z; and z; have the same sign. In this case the Wilson
line reduces to the identity, the Shockwave is not crossed and we have a normal

quark propagator.

e The integration boundaries z4 and z; possess opposite sign. In this case the Wilson
line is nontrivial and the Shockwave is crossed. It is clear that in this case, only the
point 2zt = 0 of the entire integration domain contributes and that we can therefore

extend the integration from —oo to 4o00.

We therefore define

—+oo
Uz = [—00, +00]z = Pexp {zg/ d="b™ (27,2)] (5.45)
and its Fourier transform
Upl) = /ddzLei(“'ZL)Ug. (5.46)

In defining the Feynman rules, we use these latter definitions. We avoid to report all of
them here, they can be found in Ref. [192], where the notation is identical to the one used

in the part of this thesis devoted to the Shockwave approach.
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5.4 B-JIMWLK evoultion for the dipole operator

In this section, we want to study quantum corrections to the previous picture. As already
anticipated, we will study the effect of a change in the cut-off 7. We consider the external
field at rapidity n; = n + An, where An should be intended as a small deviation from 7.

We separate it as
b;+An(z) =, (2) + bgn(z) , (5.47)

where

— de —i(p-z),—
bAn(z) = / W@ (r2)p, (p)0 (e”+A’7p;; — p+) 0 (p+ — e"p;) (5.48)

contains gluons with +-momenta between e"p; and e”+A”p; . Let’s consider now the
Wilson line at rapidity 7; for the propagation between the lightcone time x* and the
lightcone time y*. From Eq. (5.36), it can be written as

+ 2F ZN_1
[x+’y+]’; = Z/jdzf(ig)b;l (zfr,,?) /:dz;“(ig)b;l (z;“, Z) /+ dz;{,(ig)b;l (z]\L,, 2’) :
N (5.49)
Now, we perform a perturbative expansion in the small parameter igAn to show how the
Wilson line at rapidity 1 is modified by the small perturbation. Using that [z;", z;r]g =1
if 22 > 0, we find

)
+A . _ >
[y ]2 = [ty ]+ (ig) /+ dzf [2%, 2|20y, (2, 2) [,y )%
N ; (5.50)
Y
+ (ig)2/ dzfdzf [m+, Zﬂ;zbm; (zf, Z) [zf, Z;’]me] (z;“, Z) [z;“, yﬂ?& (2;1) :
xt
We study two eikonal lines propagating through the shockwave at rapidity n; = n+ A
and with a color singlet interaction with the external field. They interact “classically”
with the part of the field generated by b,". However, this classical propagation is modified
by the quantum fluctuations generated by the field ba,- These quantum fluctuations lead
to the evolution equation.
In the spirit of the expansion (5.50), taking into account these corrections is equivalent
to considering the two lines that propagate in the part of the field generated by b, with
the possibility of emitting and reabsorbing a gluon which has a 4+-component of momenta

strictly between ep and et 27pt (see Figs. 5.3, 5.4).
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The propagator of this gluon is built from by, and reads

d = entAn 1+\d—1
vyab d d Z3 ab + (p )
(G5)" =(=) /(2#)‘”1 (V=) /n 4P + )2 t]
¢ 2 (—22) (5.51)
+ 5223 5321 H
X exp |—ip* 2y — 2 4 T30t | (5 2 5)
exp [ P {z21 22{ + 2z1+ 1 H (Z23 - Z31) (nynsy)

where we want to remark the restriction on the +-component.

Before proceeding, we want to make a small digression to compare BFKL and Shock-
wave approach. Obviously, the physical picture is the same, there is a big rapidity gap
between two interacting objects, and hence, there is phase space for gluon radiation
strongly ordered in rapidity. In both cases, we are interested in resuming the large loga-
rithmic corrections generated by these kinematic conditions. However, it is important to
note that the way we want to construct the evolution is slightly different. For BFKL we
had considered two lines of quarks strongly separated in rapidity which, precisely because
of this separation, exchanged an infinite ladder of gluons. The effective polarization of
gluons attached to the upper line was nb, while the one of gluons attached to the lower line
was nf. In the present case, the two incoming lines represent the whole projectile; their
longitudinal components are both of order p; , i.e. they are in the same fragmentation
region and there is no rapidity gap between them. The separation in rapidity is between
this projectile and the gluons produced by the entire 0} gluon field. This way of deriving
evolution is closer in spirit to that of the Muller dipole, but, as we shall see, in the correct

limit is equivalent to BFKL.

Let’s move on to the calculation of corrections produced by the field by, ; they lead
to ten Feynman diagrams. In four of these diagrams, the additional gluon crosses the
Shockwave (see Fig. 5.3), and thus, this class of diagrams involves an additional adjoint
Wilson line (U;;)ab. We refer to this part as double dipole contribution. In the remaining
six, the Shockwave is crossed only by the eikonal lines (see Fig. 5.4), we refer to this part

as dipole contribution.
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Figure 5.3: Double dipole contribution to the evolution. The Shockwave is always crossed

at z = 0.

Figure 5.4: Dipole contribution to the evolution. The Shockwave is not crossed and hence

only single dipole cntributions are generated.
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We start by considering the diagram (a) in Fig. 5.3, it reads®®

+o00o
](a) = / le / d22

x Tr <[+oo zl} t* [z, —oo] L [—o0 zﬂ t [zj,%—oo}%) (Gay)®™

Z1

( )d 2,,—2¢ en+Aan

- %Tg)d/ilTr (U;th;jt“> / 'z (U2)™ / o ()

0 + +00 + 72 72
dz / dz; { » +{ N 1 H > o
% et S— ——exp |—ipT {2 + 525 —i0 ¢ | (%3 - 1)
/;oo ( ) 0 (z;_)%le 21 2z ;r 2
7262(1 d 7 7 " entan —ip+(22_1—i0>
—LE ! 52)} / iz, Fs1) T (Ui ) (uz)”] / dp*t ——
(@m® (23)" (Z4) . " )

vl

This implies

G2 D] [ (B Fn) n brta (7 e
[(a) ~ 2(27T)d+1 /d ng [TI‘ <U51t Ug2t > (U;?3) ] (A?]) . (553)

The diagram (c) in Fig. 5.3 is computed similarly and gives

g’ [T ()]"2
2(2m)d+

1
ez Ty (uTeun ) (U —— (An) . 5.54
[ e (rogeus) (1) e 65

Ly ~

Finally, diagram (b) and (d) are obtained from (a) and (c) respectively, by the substitu-

tions 27 <> 25 and ig <> —ig. We have

2,,~2¢9d [T (d)1° _—
Iy ~ L E L)) / ddz((@;—@)g T (Uzeute) (©2)"] (an) . (5.55)

d+1
2(2m) 2223) (2321)
2, —2¢ 2 5d
g [I'(5)]"2 - b1
[(d) ~ 2(27-‘-)d<2kl ddZ?, Tr <t Ugjth;) (UQS) W(An) . (556)
31
We denote the sum of all these contributions by
—2¢ d\12
st A?] I'(3 5 a ab
Ip= Wd[ ()] / @'z T (eug vl ) (U2)
2 (Za3 - Z31) 1 1 (5.57)
X [ - 2; 4311+ e e
(2223)2 (2321)2 (223) (231)

46Tr means trace with respect to the fundamental representation and it is needed in order to have a

singlet exchange.
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Now, we should compute the six diagrams without crossing. Instead of a direct computa-
tion, there is an elegant trick that allows to obtain directly the sum of all six contributions.
Let’s denote the sum of all these contributions as Iy,. First, we observe that if we set all

Wilson lines to the identity*”, we must have

(IR + ]V)

v =0 = In[pn L =—Iv[pm - (5.58)

Z1,2,3 Z1,2,3 Z1,2,3
Indeed, we are computing the linear term in the An expansion of the dipole operator.

When every Wilson line is set to one, any dependence on n disappears so this term in the

expansion in exactly zero. Moreover, it is clear that

Iv=CyTr (URU2) = Iyl =CvNe. (5.59)
12,3
Since
iy 2 .o
7 _asp A I (5)]" N — 1 gz | 2(Z - Z) 1 1
Rlgn = d 9 3 _,24_,24—’_—»2d—1+_,2d—1 3
s (Z3)2 (Z3)2  (%3) (%)
(5.60)
we immediately get
—2e d\12 — —
Qg b A’I] I'(s Nc—l o 2( 23 231) 1
Cy = — Wd[ (5)] Bs /ddZ3[ A | (6561)
c (22)2 (Z3)2  (%3) (7351
and hence the full dipole contribution, which reads
iy 2
;o e A [T (5)] NE—1
v d 2N,
2 (o3 - 2 1 1
x / ddz3[ Goo) p L L Im (vzu) . (5.62)
(52%)2 (5321>2 (223> <’Z31)

Considering together the dipole and double dipole contributions and taking the limit
An — 0, we get

1 ﬁT —2¢ d\12
0T (VRUY) o [r (4]

>. a a ch -1
on B md d'z {Tr <U§1thgt ) (Uz)™ - SN, Tr (U;Ug)}

(5.63)

4"From a physical point of view it clearly means that there is no interaction between the eikonal lines

and the target.
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We introduce now the dipole operators

Uy = Ni Tr (UZU%T> -1, (5.64)
Using the relation
(U2)" =2 (U vy (5.65)
and the Fierz identity
(t5) (te) = %51'15]% - ZLNC(SU(SM : (5.66)

we can immediately find
2
brmtLa ab Nc —1 T
Tr <Uglt U%t) (Uga) —2—]\[CTI' <U;71U;72)

N2 -1
=2 v (v ev) T (evgevs) - Se = (vzu)

2N, A
1 1 1 1
=2 | =0in0jm — = 0ij0mn | | =0kgOpr — 55Ok,
g m]
N2 -1
t T c T

% (U;?S)Jk (U% )li (U;Jl)np <U';72 )qm B 2NC Tr (Ugl U;;)

1
= | (vz vt (vaog) - N (vg o)

2 Z1 7 Z3 237 Z2 Z1 22

N2
= 26 (U + Usy — Uty + UsUs)] -

Therefore, Eq. (5.63) in terms of the dipole operator takes the form
2 _d
ouy _asNe [0 ()] (1)
on 27
- 2 (Zh3 - 251) 1 1
[tz et et et ) |
73)? (7)) (%3) (Z51)
(5.68)

which is the final evolution equation. Taking D = 4, one recovers the usual B-JIMWLK

equation for the dipole operator

ouy, asN. [ , 72
- = d°Z | =5=5 | Uy +Usy, — UL, — ULUL] . 5.69
on o2 <3 7272 Uy + U, 12 15U ( )

The operators constructed from the Wilson lines lead us to the physical scattering ampli-
tudes when we consider the matrix elements between two (in and out) proton states. In
this sense, the evolution equation for the dipole operator involves a double dipole oper-

ator. This second operator, involving four Wilson lines, in general, cannot be described
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as a product of two dipole operators. For the latter a second evolution equation has to
be written. This equation will depend on operators with higher number of Wilson lines.
We thus obtain an infinite cascade of equations known as Balitsky hierarchy. We can
recover the closed non-linear BK equation only in the large-N, approximation ('t Hooft
limit). In this case the double dipole operator becomes a product of dipoles. It is well
known that the next-to-leading corrections in the large N, approximation are of the order
1/N? and hence, naively, we would expect corrections to BK dynamics to be of order
11%. However, saturation effects tend to play an important role in suppressing these
corrections [196]. Finally, we observe that if we completely neglect the non-linear term
(dilute approximation) in Eq. (5.69) we obtain the colour-dipole version of the BFKL
equation (see e.g. [37]).
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Chapter 6

Inclusive diffractive di-hadron

production

Another roof, another proof.

Paul Erdés [197]

In this chapter, we consider again an hybrid high-energy/collinear factorization for the
description of the semi-diffractive di-hadron production. This time, we rely on the Shock-
wave formalism introduced in the previous chapter and on results obtained in Ref. [198].
The cancellation of divergences is explicitly shown, and the finite parts of the NLO differ-
ential cross-sections are found. We work in arbitrary kinematics such that both photopro-
duction and leptoproduction are considered. The results obtained, are usable to detect
saturation effects, at both the future Electron-Ion-Collider (EIC) or already at LHC, us-
ing Ultra Peripheral Collisions (UPC).

The chapter contains six sections. In the first section, we set-up the general framework
and we present the program of computations. In the second, we show counterterms coming
from renormalization of FFs. In the third and fourth section we extract divergences
from real and virtual corrections, respectively. In the fifth chapter we give all additional
finite terms needed to construct the NLO cross section. Lastly, in the sixth section we
summarize and discuss possible developments. The material of this chapter is based on
Ref. [199].

193
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[ hy /\ h
Xl Xl

rapidity gap rapidity gap

B
B

Y
\'V

Figure 6.1: Left: Amplitude of the process (6.1) at LO. Right: An example of diagram
contributing to the amplitude of the process (6.1) at NLO. The grey blob symbolizes
the QCD shockwave. The double line symbolizes the target, which remains intact in the
figure, but could just as well break. The quark and antiquark fragment into the systems
(h1X1) and (hoXs). The two tagged hadrons hy and hy are drawn in red and blue.

6.1 Theoretical framework

6.1.1 Hybrid collinear/high-energy factorization

We want to perform a full NLO computation of the semi-inclusive diffractive di-hadron

production in the high-energy limit:

Y (py) + P(po) = ha(pn,) + ha(pn,) + X + P'(pp) , (6.1)

where P is a nucleon or a nucleus target, generically called proton in the following.
The initial photon plays the role of a probe (also named projectile). Our computation
applies both to the photoproduction case (including ultraperipheral collisions) and to the
electroproduction case (e.g. at EIC). A gap in rapidity is assumed between the outgoing
nucleon/nucleus and the diffractive system (Xhjhy). This is illustrated by Fig. 6.1.

We will be working in a combination of collinear factorization and small-z factoriza-

tion, more precisely in the shockwave formalism for the latter.

Kinematics

We work in a reference frame such that the target moves ultra-relativistically and such
that s = (py 4 po)® ~ 2pFpy > Adcp, s also being larger than any other scale. Particles
on the projectile side are moving in the ny (i.e. +) direction while particles on the target

side have a large component along ny (i.e. —) direction.
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We will use a kinematics such that the photon with virtuality @) is forward, and thus

it does not carry any transverse momentum®®:

2
o p
Py =0, pt=pinf+ zpﬁn’;, —pi =0Q*>0. (6.2)
gl
We will denote its transverse polarization 7. Its longitudinal polarization vector reads
« 1 ( + 0 p’2Y a) + p’t - Q
CL= T/ \Py"1 — 5 1), L=~y LT 5 1 (6.3)
ST ; Q o
We write the momentum of the produced hadrons as
2 =2
my, + Pp, .
P =yt + ———"nh +p, . (i=1,2). (6.4)
2py,.
The momenta of the fragmenting quark of virtuality pg reads
2 | =2
Py TP
Py =pinl + %n’j + L (6.5)
Pq
and similarly for an antiquark of virtuality pg_ ,
2 | =2
Pz + Pg
P =pinl + q2pf Ty +ph (6.6)
a

From now, we will use the notation p;; = p; — p;.

Collinear factorization

The kinematical region considered here is such that p7, ~ pj, > Agcp. The hadron mo-
menta are the hard scale, making the use of perturbative QCD and collinear factorization
possible. The constraint p? > ﬁ,fm, with p’ the relative transverse momentum of the two
hadrons has also been considered. This means that the two produced hadrons have a large
enough separation angle (or, in other words, a large enough invariant mass) so that it will
not be necessary to consider the di-hadron unpolarized fragmentation functions: each
hadron, typically pion, can be produced by two well-separated fragmentation cascades.
The quark and antiquark in the hard part after collinear factorization will be treated as
on-shell particles. For further use, we introduce the longitudinal momentum fraction z,

and x; as

p; = :Equ/“ and p; = :Equ/“. (6.7)

48 Any transverse momentum in Euclidean space will be denoted with an arrow, while a L index will

be used in Minkowski space.
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Similarly, we denote

Pr = Tnp5 - (6.8)

Shockwave approach

The small-z factorization applies here and the scattering amplitude is the convolution of
the projectile impact factor and the non-perturbative matrix element of operators from
the Wilson lines operators on the target states. One of such operators is the dipole

operator, which in the fundamental representation of SU(N,) takes the form:
[Tr (U1U§> - Nc] (51, ) = / 415,15y ¢ A iR [Tr <UZ~IU;2> - NC] . (6.9

where 7 o are the transverse positions of the ¢, ¢ coming from the photon and pj o their
respective transverse momentums kicks from the shockwave.
The proton matrix element should be parameterized. This can be done through a

generic function F', following the definition of Ref. [198§]

P()) = 278 (W) Foussy, (22)
= 270 (pyy) F (1) (6.10)

<P’ () ‘T (Tr (U%Ujl) - NC>

2

and its Fourier Transform (FT) is
/ddzlei(zL'pl)F (z.)=F (py). (6.11)

Similar definitions exist for the double dipole operator and its action on proton states,
as can be seen with egs. (5.3) and (5.6) in [198], with

<P’ () ) (Tr (U:U]) Tr (Uin%) — N.Tr (UgUi§>> } P (p0)>

=216 (Poy) Fpouny, (20521) =276 (poy) F (21, 21) (6.12)

and its F'T is
/ddzdexLei(“"”)H(Zl'qi)]} (z1,2.) =F (qL,pL). (6.13)

In this chapter, dimensional regularization will be used with D = 2+4-d, where d = 2+2¢

is the transverse dimension.
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|
|

Figure 6.2: Graphical convention for the fragmentation function of a parton (here a quark
for illustration) to a hadron h plus spectators. In the rest of this article, we will use the
left-hand side of this drawing.

6.1.2 LO order

QCD collinear factorization stipulates that the total cross section, at leading twist and
LO, reads, see ref [3] (chap. 12) and Ref. [200]

dag}’,” dx, / dxq m (T o [ Th dé 7
= — D, ! Dy 2 hi < h
drp, dn, / T i dr,dxg + ( 2)

(6.14)
where ¢ specifies the quark flavor types (¢ = u,d, s,c,b), and J,I = L,T specify the

photon polarization since we deal here with a modulus square amplitude (J labels the
photon polarization in the complex conjugated amplitude and I in the amplitude). Here
x, and x; are the longitudinal fractions of the photon momentum carried by the frag-
menting partons, xp, », are the longitudinal fraction of the photon momentum carried by
the produced hadrons, up is the factorization scale, D" 0@ denotes the quark (antiquark)
Fragmentation Function (FF) and dé is the partonic cross section, i.e. the cross section

for the subprocess
Y () + Ppo) = a(pg) + a(pg) + P'(pp) - (6.15)

The graphical convention used in the present article for any fragmentation function is
given in Fig. 6.2.

All detailed computations will be done considering only the first term in (6.14), re-
membering the second term is just simply obtained by the replacement hy <> hs.

The partonic cross section (6.15) has been computed in the shockwave framework.
The structure of the result for the whole process 6.1 at LO is illustrated in Fig. 6.3.

Collinear factorization means that the produced hadrons should fly collinearly to the

fragmenting partons. This means here that the following constraints should be fulfilled

+ q >
Py = DPh.s DPg= —Dhy> 6.16
q h1 q Th, 1 ( )
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[]
L]

[]
L]

Figure 6.3: Diagram of the LO process at cross section level. The blob is the shockwave

(we do not draw the coupling with the target for clarity) and the squares the FFs, see

Fig. 6.2. The dashed line is to represent the integration over phase space.

l'q 5 I‘q 5

Pg = —Du, Dg= —Dhy- 6.17
q th ho q xh2 2 ( )

Since the photon in the initial state can appear with different polarizations, we con-

struct the density matrix
d d
dO’J[ = OLL orr s dO'TL = dO'zT. (618)
dory dorr

Each element of this matrix has a LO contribution doy. This Born order result, see

Eq. (5.14) of Ref. [198], has the following structure:

\2
@@ (o)
(27T)4(d—1) Nc 2$q$q82

doosr = dququdpqdepﬂé (1—xy—x4) (5155%)

X /ddpuddpuddﬁuddpwﬂs (P11 + Pg21) 0 (P11 + po2r1)
* P21 Prror1
Y @ OV (pyr 1, Py F< )F(—) 6.19
X 2 o (PrLs p21) @¢" (prres 1) 5 5 (6.19)

Using the explicit expressions of the product <I>5 ®J*, see Eq. (5.18-20) of Ref. [198], as
well as Eq. (6.14), the LO cross sections are obtained and read for LL

dopih? 4a Q / / e\ [ 5 \*
o em d d q q
dZChld.I'thdphllddph2J_ N Z qu .’ﬂq l.qxq h1 ZCh2

x 01—z, —2g)Q2DM (x—h) Dl (xi) Frr+ (hy & hy), (6.20)
q q

where )

F (m:x_qphm + ;;_qpfml — Pu)
Frp = / Ao : o2 : (6.21)
(ﬁphg - p2> + qu(jQQ
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This LO cross section can be written differently, using transverse momentum conser-

vation, see Eq. (6.19),

dogi’? 4o / / < )d < 2 >d
dz drs; T,xs | — -9
dxhldxhzddphldeph2L (27)4d-D N, Z q afata | o Tny

x Thy \ =
X 5(1 — Ty — ZL’q)QgD(};I (%) D(f;z ( xh, ) Frr + (hl <~ hg) , (622)
q q

where )

. F <— (Qiq Phil + 3o Dhyl — pu))
El:‘/WML - o
(ﬁphl - p1> + 1470

(6.23)

Both forms can be used interchangeably in terms of NLO cross sections that are
proportional to the LO cross sections, i.e. when dealing with the soft, virtual, and counter-
term contribution to the NLO cross sections. For the collinear quark-gluon contribution,
Eq. (6.20) will be used, while, for the collinear anti-quark-gluon contribution, Eq. (6.22)
will be used.

