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myself as a young guy from Gribov’s department, who is hurrying up to meet you and
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are still with me and I am trying to share them with young physicists.
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Abstract

The center-of-mass energies available at modern accelerators, such as the Large Hadron

Collider (LHC), and at future generation accelerators, such as the Electron-Ion Collider

(EIC) and Future Circular Collider (FCC), offer us a unique opportunity to investigate

hadronic matter under the most extreme conditions ever reached. In particular, we can

access the Regge-Gribov (or semi-hard) limit of QCD, characterized by the scale hierar-

chy s ≫ {Q2} ≫ Λ2
QCD, where

√
s is the center-of-mass energy, {Q} a set of hard scales

characterizing the process and ΛQCD is the QCD mass scale. In this limit, large loga-

rithmic corrections can affect both parton densities and hard scattering cross sections.

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach represents the established tool to

resum to all orders, both in the leading (LLA) and the next-to-leading (NLA) approxima-

tion, these large-energy logarithmic contributions. However, it is well known that at very

low values of the Bjorken-x, the density of partons, per unit transverse area, in hadronic

wavefunctions becomes very large leading to the so-called saturation effects. The evolution

of densities is then described by non-linear generalizations of the BFKL equation. Among

these, the most general is represented by the Balitsky-JIMWLK hierarchy of equations,

which is needed to describe the scattering of a dilute projectile on a dense target, or also

the scattering of two dense systems. The dense system condition can be achieved by a

very small-x proton, but is more easily achieved for large nuclei.

It is clear that a detailed comparison with experimental data requires precision pre-

dictions that can only be achieved in the next-to-leading logarithmic approximation or

beyond. We face this task from two different perspectives. On the one hand developing

analytical calculations that allow to increase the theoretical accuracy that can be reached

in predictions, and on the other, by proposing phenomenological analyzes that can be

directly tested experimentally. In particular, within the BFKL approach we calculate

the full NLO impact factor for the Higgs production. This is the necessary ingredient to
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study the inclusive forward emissions of a Higgs boson in association with a backward

identified jet. We claim that this result should necessarily supplement pure fixed-order

calculations entering in the collinear factorization framework, which cannot be able to

describe the entire kinematic spectrum in the Higgs-plus-jet channel. The result can be

as well used to describe the inclusive hadroproduction of a forward Higgs in the limit of

small Bjorken x. Moreover, using the knowledge of already known impact factors we pro-

pose a series of new semi-hard reactions that can be used to investigate BFKL dynamics

at the LHC. We investigate all observables used so far to study BFKL, including: total

cross sections, azimuthal coefficients, azimuthal distributions and pT -differential distribu-

tions. In the context of linear evolution, we consider also the problem of extending BFKL

beyond the NLLA. To this aim, we compute the Lipatov vertex in QCD with higher ϵ-

accuracy, where ϵ = (D − 4)/2. This ingredient enters the BFKL kernel at next-to-NLA

(NNLLA) accuracy. In fact, the NNLLA formulation of BFKL requires not only two and

three-loop calculations, but also higher ϵ-accuracy of the one-loop results, for instance, in

the part of the kernel containing the product of two one-loop Lipatov vertices. Finally, in

the saturation framework, and more specifically in the Shockwave approach, we calculate

the diffractive double hadron photo- or electroproduction cross sections with full NLL

accuracy. These results are usable to detect saturation effects, at both the future EIC or

already at LHC, using Ultra Peripheral Collisions.



Sintesi in lingua italiana

Le energie nel centro di massa disponibili ai moderni acceleratori, come il Large Hadron

Collider (LHC), e a gli acceleratori di futura generazione, come l’Electron-Ion Collider

(EIC) e il Future Circular Collider (FCC), ci offrono un’opportunità unica di indagare

la materia adronica nelle condizioni più estreme mai raggiunte. In particolare, possiamo

accedere al limite di Regge-Gribov (o semi-duro) della QCD, caratterizzato dalla gerarchia

di scale s ≫ {Q2} ≫ Λ2
QCD, dove

√
s è l’energia nel centro di massa, {Q} un insieme di

scale dure che caratterizzano il processo e ΛQCD è la scala di massa della QCD. In questo

limite, grandi correzioni logaritmiche entrano in gioco sia nelle funzioni di distribuzione

partoniche che nelle sezioni d’urto dure. L’approccio BFKL è lo strumento appropriato

per risommare a tutti gli ordini, sia nell’approssimazione dei logaritmi dominanti (LLA)

che nell’approssimazione dei logaritmi sottodominanti (NLA), questi contributi logarit-

mici. Tuttavia, è ben noto che a valori molto bassi della variabile di Bjorken x, la densità

dei partoni, per unità di area trasversale, nelle funzioni d’onda adroniche diventa molto

grande conducendo ai cosiddetti effetti di saturazione. L’evoluzione delle densità deve

essere allora descritta da generalizzazioni non lineari dell’equazione BFKL. Tra queste,

la più generale è rappresentata dalla gerarchia di equazioni di Balitsky-JIMWLK, neces-

saria per descrivere la diffusione di un proiettile “diluito” su un bersaglio denso, o anche

la diffusione di due sistemi densi. La condizione di sistema denso può essere raggiunta da

un protone ad x molte piccole, ma è più facilmente raggiungibile per grandi nuclei.

Risulta chiaro che, un confronto dettagliato con i dati sperimentali richiede delle predi-

zioni di precisione che possono essere raggiunte solo nell’approssimazione dei logaritmi

sottodominanti o oltre. Affrontiamo questo compito da due diverse prospettive. Da un

lato sviluppando calcoli analitici che consentano di aumentare l’accuratezza teorica rag-

giungibile nelle previsioni e, dall’altro, proponendo analisi fenomenologiche direttamente

verificabili sperimentalmente. In particolare, nell’ambito dell’approccio BFKL calcoliamo
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il fattore di impatto per la produzione di un bosone di Higgs, nell’approssimazione sot-

todominante. Questo è l’ingrediente necessario per studiare le emissioni inclusive di un

bosone di Higgs in associazione ad un jet identificato. Crediamo che questo risultato

dovrebbe necessariamente supportare i puri calcoli ad ordine fissato che entrano nella

fattorizzazione collineare, che non posso descrivere l’intero spettro cinematico nel canale

di Higgs più jet. Il risultato può essere utilizzato anche per descrivere l’adroproduzione

inclusiva di un Higgs nel limite di basso x. Inoltre, utilizzando la conoscenza dei fattori

di impatto già noti, proponiamo una serie di nuove reazioni semi-dure che possono es-

sere utilizzate per studiare la dinamica BFKL ad LHC. Indaghiamo tutte le osservabili

utilizzate finora per studiare BFKL, tra cui: sezioni d’urto totali, coefficienti azimutali,

distribuzioni azimutali e distribuzioni differenziali nel pT . Nel contesto dell’evoluzione

lineare, consideriamo anche il problema dell’estensione di BFKL oltre l’approssimazione

dei logaritmi sottodominanti. A tale scopo, calcoliamo il vertice di Lipatov in QCD con

maggiore accuratezza in ϵ. Questo ingrediente entra nel kernel BFKL con precisione suc-

cessiva a quella sottodominante. Infatti, a questo grado di accuratezza, la formulazione di

BFKL richiede non solo calcoli a due e tre loop, ma anche una maggiore accuratezza in ϵ

dei risultati a un loop, per esempio, nella parte del kernel che contiene il prodotto di due

vertici di Lipatov ad un loop. Infine, nel quadro della saturazione, e più specificamente

nell’approccio Shockwave, calcoliamo le sezioni d’urto diffrattive della foto- o elettropro-

duzione di due adroni con precisione sottodominante. Questi risultati sono utilizzabili

per rilevare effetti di saturazione, sia al futuro EIC che già ad LHC, utilizzando collisioni

ultra-periferiche.
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Introduction

QCD is the most perfect and non-trivial of the

established microscopic theories of physics.

John C. Collins [3]

Quantum chromodynamics (QCD) is a quantum field theory describing the Strong

interaction, one of the four fundamental forces of Nature. It is based on the non-Abelian

gauge group SU(Nc), where Nc = 3 is the number of quark colors [4]. Although QCD is

a theory that has developed over a long period through a combination of theoretical and

experimental efforts, its birth year is usually considered to be 1973, when David Gross and

Frank Wilczek, and independently David Politzer, discovered the Asymptotic freedom, i.e.

the remarkable property for which interactions between color sources become asymptot-

ically weaker as the energy scale increases and the corresponding length scale decreases.

From that point on, the continued predictive successes of the theory definitely established

QCD as the theory of strong interactions. However, to date, a full understanding of the

theory has not been achieved.

One of the main aspects that makes the theory tremendously complicated is the Color

confinement : the phenomenon that color-charged particles (such as quarks and gluons)

cannot be isolated, and therefore cannot be directly observed. There is not yet an analytic

proof of color confinement in any non-Abelian gauge theory, but it is well established from

lattice QCD calculations and decades of experiments. The phenomenon can be under-

stood qualitatively by noting that the force-carrying gluons of QCD have color charge,

unlike the photons of Quantum electrodynamics (QED). Whereas the electric field between

electrically charged particles decreases rapidly as those particles are separated, the gluon

field between a pair of color charges forms a narrow flux tube (or string) between them.

Because of this behavior of the gluon field, the strong force between the particles is con-

stant regardless of their separation. Therefore, as two color charges are separated, at some

17
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point it becomes energetically favorable for a new quark–antiquark pair to appear, rather

than extending the tube further. This tells us that the theory, which is asymptotically

free at high-energy (short distance), is strongly coupled at low-energy (large distance).

At high-energy, since the coupling of the theory is small, the interaction processes can

be described through the perturbation theory, we speak in this case of pertutbative QCD

(pQCD). On the other hand, at low energies a perturbative approach is not possible; in

this case, the most common approach is the Lattice QCD (LQCD), based on numerical

calculations on a discretized space-time lattice.

It is clear that, when collision processes involving hadronic particles are experimentally

investigated, both dynamics (long and short distance) are involved. Among the great-

est achievements of pQCD, there are the so-called factorization theorems, which allow us

to separate the total process into a hard part, a cross-section for the scattering of par-

tons computable in perturbation theory, and some non-perturbative parts, encoding the

long-distance dynamics. In the factorization approach, the proton beams are treated as

collections of so-called partons: quasi-free quarks and gluons, whose (non-perturbative)

distributions, the parton densities contain the long distance dynamics and have to be

either fit from experimental data or evaluated using LQCD. Factorization implies that

these quantities must be universal, so that, extracted in a process, they can then be used

for the description of other reactions. Concerning the hard part, in any scattering pro-

cess, at least two scales are involved: the center-of-mass of the whole process,
√
s, and

the so-called hard scale, Q. The hard scale must satisfy the relation

Q2 > Λ2
QCD ,

where ΛQCD is the QCD mass scale, to ensure a perturbative treatment in αs(Q
2). Al-

though the perturbative approach is a very powerful tool, it also presents some pitfalls.

Among these, one of the most important is related to the appearance of logarithmic cor-

rections, depending on the kinematic scales involved and entering the perturbative series

with a power increasing along with the order. It is clear that, if in certain kinematics

these logarithms are large, they can compensate the smallness of the strong coupling, αs.

In these cases, a resummation to all orders of the perturbative series becomes mandatory.

An important example of this phenomenon is related to the cancellation of infrared

(IR) divergences in QCD for IR-safe observables. These are typically dealt with through
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the dimensional regularization procedure, which leads us to divergent quantities of the

type
1

ϵ

(
Q2
)ϵ

=
1

ϵ
+ lnQ2 +O(ϵ) , (1)

which appear when considering collinear gluon dynamics in the massless quark limit. Here,

ϵ = (D − 4)/2ϵ. In an IR-safe observable, the pole cancels but the logarithm remain. At

any order in perturbation theory we thus have corrections of the type αns ln
pQ2. In the the

so-called Bjorken limit, Q2 →∞ and moderately small Bjorken x, given by x = (Q2/s),

the logarithms can compensate the smallness of the coupling constant. The resumma-

tion of such logarithms leads to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi [5, 6, 7]

(DGLAP) evolution equations.

Another situation that can lead to the appearance of large logarithmic corrections is

the existence of a hierarchy among the scales involved. A very famous case is that of the

so-called Regge-Gribov or semi-hard region, where

s≫ Q2 ≫ Λ2
QCD .

In this case, the logarithmic corrections are of the type ln(s/Q2). Suppose we consider a

proton-proton collision, where the partonic center-of-mass energy is
√
ŝ =
√
x1x2s, with

x1,2 the Bjorken fraction associated to the two colliding protons, we then have

ln

(
s

Q2

)
= ln

(
1

x1

)
+ ln

(
ŝ

Q2

)
+ ln

(
1

x2

)
.

All logarithms on the right-hand side can be potentially large. Those of small-x appear

in the evolution of parton densities, while those of the ratio ŝ/Q2 in the partonic cross

sections. As we will see, from a physical point of view, they are always related to the occur-

rence of large rapidity intervals. The Balitsky-Fadin-Kuraev-Lipatov (BFKL) [8, 9, 10, 11]

approach represents the established tool to resum to all orders, both in the leading (LLA)

and the next-to-leading (NLLA) approximation, these large-energy logarithmic contribu-

tions. In the BFKL framework, the cross section of hadronic processes can be expressed

as the convolution of two impact factors, related to the transition from each colliding

particle to the respective final-state object, and a process-independent Green’s function.

The BFKL approach has proven to be very robust as it is able to predict rapid growth of

the γ∗p cross section at increasing energy and its consistent with pre-QCD results from

Regge theory. It is also very powerful, being able to be applied in many different contexts.
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Figure 1: The parton distribution in the transverse plane as a function of ln(1/x) and

lnQ2.

One of the major theoretical problems of the BFKL formalism is its inconsistency with

the Froissart bound, which states that the total cross sections cannot grow in s faster than

k× ln2 s, with k a constant. This limit is explicitly violated by the power-like behavior in

s of BFKL-resummed total cross sections. When we refer to the small-x logarithms, the

violation of Froissart bound is physically interpretable as an infinite growth of the gluon

density at small-x. The hadronic systems appears to become a denser and denser gluon

medium, until at some point it becomes infinitely dense. This scenario seems to suggest

that at a certain point some saturation effects must intervene to slow this growth. As

we shall see, these effects are theoretically described by non-linear generalizations of the

BFKL equation. Among these, the most general is represented by the Balitsky-JIMWLK

hierarchy of equations, derived, in the so-called Shockwave approach, by Balitsky [12, 13,

14, 15] and, in the so-called Color Glass Condensate (CGC) approach, by Jalilian-Marian,

Iancu, McLerran, Weigert, Leonidov and Kovner (JIMWLK) [16, 17, 18, 19, 20, 21, 22,

23, 24]. These approaches are needed to describe the scattering of a dilute projectile on a

dense target, or also the scattering of two dense systems. The dense system condition can

be achieved by a very small-x proton, but is more easily achieved for nuclei. A schematic

representation of the proton/nucleus structure in terms of its constituents is shown in

Fig. 1.
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The center-of-mass energies available at modern accelerators, such as the Large Hadron

Collider (LHC), and at future generation accelerators, such as the Electron-Ion Collider

(EIC) and Future Circular Collider (FCC), offer us a unique opportunity to test the

theoretical framework illustrated above, investigating hadronic matter under the most

extreme conditions ever reached. This requires making theoretical predictions that are

as accurate as possible and this is exactly the aim of this work. The thesis is divided

into three parts. In the first and in the second part we consider the linear regime, well

described by the BFKL approach. In the first part, we focus on aspects more related to

phenomenology, such as calculations of next-to-leading order impact factors and numerical

studies. In the second part, we focus on more formal aspects related to the extension of

BFKL beyond the NLLA. The third and final part is entirely dedicated to saturation in

which we investigate a new process with full NLL accuracy. More specifically, the thesis

is organized as follows:

• In the first chapter, we introduce the problem of scattering in the Regge limit of

QCD. We briefly describe the pre-QCD approach and then move on to the for-

mulation of the BFKL approach. We first develop the approach pedagogically in

the leading logarithmic approximation (LLA), and then, the chapter closes with a

discussion of the approach in the next-to-leading logarithm approximation (NLLA).

• In the second chapter, we present an example of full NLO computation of an impact

factor. In particular, we consider the forward Higgs boson impact factor, obtained in

the infinite top-mass limit. This is the necessary ingredient to describe the inclusive

hadroproduction of a forward Higgs in the limit of small Bjorken x, as well to study

the inclusive forward emissions of a Higgs boson in association with a backward

identified jet. We claim that this result should necessarily supplement pure fixed-

order calculations entering in the collinear factorization framework, which cannot

be able to describe the entire kinematic spectrum in the Higgs-plus-jet channel. We

corroborate this claim in the third chapter, showing a comparison between fixed-

order results and resummed predictions, in the case of Higgs pT -distribution.

• The third chapter is devoted to the BFKL phenomenology and, in particular, to

the study, in the NLLA, of processes featuring a forward-plus-backward two par-

ticle final state configuration. With particular reference to processes involving the

production of the Higgs boson or of bound states of heavy quarks, we will show

which observables are useful for testing the dynamics of high-energy QCD and what
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are the phenomenological challenges. We will present numerical predictions for all

these observables that can compared with data coming from the LHC.

• The fourth chapter focuses on more formal aspects. In particular, we briefly discuss

the NNLLA formulation of the BFKL approach and then we compute one of the

ingredient needed in this construction, i.e. the one-loop Lipatov vertex with higher

accuracy in the dimensional regularization parameter ϵ = (D − 4)/2.

• In the fifth chapter, we briefly introduce the saturation picture and discuss the non-

linear extension of the BFKL approach in the so-called Shockwave formalism. We

derive, in this context, the B-JIMWLK evolution equation for the dipole operator.

• In the sixth and last chapter, we apply the Shockwave approach to the study, in the

full next-to-leading logarithmic approximation, of the cross-sections of diffractive

double hadron photo- or electroproduction, on a nucleon or a nucleus. The results

are usable, to detect saturation effects, at both the future Electron-Ion-Collider

(EIC) or already at LHC, using Ultra Peripheral Collisions (UPC).



Part I
BFKL in the NLLA: theory and

phenomenology
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Chapter 1

High-energy scattering in the Regge

limit

The effort to understand the universe is one of the very few things that lifts human

life a little above the level of farce, and gives it some of the grace of tragedy.

Steven Weinberg [25]

In the first section of this chapter the Regge theory will be introduced, following

the standard presentations in books [26, 27]; it represents a very general framework in

which to discuss the scattering of particles at high center-of-mass energies. The successive

section is focused on the discussion of the BFKL approach [8, 9, 10, 11], which gives the

description of pQCD-scattering amplitudes in the region of large s and fixed momentum

transfer t, s ≫ |t| (Regge region), with various colour states in the t-channel. For this

part, we will follow Refs. [26, 28].

1.1 Regge theory and the Pomeron

Before the advent of the field-theoretical approach to strong interactions, physicists sought

to extract as much information as possible about scattering amplitudes of strongly inter-

acting particles by studying the consequences of a number of postulates on the S-matrix,

whose abth element is the overlap between the in-state (free particles state as t −→ −∞),

|a⟩, and the out-state (free particles state as t −→ +∞), |b⟩,

Sab = ⟨bout|ain⟩ . (1.1)

This type of approach is known as S-matrix bootstrap.

25
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1.1.1 The S-matrix bootstrap

The most general postulates, which can be imposed on the S-matrix, are

1. The S-matrix is Lorentz invariant.

This implies that can be expressed as a function of the (Lorentz invariant) scalar

products of the incoming and outgoing momenta. For a two-particle scattering the

most natural choice is to use the Mandelstam variables s, t, u. Since only two of them

are independent, a two-particle scattering amplitude can be expressed as A (s, t),

i.e. a function of only s, t (obviously, also other choices are possible).

2. The S-matrix is unitary.

This means that

SS† = S†S = 1. (1.2)

As known, this is a statement of conservation of probability. The scattering am-

plitude, Aab, for scattering from an in-state |a⟩ to an out-state |b⟩ is related to the

S-matrix element by

Sab = δab + i 2πδ4

(∑

a

pa −
∑

b

pb

)
Aab .

An immediate consequence of the unitary of the scattering matrix are the Cutkosky

rules, which read

2ℑmAab = (2π)4δ4

(∑

a

pa −
∑

b

pb

)∑

c

AacA†
cb , (1.3)

where pa, pb are the 4-momenta of the particles in the states |a⟩ , |b⟩, respectively.
The Cutkosky rules allow to determine the imaginary part of an amplitude by

considering the scattering amplitudes of the incoming and outgoing states into all

possible “intermediate” states. When we consider the special case of forward elastic

amplitude, Aaa, we get the famous optical theorem. It states that the total cross-

section for the scattering of two particles in the state |a⟩ is related to the imaginary

of the elastic scattering amplitude by the relation

2ℑmAaa (s, 0) = (2π)4
∑

n

δ4

(∑

f

pf −
∑

b

pb

)
|Aa−→n|2 = Fσtot, (1.4)

where F is the flux factor.
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3. Analyticity

The S-matrix is an analytic function of Lorentz invariants (regarded as complex

variables), with only those singularities required by unitarity [26].

It can be shown that this property is a consequence of causality1. Analiticity has a

number of important and useful consequences. One is that, combined with unitarity,

it allows to establish the existence of an s-plane singularity structure of the ampli-

tudeA (s, t) (there are s-plane cuts with branch points corresponding to the physical

thresholds). Moreover, it enables to reconstruct the real part of an amplitude from

its imaginary part using dispersion relations.

From these postulates, coupled with the spectrum of elementary particles, one can de-

velop a set of conditions for amplitudes. In fact, unitarity relates the imaginary parts of

amplitudes to sums of the products of other amplitudes, and dispersion relations then al-

low to determine the corresponding real parts. To underline the beauty of this approach,

we want to observe that no assumptions about the underlying quantum field theory are

made. All this information descend from fundamental principles of Nature.

As mentioned earlier, this approach uses dispersion relations to reconstruct the ampli-

tudes, which involve integrations over the complex s variable, extending to infinity. This

means that we need to know the asymptotic behavior in s of the amplitudes; this is the

goal of Regge theory.

1.1.2 Regge theory

The Italian physicist T. Regge showed that it is useful to regard the angular momenta,

l, as a complex variable, when discussing solutions of the Schrödinger equation for non-

relativistic potential scattering [30]. He has demonstrated that, for a wide class of poten-

tials, the only singularities of the scattering amplitude in the complex l plane are poles,

called “Regge poles” after him. When these poles occur for positive integer values of l,

they correspond to bound states or resonances, and they are also important for determin-

ing dispersion properties of the amplitudes.

His methods is also applicable in high-energy elementary particle physics. Regge

theory predicts that, for a great variety of processes, the high-energy behaviour of a

1This connection has a very deep meaning and is discussed, for instance, in the section 6.6 of [29].
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CC ′

−1
2

1 2

anη

l-plane

Figure 1.1: Sommerfeld-Watson transformation.

scattering amplitude A (s, t) will be

A (s, t) ∼ sα(t). (1.5)

To find this high-energy behaviour, one must consider the partial-wave expansion of

the amplitude. Through this expansion, the amplitude can be expressed as a series of

Legendre polynomials Pl
(
1 + 2s

t

)
,

A (s, t) =
∞∑

l=0

(2l + 1) al (t)Pl

(
1 +

2s

t

)
, (1.6)

where al (t) are called partial-wave amplitudes. Sommerfeld [31] rewrote this partial-wave

expansion in terms of a contour integral in the complex angular momentum (l) plane as

A (s, t) =
1

2i

∮

C

dl
(2l + 1)

sin πl

∑

η=±1

η + e−iπl

2
a(η)(l, t)Pl

(
l, 1 +

2s

t

)
, (1.7)

where a(l, t) and P
(
l, 1 + 2s

t

)
are the analytic continuations in l of the partial waves al(t),

and of the Legendre polynomials Pl
(
1 + 2s

t

)
, respectively. The contour C surrounds the

positive real axis as shown in Fig. 1.1.

It is important to note the presence of the index η, called signature, which assumes the

two possible values 1 and −1. The signature means parity with respect to the substitution

cos θt ↔ − cos θt, where θt is the t-channel-scattering angle. As we will see, the separation

into partial waves with a definite signature represents an important operation for the

development of the BFKL approach.

Now, we need to carry out the so-called Sommerfeld-Watson transformation, i.e. to
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←− Reggeon
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Figure 1.2: A Regge exchange diagram.

deform the path C into the path C ′, which runs parallel to the imaginary axis with

ℜ l = −1/2, encircling any poles2 that the function a(η) (l, t) may have at l = anη(t) and

picking up 2πi × the residue of that pole (see Fig. 1.1). After this transformation, for

the particular case of simple poles (in the l-plane) and in the Regge kinematical region

|s| ≫ t, one finds that

A (s, t)
s→∞−−−→ η + e−iπα(t)

2
β(t)sα(t), (1.8)

where α(t) represents the position of the leading Regge pole in the l-plane; it is not a

fixed value, but rather a function of the transferred momentum t. More in general, in the

case of non-simple poles and cuts, the expression of the amplitude in Eq. (1.8) will be

different.

The amplitude given by Eq. (1.8) can be seen as the exchange in the t-channel of an

object with an effective “angular momentum” equal to α(t). It is called a Reggeon, and

α(t) is called “Regge trajectory”. A Reggeon-exchange amplitude can be thought as the

superposition of amplitudes for the exchange of all possible particles in the t-channel,

with quantum number determined by those of colliding particles. The amplitude can be

factorized as shown in Fig. 1.2 into a coupling γac(t) of the Reggeon between the particles

a and c, a similar coupling γbd(t) between particles b and d, and a universal contribution

from the Reggeon exchange. The couplings γ are functions of t only, and hence, the

Reggeon exchange determines completely the behaviour in s of the whole amplitude.

2In principles also cuts can be presented.
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1.1.3 Reggeization and Pomeron

Now, it is possible to give a formal definition of Reggeization. A particle of mass M and

spin J is said to “Reggeize” if the amplitude, A, for a process involving the exchange in

the t-channel of the quantum numbers of that particle, behaves asymptotically in s as

A ∝ sα(t),

where α(t) is the trajectory and α(M2) = J , so that the particles itself lies on the trajec-

tory.

In the large-s limit, a hadronic process is governed by the exchange of one or more

Reggeons in the t-channel. The exchange of Reggeons instead of particles gives rise to

scattering amplitudes of the type of Eq. (1.5). Using the optical theorem together with

the Eq. (1.5) we can obtain the asymptotic behaviour of the total cross section of that

process, which reads

σtot ∝ s(α(0)−1). (1.9)

In 1965 Pomeranchuk proved from general assumptions that in any scattering process in

which there is charge exchange, the cross section vanishes asymptotically (the Pomer-

anchuk’s theorem [32]). Foldy and Peierls proved the converse, that is, if for a particular

scattering process the cross section does not fall as s increases, then that process must be

dominated by the exchange of vacuum quantum numbers [33]. It is observed experimen-

tally that the total cross sections do not vanish asymptotically. In fact they rise slowly as

s increases. If we are to attribute this rise to the exchange of a single Regge pole, then it

follows that the exchange is that of a Reggeon which carries the quantum numbers of the

vacuum, called Pomeron (αP (0) > 1) in honour of its inventor Pomeranchuk. The physical

particles which would provide the resonances for integer values of the Pomeron trajectory

have not been identified, but in QCD, natural candidates are hypothetical bound states

of gluons (glueballs).

We want to remark once again that the notions of Reggeon and Pomeron that we

have introduced are not linked to the perturbative approach. From now on, we will be

interested in studying the so-called semi-hard processes in pQCD, i.e. those processes

characterized by the scale hierarchy3

s≫ t≫ Λ2
QCD . (1.10)

3Here t plays the role of a generic hard scale of the process.
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In this context, we will talk about gluon Reggeization in pQCD and we will construct

the so-called hard Pomeron (or BFKL Pomeron). These objects, which allow us to find

the asymptotic behavior of the scattering amplitudes in pQCD, should not be confused

with the corresponding soft objects which are of non-perturbative origin. The connection

between the two objects concerns only the quantum numbers exchanged in the t-channel

and the first condition in (1.10).

1.2 BFKL approach

The BFKL equation is an integral equation that determines the behaviour at high en-

ergy
√
s of the perturbative QCD amplitudes in which vacuum quantum numbers are

exchanged in the t-channel. It was derived in the LLA, which means collection of all

terms of the type αns ln
n s. This approximation leads to an increase of cross sections. In

fact, calculated in LLA, the total cross σLLAtot grows at large center-of-mass energies as

σLLAtot ∼
sω0

√
ln s

, (1.11)

where ω0 = (g2N ln 2)/π2, with N the number of colors in QCD, is the LLA position of

the rightmost singularity in the complex momentum plane of the t-channel partial wave

with vacuum quantum numbers (Pomeron singularity). The BFKL equation works also

in the NLLA (next-to-leading logarithmic approximation), in which one has to resum

also all the terms of the type αn+1
s lnn s in the perturbative series. To derive the BFKL

equation, the Reggeization of the gluon in QCD is fundamental. In this section, first, the

BFKL equation will be treated in the LLA, then the NLLA case will be discussed.

1.2.1 Reggeization of the gluon in pQCD

Reggeization of the gluon in QCD has a very deep meaning. Obviously, it means that

there exists a Reggeon with gluon quantum numbers, negative signature and trajectory

α(t) = 1 + ω(t) , (1.12)

passing through one at t = 0, but it also establishes that only this Reggeon gives the

leading contribution, in each order of the perturbation theory, to amplitudes with the

gluon quantum numbers exchanged in the t-channel.

Considering an elastic scattering process A+B −→ A′ +B′ with s≫ |t|, in which

s = (pA + pB)
2 , t = q2 , q = pA − pA′ , (1.13)
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Figure 1.3: Schematic representation of the Reggeized gluon in pQCD. At Born level it

is given by the exchange of a single gluon in the t-channel, while, at higher orders, it is

represented by the exchange of a certain number of gluons which combine in such a way

as to give the exchange of an octet Reggeized gluon in the t-channel.

the Reggeization implies that the amplitude with the gluon quantum numbers in t-channel

has the factorized form

AA′B′

AB = ΓiA′A

(
s

−t

)α(t) [
−1 + e−iπα(t)

]
ΓiB′B = ΓiA′A

s

t

[(
s

−t

)ω(t)
+

(−s
−t

)ω(t)]
ΓiB′B ,

(1.14)

where ΓiP ′P (with P = A,B) represent the particle-particle-Reggeon (PPR) vertices (they

do not depend on s) and i is the colour index. It is not difficult to observe that the

amplitude in Eq. (1.14) is exactly of the form shown in Figure 1.2, in fact, there are two

couplings of particles with the Reggeon and a universal contribution which behaves as sα(t).

The second term between square brackets comes from the contribution of the u-channel4.

It can also be seen that this amplitude is antisymmetric under the transformation s →
u ≃ −s, which, in the Regge limit, is equivalent to negative signature.

The analytic form in Eq. (1.14) is the result of an infinite resummation of diagrams, this

means that the pQCD Reggeized gluon possesses a perturbative expansion in terms of

normal gluons (see Fig. 1.3). Each of the terms in the expansion in Fig. 1.3 represents a

term in the ω(t)-expansion (or equivalently αs-expansion) of the expression in Eq. (1.14).

To give a clearer idea of the Reggeization, we will now extract the Regge trajectory at

4Since s+ u+ t ≃ s+ u =
∑

i m
2
i ≃ 0, we have u ≃ −s.
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Figure 1.4: In (a) the leading order diagram contributing to the quark-quark scattering;

(b) and (c) are the two next-leading order diagrams contributing to the Regge trajectory

in the LLA.

one-loop accuracy. To do this, we need to consider a “reference” amplitude, compute

it at least up to 1-loop accuracy in the high-energy limit and then compare it with the

following expanded version of Eq. (1.14):

(A)1′2′12 = Γa1′1
s

t

[
2 + ω(t) ln

(−s
−t

)
+ ω(t) ln

(
s

−t

)]
Γa2′2 + ... . (1.15)

Let us consider the quark-quark scattering amplitude with gluon quantum number ex-

change in the t-channel (see Fig. 1.4). We choose the momenta of the two incoming quarks

as

pµ1 =

√
s

2

(
1, 0⃗, 1

)
, pµ2 =

√
s

2

(
1, 0⃗,−1

)
, (1.16)

and use q to denote the exchanged momentum carried by the gluon in the t-channel, so

that

q = p1 − p1′ = p2′ − p2 and t = q2 . (1.17)

We are interested in studying the process in the Regge kinematical region, where

2p1 · p2 = s≫ |t| = q⃗ 2 . (1.18)

We choose to work in the covariant Feynman gauge and the form of the leading order

contribution to the amplitude is

A1′2′

12 = (−i)igtajiū(p1 − q)γµu(p1)
(−igµνδab

q2

)
igtbknū(p2 + q)γνu(p2) . (1.19)

Now, it is important to stress that in the Regge kinematical region, any components of q

is small compared to
√
s, and we can make the replacement5

ū(p1 − q)γµu(p1) ≃ ū(p1)γ
µu(p1) = 2δλ1′ ,λ1p

µ
1 . (1.20)

5The normalization of spinors is u†(p1)u(p1) = 2Ep1
δλ1′ ,λ1

.
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This is called eikonal approximation and it is correct when the gauge exchanged particle

is relatively soft. The final result for the amplitude can be written as

A1′2′

12 = Γa1′1

(
2s

t

)
Γa2′2 , (1.21)

where

Γa1′1 = gtajiδλ1′λ1 , Γa2′2 = gtaknδλ2′λ2 (1.22)

are the effective quark-quark-Reggeon vertices.

At this point it is interesting to note that this result could also be obtained starting from

Eq. (1.19) and performing the following replacement in the gluon propagator

gµν

t
=

1

t

(
gµν⊥⊥ +

2pµ1p
ν
2 + 2pν1p

µ
2

s

)
→ 1

t

2pν1p
µ
2

s
=

2s

t

(
−p

µ
2

s

)(
−p

ν
1

s

)
. (1.23)

This replacement is known as Gribov trick and represents a general method for extracting

the high-energy behavior of QCD amplitudes in which relatively soft gluons are exchanged

in the t-channel. The application of Gribov’s trick produces an overall factor 2s/t and

it causes the upper (lower) vertex to contract with a term −pµ2/s (−pν1/s). These con-

tractions generate the effective vertices mentioned above, which are energy-independent.

If we look only at the upper part of the diagram (a) in Fig. 1.4 it is as if the effective

vertex can be obtained by writing the normal quark-quark-gluon vertex and assigning an

“effective polarization” (usually called nonsense polarization), −pµ2/s, to the t-channel

gluon.

In order to compute the Regge trajectory, we need to compute one-loop corrections the

A1′2′
12 . In the LLA and in a covariant gauge there are no contributions from one-loop

graphs which contain corrections to propagators or vertices, but only from the two di-

agrams denoted by (b) and (c) in Fig. 1.4. We will denote the first as A1′2′

12,box and the

second as A1′2′
12,cross. The “cross” diagram will be obtained form the “box” one by using

the crossing symmetry, i.e.

A1′2′

12,cross = −A1′2′

12,box(s→ u ≃ −s) . (1.24)

Eq. (1.24) requires a number of remarks. As it is easy to observe, when we calculate the

“box” and the “cross” diagram, in general, they have a different color structure. If the

“box” is proportional to

(tbta)ji(t
bta)kn , (1.25)

the “cross” is proportional to

(tatb)ji(t
bta)kn . (1.26)
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With these structures, in general the two amplitudes have no definite signature and

Eq. (1.24) is not valid. What is convenient to do is to separate each of the two am-

plitudes into two parts with a definite signature, using the identities

(tbta)ji =
1

2
[tb, ta]ji +

1

2
{tb, ta}ji , (1.27)

(tatb)ji =
1

2
[ta, tb]ji +

1

2
{ta, tb}ji = −

1

2
[tb, ta]ji +

1

2
{tb, ta}ji . (1.28)

Now, the parts of the amplitudes depending on the commutator, as far as the color

structure is concerned, differ by one sign, while those depending on the anticommutator

are equal. If we strip off the color factors, the amplitude of the “cross” diagram is

obtained from the “box” through the substitution s → u ≃ −s which produces a global

minus sign of difference in the real part of the two amplitudes. This last minus sign

is compensated with that which comes from the color structure only for the part of

amplitude proportional to the commutator. In the part of amplitude proportional to

the anticommutator, it generates a “fatal” cancellation of the dominant (ln(s)-enhanced)

contribution. The part of amplitude containing the commutator, which we will henceforth

refer to as negative signature contributions, dominate in the high-energy approximation

and satisfies the relation in Eq. (1.24). To all orders it produces the behavior in Eq. (1.14).

From now on, speaking of gluon quantum numbers, we will always refer to the part of the

octet with negative signature and will therefore make use of definite parity with respect

to s→ u transformation of this contribution.

The “box” diagram can be easily calculated using dispersive techniques. Cutting the

diagram in the s-channel and using Cutkosky rules we have6

ℑA1′2′

12,box =
1

2

∑

{f}

∫
dΦ2A1′2′

12 (k)A1′2′†
12 (q − k) , (1.29)

where7

dΦ2 =
dDl1

(2π)D−1

dDl2
(2π)D−1

δ(l21)δ(l
2
2)(2π)

DδD(p1 + p2 − l1 − l2) (1.30)

is the two-body phase space. In Eq. (1.30), l1 and l2 represent the momenta of the two

“cut” particles. Because of the δD(p1+p2−l1−l2), one integration can be done immediately

and we can change variables from the remaining one to the momenta k exchanged in the

6We will always use
∑

{f} to denote the summation over all relevant quantum numbers of the inter-

mediate state.
7We work in dimension D = 4 + 2ϵ. A non-zero ϵ is introduced to regularize IR-divergences.
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t-channel; we obtain

dΦ2 =
1

(2π)D−2
dDkδ((p1 − k)2)δ((p2 + k)2) . (1.31)

Now, it is convenient to introduce the Sudakov decomposition for the momentum k:

kµ = βpµ1 + αpµ2 + kµ⊥ , (1.32)

where k⊥ = (0, k⃗, 0) is a four-vector, completely transverse with respect to the plane

identified by the two light-cone vectors p1 and p2. In terms of these variables, the phase

space becomes

dΦ2 =
s

2(2π)D−2
dαdβdD−2k⊥δ(−s(1− β)α + k2⊥)δ(s(1 + α)β + k2⊥)

≃ s

2(2π)D−2
dαdβdD−2k⊥δ(−sα + k2⊥)δ(sβ + k2⊥) , (1.33)

where, in the last step, we have used that in the kinematics we are interested in

α≪ 1 , β ≪ 1 , k2 = k2⊥ = −k⃗2, (k + q)2 = (k + q)2⊥ = −(k⃗ + q⃗ )2 . (1.34)

Now, it is very simple to see that ℑA1′2′

12,box takes the form

ℑA1′2′

12,box = gδλ1λ1′gδλ2λ2′ (t
a
lit
a
mn)(t

b
jlt

b
km)

(s
t

) g2

(2π)D−2

∫
dD−2k⊥

t

k2⊥(k − q)2⊥
. (1.35)

Since we are interested in gluon quantum numbers we have to perform the projection on

the negative signature and the octet colour state in the t-channel. This is easily achieved

through the replacement

(tbta)ji →
1

2
(tbta − tatb)ji =

1

2
(T c)abt

c
ji . (1.36)

After this, the color structure becomes

1

2
(T c)abt

c
ji(t

bta)kn = −CA
4
tajit

a
kn , (1.37)

and hence we obtain

ℑA1′2′

12,box = Γa1′1
s

t
Γa2′2(−π)

[
g2t

(2π)(D−1)

N

2

∫
dD−2k⊥

k2⊥ (q − k)2⊥

]
. (1.38)

The mere existence of this imaginary part tells us that the full amplitude must be pro-

portional to

ln

(−s
−t

)
= ln

(
s

−t

)
− iπ , (1.39)
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and hence, we have

A1′2′

12,box = Γa1′1
s

t
Γa2′2 ln

(s
t

)[ g2t

(2π)(D−1)

N

2

∫
dD−2k⊥

k2⊥ (q − k)2⊥

]
. (1.40)

Using the Eq. (1.24) we can immediately write down the full (LO+NLO) amplitude, which

reads

A1′2′

12 +A1′2′

12,box +A1′2′

12,cross = A1′2′

12 +A1′2′

12,box −A1′2′

12,box(s→ u ≃ −s)

= Γa1′1
s

t

[
2 + ω(1)(t) ln

(−s
−t

)
+ ω(1)(t) ln

(
s

−t

)]
Γa2′2 , (1.41)

where

ω(1)(t) ≡ g2t

(2π)(D−1)

N

2

∫
dD−2k⊥

k2⊥ (q − k)2⊥
. (1.42)

The last definition is not casual. By comparing (1.41) and (1.15), we understand imme-

diately that, the deviation from one of the gluon trajectory is

ω(t) ≃ ω(1)(t) =
g2t

(2π)(D−1)

N

2

∫
dD−2k⊥

k2⊥ (q − k)2⊥
. (1.43)

A curious reader might reasonably wonder why the relation ω(t) ≃ ω(1)(t). It indicates

that we have extracted only the one-loop contribution, ω(1)(t), to the complete Regge

trajectory, ω(t). What are the sub-dominant contributions to Regge trajectory, it will

become clear in the next sections when we will discuss BFKL in the NLLA. For the

moment, is important to remind that, although we have made a resummation to all

orders, we have collected, order by order, only those terms in which the number of powers

of αs is compensated by an equal number of logarithms of the ratio s/t.