Similarly, the non-diagonal interference term 7'L can be written in the two equivalent

forms:
dogyy 2 em A\
“ors = = @ Q Z/ da:q/ da:q( )(ﬁ)
dip, dp, dpn, 1 dipn, 1 DN, Thy Thy
x
x(%—%ﬁﬂ—%—%mﬁw(%QD?(?)FM+MM%@) (6.24)
q q
where
F (zi—qph1¢ + 3o Phal — pu)
Frp = / d'psy hil };2
(2250, — )+ 2024Q?
2
; (6.25)
F <2§q Phil + 2? Phol — pzu) T
X /ddp?i hil h; <xq Phy — 172/) - Er
<quZﬁh2 - ﬁQ’) + xqquQ ha
and

d (})L’_%”]F 2aemQ / / ( ) ( Tg )d
= dx dzs 4
dxhldxhgddphldepth Z 1 1 {L‘hl ZEhz
X (x5 —xg)0(1 — x4 — xq)QgDZI (%) DgQ (%
q

q

) ﬁTL + (hl S hg) , (6.26)
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5 . F <— <2§—le1¢1¢ + goyPhal — pu))
= /d PiL N 3
(ﬁphl - pl) + T2qQ?
1

F <_ (2? Phil + Qi—thQL - pl’J.)) T
X /ddpllL ! h2 ( g — pl/) s ET

2 T Phy
Tg — = h
<ﬁph1 - pl’) + q4Q? '

. (6.27)

The most complicated contribution 77T reads

dag}g? B aem Z/ dxq/ dag <&>d(ﬁ)d
dap, dwp, dipy, 1 dpp, 1 DN, Tz \Zp, Th,

x 0(1—xy— 2g)Q2DM (‘Z ) D} ( - ) Frr+ (hy < hy), (6.28)
q q

where

Frr = [(zq— 24’979 — 979" + 979"

F(ﬂf_q rg )
x/ddpu QxhlphlL-Fthgpth D21 (:cq

2
L . x
<#ph2 - pz) + 1427Q? e (6.29)
2
" dd F (ﬁphlL + ﬁpth - pQ’L) i
D21 - 3 " Phy, — P2 | ETE
(ﬁﬁhz - ﬁ2’> + 2424Q e :
or equivalently
dolihe B aem / dzy / drg < ) (:Eq )d
d$h1d$h2ddph1deph2l Tg \Thy Th,
I ~
X 0(1 =g — 1)@ Dy’ (f) Dy’ (f) Frr + (hy < hs), (6.30)
q q
where
Frr = [(xq — 2)*97gF — g'* 4" + glg]
F (— (ﬁ—qph@ + 5r T Phyl — pu)) T
X /ddpu z 2h2 (I—qphl _pl) ET;
(w%ﬁhl - ﬁ1) + 242qQ° M r (6.31)

F (— <2xiphm + 3 Phyl — p1/¢>> T
X /ddplu & 2h2 ( L pn, —p1') ETk
l

g — — T
(ﬁphl - pl’) + 240 '
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Compared to the LL cross section, the T'L cross section has the same form up to a

factor of
1 l‘q - l’q ZE(j = — —k
—_— —_— J— 7 . é‘
Q QI'quq (LE}Q phg D2 T
or
lrg—x4 [ 24 .
e —py | er.

The T'T cross section differs from the LL cross section by a factor of
11 2 ri lk vk li rl ikl [ T Lq x
———— (xg— — + —Dny — eri | —pn, —p1r ) €
0 1o (2 — 2’97 g"F — gT*dY + g7 9] e O I S

or
1 1 2 ri ik rk i rl ik (xq ) (% > %
755 [\ Tg—%¢)°9,9] —9,9] +39,9 —Dhy = P2 | €ri | — Phy — P2 | E7% -
Q2 4553332— [( q q) 1J1L 1 J1L 1 L} Th, 2 . Th, 2 l Tk

The factors of 1/Q and 1/Q? come from the photon polarization while the other
modifications come from the expression of the squared of the impact factors. Those
modifications and additional factors between T'L and 1T cross section with respect to
LL will remain true when going to NLO, for what concerns the extraction of divergences.

This means that no additional detailed calculations are needed for those cases.

6.1.3 NLO computations in a nutshell
Different types of contributions in the dipole picture

At NLO, since we rely on the shockwave approach, it is convenient to separate the various
contributions from the dipole point of view, as illustrated in Fig. 6.4. In this figure, we
exhibit a few examples of diagrams, either virtual or real, as a representative of each five
classes of diagrams. There are indeed five classes of contributions from the dipole point

of view, namely do;;r (i = 1,---5), so that the NLO density matrix can be written as
dojr = dooyr + doyyr + doayr + dogyr + dogyr + dosr. (6.32)

Now, we will shortly discuss each of these five NLO corrections.

For the virtual diagrams, there are two classes of diagrams: the diagrams in which the
virtual gluon does not cross the shockwave, thus contributing to doy;;, purely made of
dipole x dipole terms; the diagrams in which the virtual gluon does cross the shockwave,
contributing both to doy;;, made of dipole x dipole terms, as well as to dosr;, made of

double dipole x dipole (and dipole x double-dipole) terms.
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virtual contributions ‘

— doiry dipole x dipole
— dosrg double dipole x dipole

\ real contributions \

— dosry dipole x dipole

/i

doary double dipole x dipole

dosry double dipole x double dipole

Figure 6.4: Ilustration of the five kinds of contributions to the NLO cross section from
the dipole point of view. Arrows show to which combination of dipole structures each

type of diagrams contributes.
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For the real diagrams, there are three classes of diagrams: the diagrams in which the
real gluon does not cross the shockwave, thus contributing to dos; s, purely made of dipole
x dipole terms; the diagrams in which the real gluon crosses exactly once the shockwave,
contributing both to dos;y, made of dipole x dipole terms as well as to dos;y, made of
double dipole x dipole (and dipole x double-dipole) terms; the diagrams in which the real
gluon crosses exactly twice the shockwave, contributing to dos;;, made of dipole x dipole
terms, to doyry, made of double dipole x dipole (and dipole x double-dipole) terms, and

to dosry, made of double dipole x double dipole terms.

Overview of cancellation of divergences

Before providing technical details, let us sketch the way the computation will be done,
putting emphasis on the infrared (IR) sector.

When generically decomposing any on-shell parton momentum in the Sudakov basis

as49

~2

Pt = zp+n§L + ny +pl | (6.33)

2zpt

in the IR sector, we face three kinds of divergences:
e Rapidity: z goes to zero and p, arbitrary.

e Soft: any component of the gluon momentum goes linearly to zero (obtained with

both z and p, = zp, ~ z going to zero).
e Collinear: parton’s p, goes to zero, z being arbitrary.

Technically, since the z integration is regulated through a lower cut-off (named «),
one should be careful with the fact that the appearance of In @ may have originated from
both rapidity or soft divergences.

The calculation goes as follows. First, the rapidity divergences, appearing only in the
virtual corrections in the present computation, are taken care of at the amplitude level
by absorbing them in the shockwave through one step of B-JIMWLK evolution. This
removes part of terms with In « related to pure rapidity divergences.

Next, at the level of cross section, we separate the soft divergent contribution from the
non-soft divergent terms. Combining real and virtual contributions, these soft divergent

terms will disappear as guaranteed by the Kinoshita-Lee-Nauenberg theorem.

49Here pt is a large fixed momentum, eg pj in our present case.
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Finally, the remaining type of divergences, which are of purely collinear nature, will
be absorbed into the fragmentation functions through one step of the Dokshitzer-Gribov-

Lipatov-Altarelli-Parisi (DGLAP) evolution equation [5, 201, 7, 6].

Different fragmentation contributions to the NLO cross section

NLO 1-loop

N I [

H-

ey

Figure 6.5: The five kinds of contributions to the NLO cross section.

At NLO, we have to deal with five kinds of contributions to the cross section, illustrated
in Fig. 6.5:

(a) v* 4+ P — hy + hy + X + P cross section at one loop (i.e. virtual contributions),

(b) v*+ P — hy 4+ hy + g+ X + P cross section at Born level (i.e. real contributions),
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(¢) v*+ P — hy + hy + ¢+ X + P cross section at Born level (i.e. real contributions),
(d) v*+ P — hy + ha + ¢+ X + P cross section at Born level (i.e. real contributions),
(e) FFs counterterms,

where X denotes the remnants of the fragmentation.

Contributions (a) and (e) are easy to treat since (a) is simply the convolution of a
known one-loop result with fragmentation functions, while (e) is obtained from the Born
result when one renormalizes the fragmentation functions. We just split them into finite
and divergent parts.

For the real contributions (b), (c), (d), the treatment is less straightforward even if
the partonic real corrections are also already known.

Contribution (b) is the most complicated one, it contains both soft and collinear
divergences. When we square the amplitude contributing to (b), see Fig. 6.6, there is a
series of finite contributions plus one, represented by the sum of contributions (1), (2), (3),
(4) of Fig. 6.6, that contains all divergences, and that belongs only to the dipole-dipole
contribution. We add and subtract to the latter its soft limit to obtain the following

structure
Ob)div = Z | Aga.sing—dipole 3o = T (0)diva + Ob)dive + Ob)divs + 0 v)diva
AgiAg,Ag
~soft ~ ~soft ~ ~soft ~ ~soft
= U(b){m + (G(bydivn — U(b){mﬂ + (G(b)div2 — U(b){m,z) + (G(bydiv — U(b){m,:ﬂ
~ ~soft
+ (B (bydivt — Ty a) (6.34)

with the meaning that each of these four contributions is in one-to-one correspondence
to the four diagrams (1), (2), (3), (4) in Fig. 6.6. Among these various terms, the

~sof ~soft

terms (G ) div,1 — s dtw 1) and (G (p)div,3 — T ()i ;) are collinearly divergent, while the terms
(G (b)div,2 — 6?;’;';@’2) and (0(p)diva — &fg){;% ,) are finite.
In Fig. 6.7, the contribution with fragmentation from quark and gluon is considered.

Again, we have

&(c)div = Z ’Aqg,singfdipole‘?[w = 5-(c)div,3 . (635)

AgirgiAg
Here, one does not encounter any soft divergence. The only divergence comes from the
contribution & ¢)q;»,3 Which has a collinear divergence when the fragmenting gluon and the

antiquark are collinear.
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= -

(1) (2)

B N i BN

(3) (4)

+ finite contributions

Figure 6.6: NLO cross section in the case of fragmentation from the quark and the
antiquark. We explicitly isolate the diagrams which contain divergences. Diagram (1)
contains a collinear divergence between the fragmenting quark and the gluon as well as a
soft gluon divergence. Diagram (2) contains a soft gluon divergence. Diagram (3) contains
a collinear divergence between the fragmenting antiquark and the gluon as well as a soft
gluon divergence. Diagram (4) contains a soft gluon divergence. By “finite terms”, here,

we mean all diagrams in which the gluon crosses the shockwave at least once.
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=)=

(c

+ finite contributions.

Figure 6.7: NLO cross section in the case of fragmentation from the gluon and the quark.
We explicitly isolate the diagram which contains divergences, namely a collinear diver-

gence between the fragmenting gluon and the antiquark.

The discussion for the fourth case, see Fig. 6.8, involving the fragmentation from
antiquark and gluon goes along the same line: the only divergence comes from the con-
tribution &(gy4n,1 Which has a collinear divergence when the fragmenting gluon and the

quark are collinear.

6.2 Counterterms from FF's renormalization and evo-

lution

The renormalization and evolution equations of FFs express the bare FFs in terms of
dressed ones. In MS scheme, at factorization scale up, they take the form, following

notations of Ref. [70]

as (1 5 Ldz x x
Dg(l’) = D;L (z, i) — Gy <7 +1In —5) / — [DZ (;7,UF) Pyqg(2) + D;L (;7MF> qu(Z)] )

2 € W z
Dg(JJ):Dg<.T,/,LF)—% E—l—lnﬁ ? ZDq (;,MF)qu(Z)+Dg (ZaﬂF)ng(Z> )
r 9.q

(6.36)

! Ld=9) % + vg — In(47) and g is the arbitrary parameter introduced by

where ; = )

dimensional regularization. The LO splitting functions are given by

Pu(z) = Cp [(if—;%m—z)}, (6.37)
Pog(2) = CFM, (6.38)

z
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=

-+ finite contributions.

Figure 6.8: NLO cross section in the case of fragmentation from the gluon and the anti-
quark. We explicitly isolate the diagram which contains divergences, namely a collinear

divergence between the fragmenting gluon and the quark.

1
Py(z) = Tr[>+(1—2)%] with Th = 5 (6.39)

ﬁ ) (1 —=2), (6.40)

where the + prescription is defined as

L R(g) B)-FO) " FQ)
/adﬁu—m /adﬁ 1-p /odﬁl—ﬁ' (6.41)

The collinear counterterms due to the renormalization of the bare FFs are calculated by
inserting Eq. (6.36) in the contributions (6.20, 6.24, 6.28) to the LO cross section. This

corresponds to the contribution (e) in Fig. 6.5. For the LL cross section, this counterterm

1 11
+;—2+z(1—z)] +<—CA—nf

P, = 2
gg(z) Ca [ 6 3

takes the form

qq—h1h2
doi7

d:Ehl dh2 ddphl depiml ct

4a Q? “r\?
— LA Z/dxq/dxq TqTq <$h1> <x—;) (1 —zy — x5)
Xs 1 2 bdpy hy [ Th he [ Tho
X FLL <—%> ( +In— )Q {/%1 E |:PQQ(51)D(1 51%’MF Dq x_qa,UF
Thy T
i (B ()
q q
L odps m ((Thy , [ Tn,
= fon 5 [Pt (S ) o (3 00)
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Poy(Ba) D (222 pupe ) D2 (222
+Pyq(B2) q (xq“uF) g <ﬂ2mq7'uF + (hy <> ho)

h1h2 h1h2
do}y do}y

+
ct div dxhl dhz ddphldethL

(6.42)

ct fin

 dxp, dp,dipy, 1 Ay, |

The divergent part is the one containing 1/¢ and the finite term is the one with In(u3/u?).
The dependence on the arbitrary parameter p disappears at the end when all finite terms
are put together. We stress here that, for any separate term in the curly bracket, one can
indifferently use Fr or Frr. In particular, for the first two terms we can use Fr and
for the last two F. - This simple observation is useful when observing the cancellation of

divergences at the level of integrands. The same remark applies also for other transitions.

For cross sections involving other combinations of polarizations, we have

qq—hihz
d TL

dl’hldh2d phlJ_d PhoL |

2 em q ‘

— > / i, | d() (22 vy 20) 61 20—
s\ (1 b d : .

(2 (entt)er{ [, 4 rnnt (20r) 1 (200

+Pyy (1) D}y <;h1 MF) Dy <%7MF)]

St G (350
+/QZ;2 B, |:P(I‘I</62)Dq xq"uF D By y WP
+qu(52)D21 (%aMF) DZQ (;;;,MF)} } + (h1 > ho)

dﬂ:h1 th ddphldeph2J— ct div dxhl dh2 ddphllddphZJ_ ct fin |
(6.43)
and
da%(jT—ﬂuhz
dZL‘h1 dhzddphldephzl ct

Qlem dl’q lqu Tg I
(27) (2)Ad=1) Z/ / (xhl) (fb“_hz) 0(1 — x4 — z4)
Qg 1 F 2 ! dﬁl h1 Lhy ho %
X Frr <—%> (E —2) Q, {/’”xﬁ B {qu<51)Dq (51 z, s HF )Dq (mq 7,UF>
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Th, T
+PuD (2w ) D (22 )|
q q

b dBs Tp Th
=P Dh [ 2L Dh2 2
+/% 5, |:qq(62) . (xq’“F) 0 (ﬁzxq’“F)

x

Th Th
it () ()
va(B2) Dy Pl R el (M1 2)
daé%f”

dolihe
_ T +
dxp, dp, ddphl 1 ddpth_ ct div dxp, dp, ddpm 1 ddthL

(6.44)

ct fin
The divergent parts are the ones containing 1/¢ and the finite terms are the ones with
In(p%/u?). The dependence on the arbitrary parameter p disappears at the end when all

finite terms are put together.

6.3 NLO cross section: Virtual corrections

Here, we compute 1-loop virtual corrections to the leading order cross section. For sake
of comprehension, we report the dipole-dipole virtual corrections to the v* — ¢q cross
section, as presented in (5.24) of [198], which we refer to as our partonic cross section.

Adapting to our notation, we have

R o, I'(1 — € Sy + 5§ )
doyrr = _¥OF (u) doorr

2m (471')5 2
@ Q? (N2 =1\ en@?
T ( N ) (27T)4]\q/ dgdaqd’py1 d°pg1d(1 — xy — q)

S (p1171 +poor1) P12l Pro L
% d2 d2 d2 / d2 / (5 + - F ( > F* ( )
/ P11dpord™py dpy 6 (P11 + P21) ﬁqu T+ 21,02 5 2

6x2x2 x%%,u"‘ 2
ﬁ2+xx—Q2n 5 7 \2 (2 2)2
Pa qtq (qupq - quq) (pql + xq%Q )

p

~_\2
* (32291 tr ((Cf + CF) + CY)) Py g) | + hec.
ol

(6.45)

in which the divergences are inside the contribution

SV+S{§_1
2 €

12 2 2
+2¢ln ( Talall > In(z,74) + €In®(z,24) — 3eln ( TaTall ) - %6 + 6e

— —\2 = = \2
(xqpq - IL“qpq) (LJPQ - x«?pq)

x2a2p?
— 4eln(a) In ( 11 +41n(a) + 4eln®(a) — 21In(z,zq) + 3

S S \2
T4Pg — TqDy)

Y

(6.46)
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where « is an infra-red cut-off imposed on the longitudinal fraction of gluon momenta
in order to regularize rapidity divergences. In Eq. (6.45) the C' functions have been
parametrized using (5.25) and (5.26) in Ref. [198] as

Bl Clig ) = | de ol + 0. (6.47)
and
(P p; H(Cl P y) = / C ()], s+ (@ 0 D). (6.48)

where n = 5 or 6, and (g <> q) stands for p, <> pj, pgl) — pg), x4 <+ x5. The expressions

for (¢,) 1 are given in Appendix D.1.
By using a factorization formula analogous to Eq. (6.14) and the expression (6.45),
as well as the collinear constraints (6.16) and (6.17), we obtain the dipole-dipole virtual

corrections to the full cross section. We split it into divergent part,

qq—h1h2
doirr

d!L‘hlthd phlLd Phol |giv

4ovem Q? Crea\
(27T 621 1)N / dxq/ d:L‘q Tqlyq (xhl) (m—;) 5(1 — Ty — IL‘q)

s x
x Q2D (x—h uF) Dk ( 2, uF) Fir (6.49)

q q

12

= )
2m € Phy _ Phy
.Z’h2 $h1

+ 4deln®(@) — 2In(zq2q) + 3] + (hy <> hy)

+ 41n(a)

and finite part,
g—hih
ot
dxhldhgddphlLd Pho L ﬁn

4aemQ I Lg ¢
— o= 1)N Z 5 d{Eq dl‘q quq xhl ;U_}m 5(1 — I'q — xq)

T
o () ()




212 CHAPTER 6. INCLUSIVE DIFFRACTIVE DI-HADRON PRODUCTION

2 2
+eln®(z,74) — 3eln K 5 | — T e+ 6e
Dheo Dhq 3
Tata <% B Ihl)
a,Q? (N? -1 Qo ! dx, ! dxg
< — —0(1l —x, — x5
2 (5 e Z/xh vy oy, g T

d d
T T Th Tp
X . —L QEDZJ _1>ll“F D(}jm fa;uF
Thy Thy Lq Lq
F <2§q Phil + 52 Dhot — pzl) F~ (2;0‘7

2 o . 2
<fTZZ7h2 - 272> + 2407Q? (gﬁ%pm - pzf) + 24740

Tq
221, Phal — D21

4,2
X | 62222 1n wQ

A 2 2 A
(22 - 22) (22— 3) o) ([t

ad/ — ()2
Ih2 CEhl th th p2> + quQQ

2
_ Tg — —
p3=0 Lha

For the dory, element of the matrix (6.18), we get from (5.28) of [198]

+ Z [(¢n)LL]+

n=>5,6

qq—hih2
d 1TL

dﬂfhl th ddphlJ_d Phol

div

_ QO‘emQN Z/ dxq/ dz, (xm) (j—i)d(wq—wq)

Thy 2
X 0(1 = 14 — 1) Q3 Dy’ ( ; »/JF) Dy ( ;ﬁ 7MF> FrL
q

q

1
X —C'F 3 —4eln(a) In ,u_z +41In(«)
2m (ﬁﬂ _ Ih)
xhz fl'hl

+4eln* (@) — 2In(zyxq) + 3] + (b < ha) (6.51)

and
qq—h1h2
doirr
dxp, dpyd?pp, 1 dpp, |

fin

2 em q I
_ ad E))N Z/ dxq/ dx; (xhl) <;—m> (zg — 74)

T
x 0(1 = xq — 2g) QDY (ﬂ, MF) Dy* (ﬁvﬂF) FriL
Lq Lq
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« 1 o
X —Cp= |2€eln - —— | In(z,24) + eIn*(z,7,)
2r € Phy Py
Terg | =2 — L
ava\z,, ~ o,
2 2
T
—3eln ﬂ,u —— | — ¢+ 6¢
ror. (P2 — Pha 3
79\ why Zhq

as@Q (N2 —1 Qlem dxq dxq
* Am < N, > 2m)4 N, / / o 7a)

d
x X
Thy xh2 l'q xq

D121 x
X /ddpud p2. F ( 122 > 0 ( . P+ Ly, — pu)
Th Thy
« (P12/1L X g *
X /ddPydeprF ( 122 ) Y <—qphm —pri+ —Lpni —p2/¢> €T
Lhy Thy

T
1 _
X 5 (/ (@)71] +Z/ +(Q<—>Q)>
(250 ~ 1) +242Q” = =
3x424(zq — 4) <mph1L - Plu)
2 2
(GBI GO
o (5-2)°
X | In e
2
ZTqTq ((;quﬁhl —171) + quqQQ) ((I%ﬁhl - 171f> + quqQ2>
T424Q* 1474Q* 1
T —z In — Y + 5
(ﬁphl - py) (ﬁphl - py) +eaiQ? ) | 2w, ( (225, —pv) + mq:chQ)
0 n=>5,6 p3=0

In the case of the T'T" transition, the result was obtained in Ref. [198] Eq. (5.35) and the
divergent part is

qq—h1h2
d lTT

dxhldh2ddph1Ld Phal |giv

Oéem dxg dug [ 4 Tg I
(2n)4d-D N, / / _ <$h1> (x_hg (1 — x4 — 74)
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T xXr
XQgD(}]Ll (£7MF> D(;LQ (£7/1’F) ‘FTT
Lq Lq

X %CFE —4e h’l(Oé) In @ + 411](0[)
Thy Thy
+4eln*(o) — 2In(zgzq) + 3] + (71 <> ho) (6.53)

while the finite part reads

qq—h1h2
doipr

dZL’hlthd phlLd Phol |gn

d
e %) % () () s
Lg Lhy Lhy ! !
X QED;H <£7/JLF) D(fjlz (%7/’LF) FTT
Lq Lq

1 2
X —CF 2 2¢ln & 5 | In(zy2) + eln®(z,2)
2m v (Pra %)
alq Ty
2 2
—3eln o 5 | — W—e + 6¢
FAC R 3
4\ @y Thy

o N Olem dacq dxq
s (1 _
N A < N, > 2m)4N, / /;m Tg ~a)

d
x Ts Tp Th

<(2) () e (?““F) o (5 ’“F)
h1 ha q q

[ T Tg
/d puddqu ( 12L> d (x—qphu —p1L+ x—pth - pu)

2 hl h2
« (DP172/L iy Tg
X /ddpluddme ( 2 ) O —Lpmt —pri+ —=phyl — P
2 xhl ZL‘h2
)3 (ﬁphg - Pu)r (ﬁphg - pl’L>l
ETi€py

92 . N\2 . \2
((ﬁphl —p1> +quqQ2> <(ﬁph1 —p1f> +quqQ2)

x [(zg = 20)’gT gt — 97"\ + g9
4
X |In K

. N 2
_ [ Pry _ Phy Ze 2 2 )2
Talq <zh2 Zhy > (<$h1 Ph pl) + quqQ
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mqa:qQQ ququ 1

_ 5 lIl 9 + 2
xT — — x g g N, %
(—xhql DPhy — pl) (ﬁphl - p1) + T2qQ ((%phl - pl’) + ququ) Tqlq
1<—>1/,i<—>k}

X (/qu [(¢4)¥T]+ - Z /qu [(qb")iTjTLr
(o h). (6.54)

At q)) +h.c.

P3=0

n=5,6

6.4 NLO cross section: Real corrections

In this section, we will discuss the real corrections. Since, as explained above, the cal-
culation is almost completely identical in the LL, T'L, and T'T cases (apart from factors
that do not affect the general strategy), we will show the details of the LL case only. For
the others, we will just report the final results.

The dipole-dipole partonic cross section is given by Eq. (6.6) of Ref. [198]:

dosyr =

as (NZ=1\  aem@g  (py)’
pu2e N, (2m)H 4=V N, 522z}

q
dxgddng/ y d D121
% Dol [ g, | dip,, F (—) 5 ;
X z,(2m)d prLdp21 5 (Pg11 + P21+ Pg1)

61asj}ﬂdx;da:fj5(1 - :13; — :17% — xg)ddpqlddp(ﬂ

% /ddpl/depTLF* <p1’22’J_> 5(pq1’l —f-qu/L —f-ng)

x (I)g(plj_ap2J_)(I)§*(p1’J_>p2/J_) )
(6.55)
where we introduce shorthand notation by suppressing summation over helicities of par-

tons

5 (P11, P21 )5 (prs,pr1) = Z O (11, P21 ) @5 (11, pors) - (6.56)
AgsAgiAg

The impact factor has the form ®§ = ®¢|_o + ®$. Only the square of ®§ provides
divergences in the cross section and it is given by (B.3) in Ref. [198]. The LL contribution
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reads
OF (71, o) @5 (B, D)
B 8$/ ’-( +)4 (dx2 + 4’ (:v' + :lrg))
<Q2+ /pq2 T > (Q + / v )) I;ﬁg —I’gﬁq)Q
8alal(pi)* (22 — dal + 4dalx))

<Q2+ ,(f“’;,)) (@2 +7)

8alal(ph)*t (dal + Al ()

(
(xlqﬁg — T4Py) - (x;?ﬁg — xgﬁci)

(w475 = wgiy) (74 = w7)” (6.57)
_|_

zy))
' (@ + 0ty )(Q +5 ) 1By — w4)?
2
i) @

81" ( ok (2% - dx + 495 ( ToPg — Igpq) ) (mfiﬁg - %ﬁzi)

2

’ N 5\ 2
<Q +3 ql )<Q T -y ;) vyl — TqPy)” (4D — T4Pq)

The T'L contribution is
(51, 7)Y (v, D)
4, ( +)3 ((x;ng — xgpqL)u (xgng — xgpqL)y>
(x; + xg) (Q + (qQ/ )) (Q2 + /(ijl /)) (xfzﬁg - xQﬁQ)Q (xéiﬁg - xgﬁt?)Q
a g\ %q
X (2 (42 + xgd — 2) (ply g7 — Py ') — (22 — 1) (4ol + x4 (2 — w4d)) g Py, ]
4z (p)® (22 — 1) (22d + 42, (2, + 29)) Py,

! (2 4 z,) (Q + <"2' )) <Q2 m) (g — 24D5)”

and finally, the T"T" contribution reads

+(q<q), (6.58)

(5, 7o) 8" (B, )

-2 (p)"
(2 o 20) (@4 i) (@ i)
((x;ng — 2gPa1) , (TPgL — TgPqL),

(wy = wafs)” (s — x47)”
1 (B - D) 9 + Dl plo)) — 9Dy ) — 919 By - D)) — 91"
X [(2x; - 1) (2% - 1) plgerme (4%% +x4(2 -2 d)) + 4%1?:7((17(11' ’ﬁzﬁ)gf +P21f¢p§uﬂ

) {Ig ((d—4))x, —2) [PZM (Pf{ugif“ +P§2L9T)

nk _vi

v ik k Vi 0 v =
+ (Pf;prqugL —pf;l/lpqum —pqyipquéu 91797 (Parr - pcp))
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X x,((d—4)zy+2) + xg(2 — 1) (z,d+ 495 —2) (gikplq’ll — gikpglll> pfm

+x9(237; - 1)pq1’1_(4x/q + xyd — 2) (gfpf;u QTPSM)}
2ay(py ) (wgd + da (g + 7)) ((Pa - Pa )9 — (1 — 20))*ply Py 1 + Py 1 Pia)

—9

2, . 2
wy(w) + xy)? (Q + ,’iwm/)) (Q + s )> (mgpg =)

+(@<q). (6.59)

The divergent part of the LL partonic cross section from real emission is given by

4aemQ
)i

(2
X /dd 11dD21 6(pgrs + Pg21 +py1) F <]%)

aCr dz, ddng
Wz, (2n)

dosrr| g, = dex dz’ 5(1 - x — 937 g)ddpqdep@

2
% p 191
ddplmd P2 10(Pgrr1 + pgri +pg1) F ( -2 L)

X
2

(2xg dx + dayx ) (xqu - Llfgﬁq) : (l'ijﬁg — xgﬁé)

’ = 5\ 2 = 5\ 2
Q? + - 1q2x,)) <Q2 qux )) (xgpg — a:gpq) (:Cfipg — xgpq)
da? + 4zl (x) + )

dz; + 4wl (z), + z,)
Q2 + '(Ztix > <Q T 7a- :v’)) (24Pg — 4Pq)?

%)@+fmwmﬂm2

(224 — dz? + 4z xlf) (iﬁgﬁg — L) - (%ﬁg — T4Py)
<Q2 ql/ ) <Q2 T x’)) (@4 — xgﬁq>2 (way — 245)

2

(6.60)

When two partons labeled i and j become collinear, the variable

Ay = wfy — 7, (6.61)
vanishes. In the present case, the first term in the bracket of Eq. (6.60) gives the collinear
divergences (A2 — 0, i.e. quark-gluon channel) and the third (ffgg — 0, i.e. antiquark-
gluon channel).

For the LT, the relevant divergent squared impact factor is (6.58) and for the 77T it
is (6.59).
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6.4.1 Fragmentation from quark and anti-quark

As explained above, there are several contributions to the final cross section that contain
divergences. In this section, we deal with extracting the soft and collinear divergences
associated with the contribution (b) in Fig. 6.5. This contribution corresponds to the
situation in which the quark and the anti-quark fragment and there is an additional

emission of a gluon with respect to the LO case. Below,

e We compute the collinear divergence of the diagram (1) of Fig. 6.6 and show that
it is removed by the + prescription part of the first term of Eq. (6.42).

e Similarly, we calculate the collinear divergence of the diagram (3) of Fig. 6.6 and

show that it is removed by the + prescription part of the third term of Eq. (6.42).

e We extract the soft divergences of diagrams (1), (2), (3), (4) of Fig. 6.6 and discuss

the complete cancellation of divergences of this contribution.

The calculations of the collinear divergences is done by Fourier transforming the F(#2+),
as defined in (6.11), and by using the identity (see eg Ref. [202]):
1 / , 1 4\ ¢
—- | PP 5 =1 ( ) T(e). (6.62)
p qi prri

We also have to change variables from the usual fraction of longitudinal photon momentum

of the partons (z},x,) with ¢ = ¢,q, in the spirit of the definition (6.7), as used in
Eq. (6.60), to the variable of the fraction of longitudinal photon momentum of the parent
parton x; and longitudinal fraction § with respect to the parent parton and not with

respect to the photon anymore:
(2, 2g) = (z4,8)  with a2} = Ba;. (6.63)

Changing variables is necessary to be able to compare with (6.42), (6.43), and (6.44).

)

Note that to make notations lighter, we will remove the apex ~ when one particle is a

spectator, see Figs. 6.9 and 6.10.

The Fourier transform of F (p 12“) is necessary in order to be able to integrate over the
transverse momentum of the spectator parton, as it allows for the complete factorization

of this momentum from this non-perturbative function.

Collinear contributions: ¢-g splitting

We use the kinematics illustrated in Fig. 6.9. The term in (6.57) considered for this

collinear contribution is the first one in the bracket:
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Tq,Pq T Py ;L S
xq - ﬂlxqqu

%QQQ_OJ zy = (1= B1)zy, Dy

—

Lg; Pg

Figure 6.9: Kinematics for the ¢ — g splitting contribution. We indicate the longitudinal

fraction of momentum carried by the partons as well as their transverse momenta.

hiha
d g%f ’COH qg
4aemQ dl‘ dx dr
:dﬂ?hldxhg 4(d 1 Z/ / q/ 95 1—$;—xq_xg)
X Q2Dh1 xh1 |13 D’_Z2 L d D Ld Da =2 CFd Dyl
l‘:} ) q Tg ) q q ,u26 (27_()
p
. /ddpuddpué(pqu + pger +pg1) F ( 122L>
« (P12
X /ddpl/J_ddeJ_é(pql/J_ _'_p(jZ/J_ -+ pgj_) F ( 122 J_)

(dxg + 4 (), + x4))x 2(1 — xg)?
>< —
(376(1 — 14)Q? +pq22) (xq(l — 24)Q* +pq2’ (z qu xgpq

Aovem dz,, dx dzg
= dIhldIthdph1¢ddph2¢ d?)N Z/ / — / q5(1 - m — )
d

2N\ [z, x x dp
q g 2Dh1 hl Dhe Lhy gl
* (x’u) (xh2> Q xq o I q ”uF M C (27T>

/
/d pr11d’pa, 0 <—ph1¢ it L~y +ng) F <p—1ﬂ>
Th Thy 2

(hl e hg)

z Tq « (Pr27L
X /ddp1'¢ddp215 _qphll —pri+ —thQL — P21 + Pyl F ( )
.%‘hl l’h2 2

(d? 4 4z (z) + 4))22(1 — 24)?

. . 2 R . 2 . = 2
(xq(l — 2g)Q*+ (fT‘Igth - p2> ) (xq(l — 24)Q%+ (ﬁpm - p2/> ) (x;pg - xgﬁpm)

+ (hl < hQ)

X
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4aem dzy, dx dzg
= dxhldthddphllddthL Q Z/ / —4 / q(s(l - 'T )

.Z':] ¢ Lg 4 Q2Dh1 Lhy Dh2 Lhy O C ddng
X P 1 - o e i,
Lhy T, i ‘T; i / Lq e M2€ " (27T)d
z, Tq Dgl
x | d%py, F g + 2=
/ P21 <2$h1 2% P21 B
d ¥ 'I; Zg Py
dpy, F Dhyl + 5= Phyl — P21 + —
T 2:L’h2 2

(d? 4 4z (z) + 4))22(1 — 24)?
] 2 L N2 B o \2
z4(1 — x4)Q? —i—(m%pm pg) ) (xq(l — 74)Q%+ <$ph2 — p2/> )(x;pg — xgﬁpm)

X

After performing the change of variable

ry, = P,
zg = (1—Bi)z,
and using the Jacobian dxjdz, = 1, dr,dp; we can rewrite the longitudinal integration in

the symbolic form

U da, dr dr
/ /q/ q/ gél—x;—xq——xg)

dzx! Foo
/ Y / dzy / dxqﬁ — xp,)0(1 — 24)0(1 — x, — 24 — 24)
Th,

d d 1
/ a:/ %9 (1 =y — xg — ap,)0(}, + 24) -

1—mq—a;g

" e dy, 1 /1—5; dby
= —a — 6.64
L Iq 1_xq % Bl(l_ﬁl) ( )

5t

After this manipulation, we obtain

dol q—>h1h2
3L

dxh1d$h2ddph1deph2L ol

4ovem Q2 1=, zo \¢ /1= 2,\?
em d q q
271' 4(d 1) N Z/ v Z'q ) (l‘hl) Thy

=2 dp Th T
Dl ! Dl 2
x/%l BQ (61(1“) p (1—xq"LLF>
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%Zu 2% phlL'f‘th Pho L pQL)

dd d F(zlj_)
P21 Zu 3

1q)Q* + ( P2>

—iz2 - Qxh phll-i—%h Dho L pzll)

/d pQ’L/d ZQL 0+ ( o

2(1 + B7) + 2¢(1 — 61) +4e(1+ 2) In By
1—p
() B o / dip,, (TP
2 (27)d (ﬁg)Q

The integral over p,, gives, using Eq. (6.62),

F*<22J_>

. 2
Phy — p2’>

X e

+ (hy > ho). (6.65)

21 —%

— % ddng_ ei( 2 2J')'PgL B 1 e (Zug—zu)Q —€
: /(27r)d (ﬁg)2 - (QW)dWM [ 1r ] I'(e)

1
€
11 2 '
= 4_E (2—) + O(E) (6.66)

where ¢y = 2e772. This leads to

do? q%’h ha
3L

dl’hl dthd phlj_ddphﬂ_

coll qg.

d d
4aemQ Zq x5
= dxq dquqxq —z5) | — —
Tpy Thy

iz11- 2121 Phli"!‘ﬁpth—I&L)

(& 2
/ddpu/ddzu o
)Q2 ( —Zq >

1
—izo] - 2% Phlj_JerhQL*qu_)
1 2

F(Zu_)

. 2
ph2 p2>

F*(Zgl)

/d pu/d Zu _ 5
)Q2 < wqp ho ﬁ2’>
77‘1 dﬁl 2 hl Lhy h Lha
Dl
X /”Zl; /81 Q /leqaﬂF q 1— quMF

L@ w8, -p)r 20+ mp
g (zu;_zﬂ)Q,uQ 1—p (1—5)

OéSCF
2w

X

+ (hl S hz)

(6.67)
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Here in Eq. (6.67) we have put back the integral in x; using

+o0o
/ d:vq/ dzgo( —xg) = / d:vq/ dreg0(1 — 2y — x5)0(1 — x4)0(x5 — Tpy)
e,
= / dx,

1

(6.68)
in order to have the same form as in the LO cross section (6.20).

Now, to separate the collinear and soft contribution, we introduce the plus prescription,
€
2
as defined in Eq. (6.41), and after, we expand the factor % <ﬁ) within accuracy
e
of order €, only in those terms whose integrand is safe in the limit 8, — 1:

hih

Aot
dl‘hl da:hQ ddphlj_ddphﬂ_

coll qg.

4ovem Q? 2o\ [ 2\
em 24 d d N R T

(27) (Om)Ad-1) N / xq/ Tg g0 ( Ty — Tg) (ﬂu) <$h2>

_Tq q
lZu 2“3’11 Phll-i-%PhQL—ML)

F(ZM_)

/ddpu/d Zu - 3
TqqQ® + <$%]7h2 _]72>

—izp] - 2$;1Ll ph1L+2;§Z2ph2Lp2/l>F*(22L)
/d pQ’J_/d Zu - 3
*quqQ2 (;T(;ﬁhz _ﬁ2’>
! dBi o omy [ Tha hy [ The a;Cpl 1+ o5
X D y HF Dy y P ~
ZA 61 e 611'(1 a Tg 2 € (1 — 51)+

1— 9 €

T x a,Cr 1 C 2

+/% dpy cﬂ?’“( - F) Dy (—_WF) el Ry -
1 z,’ Zg T € ( L u) p2) 1—=>5

Tq

_ Q2Dh1 (xhl F) Dg2 (%,MF> aSCFi?hl( — %)
Tq Tg 2r € Tq

1

dﬁl 2 ~h Th Tp, a;Cr
7= D 1 1 DI}Q “ha S

+ m 61 Qq q /leq ) /’LF q T Y ILI/F T
Zq

e B R P

(1—751) q Lq
2
Oz;CFQI ( Zhl) In (%) } + (hy <> ho)
q ZlJ_;Z2J_ Iu
dotg ™" doty ;™"

dxp, dxp,dpp, 1 dpp, 1

: (6.69)

coll. qg fin

coll. qg div dIhl dxh2dph1Ld Pho L
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where the term denoted by the label “coll. qg div” corresponds to the sum of the first three
terms in the curly bracket, whereas the remaining terms in the curly bracket contribute
to the term denoted “coll. qg fin”.

This gives the following expression for the divergent part:

qq—h1h2
d 3LL

Az, dn, dphy 1 APhy 1 | o, g div

4a Q? e\
_ leZ/ dxq/ da:qx:cq(x—hl) (a:'_;) (1 —z,— )

lZu_ 2121 phlJ_‘FﬁthL*pZJ_)

F(Zu_)

/ddpu/d Zu i 5
TarqaQ* + <$ﬁh2 —ﬁ2>

.
—1z21 " 2121 PhlL'f‘%pth_pz/i)

F*<ZQJ_>

/d pQ’J_/d Zu i 3
TeraQ* + <XTq2ﬁh2 - ﬁ2/>
dﬁl I Tp Th
2 1 Dh1 1 D}—m ny
27'(' EQ [/lhl 1 _ /81) q /leq Y ILI/F q xq 7/’I’F
o[ ape 2 i i ([ pre (L
oy 1 Fl_ﬁl (M)2M2 q g — L HF xqa,uF
x x
—92CsIn (1 - f) Di ( 2 ,uF) D (f‘“’)] 4 (hy 4 hy). (6.70)
q q q

The first term in the bracket cancels part of the first term in the bracket in Eq. (6.42),

i.e. the part involving the + prescription in the spitting function P,,, and the remaining

part of the P, term is cancelled by an analogous contribution in the virtual part. The

second term in Eq. (6.70) has to be removed to avoid double counting as it corresponds

to the soft contribution and will be taken into account later in the chapter. The third

and last term, in Eq. (6.70), will compensate an analogous term in the soft contribution.
The finite part for the LL contribution takes the form

qq—h1h2
d 3LL

dxhldxhgdphlj_d Phol |coll. qg fin

4a Q 2o \* [ 2z \°
_ Z/ dxq/ drg xgrgd(l —x, — x4) (thl) (m_’i)

’Lle

Qxh phll+2xh Phy L p2l>F(21L)

/ddpu/d Zu - 5
242gQ + (25, — 2)
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—izo] - 2rh1 phlri-%pth—pzu) F (zﬂ_)
/d pQ’J_/d ZQJ_ i D)
T quZ (iﬁhQ _ﬁ2’>
1
a,Cp df 2 h1 Thy ho [ Fhy
X D2 | =
27T { zhl /Bl Q /leq ) /’LF q Iq 7/’LF

& 1+6f (1—=6)*+201+4])Inp
" [1‘1((%)2“2) =) (=5 ]

2
—2In ( - &> I —— | DI (%,MF> Dy (%>NF> + (b1 > hy).
Ta (Su572)" Tq Tq

(6.71)

Similarly, one gets for the T'L case

qG—hiho
dogry,

dp, dxp,dpp, 1APhy 1 | oy, ag

2a Q 2o \* [ 22 \*
o em q q
L Z/ dxq/ drg (x5 —x4)0(1 — xy — x4) <$_hl> (IE_@>
elzu 21h1 Ph1L+ﬁPh2L—P2L)
/ddpu/ddzu
F*(z T N .
( QL) < q th p2,) . gT

/d p2'¢/d Zu 5 -
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Tq7Q% + (ﬁphz - pz/) ha

1o
zq df oo Lhy hy [ Th
X —Q-D" D> | —=2
/zhl B Qq I 5195qHuF ! Tq e
Tq

F(Zu_)
2
2424Q + (2150, — )

.
—izo) - 2%1 5. Phy J_JFTEZQ thJ_*qu_)

Cr [1 2 148 (1) +2(1+ B
o 7( e L T
moe\ (3252 — M (1—754)
h1h2 h1h2
dw}u dwhzdphll-d PhaL |coll. qg div dxhldmh?dphlj-d Pha L {coll. qg fin

where
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qG—hiho
dogrr,

da:hldxhzdphlLd ph2J_

coll. qg div

20, , d ; d
_ adcgw Z/ dxq/ diy (2 ><;T) (;7) 5(1 — 2y — 7)

Zzu QIZ Ph1L+ﬁPh2L—P2L)
44 d4 ! 2 F(z11)
P21 Zu 5
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o
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2
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TqTqQ* + (ﬁphz - py) 2
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’ L (T ha T
ot () o () ()
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Lq Lq Lq

and

qq—h1h2
dogrp,

dIhl dl‘hzdphlj_d Pho L

coll. qg fin

B 2aemQ Z/ dwq/ dzg (25 — 24)0(1 — x4 — 24) (;:)d(j_hq)d

) zzu Qxh phll+23:h Phy L pu) F(Zu_)
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2 Tg — —
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asCp ! df 2 h Tp, Th,
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2w { whl 61 Q ﬁlxq HE 1 Tg HE

1 0 L+8  (=B)?+2(1+87)Inpy
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2
—21n ( — %) In (#) Dgll ("Exhl ’,uF> ng (%,MF) } + (hy <> ha),
a (572) a a

(6.73)

and finally, one obtains for the T'T" case

qG—hi1h2
d 3TT

dxhldxhgdphlj_d Dha L |col. qg

Oéern dl’q dl'q :L‘q d xq d
- M5 —ag) [ fe) (e
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: (6.74)

coll. qg fin

where
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hi he
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Tq (Zu_;ZM_) MQ Tq Tg

(6.75)

and

Collinear contributions: ¢-g splitting

Here the term in (6.57) to consider is the third one. The calculation proceeds in the
same way as for the quark-gluon collinear contribution but this time the integration is
performed over ps; and ps ;. To observe the cancellation of these collinear divergences,
one has to use the different representations we gave for the LO cross section, as explained
before, see egs. (6.22, 6.23) with respect to egs. (6.20, 6.21).
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Tq, Dy
ggm Ty = (1= B2)rg, Py
Iij = /629%7]5:]

Figure 6.10: Kinematics for the ¢ — g splitting contribution. We indicate the longitudinal

fraction of momentum carried by the partons as well as their transverse momenta.