The integral in Eq. (1.43) can be evaluated by using standard techniques for Feynman

integrals, we get

ω(1)(t) =
g2t

(2π)(D−1)

N

2

∫
dD−2k⊥

k2⊥ (q − k)2⊥
= −g

2NΓ(1− ϵ)
(4π)2+ϵ

[Γ(ϵ)]2

Γ(2ϵ)
(q⃗ 2)ϵ . (1.44)

From Eq. (1.44), it is easy to observe that, for the gluon, ω(0) = 0, hence α(0) = 1; this

shows that the gluon lies on the Reggeon trajectory with its quantum numbers.

1.2.2 The Lipatov vertex

The second key ingredient to build the BFKL approach in the leading-logarithmic approx-

imation is the so-called Lipatov vertex. It is an effective non-local vertex. To understand
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(a) (b)

Figure 1.5: The two types of diagram which contribute to the imaginary part of the elastic

amplitude, ℑA1′2′
12 , at this perturbative order.

its nature, Let us consider the quark-quark scattering again. Let us imagine we want to

demonstrate explicitly that the form (1.14) is correct at two-loop level. If we want to

use again dispersive techniques, cutting diagrams in the s-channel, we should compute a

series of diagrams that we can split into two categories8:

• Diagrams in which the cut goes through one gluon line and two quark lines (see

diagram (a) in Fig. 1.5); we have 25 diagrams of this kind.

• Diagrams in which the cut only goes through the two quark lines (see diagram (b)

in Fig. 1.5); we have 4 diagrams of this kind.

Let us concentrate on the first class for the moment. It is clear that, for this class of

diagram, the contribution to the imaginary part of the elastic amplitude will read9

ℑA1′2′

12,ladder =
1

2

∑

{f}

∫
dΦ3A1′2′3,σ

12 (q1, q2)(A1′2′3,γ
12 (q1 − q, q2 − q))† , (1.45)

where 3 is labelling the additional particle (gluon in this case). Since the gluon can be

emitted by one of the four quark lines or by the t-channel gluon, the inelastic amplitude

A1′2′3,σ
12 has five contributions. These contributions are shown in Fig. 1.6. Let us start by

computing the diagram (a). Using the Gribov trick for the t-channel gluons, it can be

immediately written as

A1′2′3
12,(a) = −2sΓa1′1

1

t1
g(T c)ab

[
2
p1,ρp2,δ
s

Aρδσ(q2, q1 − q2)ε∗σ
] 1

t2
Γb2′2 , (1.46)

8In analogy with before, we do not get contribution of the form α2
s ln

2 (s/t) from graph which consist

of vertex or self-energy corrections on the one-loop diagrams.
9I denoted this contribution with the label “ladder” because (within this order), as we will see, this

contributions are organizable as an effective ladder of pure gluons.
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Figure 1.6: The five diagrams contributing to the inelastic process q + q → q + g + q.

where

Aρδσ(q2, q1 − q2) = gρσ(q1 − 2q2)
ρ + gρδ(q1 + q2)

σ − gρσ(2q1 − q2)δ

is the tensor structure appearing in the triple-gluon vertex. Now, we introduce the usual

Sudakov decomposition for gluons momenta:

q1 = βq1p1 + αq1p2 + q1,⊥ , q2 = βq2p1 + αq2p2 + q2,⊥ . (1.47)

The dominant logarithms come from the region where

1≫ βq1 ≫ βq2 , 1≫ |αq2 | ≫ |αq1| , t1 = q21 = −q⃗ 2
1 , t2 = q22 = −q⃗ 2

2 . (1.48)

It is easy to understand that the first three conditions automatically imply also that

1≫ βq1 − βq2 > 0, 1≫ αq1 − αq2 > 0 , (1.49)

and hence the three particles through the cut are strongly ordered in rapidity. This

kinematical constraint is very important and it is known as multi-Regge kinematics.

From the on-shell condition of the emitted gluon, we also have

(q1 − q2)2 = −βq1αq2s− (q⃗1 − q⃗2)2 = 0 =⇒ βq1αq2s = −(q⃗1 − q⃗2)2 . (1.50)
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That said, we understand that

2
p1,ρp2,δ
s

Aρδσ(q2, q1 − q2) ≃ −αq2pσ2 − βq1pσ1 + (q1 + q2)
σ
⊥ (1.51)

and hence

A1′2′3
12,(a) = 2sΓa1′1

1

t1
g(T c)abε

∗
σ [αq2p

σ
2 + βq1p

σ
1 − (q1 + q2)

σ
⊥]

1

t2
Γb2′2 . (1.52)

Let us now consider diagram (b), we first observe that the quark propagator appearing

in this diagram, in the multi-Regge kinematics, can be approximated as

i(p̂1 − q̂1 + q̂2)

(p1 − q1 + q2)2
≃ ip̂1
αq2s

, (1.53)

where p̂ = γµpµ. The approximation in (1.53) is justified by the fact that any components

of q1−q2 is negligible compared to the longitudinal component of p1. After this observation

is clear that, by using again the Gribov trick for the t-channel gluon propagator, we get

A1′2′3
12,(b) = (tatc)jit

a
kn2sgū(p1 − q1)

p̂2
s
u(p1)

1

t1
gε∗σ

[
2pσ1 t1
αq2s

]
1

t2
ū(p2 + q2)

p̂2
s
u(p2) . (1.54)

The diagram (c) is computed in the same way, but with respect to the previous one it has

a minus sign and the color structure in front is (tcta)jit
a
kn. The sum of the two gives

A1′2′3
12,(b) +A1′2′3

12,(c) = (tatc − tcta)jitakn2sgū(p1 − q1)
p̂2
s
u(p1)

1

t1
gε∗σ

[
2pσ1 t1
αq2s

]
1

t2
ū(p2 + q2)

p̂2
s
u(p2)

= 2sΓa1′1
1

t1
g (T c)ab ε

∗
σ

[
−2pσ1 t1
αq2s

]
1

t2
Γb2′2 . (1.55)

The sum of the two remaining diagrams, A1′2′3
12,(d) +A1′2′3

12,(e), can be obtained from (1.55) by

adding a minus sign and performing the substitution: p1 ↔ p2, t1 ↔ t2, α2 ↔ −β1. The

contribution is

A1′2′3
12,(d) +A1′2′3

12,(e) = 2sΓa1′1
1

t1
g (T c)ab ε

∗
σ

[
−2pσ2 t2
βq1s

]
1

t2
Γb2′2 . (1.56)

Hence, the complete inelastic amplitude A1′2′3
12 is

A1′2′3
12 = 2sΓa1′1

1

t1
g(T c)abε

∗
σ

[
pσ2

(
αq2 −

2t2
βq1s

)
+ pσ1

(
βq1 −

2t1
αq2s

)
− (q1 + q2)

σ
⊥

]
1

t2
Γb2′2

≡ 2sΓa1′1
1

t1
g(T c)abε

∗
σC

σ(q2, q1)
1

t2
Γb2′2 . (1.57)
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The structure in the middle of the two propagators,

γcab(q1, q2) = g(T c)abε
∗
σC

σ(q2, q1) , (1.58)

is the previously mentioned Lipatov effective vertex and its structure is schematically

represented in Fig. 1.7. Defining k = q1 − q2 and re-expressing the Lorentz structure

inside the Lipatov vertex in terms of scalar products, we obtain

Cσ(q2, q1) = −qσ1⊥ − qσ2⊥ −
pσ1

2p1 · k
(
k2⊥ − 2q21⊥

)
+

pσ2
2p2 · k

(
k2⊥ − 2q22⊥

)

= −qσ1 − qσ2 + pσ1

(
q21

p1 · k
+

2p2 · k
p1 · p2

)
− pσ2

(
q22

p2 · k
+

2p1 · k
p1 · p2

)
. (1.59)

Before proceeding further, let us take a little digression to discuss some properties of the

vertex. It is simple to observe that

Cσ(q2, q1)kσ = 0 , (1.60)

which means that the vertex is gauge invariant.

In physical light-cone gauges, the vertex simplifies considerably. Let us choose the follow-

ing gauge:

ε(k) · p2 = ε(k) · k = 0 . (1.61)

From the first condition ε(k) has no p1 component, the second automatically fixes the one

along p2 and we have

εσ(k) = ε⊥σ(k)− p2σ
ε⊥ · k⊥
p2 · k

. (1.62)

Using (1.62), we find the form of the Lipatov vertex in this gauge,

γcab(q1, q2) = g(T c)abε
∗
σ

[
qσ1⊥ − kµ⊥

2q21⊥
k2⊥

]
. (1.63)

In the light-cone gauge defined by

ε(k) · p1 = ε(k) · k = 0 , (1.64)

the vertex becomes

γcab(q1, q2) = g(T c)abε
∗
σ

[
qσ2⊥ + kµ⊥

2q22⊥
k2⊥

]
. (1.65)

Let us now return to the calculation of the imaginary part of the elastic amplitude
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Figure 1.7: Schematic representation of the Lipatov effective vertex.

(Eq. (1.45)). First of all, we have to compute the contraction between the two Lorentz

structures appearing in the Lipatov vertex10,

Cσ(q2, q1)Cσ(q − q2, q − q1) = 2q2⊥ − 2
(q2 − q)2⊥q21⊥
(q1 − q2)2⊥

− 2
(q1 − q)2⊥q22⊥
(q1 − q2)2⊥

. (1.66)

In the last equation we have neglected the longitudinal component βq(αq) of the net

transverse momentum exchanged in the q-q scattering, with respect to βq1(αq2). As for

the color structure and other factors, we have

2s2g6δλ1λ1′δλ2λ2′
q21⊥q

2
2⊥(q1 − q)2⊥(q2 − q)2⊥

fabcfdec(t
dta)ji(t

etb)kn . (1.67)

Performing again the projection on negative signature and t-channel color octet through

the substitution:

(tetb)kn →
1

2
(tetb − tbte)kn , (1.68)

we get

− s2g6δλ1λ1′δλ2λ2′C
2
A

4q21⊥q
2
2⊥(q1 − q)2⊥(q2 − q)2⊥

(ta)ji(t
a)kn . (1.69)

For the imaginary part of the elastic amplitude, we get

ℑA1′2′

12,ladder = −
s2g6δλ1λ1′δλ2λ2′

2
C2
A(t

a)ji(t
a)kn

10Recall that Hermitian conjugation requires the reversal of the direction of momentum in the right

hand effective vertex.
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×
∫
dΦ3

1

q21⊥q
2
2⊥(q1 − q)2⊥(q2 − q)2⊥

[
q2⊥ −

(q2 − q)2⊥q21⊥
(q1 − q2)2⊥

− (q1 − q)2⊥q22⊥
(q1 − q2)2⊥

]
. (1.70)

Now, we can write down the three-particles phase space in terms of Sudakov variables of

q1 and q2,

dΦ3 =
1

(2π)2D−3

(s
2

)2
dβq1dβq2dαq1dαq2d

D−2q1⊥d
D−2q2⊥

×δ(−αq1s+ q21⊥)δ(βq2s+ q22⊥)δ(−βq1αq2s+ (q1 − q2)2⊥) , (1.71)

and obtain11

ℑA1′2′

12,ladder = −
sg6δλ1λ1′δλ2λ2′C

2
A(t

a)ji(t
a)kn

8(2π)2D−3

∫ 1

−t/s

dβq1
βq1

dD−2q1⊥d
D−2q2⊥

×
[

q2⊥
q21⊥q

2
2⊥(q1 − q)2⊥(q2 − q)2⊥

− 1

q21⊥(q2 − q)2⊥(q1 − q2)2⊥
− 1

q22⊥(q1 − q)2⊥(q1 − q2)2⊥

]
.

(1.72)

The first term in the previous expression looks promising, in fact, since the two transverse

momentum integration are decoupled, we can easily obtain a factor ω2(t). The other

two terms, on the other hand, are far from promising, but we still have to include the

contributions that come from the second family of diagrams (see (b) of Fig. 1.5). Let us

consider the diagram (b) of Fig. 1.5, we have

ℑA1′2′

12,(b) =
1

2

∑

{f}

∫
dΦ2A1′2′

12,box(q2)A1′2′

12 (q − q2)

= −sg
6δλ1λ1′δλ2λ2′C

2
At

a
jit

a
kn

16(2π)2D−3
ln

(
s

−t

)∫
dD−2q1⊥d

D−2q2⊥

[
1

q21⊥(q2 − q)2⊥(q1 − q2)2⊥

]
.

(1.73)

The last equality in Eq. (1.73) is obtained by exploiting the expression for dΦ2, as in

Eq. (1.33), but in terms of the Sudakov variables of q2 and expressing the Regge trajec-

tory ω(q22), contained in A1′2′

12,box(q2), as an integral over the variable q1
12. Another point

that needs to be clarified concerns ln(s/(−t)). We have only considered the real part of

the A1′2′

12,box amplitude, which is dominant in the high-energy limit. However, the reader

may be confused by the fact that, if we keep full amplitude, it seems that ℑA1′2′
12 acquires

an imaginary part, which is absurd since it is real by definition. The illusory presence of

this imaginary part is due to the fact that we are taking all contributions through the cut

separately. If we put all the diagrams together, a contribution will also appear where the

11The motivation for the bounds in the integration over β1 is that, in the kinematic region we are

interested in, 1≫ β1 ≫ β2 > 0.
12As usual, we also project on negative signature and t-channel color octet.
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box is to the right of the cut and its imaginary part will remove exactly the one previously

mentioned.

The diagram in which the “box” is replaced by the “cross” gives exactly the same contri-

bution, while, it is simple to observe that the contribution of the two diagrams in which

the single gluon is at the right of the cut are obtained by the exchange q1 ↔ q2. In this

way, we obtain that the total contribution due to the four diagrams in which the cut

crosses only the quark lines is

ℑA1′2′

12,unladder = −
sg6δλ1λ1′δλ2λ2′C

2
At

a
jit

a
kn

8(2π)2D−3
ln

(
s

−t

)

×
∫
dD−2q1⊥d

D−2q2⊥

[
1

q21⊥(q2 − q)2⊥(q1 − q2)2⊥
+

1

q22⊥(q1 − q)2⊥(q1 − q2)2⊥

]
. (1.74)

This contribution exactly cancels the “unwanted” part in Eq. (1.72). Finally, we obtain

that the imaginary part of the two-loop correction to the amplitude A1′2′
12 is

ℑA1′2′(2)
12 = −sg

6δλ1λ1′δλ2λ2′C
2
A(t

a)ji(t
a)kn

8(2π)2D−3

×
∫ 1

−t/s

dβq1
βq1

dD−2q1⊥d
D−2q2⊥

[
q2⊥

q21⊥q
2
2⊥(q1 − q)2⊥(q2 − q)2⊥

]
. (1.75)

With few efforts, we can rewrite this as

ℑA1′2′(2)
12 = Γa1′1

s

t
Γa2′2

ω(t)2

2

[
−2π ln

(
s

−t

)]
. (1.76)

We can use dispersion relation to reconstruct the full amplitude. First, we observe that

the term in the square bracket is the imaginary part of ln2((−s)/(−t)) and then we add

the contribution coming from the crossed diagrams in which s is replaced by u13:

A
1′2′(2)
12 = Γa1′1

s

t
Γa2′2

ω(t)2

2

[
ln2

(−s
−t

)
+ ln2

(
s

−t

)]
. (1.77)

This is exactly the third term in the ω(t) (or equivalently αs)-expansion of Eq. (1.14) and

it therefore confirms the Reggeization ansatz up to 2-loop. It is important to note that it

was necessary to include the contribution of diagrams in which the gluon does not pass

through the cut. In the context of this dispersive technique, the contributions obtained

when the gluon is cut, are generated by the interference of two inelastic amplitudes at

tree level, while the contributions in which the gluon is not cut can be interpreted as

13As usual, the minus we get from the factor s t hat goes in u = −s is compensated by a color factor

and hence the net effect is only in the sign inside the logarithm.
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coming from radiative corrections to the inelastic amplitude at the previous perturbative

order. The systematic inclusion of these terms, to all orders in perturbation theory, will

be discussed in the next section.

1.2.3 Multi-Regge form of the inelastic 2→ 2 + n amplitude

In this section, we want to establish the last ingredient that allows to construct the BFKL

approach, i.e. the general form of the inelastic 2 → 2 + n amplitude in the Regge limit.

This form is a generalization of the one appearing in Eq. (1.57).

A useful gauge trick

Let us once again consider the five diagrams that contribute to the Lipatov vertex, Fig. 1.6.

Let us imagine that we remove the lower quark line, we are left with the three diagrams

corresponding to the emission of a gluon either from the upper quark lines or from the

central gluon. In the sum of these three diagrams, all but the bottom gluon are on-shell

and this means that we have the Ward identity

qν2Mσ
ν (q1, q2) = 0 =⇒ A1′2′3(w. l. l.)

12,(a)+(b)+(c) ∼ pν2Mσ
ν (q1, q2) = −

1

αq2
qν2⊥Mσ

ν (q1, q2) . (1.78)

The second implication is correct as the p2-component of M is negligible. Now, since

in the eikonal approximation M has no transverse component from diagrams (b) and

(c) in Fig. 1.6, the only diagram contributing is (a). Now, we can repeat the discussion

removing the upper part of the diagram and obtain

qµ1N σ
µ (q1, q2) = 0 =⇒ A1′2′3(w. u. l.)

12,(a)+(e)+(d) ∼ pµ1N σ
µ (q1, q2) = −

1

βq1
qµ1⊥N σ

µ (q1, q2) , (1.79)

where N is the analog ofM for the lower line. Now, since in the eikonal approximation

N has no transverse component from diagrams of the type (b) and (c) in Fig. 1.6, again,

the only diagram contributing is of the type (a). This observation is very important,

because it means that we can organize the structure of the amplitude in (1.57), in such a

way to make only the genuine ladder-type diagram contributing. Let us be more precise,

the amplitude is

A1′2′3
12 = 2sΓa1′1

1

t1
g(T c)abε

∗
σC

σ(q2, q1)
1

t2
Γb2′2 = 2s

(
2pµ1p

ν
2

s

)
Γa1′1

1

t1
g(T c)abε

∗
σΓ

σ
µν(q1, q2)

1

t2
Γb2′2 ,

(1.80)

where we have defined the quantity

Γσµν(q1, q2) ≡
2p2,µp1,ν

s
Cσ(q2, q1) . (1.81)
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Figure 1.8: Schematic representation of the gauge trick.

In the last equality in Eq. (1.80), we have isolated the factors p1,µ and p2,ν appearing

in the previous Ward identities. From the previous discussion, it is clear that, the same

amplitude must be obtained considering only the diagram involving the triple gluon vertex

(i.e. −A σ
µν (q2, q1 − q2) instead of Γσµν(q1, q2) in Eq. (1.80)), but performing at the same

time the replacement (
2pµ1p

ν
2

s

)
−→

(
2qµ1⊥q

ν
2⊥

βq1αq2s

)
. (1.82)

Hence, we must have

A1′2′3
12 = −2s

(
2qµ1⊥q

ν
2⊥

βq1αq2s

)
Γa1′1

1

t1
g(T c)abε

∗
σA

σ
µν (q2, q1 − q2)

1

t2
Γb2′2 .

By substituting the explicit expression of A σ
µν and using the Sudakov decomposition for

momenta q1 and q2, we can verify the relation explicitly. After a bit of algebra, we find

A1′2′3
12 = 2sΓa1′1

1

t1
g(T c)ab

×ε∗σ
[
pσ2

(
αq2 −

2t2
βq1s

)
+ pσ1

(
βq1 −

2t1
αq2s

)
− (q1 + q2)

σ
⊥ +

(q21⊥ − q22⊥)
βq1αq2s

(q1 − q2)σ
]
1

t2
Γb2′2 .

We recover exactly the same expression, apart for a gauge term that evidently vanishes

because

ε∗σ(q1 − q2)σ = ε∗σ(q1 − q2)(q1 − q2)σ = 0 . (1.83)

We have therefore established that, apart from a gauge term, the following equality

2pµ1p
ν
2

s
Γσµν(q1, q2) = −

2qµ1⊥q
ν
2⊥

βq1αq2s
A σ
µν (q2, q1 − q2) (1.84)

holds. In the next section, we will need this relation applied to the i-th vertex of the

scale, i.e.
2pµi1 p

νi
2

s
Γσiµiνi(q1, q2) = −

2qµii⊥q
νi
i+1⊥

βqiαqi+1
s
A σi
µiνi

(qi+1, qi − qi+1) . (1.85)

A schematic representation of this trick is shown in Fig. 1.8.
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p1

q1

qi

γPi
cici+1

→
qi+1

qnp2

Figure 1.9: Schematic representation of A1′2′...n+2
12 .

Proof of multiperipheral form of inelastic amplitude à la Gribov-Levin-Ryskin

In this section, we want to prove that the inelastic 2 → 2 + n amplitude, generalizing

Eq. (1.57), assumes the following form:

A1′2′+n
12 = 2sΓc11′1

(
n∏

i

γPi
cici+1

(qi, qi+1)
1

ti

)
1

tn+1

Γ
cn+1

2′2 , (1.86)

which is schematically represented in Fig. 1.9. As a first observation, we note that the

eikonal approximation we have illustrated in the section 1.2.1 holds for particles of any

spin and therefore also for gluons. In this case, it is still valid at every central vertex due

to the strong ordering in rapidity required by the multi-Regge kinematics, i.e.

1≫ βqi ≫ βqi+1
≫ −t

s
, 1≫ |αqi+1

| ≫ |αqi | ≫
−t
s
. (1.87)

To prove the form (1.86), we will follow the elegant derivation in [34]. Consider the

amplitude for two quarks to scatter into two quarks plus n gluons. As described before, if

we cut the ith vertical propagator the amplitude is split into an upper partMµ(p1, q1, ..., qi)

and a lower part Nν(p2, qi, ..., qn) (see Fig. 1.10). As seen in the previous sections, the

following two Ward identities

qµi⊥Mµ = −βqipµ2Mµ , qνi⊥Nν = −αqipν1Nµ (1.88)

hold. This means that we can replace the numerator of the cut gluon propagator by

2qµi⊥q
ν
i⊥

βqiαqis
. (1.89)
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Figure 1.10: t-channel cut of the amplitude A1′2′+n
12 .

It is evident that this procedure can be repeated for all vertical gluon lines and we

can perform the same manipulations. Therefore, we end up with an amplitude that is a

genuine uncrossed ladder in which the metric tensor in the propagator (approximated à

la Gribov) can be written as (1.89).

We can associate a factor
√

2
s
qµii⊥/αqi to the top of the ith vertical gluon line and a factor

√
2
s
qνii⊥/βqi to the bottom of the same line. In this way, the amplitude immediately

becomes

A1′2′+n
12 = 2sΓc11′1

(
n∏

i

(−g)ε∗σiT Pi
cici+1

2qµii⊥q
νi
i+1⊥

αqi+1
βqis

A σi
µiνi

(qi+1, qi − qi+1)
1

ti

)
1

tn+1

Γ
cn+1

2′2 . (1.90)

Using Eqs. (1.81, 1.85), we obtain exactly the result (1.86).

Genuine gluon ladders only

Everything we have shown works if, when the gauge trick is applied to the t-channel

gluons, the only dominant diagrams are the genuine gluon ladder contributions (see

Fig. (1.11)). Each of the diagrams contains multiple terms, we focus on a few of these

to demonstrate the suppression mechanism of non-genuine contributions. Since they are

useless for the purposes of the discussion below, we neglect color factors.

Let us start by considering the diagram (a), we are going to focus on terms proportional to

p
σi−1

1 pσi2 and q
σi−1

i−1⊥q
σi
i+1⊥. The upper vertex of the diagram has a contribution proportional

to

−2qµi−1⊥q
τ
i⊥

βqi−1
αqis

gµτ (qi−1 + qi)
σi−1 ∼ t

βqi−1
αqis

(βqi−1
p
σi−1

1 ) = βqi−1
p
σi−1

1 ,
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(a)

qi−1 µ

σi−1

qi τ

σi

qi+1 ν

(b)

qi−1 µ

σi−1

q̃i τ

σi

qi+1 ν

(c)

qi−1 µ

qi−1 − qi σi−1

qi+1 ν

qi − qi+1 σi

(d)

qi−1 µ σi−1

qi+1 ν
σi

Figure 1.11: The diagram (a) represents the genuine ladder contribution, while, all other

contributions are the non-genuine ones.

while the lower has a term of the form

−2qτi⊥q
ν
i+1⊥

βqiαqi+1
s
gτν(qi + qi+1)

σi ∼ t

βqiαqi+1
s
(αqi+1

pσi2 ) = αqi+1
pσi2 .

In the last two equalities of previous expressions we have used that βqi−1
∼ t

αqis
14. The

total contribution goes like

βqi−1
αqi+1

p
σi−1

1 pσi2 . (1.91)

The transverse contribution can be immediately extracted and goes like
(

t

βqi−1
αqis

)(
t

βqiαqi+1
s

)
q
σi−1

i−1⊥q
σi
i+1⊥ ∼ q

σi−1

i−1⊥q
σi
i+1⊥ . (1.92)

We must also note that we have a propagator of the order

1

q2i
∼ 1

t
∼ 1

βqi−1
αqis

. (1.93)

Let us move to diagram (b). We observe that, when we work on a genuine ladder, we are

always dealing with terms of type

−2qµii⊥q
νi
i+1⊥

βqiαqi+1
s
A σi
µiνi

(qi+1, qi − qi+1)

14Please note that these relations come from the on-shell conditions of outgoing particles.
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=
2qµii⊥q

νi
i+1⊥

βqiαqi+1
s

[
−gµiνi(qi + qi+1)

σi + gσiµi(2qi − qi+1)νi + gσiνi (2qi+1 − qi)µi
]
. (1.94)

Unlike this, when we work with crossed ladders, the momenta entering the upper and

lower vertex are not simply the “closest neighbors” qi and qi+1. The generalization of

formula (1.94) in this latter case is

−
2qµi⊥q

ν
j⊥

βqiαqjs
A σ
µν (qj, qi − qj)

=
2qµi⊥q

ν
j⊥

βqiαqjs

[
−gµν(qi + qj)

σ + gσµ(2qi − qj)ν + gσν (2qj − qi)µ
]
. (1.95)

By using this formula, we are able to see that the diagram (b) has a contribution propor-

tional to (
βqi
βqi−1

)2

βqi−1
αqi+1

p
σi−1

1 pσi2 . (1.96)

We immediately realize that Eq. (1.96) has a suppressing15 factor (βqi/βqi−1
)2 with respect

to the corresponding term in Eq. (1.91). Furthermore, also the propagator is strongly

suppressed, in fact

1

q̃ 2
i

=
1

(qi−1 + qi+1 − qi)2
∼ 1

βqi−1
αqi+1

s
≪ 1

βqi−1
αqis

. (1.97)

We now pass to diagram (c), it is obtained by the contraction of two triple gluon vertices

and the usual “effective” polarization of t-channel gluons. We can easily find that it has

a contribution proportional to
βqi
βqi−1

q
σi−1

i−1⊥q
σi
i+1⊥ , (1.98)

which again has a suppression factor and, moreover, the gluon propagator in this case

gives
1

(qi−1 − qi+1)2
=

1

αqi+1
βqi−1

s
≪ 1

βqiαqi+1
s
. (1.99)

The last diagram is (d); since in this case we do not have a propagator, we can multiply

and divide by a factor t in such a way as to make the factor related to the denominator

equal to that of (a). In this way, we obtain a term of the form

t

βqi−1
αqi+1

s
qµi−1⊥q

ν
i−1⊥ ∼

βqi
βqi−1

qµi−1⊥q
ν
i−1⊥ , (1.100)

which has the usual suppression factor.

15Remind the strong order in the Sudakov variables in Eq. (1.87).
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(a)

qi−1 µ

qi

qi+1 ν

(b)

qi−1 µ

q̃i

qi+1 ν

(c)

qi−1 µ

qi−1 − qi

qi+1 ν

qi − qi+1

Figure 1.12: Diagrams involving fermions.

Absence of fermions

Another important point is the absence of diagrams containing fermions (see Fig. 1.12).

The reason for this absence is to be found in the fact that a particle of spin 1/2 is being

exchanged in the t-channel. A particle of this spin generates a less strong s-dependence

than that of a spin one boson such as the gluon.

We can understand this suppression as before. In the case where fermions cross, (b) in

Fig. 1.12, or are produced by the splitting of a single outgoing gluon, (c) in Fig. 1.12,

we certainly have a suppression factor coming from a propagator. For the diagram (a) in

Fig. 1.12 a simple computation shows that we have again a suppression factor of βqi/βqi−1
.

Reggeization in all sub-channels

In the previous subsection, we constructed the tree-level amplitude for two quarks to

scatter to two quarks and n gluons in the multi-Regge kinematics. This amplitude,

multiplied by its complex conjugate and integrated over the phase space of n+2 particles

will contribute to the imaginary part of the amplitude of the Reggeized gluon. Obviously,

as seen explicitly in the section 1.2.2, this is not sufficient to reconstruct all the dominant

part of the amplitude in the high-energy limit. In fact, in the two-loop calculation it is

necessary to insert some corrections in which the cut only goes through the two quark

lines. It is important to find a systematic method of including these loop corrections in
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+ ...

Figure 1.13: In the upper diagram the contribution to the order g8 which is obtained

from the square of the amplitude A1′2′+2
12 . In the bottom diagram, the contribution to the

order g8 in which one gluon is not cut. This contribution can be included by reggeizing

the corresponding propagator in the amplitude A1′2′3
12 .

our generalized form for the amplitude in Eq. (1.86).

Let us start with a very simple observation. If we focus only on the real part of the

amplitude AA′B′
AB (which is dominant in the high-energy approximation), the Reggeization

ansatz in Eq. (1.14) becomes

ℜAA′B′

AB = ΓiA′A

2s

t

(
s

−t

)ω(t)
ΓiB′B . (1.101)

Basically, it can be obtained by the following replacement in the t-channel gluon propa-

gator

−igµνδab
t

→ −igµνδ
ab

t

(
s

−t

)ω(t)
. (1.102)

Now, the crucial point of the whole Reggeization is that, including these loop corrections

is equivalent to Reggeize all the t-channel gluons in the inelastic amplitude A1′2′+n
12 , i.e.

performing the replacement

1

ti
→ 1

ti

(
si
sR

)ω(ti)
(1.103)

in Eq. (1.86), where si is the center-of-mass energy coming into the ith section of the gluon

ladder and we have introduced a scale sR which is of the order of −t. The scale sR is

irrelevant in LLA as its variation produces sub-leading effects.
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Therefore, the final multi-Regge exchange amplitude for 2→ 2 + n is16

ℜA1′2′+n
12 = 2sΓc11′1

(
n∏

i=1

γPi
cici+1

(qi, qi+1)

(
si
sR

)ω(ti) 1
ti

)
1

tn+1

(
sn+1

sR

)ω(tn+1)

Γ
cn+1

2′2 . (1.104)

A proof can be achieved, in the LLA, using Regge theory techniques, exploiting unitarity

in all possible final state sub-channels. We will not delve into the intricacies of this proof,

but we want just to give some intuitive arguments. Previously, we proved the Regge form

of the scattering amplitude for two quarks to two quarks up to the order g6 (2-loop).

Suppose we want to consider the order g8 (3-loop), for sure we will have to consider the

inelastic amplitude

A1′2′34
12 = 2sΓc11′1

1

t1

(
s1
sR

)ω(t1)
γP1
c1c2

(q1, q2)
1

t2

(
s2
sR

)ω(t2)
γP2
c2c3

(q2, q3)
1

t3

(
s3
sR

)ω(t3)
Γc32′2 .

(1.105)

An immediate observation is that, if we perturbatively expand the Regge factors up to

the non-trivial first order, we find a term of order g4 plus three terms of order g6. When

we square and integrate over the phase space this 2 → 4 amplitude to reconstruct the

contribution to the imaginary part of the 2 → 2 amplitude, only the term of order g4

in Eq. (1.105) will produce a term contributing within g8 (see top diagram in Fig. 1.13).

Hence, the Reggeization of this contribution will only impact the next perturbative order.

Now, let us take a step back and look at the form of the inelastic 2 → 3 amplitude, we

have

A1′2′3
12 = 2sΓc11′1

1

t1

(
s1
sR

)ω(t1)
γP1
c1c2

(q1, q2)
1

t2

(
s2
sR

)ω(t2)
Γc22′2 . (1.106)

Obviously, as before, this form contains a factor g3 as well as two factors g5; this means

that, when we square we produce four interference terms which are of the order g8 and

will impact in our 3-loop computation. A schematic representation of some of these terms

is presented in the bottom diagram of Fig. 1.13. These terms reproduce exactly the

corrections of order g8 which, using this dispersive technique, would have been obtained

from diagrams in which a gluon is not cut. There is therefore a reshuffle, which allows

us to automatically generate the contributions in which there are loops that are not cut

when the 2→ 2 amplitude is dispersively reconstructed using Cutkosky’s rules.

Let us look more closely at the contribution in the bottom of Fig. 1.13 and study the

16It is important to observe that this simple factorized form is strictly valid only for the real part of

the amplitudes. However, as we will see, only the real part is important within LLA and NLLA accuracy.

The real part will be implied in subsequent formulas in which we remove the symbol ℜ.
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}
s1 = (p1 − q2)2

p1 p1 − q1

q1 − q2

q1

q2

Figure 1.14: Upper section of the diagram in which one gluon is not cut.

section of the diagram shown in Fig. 1.14. In this section of the diagram, the momentum

exchanged is q1 and the energy available in the center of mass is

s1 = (p1 − q2)2 ≃ −αq2s . (1.107)

This energy is much lower than s, but is much greater than the typical transverse scale

sR that we introduced, in fact

s1 ≃ −αq2s =
1

βq1
(−βq1αq2s) ∼

1

βq1
(−t) ∼ 1

βq1
sR . (1.108)

We therefore have a scale hierarchy which, in the spirit of Reggeization, will produce

logarithmic corrections of the ratio s1/sR. To all orders in perturbation theory, the effect

will be to Reggeize the propagator with momenta q1, i.e.

1

t1
→ 1

t1

(
s

sR

)ω(t1)
. (1.109)

Obviously, the same reasoning extended to all subsections of the ladder, leads us precisely

to the form in Eq. (1.104). The final form of the inelastic amplitude, schematized in

Fig. (1.15), it is therefore a “half ladder”, whose vertical gluons are themselves Reggeized

gluons (and therefore they are themselves an infinite superposition of diagrams).

1.2.4 BFKL equation

Let us now consider the BFKL equation in the LLA. Instead of directly considering the

Pomeron channel, i.e. imaginary part of the forward-scattering amplitude (t = 0 and

vacuum quantum numbers in the t-channel), we will keep more general. Indeed, it should

be noted that the BFKL approach gives the description of QCD-scattering amplitudes in

the region of large s, for any fixed momentum transfer t (i.e. not growing with s) and for
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p1

q1

qi

γPi
cici+1

→
qi+1

qn+1p2

Figure 1.15: Schematic representation of A1′2′+n
12 after we include the Reggeization in all

sub-channels.

various color state exchanges in the t-channel.

The imaginary part of the scattering amplitude A1′2′
12 (of the process 1 + 2 −→ 1′ + 2′) in

the s-channel can be written, using the Cutkosky rules (1.3), as

ℑsA1′2′

12 =
1

2

∞∑

n=0

∑

{f}

∫
A1̃2̃+n

12

(
A1̃2̃+n

1′2′

)∗
dΦn+2 , (1.110)

where AÃB̃+n
AB is the amplitude introduced in Eq. (1.104) for the production of n + 2

particles having momenta ki, with i = 0, 1, ..., n, n + 1 (we set p1̃ = k0 and p2̃ = kn+1),

dΦn+2 is the element of the intermediate particle phase of space,
∑

f means sum over all

the discrete quantum numbers of the intermediate particles (see Figure 1.16).

Kinematics

As before, we introduce the light-cone vectors p1 and p2 (p
2
1 = p22 = 0), so that the center-

of-mass energy is s = 2p1 · p2. Using the Sudakov decomposition, the momenta ki can be

parametrized as

ki = βip1 + αip2 + ki⊥, sαiβi = k2i − k2i⊥ = k2i + k⃗ 2
i . (1.111)

To extract the dominant contribution (∼ s) in Eq. (1.110) we should rely on the MRK.

By definition, in this kinematics, transverse momenta of produced particles are limited
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p2

p1
k0

k1

ki−1

ki

}
si = (ki−1 + ki)

2

kn

kn+1

Figure 1.16: Production of n+ 2 particles in the multi-Regge kinematics

and their Sudakov variables αi and βi are strongly ordered in the rapidity space, having

so17

αn+1 ≫ αn ≫ αn−1...≫ α0 , β0 ≫ β1 ≫ β2...≫ βn+1 . (1.112)

In this case, we have that

αn+1 ≃ 1, β0 ≃ 1 , and α0 ≃
k⃗ 2
0

s
, βn+1 ≃

k⃗ 2
n+1

s
. (1.113)

In the MRK the squared invariant masses si,j = (ki+kj)
2 of any pair of produced particles

i and j are large (see Fig. 1.16). In particular we have

si−1,i ≡ si = (ki−1 + ki)
2 ≃ sβi−1αi =

βi−1

βi
(k2i + k⃗ 2

i ) . (1.114)

The momenta qi of the t-channel Reggeons can be expressed as follows:

qi = p1 −
i−1∑

j=0

kj =

(
1−

i−1∑

j=0

βj

)
p1 −

(
i−1∑

j=0

αj

)
p2 −

i−1∑

j=0

kj⊥

=

(
n+1∑

j=i

βj

)
p1 −

(
i−1∑

j=0

αj

)
p2 −

i−1∑

j=0

kj⊥ ≃ βip1 − αi−1p2 −
i−1∑

j=0

kj⊥ ,

(1.115)

17Differently from the previous section, we give the definition of multi-Regge kinematics in terms of the

longitudinal Sudakov variables of the outgoing particles. The two sets of conditions are fully equivalent.
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where we first used the conservation of momenta along p1-direction,

1 =
n+1∑

j=0

βj (1.116)

and then conditions of MRK in Eq. (1.112) to simplify the expression. The ith momentum

squared is ti = q2i ≃ q2i⊥ = −q⃗ 2
i and is predominantly transverse.

We now recall the form of the inelastic amplitude 2→ 2 + n, introduced in the previous

section (see Fig. 1.15):

A1̃2̃+n
12 = 2sΓc1

1̃1

(
n∏

i=1

γPi
cici+1

(qi, qi+1)

(
si
sR

)ω(ti) 1
ti

)
1

tn+1

(
sn+1

sR

)ω(tn+1)

Γ
cn+1

2̃2
, (1.117)

where

γGi
cici+1

(qi, qi+1) = gT dicici+1
ε∗µ(ki)C

µ(qi+1, qi), (1.118)

and the Lorentz structure (Cµ) is

Cµ(qi+1, qi) = −qµi − qµi+1 + pµ1

(
q2i

ki · p1
+ 2

ki · p2
p1 · p2

)
− pµ2

(
q2i+1

ki · p2
+ 2

ki · p1
p1 · p2

)
. (1.119)

The current conservation property (ki)µC
µ (see Eq. (1.60)) permits us to choose an arbi-

trary gauge for each of the produced gluons. It is easy to observe that the other amplitude

appearing in the Eq. (1.110) (A1̃2̃+n
1′2′ ) can be obtained from Eq. (1.117) by the substitutions

1 −→ 1′ , 2 −→ 2′ , qi −→ q′i ≡ qi − q,

with

q = p1 − p1′ ≃ q⊥. (1.120)

Color decomposition

Of all the possible color states exchanged in the t-channel, we would like to extract the two

cases of greatest physical relevance, that of singlet (Pomeron channel) and that of anti-

symmetrical octet (Reggeized gluon channel). For this purpose, we have to decompose

the product of two adjoint SU(3) representations (the two gluons in t-channel) into sum

of irreducible representations, i.e.

8⊗ 8 = 1+ ⊕ 8−A ⊕ 8+S ⊕ (10⊕ 10)− ⊕ 27+ , (1.121)

where the superscript denotes the signature of the representation and the symmetric and

anti-symmetric parts of the color octet have been decoupled. In practice, this corresponds
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to decomposing the product of two matrices in the adjoint representation of SU(3) in the

following way:

T dicici+1

(
T dic′ic′i+1

)∗
=
∑

R

cR ⟨cic′i|P̂R|ci+1c
′
i+1⟩ , (1.122)

where P̂R are the projection operators of two-gluon colour states in the t-channel in the

unitary condition (1.110) on the irreducible representation R of the colour group. For the

singlet representation, we have

c0 = N , ⟨cic′i|P̂0|ci+1c
′
i+1⟩ =

δcic
′
iδci+1c

′
i+1

N2 − 1
, (1.123)

while for the color octet

c8 =
N

2
, ⟨cic′i|P̂8|ci+1c

′
i+1⟩ =

facic′ifaci+1c′i+1

N
. (1.124)

It is easy to check that these are the correct projectors; for example, in the case of singlet

we have

c0 ⟨cic′i|P̂0|ci+1c
′
i+1⟩ = N

δcic
′
iδci+1c

′
i+1

N2 − 1
=




2C 2

ACF if ci = c′i and ci+1 = c′i+1

0 otherwise
,

(1.125)

where in the upper term the summation is taken over ci and ci+1. On the other hand, if

we are exchanging a singlet (ci = c′i and ci+1 = c′i+1), on the right side of the equation

(1.122) we have

T dicici+1

(
T dicici+1

)∗
= fdicici+1

fdicici+1
= 2C 2

ACF . (1.126)

The octet case can be verified in a similar way by remembering that in Eq. (1.124)

we are referring to the anti-symmetric part and that therefore this component must be

extracted. To do this, we can apply the substitution (1.36) to the SU(3) matrices in the

adjoint representation. The introduced decomposition brings us to

∑

Gi

γGi
cici+1

(qi, qi+1)
(
γGi

c′ic
′
i+1

(qi, qi+1)
)∗

=
∑

R

⟨cic′i|P̂R|ci+1c
′
i+1⟩ 2(2π)D−1K(R)

r (q⃗i, q⃗i+1; q⃗) ,

(1.127)

where the sum is taken over color and polarization states of the produced gluon and

K(R)
r (q⃗i, q⃗i+1; q⃗) =−

g2cR
2(2π)D−1

Cµ(qi+1, qi)Cµ(qi+1 − q, qi − q)

=
g2cR

(2π)D−1

(
q⃗ 2
i (q⃗i+1 − q⃗)2 + q⃗ 2

i+1(q⃗i − q⃗) 2

(q⃗i − q⃗i+1)
2 − q⃗ 2

)
.

(1.128)
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Therefore, from Eq. (1.122) it is possible to decompose the scattering amplitude A1′2′
12 as

A1′2′

12 =
∑

R

(AR)1
′2′

12 , (1.129)

where (AR)1′2′12 is the part of the scattering amplitude corresponding to the definite irre-

ducible representation R of the colour group in the t-channel.

Partial wave expansion

Now, it is necessary to introduce the Mellin transformation fR(ω, q⃗)
A′B′
AB (partial wave) of

the imaginary part of the amplitude, that following [28], we define by

fR(ω, q⃗)
1′2′

12 =

∫ ∞

s0

ds

s

(
s

s0

)−ω [ℑs(AR)1′2′12

s

]
. (1.130)

Its inverse is given by

ℑs(AR)1
′2′

12 =
s

2πi

∫ δ+i∞

δ−i∞
dω

(
s

s0

)ω
fR(ω, q⃗)

1′2′

12 =
s

2πi

∮

C

dω

(
s

s0

)ω
fR(ω, q⃗)

1′2′

12 , (1.131)

where δ+ iℑ(ω) is an axis, on the real axis of the complex plane of the variable ω, which

lies to the right of all singularities of fR(ω, q⃗) and the closed surfaces C is obtained by

adding to this axis an infinite semicircle which extends in the left region of the complex

plane (which is in the direction in which the real part of ω becomes negative). The

second equality holds due to the fact that the contribution on the semicircle is zero since

the integrand vanishes exponentially when the real part of ω tends to minus infinity.

Using dispersion relations it is possible to reconstruct the total amplitude. Hence, the

expression for the total amplitude in the form of a partial wave expansion is

(AR)1
′2′

12 =
s

2π

∫ δ+i∞

δ−i∞

dω

sin(πω)

[(−s
s0

)ω
− η

(
s

s0

)ω]
fR(ω, q⃗)

A′B′

AB , (1.132)

where η is the signature and coincides with the symmetry of the representation R.

It is important to observe that in the octet representation we have to add the Born

contribution to the dispersion relation, i.e.

(AR)1
′2′

12 = (ABR)1
′2′

12 +
s

2π

∫ δ+i∞

δ−i∞

dω

sin(πω)

[(−s
s0

)ω
− η

(
s

s0

)ω]
fR(ω, q⃗)

A′B′

AB . (1.133)
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Phase space

From Eq. (1.114), imposing the on-shellness of outgoing gluons, we have
(

n∏

i=1

k⃗ 2
i

)−1

=

(
n∏

i=1

βi
βi−1

si

)−1

=⇒
(
n+1∏

i=1

si

)(
n∏

i=1

k⃗ 2
i

)−1

= sn+1
β0
βn
≃ s . (1.134)

We can manipulate this further to get

s =

(
n+1∏

i=1

si

)(
n∏

i=1

k⃗ 2
i

)−1

=



n+1∏

i=1

si√
k⃗ 2
i−1k⃗

2
i



√
q⃗ 2
1 q⃗

2
n+1 . (1.135)

The phase of space element of n+ 2 particles reads

dΦn+2 = (2π)DδD

(
p1 + p2 −

n+1∑

i=0

ki

)(
n+1∏

i=0

δ(k2i )
dDki

(2π)D−1

)

=
2

s
(2π)Dδ

(
1−

n+1∑

i=0

αi

)
δ

(
1−

n+1∑

i=0

βi

)
δ(D−2)

(
n+1∑

i=0

ki⊥

)
s

2
δ(α0β0s+ k20⊥)dα0dβ0

dD−2k0⊥
(2π)D−1

×
(

n∏

i=1

s

2
δ(αiβis+ k2i⊥)dαidβi

dD−2ki⊥
(2π)D−1

)
s

2
δ(αn+1βn+1s+ k2n+1⊥)dαn+1dβn+1

dD−2kn+1⊥

(2π)D−1

=
2

s
(2π)Dδ

(
1−

n+1∑

i=0

αi

)
δ

(
1−

n+1∑

i=0

βi

)
δ(D−2)

(
n+1∑

i=0

ki⊥

)
dβ0
2β0

dαn+1

2αn+1

n∏

i=1

dβi
2βi

n+1∏

i=0

dD−2ki⊥
(2π)D−1

.

(1.136)

In performing the integration over phase space, exploiting the MRK, the limits of inte-

gration in the variables βi’s must be restricted according to the condition βi < βi−1. In

the following, we need to consider

ds

s
dΦn+2 =

ds

2s2
(2π)D

n∏

i=1

dβi
2βi

n∏

i=0

dD−2ki⊥
(2π)D−1

. (1.137)

We perform the following changes of variables

{β1, ..., βn, s} → {s1, ..., sn, sn+1} , {k0⊥, ..., kn⊥} → {q1, ..., qn+1} (1.138)

by making use of relations
{
si =

βi−1

βi
sR , i = 1, ..., n

}
, sn+1 = βns , k0⊥ = −q1⊥ ,

{
ki⊥ = qi⊥−qi+1⊥ , i = 1, ..., n

}

(1.139)

and get

ds

s
dΦn+2 =

2π

s

(
n+1∏

i=1

dsi
si

)(
n+1∏

i=1

dD−2qi
(2π)D−1

)
, (1.140)

where the integration over variables si is extended between sR and infinity.
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Generalized BFKL equation

We can consider the nth contribution to the partial wave amplitude, implicitly defined by

the relation

fR(ω, q⃗)
1′2′

12 =
∞∑

n=0

f
(n)
R (ω, q⃗)1

′2′

12 , (1.141)

which reads

f
(n)
R (ω, q⃗)1

′2′

12 =
1

2

∫ ∞

s0

ds

s
dΦn+2

(
s

s0

)−ω
1

s

∑

f

A1̃2̃+n
12

(
A1̃2̃+n

1′2′

)∗

= 2

∫ ∞

s0

ds

s
dΦn+2

(
s

s0

)−ω

s

(
n∏

i=1

⟨cic′i|P̂R|ci+1c
′
i+1⟩ 2(2π)D−1K(R)

r (q⃗i, q⃗i+1; q⃗)

)

×
(
n+1∏

i=1

(
si
sR

)ω(ti)+ω(t′i) 1

q⃗ 2
i (q⃗i − q⃗)2

)(∑

1̃

Γ∗
1̃1′Γ1̃1

)(∑

2̃

Γ∗
2̃2′Γ2̃2

)
. (1.142)

Now, we observe that

⟨cic′i|P̂R|ci+1c
′
i+1⟩ = ⟨cic′i|P̂RP̂R|ci+1c

′
i+1⟩ =

∑

ν

⟨cic′i|P̂R|ν⟩ ⟨ν|P̂R|ci+1c
′
i+1⟩ , (1.143)

where the sum over the index ν is extended to all states of the irreducible representation

R. Using this, we can write

∑

ν,ν′

⟨c1c′1|P̂R|ν⟩
[
⟨ν|P̂R|c2c′2⟩ ⟨c2c′2|P̂R|c3c′3⟩ ... ⟨cnc′n|P̂R|ν ′⟩

]
⟨ν ′|P̂R|cn+1c

′
n+1⟩

=
∑

ν,ν′

⟨c1c′1|P̂R|ν⟩ ⟨ν|ν ′⟩ ⟨ν ′|P̂R|cn+1c
′
n+1⟩ =

∑

ν

⟨c1c′1|P̂R|ν⟩ ⟨ν|P̂R|cn+1c
′
n+1⟩ .

(1.144)

Starting from (1.142), using Eqs. (1.135, 1.144) and performing the change of variables

(1.140), we obtain

f
(n)
R (ω, q⃗)1

′2′

12 =
1

(2π)D−2

∫ (n+1∏

i

dD−2qi⊥
q⃗ 2
i (q⃗i − q⃗)2

d

(
si
sR

)(
si
sR

)ω(ti)+ω(t′i)−ω−1
)(

s0√
q⃗ 2
1 q⃗

2
n+1

)ω

×
∑

ν

I
(R,ν)
1′1

(
n∏

i=1

K(R)
r (q⃗i, q⃗i+1; q⃗)

)
I
(R,ν)
2′2 , (1.145)

where

I
(R,ν)
1′1 =

∑

1̃

⟨c1c′1|P̂R|ν⟩Γc11̃1
(
Γ
c′1∗
1̃1

)
, I

(R,ν)
2′2 =

∑

2̃

Γ
cn+1

2̃2
Γ
c′n+1∗
2̃2

⟨ν|P̂R|cn+1c
′
n+1⟩ .

(1.146)
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The quantity I
(R,ν)
i′i in (1.146) are usually called impact factors. It is important to keep

in mind that for the singlet representation the index ν takes only one value, hence it can

be omitted and

⟨cc′|P̂0|0⟩ =
δcc′√
N2 − 1

, (1.147)

whereas for the antisymmetrical octet (gluon) representation ν coincides with the gluon

colour index and

⟨cc′|P̂8|a⟩ =
facc′√
N
. (1.148)

We can now perform the integration over the variables (si/sR)’s to find

f
(n)
R (ω, q⃗)1

′2′

12 =
1

(2π)D−2

∫ (n+1∏

i

dD−2qi⊥
q⃗ 2
i (q⃗i − q⃗)2

1

ω − ω(ti) + ω(t′i)

)

×
∑

ν

I
(R,ν)
1′1

(
n∏

i=1

K(R)
r (q⃗i, q⃗i+1; q⃗)

)
I
(R,ν)
2′2 , (1.149)

where we neglected terms of order ω ln sR, since the essential integration region in (1.131)

is the one where ω ∼ (ln s)−1. In particular, the exact lower bound of integration in the

invariant masses has been neglected as it produces sub-dominant effects. Finally, from

the last expression, we can reconstruct the complete partial wave and cast it in the form

fR(ω, q⃗)
1′2′

12 =
∞∑

n=0

f
(n)
R (ω, q⃗)1

′2′

12

=
1

(2π)D−2

∫
dD−2qA⊥

q⃗ 2
A(q⃗A − q⃗)2

dD−2qB⊥

q⃗ 2
B(q⃗B − q⃗)2

∑

ν

I
(R,ν)
1′1 G(R)

ω (q⃗A, q⃗B; q⃗)I
(R,ν)
2′2 . (1.150)

The function G
(R)
ω , called Green function for the scattering of two Reggeized gluons, is

defined as

G(R)
ω (q⃗A, q⃗B; q⃗) =

∞∑

n=0

∫ (n+1∏

i=1

dD−2qi⊥
q⃗ 2
i (q⃗i − q⃗)2 (ω − ω(ti)− ω(t′i))

)

×
(

n∏

i=1

K(R)
r (q⃗i, q⃗i+1; q⃗)

)
q⃗ 2
A(q⃗A − q⃗)2q⃗ 2

B(q⃗B − q⃗)2δD−2(q1⊥ − qA⊥)δD−2(qn+1⊥ − qB⊥).

(1.151)

The function G
(R)
ω is the only quantity depending on ω, and hence it determines the

s-behaviour of the scattering amplitude. It is the perturbative solution of the integral

equation (see Fig. 1.17):
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Figure 1.17: Schematic representation of the BFKL equation.

ωG(R)
ω (q⃗1, q⃗2; q⃗) = q⃗ 2

1 (q⃗1 − q⃗)2δ(D−2)(q⃗1 − q⃗2) +
∫

dD−2q′1⊥
q⃗

′2
1 (q⃗

′
1 − q⃗)2

K(R)(q⃗1, q⃗
′

1 ; q⃗)G
(R)
ω (q⃗

′

1 , q⃗2; q⃗),

(1.152)

where the function K(R)(q⃗1, q⃗
′
1 ; q⃗), called kernel of the integral function, has the following

expression:

K(R)(q⃗1, q⃗2; q⃗) =
[
ω(q21⊥) + ω((q1 − q)2⊥)

]
q⃗ 2
1 (q⃗1 − q⃗)2 δ(D−2)(q⃗1 − q⃗2) +K(R)

r (q⃗1, q⃗2; q⃗) .

(1.153)

Two terms can be distinguished in Eq. (1.153); the first of them is called “virtual” and

it is expressed in terms of the Regge trajectory of the gluon, while the second, which is

related to the production of real particles, is given by the Eq. (1.128) (see the Fig. 1.18).

The Eq. (1.152), in case of R = 0 (singlet) and t = 0, is called BFKL equation. In the

most general case, it is called generalized BFKL equation. It is an iterative equation. The

kernel K(R) and the Green function G
(R)
ω can be seen as operators which act on the space

of the transverse momentum defined by

ˆ⃗q |q⃗i⟩ = q⃗i |q⃗i⟩ ,

⟨q⃗1 |q⃗2⟩ = δ(2) (q⃗1 − q⃗2) , ⟨A|B⟩ = ⟨A|⃗k ⟩ ⟨ k⃗ |B⟩ =
∫
d2k⃗ A(k⃗ )B(k⃗ ). (1.154)

In this representation, the equation (1.152) can be written in the operator form:

ωĜ(R)
ω = 1 + K̂(R)Ĝ(R)

ω , (1.155)

which implies

Ĝ(R)
ω =

1

ω − K̂(R)
. (1.156)
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+ +

Figure 1.18: Schematic representation of the LO BFKL kernel.

1.2.5 Introduction to BFKL cross section and impact factors

We now focus on the case of the exchange of vacuum quantum numbers in the t-channel,

considering an elastic process, A + B → A + B, with the additional simplification of

forward scattering (q = 0). We can relate the imaginary part of this amplitude to the

total cross section of the process A+B → X by using the optical theorem (1.4)18,

σAB(s) =
ℑsAABAB

s
. (1.157)

From Eqs. (1.131) and (1.2.4),

σAB(s) =

∫ δ+i∞

δ−i∞

dω

2πi

1

(2π)D−2

∫
dD−2qA⊥d

D−2qB⊥

(
s

s0

)ω
ΦA(q⃗A)

(q⃗ 2
A)

2
Gω(q⃗A, q⃗B)

ΦB(−q⃗B)
(q⃗ 2
B)

2
,

(1.158)

where ΦA(q⃗A) ≡ I
(0)
AA , ΦB(q⃗B) ≡ I

(0)
BB are the impact factors projected on the color singlet

representation. Their expressions are obtained from (1.146), remembering that in the

singlet representation and in the case of an elastic process, the color projector are given

by the Eq. (1.147) with c = c′; hence:

ΦA(q⃗A) =
1√

N2 − 1

∑

Ã,c

|Γc
ÃA
|2; q⃗A = −p⃗Ã , (1.159)

ΦB(q⃗B) =
1√

N2 − 1

∑

B̃,c

|Γc
B̃B
|2; q⃗B = −p⃗B̃ . (1.160)

At this point, it is very interesting to understand that in the BFKL approach the am-

plitude for a diffusion process at high energy can be written as the convolution of the

Green function G for two Reggeized gluon with the impact factors ΦA′A and ΦB′B of the

18Note that the flux factor, for
√
s much larger than the masses of the incoming particles, becomes

F ≈ 2s.
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Figure 1.19: Schematic representation of the factorized amplitude.

colliding particles (see Fig. 1.19). The BFKL Green function is universal and completely

governs the s-behavior of the amplitude, instead the impact factors depend on the par-

ticular process under analysis and they are s-independent.

It is important to make a clarification on the definition of impact factor. The one given

above is not the most general possible, in fact, only one particle of the intermediate state

across the s-channel cut has been included in its definition. In general the intermedi-

ate state can be a system of particles, and in this case, within the LLA, the definition

generalizes to [35]

ΦAA(q⃗A) = ⟨cc|P̂0|0⟩
∑

{f}

∫
dsPR
2π

dρfΓ
c
{f}A

(
Γc

′

{f}A

)∗
. (1.161)

In the case of a single particle in the intermediate state the integration becomes completely

trivial and the expression (1.161) reduces to the one in Eq. (1.159).

1.2.6 Solution of BFKL equation at t = 0

The s-behaviour of the total cross section (1.11) is determined by solving the BFKL

equation (1.152) and finding the leading singularity ω0. Then, performing the anti-Mellin

transformation, it is possible to get the asymptotic behaviour of cross sections. First

of all, the Eqs. (1.152, 1.153) must be taken in the case of R = 0 (singlet) and t = 0.

Redefining

G
(0)
ω (q⃗1, q⃗2; 0⃗)

q⃗ 2
1 q⃗

2
2

≡ Gω (q⃗1, q⃗2) , (1.162)
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K(0)(q⃗1, q⃗2, 0⃗)

q⃗ 2
1 q⃗

2
2

≡ K(q⃗1, q⃗2), (1.163)

and hence
K(0)
r (q⃗1, q⃗2, 0⃗)

q⃗ 2
1 q⃗

2
2

≡ Kr(q⃗1, q⃗2) =
g2N

(2π)D−1

2

(q⃗1 − q⃗2)2
, (1.164)

it straightforward to find that the BFKL equation takes the following form:

ωGω (q⃗1, q⃗2) = δ(2) (q⃗1 − q⃗2) +
∫
dD−2k K(q⃗1, k⃗)Gω(k⃗, q⃗2), (1.165)

that can be rewritten as

ωGω (q⃗1, q⃗2) = δ(2) (q⃗1 − q⃗2) +K •Gω (q⃗1, q⃗2) , (1.166)

where we have defined the convolution operator as

A •B (q1, q2) =

∫
dD−2k A(q1, k)B(k, q2) . (1.167)

The expression of the kernel function reads

K(q⃗1, q⃗2) =
K(0)(q⃗1, q⃗2)

q⃗ 2
1 q⃗

2
2

= 2ω(−q⃗ 2
1 )δ

D−2(q⃗1 − q⃗2) +
g2N

(2π)D−1

2

(q⃗1 − q⃗2)2
. (1.168)

Finding the Green function Gω means solving the eigenvalue problem for the kernel K.
In fact, if the equation

K • ϕi(q⃗) = λiϕi(q⃗), (1.169)

is solved, then, the Green function can be reconstructed through the spectral representa-

tion

Gω (q⃗1, q⃗2) =
∑

i

ϕi(q⃗1)ϕ
∗
i (q⃗2)

ω − λi
. (1.170)

It is important to stress that the BFKL kernel can be seen as an operator acting on a

space of complex functions, defined on a vectorial space, V . Now, it is easy to see that

the kernel is rotationally invariant19, i.e.

K(Rq⃗1, Rq⃗2) = K(q⃗1, q⃗2) , q⃗1, q⃗2 ∈ V , (1.171)

with R a generic rotation operator in V . The consequence of rotational invariance is that
the kernel admits a set of eigenfunctions of the type

ϕnγ(q⃗) = fγ(|q⃗ |)Yn(ϕ) , (1.172)

19Please note that the Jacobian of a rotation is one.
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where ϕ on the right hand side denotes the set of angular variables and Yn is a spherical

harmonic which, in dimension two, is nothing more than an exponential function einϕ.

The kernel is also a scale invariant operator, in fact, given a λ ∈ IR,

K(λq⃗1, λq⃗2) = λ−2K(q⃗1, q⃗2) , q⃗1, q⃗2 ∈ V . (1.173)

The scale invariance forces the radial function fγ(|q⃗ |) to be a power of |q⃗ |, we will take

them as

fγ(|q⃗ |) = (q⃗ 2)γ . (1.174)

The last step is to fix the value of γ and the overall normalization by requiring that these

functions form an orthonormal complete sets, i.e.
∫
d2q⃗ ϕnν (q⃗)ϕ

n′

ν′ (q⃗) = δ(ν − ν ′)δ(n− n′). (1.175)

By imposing this last condition, it is simple to see that γ must be equal to iν − 1/2 with

ν ∈ IR and hence, the set of eigenfunctions that solves the problem is
{
ϕnν (q⃗ ) =

1

π
√
2
(q⃗ 2)−

1
2
+iνeinθ : ν ∈ IR , n ∈ Z

}
. (1.176)

To find the corresponding eigenvalues we have to make the kernel act on a test eigen-

function. We consider separately virtual corrections and real emissions in dimensional

regularization with d = 2 + 2ϵ. To this purpose, we introduce the “continuation” of the

LO BFKL eigenfunctions to non-integer dimensions,

(
q⃗ 2
)γ
einθ →

(
q⃗ 2
)γ−n

2

(
q⃗ · l⃗

)n
, (1.177)

where l⃗ lies only in the first two of the 2+2ϵ transverse space dimensions, i.e. l⃗ = e⃗1+ ie⃗2

with e⃗ 2
1,2 = 1, e⃗1 · e⃗2 = 0. In the limit ϵ → 0 the r.h.s. of Eq. (1.177) reduces to the LO

BFKL eigenfunction, since we have

einθ = (cos θ + i sin θ)n =

(
qx + iqy
|q|

)n
=

(
(q⃗ · l⃗)n
(q⃗ 2)n/2

)
. (1.178)

For the virtual part we have

Kv • ϕnν (q⃗) =
∫
dD−2k

π
√
2
(k⃗ 2)−1/2+iν

(
(k⃗ · l⃗)n
(k⃗ 2)n/2

)
2ω(−q⃗ 2)δD−2(q⃗ − k⃗)

= −2g2N(q⃗ 2)ϵ

(4π)2+ϵ
Γ(1− ϵ)Γ2(ϵ)

Γ(2ϵ)
ϕnν (q⃗) . (1.179)
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We see that the virtual part contains a pole in ϵ; this will be cancelled by the real part,

ensuring the infrared finiteness in the singlet case. For the real part, we have

Kr • ϕnν (q⃗) =
∫
dD−2k

π
√
2
(k⃗ 2)−1/2+iν

(
(k⃗ · l⃗)n
(k⃗ 2)n/2

)
g2N

(2π)D
2

(q⃗ − k⃗)2
.

To solve this integral, we perform a Feynman parametrization to obtain

Kr • ϕnν (q⃗) =
2g2N

(2π)3+2ϵ

Γ(3
2
+ n

2
− iν)

Γ(1
2
+ n

2
− iν)

∫ 1

0

dx

∫
dD−2k

π
√
2

(1− x)−1/2+n/2−iν(k⃗ · l⃗)n
[
k⃗ 2 − 2xq⃗ · k⃗ + xq⃗ 2

]3/2+n/2−iν .

(1.180)

If we perform the shift k⃗ → k⃗ + xq⃗, in the numerator we obtain a factor

(k⃗ · l⃗ + xq⃗ · l⃗)n =
∑

j

(
n

j

)
(k⃗ · l⃗)jxn−j(q⃗ · l⃗)n−j . (1.181)

Only the j = 0 term in Eq. (1.181) gives a non-vanishing contribution to the integral and

therefore,

Kr • ϕnν (q⃗) =
2g2N

(2π)3+2ϵ

Γ(3
2
+ n

2
− iν)

Γ(1
2
+ n

2
− iν)(q⃗

2)n/2einϕ
∫ 1

0

dx xn(1− x)−1/2+n/2−iν

×
∫
dD−2k

π
√
2

1
[
k⃗ 2 + x(1− x)q⃗ 2

]3/2+n/2−iν . (1.182)

Both integrations are now simple and we get

Kr • ϕnν (q⃗) =
2g2N(q⃗ 2)ϵ

(4π)2+ϵ
2Γ(ϵ)Γ(1

2
+ n

2
− iν − ϵ)Γ(1

2
+ n

2
+ iν + ϵ)

Γ(1
2
+ n

2
− iν)Γ(1

2
+ n

2
+ iν + 2ϵ)

ϕnν (q⃗) . (1.183)

Combining real and virtual parts, we get the full action of the kernel on its eigenfunctions:

K•ϕnν (q⃗) =
2g2N(q⃗ 2)ϵ

(4π)2+ϵ

(
2Γ(ϵ)Γ(1

2
+ n

2
− iν − ϵ)Γ(1

2
+ n

2
+ iν + ϵ)

Γ(1
2
+ n

2
− iν)Γ(1

2
+ n

2
+ iν + 2ϵ)

− Γ(1− ϵ)Γ2(ϵ)

Γ(2ϵ)

)
ϕnν (q⃗) .

Expanding in ϵ and up to constant order, we get

K • ϕnν = ᾱsχ(n, ν) ≡ ωn(ν) , (1.184)

where

ᾱs =
αsN

π
(1.185)

and

χ(n, ν) = 2ψ(1)− ψ(1/2 + n/2 + iν)− ψ(1/2 + n/2− iν)
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= 2(−γE −ℜ[ψ((n+ 1)/2 + iν)]). (1.186)

The function χ(n, ν) in Eq. (1.186) characterizes the behavior predicted by the BFKL

approach in the leading-logarithmic approximation, it is a remarkable achievement of L.

Lipatov and it is therefore known as Lipatov characteristic function.

As anticipated, from the knowledge of the eigenvalues and the eigenfunctions, we can

immediately write a spectral representation for the Green, Gω (q⃗1, q⃗2), which reads

Gω (q⃗1, q⃗2) =
∞∑

n

∫ ∞

−∞
dν

(
q21
q22

)iν
ein(θ1−θ2)

2π2q1q2

1

ω − ᾱsχ(n, ν)
. (1.187)

Since ν is a continuous variable, we do not obtain an isolated pole which we can associate

with the intercept of the Pomeron. One is interested in the leading ln s behaviour which

means the singularity with the largest real part in the ω-plane. This allows to make a

number of simplifications. Since the function χ(n, ν) decreases with increasing n, it is

possible to restrict the sum over n in Eq. (1.187) to the case where n = 0. Furthermore,

χ(0, ν) decreases with increasing |ν|, so one can expand χ(0, ν) as a power series in ν and

keep only the first two terms. One obtains

χ(0, ν) = 4 ln 2− 14ζ(3)ν2 + ... . (1.188)

In this approximation

Gω (q⃗1, q⃗2) ≈
1

πq1q2

∫ ∞

−∞

dν

2π

(
q21
q22

)iν
1

(ω − ω0 + a2ν2)
, (1.189)

with

ω0 = 4ᾱs ln 2 (1.190)

being the position of the leading singularity (the branch point of the cut) and

a2 = 14ᾱsζ(3). (1.191)

Eq. (1.189) can be inverted, performing the anti-Mellin transform,

G̃s(q⃗1, q⃗2) =
1

2πi

∮

C

dω

(
s

s0

)ω
1

πq1q2

∫ +∞

−∞

dν

2π

(
q21
q22

)iν
1

ω − ω0 + a2ν2
, (1.192)

where the contour C is to the right of the ω-plane singularity of the integrand function.

Using the residue theorem, one finds

G̃s(q⃗1, q⃗2) =
1

2π2q1q2

∫ +∞

−∞
dν

(
s

s0

)ω0−a2ν2 (q21
q22

)iν

=
1

2π2q1q2

∫ +∞

−∞
dνe

(ω0−a2ν2) ln
(

s
s0

)
+iν ln

(
q21
q22

)
.

(1.193)
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An exponential factor, independent from ν, can be taken out the integral, while, in the

remaining term one can complete the square to obtain:

G̃s(q⃗1, q⃗2) =
1

2π2q1q2

(
s

s0

)ω0
∫ +∞

−∞
dν

× exp


−a2 ln

(
s

s0

)
ν2 + i ln

(
q1
q2

)
ν +

ln2
(
q21
q22

)

4a2 ln
(

s
q⃗ 2
2

) −
ln2
(
q21
q22

)

4a2 ln
(

s
q⃗ 2
2

)




=
1

2π2q1q2

(
s

s0

)ω0
∫ +∞

−∞
dν

× exp


−

ln2
(
q21
q22

)

4a2 ln
(

s
q⃗ 2
2

)


 exp


−


a
√

ln

(
s

s0

)
ν −

i ln
(
q21
q22

)

2a

√
ln
(
s
s0

)




2
 .

(1.194)

Applying the substitution

z = ν − i
ln
(
q21
q22

)

2a2 ln
(
s
s0

) , (1.195)

and remembering the solution of the Gaussian integral,
∫ ∞

−∞
dze−Az

2

=

√
π

A
, (1.196)

the result is

G̃s(q⃗1, q⃗2) ≈
1√
q⃗ 2
1 q⃗

2
2

(
s

s0

)ω0 1√
π ln(s/s0)

1

2πa
exp

(
− ln2(q⃗ 2

1 /q⃗
2
2 )

4a2 ln(s/s0)

)
. (1.197)

The predicted s-behaviour (1.11) of the cross sections appears from this expression20, in

fact, using the power series expansion of the exponential, one has:

G̃s(q⃗1, q⃗2) ≈
1√
q⃗ 2
1 q⃗

2
2

(
s

s0

)ω0 1√
π ln(s/s0)

1

2πa

[
1 +

(
− ln2(q⃗ 2

1 /q⃗
2
2 )

4a2 ln(s/s0)

)
+

1

2

(
− ln2(q⃗ 2

1 /q⃗
2
2 )

4a2 ln(s/s0)

)2

+ ...

]
.

(1.198)

αs is fixed, increasing s, all terms of the expansion are suppressed with respect to one,

and the leading contribution is

G̃s(q⃗1, q⃗2) ≈
1√
q⃗ 2
1 q⃗

2
2

(
s

s0

)ω0 1√
π ln(s/s0)

1

2πa
, (1.199)

that shows exactly the behaviour in Eq. (1.11).

20Note that the s-dependences appear only in this “piece” of the cross section.
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• ω(1)(t) −→ ω(2)(t)

1-loop 2-loop

• Γc(0)P ′P −→ Γ
c(1)
P ′P

−→

Born −→ 1-loop

• γGi(0)
cici+1 −→ γ

Gi(1)
cici+1

Born

−→
1-loop

Figure 1.20: Next-to-leading corrections to Regge trajectory, PPR vertices, and central

gluon production vertex in the multi-Regge kinematics.

1.2.7 BFKL equation in the NLLA

In the previous sections, we built the BFKL approach in the LLA; the goal of this section,

is instead to describe the approach in the NLLA. In this approximation we can use an

approach which coincides in the main features with that used in the LLA [36]. In general,

the program of the calculations is analogous to that in LLA. The final goal is the elastic

scattering amplitude, which has to be restored from its s- and u-channel imaginary parts.

The s-channel imaginary part is given by the unitarity relation (1.110). It can be shown

that, Eqs. (1.129)-(1.132), expressing the elastic scattering amplitudes in terms of their

s-channel imaginary parts, remain unchanged.

Although conceptually the approach does not differ much from what has been described

previously, the technical effort to complete the calculation program is enormous. For

this reason, in the following, we will limit ourselves to a simple introductory description,

referring to [28] (and reference therein) for all the details.
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Gluon Reggeization in the NLLA

In the NLLA, Eq. (1.14) has been proved in the first three orders of perturbation theory

and assumed to be valid to all orders. Only later, it has been proved to all orders of per-

turbation theory. Demonstrating Reggeization in the NLLA is again a very challenging

topic, we refer to [37] (and reference therein) for full details on this topic.

Instead, we want to focus on how the Regge trajectory can be extracted in this approxi-

mation. To this scope, Let us consider again the quark-quark scattering and let us expand

the Eq. (1.14) up to α3
s:

Γa1′1
s

t

[(
s

−t

)ω(t)
+

(−s
−t

)ω(t)]
Γa2′2 ≃

{
Γ
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t
Γ
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2′2

}
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s
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s
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)
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)]
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2′2

}
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Γ
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t
Γ
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2′2 +Γ
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t
Γ
a(1)
2′2
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1′1

s
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+
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+
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Γ
a(2)
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a(0)
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NNLLA

.

(1.200)

In Eq. (1.200) we have restored the superscript (i) to denote the i-loops correction to a

certain quantity and we have introduced a subscript to clarify within which approximation

a given term contributes. Analyzing the Eq. (1.200), we have that

• In the first line we have the only contribution of order αs, which is proportional to

the Born effective vertices and obviously contributes within the LLA.

• In the second line we have three terms of order α2
s. The first is proportional to the 1-

loop Regge trajectory and contains a logarithm of the energy which compensates the

additional αs factor, hence it contributes within the LLA. The second and the third

are both proportional to the 1-loop correction to one of the two effective vertices;

compared to the Born contribution they have an extra αs power and no large energy

logarithm to compensate; they contribute within the NLLA.

• In the remaining lines we have a collection of terms of order α3
s. The first is propor-

tional to the squared of the 1-loop Regge trajectory and contains two logarithms of
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the energy which compensate the additional α2
s factor, hence it contributes within

the LLA. The second and the third contain the 1-loop Regge trajectory, the 1-loop

correction of one of the two effective vertices and a logarithm of the energy which

compensates one αs factor; they contribute within the NLLA. The fourth term is

proportional to the so called 2-loop correction to the Regge trajectory and contains

a large logarithm of the energy; it contributes within NLLA. Finally, we have terms

proportional to the product of 1-loop corrections to the effective vertices or terms

proportional to the 2-loops correction to one of the two effective vertices. They

contribute within the NNLLA.

At this point, it is clear how to proceed. First, we have to go back to our 1-loop compu-

tation of the quark-quark scattering and we have to include also those corrections that

we have discarded in LLA since they do not generate large logarithms of energy. Among

these we have contributions from the box and cross diagrams in Fig. 1.4 which come from

regions of the phase space which we have ignored previously, but also vertex corrections

which, in Feynman gauge, do not produce large logarithms of the energy.

By comparing this result with the correction of order αs in Eq. (1.200), we can extract

the effective vertices up to 1-loop accuracy. In general, they assume the following form21

ΓP ′P = δλP ,λP ′Γ
(+)
P ′P + δλP ,−λP ′Γ

(−)
P ′P , (1.201)

where in the first term of Eq. (1.201), as before, the helicity is conserved, but there is a

second term in which the helicity is not conserved [38, 39, 40, 41, 42].