This time, the change of variable to be done is

2y = (1 — Bo)1g. (6.76)

This kinematics is illustrated in Fig. 6.10. The boundaries of integration for (x4, f) are
calculated in the same spirit as in eq (6.64).

Thus, after changes of variable and integrations, the third term in (6.57) takes the
form

qq—h1h2
dosrr

dp, dxp,dipy,  d? thL coll. gg

4aemQ Zq d Tg d
_ s I)N Z d:Cq dZEq Tqlg (5 ) .%’_hl x—h2

ZZu_ 2121 phg*ﬁ?hﬁ.ﬂ’u)

F(ZlL)

/ddpu/d Zu 3
55(1%@2 (ﬁﬁhl —ﬁ1>

x Tg
—iz2) - gzZ PhlL*ﬁpthﬂhll)
1 2

F*<ZQJ_>

/d mu/d Zzl 2
quZL'qQ2 (;Tqﬁhl _ﬁ1’>
T3 dfs 2 mhi [ Th Th
Dh (= Dhz 2
X /ﬁlz 62 Q g y HF q ﬁz

L asCr [1 o L4 (LB 204 F) I,
2 | € (—Zu;Zu)Q p2) 1—705 (1= 72)

+ (h1 <> ho)
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qG—h1h2
do O3LL

o dl’hl d$h2dph1ld Phot

do qq—h1h2

n OsLL . (6.77)
coll. gg div dxhldx}@dphlid Phs 1 coll. gg fin

Adding the + prescription and expanding up to €, just like for the collinear gg con-
tribution, one gets the finite and divergent part of (6.77). The divergent part is

qq—h1h2
d 3LL

dxhldxhgdphlj_d PhaL |col. gg div

d d
= 4aemQ Z/ dxq/ dxg v4xg ($ ) (jq) 0l —zy— )
ha ha

_®q g
lzu ~ 2oy, phlL_%thL‘f'plL)

F(Zu_)

/ddpu/d Zu 5
:cqx Q*+ (£, — 1)

_Tq zq
—zZzL T phll—ﬁpi@L-ﬂhu)
1 2

F*(ZQJ_)

/d p11/d Zu 3
242gQ + (255, — i)
b dps 1+ 3 (l’h ) ( )
—= —C D [ = -,
“3ee%h [ o By (- o)y ¢\ 2 Bog T
=2 2 a ‘ Th, Dhe
+/rhz dﬁQCF1_62 ((Mfﬁ) ( > a ( )

Tq

—2CrIn (1 — ﬁ) DM (xqu) Dk (xiwﬂ + (hy 4+ hy) . (6.78)
Lq Lq Lq

The first term cancels with the + prescription term in the second F,, in (6.42). We

have to remove the second term to avoid double counting with the soft contribution. The
third term is to be removed by the soft contribution.
The finite part is

do qq—h1h2
3LL

dxp, dxp, dpn, 1A Phy 1 coll. gg fin

4a Q 2o \* [ 2z \°
- em q q
N Z/ d:xq/ dag xaxq0( — z) (%1) (5U_hz)

lZu 2IZl phlL—ﬁthL-i-pu)

F(Zu_)

/ddpu/d Zu 5
quq@z (25, - 71)

_ZZQL 5. Phyl— th Ph2L+p1u

)F*(ZZL)

/d pl’L/d = 5
7g2gQ + (225, — P )

Qxh
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a,Cp ! dﬂQ 2 h Th h Th
X - D 1 D72 2
2 { hy [y Qq T\ g H ! 5237(7’MF

Xlln<( t )(Hﬁ%+<1—52>2+2<1+5§)1n52]

Z1L522L)2 p2 ) (1= P52)+ (1= B2)+
2
—21n ( — %> In #2 Dgl (%,MF> ng (%;MF> + (hl — hz) .
Zg (Zugzu) 'u2 Tq Tg
(6.79)

For the T'L transition,

qq—h1h2
d 3TL

dp, dzpy dpn, 1dPhy 1 | eon. gq

2a Q 2o \* [ 2o \*
o em q q
A(d— 1)N Z/ d$q/ d.fl'q q— )5(1 —Zq—$q) <Jj_hl> (q;_h2>
1211 - 212 Ph1¢*ﬁph21_+ﬁu_>
d d, © ! :
/d Pu/d 21l

F*(z T .
(221) (_qphl _p1,>

/d pl/J_/d Zu N 3
Tq2qQ% + (iﬁhl _ﬁl’)
1— <
zg dﬁz 2 ~h Th
20Dt 2 Dh2
X /zh2 /62 Qq q $q 7/’I’F /82 7/’LF

F(ZlL)
2
quqQ2 (;:hqlﬁhl —171>

xT T
,ZZQJ_ 21: phlL*ﬁptherl/l)
1 2

aCp [1 2 1482 (1-5)2+20+6)n
rl 0 _ 15 +( 2) (1+55)1In B  (hy <5 ho)

2m | E\ (a2 ) - B (1—5s)

do qG—h1hg do qG—h1h2
— 3TL + 3TL (680)

dzp, dn,dphy 1dDhot |eon. gg aiv AChy AThydPhy 1A Phy 1 | o gg fin

where
i

dxhldxhgdphlj_d Pho L |coll. gg div

20 Q) 2o \* [ z: \*
_ e;nl)N Z/ qu/ deg(xg — x4) (93:1> (Mi) 01 —zg — x4)

Zzu Qxhl phll_%thL"FplL)

F(Zu_)

/ddpu/d . 5
242gQ? + (22, — 71
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x T
—izp] - QzZ phli—ﬁthLﬂ?lu)
1 2

F*ZJ_ T *
/dpl’J_/dZ2J_ 2 (22 )<xqph1_P1’>'5T
rqra@ + (P — ) )

as1l o | [P dBs 1+6 <=73h ) ( Th )
X —2 = o D _17 Dip 2 7
Q [ % B, F(1 — 52)+ q Z, 273 g ﬁgxq 273

1— 2 €
og 2 C T T
+ / " dBCr .. Dé“( ’“,uF) Df;?( ’”‘Q,MF)
-/:2 1— ﬁQ (Zu_ ZzJ_) ,u2 Zq Xg

—2CpIn ( - xi) D <xqu) D= (xiﬂF)] + (hy & hy) (6.81)
Lq Lq Lq
and
doff, ™"

dp, dxp, dpn, 1 d*ph, 1 coll. gg fin

B Q%mQN Z/ d:,;q/ dg (15— 14)0(1 — 4 — q) (j:l)d(xi;)d

lZu QIhl phlL—%thL-HDu)

F(Zu_)

/ddpu/d Zu )
ququ (ﬁﬁhl —]71)

—iz2 2;0:1 phll_%pth""pl’L) F* (5 T
/dd u/dzu ) () (wqphl—]?l')'ei}
2@ + (255, — ) 8
aCp YdBy o (T Lh
X Dl (=4 D! 2
2 { T2 B2 B, Tq ) P 52%’/”
« | c% L6y (=5 +2(1+5)Inp,
(2sz2e)? 2 ) (1= Pa)s (1= B2)+

2
o (1— 22 ) (—0 ) pm (2 ) D (22 e ) b (hy o ).
‘a (g2) p2) N7 Tg

(6.82)

For the T'T case, we get

qG—hi1h2
d 3TT

dp, dxp,dpp, 1dPhy 1 | oy, g

d
aem dﬁq dxq5 ) g g a
4(d— 1)N 1 Thy Thy
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x [(zg = 20)*g7 g — g7 + g g

dd
dpi 1

iz1 - (—%phll—ﬁthL-&-pu)
e 1 2 F(z) [z
Zu

2 . Pny — Pl) €Ti
242gQ + (25, — 1) :

iL‘hl

z‘zzL(—%phlL—%p@L—i—pl/l) .
e 1 2 F*(291) ( x4
PrL d 221

2
2 T — — Tp
2% + (ﬁphl —p1/> 1

1_7d52 Dl Lhy ho
X/h T, Yl (rcq’“F)D (Bz ’”F)

*
Ph, — pl’) ETk
l

a,Cr |1 c? 61—1— 2 1—039)2+2(1+52)In
A € (ZQLEZIL) /JJQ 1— /82 (1 - /62)
d qG—h1hg d qG—h1ha
— 3TT + 3TT , <683)
dan, deny dpn, LADhot [oon, gg aiv AT ATy dPhy LA Phy 1 |eon. gg in
where
Ao

dl‘hldm/wdphlid Pha 1 | con. qg div

« dz drg z: \®
_ %em “rq g g9 1 — o
N Z/ / Lg (xhl) (xh2> 6< ta xq)

X [(w 2)* g1 g — gikglj +9791]
/ddpu/ddzue
e F*(z T
/d plu/ddZQL 5 (z21) (:Eq
242qQ? + (25, — ) g
dfs 1+ 53 Th Th,
2 2 h 1 h 2
P2 pi () Db ,
27T EQ [/a;h2 F 7 5N 1 _ /82> q :Cq 7/’LF q 521;(7 :LLF

- 2 ¢
2q 2 C x x
+ / " dB,Cr — | Dyt (e ) D (=
Thy 1— 05 (211_2221_) 112 z, T

- _
211 | — 5ol Phy |~ 5L Phy L +P1L
21}11 1 2a:h2 2

F(z1, T
2( ) (aj_qphl p1> ETi
2g2g@ + (25— 71 ) & r

x g
—iz2) | — 5 Phy L — 35— Phy L P17 |
25ch1 1 2xh2 2

*
ph1 - pl’) ETk;
l

q

—20%In (1 - x—") D (%,MF> D= <“‘i “F)l + (hy ¢ ha), (6.84)
Lq Lq Lq
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and

qq—h1ho
dogrr

dh, ATy dpn, 1d"Phsy 1 | on. g fin

d d
_ Olem / dl’q / qu(s o l’-) & ﬁ
4(d 1)N q Th, Th,
)291’95’_“ — gl’“gi’ + 19

X [(xq

1Zu Z:Z PhlL*inthgJ_JFplL)
d ! 2 F(z1) (2,
dp11 diz, — Pm TP Eri
T

2
2 xT — — h
TqTqQ* + (ﬁphl —p1> :

/d pyL/d sz 5 x—Phl pr ) Eri
TargQ? + (%ﬁhl —]71/) i !
OéSCF ! d/BQ 2 h Th
X L — Dl
2 { ””ha 5262 Iq”uF 52 =l

1 ) 1+ 53 (1= B2)* +2(1 + 35) In B
- [n ((—Zuju)Q ;LQ) (1—52)+ * (1—52)+

2
—21n( _ %> In|—2 ) pn (&,m) Dl (@,up) + (hy 5 hy) .
T (572) 2 Tq T

(6.85)

Soft contribution

To calculate the soft contribution of the divergent part of the real emission cross section,
the soft limit of (6.60) is taken by setting p, = x,u, where |i| ~ |pj|, which extracts the

divergence on z.

qq—h1h2
do O3LL

dl’hldl'}md phlldph2l t

4Oéern¢22 d'xq 2 hi Thy ha Thy
(2 leZ/ / QD (qM)D (xq’uF>

T, dx, , , aSC’p/ ddii
1— 2 — o —
() (GE) [ e [ 55

Pi2L 95/ 33*
x [ d'piidpsy F ( 9 ) J (_phlJ_ —pii+ —LPp1 —por + xﬂﬁ)
I‘hl $h2

% p 190 | .T/ ,ZC/—
X /ddpl’J_d YN F ( 122 )5 (z‘q pllL—F qthL —pQ/J_—l—;L‘g’UJJ_)
h1

th




CHAPTER 6. INCLUSIVE DIFFRACTIVE DI-HADRON PRODUCTION

234
(
2 v
dx, + 4z (z), + z,)
X < I/_ 2 a:/ 2
Q2+ (zthhzim) Q +( Phy pQ/) /2 ﬁ_ﬁﬂ 2
(1—-z)x} 1 —z5)T} q Thy
\
2 (!
N dr, + Axl(z; + x,)
ol 2 ol 2
25 :Ha) (iﬂ -7 +xﬁ) B
Q2+ (thPhQ P2 g Q2 + thth Dot g x’? <[[— pﬂ)
(1—zf)z (1—zf)z] q Thy

Py

) o
274 — dx; + 4x) 7] <u — a) : (u - @>

al 2 al 2
7 - = 7- = _
Dho —Po/ ; —p2+x u) _ 2 ~ 2
Q>+ (Gl Q>+ (5 L g (- Ba) (- B
(1—ap)xy (1—z)xy q-q Th, Thy

224 — da? + 4,z ('J - %) : (ﬁ - %)

A 2 ol 2
7= = ~
Phy —P2 27 Phg —Por +T U) - 2 SN\ 2
Q2 + (th 2 ) Q2+(zh2 T oot (i — P 0 — Pha
1-af)z; (1—zf)z) qq Thy Thy
/
+ (hl <~ hg) .

The limit z;, — 0 in the F" function and impact factor can be taken safely in the non-
divergent terms of the cross section, as zj and a7, are limited from below by zp,, zp, and

so cannot be arbitrary small (ie of order x,). The cross section in the soft limit becomes:

qG—hi1h2
do O3LL

d$h1d$h2d phlj_dphﬂ_ ot
4aemQ / dz;, dxq Q2 Dt xhl th %7 .
~ (2m)@DN, z}

d d -

Ty dxg , , a,Cr / d%i
11— —2l —

( )() /a a0 = T 207 e |

.Z'hl g

m,

P12l 53,
X ddpud po1 F ( 122 > 0 (—ph1¢ —p1L+ —pth - pu)
«Thl l’h2
x.

" p 1o | .ZC/
X /ddpud py1 F ( 122 ) o ( 4 P+ — Phyl — pzu)
l‘hl .’L'h2
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4

" 4
/ 2 ’ 2
JJ— (L‘q
2 (%th p) 2 (@phfp?/) (—»_ Ph )2
Q + (1—zf)xt Q + (1—z)x} xhi
\
n 4
/ 2 ’ 2
"9, — 2 L 5y, — Do Lo\ 2
2 (zh2 2 ) 2 (th 2 2) <—»_ Dh )
@+ = R (=T L
(- 5) - (a-52)
_ Thy Thy
/ 2 ’ 2
Izj :cq
2 (I’mphz_py 2 (zh2ph2_p2) <_,_ o >2 (_’_ &)2
Q + (1-=xf)x; (Q + (1—af)z], u mhi u ffhz
3\
t(a-2)- (a-22)
z/— 2 + (hl <_> h2>
Q2 +M Q2+ Ih2 Ph1 ﬁ_@)Q
AEA xhl Thy
Vs
4 om@? dz,, dzx!
(07 Q / / QQ2Dh1 1L Dh2 i7 Lr
~ GnieR, %
y xq ' dr, 51— o, — o )aSCF ddi
x X 3—d q q 9 2¢ (27)d
ha ha a Yg H T
P :U’ x-
X /ddpud p21 F ( 122l> o (:1: P11+ phzi - pu)
Lhy
" P11 x, x—
X /ddpmd py. F ( 122 ) § <_qphll_ —pri+ —LPp1 — pu)
Thy Thy
4 1 n 1
zl 2 ” =, 2
Gimer) \ | (a-22)  (a-22)

2
Q + (1 a: z% Q + (1—:1:%):1::7

2Em) )L

—»‘ ph1 l_[: _ pﬂ
Thy Thy
Then, the cross section is divided into two parts in order to do two different changes
(6.86)

of variables, which are the same changes as in eqgs. (6.64, 6.76), in each part
= (1 =Bz,

33; = ﬁlxq )
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x; = Patg, zy,=(1—pa)xg, (6.87)
where the integration boundaries are calculated following the steps in Eq. (6.64). This
division and changes of variable respect the symmetry between diagrams (1) + (2) on one
side, and (3) + (4) on the other side in Fig. 6.6. The limits 5,5 — 1, corresponding to
zr, — 0 are then taken. The choice of splitting the cross section in this way, comes from
the will to observe the cancellation of divergences at integrand level. The first term, after
the transformation (6.86) and after taking the limit, gives

qq—h1h2
dosrp

dl’hl da:hQ ddphl J_dthJ_

soft (1

_ QaemQ2 Z /l—th dxq 1 xq ¢ 1 — xq ¢
B (271-)4(d_1)NC q JTn Lyq 1— Lg \Thy Lhy

Ip Th
X Qngl (I_;7MF) DZ;Q (1 _2q7ﬂF>

T 11—z
X /ddpu F <_qph11_ + thQL —pu)

QSL'hl 2.Z'h2
L[ T 11—z
X /ddpr F (2 phy 1+ Pha 1 —P2/¢>
xhl 2Ih2

B

Zhy (1 _ Bl>1—2exé—26 q

Tq

4(1 — z,)x?
y ( : a)" T4 .
<(1 - xq)quQ + (1;zqﬁh2 - ﬁ2> ) ((1 - mq)quZ + (1;}:(;}5}12 - ﬁZ’) )
S Pny ~  Phy
a,C d*a 1 1 (U - r) ' <“ - x—)

X 2eF/(2 )4 — 5 T — 5 — 2 ﬁhlz qh22 + (h1 ¢ hy)

R N N S

Thy The Thy The,
(6.88)
In a similar fashion, the transformation (6.87) leads to second contribution, which reads
L i
d.’L’hl Clﬂ?hQ ddphlj_dthJ_
soft B2

= 2006m @ Z /1%1 % 1 (&)d <1 _ $Q)d
(2m)4@d-D N, o, Tg 1 — x5 \ T, Thy
2 yh Lhy ha [ Lho
X Q:D* | ——— D2>? | —
Qq q (1_%,/@) q (xq7ﬂF)

1—xz; T
X /ddpu F ( It + =Dyt — pu)
2:1:h1 2.’13'h2
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L1 —x; Tg
X /ddpu F ( Pt + = Phy 1 —pu>
21‘}“ 23L’h2

s
thy (1= By)l-2egy

zq

4(1 — z4)°x?

<(1 — xg)rgQ* + (%ﬁhg - 272)2) ((1 — 2g)TgQ* + <;TZﬁh2 - 172/)2)

X

a,C d*i
X 2€F/ d — 3 T 2 N — 5 0+ (h1 & ho)
R O O Ny
Thy The Thy The
(6.89)
Next, we integrate over «, which gives
a,Cp [ dii 1 1 (ﬁ—p—)@—p—)
Iu = 82 / d 2 + - 2 2 - : 2 > : 2
e | ) e )
Th Thy Thy Thy
. OJSCF (ﬁhl _‘hz 2 ddﬁ 1
/JJ2€ Lhy Lhy (27T)d (_‘_ Phy >2 <ﬁ— h>2
$h1 xh2

M2€ Thy Thy

_ CVSC(F <@ ﬁh2>

_ aCp (ﬁhl _ Dhy
M2€ Lhy Lhy (27]-)d Lhy Lhy
X (p_ _ p_)2
Qg Th Th
= —Cp= |1 In | ——24 . 6.90
5 UFZ +eln 2 (6.90)

Finally, the integral over g leads to

/zl_’ 4 _ [_ BB 14 9em( — B

8

o (I=p)34 Jou 1-p
:—ln<g>+ln<1—ﬁ>—eln2<g>+eln2<1—ﬁ>
T T T T
:—lnoz—{—lnxjtln(l—ﬁ)—e[ana—2lnalnx+ln2x}
T
+eln? (1 - ﬁ) . (6.91)
T

Combining both integrals over 5 (6.91) and over 4 (6.90) and keeping only the divergent
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terms, eqs. (6.88) and (6.89) become respectively

qq—h1h2
dosrp

dSUhl dxhgd phlJ_dpth_

oft /3

2CVem¢22 4 Tg I
(27T 4(d DN / dxq/ drg x4 <$_h1) (x—th> 0l —zy — )

C
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q

q _

Lq

&%)
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(ﬁhl . ﬁh2>2 <ﬁ£ _ ﬁh2>2
T x T x x xr
+In il 5 r +eln f In al 5 L +ln(1=2
% Zq 1% Tq
(hl < hg)
and

hih
g

dl‘hldﬂfmd phlJ_dthJ_ soft B

_ 200 d C NEZ da 1
(2m) (2m)4d-) N Z Lq Lg Tqlq 37—111 iE_hQ (1 =z — x4)

C
X QgD(};l (%,ﬂp) DgQ ( hf,up) ]__LLoz; r4 z [ lna+lnxq+ln( th>
q

q

&%)
—eln®a —elnaln | 222/ —|—elnxq<lnxq+21n (1 — %)

As said above, the total soft contribution expression is found by summing the two above

equations. As usual, we split the final result into divergent and finite part. In the LL
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case, we obtain

qG—hiho
dosrp

dl‘hldl’}ud phlj_dp}mj_

4aemQ2 2o \* [ 7o \°
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q
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[
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2
H Lq

405er11622 x ! Lq !
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q
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qq—h1h2
d 3LL

dﬂﬁhl dIh2d ph1¢dph2¢

2
au(i-m) [ (a-f) nfim)

Lq

+ (hy <> ha). (6.93)
For the T'L and TT case, the calculation leads respectively to

2a Q Craa\
- em q q
T 2 iy [antey e () (32)

soft div

X
X 0(1 — x4 — 1) Q3 Dy (%MF) Dy (f&F) Frr
q

q

qq—h1h2
do Os3rL

d{L‘hldl'th phlLdpth
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Qg C1F
X

[ 41na+21nxq—|—2ln( hl)—4eln2a
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2 Tq
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—4elnaln % +21nxq+21n<1_@)
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+ (hy ¢ hy), (6.94)
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and
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+ (hy © hy), (6.96)

| s ) )
dl’hldxhzd ph1¢dph2¢ “oft fin N Lhy Lhy
x T
X 0(1l—zy— xq)QgD(’;l ( xhl ,,up) Dgz (%, F) Frr
q q

L
. L\ 2
C T <£_2>
X Qs™EF Inz, | Inz, +2In (1— hl)—{—ln (%
T Lq H

—Hn( _%> In (—2 +ln( _@)
Lq H Lq

At this level, we are already able to observe the full cancellation of soft divergences
(and hence the disappearance of Ina-terms). Consider, for instance, the longitudinal
cross section. Combining the divergent soft contribution, coming from the real part, see
Eq. (6.92), with the virtual contribution (6.49) we see the complete cancellation of these
In a-terms and also of 2 1In(z,x;)-term. Moreover, surviving 1 divergent terms cancel in

combination with:
e Terms proportional to %5 (1 — ;) appearing inside the splitting functions in (6.42)

e Term proportional to In < — %) in Eq. (6.70)

e Term proportional to In <1 — %) in (6.78)

Now, we are only left with collinearly divergent contributions related to the case of frag-
mentation from quark and gluon or from anti-quark and gluon. These should cancel the

only two divergent contributions left in Eq. (6.42), i.e., the ones proportional to Py, (3;).
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6.4.2 Fragmentation from anti-quark and gluon

In this section, we deal with extracting the collinear divergences associated with the
contribution (d) in Fig. 6.5. This contribution corresponds to the situation in which
the anti-quark and the gluon fragment, while the quark plays the role of “spectator”
emitted particle. This case is much simpler than before. We do not have to deal with
any soft divergence and the only IR divergence that appears is when the fragmenting
gluon is emitted by the quark line after the shockwave and the emitted quark and gluon
become collinear. Hence, we can directly compute the contribution due to the first term
of Eq. (6.60).

We emphasize the difference with the contribution calculated in section 6.4.1. Although
at the level of hard computation the term that generates the present divergence is the
same as the one that generates the collinear divergence in section 6.4.1, the situation is
completely different. In the present case, we integrate out the quark kinematic variables
and remain differential in the variable of the emitted gluon, while, in section 6.4.1 it was

exactly the opposite.

Collinear contribution: ¢-g splitting

According to the above discussion, we should focus on the first term of Eq. (6.57), which

exhibits a collinear pole, namely

do? Q—>h1 ha
3L

dl‘hl dZBth phlj_ddthJ_

collqg

_(24aemQNZ/ dxg/ / dxqél—xq—xq——xg)

d d d
Ly Lq 2k [ Tha he [ The Qs d®pq.1
x [ = — D | — D22 —C
> () i (xﬂ”) “ (’“‘) Iz F/<2w>d

Pql Lg Lg

x [ d'po F |~ + — a1 +

/ P21 <2 th2ph2i P21 thlph1¢>
« [ Pql Lg Lg

X dd I F — 4+ — /1 +

/ D21 (2 QthPth D21 293h1ph1l>

1
X

o \? L\
(%(1 — 7q)Q% + (%phz - p2) ) (%(1 —2g)Q* + (iphz —p2/> >
y (da? 4 4z (x) + ) 22(1 — 24)*

( = g xgﬁq>2 + (h1 < ho).



6.4. NLO CROSS SECTION: REAL CORRECTIONS 243
Using a change of variable similar to (6.64), here

Ty = Py
d; = (1-B)x,

with the Jacobian dx;dz, = dz,dfz, and treating the integration over longitudinal frac-

tions as follows

/ dxg/ dxq/dxél—x Tg)
d oo
/ ) / / dxqﬁ — xpy)0(1 — 25)0(1 — x; — xg— y)
Thy 0

/l th 4 1 dﬁl
$q— 5
Tn, zq(1 — ) % 1

we get

gq—h1hs
dosrr

dl’hl dl’thphlld thL

coll. qg

4ovem Q? 1=h, ! dﬁl 2o\ (1 —2,\"
_ em d 1— g q
(27)4(d_1)NC ; /:Ch1 . xhl ﬁl ( mq) Lhy Lhy
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q

x Bz
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2
/ddpu/d Zu 1 3
)Q2 < wqphz ﬁZ)

—iZ2 ] - (;rh PhyL p2’i+2xh PhlL)
/dpQIJ_/dZQJ_ B 2F*(Z2J_)
)Q2 < qth ﬁ2/>

2((1—B1)2+1) + 2eﬁ% 120 / dlp,, (T
F

X 1 )
Bl a ( ) <(1 :cill) qph1 - plI>

F(Zu_)

+ (hy 4> hy). (6.98)

Using Eq. (6.62) in Eq. (6.98) to perform the integration over quark transverse momenta,

we obtain
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gq—h1ha
dospy

dIhl dl’thphlld thL

coll. qg

—an, d
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X
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X

X

X
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QF(Zu_)

X ddpwl/ddzu 5 F(221)
71— 2)Q + (5245, — P
s 114 (1—p5)2 2(1+ (1 — 1
g [1L0-8P o 20 0-pms
2 € 51 B
1 1— 2 2
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= +
dxn, dxn, dpny 1Dyt | on. g aiv AT AThy APy 1AUDhy L | opt g fin
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where the term labeled with “div” contains the first term of the square bracket
Putting back z; using Eq. (6.68), this divergent term takes the form:
dofi""
dxp, dxp, dph, 1 d*Ph,y 1 ol e i
qg div
4aemQ “rra\¢
= N Z/ d.ﬁEq/ dqu Tqlg (x—h1> ($:2>
s 1 1 dﬁl
o1 — F
x 0(1 —xy — xq) LL - o i
14 (1— )2
x Q2D < Ty ,uF> D} (ﬂw) ol Gt Vg (hy ¢ hs) . (6.100)
ﬁlxq xq 61

This is the term needed to cancel the divergent term proportional to

P,,(B1) in (6.42).
Instead, the finite part in Eq. (6.99) reads

dogf; ™"
dl’hldxhgdphlld thL coll
qgg fin
4aemQ2 d Tz d
— T 1)N Z/ da:q/ d.’L'q Lquq <—1) ;C_h2
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1
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In a similar way, in the T'L case, we get

gq—h1ha
d 3TL

dl‘hldthdphlLd thJ_

coll. qg

N d
- 2%;1?)]\7 Z/ dxq/x} dzg <$h1> (ﬂ) (xq — 2q)

{L‘h2
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1da
Xé(l—xq_x) B/BIIQQ hl (BJ;}H?N’F)DFQ (%7/’LF>
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ewu Qxh 2, Pho L~ P2L+2wh Ph;@)
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do 9q—hih2 do 9q—hih2
— O3rL + O3rL (6102)
dxp, dxp,dpp, 1 d*pp, 1 coll. qg div dp, dxp, dpn, 1 d*h, 1 coll. qg fin
Finally, in the 7T case, we have
Aoy
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coll. qg
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= +
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These results conclude the discussion of divergences in the case of fragmentation from

antiquark and gluon.

6.4.3 Fragmentation from quark and gluon

In this section, we deal with extracting the collinear divergences associated with the
contribution (c) in Fig. 6.5. This contribution corresponds to the situation in which
the quark and the gluon fragment, while the anti-quark plays the role of the “spectator”

emitted particle.

Collinear contribution: ¢-g splitting

The term in Eq. (6.57) to consider is the third one. The calculation proceeds in the same
way as for the anti-quark and gluon fragmentation, but this time the integration is over
p2,2/1 in the F' function.

For the LL case, we get

qg~>h1 hg
do O3LL

diEhl dl’thphlLd thJ_

coll. qg
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1
d 3 ho [ Th h Th
Q D 2 1a F D> 2 s MF
th B Zq s g Baxg H
ZZu Qxh PhQL-&-pu Qxh phli)
/ddpu/d Zu 5—F(z11)
xqquz <ﬁﬁh1 - ﬁl)

_%q_ *q
—’LZQL Qth phzl—plu_—thl Phy1L

/d p1'¢/d Zu 5 F(221)
(1= 2)Q + (£, — b )

s 114+ (1— 2 2(1 + (1 — N1
% a—CF - (1—5) ¥ By + (14 (1= 5)°)Inp,
2 € [o B
14 (1= 5y)? 2
(1—5s) 1n< : 750 . 2) + (hy > hy)
ﬁz ( 21_2 u_) L
dogy " dogy "

(6.104)
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This term cancels the divergent term proportional to Py,(f) in (6.42). This is the last
remaining cancellation of divergences, the rest of the cross section is now completely finite.

For the T'L case, we get

qg—hihs
do O31L
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dxp, dxp,dpp, 1 A%, coll. gg fin
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Finally, for the T'T case, we get
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s 114+ (1 - 2 21 1+(1— 2
% CV_CF - ( ) 4By + n B ( 52)?)
2 € B B
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n + ( B2) In G . + (hy > ho)
/32 (22¢:—21¢,) lLQ
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dxp, dxhzdphlj_d Phol lcon. gg div dxp, dxhzdph1Ld Dha L fcol. gg ﬁn‘ .

6.5 Additional finite terms

Some of the finite terms of our calculation are presented in previous sections. They come
as a result of the extraction of divergences. There are many other terms, completely
disconnected from divergences, which however contribute to the final result. We proceed

to list them, also emphasizing again what their nature is.

6.5.1 Virtual corrections: Dipole x double-dipole contribution

The 1-loop correction to the v* — ¢¢ contains a dipole and double-dipole terms. The first
one receives a contribution from all diagrams, while the second one gets contributions
only from diagrams where the virtual gluon crosses the shockwave. At the cross section

level there will therefore be two contributions:

e The one due to the interference between the dipole correction and the Born ampli-
tude. This contains divergences and it is the one that we have completely computed

in section 6.3.

e The one due to the interference between the double-dipole correction and the Born
amplitude. Any rapidity divergence present in this term is completely reabsorbed
into the renormalized Wilson operator, at the amplitude level, with the help of the
B-JIMWLK evolution. After this operation, this contribution is finite and can be

taken in convolution with FF's without any additional manipulation.

Starting from Eq. (5.34) of [198], we get
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Concerning other transitions, we have
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The ¢ function are defined in Appendix D.1.

6.5.2 Real corrections: Fragmentation from quark and anti-

quark

In this case, we refer to the finite terms related to the contribution (b) of Fig. 6.5. In order

to better understand what these contributions are, referring to Ref. [203], we recall that
(D(J’"i)

the impact factor for the transition v* — ¢gg has a double dipole contribution (®,"")
and a single dipole (CI>§+’i)) contribution. The finite contributions which we obtain are
e Finite terms related to the dipole x dipole contribution.

e Dipole x double dipole contribution.

e Double dipole x double dipole contribution.

Finite part of dipole x dipole contribution

When we square the dipole contribution, using shorthand notation introduced in (6.56),

we obtain the following structure:

DS (7, 7o) O (v, o) = B (B, ) 5 (s, Py
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+ (8571, )05 (B, P, 0) + 95 7, o, 0)05" (B, 7o)
+ O (51, i, 0) " (P, i, 0) (6.110)

The first term in the RHS is the one containing divergences that we have considered in
previous sections. After isolating soft and collinear divergences, finite terms remain. The
finite contributions for &()4iw,1 and G)ai,3 have been computed respectively in sections

6.4.1 and 6.4.1, see egs. (6.71), (6.73), (6.75) and (6.79) (6.82) (6.85). Besides, the terms
~fl§)){ltw ,) in Eq. (6.34) are finite. Their contribution
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in the LL case. The same contribution in the T'L and 7T cases is, respectively,

do qq—h1h2
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and
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In the above expression, the following replacement needs to be done:
x Ta
Pgl = —Dhil s Dl = — Pyl - (6.112)
ZL‘h2

[Bhl

The remaining term in Eq. (6.110), for arbitrary polarization, is
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191 X Ta
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2 2 Thy Thy
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+ (hy ¢ hy) . (6.113)

Dipole x double-dipole contribution and double-dipole x double-dipole con-

tribution

The dipole x double dipole contribution, for arbitrary polarization, is given by
hih
T
dﬂChldIhzd ph1¢d pth

Qs dx, dxq d Lme [T T
= D 1 2 D@z “ha
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+ (IDE(pu,pu,pM)CDg* (pr71,p2r1) F (%, 3J_> F* <p1;,L> 5(p§ﬂ)} + (hy <> ha) .

The double-dipole x double-dipole contribution, for arbitrary polarization, is given by

P+ ;U_thL — P21+ pggi) 0(p11v1 + pavy + pszs)(€1agp)

qq—h1h2
d 5][
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a * D121 « (P12
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The expression for the squared impact factors can be found in Appendix D.2. They are

written in terms of py, pg, pg, # and the following identification should be done:

T T
Pgl = _qphlJ_ y  PgL = —qpth y R =1Xg. (6-116)
hl a:hQ
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6.5.3 Real corrections: Fragmentation from anti-quark and gluon

Finite part of dipole x dipole contribution

When squaring the dipole contribution, we have also finite terms. This time we write

separately for each polarization transition. In the LL case, we have
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For the T'L case, we have
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Finally, for TT case, we obtain
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Dipole x double-dipole contribution and double-dipole x double-dipole con-

tribution

The dipole x double dipole contribution, for arbitrary polarization, is given by
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The double-dipole x double-dipole contribution, for arbitrary polarization, is given by
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Expression for the squared impact factors can be found in Appendix D.2. They are written

in terms of py, ps, Py, z and the following identification should be done:

x Tg
Pyl = ~LPml s Dol = —tDhi, 2=1,. (6.122)
h1 'th
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6.5.4 Real corrections: Fragmentation from quark and gluon
Finite part of dipole x dipole contribution

When squaring the dipole contribution, one also gets finite terms. This time we write

separately for each polarization transition. In the LL case, we have
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For the T'L case, we have
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(;Uquhl - pl’)
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Finally, for the 7T case, we obtain
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Dipole x double-dipole contribution and double-dipole x double-dipole con-

tribution

The dipole x double dipole contribution is given, for arbitrary polarization, by
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+ <I>2(pu,pu,pu)<1>§* (p1'¢,p2u) F (%7 3L> F* (p1/22/¢) 5(p§,ﬁ} + (h1 <~ hz) .

The double-dipole x double-dipole contribution is given, for arbitrary polarization, by
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Expression for the squared impact factors can be found in Appendix D.2. They are
written in terms of py, pg, pg, # and the following identification should be done:
x

T
Pyl = —Phil s Pol = —LDhyl, 2Z2=21,. (6.128)
Thy Lhy

6.6 Summary and outlook

We have considered the diffractive production of a pair of hadrons at large pr, in v*)
nucleon/nucleus scattering, at NLO, in the most general kinematics in the eikonal ap-

proximation.

This new class of processes provides an access to precision physics of gluon saturation
dynamics, with very promising future phenomenological studies both at the LHC in UPC
(in photoproduction) and at the future EIC (both in photoproduction and leptoproduc-
tion). Our main result is the explicit finite result for the cross section at NLO, obtained
after showing explicitly the cancellation of rapidity divergences (through the B-JIMWLK
equation), soft divergences and collinear divergences between real, virtual contributions,
and DGLAP evolution equation governing fragmentation functions. Finite contributions
and purely divergent contributions have been separated and the sum of the latter has been
shown to be zero. Hence, the collection of all terms labeled with “fin” in sections 6.2,
6.3, 6.4, plus all the formulas in section 6.5 give the final result. The natural continua-

tion of this work is to evaluate the cross sections numerically, employing a model for the
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description of the target, such as the McLerran Venugopalan (MV) [204, 205, 206] or the
Golec-Biernat Wusthoff (GBW) [207] ones.

This NLO result adds a new piece in the list of processes which are very promising
to probe gluonic saturation in nucleons and nuclei at NLO, including inclusive DIS [208,
209], photon-dijet production in DIS [210], dijets in DIS [211, 212], single hadron [213]
and dihadrons production in DIS [214, 215], diffractive exclusive dijets [198, 203, 216] and
exclusive light meson production [217, 218], exclusive quarkonium production [219, 220],
and inclusive DDIS [221].
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Chapter 7
Final thoughts and outlook

Deep questions answered, deeper questions posed.
Sir. Roger Penrose [222]

In the present work, we have presented a series of results aimed at reaching an era
of precision in the high-energy factorization (HEF) framework, both in the linear and

non-linear evolution regimes. To this aim we provided:

e The next-to-leading order correction to the impact factor (vertex) for the production
of a forward Higgs boson, in the infinite top-mass limit. We obtained the result both
in the momentum representation and as superposition of the eigenfunctions of the
leading-order BFKL kernel. As already mentioned earlier, this impact factor allows
to describe the inclusive hadroproduction of a forward Higgs in the limit of small
Bjorken x, as well as the more interesting case of the inclusive forward emissions of

a Higgs boson in association with a backward identified object.

e Predictions for a number of partially inclusive processes featuring a forward-plus-
backward two-particle final-state configuration. They provide stringent tests for
BFKL dynamics at the LHC.

e The computation of the Lipatov vertex in QCD within accuracy €2, which can be
used for several purposes. The most important one is the computation of one of the
contributions to the BFKL kernel in the NNLLA. Other include the proof of gluon
Reggeization and the calculation of discontinuites of multiple production amplitudes
in the MRK (which must be taken into account in the NNLLA).

265
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e The next-to-leading order cross sections for the diffractive production of a pair of
hadrons at large pr, in ) nucleon /nucleus scattering, at NLO, in the most general
kinematics. This new class of processes gives access to precision physics of gluon
saturation dynamics, with very promising phenomenological studies both at the
LHC in UPC (in photoproduction) and at the future EIC (both in photoproduction

and leptoproduction).

Since the pioneering works of Balitsky, Fadin, Kuraev and Lipatov, the BFKL ap-
proach (along with its extensions) and more in general the high-energy factorization
framework have proven to be among the most powerful tools for understanding several

aspects of QCD and more in general of QFTs, an incomplete list of them includes:

The proton structure at small Bjorken-z and various class of processes featuring a

forward-plus-backward two-particle final-state configuration [86].

The asymptotic behaviour of partonic scattering amplitudes in QCD and in N = 4
Super Yang-Mills theories [96, 97, 223, 224, 225].

The connection between high-energy scattering and exactly solvable models [226,
227].

The duality between the Pomeron in the maximally extended N = 4 super symme-

try and the Reggeized graviton in the 10-dimensional anti-de-Sitter space [228].

Regardless of the sheer elegance of its theoretical formulation, as shown in Chapter 3, the
high-energy factorization is an important tool for achieving accuracy at modern acceler-
ators such as the EIC and the LHC. The impact of high-energy resummation is expected
to grow in the future and, as already shown in recent studies [229, 230, 231], important
production channels at the new generation of colliders such as the FCC, will receive such

large contributions that they will make the physics of those energies the BFKL physics.

In order to continue what started in this thesis and more generally by the scientific
community of the sector, there are many developments that, in our opinion, it is necessary

to consider in the near future.
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Combined resummations and central productions

In Chapter 3, and especially when we discussed the pp-distribution of the Higgs, we
pointed out how different resummation mechanisms come into play in the description of
this observable. It is important to note that while developing calculations at the frontier
in high-energy resummation does not guarantee the absence of residual large logarithmic
corrections, of a different nature, that can spoil the stability of the results and must
therefore be resummed in a closed form. For example, the jet impact factor at NLO

(projected onto the LO eigenfunctions of the BFKL kernel) has contributions of the type

[ (=),

where f, is the quark PDF. These contributions are not divergent due to the +-prescription
structure, but contain logarithmically large corrections at the threshold o — 1. Moreover,
because of the +-prescription structure, these logarithms will multiply the derivative of
the PDF (which is not small for & — 1). Similar contributions can also be found in
the NLO hadron impact factor. Another example is represented by the forward Higgs
boson cross section, at small transverse momentum. Here, we expect also Sudakov-type
logarithmically large contributions. Perhaps, it would be extremely interesting to supple-
ment the calculations with a resummation of such enhanced corrections in a Sudakov-like
manner [232]. One of the great challenges for the future is precisely the construction of

versatile formalisms that can accommodate different types of resummations.

In the thesis, we have extensively used the concept of hybrid high-energy/collinear
factorization. 1t is important to stress that the present ansatz of factorization does not
provide a complete interpolation between collinear and high-energy resummations. The
underlying idea of this factorization is that even if collinear information is inserted for a
correct treatment of the initial and/or final state IR-singularities, the dominant dynamic
is that of BFKL-type logarithms. In this way, collinear dynamics is considered in the
impact factors only. However, it is well known that collinearly enhanced NLO corrections
to the BFKL kernel can be sizable. One of the approaches to improve this lack is the
BLM procedure for the scale fixing [147, 148, 149, 150], that leads to a suppression of the
NLO corrections. An alternative is an all order resummation of the collinearly enhanced
terms, also called collinear improvement [233, 234, 235, 236, 237]. In the future, it would
be interesting to consider the impact of collinear improvement on some of the observables
seen in the thesis [85, 238].
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Lastly, within the high-energy factorization, remarkable results have been produced
in the context of forward and forward/backward productions. However, as highlighted
in [229], at the next generation of accelerators, the high energy corrections will be large
also in the central productions, making also the calculation of impact factors in the
central region of rapidity very important. In this context, to date a single next-to-leading
calculation has been performed [239] (the central jet). The calculation of these amplitudes

requires evaluating 2 — 3 amplitudes, such as the one used to extract the Lipatov vertex.

Hypothesis on the remainder function of the BDS ansatz

In chapter 4 we computed the Lipatov vertex in QCD with the required e-accuracy to
construct one of the contribution to the BFKL kernel in the next-to-next-to leading loga-
rithmic approximation. The result obtained is suitable for the purpose, since to obtain the
part of the kernel containing the product of two one-loop RRG vertices, the integration
over the phase space is that over a single particle and therefore completely trivial. This
result is furthermore supplemented by the knowledge of the vertex at arbitrary e in the

soft limit of the emited particle.