Once these vertex corrections are found, the only ingredient to extract is ω(2)(t). To do

this, we need to compute the 2-loop correction to the quark-quark scattering amplitude,

in the high-energy limit, and select those contributions that give rise to energy logarithms

and compare it with Eq. (1.200). The result can be found in [28], it was derived in [42,

43, 44, 45, 46].

Multi-Regge kinematics

In the MRK and NLLA, as well as in LLA, only the amplitudes with the gluon quantum

numbers in the channels with momentum transfers qi do contribute. The appearance in

the right hand side of Eq. (1.110) of amplitudes with quantum numbers in ti-channels

21As always, we are thinking in terms of the quark-quark scattering amplitude, but nothing prevents

us from considering the case of quark-gluon or gluon-gluon. The agreement of results extracted from

different amplitudes is a further confirmation of the Reggeization.
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different from the gluon ones leads to loss of at least two large logarithms and therefore

can be ignored in NLLA. As before, the key point in the calculation of the amplitudes

contributing in the unitarity relation (1.110) is the gluon Reggeization. In MRK the real

parts of the contributing amplitudes (only these parts are relevant in NLLA because the

LLA amplitudes are real) are presented in the same form (1.132) as in LLA.

In this kinematics, we need the two-loop contribution ω(2)(t) to the gluon Regge trajectory

ω(t) and the corrections to the real parts of the PPR-vertices that we discussed previously.

Moreover, we need also to compute the one-loop corrections to the Lipatov vertex [39,

47]. The calculation program for these corrections is schematized in Fig. 1.20.

Quasi-multi-Regge kinematics

Probably, the most interesting feature of the NLLA is the appearance of a new kinematics,

in fact, in the NLLA, MRK is not the only kinematics that contributes to the unitarity

relation (1.110). Since we have the possibility to “lose” one large logarithm (in comparison

with LLA), the limitation of the strong ordering (1.112) in the rapidity space cannot be

implied more. Any (but only one) pair of the produced particles can have a fixed (not

increasing with s) invariant mass, i.e. components of this pair can have rapidities of

the same order. This kinematics was called quasi-multi-Regge kinematics (QMRK). We

can deal with this kinematics by including, together with the production of a gluon, the

production of more complicated states in Reggeon-Reggeon (RR) and Reggeon-particle

(RP) collisions, which were neglected in the LLA. In particular, we must

• Include the possibility of producing gluon-gluon (GG) [36, 48, 49] and quark-

antiquark (Q̄Q) [50, 51, 52, 53, 54] states in Reggeon-Reggeon collisions.

• Include the possibility of producing states with larger number of particles in the

Reggeon-particle collisions in the fragmentation region of one of the initial particles.

The calculation program for these corrections is schematized in Fig. 1.21.

BFKL kernel and impact factors in the NLLA

As already mentioned above, the partial wave (1.130) can be presented in the same form

(1.2.4), but with modified impact factors and Green function. This fact is very important

because it confirms that also in NLLA the amplitudes can be factorized as in Fig. 1.19.

In the definition of the impact factors (1.146) we have to include radiative corrections
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• Γc(0)P ′P −→ Γ
c(0)
{f}P

• γGi(0)
cici+1 −→ γ

GG(0)
cici+1

−→

−→

• γGi(0)
cici+1 −→ γ

QQ(0)
cici+1 −→

Figure 1.21: Next-to-leading corrections to the vertices PPR and RRG in the quasi-multi-

Regge kinematics.

K(1)
RRG K(0)

RRQQ K(0)
RRGG

Figure 1.22: Schematic representation of the real part of the NLO BFKL kernel. In the

first contribution, one Lipatov vertex is to be taken at one-loop.
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to the PPR vertices and the contribution of the “excited” states in the fragmentation

region. Eq. (1.152) for the Green function remains unchanged, as well as the represen-

tation (1.153) of the kernel, but the gluon trajectory has to be taken in the two-loop

approximation:

ω(t) = ω(1)(t) + ω(2)(t), (1.202)

and the part, related with the real particle production, must contain, together with the

contribution from the one-gluon production in the RR collisions (calculated to one-loop

level), contributions from the two-gluon and quark-antiquark productions. The one-gluon

contribution must be calculated with the one-loop accuracy, whereas the two-gluon and

quark-antiquark contributions have to be taken in the Born approximation. For the

forward scattering case the real production takes the form (see Fig. 1.22)

Kr (q⃗1, q⃗2) = K(1)
RRG (q⃗1, q⃗2) +K(0)

RRGG (q⃗1, q⃗2) +K(0)

RRQQ̄
(q⃗1, q⃗2) . (1.203)

There is an important point to stress, the appearance of a new kinematics introduces tech-

nical problems. Calculating the two-gluon production contribution to the kernel and the

contribution to the impact factor from the gluon production in the fragmentation region,

we meet divergencies of the integrals over invariant masses of the produced particles at

upper limits22. The reason for the divergencies is the absence of a natural bound between

MRK and QMRK. In order to give a precise meaning to the corresponding contributions

and to treat them carefully, an artificial bound, which we denote as sΛ, is introduced [35].

Obviously, the dependence on this artificial parameter disappears in final results.

As a consequence of what has just been explained, the definition of impact factor at the

next-to-leading order, in the singlet case, reads

ΦAA(q⃗1; s0) =

(
s0
q⃗ 2
1

)ω(−q⃗ 2
1 )∑

{f}

∫
θ(sΛ − sAR)

dsAR
2π

dρf Γc{f}A

(
Γc

′

{f}A

)∗
⟨cc′|P̂0|0⟩

−1

2

∫
dD−2q2

q⃗ 2
1

q⃗ 2
2

Φ
(0)
AA(q⃗2)K(0)

r (q⃗2, q⃗1) ln

(
s2Λ

s0(q⃗2 − q⃗1)2
)
. (1.204)

The first term in Eq. (1.204) is very similiar to that in Eq. (1.161); the important differ-

ence with respect to the leading-order definition is the Heaviside theta that creates the

separation between MRK and QMRK and automatically regularizes the aforementioned

rapidity divergence (sAR goes to infinity). In this scheme, a contribution in which there is

the emission of an additional gluon is included in the “QMRK part” of the impact factor

22In the next chapter we will refer to these as rapidity divergences.
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only if sAR < sΛ, i.e. only if the particle (or the system of particle) that we had at the

leading order and the additional emitted gluon are not strongly separated in rapidity.

The second term comes instead from the MRK contribution to the partial wave amplitude

Eq. (1.145) in the NLLA. Consistently with how we define the QMRK kinematics using

the cut-off sΛ, we must now impose that the integration over invariant masses si in MRK

kinematics is performed by imposing si > sΛ. When we compute in the LLA, the lower

bound of integration over invariant masses produces negligible contributions within this

approximation. Within the NLLA, terms from the lower bound of integration must be

included. In the specific case of the invariant mass sAR, the produced term is exactly the

one in the second line of Eq. (1.204).

The sΛ parameter introduced must be understood as tending to infinity. Both expres-

sions in the first and second line of Eq. (1.204) are divergent, but in their combination

any dependence from sΛ disappears and the result is finite. As it is easy to understand,

also the contribution to the kernel from the emission of two gluons has a term similar to

the second in Eq. (1.204). For the complete calculation of the separation between MRK

and QMRK see [28].
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Chapter 2

Next-leading order forward Higgs

impact factor

We have made the discovery of a new particle, a completely new particle,

which is most probably very different from all the other particles.

Rolf-Dieter Heuer

Precision physics in the Higgs sector has been one of the main challenges in recent years.

The pure fixed-order calculations entering the collinear factorization framework, which

have been pushed up to N3LO, are not able to describe the entire kinematic spectrum. In

particular conditions, they must be necessarily supplemented by all-order resummations.

In the Regge kinematical region, large energy-type logarithms spoil the perturbative be-

havior of the series and must be resummed to all orders. The BFKL approach, that

we have presented in the previous chapter, allows us to achive this resummation, in the

NLLA, but, as already said, it requires the knowledge of impact factors. In this chapter,

we calculate the next-to-leading order correction to the impact factor (vertex) for the

production of a forward Higgs boson, in the infinite top-mass limit. We obtain the result

both in the momentum representation and as superposition of the eigenfunctions of the

leading-order BFKL kernel. As already mentioned earlier, this impact factor allows to

describe the inclusive hadroproduction of a forward Higgs in the limit of small Bjorken

x, as well as for the more interesting study of the inclusive forward emissions of a Higgs

boson in association with a backward identified object.

The chapter contains five sections. In the first section, we introduce the necessary

ingredients and the program of computations. In the second and third section, we calculate

79
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k1

q

(zHk1, ~pH)

Figure 2.1: Schematic description of the Higgs impact factor: zH is the fraction of lon-

gitudinal momentum of the initial parton carried by the outgoing Higgs and p⃗H is its

transverse momentum.

real and virtual corrections, respectively. In the fourth, we perform the projection onto

the eigenfunctions of the LO BFKL kernel and we show the cancellation of divergences.

Lastly, in the fifth section we summarize and discuss future perspectives. The material

in this chapter is based on Ref. [55, 56].

2.1 LO and NLO in a nutshell

2.1.1 The leading-order impact factor for forward Higgs pro-

duction

Since we are interested in the description of the inclusive production of a Higgs in proton-

proton collisions, say in the forward region, the setup sketched in the previous chapter

must be suitably modified. First of all, we need to consider processes in which the parton

A can be a gluon or any of the active quarks and must then take the convolution of

the partonic impact factor with the corresponding PDF. Secondly, the integration over

the intermediate states {f} in (1.204) must exclude the state of the Higgs, so that the

resulting impact factor will be differential in the Higgs kinematics (see Fig. 2.1).

Let us illustrate the procedure in the simplest case of the leading-order (LO) contri-

bution. In the infinite top-mass approximation, the Higgs field couples to QCD via the

effective Lagrangian [57, 58],

LggH = −gH
4
F a
µνF

µν,aH , (2.1)

where H is the Higgs field, F a
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν is the field strength tensor,

gH =
αs
3πv

(
1 +

11

4

αs
π

)
+O(α3

s) (2.2)
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is the effective coupling [59, 60] and v2 = 1/(GF

√
2) with GF the Fermi constant. Feyn-

man rules deriving from this theory can be found in Appendix A.1. We introduce the

Sudakov decomposition for the Higgs and Reggeon momenta:

pH = zHk1 +
m2
H + p⃗ 2

H

zHs
k2 + pH⊥ , p2H = m2

H , (2.3)

q = −αqk2 + q⊥ , q2 = −q⃗ 2 . (2.4)

At LO, the impact factor takes contribution only from the case when the initial-state

parton (particle A) is a gluon, for which kA = k1. For the polarization vector of all gluons

in the external lines involved in the calculation we will use the light-cone gauge,

ε(k) · k2 = 0 , (2.5)

which leads to the following Sudakov decomposition:

ε(k) = −(k⊥ · ε⊥(k))
(k · k2)

k2 + ε⊥(k) , (2.6)

so that for the initial-state gluon we have ε(k1) = ε⊥(k1). The transverse polarization

vectors have the properties

(ε∗⊥(k1, λ1) · ε⊥(k1, λ2)) = (ε∗(k1, λ1) · ε(k1, λ2)) = −δλ1, λ2 ,
∑

λ

ε∗µ⊥ (k, λ)εν⊥(k, λ) = −gµν⊥⊥ , (2.7)

where the index λ enumerates the independent polarizations of gluon (sometimes it will

be omitted for simplicity, but it should be always understood), gµν is the metric tensor

in the full space and gµν⊥⊥ the one in the transverse subspace,

gµν⊥⊥ = gµν − kµ1k
ν
2 + kµ2k

ν
1

(k1 · k2)
. (2.8)

The LO impact factor before differentiation in the kinematic variables of the Higgs is

given by

Φ{H}(0)
gg (q⃗ ) =

⟨cc′|P̂0|0⟩
2(N2 − 1)

∑

a,λ

∫
dsgR
2π

dρHΓ
ac(0)
{H}g(q)

(
Γ
ac′(0)
{H}g (q)

)∗
, (2.9)

where the only state contributing to the intermediate state {f} is the Higgs boson and

the particle A is identified with an on-shell gluon. Here,

Γ
ac(0)
{H}g(q) =

gH
2
δac
(
q⊥ · ε⊥(k1)

)
, (2.10)
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pHk1, a, µ

q, c, ρ

Figure 2.2: Born gluon-Reggeon-Higgs effective vertex (left) and schematic description of

the single contribution to the impact factor LO (right). We draw the Higgs boson above

the cut to emphasize that we do not integrate over its kinematic variables.

is the high-energy gluon-Reggeon-Higgs (gRH) Born vertex (see Fig. 2.2). The overall

factor 1/2(N2 − 1) comes from the average over the polarization and color states of the

incoming gluon. The vertex in Eq. (2.10) is obtained from the Higgs effective theory Feyn-

man rules, taking for the Reggeon in the t-channel the “nonsense” polarization (−kρ2/s).
We stress again that this effective polarization arises from the fact that, for gluons in the

t-channel that connect strongly separated regions in rapidity, the Gribov trick,

gρν = gρν⊥⊥ + 2
kρ1k

ν
2 + kρ2k

ν
1

s
−→ 2

kρ2k
ν
1

s
= 2s

(−kρ2
s

)(−kν1
s

)
, (2.11)

can be used in the kinematic region relevant for the “upper” impact factor. Since the

integration over the invariant mass sPR and over the phase space is completely trivial, we

simply obtain

Φ{H}(0)
gg (q⃗ ) =

g2H
8
√
N2 − 1

q⃗ 2 . (2.12)

Hence, it is straightforward to construct the differential (in the kinematic variables of the

Higgs) LO order impact factor. This is the only chapter of the thesis in which, to adapt

our notation to Ref. [55], we work in D = 4 − 2ϵ dimensions. The impact factor in this

dimension reads23

dΦ
{H}(0)
gg (q⃗ )

dzHd2p⃗H
=

g2H
8(1− ϵ)

√
N2 − 1

q⃗ 2δ(1− zH)δ(2)(q⃗ − p⃗H) . (2.13)

23Not to burden our formulas, we write δ(2) instead of δ(D−2) in the R.H.S. and d2p⃗H instead of

dD−2p⃗H in the L.H.S.; the latter convention will apply also in the following. Moreover, if gH is meant to

have dimension of an inverse mass, then in D-dimension it should be replaced by gHµ−ϵ, where µ is an

arbitrary mass scale.
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Born Born

Born Born

Born Born1−loop 1−loop

Figure 2.3: Schematic description of the calculation of the impact factor at the NLO. In

the first figure from above the hard process is initiated by a quark, and an additional

quark is produced through the cut. Note that this quark “crosses” the cut to indicate

that we will integrate on its kinematic variables.

After convolution with the gluon PDF, we obtain the proton-initiated LO impact factor,

dΦ
{H}(0)
PP (xH , p⃗H , q⃗)

dxHd2p⃗H
=

∫ 1

xH

dzH
zH

fg

(
xH
zH

)
dΦ

{H}(0)
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
=
g2H q⃗

2fg(xH)δ
(2)(q⃗ − p⃗H)

8(1− ϵ)
√
N2 − 1

.

(2.14)

2.1.2 NLO computation in a nutshell

The program for calculating the NLO Higgs impact factor is the following:

• Real corrections

At NLO the process can be initiated either by a gluon or by a quark extracted from

the proton. Moreover, the Higgs must be accompanied by an additional parton

(see the first two diagrams from the top of Fig. 2.3). These corrections will be

calculated in section 2.2, separating the quark-initiated case (subsection 2.2.1) and

the gluon-initiated one (subsection 2.2.2).

• Virtual corrections

Another NLO order correction is obtained when we take one of the two effective

vertices Γ that appear in the definition of the impact factor at one loop and the
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other at Born level (see diagrams in the last line of Fig. 2.3). This correction is trivial

to compute once the 1-loop correction to the vertex (2.10) has been extracted. This

problem will be addressed in the section 2.3.

• Projection onto the eigenfunctions of the LO BFKL kernel and cancella-

tion of divergences

In section 2.4 we perform the convolution with the PDFs for the previously calcu-

lated contributions and show that, after (i) carrying out the UV renormalization

of the strong coupling, (ii) introducing the counterterms associated with the PDFs,

(iii) performing the projection on the eigenfunctions of the LO BFKL kernel (more

details in section 2.4), the final result is free from any kind of divergence.

2.2 NLO impact factor: Real corrections

In this section, we compute real corrections to the Higgs impact factor. At NLO both

initial-state gluon and quark can contribute: if the process is initiated by a quark (gluon),

then the intermediate state {f} will contain the Higgs and a quark (gluon). The Sudakov

decomposition of the momentum of the produced parton reads

pp = zpk1 +
p⃗ 2
p

zps
k2 + pp⊥ , p2p = 0 , (2.15)

where the subscript p is equal to q (g) in the quark (gluon) case. We have then

spR = (pp + pH)
2 =

zp(zH + zp)m
2
H + (zpp⃗H − zH p⃗p)2
zHzp

, (2.16)

dspR
2π

dρpH = δ(1− zp − zH)δ(2)(p⃗p + p⃗H − q⃗ )
dzpdzH
zpzH

dD−2ppd
D−2pH

2(2π)D−1
. (2.17)

The integration over the kinematic variables of the produced parton is trivial due to the

presence of the delta functions and results in the constraints

zp = 1− zH , p⃗p ≡ q⃗ − p⃗H . (2.18)

The integration over zH and p⃗H is not performed, since our target is an impact factor

differential in the kinematic variables of the Higgs.

In the gluon case we will use the Sudakov decompositions of the polarization vectors

of the initial-state gluon with momentum k1 and of the produced gluon with momentum

pg,

ε(k1) = ε⊥(k1) , ε(pg) = −
(pg,⊥ · ε⊥(pg))

(pg · k2)
k2 + ε⊥(pg) , (2.19)
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k1, i

pq, j

pH

pH − q

q, c, ν

a, α

b, µ

Figure 2.4: Feynman diagram contributing to the q R→ q H amplitude.

which encode the gauge condition ε · k2 = 0 for both gluons.

We observe that, when calculating NLO real corrections, the s0-dependent factor in

the definition (1.204) can be taken at the lowest order in the perturbative expansion and

therefore put equal to one. Moreover, in the quark case there is no rapidity divergence for

spR →∞, therefore the regulator sΛ can be sent to infinity in the argument of the theta

function and the second term in Eq. (1.204) (the so-called “BFKL counterterm”) can be

omitted.

2.2.1 Quark-initiated contribution

In the case of incoming quark, the contribution to the impact factor reads

dΦ{Hq}
qq (q⃗) = ⟨cc′|P̂0|0⟩

1

2N

∑

i,j
λ,λ′

∫
dsqR
2π

dρ{Hq}Γ
c(0)
{Hq}q(q)

(
Γ
c′(0)
{Hq}q(q)

)∗
. (2.20)

where color and spin states have been averaged for the initial-state quark and summed

over for the produced one. There is only one Feynman diagram to consider, shown in

Fig. 2.4, leading to

Γ
c(0)
{Hq}q = −ggHtcij

1− zH
(q⃗ − p⃗H)2

ū(pq)

(
/k2
s
(pH − q) · q − /q

(
(pH − q) ·

k2
s

))
u(k1) . (2.21)

Substituting Eq. (2.21) into Eq. (2.20), one easily gets the quark initiated contribution to

the impact factor,

dΦ
{Hq}
qq (zH , p⃗H , q⃗)

dzHd2p⃗H
=

√
N2 − 1

16N(2π)D−1

g2g2H
[(q⃗ − p⃗H)2]2

×
[
4(1− zH) [(q⃗ − p⃗H) · q⃗ ]2 + z2H q⃗

2(q⃗ − p⃗H)2
zH

]
. (2.22)
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k1, a, µ

pg, b, ν

q, c, ρ

pH

k1, a, µ pH

pg, b, ν

k1 − pH

q, c, ρ

e, σ

d, λ

pH

pg, b, ν

k1, a, µ pg + pH

q, c, ρ

e, σ d, λ

k1, a, µ
pg, b, ν

k1 − pg

pH

q, c, ρ

e, σ

d, λ

Figure 2.5: Feynman diagrams contributing to the gR → gH amplitude. In the text we

label them from (1) to (4) starting from the top left.

We observe that this contribution to the impact factor vanishes in the limit q⃗ → 0, as

required by gauge invariance.

2.2.2 Gluon-initiated contribution

In the case of gluon in the initial state, the NLO real corrections, which are given, up to

the BFKL counterterm, by the first term in Eq. (1.204), take the following form

dΦ{Hg}
gg (q⃗) =

⟨cc′|P|0⟩
2(1− ϵ)(N2 − 1)

∑

a,b
λ,λ′

∫
dsgR
2π

dρ{Hg}Γ
abc(0)
{Hg}g(q)

(
Γ
abc′(0)
{Hg}g (q)

)∗
θ(sΛ − sgR) ,

(2.23)

where color and polarization states have been averaged for the initial-state gluon and

summed over for the produced one. The Feynman diagrams contributing to the amplitude

Γ
abc(B)
{Hg}g of the gR→ gH process are shown in Fig. 2.5, and give

Γ1 = −iggHfabcεµ(k1)ε∗ν(pg)
2− zH

2
gµν , (2.24)
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Γ2 =
−iggHfabcεµ(k1)ε∗ν(pg)
2[(zH − 1)m2

H − p⃗ 2
H ]

[
(1− zH)(m2

H + p⃗ 2
H)g

µν − 2zHp
µ
H(p

ν
H − zHkν1)

]
, (2.25)

Γ3 =
iggHf

abcεµ(k1)ε
∗
ν(pg)

2 [(1− zH)m2
H + (p⃗H − zH q⃗ )2]

×
[
gµν
(
(1− zH)2m2

H + (p⃗H − zH q⃗ )2
)
+ 2zH(1− zH)2pµHpνH − 2z2H(1− zH)pµgpνH)

]
,

(2.26)

Γ4 = −iggHfabcεµ(k1)ε∗ν(pg)
(1− zH)
(q⃗ − p⃗H)2

[
−gµν(q⃗ − p⃗H) · q⃗ − zH(pµHkν1 + pµgp

ν
H)
]
, (2.27)

which sum up to

Γ
abc(0)
{Hg}g = iggHf

abcεµ(k1)ε
∗
ν(pg)

[
[(1− zH)(m2

H + p⃗ 2
H)g

µν − 2zHp
µ
H(p

ν
H − zHkν1)]

2[(1− zH)m2
H + p⃗ 2

H ]

+

[
gµν ((1− zH)2m2

H + (p⃗H − zH q⃗ )2) + 2zH(1− zH)2pµHpνH − 2z2H(1− zH)pµgpνH)
]

2 [(1− zH)m2
H + (p⃗H − zH q⃗ )2]

−2− zH
2

gµν +
(1− zH)

[
gµν(q⃗ − p⃗H) · q⃗ + zH(p

µ
Hk

ν
1 + pµgp

ν
H)
]

(q⃗ − p⃗H)2

]
. (2.28)

Using Eqs. (2.19), we can decouple longitudinal and transverse degrees of freedom and

get

Γ
abc(0)
{Hg}g = −iggHfabcεµ⊥(k1)ε∗ν⊥(pg)

[
2zHp

µ
H⊥p

ν
H⊥ − zH(1− zH)m2

Hg
µν

2 [(1− zH)m2
H + p⃗ 2

H ]

−2zH∆
µ
⊥∆

ν
⊥ − zH(1− zH)m2

Hg
µν

2
[
(1− zH)m2

H + ∆⃗2
] +

zH(q
µ
⊥r

ν
⊥ − (1− zH)rµ⊥qν⊥)− (1− zH)r⃗ · q⃗ gµν

r⃗ 2


 ,

(2.29)

where we have defined, similarly to [61],

∆µ
⊥ ≡ pµH,⊥ − zHqµ⊥ , r⊥ ≡ qµ⊥ − pµH,⊥ . (2.30)

We can finally plug this expression into Eq. (2.23) and get the gluon-initiated contribution

to the impact factor,

dΦ
{Hg}
gg (zH , p⃗H , q⃗)

dzHd2pH
=

g2g2HCA

8(2π)D−1(1− ϵ)
√
N2 − 1

{
2

zH(1− zH)
[
2z2H +

(1− zH)zHm2
H(q⃗ · r⃗)[z2H − 2(1− zH)ϵ] + 2z3H(p⃗H · r⃗)(p⃗H · q⃗)

r⃗ 2 [(1− zH)m2
H + p⃗ 2

H ]
− 2z2H(1− zH)m2

H

[(1− zH)m2
H + p⃗ 2

H ]

−(1− zH)zHm2
H(q⃗ · r⃗)[z2H − 2(1− zH)ϵ] + 2z3H(∆⃗ · r⃗)(∆⃗ · q⃗)

r⃗ 2
[
(1− zH)m2

H + ∆⃗2
] − 2z2H(1− zH)m2

H[
(1− zH)m2

H + ∆⃗2
]
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+
(1− ϵ)z2H(1− zH)2m4

H

2

(
1

[(1− zH)m2
H +∆2]

+
1

[(1− zH)m2
H + p⃗ 2

H ]

)2

− 2z2H(p⃗H · ∆⃗)2 − 2ϵ(1− zH)2z2Hm4
H

[(1− zH)m2
H + p⃗ 2

H ] [(1− zH)m2
H +∆2]

]

+
2q⃗ 2

r⃗ 2

[
zH

1− zH
+ zH(1− zH) + 2(1− ϵ)(1− zH)

zH

(q⃗ · r⃗)2
q⃗ 2r⃗ 2

]}
θ

(
sΛ −

(1− zH)m2
H + ∆⃗2

zH(1− zH)

)
.

(2.31)

We notice that this expression is compatible with gauge invariance, since it vanishes for

q⃗ → 0. We have presented our result for Φ
{Hg}
gg in a form similar to that given in Eq. (46)

of Ref. [61] to facilitate the comparison. One can see that the expression in Ref. [61]

agrees with ours24, except for:

• two terms which are proportional to zH(1− zH)2 instead of z2H(1− zH);

• two terms, proportional to z3H , which have a sign different from ours.

These little discrepancies are due to misprints in Ref. [61], as privately communicated to

us by the authors of that paper.

2.3 NLO impact factor: Virtual corrections

In this section, we compute the contribution to the impact factor coming from virtual

corrections. The basic ingredient we need is the 1-loop correction to the high-energy

vertex in Eq. (2.10), that we indicate as25

Γ
ac(1)
{H}g(q) = Γ

ac(0)
{H}g(q) [1 + δNLO] . (2.32)

Thereafter, the virtual contribution to the impact factor can be calculated as

Φ{H}(1)
gg (q⃗; s0) =

⟨cc′|P̂0|0⟩
2(1− ϵ)(N2 − 1)

24We stress that in Ref. [61] authors work in D = 4 + 2ϵ, while we work in D = 4− 2ϵ
25We remind that this is the effective vertex for the coupling of the initial-state gluon with the final-

state Higgs and a t-channel Reggeized gluon, which is an object in the octet color representation with

negative signature. Up to the NLO, the effective vertex takes contribution from the exchange in the

t-channel of either one or two gluons; in the latter case, the projection onto the octet color representation

with negative signature should be taken; in our calculation this projection is automatic in presence of an

initial-state gluon, since the Higgs is a color singlet state.
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q

k1, a pH

k2 k′
2

Figure 2.6: gq → Hq amplitude.

×
∑

a,λ

∫
dsgR
2π

dρHΓ
ac(0)
{H}g(q)

(
Γ
ac′(0)
{H}g (q)

)∗ [
ω(1)(−q⃗ 2) ln

(
s0
q⃗ 2

)
+ δNLO + δ∗NLO

]
, (2.33)

where the s0-dependent term comes from the expansion of (s0/q⃗
2)ω

(1)(−q⃗ 2) in (1.204).

The general strategy to find a NLO high-energy effective vertex is to compute, in

the NLO and in the high-energy limit, a suitable amplitude and to compare it with the

expected Regge form, written in terms of the needed effective vertex and of another

known one. For our purposes, we consider the diffusion of a gluon off a quark to produce

a Higgs plus a quark, whose amplitude Agq→Hq, for the octet colour state and the negative

signature in the t-channel has the following Reggeized form (see Fig. 2.6):

A(8,−)
gq→Hq = Γac{H}g

s

t

[(
s

−t

)ω(t)
+

(−s
−t

)ω(t)]
Γcqq ≈ Γ

ac(0)
{H}g

2s

t
Γc(0)qq

+Γ
ac(0)
{H}g

s

t
ω(1)(t)

[
ln

(
s

−t

)
+ ln

(−s
−t

)]
Γc(0)qq + Γ

ac(0)
{H}g

2s

t
Γc(1)qq + Γ

ac(1)
{H}g

2s

t
Γc(0)qq , (2.34)

where

Γc(0)qq = gtcjiū(k2 − q)
/k1
s
u(k2) (2.35)

is the LO quark-quark-Reggeon effective vertex and Γ
c(1)
qq its 1-loop correction, known

since long [40, 42], and t = q2 = −q⃗ 2.

Let us now split the 1-loop contributions to this amplitude into three pieces, related

to 2-gluon (2g) or 1-gluon (1g) exchange or self-energy (se) diagrams in the t-channel:

A(2g)(8,−)(1)
gq→Hq +A(se)(1)

gq→Hq +A
(1g)(1)
gq→Hq =

{
Γ
(2g)ac(1)
{H}g

2s

t
Γc(0)qq + Γ

ac(0)
{H}g

2s

t
Γ(2g)c(1)
qq

+Γ
c(0)
{H}g

s

t
ω(1)(t)

[
ln

(
s

−t

)
+ ln

(−s
−t

)]
Γc(0)qq

}
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+

{
Γ
(se)ac(1)
{H}g

2s

t
Γc(0)qq + Γ

ac(0)
{H}g

2s

t
Γ(se)c(1)
qq

}
+

{
Γ
(1g)ac(1)
{H}g

2s

t
Γc(0)qq + Γ

c(0)
{H}g

2s

t
Γ(1g)c(1)
qq

}
, (2.36)

where the self-energy diagrams and 1-gluon exchange diagrams are automatically in the

8− color representation.

We stress that we will use a unique regulator ϵ ≡ ϵUV ≡ ϵIR for both ultraviolet (UV)

and infrared (IR) divergences. As a consequences, scaleless integrals such as

∫
dDk

i(2π)D
1

k2(k + k1)2
(2.37)

are equal to zero due to the exact cancellation between IR- and UV-divergence. In our

case of massless partons, this implies that the contribution from the renormalization of

the external quark and gluon lines is absent in dimensional regularization.

The 1-gluon-exchange contribution Γ
(1g)ac(1)
gH can be calculated in a straightforward way

by taking the radiative corrections to the amplitude of Higgs production in the collision

of an on-shell gluon with an off-shell one (the gluon in the t-channel) having momentum

q, colour index c and “nonsense” polarization vector −k2/s. In a similar manner one

could calculate the 1-gluon-exchange contribution to the quark-quark-Reggeon effective

vertex; in this case, the t-channel off-shell gluon must be taken with “nonsense” polar-

ization vector −k1/s. This is the consequence of the Gribov trick on the t-channel gluon

propagator, valid in the high-energy limit. The 1-gluon-exchange contribution does not

include self-energy corrections to the t-channel gluon, which must be calculated separately

and assigned with weight equal to one half to both Γ
(se)ac(1)
{H}g and Γ

(se)c(1)
qq .

For the 2-gluon exchange contributions we have the relation

Γ
(2g)ac(1)
{H}g

2s

t
Γc(0)qq + Γ

ac(0)
{H}g

2s

t
Γ(2g)c(1)
qq

= A(2g)(8,−)(1)
gq→Hq − Γ

ac(0)
{H}g

s

t
ω(1)(t)

[
ln

(
s

−t

)
+ ln

(−s
−t

)]
Γc(0)qq , (2.38)

which shows that we need to know the correction Γ
(2g)c(1)
qq . This correction has been

obtained in Ref. [62] and reads

Γ(2g)c(1)
qq = δ(2g)qq (t)Γc(0)qq , (2.39)

with

δ(2g)qq (t) =
1

2
ω(1)(t)

[
−1

ϵ
+ ψ(1) + ψ(1 + ϵ)− 2ψ(1− ϵ)

]

= g2N
Γ(2 + ϵ)

(4π)2−ϵ
1

ϵ
(−t)−ϵ

(
−1

ϵ
+ 1− ϵ+ 4ϵψ′(1)

)
+O(ϵ). (2.40)
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Figure 2.7: 1-gluon in the t-channel exchange diagrams. In the text we label them from

(1) to (4) starting from the top left.

2.3.1 The 1-loop correction: 1-gluon exchange and self-energy

diagrams

There are four non-vanishing diagrams with 1-gluon exchange in the t-channel, including

the one with self-energy corrections to the exchanged gluon; they are shown in Fig. 2.7,

where, the blob in the third diagram means the sum of gluon, ghost and quark loop

contributions.

Let’s start by considering the first diagram; it gives

Γ
(1g)
1,V =

1

2
ig2gHϵµ(k1)

k2,ρ
s

∫
dDk

(2π)D
Γµρνσabcb Hσν(−k − pH , k)

k2(k + pH)2
, (2.41)

where

Γµρνσabcd = [(T g)ab(T
g)cd(g

µρgνσ − gµσgνρ) + (T g)ac(T
g)bd(g

µνgρσ − gµσgνρ)

+(T g)ad(T
g)cb(g

µρgνσ − gµνgσρ)] , (T a)bc = −ifabc , (2.42)
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and Hσν is defined in (A.1). After a trivial computation, we obtain

Γ
(1g)
1,V = Γ

ac(0)
{H}gNg

2 (D − 2)

4(D − 1)
B0(m

2
H) ≡ Γ

ac(0)
{H}gδ

(1g)
1,V . (2.43)

The definition and the value of the integral B0(m
2
H), together with all the other integrals

that appear in the calculation of the virtual corrections, can be found in the Appendix A.2.

The second diagram gives the following contribution

Γ
(1g)
2,V =

−i
2
ϵµ(k1)

k2,ρ
s
Nδacg2gH

∫
dDk

(2π)D
V µνσ(−k1,−k − q, k)Aρσν(−k, k + q)

k2(q + k)2
, (2.44)

where

Aµρν(p, q) = gνρ(q − p)µ + gρµ(2p+ q)ν − gµν(p+ 2q)ρ (2.45)

and V µνσ is defined in (A.2). We find

Γ
(1g)
2,V = Γ

ac(0)
{H}g

[
−3

2
Ng2B0(−q⃗ 2)

]
≡ Γ

ac(0)
{H}gδ

(1g)
2,V . (2.46)

The correction due to the Reggeon self-energy is universal and reads (see, e.g., Ref. [63])

Γ
(1g)
3,V = Γ

ac(0)
{H}g

[
ω(1)(t)

(5− 3ϵ)N − 2(1− ϵ)nf
4(1− 2ϵ)(3− 2ϵ)N

]
≡ Γ

ac(0)
{H}gδ

(1g)
3,V . (2.47)

The last correction is the one associated with the “triangular” diagram,

Γ
(1g)
4,V = g2Nϵµ(k1)

k2,ρ
s
δacgH

×
∫

dDk

i(2π)D
Aµ νσ (−k, k + k1)A

σρβ(−q, q − k)Hνβ(−k1 − k, k − q)
k2(k + k1)2(k − q)2

. (2.48)

This correction is less trivial and we made use of the FeynCalc [64, 65] package to

perform some analytic steps; up to terms power-suppressed in s, we end up with

Γ
(1g)
4,V ≡ Γ

ac(0)
Hg δ

(1g)
4,V = Γ

ac(0)
Hg

Ng2

4(D − 2)(1−D) (m2
H + q⃗ 2)

2

×
{
2(D − 1)

[(
−5(D − 2)m4

H − 4(3D − 8)m2
H q⃗

2 + (16− 7D)(q⃗ 2
2 )

2
)
B0(−q⃗ 2)

+2(D − 2)m2
H

(
2m4

H + 3m2
H q⃗

2 + (q⃗ 2)2
)
C0

(
0,−q⃗ 2,m2

H

)]
+
(
−D(D − 2)(q⃗ 2)2

+ (D(D(4D − 35) + 92)− 60)m4
H − 2(D(−2(D − 9)D − 41) + 24)m2

H q⃗
2
)
B0

(
m2
H

)
}
.

(2.49)
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Figure 2.8: Feynman diagrams contributing to the gR→ gH amplitude.
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2.3.2 The 1-loop correction: 2-gluon exchange diagrams

As already mentioned, to extract this contribution we need to computeA(2g)(8,−)(1)
gq→Hq and use

Eq. (2.38). There are three diagrams contributing to this amplitude (see Fig. 2.8). If all

vertices involved in these diagrams were from QCD, one could use the Gribov trick (2.11)

on both gluons in the t-channel and adopt the powerful technique explained in Refs. [66,

63] to simplify the calculation. Instead, it is interesting to note that, the use of an

effective Lagrangian containing an operator of dimension 5, requires a modification of the

technique introduced in renormalizable theories for extracting the high-energy behaviour

of amplitudes. In particular, for diagrams where a single gluon connects the two rapidity

regions, the trick can be safely applied, while for diagrams with two gluons exchanged

in the t-channel, the transverse part of the metric tensor should be kept in any gluon

propagator directly connected to the effective vertex. For those propagators, one should

use the modified Gribov prescription,

gµν = gµν⊥⊥ + 2
kµ1k

ν
2 + kµ2k

ν
1

s
→ gµν⊥⊥ + 2

kµ2k
ν
1

s
. (2.50)

We begin by computing the first diagram; the second one can be obtained from the

first by analytic continuation from the s-channel to the u-channel, namely

A(2g)(8,−)(1)
gq→Hq, 2 (s) = −A(2g)(8,−)(1)

gq→Hq, 1 (−s) . (2.51)

The amplitude relative to the first diagram is

A(2g)(8,−)(1)
gq→Hq, 1 = ϵµ(k1)g

3gHf
abc(tbtc)ji

∫
dDk

(2π)D
Aµρν(−k, k + k1)H

σ
ν (−k − k1, k − q)

k2(k + k1)2(k2 − k)2(k − q)2

×gσξgργū(k2 − q)γξ(/k2 − /k)γγu(k2) . (2.52)

Observing that

fabc(tbtc)ji =
1

2
fabc(tbtc − tctb)ji =

i

2
CAt

a
ji =

i

2
CAδ

actcji

and then using FeynCalc [64, 65], we obtain

A(2g)(8,−)(1)
gq→{H}q, 1 +A

(2g)(8,−)(1)
gq→Hq, 2 = Γ

ac(0)
Hg

[
g2N

(−4)

(
2q⃗ 2 ((5D − 12)m2

H + (D − 2)q⃗ 2)B0 (m
2
H)

(D − 2) (m2
H + q⃗ 2)

2

+
4 ((D − 2)m4

H + (D − 2)m2
H q⃗

2 + (2D − 5)(q⃗ 2)2)B0(−q⃗ 2)

(D − 2) (m2
H + q⃗ 2)

2 + 2sC0

(
m2
H , 0,−s

)
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−2sC0

(
m2
H , 0, s

)
− 4 (m4

H −m2
H q⃗

2 − q⃗ 2)C0 (m
2
H , 0,−q⃗ 2)

m2
H + q⃗ 2

+ 4q⃗ 2C0(0, 0,−q⃗ 2)

−2sC0(0, 0,−s) + 2sC0(0, 0, s) + 2q⃗ 2sD0

(
m2
H , 0, 0, 0;−q⃗ 2,−s

)

−2q⃗ 2sD0

(
m2
H , 0, 0, 0;−q⃗ 2, s

)
)]

2s

t
Γc(0)qq . (2.53)

The third diagram gives a much simpler contribution:

A(2g)(8,−)(1)
gq→Hq, 3 = Γ

ac(0)
{H}g

[
Ng2B0(−q⃗ 2; 0, 0)

] 2s
t
Γc(0)qq . (2.54)

At this point, using Eq. (2.38), we are able to extract the contribution to the gRH

vertex from the exchange of two gluons in the t-channel:

δ
(2g)
Hg =

A(2g)(8,−)(1)
gq→Hq, 1 +A(2g)(8,−)(1)

gq→Hq, 2 +A(2g)(8,−)(1)
gq→Hq, 3

Γ
ac(0)
{H}g

2s
t
Γ
c(0)
qq

− δ(2g)qq −
ω(1)(t)

2

[
ln

(
s

−t

)
+ ln

(−s
−t

)]
.