However, we briefly mentioned at the beginning of the chapter that the disconti-
nuities of multiple gluon production amplitudes in the MRK are interesting also from
another point of view. They can be used [171] for a simple demonstration of violation of
the ABDK-BDS (Anastasiou-Bern-Dixon-Kosower — Bern-Dixon-Smirnov) ansatz [172,
173] for amplitudes with maximal helicity violation (MHV) in Yang-Mills theories with
maximal supersymmetry (N = 4 SYM) in the planar limit and for the calculations of
the remainder functions to this ansatz. There are two hypothesis about the remainder
functions: the hypothesis of dual conformal invariance [240, 241], which asserts that the
MHV amplitudes are given by products of the BDS amplitudes and that the remainder
functions depend only on anharmonic ratios of kinematic invariants, and the hypothesis
of scattering amplitude/Wilson loop correspondence [242, 243, 244, 245], according to
which the remainder functions are given by expectation values of Wilson loops. Both
these hypotheses are not proved. They can be tested by comparison of the BFKL dis-
continuities with the discontinuities calculated with the use of these hypothesis [246, 247].

To this aim, impact factors for the Reggeon-gluon transition, which are the natural
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generalization of the impact factors for the particle-particle transitions, entering the dis-
continuities of elastic amplitudes, must be constructed with higher e-accuracy. Again, the
Lipatov vertex (in N/ = 4 SYM) will be part of these impact factors. Also in N' =4 SYM,
the pentagon in 6 + 2¢ contributes to the vertex [174], which implies that the great com-
plications that appear in QCD are also present in this theory. For the computation of the
remainder functions non-trivial convolutions of impact factors are required, which impliy
that a form as simple as possible of the vertex is required. Attacking this calculation, in
our opinion, requires finding a more manageable expression of the second contribution in

Eq. (4.91), which is one of our plans for the future.

BFKL vs B-JIMWLK and NNLL resummation

In this thesis, we presented works aimed at testing both BFKL and saturation dynam-
ics. As explained in Chapter 5, the B-JIMWLK hierarchy of equations contains different
aspects of small-z physics compared to the BFKL one. One of these is that saturation
effects in large nuclei are emphasized, as can be understood from Eq. (5.3). Here, the
atomic number dependence is due to presence of multiple re-scatterings in a large enough
nucleus. This leads to an additional resummation parameters O@Al/ 3. The physical mean-
ing of the parameter a?A'/3 is rather straightforward: at a given impact parameter the
dipole interacts with A'/3 nucleons, exchanging two gluons with each (two-gluon exchange
is parametrically of order o). However, in small nuclei or a proton, the BFKL dynamics
is expected to precede the onset of saturation physics. It is the opinion of the author and
collaborators that considering observables in which predictions can be built both in the
linear regime (a la BFKL) and in the effective Shockwave/CGC approaches, perhaps in
a full NLLA, could help to find the point at which saturation effects modify the shape of
BFKL predictions.

Last but not least, it is interesting to point out a different connection between the
BFKL and the Shockwave approach. To date, after more than twenty-five years since
the NLO corrections to BFKL were obtained, as explained in section 4.1, the problem of
NNLO corrections remains opened and challenging. From a conceptual point of view, the
main reason is that the pole Regge form of QCD amplitudes is violated in the NNLLA,
as observed by direct computation at two-and three-loop. There exist two approaches for

the explanation of this violation:



270 CHAPTER 7. FINAL THOUGHTS AND OUTLOOK

e The first has been developed in [175, 181] and employs the contribution of the cut

alone to explain this phenomenon, considering triple Reggeon exchange.

e The second is an effective approach based on the Shockwave formalism (as formu-
lated in [248]). In this approach, the phenomenon of gluon Reggeization, that we
have discussed in Chapter 1 of the thesis essentially comes out from the funda-
mental ingredients of the Shockwave formalism: rapidity factorization and eikonal
Wilson lines. It is revealed by expanding the Wilson lines close to the identity. In
particular, the logarithm of a Wilson line is used as a gauge-invariant interpolating
operator for a Reggeized gluon. In this context, the above violation is interpreted
in terms of triple Reggeon exchange (Regge cut) and, in addition, its mixing with a

single Reggeon [182].

Even not being a formal proof, the validity of these approaches may be confirmed or
questioned in the four loop approximation [249], upon comparing their results with the
results of four-loop calculations performed by the infrared-factorization method. In any
case, the assertion that the QCD amplitudes with gluon quantum numbers in cross-
channels and negative signature are given in the NNLLA, to all orders in perturbation
theories, by the contributions of the Regge pole and the three-Reggeon cut (with or
without mixing) is still only an hypothesis. It is our personal opinion that this problem
undoubtedly represents one of the most fascinating aspects in the study of scattering

amplitudes in non-Abelian gauge theories.



Appendix A

Further details on the Higgs impact

factor

For consistency with individual papers, definitions of some special functions are repeated

in different appendices.

A.1 Feynman rules of the gluon-Higgs effective field

theory and definitions

In this Appendix we give more details about the gluon-Higgs effective theory. The Feyn-
man rules associated to the Lagrangian (2.1) and used in this work are shown in Fig. A.1.

The tensor structures appearing in Fig. A.1 are

H" (p1,p2) = ¢"" (p1 - p2) — DY (A1)

p1, a, /l+
P2, b7 v

—

P2, b', 4

(a) igud™H" (p1, pa) (b) grgf™VH(py, pa, p3)

Figure A.1: Feynman rule for the (a) ggH vertex and (b) gggH vertex.
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VIP(p1,p2,p3) = (p1 — p2) 9" + (P2 — p3)"g"" + (p3 — p1)" 9" . (A.2)

It is important to note that, as in QCD, in using Feynman rules for this theory, symmetry
factors must be taken into account correctly. In particular, the first and second diagram
in the Fig. 2.7 require a symmetry factor S = 1/2.

We also define here some useful functions used in the main text:

=T V= e Hi—redunrD). (A3)
Lis(2) = — /0 ) Mdt_ _ /0 Mdt, (A4)
1

1
oFi(a,b,c,2) = ] / de 21 (1 — )11 —2z2)™ for Re{c} > Re{b} >0,
0

B(b,c—b
(A.5)

where B is the Euler beta function and z is not a real number such that it is greater
than or equal to 1. It is useful to show the behaviour for z — 17 of the hypergeometric

function:

o If Re{c} > Re{a + b}, then

L(e)T(c—a—10)

oF(a,b,e,1) = Tle—a)l(c—0) " (A.6)
o If Re{c} = Re{a + b}, then
. oFi(a,b,a+0b,2)  T(a+b) B
T - Terp) Tt (A1)
and
, atbc Le)l(c—a—-0b)\ T(c)l'(a+b—c)
Jim (1—2)"" (2F 1a,b,¢:2) = T T e = b)) = Tar) (4.8)
for ¢ # a + b.
o If Re{c} < Re{a + b}, then
lim 2F1(a,b,¢c,2)  T'(e)(a+b—c) (A.9)

ot (I—z)e—ab — T(a)T(b)
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A.2 Integrals for the virtual corrections

We give here definition and result of Feynman integrals that appear in the calculation of
the virtual corrections. The integrals By and Cy can be found also in the Appendix A of
Ref. [47], the integral Dy in Ref. [250] (see also Ref. [251]).°° Concerning integrals with

two denominators, we have

oy [ dPk 1 B 1 TA+eT?*(—€) o _.
Bol=4 )_/i(Qw)D Rt g? - amreai —2or(—2 4 ) (A.10)
oo [ dPk 1 1 TO4OT2(—) , 5.,
Bo(mi) _/i(27r)D K2(k+pg)?  (4m)2<2(1 —ze)r(—ze)<_mH) - (A1

Independent integrals with three denominators appearing in the computation are

dPk 1
i(2m)P k2 (k + q)*(k + pr)?

Oo(m%, 0, —(72) - C10(07 _627 m?i) = /

1 T+ ar—o1 (@)= (=mi7)
T (dmre 20(=2¢) e

Y dPk 1 I TA+er*(=e) 1 5
0.0, = | AP R+ P+ kP P an(-29 )

(A.13)
dPk 1
Cafmi0.5) = [
o(mi, 0,5) i(2m)P k2 (k + pu)*(k + k1 + k2)?
o1 1+ e)FQ(—e)l <(_5) ) (A14)
 (m)Pe 2I(—2¢) € '
dPk 1 1 F(l + E)FQ(—E) 1 e
Co(0,0,5) = / P R R T ) (rEe a2 Y
(A.15)
There is only one relevant four-denominator integral,
dPk 1
D 2 .72 — /
O(mHaO70707 q 73) Z(27T)D kQ(k, +pH)2(k +q)2(k . k’é)Q
o P(l + G)PZ(—G) 1 52\ —€ —€ 2\ €
e R R NS

%0In our notation the subscript 0 means that all propagators appearing in the integral are massless.
The arguments in the definitions of By and Cj integrals below represent the squared of the external
momenta on which they depend. Dy, in addition to the four squared of the external momenta, depends

also on the two independent Mandelstam variables typical of a 2 — 2 process.
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2 =2 2
(L my\ Ly e 7)™
6(L12(1+q_,2)+21n ( 8)+3):|+O(6),

where ky, = ko — q and (pyg + k4)* = (k1 + ko)? = 5. The definition of the integrals
Co(m?2;,0,—s), Co(0,0,—5), Do(m?%,0,0,0; =%, —s) can be obtained by exchanging ko
and —kb; the result for these integrals is obviously obtained through the s — —s trans-
formation. We observe that what said above is valid in the Regge limit; it allows us to

neglect m?% and ¢? when these appear summed to s.

A.3 Master Integrals for the projection

For the projection onto the eigenfunctions of the BFKL kernel we just need the following

integrals:

d2_26(f SN —2 ind/ =2\ — - —
Li(11, 72, m, v) = / (@™ 2™ (g (- pn)?] ",
™2

PG s 1
L(yi,n,v) = 72Yiv=4 gind 72y~ )
s = vz ) G R A T 2wy + (5 — on )]

d272€§ S\iv—3 ing =2\ — = -
[3(71;’727%”):/ 2 (q2) ze ¢(q2) n [(1_ZH)m12LI+(pH_ZH®2} "

We note that

lim Ir(y1,n,v) = Ii(71,2,n,v), (A.17)
z—1
lim I3(71, 72, n,v) = Ii (71,92, 0, V) . (A.18)
zg—1

We show here the explicit calculation of the most complicated one, I and just quote

the result for the other two. First, we introduce the vector { = (1,4) and write

, R 7.0 )"
e = (cos ¢ +ising)" = (—q —thy) = (qg i . (A.19)
7| (q?)2
Then, after Feynman parameterization and the shift
- - Yy o
q—q+ (éB + —) PH (A.20)
ZH

one finds

1T 7 + + gy d2—25—’ 1 1-x L
12(’)/1777/7 I/) = — (g 4! Z : ) / q / d.fE/ dy(l —r— y)%+’Yl+§—zV
TG +m+5—w)) w2 Jo 0
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[Q’-f—l— (x+%)ﬁH-f]

7 n__ - ) <A21)
.y str+5—w
{672— (33+ o ) pH+:rpH+y(mH+pH>]
where ﬁﬁ{ (IZZ% Now, we expand the binomial in the numerator as
H
n n n—j

o7 yyN. 7 ny, . z; Y o R
q-l—l—(x—l——)p -l} = (.)q'l]($+—> P -1 A.22
[ DT =3 (D)@ e+ L) @D (A22)

J=0

and observe that only the term with j = 0 survives. At this point, we are able to obtain

the simple form,
(P T (3 o+ = )
2 PEB4m+2—iv)

1 l—x y n d2—26q—‘ 1
X dx dy(l — oz — y)atn+i—w (3: + —> / —, (A.23
/0 /0 y( y) ZH 71-\/5 [q—»g + L]%-l-"/l-l—%—w ( )

where

[2(717717 V) =

2
L—po—i-y( H—l—pH)—(x—i-i) h - (A.24)

Zh ZH

Finally, we can integrate over ¢ and then make the change of variables
=AM\, y=AN1-A4), (A.25)

to obtain

p2Vzemon T (54 +2—iv+e) (! 1—-A)N\"
By = TP LGS W9 [an (a4 G280
ZH\/§’7T6 F(§+'71+§—’ll/) 0 ZH

1—A ***71*§+1V € rl o
KA + ( > )) pp+ (1 —A)m ,3} / AN \TE b
< 0

H
X(1 = \)FFtE=iv( — \g) e (A.26)
where - >
¢ (2+558) i (A.27)
B (1-A)Y =2 , =A)(—zm)m3 ] '
(a4 052) i+

It is easy to see that the integral over A gives a representation of the hypergeometric

function. By using Eq. (A.5) we arrive at the final form

(7)o

Iy(v,n,v) =

FS+n+2—ivt+e (-2 —m+2+iv—re)
F'(l14+n—e
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X /1 dA (A + (- A))n [(A + u _QA)) Ph+ (- A)(lz— ZH)m%{} —3 oy fiv—2—c

ZH H ZH

1 n . ) _ n
X o F} (—5 —71+§+ZV—6,§—|—71 —w+§+e,1+n—e,() . (A.28)
It is very important to note that this integral is indeed divergent for every ¢ > —1 (see
the asymptotic behaviors of the hypergeometric function in Appendix A). It is important
to extract the divergent contribution of the integral 5 in the form of a pole in €. For this
purpose, we take the limit A — 1 in the integrand of I5. Using Eq. (A.9), we have, up to

terms O(e),

52) =3 mtiv—coinén (] 4 ¢ 1 1 T
1273‘5(’}/1,71, V) = (pH> ( ) 2 2y / dA(l - A) -
(= 2m)Vare i+ (L= 2n)Ph) Jo
1 (92 7%7’}/1«}121/76 neE (] 1
_ 1 (P7r) € (1+¢) 3 =) (A.29)
€ (1= zp)V2me (mig + (1 = 21)0g)

This simpler integral has the same singular behavior of I, therefore the combination

(F3)beer

[0 (50 (1 5) g 00 1

FE+m+2—i)l (-3 —n+2+iv)
I'(l+n)

IQ,reg = 12 - [2,as =

ZH

2 2 2 2 m2 + (1 — z)p2)

['(1+n) 1
T (L it (1-A)- ZH)} - (A30)

1 n ) . n 22 (g2 _%_'71_%+7;V
X{QFI (———’Vl—i-—+w,—+'yl—w~|——,1+n,() —(H<pH)

is not divergent and has a finite € — 0 limit.

The other two integrals can be computed by using the same technique:

d2—2€ g —‘I?I)—%—H'V—e—”/l—vg ein(;SH

9/ oviv—3 ing 2= [(~ = -2 _ P
Ilwl,w,n,v):/ — @@ (@ pu)] m=d N

FA+n+mn+2—iv+e)l(—s—mn+2+iv—€el(1—1—¢
FE+m+2—i)L (A -y —mn+2+iv—2¢) ()

] . (A3D)

note that for 75 > 1 and integer, we cannot put € = 0 because the integral is divergent;

d2—2eq’ Nir— 3 ind s =2 — . _
(@) 2e™ ()™ [(1— 2m)myy + (B — 20 @)?]

™2

1—3(71)727”7 V) = /
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— noin — I —D 4 iv—e

(222t 2 y/2me \ 2F 2y

FA+y+mn+2—v+te)l(—s—m+2+iv—elE+24+m —iv)
T4+ +2—iv)T(p)(1+n—e¢)

1 n . 1 noo.
><2F’1 ———")/1+——|—Zl/—€,—+")/1—|—")/2—|———ZV+€,1+7L—€,£ )

2 2 2 2

where .
&= (A.33)

14+ (1_2_{1)"7'%-1 )

Pg
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Appendix B

Heavy-quark pair impact factor

B.1 Impact factor in the transverse momentum space

In this Section we give the expression of the leading-order impact factor, together with
the functional form of the amplitude for the g + R — ¢q subprocess, where R here means

“Reggeized gluon”. The leading-order impact factor is defined as [35]

f 1Pl0)
APlRR} > :&
g9 (ZQapQ7(T) 2(N2_1) (B 1)
ds R ca ac’ * .
<3S [ S e e @ (Ten @)
)‘Q)‘Q)‘G QQQ
where 5ec
|Pl0) = —— B.2
(ePl0) = (B.2)

is the projector on the singlet state. We take the sum over helicities, {Ag, A5}, and over
color indices, {@, @}, of the two produced particles (quark and antiquark) and average
over polarization and color states of the incoming gluon. In Eq. (B.1), s,z denotes the
invariant squared mass of the gluon-Reggeon system, while dp;gq, is the differential phase

space of the outgoing particles. The amplitude I'* describes the production of quark-

9—{QQ}
antiquark pair in a collision between a gluon and a Reggeon. The latter, as before, can
be treated as an ordinary gluon in the “nonsense” polarization state ¢, = —k%/s. Having
two particles produced in the intermediate state, one can write

ngR 1 dZQdZQ
= ———0 (1 — 20 — 25) 6P ({— Po — Pp) ——=d’py d*p5,  (B.3
or P{eQ} 2 (27)° (1 =20 = 2q) 0" (7 - Pq — 7o) 207g PQ @°Pq (B.3)

with pgy the antiquark momentum, and zg its longitudinal momentum fraction (with

respect to the incoming gluon). Summing over the three contributions, {M;j23}, of

279
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M1 MQ M3

Figure B.1: Feynman diagrams relevant for the calculation of the impact factor for the

heavy-quark pair hadroproduction.

Fig. B.1, one gets

F;:{QQ} 92 (tt)u(p ) (mR}f — QZQP €— P¢) kQ ( Q)

S

f (B.4)
—_ Z92 (tcta) ( ) <mR¢ — QZQP €— i)ﬁf) 2 (pQ) )

where e identifies the gluon polarization vector, {t} are the SU(3) color matrices and
R, R, ]3, P are defined as

1 1

- - _ , (B.5)
my + 05 my + (Po — 27)*

_ 1 1
R= _ - - , (B.6
mg + (P — 209)*  m + (o — q)* )

= PQ PQ — 24
P= __ - , B.7
b+ 73w+ (o - el D

m3 + (b — 200)°  my+ (o — 2
Using Eq. (B.4) together with Eq. (B.1) and performing sums and integrations (the latter

ones only on the antiquark variables), our final result reads

2 -
A9 (24, j:%;@:i 2(R+R)* + (23 + 23 Pyp)
g9 \FQ:PQ,4 TN mq QT2
2

N _ B

(B.9)
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B.2 Projection onto the eigenfunction of the LO BFKL

kernel

In the following we compute the projection of the impact factors onto the eigenfunctions

of the leading-order BFKL kernel, to get the (n,v)-representation. We get

Ay (n.v. g, %) _ / P 2yt oo 1205 (@:F0: 2) _ a2V N” =1
d2ﬁQ dZQ o 7T\/§ d2ﬁQ dZQ 2rN
Jo(0 Jo(0 Jo(1
x  md J3—2—22( )ﬂ + (b +23) | —mh | Js—2 22( )ﬂ + 22( )42
mq TP motrg) Mo TP
N? 2 2 2 2\ 5~ J2(0) 2 (.2 2 2\3—w
1 ()"
Ju4(0 ( — = >
Js — 4(;” — (25 + 25) [(1—ZQ)2J4(1)— —— J2(1)] . (B.10)
(23)° Mo+ Pg
Q
where Ja(A), J3 and Jy(\) read
dz(j s (@2))\
Jo () = =2 zl/fiezmi) -
0= [ e e
 (73)% einta 1 P42 tive )T (42 —iv—)) -
V2o (g pg)rtE [ (1+4n) '
1 n .
(3+2—iv—2\) 1 n 3 n
22 Fil—=+=-+iv+ A=+ —iv—\1
Eeesre R G S AR AL USRI R
BF s 1
J3E/ (q—»2>w—§ezn¢ 5
V2 (m3 + (P — 07
(5)* e 1 PGrs+)l(E+5—iw) (G+5—)
- 5 L n ;
V2 (e pg) O (14 n) (53w
» 3+n , 2 1+n+, 5+n 14
-+ — — v —— 4 =+, -+ = —iv n
22 P\ Te T Ty Ty T AT

(B.12)
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d2q—' ) 3 ((72))\
J ()\) = / (q»Q)fw—iemqb - -

! (mg + (P — ) (mg + (Pg — 207)?)
(P3)2eme (3—iv—A+2) TE+24+iw+ AT (E+2—iv—2))

V2 (g ) rin)

Lm0\ 1 A n A —3 A2
o ats i ))/dA(1+——A) <1+—2—A)
0 z z

1 . n o . n (1+%_A)2
§+w+>\+§,§—w—/\+§,1+”7xm ’

(B.13)

=2
and y = %; the azimuthal angles ¢ and ¢¢ are defined as cos ¢ = ¢,/|q] and cos ¢pg =
pQ,x/'ﬁQ"



Appendix C

Further details on the Lipatov vertex

C.1 Polylogarithms, Hypergeometric functions and

Nested harmonic sums

In this appendix we give some usual definitions and useful relations.

Polylogarithms [252]
We define polylogarithms as

Ly+ﬂz)::(_1yl2]§iﬁlﬂ%ﬂ (1)

al 1—tz

and Nielsen generalized polylogarithms as

(—1)ato-t /1 dtlna_l tIn®(1 — 2t)

&“”:(a—nm t !