(2.55)

2.3.3 Full 1-loop correction to the impact factor

Adding δ
(2g)
Hg to δ

(1g)
1,V , δ

(1g)
2,V , δ

(1g)
3,V , and δ

(1g)
4,V as defined in Eqs. (2.43), (2.46), (2.47), and

(2.49), respectively, we obtain

δNLO ≃
ᾱs
4π

(
q⃗ 2

µ2

)−ϵ{
−CA
ϵ2

+
11CA − 2nf

6ϵ
− 5nf

9
+ CA

(
2Li2

(
1 +

m2
H

q⃗ 2

)
+
π2

3
+

67

18

)}
,

(2.56)

where we have kept only terms non-vanishing in the limit ϵ→ 0 and have used

ᾱs =
g2Γ(1 + ϵ)µ−2ϵ

(4π)1−ϵ
, CA = N . (2.57)

Substituting (2.56) into Eq. (2.33), we finally get the virtual correction to the Higgs

impact factor:

dΦ
{H}(1)
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H
=
dΦ

{H}(0)
gg (zH , p⃗H , q⃗)

dzHd2p⃗H

ᾱs
2π

(
q⃗ 2

µ2

)−ϵ [
−CA
ϵ2

+
11CA − 2nf

6ϵ
− CA

ϵ
ln

(
q⃗ 2

s0

)
− 5nf

9
+ CA

(
2 ℜe

(
Li2

(
1 +

m2
H

q⃗ 2

))
+
π2

3
+

67

18

)
+ 11

]
.

(2.58)

where gH has to be taken at leading order, while the last term equal to 11 takes into

account its next-to-leading contribution (see Eq. (2.2)). The result in Eq. (2.58) can be
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also obtained from Ref. [67], by taking the high-energy limit and using crossing symmetry.

We used this alternative strategy as an independent check, finding perfect agreement.26

The comparison with Ref. [61], whose virtual part contribution is based on Ref. [68], is

not immediate, since their calculation is based on the Lipatov effective action and on a

different definition of the impact factor. This implies, for instance, that in their purely

virtual result, Eq. (43) of Ref. [61], the rapidity regulator is still present, which cancels

when one combines the impact factor with their definition of the unintegrated gluon

distribution27.

2.4 Projection onto the eigenfunctions of the BFKL

kernel

In this section we will carry out the projection of the Higgs impact factor onto the eigen-

functions of the LO BFKL kernel. There are two main reasons for performing this proce-

dure.

First, being our impact factor differential in the Higgs kinematic variables, IR diver-

gences do not appear in the real corrections and, therefore, it is not possible to observe

their cancellation in the final result for the impact factor, as it would happen for a fully

inclusive hadronic one (see Ref. [66]). The cancellation must of course be observed at

the level of the cross section: the projection onto the LO BFKL eigenfunctions is an

effective way to anticipate the integrations needed to get the cross section and, therefore,

the projected impact factor, when all counterterms are taken into account, turns to be

IR- and UV-finite. This procedure has been already successfully applied in Refs. [69,

70]. The second reason is more practical: moving from the momentum representation

to the representation in terms of the LO BFKL kernel eigenfunctions makes the numeric

implementation somewhat simpler.

To understand the idea behind the projection, it is enough to consider the partonic

26To perform the comparison, we first used crossing symmetry to obtain from Ref. [67] the NLO

amplitude for the Higgs plus quark production in the collision of a gluon with a quark, then we took the

high-energy limit of this amplitude and confronted with the BFKL-factorized form of the same amplitude,

taking advantage of the known expression for the NLO quark-quark-Reggeon vertex.
27We recall that they considered the single-forward Higgs boson production.
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amplitude in the LL,

ℑms

(
(A(0))ABAB

)
=

s

(2π)D−2

∫
dD−2q1
q⃗ 2
1

∫
dD−2q2
q⃗ 2
2

×Φ(0)
AA (q⃗1; s0)

∫ δ+i∞

δ−i∞

dω

2πi

[(
s

s0

)ω
G(0)
ω (q⃗1, q⃗2)

]
Φ

(0)
BB (−q⃗2; s0) ,

and the spectral representation for the BFKL Green’s function (1.187),

G(0)
ω (q⃗1, q⃗2) =

∞∑

n=−∞

∫ +∞

−∞
dν

ϕnν (q⃗
2
1 )ϕ

n∗
ν (q⃗ 2

2 )

ω − αsCA

π
χ(n, ν)

. (2.59)

If we use it, then, integrations over transverse momenta decouple and each impact factor

can be separately projected onto the eigenfunctions of the BFKL kernel, so that

∫
d2−2ϵq

π
√
2
(q⃗ 2)iν−

3
2 einϕΦ

(0)
AA(q⃗ ) ≡ Φ

(0)
AA(n, ν) . (2.60)

and similarly for the ΦBB. The extension of the procedure to the NLL is straightforward

(see the next chapter). Since we work in D = 4− 2ϵ, we rely again on the “continuation”

of the LO BFKL kernel eigenfunctions to non-integer dimensions,

(q⃗ 2)γeinϕ → (q⃗ 2)γ−
n
2 (q⃗ · l⃗)n , γ ≡ iν − 1

2
.

As already discussed in subsection 2.1.1, to get the Higgs impact factor for a proton-

initiated process, we must take the convolution with the initial-state PDFs. This brings

along initial-state collinear singularities, which must be canceled by suitable counterterms.

In the rest of this section we will construct the (n, ν)-projection of all contributions to the

hadronic Higgs impact factor, including the PDF counterterms, and will check the explicit

cancellation of all IR divergences. The residual UV divergence will be taken care of by

the renormalization of the QCD coupling. To perform the (n, ν)-projection, according to

Eq. (2.60), we will make use of the integrals computed in Appendix A.3.

2.4.1 Projection of the LO impact factor

Recalling the expression of the LO impact factor,

dΦ
{H}(0)
PP (xH , p⃗H , q⃗)

dxHd2p⃗H
=

∫ 1

xH

dzH
zH

fg

(
xH
zH

)
dΦ

{H}(0)
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
=
g2H q⃗

2fg(xH)δ
(2)(q⃗ − p⃗H)

8(1− ϵ)
√
N2 − 1

,

(2.14)
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we get immediately from Eq. (2.60) its projected counterpart,

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=

g2H
8(1− ϵ)

√
N2 − 1

(p⃗ 2
H)

iν− 1
2 einϕH

π
√
2

fg(xH) . (2.61)

Here ϕH is the azimuthal angle of the vector p⃗H counted from the fixed direction in the

transverse space. The projected LO impact factor is the starting point for the calculation

of the NLO contribution to the projected impact factor from the gluon PDF and QCD

coupling counterterms. From now on, we will omit the apex (1), since all contributions to

the projected impact factor are NLO.

2.4.2 Projection of gluon PDF and coupling counterterms

Taking into account the running of αs,

αs(µ
2) = αs(µ

2
R)

[
1 +

αs(µ
2
R)

4π

(
11CA
3
− 2nf

3

)(
−1

ϵ
− ln(4πe−γE) + ln

(
µ2
R

µ2

))]
,

(2.62)

and the running of the gluon PDF,

fg(x, µ) = fg(x, µF )−
αs(µF )

2π

(
−1

ϵ
− ln(4πe−γE) + ln

(
µ2
F

µ2

))

×
∫ 1

x

dz

z

[
Pgq(z)

∑

a=qq̄

fa

(x
z
, µF

)
+ Pgg(z)fg

(x
z
, µF

)]
, (2.63)

where

Pgq(z) = CF
1 + (1− z)2

z
, (2.64)

Pgg(z) = 2CA

(
z

(1− z)+
+

(1− z)
z

+ z(1− z)
)
+

11CA − 2nf
6

δ(1− z) , (2.65)

with plus prescription defined as

∫ 1

a

dx
F (x)

(1− x)+
=

∫ 1

a

dx
F (x)− F (1)

(1− x) −
∫ a

0

dx
F (1)

1− x , (2.66)

we obtain the following projected counterterms,

dΦ
{H}
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
coupling c.t.

=
dΦ

{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ

×
(
11CA
3
− 2nf

3

)(
−1

ϵ
+ ln

(
µ2
R

p⃗ 2
H

))
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≡
dΦ

{H}
PP,div(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
coupling c.t.

+
dΦ

{H}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
coupling c.t.

, (2.67)

dΦ
{H}
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pqg c.t.

= − 1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ

×
(
−1

ϵ
+ ln

(
µ2
F

p⃗ 2
H

))∫ 1

xH

dzH
zH

[
Pgq(zH)

∑

a=qq̄

fa

(
xH
zH

, µF

)]

≡
dΦ

{H}
PP,div(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pqg c.t.

+
dΦ

{H}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pqg c.t.

(2.68)

and
dΦ

{H}
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pgg c.t.

= − 1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ

×
(
−1

ϵ
+ ln

(
µ2
F

p⃗ 2
H

))∫ 1

xH

dzH
zH

[
Pgg(zH)fg

(
xH
zH

, µF

)]

≡
dΦ

{H}
PP,div(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pgg c.t.

+
dΦ

{H}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pgg c.t.

. (2.69)

With obvious notation, we have implicitly defined divergent (“div”) and finite (“fin”) part

of each contribution. We will keep adopting this notation in the following.

2.4.3 Projection of high-rapidity real gluon contribution and

BFKL counterterm

The contribution from a real gluon emission has a divergence for zH → 1 or (zg → 0) at

any value of the gluon momenta q⃗− p⃗H . This divergence is regulated by the parameter sΛ

and, in the final result, cancelled by the BFKL counterterm appearing in the definition of

the NLO impact factor. In this section we make the cancellation of sΛ explicit and give

the (n, ν)-projection of the high-rapidity part of the real gluon production impact factor

combined with the BFKL counterterm.

First of all, let’s take the convolution of the impact factor for real gluon production,

given in (2.31), with the gluon PDF and rewrite it in an equivalent form, by adding and

subtracting three terms, for later convenience:

dΦ
{Hg}
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
=
dΦ̃

{Hg}
PP (xH , p⃗H , n, q⃗; s0)

dxHd2pH

+
dΦ

{Hg}(1−xH)
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
+
dΦ

{Hg}plus
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
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+

∫ 1

xH

dzHfg(xH)
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

∣∣∣∣
zH→1

, (2.70)

where
dΦ̃

{Hg}
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
=

∫ 1

xH

dzH
zH

fg

(
xH
zH

)
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

−
∫ 1

xH

dzHfg

(
xH
zH

)[
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

]

zH=1

, (2.71)

dΦ
{Hg}(1−xH)
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
=

∫ xH

0

dzHfg(xH)
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

∣∣∣∣∣
zH=1

(2.72)

and
dΦ

{Hg}plus
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
= −

∫ xH

0

dzHfg(xH)
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

∣∣∣∣∣
zH=1

+

∫ 1

xH

dzH

(
fg

(
xH
zH

)
− fg(xH)

)[
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

]

zH=1

. (2.73)

The pieces dΦ̃, dΦ{Hg}(1−xH), and dΦ{Hg}plus are free from the divergence for zH → 1

and therefore in their expressions the limit sΛ → ∞ can be safely taken, which means

that θ(sΛ − sPR) can be set to one. The projection of these terms will be considered in

subsection 2.4.5. The last term in Eq. (2.70) can be easily calculated, since

dΦ
{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

∣∣∣∣
zH→1

=
⟨cc′|P̂|0⟩

2(1− ϵ)(N2 − 1)

×


∑

{f}

∫
dsPRdρf

2π
ΓcP{f}

(
ΓcP{f}

)∗
θ (sΛ − sPR)



zH→1

=
g2g2HCA

4(1− ϵ)
√
N2 − 1(2π)D−1

q⃗ 2

(q⃗ − p⃗H)2
1

(1− zH)
θ

(
sΛ −

(q⃗ − p⃗H)2
(1− zH)

)
. (2.74)

We get ∫ 1

xH

dzHfg(xH)
dΦ

{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

∣∣∣∣
zH→1

=
g2g2HCA

4(1− ϵ)
√
N2 − 1(2π)D−1

q⃗ 2

(q⃗ − p⃗H)2
∫ 1

xH

dzH
1

(1− zH)
fg(xH)θ

(
sΛ −

(q⃗ − p⃗H)2
(1− zH)

)

=
g2g2HCA

4(1− ϵ)
√
N2 − 1(2π)D−1

q⃗ 2

(q⃗ − p⃗H)2
fg(xH)

[
ln(1− xH)−

1

2
ln

(
[(q⃗ − p⃗H)2]2

s2Λ

)]
.

(2.75)
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Let’s consider now the BFKL counterterm

dΦBFKL c.t.
gg (zH , p⃗H , q⃗; s0)

dzHd2pH
= −1

2

∫
dD−2q′

q⃗ 2

q⃗ ′2

dΦ
{H}(0)
gg (q⃗ ′)

dzHd2pH
K(0)
r (q⃗ ′, q⃗ ) ln

(
s2Λ

(q⃗ ′ − q⃗ )2s0

)
.

(2.76)

Using Eq. (2.13) and Eq. (1.164), we find

dΦBFKL c.t.
gg (zH , p⃗H , q⃗; s0)

dzHd2pH
=

−g2g2HCA
8(2π)D−1(1− ϵ)

√
N2 − 1

q⃗ 2

(q⃗ − p⃗H)2
ln

(
s2Λ

(q⃗ − p⃗H)2s0

)
δ(1−zH)

(2.77)

and, after convolution with the gluon PDF, we get

dΦBFKL c.t.
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
=

∫ 1

xH

dzH
zH

fg

(
xH
zH

)
dΦBFKL c.t.

gg (zH , p⃗H , q⃗)

dzHd2p⃗H

= − g2g2HCA

8(2π)D−1
√
N2 − 1

q⃗ 2

(q⃗ − p⃗H)2
fg(xH)

(1− ϵ) ln
(

s2Λ
(q⃗ − p⃗H)2s0

)
. (2.78)

When we combine the last term of Eq. (2.70), given in (2.75), with the BFKL counterterm,

given in (2.78), we obtain

dΦBFKL
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
≡ g2g2HCA

4(2π)D−1(1− ϵ)
√
N2 − 1

q⃗ 2

(q⃗ − p⃗H)2
fg(xH) ln

(
(1− xH)

√
s0

|q⃗ − p⃗H |

)
.

(2.79)

Note that this term is finite as far as the high-energy divergence is concerned. The

remaining divergences can be isolated after the projection,

dΦBFKL
PP (xH , p⃗H , n, ν; s0)

dxHd2pH
=
dΦ

{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ{
CA
ϵ2

+
CA
ϵ

ln

(
p⃗ 2
H

s0

)

−2CA
ϵ

ln(1− xH) + CA

[
ln

(
p⃗ 2
H

s0(1− xH)2
)(

2γE + ψ

(
1

2
+
n

2
− iν

)

+ψ

(
1

2
+
n

2
+ iν

))
− 2γ2E − ζ(2)−

1

2

(
ψ′
(
1

2
+
n

2
− iν

)
− ψ′

(
1

2
+
n

2
+ iν

))

−2γE
(
ψ

(
1

2
+
n

2
− iν

)
+ ψ

(
1

2
+
n

2
+ iν

))

− 1

2

(
ψ

(
1

2
+
n

2
− iν

)
+ ψ

(
1

2
+
n

2
+ iν

))2
]}

≡
dΦBFKL

PP,div(xH , p⃗H , n, ν; s0)

dxHd2pH
+
dΦBFKL

PP,fin(xH , p⃗H , n, ν; s0)

dxHd2pH
. (2.80)
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2.4.4 Projection of virtual and real quark contributions

Since the virtual contribution is proportional to the LO impact factor, the convolution

with the gluon PDF and the (n, ν)-projection are trivial and give

dΦ
{H}(1)
PP (xH , p⃗H , n, ν; s0)

dxHd2p⃗H
=
dΦ

{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ [
−CA
ϵ2

+
11CA − 2nf

6ϵ
− CA

ϵ
ln

(
p⃗ 2
H

s0

)
− 5nf

9
+ CA

(
2 ℜe

(
Li2

(
1 +

m2
H

p⃗ 2
H

))
+
π2

3
+

67

18

)
+ 11

]

≡
dΦ

{H}(1)
PP,div(xH , p⃗H , n, ν; s0)

dxHd2p⃗H
+
dΦ

{H}(1)
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
. (2.81)

We recall that the real quark contribution is

dΦ
{Hq}
qq (zH , p⃗H , q⃗)

dzHd2p⃗H
=

√
N2 − 1

16N(2π)D−1

g2g2H
[(q⃗ − p⃗H)2]2

×
[
4(1− zH) [(q⃗ − p⃗H) · q⃗ ]2 + z2H q⃗

2(q⃗ − p⃗H)2
zH

]
. (2.22)

Using

(q⃗ − p⃗H) · q⃗ =
1

2

[
q⃗ 2 + (q⃗ − p⃗H)2 − p⃗ 2

H

]
,

this contribution can be projected using the integral I1(γ1, γ2, n, ν), defined in (A.31),

and suitably choosing γ1 and γ2 for the different terms. The projected quark contribution

gives

dΦ
{Hq}
qq (zH , p⃗H , n, ν)

dzHd2p⃗H
=

√
N2 − 1

16N(2π)D−1
g2g2H

{(
zH + 2

1− zH
zH

)
I1(−1, 1, n, ν)

+
1− zH
zH

[
(p⃗ 2
H)

2I1(0, 2, n, ν)

−2p⃗ 2
H

(
I1(0, 1, n, ν) + I1(−1, 2, n, ν)

)
+ I1(−2, 2, n, ν)

]}
.

If we replace I1(γ1, γ2, n, ν) by its explicit expression (A.31), perform a partial ϵ-expansion

and take the convolution with the quark PDFs, we obtain

dΦ
{Hq}
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=

1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2pH

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ

×
∫ 1

xH

dzH
zH

∑

a=qq̄

fa

(
xH
zH

, µF

){
−1

ϵ
CF

(
1 + (1− zH)2

zH

)
+ (1− γE)CF

(
1 + (1− zH)2

zH

)
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+
CF
zH

[
4(zH − 1)− (1 + n)(zH − 1)

(1
2
+ n

2
− iν) − (1 + (1− zH)2)

(−3
2
+ n

2
+ iν)

− 3 + n(zH − 1) + zH(zH − 3)

(−1
2
+ n

2
+ iν)

−(1 + (1− zH)2)
(
H−1/2+n/2−iν + ψ(−3

2
+
n

2
+ iν)

)]}

≡
dΦ

{Hq}
PP,div(xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{Hq}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H
. (2.82)

We observe that the ϵ-singularity is cancelled when we combine this object with the

counterterm containing Pgq(zH), which appears in (2.68). We emphasize that the limits

n→ 1 or n→ 3, ν → 0 are safe from divergences.

2.4.5 Projection of the real gluon contribution

In this subsection we discuss the projection of all terms appearing in (2.70), but the last,

which was already treated in subsection 2.4.3.

We start with the terms labeled “plus”, which, after (n, ν)-projection, gives

dΦ
{Hg}plus
PP (xH , p⃗H , n, ν; s0)

dxHd2p⃗H
= − 1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ

×
∫ 1

xH

dzH
zH

fg

(
xH
zH

)
2CA

zH
(1− zH)+

[
1

ϵ
+
(
H−1/2+n/2−iν +H−1/2+n/2+iν

)]

≡
dΦ

{Hg}plus
PP,div (xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{Hg}plus
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
. (2.83)

The divergence in this term is cancelled by the term containing the plus prescription in

Pgg(zH), which appears in (2.69).

Then, we project the term labeled “(1− xH)” and find

dΦ
{Hg}(1−xH)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=
dΦ

{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ

×2CA ln(1− xH)
[
1

ϵ
+
(
H−1/2+n/2−iν +H−1/2+n/2+iν

)]

≡
dΦ

{Hg}(1−xH)
PP,div (xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{Hg}(1−xH)
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
. (2.84)

The divergence cancels with an analogous term present in dΦBFKL
PP , given in (2.80).
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We are left with the first term in Eq. (2.70), i.e.

dΦ̃
{Hg}
PP (xH , p⃗H , q⃗; s0)

dxHd2pH
(2.85)

=

∫ 1

xH

dzH
zH

fg

(
xH
zH

)[
dΦ

{Hg}
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
− zH

dΦ
{Hg}
gg (zH , p⃗H , q⃗)

dzHd2p⃗H

∣∣∣∣∣
zH=1

]
.

The effect of this subtraction is to remove the first term of the last line in Eq. (2.31),

which in fact represents the only true divergence for zH → 1, and we obtain

dΦ
{Hg}
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
− zH

dΦ
{Hg}
gg (zH , p⃗H , q⃗; s0)

dzHd2p⃗H

∣∣∣∣∣
zH=1

=
g2g2HCA

8(2π)D−1(1− ϵ)
√
N2 − 1

×
{

2

zH(1− zH)

[
2z2H +

(1− zH)zHm2
H(q⃗ · r⃗)[z2H − 2(1− zH)ϵ] + 2z3H(p⃗H · r⃗)(p⃗H · q⃗)

r⃗ 2 [(1− zH)m2
H + p⃗ 2

H ]

− 2z2H(1− zH)m2
H

[(1− zH)m2
H + p⃗ 2

H ]
− (1− zH)zHm2

H(q⃗ · r⃗)[z2H − 2(1− zH)ϵ] + 2z3H(∆⃗ · r⃗)(∆⃗ · q⃗)
r⃗ 2
[
(1− zH)m2

H + ∆⃗2
]

− 2z2H(1− zH)m2
H[

(1− zH)m2
H + ∆⃗2

] + (1− ϵ)z2H(1− zH)2m4
H

2

(
1

[(1− zH)m2
H +∆2]

+
1

[(1− zH)m2
H + p⃗ 2

H ]

)2

− 2z2H(p⃗H · ∆⃗)2 − 2ϵ(1− zH)2z2Hm4
H

[(1− zH)m2
H + p⃗ 2

H ] [(1− zH)m2
H +∆2]

]

+
2q⃗ 2

r⃗ 2

[
zH(1− zH) + 2(1− ϵ)(1− zH)

zH

(q⃗ · r⃗)2
q⃗ 2r⃗ 2

]}

≡ dΦ
{Hg}coll
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
+
dΦ

{Hg}(1−zH)
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
+
dΦ

{Hg}rest
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
. (2.86)

In the last equality, we split this term in three contributions: 1) dΦ
{Hg}coll
gg contains the

pure collinear divergence remained, 2) dΦ
{Hg}(1−zH)
gg contains terms that taken alone are

singular for zH → 1, but when combined are safe from divergences, 3) dΦ
{Hg}rest
gg is the

rest.

Collinear term

dΦ
{Hg}coll
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
=

g2g2HCA

8(2π)D−1(1− ϵ)
√
N2 − 1

2q⃗ 2

r⃗ 2

×
[
zH(1− zH) + 2(1− ϵ)(1− zH)

zH

(q⃗ · r⃗)2
q⃗ 2r⃗ 2

]
. (2.87)
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This term can be projected and taken in convolution with the gluon PDF in a way quite

analogous to the quark case; we find

dΦ
{Hg}coll
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
≡ 1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

ᾱs
2π

(
p⃗ 2
H

µ2

)−ϵ ∫ 1

xH

dzH
zH

fg

(
xH
zH

)

×
{
−1

ϵ
2 CA

(
zH(1− zH) +

(1− zH)
zH

)
− 2γECA

(
zH(1− zH) +

(1− zH)
zH

)

−2CA(1− zH)
zH

[
1 + γE + γEz

2
H −

1 + n

2(1
2
+ n

2
− iν) +

1 + z2H(
−3

2
+ n

2
+ iν

) + 3− n+ 2z2H
2(−1

2
+ n

2
+ iν)

+(1 + z2H)

(
ψ

(
1

2
+
n

2
− iν

)
+ ψ

(
−3

2
+
n

2
+ iν

))]}

≡
dΦ

{Hg}coll
PP,div (xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{Hg}coll
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
. (2.88)

We observe that the ϵ-singularity is cancelled by a terms contained in the counterterm

with Pgg(zH), which is given in (2.69). As in the quark case, the above expression is safe

from divergences in n = 1 or n = 3, ν = 0.

(1− zH)-term

dΦ
{Hg}(1−zH)
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
=

g2g2HCA

4(2π)D−1(1− ϵ)
√
N2 − 1

1

zH(1− zH)

[
2z2H

+
2z3H(p⃗H · r⃗)(p⃗H · q⃗)

r⃗ 2 [(1− zH)m2
H + p⃗ 2

H ]
− 2z3H(∆⃗ · r⃗)(∆⃗ · q⃗)
r⃗ 2
[
(1− zH)m2

H + ∆⃗2
] (2.89)

− 2z2H(p⃗H · ∆⃗)2

[(1− zH)m2
H + p⃗ 2

H ] [(1− zH)m2
H +∆2]

]
.

Here, and in the rest of the calculation, we will use the following formula,

q⃗ · p⃗H = (q⃗ 2)
1
2 (p⃗ 2

H)
1
2 cos(ϕ− ϕH) = (q⃗ 2)

1
2 (p⃗ 2

H)
1
2

(
ei(ϕ−ϕH) + e−i(ϕ−ϕH)

2

)
. (2.90)

Let us first observe that the term in square bracket gives zero in the limit zH → 1, so that

there is no singularity in this limit. Now, using (2.90), we perform the projection and

convolution with the gluon PDF and obtain, up to vanishing terms in the ϵ→ 0 limit

dΦ
{Hg}(1−zH)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=

1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

2
√
2CA

(p⃗ 2
H)

iν− 1
2 einϕH

αs
2π
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×
∫ 1

xH

dzH
zH

fg

(
xH
zH

)
1

zH(1− zH)

{
2z3H

[(1− zH)m2
H + p⃗ 2

H ]

[
p⃗ 2
H

4

(
e−2iϕHI1(−1, 1, n+ 2, ν)

+e2iϕHI1(−1, 1, n− 2, ν) + 2I1(−1, 1, n, ν)
)
− (p⃗ 2

H)
3
2

2

(
e−iϕHI1

(
−1

2
, 1, n+ 1, ν

)

+eiϕHI1

(
−1

2
, 1, n− 1, ν

))]
− 2z2H

[(1− zH)m2
H + p⃗ 2

H ]

[
(p⃗ 2
H)

2I3(0, 1, n, ν)

+
z2H p⃗

2
H

4

(
e−2iϕHI3(−1, 1, n+ 2, ν) + e2iϕHI3(−1, 1, n− 2, ν) + 2I3(−1, 1, n, ν)

)

−zH(p⃗ 2
H)

3
2

(
e−iϕHI3

(
−1

2
, 1, n+ 1, ν

)
+ eiϕHI3

(
−1

2
, 1, n− 1, ν

))]

−2z3H

[
(p⃗ 2
H)

1
2

2

(
e−iϕHI3

(
−1

2
, 1, n+ 1, ν

)
+ eiϕHI3

(
−1

2
, 1, n− 1, ν

))
− zHI3(−1, 1, n, ν)

]

−2z3H(1− zH)
[
(p⃗ 2
H)

1
2

2
(1 + zH)

(
e−iϕHI2

(
−3

2
, n+ 1, ν

)
+ eiϕHI2

(
−3

2
, n− 1, ν

))
− zH

×I2(−2, n, ν)−
p⃗ 2
H

4

(
e−2iϕHI2(−1, n+ 2, ν) + e2iϕHI2(−1, n− 2, ν) + 2I2(−1, n, ν)

)]}
.

Setting ϵ = 0 and using the limits (A.17), (A.18), it is easy to show that the result is safe

from zH → 1 divergences. In this result, there are combinations of integrals, which are

safe from ϵ-divergences, even if single integrals, taken alone, are divergent. In particular,

we note that if we use Eq. (A.31) for the integrals of the type I1, the first five terms vanish

up to O(ϵ). Moreover, if we apply the replacement (A.30), we see that the “asymptotic”

counterparts of the last six integrals cancel completely and therefore any I2 integral in

the previous expression can be replaced by I2,reg. The final form for this contribution is

dΦ
{Hg}(1−zH)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=

1

fg(xH)

dΦ
{H}
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

2
√
2CA

(p⃗ 2
H)

iν− 1
2 einϕH

αs
2π

×
∫ 1

xH

dzH
zH

fg

(
xH
zH

)
1

zH(1− zH)

{
− 2z2H
[(1− zH)m2

H + p⃗ 2
H ]

[
(p⃗ 2
H)

2I3(0, 1, n, ν)

+
z2H p⃗

2
H

4

(
e−2iϕHI3(−1, 1, n+ 2, ν) + e2iϕHI3(−1, 1, n− 2, ν) + 2I3(−1, 1, n, ν)

)

−zH(p⃗ 2
H)

3
2

(
e−iϕHI3

(
−1

2
, 1, n+ 1, ν

)
+ eiϕHI3

(
−1

2
, 1, n− 1, ν

))]

−2z3H

[
(p⃗ 2
H)

1
2

2

(
e−iϕHI3

(
−1

2
, 1, n+ 1, ν

)
+ eiϕHI3

(
−1

2
, 1, n− 1, ν

))
− zHI3(−1, 1, n, ν)

]
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−2z3H(1− zH)
[
(p⃗ 2
H)

1
2

2
(1 + zH)

(
e−iϕHI2,reg

(
−3

2
, n+ 1, ν

)
+ eiϕHI2,reg

(
−3

2
, n− 1, ν

))

−zHI2,reg(−2, ν, n)−
p⃗ 2
H

4

(
e−2iϕHI2,reg(−1, n+ 2, ν)

+e2iϕHI2,reg(−1, n− 2, ν) + 2I2,reg(−1, n, ν)
)
] }

.
(2.91)

Rest term

dΦ
{Hg}rest
gg (zH , p⃗H , q⃗)

dzHd2p⃗H
≡ g2g2HCA

4(2π)D−1(1− ϵ)
√
N2 − 1

{
m2
H(q⃗ · r⃗)[z2H − 2(1− zH)ϵ]
r⃗ 2 [(1− zH)m2

H + p⃗ 2
H ]

+
(1− ϵ)zH(1− zH)m4

H

2

(
1

[(1− zH)m2
H +∆2]

+
1

[(1− zH)m2
H + p⃗ 2

H ]

)2

+
2ϵ(1− zH)zHm4

H

[(1− zH)m2
H + p⃗ 2

H ] [(1− zH)m2
H +∆2]

− 2zHm
2
H

(
1

[(1− zH)m2
H + p⃗ 2

H ]

+
1[

(1− zH)m2
H + ∆⃗2

]


− m2

H(q⃗ · r⃗)[z2H − 2(1− zH)ϵ]
r⃗ 2
[
(1− zH)m2

H + ∆⃗2
]



 . (2.92)

We perform the projection and convolution with gluon PDF and, finally, we find, up to

terms O(ϵ),

dΦ
{Hg}rest
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=

1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

√
2CA

(p⃗ 2
H)

iν− 1
2 einϕH

αs
2π

∫ 1

xH

dzH
zH

fg

(
xH
zH

)

×
{
2m2

H [z2H − 2(1− zH)ϵ]
[(1− zH)m2

H + p⃗ 2
H ]

[
I1(−1, 1, n, ν)−

(p⃗ 2
H)

1
2

2

(
e−iϕHI1

(
−1

2
, 1, n+ 1, ν

)

+eiϕHI1

(
−1

2
, 1, n− 1, ν

))]
− 2m2

H [z
2
H − 2(1− zH)ϵ]

[
I2 (−1, n, ν)

−(p⃗ 2
H)

1
2

2

(
e−iϕHI2

(
−1

2
, n+ 1, ν

)
+ eiϕHI2

(
−1

2
, n− 1, ν

))]
− 4zHm

2
HI3(0, 1, n, ν)

+(1− ϵ)zH(1− zH)m4
H

[
I3(0, 2, n, ν) +

(
2 +

4ϵ

1− ϵ

)
I3(0, 1, n, ν)

[(1− zH)m2
H + p⃗ 2

H ]

]
.

Using the explicit result for the integral I1 and applying the same ideas as befor, after

the ϵ-expansion we end up with

dΦ
{Hg}rest
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=

1

fg(xH)

dΦ
{H}(0)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H

√
2CA

(p⃗ 2
H)

iν− 1
2 einϕH

αs
2π

∫ 1

xH

dzH
zH

fg

(
xH
zH

)
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×
{

2m2
Hz

2
H

[(1− zH)m2
H + p⃗ 2

H ]

[
(p⃗ 2
H)

iν− 1
2
−ϵeinϕH

2
√
2

(
1(

1
2
+ n

2
− iν

) − 1(
−1

2
+ n

2
+ iν

)
)]

−2m2
Hz

2
H

[
I2,reg (−1, n, ν)

−(p⃗ 2
H)

1
2

2

(
e−iϕHI2,reg

(
−1

2
, n+ 1, ν

)
+ eiϕHI2,reg

(
−1

2
, n− 1, ν

))]

−4zHm2
HI3(0, 1, n, ν) + zH(1− zH)m4

H

[
I3(0, 2, n, ν) +

2I3(0, 1, n, ν)

[(1− zH)m2
H + p⃗ 2

H ]

]
. (2.93)

2.4.6 Final result

In this subsection we present the final result. First of all, we observe that if we sum all

the ϵ-divergent contributions in Eqs. (2.67)-(2.69), (2.80), (2.81), (2.82)-(2.84), (2.88), we

get that they cancel completely. The finite parts in the same equations, together with the

contributions in Eqs. (2.91), (2.93) represent the final result. Setting ϵ = 0, we can cast

the final result in the sum of three terms,

dΦ
{H},NLO
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
=
dΦ

{H},NLO
PP,1 (xH , p⃗H , n, ν; s0)

dxHd2p⃗H

+
dΦ

{H},NLO
PP,2 (xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{H},NLO
PP,3 (xH , p⃗H , n, ν)

dxHd2p⃗H
, (2.94)

where the first term is given by the sum of all contributions purely proportional to fg(xH),

i.e.
dΦ

{H},NLO
PP,1 (xH , p⃗H , n, ν; s0)

dxHd2p⃗H
≡
dΦBFKL

PP,fin(xH , p⃗H , n, ν; s0)

dxHd2pH

+
dΦ

{H}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
coupling c.t.

+
dΦ

{H}(1)
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
; (2.95)

the second is the sum of all contributions that are taken in convolution with
∑

a fa(xH/zH),

i.e.

dΦ
{H},NLO
PP,2 (xH , p⃗H , n, ν; s0)

dxHd2p⃗H
≡
dΦ

{H}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pqg c.t.

+
dΦ

{Hq}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H
;

the third is the sum of all contributions that are taken in convolution with fg(xH/zH),

i.e.

dΦ
{H},NLO
PP,3 (xH , p⃗H , n, ν; s0)

dxHd2p⃗H
≡
dΦ

{H}
PP,fin(xH , p⃗H , n, ν)

dxHd2p⃗H

∣∣∣∣
Pgg c.t.

+
dΦ

{Hg}plus
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
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+
dΦ

{Hg}(1−xH)
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{Hg}coll
PP,fin (xH , p⃗H , n, ν)

dxHd2p⃗H

+
dΦ

{Hg}(1−zH)
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
+
dΦ

{Hg}rest
PP (xH , p⃗H , n, ν)

dxHd2p⃗H
. (2.96)

2.5 Summary and outlook

We calculated the full NLO correction to the impact factor for the production of a Higgs

boson emitted by a proton in the forward rapidity region. Its analytic expression was

obtained both in the momentum and in the Mellin representations. The latter is partic-

ularly relevant to clearly observe a complete cancellation of NLO singularities, and it is

useful for future numeric studies. We relied on the large top-mass limit approximation,

thus we employed the gluon-Higgs effective field theory. We have found that the Gribov

trick (see Eq. (2.11)) cannot be applied to both the t-channel gluon legs connected to the

effective gluon-Higgs vertex. This prevents the use of the technique outlined in Refs. [66,

63] to simplify calculations. Formal studies on the generalization of that procedure to

non-QCD vertices are underway [71]. As a first step forward towards phenomenology,

we plan to extend the analysis on high-energy resummed distributions for the inclusive

Higgs-plus-jet hadroproduction done in Ref. [72]. Our forward-Higgs NLO impact factor

is a key ingredient to conduct a precise matching between BFKL and fixed-order approach.

From a more formal perspective, there are different natural developments of this work.

One is the calculation of the Higgs impact factor via gluon fusion in the central-rapidity

region. At the LO level it takes the form of a doubly off-shell coefficient function [73],

where the top-quark loop connects two incoming Reggeized gluons with the outgoing

scalar-boson line. Moving to NLO, the computation of contribution due to real emissions

is not complicated, while technical issues are expected to emerge from the extraction of the

vertex at 1-loop accuracy, due to the presence of an additional scale in the off-shellness

of the incoming Reggeon. Once calculated, this doubly off-shell impact factor will be

employed in the description of the central inclusive Higgs production in a pure high-

energy factorization scheme, given as a κT -convolution between two UGDs describing the

incoming protons and the aforementioned g∗g∗H vertex. Another interesting development,

that is under development is the inclusion of top-mass corrections in the forward case.

Even in this case, real corrections are quite straightforward, while the biggest problems

emerge from virtual corrections that require two-loop calculations.
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Chapter 3

BFKL phenomenology

Fermi’s inclination toward concrete questions verifiable by direct

experiment was due, at least in part, to his desire to check

the soundness of his work by Nature, the infallible judge.

Emilio Segrè [74]

In this chapter, we propose a number of new semi-hard reactions as testfield of BFKL

dynamics. We focus on a class of partially inclusive processes featuring a forward-plus-

backward two-particle final-state configuration. We investigate processes that can be

studied at the LHC in proton-proton collisions, in particular, reactions involving, in the

final state jets, Higgs bosons and identified heavy-flavored hadrons. This will require the

use of a hybrid approach in which both collinear and BFKL ingredients are encoded, to

which we will refer as hybrid high-energy/collinear factorization. In the previous chapter,

we have already seen a specific example by considering the Higgs impact factor. In the

case of jets, in addition to a PDF for the description of the initial state in the impact

factor, it is necessary to consider a jet algorithm for the final state, while, in the case of

production of identified hadrons, it is necessary to make a further convolution with a frag-

mentation function (FF). The impact factors of the forward jets were calculated in [75,

76, 77], while the impact factors of forward hadrons in [70]. For our analyses, we use the

expressions present in [77, 70], where the jet algorithm used is the small-cone one [78, 79].

The chapter contains four sections. In the first section, we introduce the hybrid

factorization and construct the generic cross section within the NLLA. In the second,

we describe the processes under investigation. In particular, we give details about the

framework in which we study heavy-flavor production, the so-called variable-flavor number

111
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(a) (b)

P (kA)

P (kB)

O1(y1, p1)

O2(y2, p2)

}X Green function

Collinear PDF

Collinear PDF

Figure 3.1: (a) Picture of the generic inclusive forward/backward reaction. (b) Schematic

representation of the hybrid collinear/high-energy factorization.

scheme (VFNS). We also give details concerning the production of the Higgs in association

with a jet or a charmed hadron. In the third section, we present numerical results, while

in the fourth we summarize and discuss future perspectives. The material of this chapter

is based on Refs. [72, 80, 81, 82, 83], where the numerical elaboration of all the considered

observables is done by making use of the JETHAD modular work package [84, 85].

3.1 Theoretical framework

We want to study the high-energy behavior of interesting observables for the following

type of semi-hard reactions:

P (kA) + P (kB) −→ O1(y1, p1) +X +O2(y2, p2) . (3.1)

Here, two objects (O1 and O2) are emitted in proton-proton (P ) collisions with large

transverse momenta, |p⃗1| and |p⃗2|, and wide separation in rapidity, ∆Y = y1 − y2, to-

gether with the radiation of an undetected system, X. A schematic representation of the

process is given in Fig. 3.1. The hybrid factorization that we use in this section was firstly

introduced in the context of Mueller-Navelet jets [86] (two jets separated in rapidity) and

then successfully extended and investigated at the next-to-leading order [75, 76, 77, 89,

90, 91, 92, 93, 94, 87, 88].
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We begin by observing that the BFKL factorization allows us to construct cross sec-

tions as convolutions of two impact factors as defined in Eq. (1.161), and the Green’s

function for the scattering of two Reggeons. In the case of hadroproductions, this is suffi-

cient to describe the parton collision only, but when we want to move on to the description

of the whole physical process, we have to introduce some non-perturbative information

on the distribution of partons inside protons28. This is done exactly the way it was shown

in the chapter 2 for the Higgs impact factor. The hybrid factorization is schematically

depicted in Fig. 3.1.

At this point, a clarification is in order. In literature, hybrid factorization can have

slightly different meanings. For instance, recently a general hybrid kT -factorization for-

mula, in which one initial-state parton is light-like, and its associated PDF only depends

on the longitudinal momentum fraction, while the other is space-like and its associated

PDF also depends on kT , has been established at NLO [95], using the auxiliary parton

method. Through this chapter, although our impact factors are obtained considering the

collisions of a parton extracted from a PDF (on-shell) and a Reggeon that comes from the

BFKL Green’s function (off-shell), we never introduce a kT -dependent PDF. This latter

object is necessary, for example, if we want to describe single-forward productions. The

formalism on which we rely can be adapted to such a situation considering the convolution

of a single forward impact factor with an unintegrated gluon distribution (UGD). In this

case, however, leaving out the PDF in the impact factor, this would look more like a pure

kT -factorization, in which the impact factor and the unintegrated gluon distribution are

linked only through the factorization in the transverse momentum.

Another important clarification concerns the use of the optical theorem. As we know,

in the forward elastic case, the BFKL approach allows us to construct the imaginary

part of the amplitude of an elastic process, A + B −→ A + B. Through the optical

theorem, Eq. (1.157), we can immediately obtain the total cross section of the process

A + B → X. Since in this case we want to study partially inclusive processes of the

type (3.1), we actually need to use one of the generalizations of the optical theorem29 and

adjust the imaginary amplitude constructed via the BFKL approach accordingly. For this

28In the case of identified hadrons in the final state, also the hadronization phase must be taken into

account.
29The generalization we need is due to A. H. Mueller and it can be found in [27].
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purpose, it is necessary to consider differential impact factors in which the kinematical

variables of the tagged particles are left unintegrated and where the sum over all possible

intermediate states in the s-channel cut is restricted to the final states compatible with

the process (3.1).

3.1.1 Next-to-leading order BFKL cross section

In this subsection, we build the differential cross section of the generic process, (3.1),

within the NLLA. We recall the representation introduced in Eq. (1.154), which allows us

to represent the BFKL cross section as

dσ̂AB(z1, p⃗1, z2, p⃗2, s)

dz1d2p⃗1dz2d2p⃗2
=

1

(2π)2

∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
⟨dΦAA

q⃗ 2
A

|Ĝω|
dΦBB

q⃗ 2
B

⟩ , (3.2)

where z1, z2 are the longitudinal Sudakov fractions with respect to the proton momenta

kA of the two detected particles. In this representation, the Green’s function solving the

BFKL equation is

Ĝω =
(
ω − K̂

)−1

. (3.3)

The NLO kernel can be expanded in the strong coupling,

K̂ = ᾱsK̂
0 + ᾱ2

sK̂
1, (3.4)

where ᾱs is defined as in Eq. (1.185), K̂0 is the BFKL kernel in the LLA and K̂1 represents

the NLLA correction. To determine a cross section with next-to-leading accuracy we need

an approximate solution of Eq. (3.3). With the required accuracy, this solution is

Ĝω =
(
ω − ᾱsK̂0

)−1

+
(
ω − ᾱsK̂0

)−1 (
ᾱ2
sK̂

1
)(

ω − ᾱsK̂0
)−1

+O
[(
ᾱ2
sK̂

1
)2]

. (3.5)

In this representation the eigenfunctions of the LO BFKL kernel are denoted by the set

of kets {|n, ν⟩ : ν ∈ IR , n ∈ Z}, defined by the relation

⟨q⃗ |n, ν⟩ = 1

π
√
2

(
q⃗ 2
)iν− 1

2 einθ . (3.6)

The action of the LLA kernel is

K̂0 |n, ν⟩ = χ (n, ν) |n, ν⟩ , (3.7)

where the function χ (n, ν) is the Lipatov characteristic function defined in Eq. (1.186).

For the basis introduced, the orthonormality conditions

⟨n′, ν ′|n, ν⟩ =
∫
d2q⃗A
2π2

(
q⃗ 2
A

)iν−iν′−1
ei(n−n

′)θA = δ (ν − ν ′) δnn′ (3.8)
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hold and the identity operator, with respect to this basis, can be written as

1̂ =
∞∑

n=−∞

∫ +∞

−∞
dν |n, ν⟩ ⟨n, ν| . (3.9)

The action of the full NLA BFKL kernel on these functions may be expressed as follows:

K̂ |n, ν⟩ = ᾱs (µR)χ (n, ν) |n, ν⟩+ ᾱ2
s (µR)

(
χ(1) (n, ν) +

β0
4Nc

χ (n, ν) ln
(
µ2
R

) )
|n, ν⟩

+ᾱ2
s (µR)

β0
4Nc

χ (n, ν)
(
i
∂

∂ν

)
|n, ν⟩ , (3.10)

where µR is the renormalization scale of the QCD coupling, while

β0 =
11

3
Nc −

2

3
nf (3.11)

is the first coefficient of the QCD β-function. The first term of Eq. (3.10) represents the

action of LLA kernel, while the second term and the third ones stand for the diagonal

and non-diagonal parts of the NLA kernel. For the calculation of χ(1) (n, ν) see [96, 97].

Here, only the final expression is presented:

χ(1)(n, ν) = − β0
8Nc

(
χ2(n, ν)− 10

3
χ(n, ν)− iχ′(n, ν)

)
+ χ̄(n, ν), (3.12)

where

χ̄(n, ν) = −1

4

[
π2 − 4

3
χ(n, ν)− 6ζ(3)− χ′′(n, ν) + 2ϕ(n, ν) + 2ϕ(n,−ν)

+
π2 sinh(πν)

2ν cosh2(πν)

((
3 +

(
1 +

nf
N3
c

)
11 + 12ν2

16(1 + ν2)

)
δn0 −

(
1 +

nf
N3
c

)
1 + 4ν2

32(1 + ν2)
δn2

)]
,

(3.13)

ϕ(n, ν) = −
∫ 1

0

dx
x−1/2+iν+n/2

1 + x

[
1

2

(
ψ′
(
n+ 1

2

)
− ζ(2)

)
+ Li2(x) + Li2(−x)

+ lnx

(
ψ(n+ 1)− ψ(1) + ln(1 + x) +

∞∑

k=1

(−x)k
k + n

)
∞∑

k=1

xk

(k + n)2
(1− (−1)k)

]

=
∞∑

k=0

(−1)k+1

k + (n+ 1)/2 + iν

[
ψ′(k + n+ 1)− ψ′(k + 1) + (−1)k+1(β′(k + n+ 1) + β′(k + 1))

− 1

k + (n+ 1)/2 + iν
(ψ(k + n+ 1)− ψ(k + 1))

]
, (3.14)

and

β′(z) =
1

4

[
ψ′
(
z + 1

2

)
− ψ′

(z
2

)]
, Li2(x) = −

∫ x

0

dt
ln(1− t)

t
. (3.15)
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Here χ′(n, ν) = dχ(n, ν)/dν and χ′′(n, ν) = d2χ(n, ν)/dν2.

Starting from the expression (3.2) for the differential cross section and inserting two

identity operators in the form of Eq. (3.9), one obtains

dσ̂AB(z1, p⃗1, z2, p⃗2, s)

dz1d2p⃗1dz2d2p⃗2
=

1

(2π)2

∞∑

n=−∞

∫
dν

∞∑

n′=−∞

∫
dν ′

×
∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
⟨dΦAA

q⃗ 2
A

|n, ν⟩ ⟨n, ν|Ĝω|n′, ν ′⟩ ⟨n′, ν ′|dΦBB

q⃗ 2
B

⟩ . (3.16)

In Eq. (3.16), we have the projection of the impact factors onto the LO order BFKL

eigenfunctions

dΦAA (z1, p⃗1, n, ν)

dz1d2p⃗1
= ⟨dΦAA

q⃗ 2
A

|n, ν⟩ =
∫
d2q⃗A

1

q⃗ 2
A

dΦAA (z1, p⃗1, q⃗A)

dz1d2p⃗1

1

π
√
2

(
q⃗ 2
A

)iν− 1
2 einθA ,

(3.17)
dΦ∗

BB(z2, p⃗2, n, ν)

dz2d2p⃗2
= ⟨n′, ν ′|dΦBB

q⃗ 2
B

⟩ =
∫
d2q⃗B

1

q⃗ 2
B

dΦBB (z2, p⃗2,−q⃗B)
dz2d2p⃗2

1

π
√
2

(
q⃗ 2
B

)−iν′− 1
2 e−in

′θB ,

(3.18)

and the matrix element of the BFKL Green’s function, which is obtained by substituting

the expansion for Ĝω (Eq. (3.5)) in the braket ⟨n, ν|Ĝω|n′, ν ′⟩:

⟨n, ν|Ĝω|n′, ν ′⟩ = ⟨n, ν|
[(
ω − ᾱsK̂0

)−1

+
(
ω − ᾱsK̂0

)−1 (
ᾱ2
sK̂

1
)(

ω − ᾱsK̂0
)−1
]
|n′, ν ′⟩ .
(3.19)

Since one knows how the operators K̂0, K̂1 act on the states |n, ν⟩, this final expression
can be easily calculated:

⟨n, ν|Ĝω|n′, ν ′⟩ = δnn′

[
δ (ν − ν ′)

(
1

ω − ᾱs (µR)χ (n, ν)

+
ᾱ2
s(µR)

(
χ̄ (n, ν) + β0

8Nc

(
−χ2 (n, ν) + 10

3
χ (n, ν) + 2χ (n, ν) lnµ2

R + i ∂
∂ν
χ (n, ν)

))

(ω − ᾱs (µR)χ (n, ν))2




+

β0
4Nc

ᾱ2
s (µR)χ (n, ν

′)

(ω − ᾱs (µR)χ (n, ν)) (ω − ᾱs (µR)χ (n, ν ′))

(
i
d

dν ′
δ (ν − ν ′)

)]
. (3.20)

The projected impact factors can be written as

dΦAA (z1, p⃗1, n, ν)

dz1d2p⃗1
= αs (µR)

[
c̃1 (z1, p⃗1, n, ν) + αs(µR)c̃

(1)
1 (z1, p⃗1, n, ν)

]
, (3.21)

dΦ∗
BB (z2, p⃗2, n

′, ν ′)

dz2d2p⃗2
= αs (µR)

[
c̃2 (z2, p⃗2, n

′, ν ′) + αs(µR)c̃
(1)
2 (z1, p⃗1, n

′, ν ′)
]
. (3.22)
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Inserting the expression for the matrix element, (3.20), together with the expressions

for the impact factors projected onto the eigenfunctions of the kernel, (3.21, 3.22), in

Eq. (3.16), one obtains

dσ̂AB(z1, p⃗1, z2, p⃗2, s)

dz1d2p⃗1dz2d2p⃗2
=

1

(2π)2

∞∑

n=−∞

∫
dν

2πi

∫
dν ′
∫ δ+i∞

δ−i∞
dω

(
ŝ

s0

)ω
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n

′, ν ′)

×
[
δ (ν − ν ′)

(
1

ω − ᾱs (µR)χ (n, ν)

(
1 + αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n

′, ν ′)

c̃2 (z1, p⃗1, n′, ν ′)

))

+
ᾱ2
s

(
χ̄ (n, ν) + β0

8Nc

(
−χ2 (n, ν) + 10

3
χ (n, ν) + 2χ (n, ν) lnµ2

R + i ∂
∂ν
χ (n, ν)

))

(ω − ᾱs (µR)χ (n, ν))2




+

β0
4Nc

ᾱ2
s (µR)χ (n, ν

′)

(ω − ᾱs (µR)χ (n, ν)) (ω − ᾱs (µR)χ (n, ν ′))

(
i
d

dν
δ (ν − ν ′)

)]
. (3.23)

In Eq. (3.23) there are three terms. The first term is

1

(2π)2

∞∑

n=−∞

∫
dν

∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

× 1

ω − ᾱs (µR)χ (n, ν)

(
1 + αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n

′, ν ′)

c̃2 (z1, p⃗1, n′, ν ′)

))
,

(3.24)

that, using the residue theorem, becomes

1

(2π)2

∞∑

n=−∞

∫
dν α2

s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

(
ŝ

s0

)ᾱsχ(n,ν)

×
(
1 + αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n

′, ν ′)

c̃2 (z1, p⃗1, n′, ν ′)

))
,

(3.25)

The second term is

1

(2π)2

∞∑

n=−∞

∫
dν

∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

×
ᾱ2
s

[
χ̄(n, ν) + β0

8Nc

(
−χ(n, ν)2 + 10

3
χ(n, ν) + 2χ(n, ν) lnµ2

R + iχ′(n, ν)
)]

(ω − ᾱs (µR)χ (n, ν))2
,

(3.26)

that, using the residue theorem, becomes

1

(2π)2

∞∑

n=−∞

∫
dν α2

s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)ᾱ
2
s(µR)

(
ŝ

s0

)ᾱs(µR)χ(n,ν)

ln

(
ŝ

s0

)

×
[
χ̄(n, ν) +

β0
8Nc

(
−χ(n, ν)2 + 10

3
χ(n, ν) + 2χ(n, ν) lnµ2

R + iχ′(n, ν)

)]
.

(3.27)
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The third term is

1

(2π)2

∞∑

n=−∞

∫
dν

∫
dν ′
∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν

′)

× β0
4NC

ᾱ2
s(µR)

χ(n, ν ′)

(ω − ᾱs (µR)χ (n, ν))(ω − ᾱs (µR)χ (n, ν ′))

(
i
d

dν ′
δ(ν − ν ′)

)
.

(3.28)

Let us focus the attention only on the integration in ν and ν ′. One can use the following

symmetrization:

∫
dν

∫
dν ′

c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν
′)χ(n, ν ′)

(ω − ᾱs (µR)χ (n, ν))(ω − ᾱs (µR)χ (n, ν ′))
i
d

dν ′
δ(ν − ν ′)

=
1

2

∫
dν

∫
dν ′

c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν
′)χ(n, ν ′)

(ω − ᾱs (µR)χ (n, ν))(ω − ᾱs (µR)χ (n, ν ′))
i
d

dν ′
δ(ν − ν ′)

+
c̃1(z1, p⃗1, n, ν

′)c̃2(z2, p⃗2, n, ν)χ(n, ν)

(ω − ᾱs (µR)χ (n, ν ′))(ω − ᾱs (µR)χ (n, ν))
i
d

dν
δ(ν ′ − ν) , (3.29)

and, thereafter, the following properties:

i
d

dν
δ(ν ′ − ν) = −i d

dν ′
δ(ν ′ − ν),

∫
dν ′
(
d

dν ′
δ(ν ′ − ν)

)
f(ν ′) = −f ′(ν ′)

∣∣
ν′=ν

. (3.30)

The resulting form for the term considered is

− i
2

∫
dν

[
c̃1(z1, p⃗1, n, ν)c̃

′
2(z2, p⃗2, n, ν)− c̃′1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

(ω − ᾱs (µR)χ (n, ν))2
χ (n, ν)

+
c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

(ω − ᾱs (µR)χ (n, ν))2
χ′(n, ν)

]
, (3.31)

that, using

c̃′1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)− c̃1(z1, p⃗1, n, ν)c̃′2(z2, p⃗2, n, ν)

= c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)
d

dν
ln
c̃1(z1, p⃗1, n, ν)

c̃2(z2, p⃗2, n, ν)
,

(3.32)

can be put in the following form:

− i
2

∫
dν

[
−c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν) ddν ln

c̃1(z1,p⃗1,n,ν)
c̃2(z2,p⃗2,n,ν)

(ω − ᾱs (µR)χ (n, ν))2
χ (n, ν)

+
c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

(ω − ᾱs (µR)χ (n, ν))2
χ′(n, ν)

]
. (3.33)
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Now, one can go back to the complete expression for the third term and use the residue

theorem to obtain

1

(2π)2

∞∑

n=−∞

∫
dν α2

s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

(
ŝ

s0

)ᾱs(µR)χ(n,ν)

ln

(
ŝ

s0

)

×
[
ᾱ2
s(µR)

β0
8Nc

χ(n, ν)

(
i
d

dν
ln

(
c̃1(z1, p⃗1, n, ν)

c̃2(z2, p⃗2, n, ν)

)
− iχ

′(n, ν)

χ(n, ν)

)]
.

(3.34)

Summing the three terms, the result is

dσ̂AB(z1, p⃗1, z2, p⃗2, s)

dz1d2p⃗1dz2d2p⃗2
=

1

(2π)2

∞∑

n=−∞

∫
dν

(
ŝ

s0

)ᾱs(µR)χ(n,ν)

α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

×
[
1 + αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n, ν)

c̃2 (z1, p⃗1, n, ν)

)
+ ᾱ2

s(µR) ln

(
ŝ

s0

)

×
{
χ̄(n, ν) +

β0
8Nc

χ(n, ν)

(
−χ(n, ν) + 10

3
+ 2 lnµ2

R + i
d

dν
ln
c̃1(z1, p⃗1, n, ν)

c̃2(z2, p⃗2, n, ν)

)}]
. (3.35)

The expression for the cross section given in Eq. (3.35) is valid both in the LLA and in

the NLLA. However, it is not the only possible one. Actually, several NLA-equivalent

expressions can be adopted; we use the exponential representation,

dσ̂AB(z1, p⃗1, z2, p⃗2, s)

dz1d2p⃗1dz2d2p⃗2
=

1

(2π)2

∞∑

n=−∞

∫
dν

(
ŝ

s0

)ᾱs(µR)χ(n,ν)

×
(
ŝ

s0

)ᾱ2
s(µR)

(
χ̄(n,ν)+

β0
8Nc

χ(n,ν)

(
−χ(n,ν)+ 10

3
+2 ln

µ2R√
s1s2

))
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

×
[
1 + αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n, ν)

c̃2 (z1, p⃗1, n, ν)

)
+ ᾱ2

s(µR) ln

(
ŝ

s0

)
β0
4Nc

χ(n, ν)f(ν)

]
,

(3.36)

where

2f(ν) = i
d

dν
ln

(
c̃1(z1, p⃗1, n, ν)

c̃2(z2, p⃗2, n, ν)

)
+ 2 ln

√
s1s2 , (3.37)

and s1, s2 denote here the hard scales which enter the impact factors c̃1,2. We stress that

the difference between the two representations is beyond the NLLA [92], as it can be

easily checked.
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3.1.2 From the partonic to the hadronic cross-section

What we saw in the previous subsection is correct for our partonic cross section. In this

subsection, we want to understand how to pass to the hadronic cross section. In order to

implement the hybrid factorization, we perform the following manipulation:

(
x1x2s

s0

)ᾱs(µR)χ(n,ν)

=

(
z1z2s

s0

)ᾱs(µR)χ(n,ν)(
x1
z1

)ᾱs(µR)χ(n,ν)(
x2
z2

)ᾱs(µR)χ(n,ν)

, (3.38)

and reabsorb the second (third) factor on the right hand side in the definition of the upper

(lower) hadronic impact factor30. The impact of these corrective factors is seen at the sub-

leading order31. In all next-to-leading terms, corrective factors produce sub-sub-leading

effects and hence we can immediately perform the replacement x1x2 → z1z2. Keeping in

mind that the impact factors have been re-defined, we obtain

dσ̂AB(z1, p⃗1, z2, p⃗2, s)

dz1d2p⃗1dz2d2p⃗2
=

1

(2π)2

∞∑

n=−∞

∫
dν

(
z1z2s

s0

)ᾱs(µR)χ(n,ν)

×
(
z1z2s

s0

)ᾱ2
s(µR)

(
χ̄(n,ν)+

β0
8Nc

χ(n,ν)

(
−χ(n,ν)+ 10

3
+2 ln

µ2R√
s1s2

))
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

×
[
1+αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n, ν)

c̃2 (z1, p⃗1, n, ν)

)
+ ᾱ2

s(µR) ln

(
z1z2s

s0

)
β0
4Nc

χ(n, ν)f(ν)

]
.

(3.39)

If one calculates the impact factors at the next-to-leading order, the expression of the

cross section is that of Eq. (3.39). Nonetheless, when the next-to-leading impact factors

are unknown, some universal corrections may still be included. Indeed, if the impact

factors were calculated up to the next-to-leading order, the dependence on the arbitrary

scale, s0, and on the renormalization scale32, µR, would be next-to-next-to-leading. We

can therefore add, to a prediction in which only the Green’s function is known within the

NLLA, some next-to-leading universal terms, coming from impact factors, which make the

dependence on the scales sub-sub-leading. We adopt this scheme in the section devoted to

Higgs production because the numerical implementation of the full next-to-leading Higgs

impact factor is not yet available.

30This means that we include it when convoluting partonic impact factor with PDFs.
31Note that xi and zi are fractions of longitudinal momenta of particles that are in the same fragmen-

tation region and, therefore, correction proportional to ln(xi/zi) are not large.
32In hadronic impact factors we also have the dependence on the factorization scale µF . The argument

can be extended also to this latter scale.
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3.1.3 Kinematics

For the tagged particles we introduce the standard Sudakov decomposition, using as light-

cone basis the momenta kA and kB of the collinding protons,

p1 = z1kA +
m2

1 + p⃗ 2
1

z1s
kB + p1⊥ , p2 = z2kA +

m2
2 + p⃗ 2

2

z1s
kB + p2⊥ ,

with s = (kA + kB)
2 = 2kA · kB = 4EkAEkB , choosing the momenta of protons as

kA = EkA(1, 0⃗, 1) , kB = EkB(1, 0⃗,−1) .

Now, we easily find that the rapidities of the two tagged particles are

y1 = ln

(
2z1EkA
m1⊥

)
, y2 = − ln

(
2z2EkB
m2⊥

)
, (3.40)

where mi⊥ =
√
m2
i + p⃗ 2

i denotes the transverse mass of the ith-particle. The rapidity

difference is given by

∆Y = y1 − y2 = ln

(
z1z2s

m1⊥m2⊥

)
(3.41)

For the semi-hard kinematics we have the requirement

e∆Y

z1z2
=

s

m1⊥m2⊥
≫ 1 . (3.42)

In what follows, we will need a cross section differential in the rapidities of the tagged

particles. For this reason we adopt the change of variable

dz1dz2 =
e∆Ym1⊥m2⊥

s
dy1dy2 .

If we set the scale s0 = m1⊥m2⊥, we can write the cross-section as

dσ̂AB(y1, p⃗1, y2, p⃗2, s)

dy1d|p⃗1|dϕ1dy2d|p⃗2|dϕ2

=
1

(2π)2
e∆Y |p⃗1||p⃗2|m1⊥m2⊥

s

∞∑

n=−∞

∫
dνe∆Y ᾱs(µR)χ(n,ν)

×e∆Y ᾱ
2
s(µR)

(
χ̄(n,ν)+

β0
8Nc

χ(n,ν)

(
−χ(n,ν)+ 10

3
+2 ln

µ2R√
s1s2

))
α2
s(µR)c̃1(z1, p⃗1, n, ν)c̃2(z2, p⃗2, n, ν)

×
[
1 + αs(µR)

(
c̃
(1)
1 (z1, p⃗1, n, ν)

c̃1 (z1, p⃗1, n, ν)
+
c̃
(1)
2 (z1, p⃗1, n, ν)

c̃2 (z1, p⃗1, n, ν)

)
+ ᾱ2

s(µR)∆Y
β0
4Nc

χ(n, ν)f(ν)

]
.

(3.43)

The coefficients defining the impact factors projected in the (n, ν)-space have the form

c̃1(z1, p⃗1, n, ν) = eϕ1c1(z1, |p⃗1|, n, ν) , c̃2(z2, p⃗2, n, ν) = e−ϕ2−πc2(z2, |p⃗2|, n, ν) . (3.44)
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Hence, the cross section (3.43) can be re-expressed as

dσ̂AB(y1, p⃗1, y2, p⃗2, s)

dy1d|p⃗1|dϕ1dy2d|p⃗2|dϕ2

=
1

(2π)2

[
C0 + 2

∞∑

n=1

cos (nφ) Cn
]
, (3.45)

where

Cn =

∫ 2π

0

dϕ1

∫ 2π

0

dϕ2 cos(nφ)
dσ̂AB(y1, p⃗1, y2, p⃗2, s)

dy1d|p⃗1|dϕ1dy2d|p⃗2|dϕ2

=
e∆Y

s

∫
dνe∆Y ᾱs(µR)χ(n,ν)

×e∆Y ᾱ
2
s(µR)

(
χ̄(n,ν)+

β0
8Nc

χ(n,ν)

(
−χ(n,ν)+ 10

3
+2 ln

µ2R√
s1s2

))
α2
s(µR)c1(z1, p⃗1, n, ν)c2(z2, p⃗2, n, ν)

×
[
1 + αs(µR)

(
c
(1)
1 (z1, p⃗1, n, ν)

c1 (z1, p⃗1, n, ν)
+
c
(1)
2 (z1, p⃗1, n, ν)

c2 (z1, p⃗1, n, ν)

)
+ ᾱ2

s(µR)∆Y
β0
4Nc

χ(n, ν)f(ν)

]

(3.46)

and φ = ϕ1 − ϕ2 − π. Eq. (3.45) represents the final form of our fully differential cross-

section and it is the starting point for the construction of all observables under investiga-

tion in this thesis. For illustration purposes, we have constructed the cross section using

a single µR scale throughout. This is not the only possible choice for this scale and also

completely asymmetrical choices can be made. More in general, this is true for all scales

involved. The extension is trivial and, since we will consider several processes, we refer

the reader to the original works for details [72, 80, 81, 82, 83].

3.2 Processes under investigation

3.2.1 Heavy flavor production in a VFNS

As it is well known, the treatment of the c and b quarks in pQCD is rather delicate. When

we are in a perturbative regime, we have Q2 ≫ Λ2
QCD, where Q is the typical hard scale

of the process and ΛQCD is the QCD mass scale. For light quarks, this is sufficient to

treat them as massless partons and to assume that they are always present in the initial

state when introducing parton distribution functions. Instead, the presence in the initial

state and the way one must treat the mass of an heavy quark (Q = c, b) depends on

kinematical conditions. For this reason there are two main schemes for the treatment of

an heavy quark:

• Fixed-Flavor Number Scheme (FFNS)33, where the heavy quark is always

treated as a massive particle and never as a massless parton irrespective of the value

33For more details see, e.g., Ref. [98] and references therein.
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of the scale Q. In this scheme, the heavy quark PDF is ignored and the number

of active flavours is always kept fixed. This scheme takes into account heavy-quark

mass effects in coefficient functions, but does not resum logarithmically enhanced

terms of the form ln(Q2/m2
Q).

• Zero-Mass Variable-Flavor Number scheme (ZM-VFNS)34, where all heavy-

quark mass effects are ignored. These corresponds to neglect powers of the ratio

m2
Q/Q

2. On the other hand, since the heavy quark is treated here as a massless

parton, the scheme allows us to resum potentially large logarithms of the type

ln(Q2/m2
Q) into parton distribution functions and fragmentation functions. In this

scheme, the heavy quark is present in the initial state above a fixed threshold.

It is clear that the two approaches work in complementary regimes. The ZM-VFNS is

applicable when Q2 ≫ m2
Q holds. In these kinematic conditions, power mass corrections

are suppressed and DGLAP-type logarithms are large. On the other hand, the FFNS,

which allows us to include all finite quark mass corrections, is only accurate in the region

Q ≲ mQ. It is clear that there is no exact natural separation between these two ap-

proaches and it is reasonable to think of a more complete description. This is provided by

the so-called General–Mass Variable Flavour Number scheme (GM–VFNS)35,

which combines the advantage of the massive and massless calculations by means of an

interpolated scheme which is valid for any value of the scale Q, and that matches the FFN

and ZM–VFN schemes at small and large values of Q, respectively.

Currently, a complete next-to-leading order description of the impact factors contribut-

ing to the production of heavy quarks in adroproduction channels is not available. For

example, the impact factor(s) for producing the J/Ψ have been computed in Ref. [109],

using two different approaches for the description of the charmonium state: 1) Color

evaporation model (CEM) [110, 111], 2) Non-relativistic QCD (NRQCD) for-

malism [112, 113, 114]. Even limiting ourselves to the first case, or only to the color

octet production mechanism in the NRQCD formalism, the corrections are not known.

At the level of gluon channel only, the diagrams to be calculated would be the same

ones to be calculated for the next-to-leading order heavy-quark pair impact factor, shown

at LO in the Appendix B and originally computed in Ref. [115]. This impact factor has

34See Refs. [99, 100, 101, 102, 100, 103].
35See Refs. [104, 105, 106, 107, 108].
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been applied to the study of inclusive production of a heavy-light dijet system in Ref. [116].

The remaining part of this section is dedicated to the description of semi-hard reactions

involving the production of heavy bound states in the ZM-VFNS, leaving the inclusion

of mass effects for future projects. In this way, the final state transition from partons

to hadrons is described by a usual fragmentation function which is suitably convoluted

with the partonic impact factor and with the parton distribution function. The leading

order expression of this impact factor, projected onto the eigenfunctions of the LO BFKL

kernel, is

c1(n, ν, |p⃗1|, z1) = 2

√
CF
CA

(|p⃗1|2)iν−1/2

∫ 1

z1

dζ

ζ

(
ζ

z1

)2iν−1

×
[
CA
CF

fg(ζ)D
Q
g

(
z1
ζ

)
+
∑

α=q,q̄

fα(ζ)D
Q
α

(
z1
ζ

)]
, (3.47)

while the next-to-leading corrections can be found in Ref. [70]. Within the same accuracy,

the LO impact factor for producing a jet is

c2(n, ν, |p⃗2|, z2) = 2

√
CF
CA

(|p⃗2|2)iν−1/2

(
CA
CF

fg(z2) +
∑

β=q,q̄

fβ(z2)

)
, (3.48)

while the next-to-leading corrections can be found in Ref. [77].

Using the aforementioned scheme, here, we analyze the following semi-hard reactions:

• P (kA) + P (kB) −→ Λ±
c (y1, p1) +X + Λ±

c (y2, p2) ,

• P (kA) + P (kB) −→ Hb(y1, p1) +X + jet(y2, p2) ,

• P (kA) + P (kB) −→ Hb(y1, p1) +X +Hb(y2, p2) ,

• P (kA) + P (kB) −→ J/ψ(y1, p1) +X + jet(y2, p2) ,

where we are inclusive on the baryon charge of the Λc particle, Hb stands for a generic

bottomed flavored hadron36.

36In our analysis we are inclusive on the production of all species of b-hadrons whose lowest Fock

state contains either a b or b̄ quark, but not both. Therefore, bottomed quarkonia are not considered.

Furthermore, we ignore Bc mesons since their production rate is estimated to be at most 0.1% of b-hadrons

(see, e.g., Refs.[117, 118]). Our choice is in line with the b-hadron FF determination of Ref.[119].
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Collinear PDFs are calculated via the MMHT14 NLO PDF set [120] as provided by

LHAPDFv6.2.1 interpolator [121], and a two-loop running coupling with αs (MZ) = 0.11707

and a dynamic-flavor threshold is chosen.

We describe jet emissions at NLO perturbative accuracy in terms of a reconstruction

algorithm calculated within the “small-cone” approximation (SCA) [78, 79], i.e. for a

small-jet cone aperture in the rapidity/azimuthal angle plane. More in particular, we

adopt the version derived in Ref. [69], which is infrared-safe up to NLO perturbative and

well-suited for numerical computations, with a cone-jet function selection [122] and for

the jet-cone radius fixed at RJ = 0.5, as usually done in recent experimental analyses at

CMS [123]. The expression for the NLO jet vertex can be obtained, e.g., by combining

Eq. (36) of Ref. [77] with Eqs. (4.19)-(4.20) of Ref. [122].

Λc and b-hadrons fragmentation functions in VFNS

We described the parton fragmentation into Λc baryons in terms of the novel KKSS19 NLO

FF set [124] (see also Refs. [125, 126]), whose native implementation was directly linked

to JETHAD. This parameterization mainly relies on a description à la Bowler [127] for c

and b quark/antiquark flavors. Technical details on the fitting procedure are presented in

Section IV of Ref. [124].

We depicted the parton fragmentation to b-hadrons by the hand of the KKSS07NLO FFs,

that were originally extracted from data of inclusive B-meson emissions in e+e− annihila-

tion [128]. In this parametrization the b flavor has its starting scale at µ0 = 4.5 GeV ≃ mb

and is portrayed by a simple, three-parameter power-like Ansatz [129]

DHb(x, µ0) = Nxa(1− x)b , (3.49)

whereas gluon and lighter quark (including c) FFs are generated through DGLAP evo-

lution and vanish at µF = µ0. Following Ref. [119], we obtained the b-hadron FFs from

the B-meson ones by simply removing the branching fraction for the b→ B± transition,

which was assumed as fu = fd = 0.397 (see also Ref. [128]).

We also show comparisons with predictions for lighter-hadron species (Λ hyperons,

pions, kaons, and protons), these latter are described in terms AKK08 NLO FFs [130],

which are the closest in technology to KKSS19.
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Quarkonium fragmentation functions

We build our NLO collinear FF sets for the direct J/ψ or Υ meson production by taking,

as a starting point, the recent work done in Ref. [131]. There, a NLO calculation was

performed for the heavy-quark FF depicting the transition c → J/ψ or the b → Υ

one, where c (b) indistinctly refer to the charm (bottom) quark and its antiquark. It

essentially relies on the NRQCD factorization formalism taken with NLO accuracy (see,

e.g., Refs. [113, 114, 132, 133, 134, 135] and references therein), which allows us to write

the FF function of a parton i fragmenting into a heavy quarkonium Q with longitudinal

fraction z as

DQ
i (z, µF ) =

∑

[n]

DQ
i (z, µF , [n])⟨OQ([n])⟩ . (3.50)

In Eq. (3.50), Di(z, µF , [n]) denotes the perturbative short-distance coefficient containing

terms proportional to ln(µF/mQ) (to be resummed via DGLAP evolution), ⟨OQ([n])⟩
stands for the non-perturbative NRQCD LDME, and [n] ≡ 2S+1L

(c)
J represents the

quarkonium quantum numbers in the spectroscopic notation (see, e.g., Ref. [136]), the

(c) superscript identifying the color state, singlet (1) or octet (8). Limiting ourselves

to a spin-triplet (vector) and color-singlet quarkonium state, 3S
(1)
1 , the analytic form

of the initial-scale FF depicting the constituent heavy-quark to quarkonium transition,

Q → Q (we refer to c → J/ψ here37 as well), reads (for details on its derivation, see

Sections II and III of Ref. [131])

DQ
Q(z, µF ≡ µ0) = DQ,LO

Q (z) +
α3
s(3mQ)

m3
Q

|RQ(0)|2 ΓQ,NLO
Q (z) , (3.51)

withmc = 1.5 GeV, and the NRQCD radial wave-function at the origin of the quarkonium

state set to |RJ/ψ(0)|2 = 0.810 GeV3, according to potential-model calculations (Ref. [137]

and references therein). The expression for the LO initial-scale FF was originally calcu-

lated in Ref. [138] and reads

DQ,LO
Q (z) =

α2
s(3mQ)

m3
Q

8z(1− z)2
27π(2− z)6 |RQ(0)|2 (5z4 − 32z3 + 72z2 − 32z + 16) , (3.52)

and the polynomial function ΓQ,NLO
Q (z) entering the expression for the NLO-FF correction

is

Γ
J/ψ,NLO
Q (z) = −9.01726z10 + 18.22777z9 + 16.11858z8 − 82.54936z7

37In the original paper, Ref. [82], we consider the b→ Υ
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+ 106.57565z6 − 72.30107z5 + 28.85798z4 − 6.70607z3

+ 0.84950z2 − 0.05376z − 0.00205 (3.53)

Coefficients of z-powers in Eqs. (3.53) are obtained via a polynomial fit to the numerically-

calculated NLO FFs. Starting from µF ≡ µ0 = 3mQ, in Ref. [131] a DGLAP-evolved

formula for the DQ
Q(z, µF ) function was derived and then applied to phenomenological

studies of J/ψ production via e+e− single inclusive annihilation (SIA).

As pointed out in Ref. [139], both (c→ J/ψ) and (g → J/ψ) fragmentation channels

are similar in size. The relative weight of the heavy-quark and gluon contributions is also

driven by the size of the hard scattering producing these partons. Therefore, the number

of large pT -gluons emitted could be of the same order, if not larger, than the heavy-quark

one. Moreover, in a hadroproduction process such as the one considered in our study,

the gluon FF is enhanced by the collinear convolution at LO with the corresponding

gluon PDF (see Eq. (3.47)). Thus we expect, in our case, a stronger sensitivity on the

gluon-fragmentation channel with respect to the case of a SIA-like reaction. Therefore,

we include in our analysis also the contribution coming from the gluon fragmentation.