Sa,l(z) = LiaJrl(Z) ’ (C2)

where a and b are integers. During calculations, the following inversion and reflection

formulas for polylogarithms are useful [252],

Li,(2)+ (—1)"Li, (1> = ——1 " 1' 1+ (=1)" ) (1=2"")((n—j) In’ (—z) ,

z
J=0 J:

n—1 ; p—1
1 J kl —1)
= n‘ © {sn —ip— E Gl Sp—kn—j(1 — z)}—l—u In" z1In”(1-2),
=0

= 4! n!p!

where
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In particular, from these relations, we obtain

Lia(2) — —Li (1> _ @) - %m?(—z) . Lis(2) = Lig (

z

1

z

) @) In(—2) — élnS(—z) ,

Lis(2) = —Lis G) - Zg(z;) - %g(z) In*(—z) — %1114(—2) ,

Lis(2) = (¢(2) = Lig(1 —2) = InzIn(1 — 2) ,
Liz(z) = —Liz(1 — z) — Lis (1 - %) +¢(3) + éln?’z +¢(2)Inz — %ln2zln(1 —2),

In? 2

2

Liy (2) = ¢(4)—S13(1—2)+In 2({(3)—S12(1—2) )+ (§(2)—L12(1—z))—é11132111(1—2) :

It is also useful to know that,

d . . In(1 —y) d . Lis (y) d In*(1 —y)
—L = - —L = —S = —" C.3
- () T () R () T (C.3)
o o In®(y)
S{Lig(y +ie)} =m0y — 1) In(y) , S{Liz(y +ie)} =70y — 1) 5 (C.4)
. . (1) In’
S{S1a(y +ie)} = 7Oy — 1) {4(2) — Liy (5) - 2(y)} . (C.5)
Hypergeometric function ,F}
We can represent the hypergeometric function o F} as
1 1

oF1(a,b,c;z) = m/{) dr 271 — 2) "7 (1 — z2)™ (C.6)

for R{c} > R{b} > 0. The definition is valid in the entire complex z-plane with a cut along
the real axis from 1 to infinity. Using the integral representation (C.6) and performing

the transformation

e o
one can prove the following identity
2Fi(a,b,1+b;1+2)=(—2)"2F (1+b—a,b1+b1+z7") . (C.8)
Choosing a = b = €, we get
(e 14+ el+2)= (—2) 2F(6,6,1+e1+271) . (C.9)

One can also prove the following expansions [253]

[e.9]

oFi(1,—e,1—€2)=1— ZeiLii(z) : (C.10)

=1
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1iz{1+{1+(1i2)1n(1—z)}6

4 {2 4 (1 + Z) In(1 — 2) In((1 = 2)e) — (1 - Z) LiQ(z)] &

z z

o F1(2—26,1—¢2—¢2) =

2(1;— 2) N 2(12— z) @)+ ln(l?)z— z)

1—=2

#m o

X (3(1 +2)+2(1+2)In(l —2)—3(1—2)In z> > - Lis(2) (1 +2In(1 — 2))

2(1—2)

(L13(1 —2)+ L13T(Z> — g(3)>] 63} + O(€") . (C.11)

Nested harmonic sums and M functions [188]

The nested harmonic sums are defined recursively by

S =37, Sy =3 (C.12)
k=1 k=1
while the M-functions are defined by the double series
M(;j E T l’g) = i i ™t sz(nl)Sﬁ(ng)S%nl + nz)l’nll’nQ . (ClS)
s J s vy ) ny i 7 k 1 2

n1=0mn9=0
C.2 Some useful integrals

The integral [,

The integral

fope = /01 b1 = 95 “ (=) ™ (axc;(f(i ;)x)) (4.50)

is invariant with respect to any permutation of its arguments, as it can be seen from the

representation

1 1 1
01—y — 29 —
Tope Z/ dﬂﬁ/ d$2/ dxs U =21 — 72— 3) : (C.14)
v 0 0 0 (axy 4 bxgy + cx3) (172 + T123 + T2T3)

To prove that (4.50) and (C.14) are equivalent, we first integrate over x3 and then perform

the change of variables

To T1Z2
T = , Z= ,
T1 + T (1 —x)xy + (1 — 29) w9 — 7179
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B (1—x)z B xz o z(l—-x)(1—2)

xl_z+x(1—x)(l—z)’ xz_z—i—x(l—x)(l—z)’ xs_z—kx(l—x)(l—z)’

with Jacobian

B rz(1 —x)
(il P Ry (C-15)

L e 6 (4y)
Iabc:/ dx/ dz Bl )
” B 0 az(l —x
! 1

We obtain

)+ brz +cx(l —z)(1 — 2)

- /0 G S (bx;g(i ;)x)> , (C.16)

which is equal to (4.50) after the trivial change of variables z <+ 1 — x.

Another useful representation of immediate proof is

! > 1
Lope :/0 dx/l R Few e v g - (C.17)

In the case when a = G2, b= ¢ and ¢ = (¢, — ¢2)*> = p?, the explicit solution of the

integral is [254]

! 1 72 -2 1—
[q’Zq»Qﬁz :/ d.]? =5 =5 — ln <Q1 :C__‘;_ QQ( I’))
P o Gr+g(l—z)—pPx(l—a) p2x(1 — )
2 psin ¢ ) o }
= |lnparctan [ ————— ) + I (—Liy(pe™ ’ C.18
|q1||QQ|Sln¢ |: p <1 —pcos¢ ( 2(p )) ( )
where ¢ is the angle between ¢, ¢; and p = min (%, %)

The box integral with one external mass

Here, we derive the result for Iy in Eq. (4.54), i.e. a box integral with massless propa-
gators and one external mass, using direct Feynman technique. The integral is

1 1
I4B:—.

i /d k(k2 +ie)[(k + q1)2 + ie][(k + ¢2)% + i][(k — pp)? +ie] | (4.53)

Defining
dy =k +ie, dy=(k+q)*+ic, ds=(k+q)+ic, dy=(k—pp)*+ic, (C.19)

we can write

! / ' L ! / p ! (C.20)
- 7 = x ) - 3 .
didy o ((1—x)dy + zdy)? dads 0 y((l — y)dy + yds)?
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and hence

(1-2)
d1d2d3d4 / dy/ dm/ . 1—x)dl+xd4)+2((1—y)dz+yd?€)]4 |
C.21

After integration in the d”k, we obtain for Iz,

ILip = 7P’I(4 — D/2)

1 1 1 2(1—2)
X dz dx d ,
/0 /0 /0 Y= 2) oozl —g) + (by + a(l — 9))(1 —2)) — 0] 27

(C.22)
where a = —t;, b = —t,. Performing the trivial integrations over z and x, we have
I(e)
Lin = 7272171 -
=m0 = Irn,
1 dy 1 1
8 —s5(1—y) —i0) " = (by+a(l—y)) '], (C.23
/0 sa(1 —y) +by +a(l —y) [(=52(1 =) —0) (by +a(l—y)']. (C23)

The first term in the square bracket gives

e [ -yt 1l o
(52 =40) /ody(82+a)(1—y)+by_(_82_20) b/dwl—x(l—(32+a>/b)

11
= (=85 — i0)" 15— N (1,6,1+e;1— (52;“)). (C.24)

In the second term, denoting ¢ = by + a(1 — y), one can organize the integral as

b b a 1 1
/dt:/dt—/dt:b/ dx—a/ dx . (C.25)
a 0 0 0 0

In this way, we obtain

! dy 1 b1 . !
/0 32(1—y)+by+a(1—y)(by+a(1_y)) _326/0 d l—x(1—(b—a)/ss)

at 1 .Z'E_l be (b_ a)
d = Fi[1,e1 1 —
szb/o x1—:l7(1—(b—a)(32+a)/(s2b)) sbe> 1( 6,1+ ¢ 5 )

¢ ) . _(b—a)(52+a)
ek (1, d4el o ) . (C.26)

a

Finally, restoring t; and t,, we have

mete IO e)F2(1 +e€) 2

2 (s2 —t1)
82t2 F(l + 26) €2

(—t2)

ILig = |:(—SQ—Z.0)62F]_ (1,6,1+6;1— ) (C.27)
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(9 —t1) (t1 — t2)> }

82(—t2)

(t1 — t2)
52

+(—t2)62F1 (17 €, 1 + €] 1-— ) — (—t1>62F1 <]., €, 1 + €] 1-—

This result is exact and coincides with that in (4.57).
Feynman integrals with logarithms

In the calculation it happens to come across momentum integrals that have logarithms in

the numerator. We explain below how to evaluate them, considering the example

7.2
P2 (C.28)
k2(k + ¢2)?

Using In k2 = %(E 2y ‘a:O and exchanging the order of integration and derivative, we get

2 /dD—Qk 1
Ocx (k2)' = (k + ¢2)*

e oy—14e O [ 0aT( —a—e)l'(e)l'(a +¢)

@), {( ) T i et a) LO

(1 —e)(e)
I'(2¢)

a=0

=T

— 7T1+e(q—'22)—1+e

[mq;? + (1) +(e) — (1 —¢) —w(ze)] . (C.29)

C.3 Relation between Euclidean and Minkowskian

integrals

In this appendix, we give an explicit derivation of the following relations:

I = ”2+€Fil —¢) {m ((t)s(f];l(:s%)z) T+ Ly — 15] , (4.87)

ti =~ et (1 (22) + 0 - 0 - 2000 + 0020 ) +
(4.67)

e Let’s start from the definition of I5:

. 1
Iy = Z/d T+ o P+ ik @) + e[kt pal + e[k —ppl +id

We introduce the standard Sudakov decomposition for momenta,

k=apg+Bpatk,, dPk= %d@dﬁdf”m , (C.30)
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—2 —2
q 52 S1 q

G =pa—py=—""Ppt_Patqii, G=py—ps=——_Ppt-_PpataL. (C3)

By expressing denominators in terms of Sudakov variables, we can reduce the integration

over « to a simple computation of residues in the complex plane. We have the following

five simple poles:

k2 ELa)?—i 22 E+La)?—i
ay; = < ) Qg = ( - QI> 89 ZE: + q_l ) Qa3 = ( i Q2) —~2 * + ﬂ ; (032)
Bs s(6+ %) s s(B+%&) s
k2 — e k2 — e
= = +1. C.33

We observe that in the region Q@ = {f# < —1 Vv [ > 0} the integral always vanishes,
since all poles are on the same side with respect to the real a-axis; in the region Q =
{—1 < 8 < 0} we have contributions from three poles lying in the lower real a-axis: ay
in the whole region —1 < 8 < 0, ay in the region —* < 8 < 0 and a3 in the region

—% < B < 0. The integral can therefore be expressed as

L[ [y 1
b= W/—l 1+5 o [a458 — k2 + ia} [(044 - %)(5 +2)s—(k+q)* + ig}
» 1 1
[(0a = 1)Bs = B2 e [(0n = 2)(8 + )5 — (R + @)? + ie]
[ aB _ 1 1
W/—? B+ o [azﬁs — k24 z’s} [(042 — )8+ %)s —(k+ @)+ z’s}
y 1 1
|:O[2(]_ +B)s — k2 + is] [(ag —1)8s — k2 4 ie
o /0 A6 [ -2, 1 1
S lagfs — 2+ iz] |(ag = T)(B+ 2)s — (+q1)? + ie]
1 1
X

las(1+ B)s — B2 e [(0y = 1)Bs — B2+ ie|
(C.34)

Substituting the explicit values of poles and doing simple algebric manipulations, we end

up with (omitting the ie’s in the denominators)

1 1
7 [ dBp® | dP2k——— - =
/0 pp / PR+ B3 (R + BD) + 81— B)(—s) IR + B(1L - B)(—s)]

_[52—
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v | dpp? [ P2k (2) = . L
ﬂ/o PP / S ) (k+ @)k + (1= B)qg + Be)*[(k + (1 = 8)q@1)? + B(1 — B)¢7]
1

CE T - A7)+ B B)(—s)

1
—7T/ dﬁ( _B) /dD 2]{5((]2) _ - _ - _ - .
0 525 [(k+ @)°]*(k + B@)*[(k + BR)* + B(1 — 5)G;]
(C.35)
The third integral is suppressed in the high-energy approximation; as for the other two,
they can be calculated by first performing the change of variable k— I6; k in the integration

over k and then integrating some terms in # by using the following integral:

(1—p)P™ ! (1—5)’3_”—1
/dﬁ 5+ _/Odﬁ 5+ /dﬁ5+6

[ (1—5)D_"—1 B 1) —In
_/Odﬁ - /dﬂﬂﬂ w(1) — (D D—Ins,  (C36)

where 0 is a generic quantity tending to zero, like 2 /s for instance, and n = 5 and 6 in

the cases we are interested in. We obtain

™

_ T [ o2 1 L (EH@)(=s)Y (D —
Is = s/d kEZ(E—i—q])Z(E—l—@P {1 ( (=s1)(=s2) ) 1) = 9D = 5)

1
2L appd | dP 2 k=— = - :
™ /0 bb / P2k + 832 (F + Pan)* k2 + B(L— A)3A

(C.37)

To get the desired form, we rewrite the last two terms in the square bracket as an integral

over 3,

_ D—6 __ D—6 1
w<1>—w<D—5>=/d/3“ 6)5 ! /0d65 . /Odﬁ%,

and combine with the last term of the full expression, to get

_ T [ b2 1 n b+ @)"(=)
=3 e (o)

/ /dD 21:[ 32 1 ]
- B B(G — @21 — Ak + Bk — )] (k- +&)2(k - @,)?

_ T [ b2 1 (9@ - B)? , (k — @)% (k — &)°
B S/d kEQ(/;—fﬁ)Q(/;—qE)Q [l < (—s1)(—s2) )+1 ( 152(“1—“2)2 )]
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52

/ /dD 2k 1
-8 B(G — @))2[(1 = B)k2 + Bk — §1)?] — G+ @)

i
.2
+z/dD_2kﬁ S S WY (. .
s k2(k— q)*(k — ¢)? (k—q)?

Expressing the term in the last line as

1
d —/dD *k— -
3/0 61—5 — )2k — §)?
and performing simple manipulations, we get
[5 — E\/dD—Qk, _ 1 _ — |:1H <<_S)(_i B 3)2):|
§ F2(k = 32k — @)’ (=s1)(=s2
+ E/dDqu ! Ty E)Q(k: %)
s E2(k —q)2(k — §)? k2(qr — ¢2)
B 1

/ dﬁ— / D 2 - _ - — S - —
sJo 1=8 k‘2 ﬁ)k2+6( — @) (k= B(@ —@)?* (k=@ + @)
which, by using definitions (4.15), (4.16), (4.18), leads exactly to eq. (4.87).

e
U
S~—
[\o}
—_

e Let’s prove the second relation; again we start from the definition of I4p:

1 [, 1
Y K =r== = rr= (e E =t

(C.38)

We again introduce the Sudakov decomposition (C.30)-(C.31) and observe that we have

four poles:

k2 — e k+q)?—ic s k+@)? —ic q2 k2 — e
B = ; 522%——2; 532%——27 fi=——F—

as (a— s s (a—2)s s (a—1)s
In the region @ = {a <0 V « > 1} the integral always vanishes, while, in the region
Q = {0 < a < 1}, if we close the integration path over $ in the half-plane 33 > 0 and

use the residue theorem, we have
/ dP7%k L
(afss — k2 + ie)

I4B——7T/
1

a(Ba+ 2)s — (F+ G)? + ie)l( — 2)(Ba + Z)s — (F + )2 + i)

X




292 APPENDIX C. FURTHER DETAILS ON THE LIPATOV VERTEX

+7T/SS1 da / &k
o a= ) (aPys B +io)a(fy+ 2)s — (F+3) +idl(a— Vs — B+ 3]
(C.39)

In the last expression, we neglected the contribution of the pole 35, which is present in the

region ' = {0 < a < ¢?/s}, since it is suppressed in the MRK. For the same reason, in
the previous integrals we approximated o — ¢/s with a.. Substituting the explicit values

of B3 and f4, one gets (recalling that s1s9/s = (§1 — ¢»)? and taking the high-energy limit)

1
1
Iip = 7r/ dozaQ/dD_Qk:_, — : (C.40)
0 k2(k + ag@)?[(k + aqi)? + a(l — a)(=s; —ic)]

aP—2k
/ do a2/ - B = — = -
0 (k+@)?[(k+ (1= a)@)* + a(l — )@ (k + (1 — a)@ + agi)?
Manipulating the first term and using the integral in eq. (C.36), one can obtain the

following form:

o = Ty i (222) 01— - vt

Sgtg
s 1d_0‘/dD2kq — 41 — -
0o o (k—q)*k— (@1 — ¢2))?
_r /dD 2L 1
s2.Jo 1—a (k+ @)? [ak? 4+ (1 — ) (k + ¢)?

1
da o | d°2k . (CA41
/ / k+aq2) + a(l — a)qQ](k+a(q2 —¢1))? ( )

In the last integral we perform the transformation

)

S o , ak’ . o - o

k—k=k—p, a—a= - — with p=q — ¢,
(1 —a)k?+ ok’

and ge
T e () e

- 1d_a/dD2k 1
0o @ (k= @)*(k — (@ — @))?
— /dD 2k !
s2.Jo 1—a (k+ @)? [ak? 4+ (1 — ) (k + ¢)?

]4B

™
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T e /dD 2k — o’p” .
s (k + ap)?[(k + op)? + (1 — )F2[(1 — @)k + ok + §1)? ](C 2)
The last two terms can be shown to lead to
L da 11—«
dP 2 k— = =
/ (k=1 =a)(@ — @))?[ak? + (1 —a)(k —q)?
2+€
DO O 2y 2e) — i(e)) (C.43)

Sgtg F(QE)
so that we finally find

ti = =TI e (1 (22) w0 - 2060+ vi20) )|
(1 / da / Wl;z? 2
" 1l -« _ 1

o2+ (1= a)(F = @] (F— (1 - )@ — @)z (k= @)k = (@ — 6))?

which is exactly eq. (4.67).

C.4 Soft limit

In this appendix we evaluate the soft limit (p— 0) of the integrals considered so far. We
start from Z3, given by eq. (4.15). In the soft limit, the dominant contribution comes

from the region ko~ q1 =~ ¢2; hence we can make the replacement

1 1 . -
— — — with qu1+(h
k2 Q 2 2
and obtain
1 1 1 1 F2(e)
I >~y d2+2ek# = = p2)e1 . 4
P @t / k2 (k492 Q2I(2e) 7 (€49

To obtain the soft limit of Zyp, eq. (4.17), we restart from the representation
dz
Tus = [ )~ I50).
o T
where

1—=x

Jg(x) = | dz 1=e v
(z) /O [2(1 = @) (az + b(1 — 2)(1 - 2))]
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and we observe that, in the soft region

Jp(x) becomes

1 ! 1 1 1o 1
o) = /0 AT~ G /0 dz [2(1 - 2)]

Lis = —@21)1_6 /01 = /: dz [2(1-2) " = —@21)1_6 /01 dz [2(1 - 2)]! /: o

TP 1
- T(2¢) (G2)1-<

Alternatively one can use the property of the Euler-Beta function to find

L - g [ 5[ - - [ B0 - B0 - neo)

where B(xz,a,b) is the incomplete Euler beta function and B(a,b) = B(1,a,b). Introduc-

(¥(€) — ¥(2e)) -

ing the regularized Euler beta function,

B(1 —x,¢,¢
(e = P (C.a7)
and using the property 1 — I1_,(e,€) = I, (¢, €), we find
B(e,e) [tdx ) 1
Iip = ————— —I.(e,¢) = = €) —Y(2)) . C.48
o | S0 = GO v ()

The soft limit of the pentagon integral, eq. (4.86), can be immediately obtained and

reads [47]
T2 (1 —€) T2(e) (
s ['(2¢)

Iy ~ 52;—1 ((e) — (1 — €) + i) . (C.49)

From this, by using eq. (4.87), we obtain

Is — L3~ (V(L =€) —(e)) . (C.50)



Appendix D

Further details on the di-hadron

production

D.1 Finite parts of virtual corrections

D.1.1 Building-block integrals

1 a4l (1k

IEH(Gy @y A1, Dg) = —/- -.(L) —, (D.1)
TS = @)+ A (= @)2 + Ay | 17
1 dj’

(G, @, A1, Ag) = —/ - d l =, (D.2)
TS NT= )2+ M| (= @)%+ Ay
1 Al (1k

Ig(q_L q_)27 Ala AQ) = _/ r - ‘(‘L_>,\ 0 (Dg)
T =—q)?+ A1 [l — @)+ Ay

. A4 (1 1

PG A B = L [ L) _ 0.4
T (= q)2+ A [(T=@)2 4 Ay | 17

The arguments of these integrals will be different for each diagram so we will write them
explicitly before giving the expression of each diagram, but we will omit them in the
equations for the reader’s convenience.

Explicit results for the first three integrals in (D.1-D.4) are obtained by a straightforward

Feynman parameter integration. We will express them using the following variables:

(@3 + D) - \/(5122 + Au)* + 47340,
pl - 2—»122 Y

(D.5)

295
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(@ + Diz) + /(@3 + An)® + 4334

= , D.6
& 2(112 ( )
where Aij = Az — Aj .
One gets
k
I = EP) qié =) =) e (D.7)
2 [6112 @’ + Al) (@ + Az) = (¢7° — @ + Av2) (" A2 — ¢7Ay))]
(p1— p2) @5 1—p —p2
Ao (T2 4 A1)’
(@A) | DR )
A (G5 + Ag)
) (50
L = ————1n , D8
’ @5 (p1 — p2) {(1 - p1 —pa2 (D-8)

and

Fo— (Q12+A12)Q1+((721+A21)q§1 [( —p1 ) (1—p2>]
3 = 53 n
2(p1 — p2) (%2) I—m —pP2

Q12 Ay
_ In D.9
2%2 (A2) ( )

Please note that in some cases the real part of A; or A, will be negative so the previous
results can acquire an imaginary part from the imaginary part 4 i0 of the arguments.

The last integral in (D.4) can be expressed in terms of the other ones by writing

F =1, (QhQﬁ) + 11 (Q{quzl + quQﬁ) + Iy (qglqﬁ) ’ (D.10)

with

1[G2qk — (31 - ¢
e pline 6 sl o

023 — (@1 )7
-2
@ q @ +A o o =
- K 162 2) 8 (1A—11) @+ (@ @) I5+ {3 (G- G2) + DGy — Do (G- ) P IT|
1

1 72 4 A
Il2 — =353 — — ln (Q1 X 1)
4720 — (@1 - @) 1

N @ (¢ ;612)4 7 (@7 + A1) (aundT) + (@inl3)]
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@)+ @)
4670 — (@ @)°]

Ly = T2 (D.13)

5 (7 + A2) (qundt) + (qrnls)] + (1 2), (D.12)

In what follows, for the ¢’s functions we use the variables x,Z. In the main text these

should be identified as © = z, and z = z5.