The gluon to vector-quarkonium LO fragmentation mechanism starts at α3
s, namely at the

same order of the NLO correction to the heavy-quark FF in Eq. (3.51). The (g → 3S
(1)
1 gg)

fragmentation function was computed in Ref. [140] and reads

DQ
g (z, 2mQ) =

5

36(2π)2
α3
s(2mQ)

|RQ(0)|2
m3

Q

∫ z

0

dξ

∫ (1+ξ)/2

(ξ+z2)/2z

dτ
1

(1− τ)2(τ − ξ)2(τ 2 − ξ)2

2∑

i=1

zi

[
f
(g)
i (ξ, τ) + g

(g)
i (ξ, τ)

1 + ξ − 2τ

2(τ − ξ)
√
τ 2 − ξ

ln

(
τ − ξ +

√
τ 2 − ξ

τ − ξ −
√
τ 2 − ξ

)]
, (3.54)

with the six f
(g)
i and g

(g)
i functions being given in Eqs. (4)-(9) of Ref. [141]. We stress

that the mechanism considered here is the direct production of the quarkonium from the

parent gluon. Another contribution to J/ψ-meson production in high-energy processes,

not considered in our analysis, is the production of a P -wave charmonium state χc, fol-

lowed by its radiative decay χc → J/ψ + γ (see Refs. [138, 142]).

The different initial energy scales at which quarks and gluons FF are taken is due

to the production mechanism itself. The heavy-quark fragmentation involves at least

three heavy quarks in the final state (Fig. 3.2, left panel), thus the running coupling in

Eqs. (3.51) and (3.52) is calculated at µR = 3mQ. Conversely, the gluon fragmentation



128 CHAPTER 3. BFKL PHENOMENOLOGY

c/b c̄/b̄

Q

g

c̄/b̄ Q

c/b

Figure 3.2: Left: one of the leading diagrams contributing to the heavy-quark fragmen-

tation to a 3S
(1)
1 vector quarkonium Q at order α2

s. Right: one of the leading diagrams

contributing to the gluon fragmentation to 3S
(1)
1 vector quarkonium Q at order α3

s. The

green blob denotes the corresponding non-perturbative NRQCD LDME.

involves two heavy quarks only (Fig. 3.2, right panel), and this explains why the running

coupling in Eq. (3.54) is taken at µR = 2mQ.

Starting from the initial-scale FFs in Eqs. (3.51, 3.54), we generate the corresponding

functions for all parton species. This is a required step in order to perform analyses by

means of our high-energy VFNS treatment. For a given quarkonium, J/ψ or Υ, we set

the corresponding constituent heavy (anti-)quark FF, D
J/ψ
c ≡ D

J/ψ
c̄ or DΥ

b ≡ DΥ
b̄
, to be

equal to the parameterization given in Eq. (3.51) at the initial scale µ0 = 3mQ and we set

the gluon FF, D
J/ψ
g or DΥ

g , to be equal to the parameterization given in Eq. (3.54) at the

initial scale µ0 = 2mQ. Then, we compute the DGLAP-evolved functions via the APFEL++

library [143, 144, 145], thus getting a LHAPDF set of FFs that embodies all parton flavors.

From now, according to names of Authors of Ref. [131], we will refer to these sets as the

J/ψ ZCW19+ NLO FF parameterizations38.

3.2.2 Higgs plus jet/charmed-hadron

In Ref. [72, 83] the following semi-hard reactions

• P (kA) + P (kB) −→ H(y1, p1) +X + jet(y2, p2) ,

• P (kA) + P (kB) −→ H(y1, p1) +X + Λc(y2, p2) ,

38In Ref. [82] we named ZCW19 the set which does not include the gluon FF at the initial scale µ0 = 2mQ.

In that set, also the gluon channel is purely generated by the evolution.
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have been proposed as testified of BFKL dynamics. The setup of the PDFs, FFs and the

jet reconstruction algorithm is identical to the one described in the previous subsection.

As the implementation of the next-to-leading order level impact factor for the production

of a forward Higgs boson from a colliding proton is not yet available, we use the leading

order one (including finite top-mass contributions), which reads [72]

cH(κ, ν, |p⃗1|, z1) =
1

v2
|Hf (p⃗

2
1 )|2

128π3
√

2(N2
c − 1)

(
p⃗ 2
1

)iν+1/2
fg(z1, µF1) , (3.55)

where [146]

H(p⃗ 2
1 ) =

4m2
t

m2
H⊥

×
{(

1

2
− 2m2

t

m2
H⊥

)[
∆h(υ2)

2−∆h(υ1)
2
]
+

(
2p⃗ 2

1

m2
H⊥

)
[
√
υ1∆h(υ1)−

√
υ2∆h(υ2)]+2

}
,

(3.56)

with mt = 173.21 GeV the top-quark mass, υ1 = 1−4m2
t/m

2
H , υ2 = 1+4m2

t/p⃗
2
H , the root√

υ1 = i
√
|υ1| holding for negative values of υ1. Moreover one has

∆h(υ) =





− 2i arcsin
1√
1− υ , υ < 0 ;

ln
1 +
√
υ

1−√υ − iπ , 0 < υ < 1 ;

ln
1 +
√
υ√

υ − 1
, υ > 1 .

(3.57)

In our study we consider a partial NLO implementation that includes the “universal”

contributions to the Higgs impact factor, proportional to the corresponding LO impact

factor. These terms are obtained on the basis of a renormalization group analysis, namely

via the requirement of stability at NLO under variations of energy scales. Thus we have

c
(1)
H (κ, ν, |p⃗1|, z1) = cH(κ, ν, |p⃗1|, z1)

{
β0
2π

(
ln
µR1

|p⃗1|
+

5

6

)
+ χ (κ, ν) ln

( √
s0

mH⊥

)
+
β0
2π

ln
µR1

mH⊥

− 1

πfg(z1, µF1)
ln

(
µF1

mH⊥

)∫ 1

z1

dξ

ξ

[
Pgg(ξ)fg

(
z1
ξ
, µF1

)
+
∑

a=q,q̄

Pga(ξ)fa

(
z1
ξ
, µF1

)]}
.

(3.58)

3.3 Numerical results

The numerical elaboration of all the considered observables is done by making use of the

JETHAD modular work package [84]. The sensitivity of our results on scale variation is
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assessed by letting µR and µF to be around their natural values, up to a factor ranging

from 1/2 to two. More specifically, we set39

µR = µF = µN =
√
m1⊥m2⊥ , (3.59)

and the Cµ parameter entering plots as the ratio µR,F/µN for all the consider processes,

except the ones involving the production of a Higgs boson. In these latter cases, we use

the geometrical mean in Eq. (3.59) only the exponential factor in Eq. (3.46), while the

scale associated to each impact factor is chosen as

µRi
= µFi

= CµµNi
= Cµmi⊥ .

Error bands in our figures embody the combined effect of scale variation and phase-space

multi-dimensional integration, the latter being steadily kept below 1% by the JETHAD

integrators. All calculations of our observables is done in the MS scheme. The kine-

matical cuts are always shown directly in plots, for more detailed discussion on these

choices we refer to [72, 80, 81, 82, 83]. Furthermore, Refs. [72, 80, 81, 82, 83] contain

for all the processes mentioned above, long and detailed studies, both at natural scales

and at scales obtained through the Brodsky-Lepage-Mackenzie (BLM) optimization pro-

cedure [147, 148, 149, 150], which prescribes that the optimal scale value is the one that

cancels the non-conformal β0-terms in the considered observable. In the following, we

want to provide a review of the observables that can be studied, focusing on the possibil-

ity of carrying out studies at natural scales. The reason for this choice is that, although

the application of the BLM method led to a significant improvement of the agreement

between predictions for azimuthal correlations of the two Mueller-Navelet jets and CMS

data [123], the scale values found, much higher than the natural ones, generally bring

to a substantial reduction of cross sections (observed for the first time in inclusive light

charged dihadron emissions [151, 152]). This issue clearly hampers the possibility of doing

precision studies.

3.3.1 Azimuthal-angle coefficients

The azimuthal-angle coefficients, are obtained by integrating coefficients Cn in Eq. (3.46)

over the phase space of the outgoing particles, at fixed values of their mutual rapidity

separation, ∆Y . One has

Cn(∆Y, s) =

∫ pmax
1

pmin
1

d|p⃗1|
∫ pmax

2

pmin
2

d|p⃗2|
∫ ymax

1

ymin
1

dy1

∫ ymax
2

ymin
2

dy2 δ (y1 − y2 −∆Y ) Cn . (3.60)

39In case of jet or light hadrons the transverse mass coincide with the |p⃗ |.
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We investigate the ∆Y -behavior of the φ-summed cross section (or ∆Y -distribution),

C0(∆Y, s), of the azimuthal-correlation moments, Rn0(∆Y, s) = Cn/C0 ≡ ⟨cosnφ⟩, and
of their ratios, Rnm = Cn/Cm [153, 154].

∆Y -distribution

In Fig. 3.3, we show the ∆Y -behavior of C0 for a series of different semi-hard reactions.

The common feature is the downtrend exhibited by the cross section at increasing ∆Y . It

emerges as the interplay of two competing effects. On the one hand, the pure high-energy

evolution leads to the well-known growth with energy of partonic cross sections. On the

other hand, collinear parton distributions and fragmentation functions quench hadronic

cross sections when ∆Y increases. All the plots show a promising partial stabilization of

the high-energy series.

Upper left panel of Fig. 3.3 shows the ∆Y -dependence of the φ-summed cross section

in the double Λc channel, together with corresponding predictions for detection of Λ hy-

perons, at NLLA. We note that NLA bands are almost nested (except for large values

of ∆Y , for which they overlap but are not fully nested) inside LLA ones and they are

generally narrower in the Λc case. Since this analysis is performed around natural scales

and without implementing any BLM optization, we claim that this is a clear effect of a

(partially) reached stability of the high-energy series, for both hadron emissions. The fact

that the stabilization effect is stronger for heavy species was corroborated in Ref. [80],

observing that, while predictions for hyperons lose almost one order of magnitude when

passing from natural scales to the expanded BLM ones, results for Λc baryons are much

more stable, with the NLA band becoming even wider in the BLM case. Moreover, in

Ref. [80] it was proposed that the stabilization effect is connected to the smooth and

non-decreasing with µF FFs behavior of the Λc fragmentation functions. Subsequently, a

similar behavior was observed for other hadronic species.

Another manifestation of stabilizing effects is shown in the upper right panel of Fig. 3.3,

where we consider the Λc+H channel. We perform phenomenological study by imposing

realistic kinematic cuts of forthcoming experimental analyses at the LHC. In particular, we

allow the charmed-hadron transverse momentum to be in the range 8 GeV < pC < 20 GeV

and its rapidity in the ultraforward rapidity window 6 < yC < 7.5. This choice is in line

with nominal acceptances of FPF detector plans [155, 156]. We observe that the NLA
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predictions are systematically contained inside LLA ones and the width of uncertainty

bands considerably decreases when moving to the higher order. It should be specified

that, even if this stabilization effect is very strong in the latter case, especially if one

considers into the high rapidity-difference between the two detected objects, the analysis

is only partial next-to-leading, due to the presence of the Higgs impact factor, whose

complete next-to-leading implementation is not yet available40.

Lastly, in lower panels of Fig. 3.3 we study, with the full NLLA, the ∆Y -behavior of

the cross section in the double J/ψ and J/ψ-plus-jet channels. Predictions are obtained

by making use of the ZCW19+ set. We note that values of C0 are everywhere larger than 0.5

pb in the J/ψ-plus-jet channel. This leads to a very promising statistics, although being

substantially lower than the one for heavy-baryon and heavy-light meson emissions [80,

81].

Azimuthal-correlation moments and their ratios

Azimuthal-correlation moments and their ratio are widely recognized as very sensitive to

the BFKL dynamics. It is also well known that, in the Mueller-Navelet channel, the insta-

bilities under higher order corrections and scale variations prevents any realistic analysis

around natural values41. In Fig. 3.4, predictions for the R10, R21 azimuthal ratios in the

double Λc (upper panels) and in the double Hb (lower panels) channels, at natural scales,

are presented. The downtrend of all these ratios when ∆Y grows is a well know signal

of the onset of high-energy dynamics. Larger rapidity distances heighten the weight of

undetected gluons, thus leading to a decorrelation pattern in the azimuthal plane, which

is more pronounced in pure LLA series.

Although, instabilities rising at natural scales are strong, they are milder than the ones

observed in the Mueller-Navelet dijet channel. In the presented plots, the value of the R10

moment exceeds one in the small-∆Y region. This unphysical effect is fairly explained by

the fact that contributions which are power-suppressed in energy and are not included in

our BFKL treatment start to become relevant in those kinematic ranges, thus worsening

the accuracy of our predictions.

40Nonetheless, we include all of the universal NLO terms presented in the previous section.
41At least for the pure azimuthal correlation moments.
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The situation improves, when one considers ratio of azimuthal correlation moments.

As firstly observed in Refs. [153, 154], the R21 ratios exhibits a fair stability under NLA

corrections for both both final-state channels.

3.3.2 Azimuthal distribution

The azimuthal distribution of the two tagged particles, as a function of φ and at fixed

values of ∆Y , is

dσpp(φ,∆Y, s)

σppdφ
=

1

π

{
1

2
+

∞∑

n=1

cos(nφ)⟨cos(nφ)⟩
}
≡ 1

π

{
1

2
+

∞∑

n=1

cos(nφ)Rn0

}
. (3.61)

Proposed for the first time in the context for Mueller–Navelet studies [90, 157], this

distribution represents one of the most directly accessible observables in experimental

analyses. Indeed, experimental measurements hardly cover the whole azimuthal-angle

plane due to limitations of the apparatus. Therefore, distributions differential on the

azimuthal-angle difference, φ, could be easier compared with data.

In Fig. 3.5, we present predictions for the azimuthal distribution in the Λc +H (left

panels) and in the J/ψ + jet (right panels) channels, for three distinct values of the rapid-

ity interval. LLA predictions are given in the upper panels, while NLA are found in the

lower ones. In all cases the height of the peak visibly diminishes when ∆Y grows, while

the distribution width slightly widens. Again, at large values of ∆Y the weight of gluons

strongly ordered in rapidity predicted by BFKL increases, thus bringing to a reduction

of the azimuthal correlation between the two detected objects, so that the number of

back-to-back events lowers.

Focusing on patterns for the φ-distribution in the J/ψ + jet channel, we observe that

at ∆Y = 1 the LLA peak is much more pronounced than the corresponding NLA one, at

∆Y = 3 the LLA and NLA peaks are similar in height, and at ∆Y = 5 the LLA peak

is beyond the NLA one. This behavior as a straightforward explanation. The small-∆Y

range stays at the limit of applicability of the BFKL resummation, since the low values

of the partonic center-of-mass energies reduces the phase space for secondary-gluon emis-

sions. This leads to a stronger discrepancy between LLA and NLA results. Conversely,

in the moderate-∆Y regime the high-energy series shows a fair stability when NLA cor-

rections are switched on. Finally, the large-∆Y territory is very sensitive to the BFKL
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dynamics, this reflecting in a stronger weight of the re-correlation effects, predicted by

the NLA resummation, over pure LLA results.

The same pattern is observed in the Λc+H channel. The only difference is that, from

the lower ∆Y value, the LLA predictions are below the NLLA ones. This is due to the

fact that in this analysis we are considering ultra-forward kinematics, in fact, the first

value of the rapidity difference is four. At these values, re-correlation effects, predicted

by the NLA resummation, are already very strong.

3.3.3 Transverse-momentum distributions

Cross sections and azimuthal-angle correlations differential in the final-state rapidity in-

terval, ∆Y , are excellent testing grounds for the high-energy resummation. However, in

order to probe regimes where other resummation dynamics are also relevant, more differ-

ential distributions in the pT -spectrum are needed. Indeed, when the measured transverse

momenta range in wider windows, other regions that are contiguous to the strict semi-

hard one get probed. On one hand, when the transverse momenta are very large or

their mutual distance is large, the weight of DGLAP-type logarithms as well as threshold

contaminations [158, 159, 160] grows, thus making the description by our formalism inad-

equate. On the other hand, in the very low-pT limit a pure high-energy treatment would

also fail since large transverse-momentum logarithms entering the perturbative series are

systematically neglected by BFKL. Therefore, in this section, rather than claiming to

be able to describe the whole spectrum in pT of the observables, we want to show that

there exist kinematic windows in which high-energy resummation is relevant and in which

therefore it must be taken into account in a serious precision program.

Single differential pT -distribution

We start by studying the transverse-momentum distribution of one particle at fixed values

of ∆Y , i.e.

dσpp(|p⃗1|,∆Y, s)
d|p⃗1|d∆Y

=

∫ pmax
2

pmin
2

d|p⃗2|
∫ ymax

Q

ymin
Q

dy1

∫ ymax
J

ymin
J

dy2 δ (y1 − y2 −∆Y ) C0. (3.62)

We investigate this distribution in the Higgs + jet channel. Our calculation in the Born

limit at ∆Y = 3 (left panel of Fig. 3.6) is in fair agreement with the corresponding pattern

in Ref. [146] (solid line in the left panel of Fig. 2), up to a factor two, due to the fact
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that we restricted ∆Y to be positive, which means that the Higgs particle is always more

forward than the jet42. In our study, this calculation cannot exceed a given upper cut-off

in the |p⃗H |-range, say around 125 GeV. This is due to our choice for the final-state kine-

matic ranges, where consistency with experimental cuts in the rapidities of the detected

objects would lead to xJ > 1 for sufficiently large jet transverse momenta.

Both the LLA (blue) and the NLA (red) series in upper panels of Fig. 3.6 show a

peak (not present in the Born case) at |p⃗H | around 40 GeV for the two values of ∆Y ,

and a decreasing behavior at large |p⃗H |. For the sake of simplicity, we distinguish three

kinematic subregions. The low-|p⃗H | region, i.e. |p⃗H | < 10 GeV, has been excluded from

our analysis, since it is dominated by large transverse-momentum logarithms, which call

for the corresponding all-order resummation, not accounted by our formalism. To the

intermediate-|p⃗H | region the set of configurations where |p⃗H | is of the same order of |p⃗J |,
which ranges from 35 to 60 GeV, corresponds. It is essentially the peak region plus the

first part of the decreasing tail, where NLA bands are totally nested inside the LLA

ones. Here, the impressive stability of the perturbative series unambiguously confirms

the validity of our description at the hand of the BFKL resummation. Finally, in the

large-|p⃗H | region represented by the long tail, NLA distributions decouple from LLA ones

and exhibit an increasing sensitivity to scale variation. Here, DGLAP-type logarithms

together with threshold effects start to become relevant, thus spoiling the convergence of

the high-energy series. In Fig. 3.6 we present also the pH-distributions at ∆Y = 3 and 5,

as obtained by a fixed-order NLO calculation through the POWHEG method [161, 162,

163], by suitably adapting the subroutines dedicated to the inclusive Higgs plus jet final

state [164, 165]. It is interesting to observe that, both at ∆Y = 3 and ∆Y = 5, the NLO

fixed-order prediction is systematically lower than the LLA- and NLA-BFKL ones and

this is more evident at the larger ∆Y , where the effect of resummation is expected to be

more important. This observation provides with an interesting window for discrimination

between fixed-order and high-energy-resummed approaches.

Finally, in lower panels of Fig. (3.6), we compare the pT -distributions presented above

with the corresponding ones obtained in the large top-mass limit,Mt → +∞. In Ref. [72],

it was noted that, when this limit is taken, cross sections become at most 5÷ 7% larger,

42Note that in Ref. [146] the Higgs mass is a free parameter. We compare our result with the corre-

sponding one at MH = 120 GeV.
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whereas the effect on azimuthal correlations is very small or negligible. We do not show

figures related with this comparison, since the bands related to the large top-mass limit

are hardly distinguishable from the ones with physical top mass. The impact on the pH-

distribution is also quite small in the |p⃗H | ∼ |p⃗J | range, while it become more manifest

when the value of |p⃗H | increases.

All these considerations brace the message that an exhaustive study of the |p⃗H |-
distribution would rely on a unified formalism where distinct resummations are concur-

rently embodied. In particular, the impact of the BFKL resummation could depend on

the delicate interplay among the Higgs transverse mass, the Higgs transverse momentum

and the jet transverse momentum entering, in logarithmic form, the expressions of partial

NLO corrections to impact factors. Future studies including full higher-order corrections

will allow us to further gauge the stability of our calculations.

Double differential pT -distribution

Lastly, we also investigate the double differential pT -distribution at fixed values of ∆Y ,

dσpp(|p⃗1|, |p⃗2|,∆Y, s)
d|p⃗1|d|p⃗2|d∆Y

=

∫ ymax
1

ymin
1

dy1

∫ ymax
2

ymin
2

dy2 δ (y1 − y2 −∆Y ) C0. (3.63)

In Ref. [166] this study was proposed, without pretension of catching all the dominant

features of this observable by the hand of our hybrid factorization, but rather to set

the ground for futures studies where the interplay of different resummations (among all

BFKL, Transverse momentum, and threshold one) can be deeply investigated. Results

for our distributions in the Hb + jet channel at ∆Y = 3 and 5 are presented in Fig. 3.7.

In this analysis no BLM scale optimization is employed. We note that predictions fall off

very fast when the two observable transverse momenta, |p⃗H | and |p⃗J |, become larger or

when their mutual distance grows. As generally predicted by the BFKL dynamics, LLA

predictions (left panels) are always larger than NLA ones (right panels). Furthermore,

we do not observe any peak, which could be present in the low-pT region, namely where

Transverse momentum-resummation effects are dominant and that it is excluded from our

analysis.
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3.4 Summary and outlook

In this chapter, we have proposed a series of new semi-hard reactions that can be stud-

ied at the LHC, presenting a whole series of observables useful for detecting high-energy

effects. We believe that such effects should be included in the precision programs of the

LHC and of future accelerators capable of reaching even higher center-of-mass energies.

There are several interesting future developments on the side of forward/backward

phenomenology. The analysis presented here in the case of heavy-flavor production only

partially covers the pT -spectrum. In fact, as already said, in the region of small-pT of

the produced heavy-hadron a FFNS description is more reliable. The construction of

predictions within this scheme (or in a full GM-VFNS), necessarily requires finding the

NLO corrections to impact factors for the production of massive quarks (Q). The impact

factor for the Q → Q transition is already known at next-to-leading order [167]. Never-

theless, the production of heavy-flavor involves other channels that are even dominanting.

Among them, the contributions calculated at LO in the references [109, 115] are neces-

sary to study the productions of quarkonia or heavy-light mesons. Another interesting

channel in the context of forward/backward productions has been proposed in Ref. [168],

i.e. forward Drell-Yan and backward jet production. In this case, a full NLL description,

requires the calculation of the next-to-leading impact factor for the forward Drell-Yan

production.

In the case of Higgs-plus-jet production, it is already possible to perform a full next-to-

leading logarithmic analysis. Using the next-to-leading order result, for example obtained

through POWHEG, it is also possible to implement a matching procedure to obtain a full

next-to-leading order prediction supplemented by a complete resummation of high-energy

logarithms. Through such a procedure it will be on the one hand clearer to distinguish

the high-energy effects from those of the fixed order dynamics and on the other hand to

provide valid predictions in a broader kinematic regime.
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in the Λc + H (left) and in the J/ψ + jet (right) channel, at
√
s = 14 TeV and

√
s = 13

TeV, respectively, and for three distinct values of ∆Y . Text boxes inside panels exhibit

final-state kinematic cuts.



3.4. SUMMARY AND OUTLOOK 141

50 100 150 200 250 300 350

|~pH| [GeV]

10−6

10−5

10−4

10−3

10−2

10−1

100

101

d
σ

(|~p
H
|,∆

Y
,s

)

d
|~p H
|

[p
b

/G
eV

]

1/2 < Cµ < 2

|~pJ | = |~pH | (Born); 35 GeV < |~pJ | < 60 GeV (LLA, NLA)

|yH | < 2.5 ; |yJ | < 4.7 ; ∆Y = yH − yJ
√
s = 14 TeV

MS scheme; MMHT2014 NLO PDF set

∆Y = 3∆Y = 3

JETHAD v0.4.2

proton(p1) + proton(p2) → H(|~pH |, yH) + X + jet(|~pJ |, yJ)

Born

LLA

NLA

NLO POWHEG

50 100 150 200 250 300 350

|~pH| [GeV]

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

d
σ

(|~p
H
|,∆

Y
,s

)

d
|~p H
|

[p
b

/G
eV

]

1/2 < Cµ < 2

|~pJ | = |~pH | (Born); 35 GeV < |~pJ | < 60 GeV (LLA, NLA)

|yH | < 2.5 ; |yJ | < 4.7 ; ∆Y = yH − yJ
√
s = 14 TeV

MS scheme; MMHT2014 NLO PDF set

∆Y = 5∆Y = 5

JETHAD v0.4.2

proton(p1) + proton(p2) → H(|~pH |, yH) + X + jet(|~pJ |, yJ)

Born

LLA

NLA

NLO POWHEG

50 100 150 200 250 300 350

|~pH| [GeV]

10−6

10−5

10−4

10−3

10−2

10−1

100

101

d
σ

(|~p
H
|,∆

Y
,s

)

d
|~p H
|

[p
b

/G
eV

]

1/2 < Cµ < 2

|~pJ | = |~pH | (Born); 35 GeV < |~pJ | < 60 GeV (LLA, NLA)

|yH | < 2.5 ; |yJ | < 4.7 ; ∆Y = yH − yJ
√
s = 14 TeV

MS scheme; MMHT2014 NLO PDF set

∆Y = 3

JETHAD v0.4.2

proton(p1) + proton(p2) → H(|~pH |, yH) + X + jet(|~pJ |, yJ)

LLA

LLA; Mt → +∞
NLA

NLA; Mt → +∞

50 100 150 200 250 300 350

|~pH| [GeV]

10−6

10−5

10−4

10−3

10−2

10−1

100

101

d
σ

(|~p
H
|,∆

Y
,s

)

d
|~p H
|

[p
b

/G
eV

]

1/2 < Cµ < 2

|~pJ | = |~pH | (Born); 35 GeV < |~pJ | < 60 GeV (LLA, NLA)

|yH | < 2.5 ; |yJ | < 4.7 ; ∆Y = yH − yJ
√
s = 14 TeV

MS scheme; MMHT2014 NLO PDF set

∆Y = 5
JETHAD v0.4.2

proton(p1) + proton(p2) → H(|~pH |, yH) + X + jet(|~pJ |, yJ)

LLA

LLA; Mt → +∞
NLA

NLA; Mt → +∞

Figure 3.6: pT -dependence of the cross section for the inclusive Higgs-jet hadroproduction
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√
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Chapter 4

Lipatov vertex in QCD with higher

ϵ-accuracy

How can it be that mathematics, being after all a product of

human thought which is independent of experience, is so

admirably appropriate to the objects of reality?

Albert Einstein [169]

In this chapter, we deal with the computation of the Lipatov vertex with higher accu-

racy in the dimensional regularization parameter ϵ = (D − 4)/2. There are a number of

reasons motivating the need of the NLO Lipatov effective vertex with higher ϵ-accuracy:

first, it is the building block of the next-to-NLO contribution to the BFKL kernel from the

production of one gluon in the collision of two Reggeons; second, it enters the expression of

the impact factors for the Reggeon-gluon transition [170], which appear in the derivation

of the bootstrap conditions for inelastic amplitudes; these discontinuities are needed in

the derivation of the BFKL equation in the NNLLA; third, the discontinuities of multiple

gluon production amplitudes in the MRK can be used [171] for a simple demonstration of

violation of the ABDK-BDS (Anastasiou-Bern-Dixon-Kosower — Bern-Dixon-Smirnov)

ansatz [172, 173] for amplitudes with maximal helicity violation in Yang-Mills theories

with maximal super-symmetry (N = 4 SYM) in the planar limit and for the calculations

of the remainder functions to this ansatz. In the planar maximally supersymmetric N = 4

Yang-Mills theory, the Lipatov vertex, within accuracy ϵ2, has been computed in [174].

The chapter contains four sections. In the first, we briefly discuss the formulation of

the BFKL approach in the NNLLA. In the second, we review the derivation of the Lipatov

145
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vertex at one-loop. In the third, we compute the fundamental integrals appearing in the

vertex up to the required accuracy. In the third and last section, we summarize and

discuss future perspectives. The material of this chapter is based on Refs. [175, 176].

4.1 BFKL beyond NLLA

Extending BFKL beyond the NLLA is an extremely complex task. Let’s summarize what

we have seen in the previous chapters.

The s-channel discontinuities of the processes A + B → A′ + B′ are presented as the

convolutions ΦAA′ ⊗ G ⊗ ΦBB′ , where the impact factors ΦAA′ and ΦBB′ describe

transitions A → A′ and B → B′ due to interactions with Reggeized gluons and G is the

Green’s function for two interacting Reggeized gluons. The Mellin transform of the Green

function, satisfy the BFKL equation (1.155)

ωĜω = 1 + K̂Ĝω .

Energy dependence of scattering amplitudes is determined by the BFKL kernel, which is

universal (process independent).

In the LLA, up to the required accuracy,

K̂ = ω̂1 + K̂(0)
G (4.1)

where ω̂1 is the one-loop Regge trajectory and K̂(0)
G is the part of the kernel related to real

production of one gluon.

In the NLLA, we can still rely on the previous program of computations, but the kernel,

up to the required accuracy, is

K̂ = ω̂1 + ω̂2 + K̂(0)
G + K̂(1)

G + K̂(0)
GG + K̂(0)

QQ̄
, (4.2)

where, in the “virtual” part, we have included the two-loop corrections to the Regge tra-

jectory, while, in the real particle production part, we have included, together with the

contribution from the one-gluon production in the RR collisions (this time calculated at

one-loop accuracy), contributions from the two-gluon and quark-antiquark productions

(these latter computed at Born level).
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One might think that this scheme is applicable in the NNLLA as well. In this case it

would be sufficient to calculate three-loop corrections to the trajectory, two-loop correc-

tions to K̂G, one-loop corrections to K̂QQ̄ and K̂GG and to find in the Born approximation

two new contributions, K̂QQ̄G and K̂GGG. Unfortunately, the scheme based on the forms

(1.14) and (1.104) does not provide a full resummation in the NNLLA. The reason is the

need to take account of the contributions of Regge cuts and the imaginary parts of the

amplitudes in the unitarity conditions (1.110).

The main difficult in the extention of BFKL beyond the NLLA is the appearance

of three-Reggeon cut which invalidates the forms (1.14) in the NNLLA. This was first

shown in [177] when considering the non-logarithmic terms in two-loop amplitudes for

elastic scattering. A detailed consideration of the terms responsible for the breaking of

the pole-Regge form in two- and three-loop amplitudes was performed in [178, 179, 180].

In [175, 181, 182] it was shown that the observed violation of the pole-Regge form can be

explained by the contributions of the three-Reggeon cuts. A procedure for disentangling

the Regge cut and Regge pole in QCD in all orders of perturbation theory has been sug-

gested in [183]. Moreover, in deriving BFKL in the LLA, we have not emphasized much

that the form of the inelastic amplitudes in Eq. (1.104) is strictly valid only for the real

part of the amplitude. The reason is that only the real part is really needed in the LLA

and in the NLLA. Indeed, the imaginary parts are suppressed by a power of ln si with

respect to the real ones. In the LLA, no logarithm can be “lost” and hence only the real

part is important. In the NLLA, in principle, the products of imaginary and real parts

in the unitarity relations (1.110) are important, but they cancel due to summation of

contributions complex conjugated to each other. In the NNLLA, we can “lose” two large

logarithms and hence imaginary parts should be taken into account. At computational

level, this is not very complicated since we need imaginary parts just in the main approx-

imation. Nonetheless, this complicates the derivation of the BFKL equation and deprives

it of its universality (see Ref. [175] for details).

In the following, as already mentioned, we focus our attention just on the one-loop

Lipatov vertex, extending its knowledge in the ϵ-expansion up to the required accuracy

for NNLL formulation of BFKL. In fact, the NNLLA formulation of BFKL requires not

only two and three-loop calculations, but also higher ϵ-accuracy of the one-loop results.

Thus, since the NLO RRG vertex has the singularity 1/ϵ2, it must be known in general
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up to terms of order ϵ2 to ensure the accuracy ϵ0 in the part of the kernel containing the

product of two RRG vertices. Of course, in the region of small transverse momentum p⃗

of the produced gluon, the accuracy must be higher (ϵ3). Fortunately, in this region the

vertex was obtained in [184] exactly in ϵ.

4.2 Review of the Lipatov vertex at one-loop

4.2.1 The gluon production amplitude

The RRG vertex can be obtained from a generic A+B → A′+ g+B′ amplitude taken in

MRK and with the gluon emitted in the central kinematical region. In this case we follow

the construction in [47] and consider gluon-gluon collision. We will use the denotations pA

and pB (pA′ and pB′) for the momenta of the incoming (outgoing) gluons, p and e(p) for

momentum and polarization vector of the produced gluon; q1 = pA−pA′ and q2 = pB′−pB
are the momentum transfers, so that p = q1− q2. The denotations are the same as in [47],

except that we use p for the “central” outgoing gluon, instead of k. The MRK kinematics

is defined by the relations

s≫ s1, s2 ≫ |t1| ∼ |t2| , (4.3)

where

s = (pA + pB)
2 , s1 = (pA′ + p)2 , s2 = (pB′ + p)2 , t1,2 = q21,2 . (4.4)

In terms of the parameters of the Sudakov decomposition

p = βp pA + αp pB + p⊥ , qi = βi pA + αi pB + qi⊥ , (4.5)

the relations (4.3) give

1≫ βp ≈ β1 ≫ −α1 ≃
q⃗ 2
1

s
, 1≫ αp ≈ −α2 ≫ β2 ≃

q⃗ 2
2

s
,

s1 ≈ s αp , s2 ≈ s βp , p⃗ 2 = −p2⊥ ≈
s1s2
s

. (4.6)

Here and below, the vector sign is used for the components of the momenta transverse to

the plane of the momenta of the initial particles pA and pB.

To extract the RRG vertex, we can restrict ourselves to amplitudes with conservation

of the helicities of the scattered gluons. The form of this amplitude is well known:

A2→3 = 2s g3 T c1A′A

1

t1
T dc2c1

1

t2
T c2B′B e

∗
µ(p)Aµ(q2, q1) , (4.7)
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where T abc are matrix elements of the colour group generator in the adjoint representation

and the amplitude Aµ in the Born approximation is equal to Cµ(q2, q1):

AµBorn = Cµ(q2, q1) = −q1µ⊥ − q2µ⊥ +
pµA
s1

(p⃗ 2 − 2q⃗ 2
1 )−

pµB
s2

(p⃗ 2 − 2q⃗ 2
2 ) . (4.8)

It was shown in [39] that at one-loop order the amplitude can be presented in its gauge

invariant form,

Aµ = Cµ(q2, q1)(1 + g2rC) + Pµg2 2t1t2 rP , (4.9)

where the terms proportional to pµ were obviously omitted and

ḡ =
Ng2Γ(1− ϵ)

(4π)2+ϵ
,

Pµ =
pµA
s1
− pµB
s2

,

rC =

{
t1t2

(
r+ +

F5

2

)
+ t2I4B +

Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2

1 )
ϵ

[
−1

2
ln

(
s1(−s1)
t21

)
+ 2ψ(ϵ)− ψ(2ϵ)

−ψ(1− ϵ) + 1

2ϵ(1 + 2ϵ)(3 + 2ϵ)

(
−3(1 + ϵ)− ϵ2

1 + ϵ
+
t1(3 + 14ϵ+ 8ϵ2)− t2(3 + 3ϵ+ ϵ2)

t1 − t2

+
p⃗ 2 t1 ϵ

(t1 − t2)3
(
(2 + ϵ)t2 − ϵ t1

)]}
+

{
A←→ B

}
,

rP =

{
(q⃗1 · q⃗2)r+ −

t1 + t2
4
F5 −

I4B
2

+
1

2

Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2

1 )
ϵ−1

(
−1

2
ln

(
s1(−s1)s2(−s2)

s(−s)t21

)
+ ψ(1)

+ψ(ϵ)− ψ(1− ϵ)− ψ(2ϵ) + t1
t2 (1 + 2ϵ)(3 + 2ϵ)

[
t2

t1 − t2
(11 + 7ϵ)

+
p⃗ 2

(t1 − t2)3
(
t2(t1 + t2)− ϵ t1(t1 − t2)

)
+

(p⃗ 2)2

(t1 − t2)3
(
(2 + ϵ)t2 − ϵ t1

)])}
+

{
A←→ B

}
.

(4.10)

The expression for the function r+ appearing in the definition of Aµ is

r+ =
f−(q⃗

2
1 − q⃗ 2

2 )− f+ p⃗
2

8(q⃗ 2
1 q⃗

2
2 − (q⃗1q⃗2)2)

, (4.11)

with

f− ≡
[
−t1F5 − I4B −

Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2

2 )
ϵ−1

(
1

2
ln

(
s1(−s1)s2(−s2)

s(−s)t22

)

+ψ(1− ϵ)− ψ(ϵ) + ψ(2ϵ)− ψ(1)
)]
−
[
A←→ B

]
, (4.12)

f+ ≡
{
−t1F5 − I4B −

Γ2(ϵ)

Γ(2ϵ)

[
(q⃗ 2

2 )
ϵ−1

(
1

2
ln

(
s1(−s1)s2(−s2)

s(−s)t22

)
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+ψ(1− ϵ)− ψ(ϵ) + ψ(2ϵ)− ψ(1)
)

−(p⃗ 2)ϵ−1

(
1

2
ln

(
s1(−s1)s2(−s2)
s(−s)(p⃗ 2)2

)
+ ψ(1− ϵ)− ψ(ϵ)

)]}
+

{
A←→ B

}
, (4.13)

and

F5 = I5 − L3 −
1

2
ln

(
s(−s)(p⃗ 2)2

s1(−s1)s2(−s2)

)
I3 . (4.14)

The total amplitude is given in terms of five structures I3, L3, I4B, I4A, I5, defined
as [47]

I3 =
∫

d2+2ϵk

π1+ϵΓ(1− ϵ)
1

k⃗ 2(k⃗ − q⃗1)2(k⃗ − q⃗2)2
, (4.15)

L3 =

∫
d2+2ϵk

π1+ϵΓ(1− ϵ)
1

k⃗ 2(k⃗ − q⃗1)2(k⃗ − q⃗2)2

[
ln

(
(k⃗ − q⃗1)2(k⃗ − q⃗2)2
k⃗ 2(q⃗1 − q⃗2) 2

)]
, (4.16)

I4B =

∫ 1

0

dx

x

∫
d2+2ϵk

π1+ϵΓ(1− ϵ)

×


 1− x(

xk⃗2 + (1− x)(k⃗ − q⃗1)2
)
(k⃗ − (1− x)(q⃗1 − q⃗2))2

− 1

(k⃗ − q⃗1)2(k⃗ − (q⃗1 − q⃗2))2


 ,

(4.17)

I5 =
∫ 1

0

dx

1− x

∫
d2+2ϵk

π1+ϵΓ(1− ϵ)
1

k⃗ 2[(1− x)k⃗ 2 + x(k⃗ − q⃗1)2]

×
[

x2

(k⃗ − x(q⃗1 − q⃗2))2
− 1

(k⃗ − q⃗1 + q⃗2)2

]
(4.18)

and I4A = I4B(q⃗1 ↔ −q⃗2).