D.1.2 ¢,

The arguments in the integrals of D.1.1 are

. N T—2z\ . r—2z L
q = p1— . Pq; g2 = (ﬁpq—qu%

X
Ay = (z-2)@+2)Q% Agz—%(z?—zo.

Let us write the impact factors in terms of these variables.
They read:

(longitudinal NLO) x (longitudinal LO) contribution:

d(x—2)(T+ 2)

. [~Z(z — 2)(z + 1) + ok (20 — (20 — 2) (2 + 1))[f] , (D.14)

(¢4)LL =

(longitudinal NLO) x (transverse LO) contribution:

(0010 = (1=20)pr) (04) =40 =2) (F+2) (1= 2042) (TP ) gL+ B P ] 1T (D-15)
(transverse NLO) X (longitudinal LO) contribution:

(@);L = 2{[(x — T — 2)¢5, quir + (82T — 62 + 222 4+ 32 + 1)q) | qo1 i) IF
—2042? — 2324+ 5) + (2 4+ V)Yl + (x — 2 — 2) (G- @) I
+Dhl(r =7 = 2)g5, +7(2(x — 2)° = 57+ 32 + 1)1 ]

—z[2(z — 2)® — 5w + 3z + 1]1

(1l —2
+xm( x)

. 2¢200 0™ + I5 — ¢}, (2qo 14 If + 1))} (D.16)

(transverse NLO) x (transverse LO) contribution:

(07 = [(@—7=22)(x =7 =2)(@-Pp)diy + (2 + V(@ - @) Doy — (@ - B )as,)] 1]
+ 2Z[goux — (7 — Z)CIuk](pf]yLIjk — g7 1™
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+ 20z —2)[(2T + 2)(¢2 - Ppr) — (@ -ﬁ )1V

+ (1= 2)(@ - B, — (@ Py)al ) — (1= 22)(F =&+ 2) (@1 - @) Pl 1

— 2[(z = 2)(Zq], — 2T + 2)@] )par 1

(1—2z) (42° — (32 +5)2 + (2 + 1)?) qorapar’) | I*

— z(xz— :E)( (z — 2)? —5x+3z+1)p§11[§

(7 +2) (pqul — g7 Pk l})

L [g7 (1= 2)(@% - Bipr) = 2(1 + 2 = 2)(0 - Byrr))

((1- )Q%J_ - x(l +z— Z)Qu)qu'

Z-—z)(Z—2+2)¢, —T(2@—2)>-5z+32+1)q},) pqyi]

It [gij (=2 4+ 2)(q1 - D)o + (1 — 2)(¢2 - Do )ik — (2 + 1) (G - &2) Pgrv 1)

I

+ o+ +

qu((:v — T+ Z)QQJ_kpql’J_ (2 + 1)Q§qu1’ﬂc)
((

qu v —1—2z)(x — T = 2)q) povik + (1= 2)q kP

(1—22)((1 — 22+ 2)¢% quir — (22° + 32 — 2(8% + 62) + 1)qhquk)pq1/ﬂ
% [(z — 7) qu/l@(Jukuk + 15— g1y (I + 201k 11))

(@1 L (I + 221 17) = 2q01 1" = I3)

—

97 (G Pp) (To + 2025 1F) + P11k (201 T +15))] . (D.17)

i
pql’L

+ o+ o+

D.1.3 &

Here the integrals from D.1.1 will have the following arguments :

. r—z\ ., Z. o . z .,
qQ = ( T )p3 Ep 42 = Pq1 — qu’ (D.18)
z2(x — 2z _
Ay = %(p(ﬂ +272Q%), Ay = (v —2)(T+2)Q*. (D.19)
With such variables, it is easy to see that the argument in the square roots in (D.6) are
full squares. In terms of the variables in (D.18), the impact factors read,
(longitudinal NLO) x (longitudinal LO):

4(x— 2)(—22(T + 2) + 22 + 2) [

(¢5)LL =

f(ZE — Z)]Q — (zquk — X (f + Z) QQJ_k) If} s
(D.20)
(longitudinal NLO) x (transverse LO) :

<¢5)£T = (z - x)pél’J_ (¢5) L1 (D.21)
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dr—2z)(x—T—2)

(transverse NLO) x (longitudinal LO) :
7 _ — — — zZ — i
(0)r, =2 [(2 =2 = 2) (@ - @) — 2@ — 2°Q*+ (= 0)g?| I}

2 .
T

+

(ZQﬁ —x(T+ Z)QSJ_) Pq1/ L1 (gikji + [{) ;

+2¢5 iz — 7 — 2)IF + 2£($(8x —3) — 6wz + 222 + 2)1]
T
2 ,
+ = [ogh, (v — T — 2) + i, (82° — 627 (2 + 2) + x(2 4+ 3) (22 + 1) — 22°)] I

[(z — 2)(Z + 2)q1ip + 2(42® —2(32 +5) + (2 + 1)) qors] I™

xx(r — ) [quklik + I — g, (qukff + [2)] , (D.22)

N8R

(transverse NLO) x (transverse LO) :

(¢ ) —2(x — z) [E( ) — (22 + 2)(& 'ﬁql’)] I

+ [~2(r = 2)*Qpgyy + (T — 2 +22)(T — 2+ 2)(G - P )11
— (@ - P) (= + Dby — 2= (22 = 2)gi)

(D) @ %) = (2 +2) F)pi, | B

—2—(xqoir + (x — 2)q11k) (giqul’il[kl - pql/ijjk)

X
+[2(r—2) (v — 2)°Qy, — (2 — V(@ - Pr)ahy

R, ; r—x o _ o i
+ (2 = 1)(@2 - Pgrr)q], + - ((552—2)61124‘55(55—934‘2)(611'Q2))P§11 I

r—2x )

+2 [ - (55(4952 —Bz+5)z+ (24 1))@k + (z — 2)(T + Z)Quk) p;l’L
- — (:c(2:z; —z=2)¢3, + zqh) pql/J_k:| ik

T(z—x) o
= (22% — 62z + z 4+ x(8x — 3)) ply, I3

22 . .
#@=a (@ o s+ (064200 - 80 - e+ D425 )t ) s
+ (1= 2)(g7(@ - Pipr) + @519l ) + 4 2 = 3)(gH(G - Pipr) + a1 plr )] Lo
z ; T id

+ (3:70 +z— E> pfﬂ,L]?’f - ;(Bx — z)gqullk]gf
+ [(m — :Z*)zof]‘l,L {(:E — 2+ 2)gh gk — (227 — 622 4+ 32 — 82T + 1)qoirql |
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22 ; ij
—2(z—x+4+22— Z)Qquﬁ} + Z(r — Z)Qngﬁpql’Lk

+ (1 - Z)QlLk<gij(i2 “Pgrr) + Q%Lpglu)

+((x— 2+ 2)qerr — 2q11k) (97 (1 - Pyr) + q{ipzl’L)
ij 2\ o 5 o

+ g7 ((55' + ;) @2 — (24 1)(q - Q2)> Dql’ Lk

+ (=2 —22)(0 =7 = 2)aluadh, — (= + Daral, + 2020 — )2l ql ) oo IF

+t— [(z = 2)°ply ) (qeind™ + I5) = phyry (w4 I5) + g7 pgvin(qord ™ + I5)
+ (L + @undt) (97(@ - Br) + a1 Py — (1= 22)%q1,9501)] - (D.23)
D.1.4 ¢4

We will use the variable

. r—z\_, z,
q= < > D3 — —D1- (D.24)
T x
In terms of these variable we have (longitudinal NLO) x (longitudinal NLO) :
(¢6)rr = —4az®Jy, (D.25)

(longitudinal NLO) x (transverse NLO) :

(d6)7r = (1 —22)ply, ) (d6)L (D.26)
(transverse NLO) x (longitudinal NLO) :
(¢6)§“L =2z [(1 - 2-73)1722LJ0 - Jﬁ] 5 (D.27)

(transverse NLO) x (transverse NLO) :

(¢6)ZIJ‘T =T [(33 - -’f)ngupfﬂ'L - glj (5112 'ﬁql’) - p21/¢p(77u] Jo
_|_

Kl

[@ - f)péyLQik — Parikg? + pf]l’Lgik} Jﬁ . (D.28)
We introduced

g (x — 2)? i I Py + rTQ?
o P +27Q? + 252 )

T—2z)

(D.29)

—

22 g2
and

9 - 2 2~ 2
s B () o
x(pqz + 22Q)?) xz(pq_2 + r7Q?) z(r — Z)<p¢72 + 22Q?) + 2%2q
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D.2 Finite part of squared impact factors

In this section, we present the finite part of squared impact factors for the real corrections

case.

D.2.1 LL transition
The double-dipole x double-dipole contribution is

8p+4
O (pro, par, p3L )@Y (P, PhysPsy) = e —
# (@) ( )

P 2y P ar
Pgar 2 ql a2 g3
(1—zq) Q + Tq + Tg + z

xg(d2? + 4z (2 + 2)) (T4Dy3 — 2Pg1) (TgDysr — 2Dg1)
Tq (xq + 2)2 <<;3qu) QQ) ( q3+;”q1) + pqS + pql + Q2>

(zq+2) z

4 B 9y 2 . ey D-ar — 2011
B (Axgrg + 22 — d2*) (TqPys — 2Pg2) (TqDysr — 2Pg17) ) + (¢ + q). (D.31)

(g + 2) (24 + 2) (%’;q?”ﬂ + Q2> (—(pq2+jq3’ T

:):Jrz z

The interference term in the dipole x dipole contribution reads

(3 G, 52)01 " (v, 7, 0) + ©F (1, 72, ) B (v ) )

8p+4
q2’ 2 ﬁf121/ 51122’ Pg> 2
z(xq—l—z) 27 (@qt2) +Q H+w_q+7+Q

(

(4zgzg + 2(2 — d2)) (Py — fqﬁé) (zqPy — 2Pq1)

X
N 52,
G-y (( + @2)
(dz + 415(1 (xq + 2)) ( )( fqﬁql’) B
- ~ +(@+q)
2 q2
acq—i—z) >
+ (1« 1',2<—>2). (D.32)

The double-dipole x dipole contribution has the form

(I)I<ﬁ17ﬁ25ﬁ3) q);,r*<ﬁl/7ﬁ2’) = qDI(ﬁhﬁZaﬁS)@I*(ﬁl’?ﬁZ’a 6) + qJI(ﬁlaﬁ?aﬁ?))&);*(ﬁl’aﬁ?)a
(D.33)
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where
+4

2 52
oo (@) (A5 )

(I)I(ﬁbﬁ%ﬁ?))(i);*(ﬁl’?ﬁy) =

(4rgrg + 2(2 — d2)) (Py — fqﬁq)(%ﬁw — 2Dg1)

= 42/
(ﬁg - %)2 (:L" :L?qlJrz + QQ)

X

Lq (d2* + dag (rq + 2)) (Py — fﬁq)(ﬁg?) - éﬁql) _
- - + (g a)
(ﬁg o %)2 <x ;j—i—z) Q2)

For the dipole x double-dipole contribution, one just has to complex conjugate (D.34)

(D.34)

and also invert the name of the momenta i.e. 1,2 <> 1, 2.

D.2.2 LT/TL transition

The double-dipole x double-dipole contribution is

‘I)Z (Pu» P21, Pu)‘bi*(p,u, Plua ng)
—4p+3
2

<Q2 pg3 pq21+pq2> (Q2+ 93’ + ql’ + q2’>
Tq

2 (P GL—(Gpp) PL) (dz + 4z, — 4) - <*.*>p;u<2xq_1)(4(:5(,_1)%_6122)

X
2’2113(? (Z + IL'(I) s < Zﬁxq ij-/wq )
. ((ﬁ-ﬁ(ﬂ)Hi— (H - p)Pi > (dz + 42, —2) — (H - ﬁ)pqu (22, — 1) (2(2 — dz) + 4z ,24)
+
22xy (2 + x4) (2 4+ 24) 2 (Q + Z+;i/)m ) (QQ — Zﬁzﬁ)
H! (z2(zd+d—2) + x4 (2 — 4a3)) 24 _
1 (=( ) + 24 ( f» + (g6 7). (D.35)
2 (24 39)% (2 + x9) (Q2 z+§cj)xq)
Here,
G = :vqpﬁm — 2y, HY = xqu;:%’L — 2Py, Pl = :I:qp;u — 2P (D-36)

The interference term in the dipole x dipole contribution reads

(@451, 7 O3 (B ) + 8551, 7o) 0 (B, i, 0))
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_ g3 A wgrg (dz? + dz — 22 + 2z,
v —

— dz424)
2
AZ(z+14)2 (24 24) <Q2 pg + p"l + pq2> <Q2 o )

(zt+zq)z
(- Bl (d22 + da (2 + 20)) (1 = 22g) + 2 (T Fip) A

J
32 2 4 pg ql’ q2’ Pg2 2 q22/
2 (2 + ) Aq<Q 4oy )( Hﬁﬂ%)(Q T )
7y (2 (- P) i = (o BYKL) (d2 +daq = 2) + (K - B ol (1= 2a5) (2(dz — 2) = day17))
2 (2 + 2q) 2q (2 + q) A2 (Q2 pg + ‘“/ ) ( Zf;j e > <Q2 + xqéﬁ'xq))
2 (- B)XE = (X - i) A0 ) (d + g = 2) + (X - B)pfy 1 (1 2a) (2(dz — 2)

~ (i - By)JL) (dz + 4wy — 4)

— dwqg)
q2/ Pq1

(z+xq)xg ) <Q + Tq Z+ﬂ7q)>

) (dz + 4xq —4)— (X - &q)pflu (224 — 1) (4 (zy — 1) 2g — d2?)

oS (o ) (o0 i) (o0 o)

zﬁg(z—kxq)(z—kx) (Q2 pg+pq1 qu <

< ((X 'ﬁql)Aij - (ﬁql ) AJ)XL
_l’_

zq(z+zqg)

zq(z+zq)
+(q < q), (D.37)
where
A — TqPy — LgPy A= TPy — TgPg (D.38)
e Ty+xy T, tz,

i i i pi P i

X1 = TgDlg1 — #Pg2L =P |ps=0, JI LgPg1 — qul’L Hﬂpg 0>
i i

KJ__‘rf?ng_ qu2f¢ GJ_|P3—

(D.39)
The TL transition is obtained from above by complex conjugation and inverting the
naming of the different momenta in (D.37) and (D.35)

The double-dipole x dipole have, respectively, the form

(bi(ﬁlaﬁ?aﬁ?))(b;*(ﬁl/aﬁ?) = (I)Z(ﬁbﬁ%ﬁ?))(bi*(ﬁl’aﬁé/a O) + (I)i(ﬁlaﬁ%pé)é;*(ﬁl/apé’) )

(D.40)
OF (1, Pa, Pa) % (P, Por) = OF (P, P, )5 (F1r, P, 0) + OF (P, o, D3) 5 (s, )

(D.41)
where

1= — — ~+* — — 4p::/_3
D (P, P2, P3) @3 " (P, Por) =

— _‘72,
o) 8 (s @2) (B + B+ 4 2)
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TqxgAL (dz(z + 1) — 2 (1 — 21,) (24 + 2)) (dz +4zg —2) (AéP P — P'hgr - Aq)

~2
(14 +2) (23 +2) (zqg+2)? (xqég;+@ 4‘(22>

(2x, — 1)p’f]1]3 A, (2(dz = 2) — dzgay) ((d—4)z — 4z,) (Wiﬁtﬂ A= AW 'ﬁi?)

=2
2 (g +2)2 (50 + Q) (v +2)? (5225 +Q2)

(225 — 1) (d2* + 4z (x4 + 2)) ppr A,

2, +2)? (5 + @)
and
. 4p+3
O (71, D2, P3) @5 (Prr, D) = — B
2A2 (144 2)2 <Q2 + 2 Z:fql + Zf)

zez ((d—4)z — 4wy + 2) (Pi P - &q> —A! <
g (27 + 2) (xq(iq;z) + Q2>
Ty (3 = 2q+ 2) Py (P B,) (2(d2 = 2) = dagay)
Tg (g + 2) (xq(iq;1+z) + QQ)
(zq — 2q+ 2) (d2° + 44 (x4 + 2)) Ply (W . &q>
(v +2) (s + Q)

2((d — 4)z — 4z,) (A; (W .ﬁq-z,) — Wi (ﬁ(ﬁ, : &,))

2 +(q ¢ ).
(v +2) (il +@Q2)
(D.43)
Here, we introduced
Wi = xqp;:u - Zp;u- (D.44)

D.2.3 TT transition

The double-dipole x double-dipole contribution is

+2
Py

<Q2 pg3 pq21_|_pq2> <Q2+ g3’_|_ ql’_|_ q22’)
Tq

(I)i(pu,pu,pu)q)i(p'u,p'u,pgﬁ* =
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gFr,xs (2d+d — 2+ 2x5) 2Ppy,, (1 —2z,) (d—2)z—2z; dz+ 2xq>
_ _ _
(z4x4)" (2 +24) 2 (2 + 25)° <Q2 — Zixq)> Z 4 x5 Z 4z,

2@?@”@0+P@¢f>(m—4p—2%+(d—mz—z%>
2 (2 + 24)° <Q2 - Iz)fixq)) z 4 x4 z+ x5

1

sty oot g o) (@ ) (@0 )

(- P) [phy vy (1= 22,)

X (1= 220) (2(2 — d2) + dgeg) + (g (Bor - Frr) + Pl Pl ) (2(2 = (d — 4)2) + dagay)]

(
(=42 =2) |20 G (¢F(P - ig) + Pipkyy) + 215 (P Byt — B ) PL) |
+((d =4z +2) [2H (P B — B ) PE) + 20 - ) (0 (P - i) + Plpf )]
+ 22 <(ﬁ P ) PY — (P - p*qQ,)Hf) pas’ (1 —2x,) (dz + 4wy — 2)

- ! S S (O P
o o) (@ ) (@ + )
x g (G 5an) (P ) = (G 5)(P - i) ) + (i - Br) (GLPE = G PY)
+ 2(6 D) (Pip’;u + przu (1- 2%)) - 2(é  Da1) (prz1'¢ + Pip];1’L (1- 2%))}
+ (é : ﬁ) [pgupfnu - p;uplqglm (1- 2%)2 + QT (Pg1 ‘ﬁql’)} (d'zz + x5 (2 + qu)) H

+(u+ﬂ2H%3H3JHm>+@H@. (D.45)

The interference term in the dipole x dipole contribution reads
(®4(5, 72)0" G, 72, 0) + Bi(G, 7 O) L G, )

2p+2
ST (0 o)
[((d _(S)j ;q)qu) T (9“C (P - D) + Pa' A+ Pl AL (1 2%))
7 (4= 02 = 200) (g - Bg) + Py L AEL) + Py AL (d2 +20) (1= 227) )
(z 4+ x4) % (2 + x5)
1

ey ) (@4 ) Pl

X
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<[t (- B)XE = (X F) ALy ) 2y = 1) = (X 5i) (0 - B) +9hru A3 )
XL <(pq1 A )pz?'i_ (Pg1 - ﬁqQ’)Aqiﬂ 442 (1 _qu)péu«ﬁq?"&q)Xi_(X'ﬁQQ’)AkL)
2 (1= 20g) (dz + 4y — 2) by, (B - B)XL = (X - Fp)AL, ) = 2((d — 4)2 = 2)

z
x| (95K ) + Xphy ) (- B0) + (XBipa's — (i) X1 ) AL
(

AQ)pZM_quJ_ (1= 22) (1 = 22q) (2(d2 — 2) — 4x429)

(X &q) (gf(ﬁql “ Pa2) +p§upé*2'¢) (2(2—(d—4)z) + 4quq)}
1
2 (dz +4x; —4) (1 —2x4)
2 (2 +ag)4 <Q2 %) xq{ [

X (pngL <(Z7r72 AV = (V '17172)Afu) + Dt ((Vﬁq2’)AkL — (P - 5q)Vf))

+VE ((1762 R )Py — (P -ﬁ@f)Aé,Q + <(Pq2 Pa)Vi— (V- pq?)qu’L> Ak

+ g (VBB - Bg) = (V- i) G- B0)) + Plos (V- B Al = (e - BV |

(V- R0) (Phopbys (1= 200)° = 65 (o ) — PPl 1) (2 — 4 (w5 — 1)) } |

1o 1262,00k)+ (@0 q), (D.46)
Here,

Vj = quZﬂ - pr;u- (D.47)

The double-dipole x dipole contribution has the form

ébfl(ﬁlaﬁ?uﬁiﬂ) (I)g*(ﬁl’aﬁ?) = q)zil(ﬁhﬁ%ﬁ:i)q)i*(ﬁl’?ﬁ?? 6) + (I)El(ﬁluﬁ%ﬁ3)§)§*(ﬁ1’7ﬁ2’)7

(D.48)
where
q)i(ﬁlaﬁ%ﬁ?))(i)g*(ﬁlﬁﬁ?)
2p+2
X 9 | P p21 2 9 P2,
A2 (Q T+t Q)(Q +(Z+q) )

—2)z — 2:15 )T o . i
X |: Z + . l] q <gf(p62’Aq) ‘I’pq?/LAqu +p672’LkAqL (1 — 2356))
q

q(<<d—4>z—2xq> (9% G B) + Pl AL ) + Pl i (d o+ 23,) (1= 2a7) )
" G +2)% (2 + 27)

1
2 (24 14) 205 (2 + 24) 2 <Q2—|- 72 ) {Z((d—4)z+2)

zq(z+zg)
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X [pqu_ ((ﬁqZ’&q)Pf - (ﬁﬁqu)Aqli> (22, — 1) — (Ppp) (gf(ﬁﬁ&q) +Pq1'iAqi>

— PE(5n B e — Fnfi)Adk)| +4wgz (1= 220) pr' (B B PE = (Pi) AL
2 (1= 22g) (dz + 4wy = 2) p (BB PL = (Pia) AL ) — 2((d = 1)z = 2)

< | (9 (Pn) + Ploah) G Bg) + ((Praper's = Gudi) PL) A%

+ (PA)par g’ (1= 22) (1 — 224) (2(dz — 2) — daezq)

PR,) (¢ (Fufr) + Patipar’) (2 = (d = 4)2) + d2g) | (D.49)

(
— (
As above, the dipole x double-dipole contribution is obtained by complex conjugation

and changing the momenta.
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