4.2.2 The Lipatov vertex

Imposing general requirements of analyticity, unitarity and crossing symmetry, the pro-

duction amplitude must take the Regge the form [39, 185]

8 g3Aµ = Γ(t1; p⃗
2)Γ(t2; p⃗

2)

{[(
s1
p⃗ 2

)ω1−ω2

+

(−s1
p⃗ 2

)ω1−ω2
] [(

s

p⃗ 2

)ω2

+

(−s
p⃗ 2

)ω2
]
Rµ

+

[(
s2
p⃗ 2

)ω2−ω1

+

(−s2
p⃗ 2

)ω2−ω1
] [(

s

p⃗ 2

)ω1

+

(−s
p⃗ 2

)ω1
]
Lµ

}
, (4.19)

where ωi = ω(ti) (we have chosen p⃗ 2 as the scale of energy), Γ(ti; p⃗
2) are the helicity

conserving gluon-gluon-Reggeon vertices, Rµ and Lµ are the right and left RRG vertices,

depending on q⃗1 and q⃗2. They are real in all physical channels, as well as Γ(ti; p⃗
2).
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In the one-loop approximation we have

ω(t) = ω(1)(t) = −g2 Γ
2(ϵ)

Γ(2ϵ)
(q⃗ 2)ϵ , (4.20)

Γ(t; p⃗ 2) = g

(
1 + Γ(1)(t; p⃗ 2)

)
, (4.21)

where

Γ(1)(t; p⃗ 2) = g2
Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2)ϵ

[
ψ(ϵ)− 1

2
ψ(1)− 1

2
ψ(1− ϵ)

+
9(1 + ϵ)2 + 2

4(1 + ϵ)(1 + 2ϵ)(3 + 2ϵ)
− 1

2
ln

(
p⃗ 2

q⃗ 2

)]
. (4.22)

In the same approximation we obtain from (4.19)

2g

{
Aµ − Cµ(q2, q1)

[
Γ(1)(t1; p⃗

2) + Γ(1)(t2; p⃗
2) +

ω1

2
ln

(
s1(−s1)
(p⃗ 2)2

)
+
ω2

2
ln

(
s2(−s2)
(p⃗ 2)2

)

+
ω1 + ω2

4
ln

(
s(−s)(p⃗ 2)2

s1(−s1)s2(−s2)

)]}
= Rµ+Lµ+(Rµ−Lµ)ω1 − ω2

4
ln

(
s1(−s1)s2(−s2)
s(−s)(p⃗ 2)2

)
.

(4.23)

Since in all physical channels

ln

(
s1(−s1)s2(−s2)
s(−s)(p⃗ 2)2

)
= iπ , (4.24)

the combinations Rµ+Lµ and Rµ−Lµ are respectively related to the real and imaginary

parts of the production amplitude. Using this we find that

Rµ + Lµ = 2g

{
Cµ(q2, q1) + g2

(
(q⃗1 · q⃗2)Cµ(q2, q1) + 2q⃗ 2

1 q⃗
2
2 Pµ

2(q⃗ 2
1 q⃗

2
2 − (q⃗1 · q⃗2)2)

[
q⃗ 2
1 q⃗

2
2 p⃗

2

2
(I5 − L3)

−q⃗ 2
2 (q⃗1 · p⃗) I4B +

Γ2(ϵ)

Γ(2ϵ)

(
(p⃗ 2)ϵ

2
(q⃗1 · q⃗2) (ψ(ϵ)− ψ(1− ϵ)) + (q⃗ 2

1 )
ϵ(q⃗2 · p⃗)

(
ln

(
p⃗ 2

q⃗ 2
1

)
− ψ(1)

−ψ(ϵ) + ψ(1− ϵ) + ψ(2ϵ)

))]
+ Cµ(q2, q1)

[
− q⃗

2
2

2
I4B +

Γ2(ϵ)

2Γ(2ϵ)

(
(p⃗ 2)ϵ

2
(ψ(ϵ)− ψ(1− ϵ))

+(q⃗ 2
1 )

ϵ

[
ψ(ϵ)− ψ(2ϵ) + 1

2(1 + 2ϵ)(3 + 2ϵ)

(
q⃗ 2
1 + q⃗ 2

2

q⃗ 2
1 − q⃗ 2

2

(11 + 7ϵ) + 2ϵ
p⃗ 2q⃗ 2

1

(q⃗ 2
1 − q⃗ 2

2 )
2

−4 p⃗ 2q⃗ 2
1 q⃗

2
2

(q⃗ 2
1 − q⃗ 2

2 )
3

)])]
+ Pµ Γ2(ϵ)(q⃗ 2

1 )
ϵ

Γ(2ϵ)(1 + 2ϵ)(3 + 2ϵ)

[
q⃗ 2
1 q⃗

2
2

q⃗ 2
1 − q⃗ 2

2

(11 + 7ϵ) + ϵp⃗ 2q⃗ 2
1

q⃗ 2
1 − p⃗ 2

(q⃗ 2
1 − q⃗ 2

2 )
2

−p⃗ 2q⃗ 2
1 q⃗

2
2

q⃗ 2
1 + q⃗ 2

2 − 2p⃗ 2

(q⃗ 2
1 − q⃗ 2

2 )
3

])
− g2 (A←→ B)

}
(4.25)
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and

Rµ − Lµ =
2gg2

ω1 − ω2

{
−Cµ(q2, q1)

Γ2(ϵ)

Γ(2ϵ)
(p⃗ 2)ϵ +

(q⃗1 · q⃗2)Cµ(q2, q1) + 2q⃗ 2
1 q⃗

2
2 Pµ

q⃗ 2
1 q⃗

2
2 − (q⃗1 · q⃗2)2

×
[
q⃗ 2
1 q⃗

2
2 p⃗

2I3 +
Γ2(ϵ)

Γ(2ϵ)

(
(q⃗ 2

1 )
ϵ(q⃗2 · p⃗)− (q⃗ 2

2 )
ϵ(q⃗1 · p⃗)− (p⃗ 2)ϵ(q⃗1 · q⃗2)

)]}
. (4.26)

It is clear that, in order to know the Lipatov vertex at a certain order in the ϵ-expansion,

we must calculate the integrals I3, I4A, I4B, and I5 − L3 with the same accuracy.

In the region of small momenta of the central emitted gluon (the soft region, from now

on) the vertex must be known to all orders in ϵ. The soft limit of integrals entering the

vertex are computed in appendix C.4. By using Eqs. (C.45), (C.48) and (C.50), we easily

find

Rµ + Lµ = 2gCµ(q2, q1)

(
1 + g2

Γ2(ϵ)

2Γ(2ϵ)
(p⃗ 2)ϵ [ψ(ϵ)− ψ(1− ϵ)]

)
, (4.27)

Rµ − Lµ = − 2gg2

ω1 − ω2

Cµ(q2, q1)
Γ2(ϵ)

Γ(2ϵ)
(p⃗ 2)ϵ . (4.28)

The last two equation confirm the result in [184, 186].

4.3 Fundamental integrals for the one-loop RRG ver-

tex

In this section we present the result at ϵ2-accuracy of the integrals in the transverse

momentum space entering the one-loop RRG vertex, expanding expressions already avail-

able in the literature and, whenever possible, cross-checking them with an alternative

calculation.

4.3.1 I3: Bern-Dixon-Kosower (BDK) method

We start from the integral

I ′3 ≡ π1+ϵΓ(1− ϵ) I3

=

∫
d2+2ϵk

1

k⃗2(k⃗ − q⃗1)2(k⃗ − q⃗2)2
=

∫
d2+2ϵkE

1

k2E(kE − q1E)2(kE − q2E)2
, (4.29)

where kE, q1E, q2E are Euclidean vectors in dimension 2+2ϵ and q 2
1E, q

2
2E, (q1E−q2E)2 ̸= 0.

We can relate this Euclidean integral to a corresponding Minkowskian integral by Wick
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rotation:
∫
d2+2ϵkE

1

k2E(kE − q1E)2(kE − q2E)2
= i

∫
d2+2ϵk

1

k2(k − q1)2(k − q2)2
, (4.30)

where k = (ik0E, k
1
E), q1 = (iq01E, q

1
1E), q2 = (iq02E, q

1
2E). We note that

q 2
1 = −q 2

1E = −q⃗ 2
1 , q 2

2 = −q 2
2E = −q⃗ 2

2 , (q1−q2)2 = −(q1E−q2E)2 = −(q⃗1−q⃗2) 2 = −p⃗ 2.

(4.31)

Hence, we need a triangular integral with three massive external legs. This result to

all order in ϵ-expansion can be found in [187], taking care to apply the replacement

(ϵ→ −ϵ+1), because they calculated the integral in d4−2ϵk, instead we need it in d2+2ϵk.

One finds that

I ′3 = π1+ϵα1α2α3

(
−1

2

Γ(2− ϵ)Γ2(ϵ)

Γ(2ϵ− 1)

)
∆̂

1/2−ϵ
3

(1− ϵ)2 [f (δ1) + f (δ2) + f (δ3) + c] , (4.32)

where

α1 =

√
q⃗ 2
2

q⃗ 2
1 (q⃗1 − q⃗2)2

, α2 =

√
(q⃗1 − q⃗2)2
q⃗ 2
1 q⃗

2
2

, α3 =

√
q⃗ 2
1

q⃗ 2
2 (q⃗1 − q⃗2)2

, (4.33)

γ1 = −α1 + α2 + α3 , γ2 = α1 − α2 + α3 , γ3 = α1 + α2 − α3 , (4.34)

δ1 =
γ1√
∆̂3

, δ2 =
γ2√
∆̂3

, δ3 =
γ3√
∆̂3

, (4.35)

∆̂3 = −α2
1 − α2

2 − α2
3 + 2α1α2 + 2α2α3 + 2α1α3 , (4.36)

c = −2π(1− ϵ)Γ(2ϵ− 1)

Γ2(ϵ)
, (4.37)

f (δ) =
1

i

[(
1 + iδ

1− iδ

)1−ϵ

2F1

(
2− 2ϵ, 1− ϵ, 2− ϵ;−

(
1 + iδ

1− iδ

))

−
(
1− iδ
1 + iδ

)1−ϵ

2F1

(
2− 2ϵ, 1− ϵ, 2− ϵ;−

(
1− iδ
1 + iδ

))]
.

(4.38)

Using the expansion (C.11) and the definitions

zi = −
(
1 + iδi
1− iδi

)
, (4.39)

we find

I ′3 = π1+ϵΓ(1− ϵ)α1α2α3∆̂
1/2−ϵ
3

Γ2(1 + ϵ)

Γ(1 + 2ϵ)

(1− 2ϵ)

(1− ϵ)

{
α1 + α2 + α3√

∆̂3ϵ
+

(
π +

3∑

i=1

[
i zi

1− zi
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×
(
1− ln (−zi) +

1 + zi
zi

ln (1− zi)
)
− (zi → z−1

i )

])
+

(
π +

3∑

i=1

[
i zi

1− zi

×
(
2 +

(
1 + zi
zi

)
ln (1− zi) ln ((1− zi)e) +

1

2
ln2 (−zi)−

1− zi
zi

Li2 (zi)

− ln (−zi)
(
1 +

1 + zi
zi

ln (1− zi)
))
− (zi → z−1

i )

])
ϵ+

(
π(2 + ζ(2))

+
3∑

i

[
i zi

1− zi

(
4 + ln(1− zi)

(
2(1 + zi)

zi
+

2(1− zi)
zi

ζ(2) +
ln(1− zi)

3zi

(
3(1 + zi)

+2(1 + zi) ln(1− zi)− 3(1− zi) ln zi)
)
− (1− zi)

zi
(1 + 2 ln(1− zi))Li2(zi)−

2(1− zi)
zi

×
(
Li3(1− zi) +

Li3(zi)

2
− ζ(3)

)
− ln3(−zi)

6
+

ln2(−zi)
2

(
1 +

(
1 + zi
zi

)
ln(1− zi)

)

− ln(−zi)
(
2 +

(
1 + zi
zi

)
ln (1− zi) ln ((1− zi)e)−

1− zi
zi

Li2 (zi)

))
− (zi → z−1

i )

])
ϵ2

}
.

(4.40)

Please note that δi → −δi is equivalent to zi → z−1
i . We also observe that α2 = α1(q⃗2 ↔

q⃗1 − q⃗2) and α3 = α1(q⃗1 ↔ q⃗2). From this we realize that the second and the third term

of the summation can be obtained from the first by two simple substitutions. We can

rewrite:

I ′3 = π1+ϵΓ(1− ϵ)α1α2α3∆̂
1/2−ϵ
3

Γ2(1 + ϵ)

Γ(1 + 2ϵ)

(1− 2ϵ)

(1− ϵ) Ŝ
{

α1√
∆̂3ϵ

+

(
π+

[
i z1

1− z1
(1− ln (−z1)

+
1 + z1
z1

ln (1− z1)
)
−(z1 → z−1

1 )

])
+

(
π+

[
i z1

1− z1

(
2 +

(
1 + z1
z1

)
ln (1− z1) ln ((1− z1)e)

+
1

2
ln2 (−z1)−

1− z1
z1

Li2 (z1)− ln (−z1)
(
1 +

1 + z1
z1

ln (1− z1)
))
− (z1 → z−1

1 )

])
ϵ

+

(
π(2 + ζ(2)) +

[
i z1

1− z1

(
4 + ln(1− z1)

(
2(1 + z1)

z1
+

2(1− z1)
z1

ζ(2) +
ln(1− z1)

3z1

×
(
3(1 + z1) + 2(1 + z1) ln(1− z1)− 3(1− z1) ln z1

))
− (1− z1)

z1
(1 + 2 ln(1− z1))Li2(z1)

−2(1− z1)
z1

(
Li3(1− z1)+

Li3(z1)

2
−ζ(3)

)
− ln3(−z1)

6
+

ln2(−z1)
2

(
1+

(
1 + z1
z1

)
ln(1− z1)

)

− ln(−z1)
(
2 +

(
1 + z1
z1

)
ln (1− z1) ln ((1− z1)e)−

1− z1
z1

Li2 (z1)

))
−(z1 → z−1

1 )

])
ϵ2
}
,

(4.41)

where the operator Ŝ acts on a generic function f(q⃗ 2
1 , q⃗

2
2 , p⃗

2) as

Ŝ
{
f
(
q⃗ 2
1 , q⃗

2
2 , p⃗

2
)}

= f
(
q⃗ 2
1 , q⃗

2
2 , p⃗

2
)
+ f

(
q⃗ 2
1 , p⃗

2, q⃗ 2
2

)
+ f

(
q⃗ 2
2 , q⃗

2
1 , p⃗

2
)
. (4.42)
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4.3.2 I3: Alternative calculation

We verify the previous result through a different calculation procedure. We introduce the

Feynman parametrization to get

I3 = (1− ϵ)
∫ 1

0

dx

∫ 1

0

dy
yϵ−1

(A−By)2−ϵ , (4.43)

where A = xq⃗ 2
1 + (1 − x)q⃗ 2

2 and B = A − x(1 − x)p⃗ 2. Now, it is convenient to perform

the decomposition

∫ 1

0

dx

∫ 1

0

dy
yϵ−1

(A−By)2−ϵ =
∫ 1

0

dy
yϵ

(A−By)−ϵ
[
1/A2

y
+

B/A2

A−By +
B/A

(A−By)2
]

=

∫ 1

0

dy

[
yϵ−1

A2−ϵ

(
1− B

A
y

)ϵ
+

Byϵ

A2(A−By)1−ϵ +
Byϵ

A(A−By)2−ϵ
]
.

After this, we can safely expand
(
1− B

A
y
)ϵ

in the first term and yϵ in the second and third

terms, getting

I3 = (1− ϵ)
∫ 1

0

dx

∫ 1

0

dy

{
yϵ−1

A2−ϵ +
B

A2(A−By)1−ϵ +
B

A(A−By)2−ϵ + ϵ

(
ln
(
1− B

A
y
)

A2y

+
B ln y

A2(A−By) +
B ln y

A(A−By)2
)
+ ϵ2

[
ln(1− B

A
y)

yA2

(
ln(1− B

A
y)

2
+ lnA+ ln y

)

+
B ln y

A(A−By)

(
ln y

2
+ ln(A−By)

)(
1

A
+

1

A−By

)]}
+O(ϵ3) .

Integrating over y, we obtain

I3 =
∫ 1

0

dx

{
(2− 3ϵ)

ϵ

1

A2−ϵ −
(1− ϵ)
ϵ

(A−B)ϵ

A2
+

1

A(A−B)1−ϵ
+ ϵ

(
1

A2
ln

(
A−B
A

)

− 2

A2
Li2

(
B

A

))}
+ 2ϵ2

∫ 1

0

dx

A2

[
2 Li2

(
B

A

)
+ S1,2

(
B

A

)

+Li3

(
B

A

)
+

lnA

2

(
ln

(
A−B
A

)
− 2 Li2

(
B

A

))
+

1

4
ln2

(
A−B
A

)]
+O(ϵ3) . (4.44)

In this form, all divergences are contained in the first three terms, which we can

promptly compute, to get

∫ 1

0

dx
(2− 3ϵ)

ϵA2−ϵ =
2

ab

[
1

ϵ
+
a ln b− b ln a

a− b − 1

2
+
ϵ

2

(
a ln2 b− b ln2 a

a− b − a ln b− b ln a
a− b − 1

)

+
ϵ2

6

(
−3− 3

a ln b− b ln a
a− b − 3

2

a ln2 b− b ln2 a

a− b +
a ln3 b− b ln3 a

a− b

)]
+O(ϵ3) , (4.45)
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−(1− ϵ)
ϵ

∫ 1

0

dx
(A−B)ϵ

A2
= − c

ϵ

ab

{
1

ϵ
− 1− a+ b

a− b ln
(a
b

)
− ϵ
[
ζ(2) +

a+ b

a− b
(
Li2

(
1− a

b

)

−Li2
(
1− b

a

)
− ln

(a
b

))]
+ ϵ2

[
ζ(2)− a+ b

a− b ln
(a
b

)(
ζ(2) + ln

(a
b

)(
−1

2
− ln

(
1− a

b

)

+
1

6
ln
(a
b

)))
− 4b

a− bζ(3) + 2
a+ b

a− b
(
Li2

(
1− a

b

)
+ 2Li3

(
1− a

b

)
+ Li3

(a
b

))]}
+O(ϵ3),

(4.46)

∫ 1

0

dx
1

A(A−B)1−ϵ
=

1

abc

{
a+ b

ϵ
+ (a+ b) ln c− (a− b) ln

(a
b

)
+ ϵ

[
(a+ b) ln2 c

2

−(a− b) ln c ln
(a
b

)
− (a+ b)ζ(2)− (a− b)

(
Li2

(
1− a

b

)
− Li2

(
1− b

a

))]
+ϵ2

[
a+ b

6
ln3 c

−a− b
2

ln
(a
b

)
ln2 c− ln c

(
(a+ b)ζ(2) + (a− b)

(
Li2

(
1− a

b

)
− Li2

(
1− b

a

)))
+ 4bζ(3)

−(a− b)
(
ln
(a
b

)(
ζ(2)− ln

(
1− a

b

)
ln
(a
b

)
+

1

6
ln2
(a
b

))
− 4Li3

(
1− a

b

)
− 2Li3

(a
b

))]}

+O(ϵ3) , (4.47)

where a = q⃗ 2
1 , b = q⃗ 2

2 , c = p⃗ 2. Plugging into (4.44) the results given in (4.45)-(4.47),

one gets an expression for I3, valid up to the order ϵ2, in terms of finite one-dimensional

integrals. A quick numerical comparison shows that this expression is perfectly equivalent

to the one obtained in the previous section.

By limiting the accuracy to the order ϵ, we can express the result in a very compact

form. We calculate the two residual one-dimensional integrals,

∫ 1

0

dx
1

A2
ln

(
A−B
A

)
= − 1

2ab

[
2− ln

(
c2

ab

)
+
a+ b

a− b ln
(a
b

)]
, (4.48)

∫ 1

0

dx

∫ 1

0

dy
ln
(
1− B

A
y
)

yA2
=

1

2ab

[
2− 2ζ(2)− ln

(
c2

ab

)
+
a+ b

a− b ln
(a
b

)
+

(a− b)2 − c(a+ b)

c(a− b)

×
(
Li2

(
1− a

b

)
− Li2

(
1− b

a

)
+

1

2
ln

(
c2

ab

)
ln
(a
b

))]
+

(a− b)2 − 2c(a+ b) + c2

2abc
Ia,b,c ,

(4.49)

where

Ia,b,c =

∫ 1

0

dx
1

ax+ b(1− x)− cx(1− x) ln
(
ax+ b(1− x)
cx(1− x)

)
. (4.50)
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Various properties and representations of the integral (4.50), together with its explicit

value for Iq⃗ 2
1 ,q⃗

2
2 p⃗

2 , are given in appendix C.2. Combining everything we find

I3 =
Γ2(1 + ϵ)

ϵΓ(1 + 2ϵ)

[
(p⃗ 2)ϵ

(
1

p⃗ 2q⃗ 2
1

+
1

p⃗ 2q⃗ 2
2

− 1

q⃗ 2
1 q⃗

2
2

)

+(q⃗ 2
1 )

ϵ

(
1

q⃗ 2
1 q⃗

2
2

+
1

q⃗ 2
1 p⃗

2
− 1

q⃗ 2
2 p⃗

2

)
+ (q⃗ 2

2 )
ϵ

(
1

q⃗ 2
2 q⃗

2
1

+
1

q⃗ 2
2 p⃗

2
− 1

q⃗ 2
1 p⃗

2

)

+
ϵ2

q⃗ 2
1 q⃗

2
2 p⃗

2
((p⃗ 2)2 + (q⃗ 2

1 )
2 + (q⃗ 2

2 )
2 − 2q⃗ 2

1 q⃗
2
2 − 2q⃗ 2

1 p⃗
2 − 2q⃗ 2

2 p⃗
2)Iq⃗ 2

1 ,q⃗
2
2 ,p⃗

2 , (4.51)

or

I3 =
Γ2(1 + ϵ)

ϵΓ(1 + 2ϵ)

×Ŝ
{
(q⃗ 2

2 )
ϵ

(
1

q⃗ 2
2 q⃗

2
1

+
1

q⃗ 2
2 p⃗

2
− 1

q⃗ 2
1 p⃗

2

)
+

ϵ2

q⃗ 2
1 q⃗

2
2 p⃗

2
((q⃗ 2

2 )
2 − q⃗ 2

1 q⃗
2
2 − q⃗ 2

2 p⃗
2)Iq⃗ 2

1 ,q⃗
2
2 ,p⃗

2

}
.

(4.52)

This result, after multiplication by the factor π1+ϵΓ(1 − ϵ) (see the definition (4.29)), is

equivalent to (4.41) at the order ϵ.

4.3.3 I4B and I4A: BDK method

The integral that has to be evaluated is

I4B =

∫ 1

0

dx

x

∫
dD−2k

π1+ϵΓ(1− ϵ)

×


 1− x(

xk⃗2 + (1− x)(k⃗ − q⃗1)2
)
(k⃗ − (1− x)(q⃗1 − q⃗2))2

− 1

(k⃗ − q⃗1)2(k⃗ − (q⃗1 − q⃗2))2


 ,

(4.17)

Let’s start from the integral I4B defined as

I4B =
1

i

∫
dDk

1

(k2 + iε)[(k + q1)2 + iε][(k + q2)2 + iε][(k − pB)2 + iε]
. (4.53)

Using the BDK method and working in the Euclidean region (s, s1, s2, t1, t2 < 0) the result

for this integral is [187]

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2

[
(−α4(α1 − α5))

−ϵ
2F1

(
ϵ, ϵ, 1 + ϵ;

α1α4 + α5α3 − α5α4

α4(α1 − α5)

)

+(−α5(α3 − α4))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;

α1α4 + α5α3 − α5α4

α5(α3 − α4)

)

−((α1 − α5)(α3 − α4))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;−α1α4 + α5α3 − α5α4

(α1 − α5)(α3 − α4)

)]
,

(4.54)
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where

α1 =

√
− s1s2
st2t1

, α2 =

√
− s2t2
ss1t1

, α3 =

√
− st2
s2s1t1

,

α4 =

√
− st1
s1s2t2

, α5 =

√
− s1t1
ss2t2

. (4.55)

We then have

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2

[
(−s2)ϵ(−t2)ϵ
(s2 − t1)ϵ 2F1

(
ϵ, ϵ, 1 + ϵ; 1− (−t2)

s2 − t1

)

+
(−s2)ϵ(−t2)ϵ
(t2 − t1)ϵ 2F1

(
ϵ, ϵ, 1 + ϵ; 1− s2

t1 − t2

)

−(−s2)ϵ(−t2)ϵ(−t1)ϵ
(s2 − t1)ϵ(t2 − t1)ϵ 2F1

(
ϵ, ϵ, 1 + ϵ; 1− s2t2

(s2 − t1)(t2 − t1)

)]
.

(4.56)

Using (C.9), this result can be put in the following simpler form:

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2

[
(−s2)ϵ 2F1

(
1, ϵ, 1 + ϵ; 1− s2 − t1

(−t2)

)
(4.57)

+(−t2)ϵ 2F1

(
1, ϵ, 1 + ϵ; 1− t1 − t2

s2

)
− (−t1)ϵ 2F1

(
1, ϵ, 1 + ϵ; 1− (s2 − t1)(t1 − t2)

s2(−t2)

)]
.

We re-derive this result in appendix C.2.

For the first term in the square roots in (4.54) we have

(−t2)ϵ (−s2)ϵ (s2 − t1)−ϵ 2F1

(
ϵ, ϵ; 1 + ϵ; 1− (−t2)

s2 − t1

)
. (4.58)

Analytically continuing the result in the region of positive s2 by the replacement

(−s2)→ e−iπs2 , (4.59)

using the MRK approximation to neglect (−t2)/(s2 − t1) with respect to one in the

argument of the hypergeometric function and recalling that

2F1(ϵ, ϵ, 1 + ϵ; 1) = Γ(1− ϵ)Γ(1 + ϵ) =
πϵ

sin(πϵ)
, (4.60)

we obtain

(−t2)ϵ e−iπϵΓ(1− ϵ)Γ(1 + ϵ) = (−t2)ϵ
[
cos(πϵ)

πϵ

sin(πϵ)
− iπϵ

]
. (4.61)

The second term, ( −t2s2
t1 − t2

)ϵ
2F1

(
ϵ, ϵ, 1 + ϵ; 1− s2

t1 − t2

)
, (4.62)
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with the help of (C.9) and (C.10) gives, assuming t1 > t2,

(−t2)ϵ 2F1

(
1, ϵ, 1 + ϵ; 1− t1 − t2

s2

)
= (−t2)ϵ

(
1− ϵ ln

(
t1 − t2
s2

)
−

∞∑

n=2

(−ϵ)nζ(n)
)
.

(4.63)

The third term,

−
(

t1t2
t1 − t2

)ϵ
2F1

(
ϵ, ϵ, 1 + ϵ; 1 +

t2
t1 − t2

)
, (4.64)

using (C.9) and (C.10), again assuming t1 > t2, becomes

− (−t1)ϵ 2F1

(
1, ϵ, 1 + ϵ;

t1
t2

)
= − (−t1)ϵ

(
1− ϵ ln

(
1− t1

t2

)
−

∞∑

n=2

(−ϵ)nLin
(
t1
t2

))
.

(4.65)

We finally obtain

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2
(−t1)ϵ

[(
t2
t1

)ϵ(
e−iπϵΓ(1− ϵ)Γ(1 + ϵ)

+1− ϵ ln
(
t1 − t2
s2

)
−

∞∑

n=2

(−ϵ)nζ(n)
)
− 1 + ϵ ln

(
1− t1

t2

)
+

∞∑

n=2

(−ϵ)nLin
(
t1
t2

)]
.

(4.66)

Furthermore, starting from the integral in eq. (4.53), using the standard Sudakov de-

composition for the 4-momentum k, one finds that, in the multi-Regge kinematics (see

appendix C.3),

I4B = −π
2+ϵΓ(1− ϵ)

s2

[
Γ2(ϵ)

Γ(2ϵ)
(−t2)ϵ−1

(
ln

(−s2
−t2

)
+ ψ(1− ϵ)− 2ψ(ϵ) + ψ(2ϵ)

)
+ I4B

]
,

(4.67)

where I4B is exactly the integral defined in eq. (4.17). From this relation we can hence

derive an expression for I4B that, after some manipulations, can be cast in the following

form:

I4B =
Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2
(−t1)ϵ
−t2

[(
t2
t1

)ϵ(
−1

2
+

πϵ

sin(πϵ)
cos(πϵ)− ϵ ln

(
1− t1

t2

)

+
∞∑

n=2

ϵnζ(n)
(
1− (−1)n

(
2n−1 − 1

))
)
− 1 + ϵ ln

(
1− t1

t2

)
+

∞∑

n=2

(−ϵ)nLin
(
t1
t2

)]
.

(4.68)

The result remains valid for t2 > t1. In particular, truncating the summation at n = 4

gives the desired result.
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This result is completely equivalent to the one obtained by calculating directly I4B in-

troducing Feynman parameters (see the next subsection). The integral I4A is defined

similarly to I4B in eq. (4.17), up to the replacement q1 → −q2, implying that

I4A = I4B(t1 ↔ t2) . (4.69)

4.3.4 I4B and I4A: Alternative calculation

Starting from the expression

I4B =

∫ 1

0

dx

x

∫
dD−2k

π1+ϵΓ(1− ϵ)

×


 1− x(

xk⃗2 + (1− x)(k⃗ − q⃗1)2
)
(k⃗ − (1− x)(q⃗1 − q⃗2))2

− 1

(k⃗ − q⃗1)2(k⃗ − (q⃗1 − q⃗2))2


 ,

introducing the Feynman parametrization and performing the integration over k, we ob-

tain

I4B =

∫ 1

0

dx

x

[∫ 1

0

dz
(1− x)

[z(1− x)(ax+ b(1− x)(1− z))]1−ϵ −
∫ 1

0

dz
1

[bz(1− z)]1−ϵ
]
.

(4.70)

Defining

a = q⃗ 2
1 = −t1 , b = q⃗ 2

2 = −t2 , c = 1− a

b
, (4.71)

we can write I4B ≡ bϵ−1F (c), with

F (c) =

∫ 1

0

dx

x

[∫ 1

0

dz

z

zϵ(1− x)ϵ
(1− xc− z(1− x))1−ϵ −

∫ 1

0

dz zϵ−1(1− z)ϵ−1

]
. (4.72)

Performing the transformation y = (1− x)z in the first term, we get

F (c) =

∫ 1

0

dx

x

[∫ 1−x

0

dy

y

yϵ

(1− xc− y)1−ϵ −
∫ 1

0

dz zϵ−1(1− z)ϵ−1

]
. (4.73)

It is very simple to compute the integral for c = 0; we find

F (0) =

∫ 1

0

dx

x

[∫ 1−x

0

dy yϵ−1(1− y)ϵ−1 −
∫ 1

0

dz zϵ−1(1− z)ϵ−1

]

= −
∫ 1

0

dx

x

∫ 1

1−x
dz zϵ−1(1− z)ϵ−1 = −

∫ 1

0

dz zϵ−1(1− z)ϵ−1

∫ 1

1−z

dx

x

=

∫ 1

0

dz zϵ−1(1− z)ϵ−1 ln(1− z) = d

dδ

[∫ 1

0

dz zϵ−1(1− z)δ−1

]

δ=ϵ

. (4.74)
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The function F (c) in c = 0 is then

F (0) =
Γ2(ϵ)

Γ(2ϵ)
(ψ(ϵ)− ψ(2ϵ)) . (4.75)

We now compute the derivative with respect to c of the function F and get

F ′(c) = (1− ϵ)
∫ 1

0

dx

∫ 1−x

0

dy

y
yϵ(1− xc− y)ϵ−2 = (1− ϵ)

∫ 1

0

dy

y
yϵ
∫ 1−y

0

dx(1− xc− y)ϵ−2

=
1

c

∫ 1

0

dy

y
yϵ
(
((1− c)(1− y))ϵ−1 − (1− y)ϵ−1

)
=

1

c

Γ2(ϵ)

Γ(2ϵ)

(
(1− c)ϵ−1 − 1

)
. (4.76)

Having this information, we can write

F (c) = F (0) +

∫ c

0

dx F ′(x) =
Γ2(ϵ)

Γ(2ϵ)

[
ψ(ϵ)− ψ(2ϵ) +

∫ c

0

dx

(
(1− x)ϵ−1 − 1

x

)]
(4.77)

The integral on the right-hand side can be computed to all orders in ϵ:
∫ c

0

dx

(
(1− x)ϵ−1 − 1

x

)
=

∫ c

0

dx

[
(1− x)ϵ

(
1

1− x +
1

x

)
− 1

x

]

=
1

ϵ
[1− (1− c)ϵ] +

∫ c

0

dx

x
((1− x)ϵ − 1) =

∞∑

n=1

(
ϵn

n!

∫ 1

0

dx

x
lnn(1− cx)− ϵn−1 ln

n(1− c)
n!

)
.

(4.78)

Using
1

n!

∫ 1

0

dx

x
lnn(1− cx) = (−1)n S1,n(c) , (4.79)

we finally find

∫ c

0

dx

(
(1− x)ϵ−1 − 1

x

)
=

∞∑

n=1

ϵn−1

(
− lnn(1− c)

n!
+ ϵ (−1)n S1,n(c)

)
. (4.80)

The final result for I4B is then

I4B =
Γ2(ϵ)

Γ(2ϵ)
(−t2)ϵ−1

[
ψ(ϵ)− ψ(2ϵ) +

∞∑

n=1

ϵn−1

(
− lnn (t1/t2)

n!
+ ϵ (−1)n S1,n

(
1− t1

t2

))]
.

(4.81)

The expression (4.81) gives an alternative representation of I4B, which is completely

equivalent to (4.68). Again, the complete ϵ2 result is obtained truncating the series at

n = 4.

We can achieve an alternative representation in terms of the hypergeometric function. In

fact, we note that
∫ c

0

dx

x
((1− x)ϵ − 1) = ((1− c)ϵ − 1) ln c+ ϵ

(∫ 1

0

dy

y
ln(1− y)yϵ −

∫ 1−c

0

dy

y
ln(1− y)yϵ

)
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= ((1− c)ϵ − 1) ln c+ ψ(1)− ψ(1 + ϵ)− (1− c)ϵ
ϵ

(
2F1(1, ϵ, 1 + ϵ; 1− c)− 1 + ϵ ln c

)
.

(4.82)

The last equality can be proved by using the explicit result for the first integral, i.e.

∫ 1

0

dy

y
ln(1−y)yϵ = d

dδ

∫ 1

0

dy

y
(1− y)δyϵ

∣∣∣∣
δ=0

=
d

dδ

Γ(1 + δ)Γ(ϵ)

Γ(1 + δ + ϵ)

∣∣∣∣
δ=0

=
1

ϵ
(ψ(1)−ψ(1+ϵ)) ,

(4.83)

and the following expression for the second, in terms of the hypergeometric function,

2F1(1, ϵ, 1 + ϵ; 1− c) = ϵ

∫ 1

0

dy

y(1− y(1− c))y
ϵ = ϵ

∫ 1

0

yϵd ln
y

(1− y(1− c))

= −ϵ ln c− ϵ2
∫ 1

0

dyyϵ−1 ln y + ϵ2
∫ 1

0

dyyϵ−1 ln(1− y(1− c))

= −ϵ ln c+ 1 + ϵ2(1− c)−ϵ
∫ 1−c

0

dyyϵ−1 ln(1− y). (4.84)

Using (4.82), we obtain

I4B =
Γ2(ϵ)

Γ(2ϵ)
bϵ−1

(
1

2ϵ
+ ψ(1)− ψ(1 + 2ϵ)− ln c− (1− c)ϵ

ϵ
2F1(1, ϵ, 1 + ϵ; 1− c)

)
,

(4.85)

which is completely equivalent to both (4.68) and (4.81).

4.3.5 Combination I5 − L3

Let’s start by considering the pentagonal integral I5, defined as

I5 =
1

i

∫
dDk

1

(k2 + iε)[(k + q1)2 + iε][(k + q2)2 + iε][(k + pA)2 + iε][(k − pB)2 + iε]
.

(4.86)

In multi-Regge kinematics (and in D = 4 + 2ϵ), it is given by the following combination:

I5 =
π2+ϵΓ(1− ϵ)

s

[
ln

(
(−s)(q⃗1 − q⃗2)2
(−s1)(−s2)

)
I3 + L3 − I5

]
(4.87)

Inverting this relation, we obtain

I5 − L3 = ln

(
(−s)(q⃗1 − q⃗2)2
(−s1)(−s2)

)
I3 −

s

π2+ϵΓ(1− ϵ)I5 . (4.88)

Hence, the integral I5 can be used (together with I3) to calculate I5−L3 (this combination

is the one appearing in the Lipatov vertex [47]).
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We start by working in the Euclidean region, defined by s, s1, s2, t1, t2 < 0, the analytical

continuation to the physical region is obtained according to the prescriptions

(−s)→ e−iπs , (−s1)→ e−iπs1 , (−s2)→ e−iπs2 . (4.89)

We use the quantities αi defined before, which we recall here:

α1 =

√
− s1s2
st2t1

, α2 =

√
− s2t2
ss1t1

, α3 =

√
− st2
s2s1t1

,

α4 =

√
− st1
s1s2t2

, α5 =

√
− s1t1
ss2t2

. (4.55)

Let’s define the reduced integral Î5 in this way:

I5 = −πD/2α1α2α3α4α5Î5 . (4.90)

In Ref. [187] it is shown that this integral is given by the recursive relation

Î5 =
1

2

[
5∑

i=1

γiÎ
(i)
4 − 2ϵ∆5Î

(D=6+2ϵ)
5

]
, (4.91)

where ∆5 is the following quantity:

∆5 =
5∑

i=1

(α2
i − 2αiαi+1 + 2αiαi+2) . (4.92)

The γi’s are

γ1 = α1 − α2 + α3 + α4 − α5 , (4.93)

γ2 = −α1 + α2 − α3 + α4 + α5 , (4.94)

γ3 = α1 − α2 + α3 − α4 + α5 , (4.95)

γ4 = α1 + α2 − α3 + α4 − α5 , (4.96)

γ5 = −α1 + α2 + α3 − α4 + α5 . (4.97)

Î
(i)
4 are the reduced version of I

(i)
4 (apart for a trivial π2+ϵ), i.e.

Î
(i)
4 =

α1α2α3α4α5

αi
I
(i)
4 . (4.98)
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k

pA pA − q1

pB pB + q2

q1 − q2

Figure 4.1: Schematic representation of the pentagonal integral. The arrows denote the

direction of the momenta.

Box integrals part

The integrals I
(i)
4 are box integrals with all external legs on-shell, but one, which is off-

shell. They can be obtained starting from I5 (see Fig. 4.1) in this way (apart from a factor

π2+ϵ):

• I
(1)
4

Making the propagator between pA and pB “collapse”, so that the two on-shell legs

associated with pA and pB become a unique off-shell external leg with (incoming)

momenta pA + pB.

• I
(2)
4

Making the propagator between pA and pA′ = pA − q1 “collapse”, so that the two

on-shell legs associated with pA and pA′ become a unique off-shell external leg with

(incoming) momenta q1.

• I
(3)
4

Making the propagator between pA′ = pA − q1 and q1 − q2 “collapse”, so that the

two on-shell legs associated with pA′ and q1 − q2 become a unique off-shell external

leg with (outgoing) momenta pA − q2.

• I
(4)
4

Making the propagator between q1 − q2 and pB′ = pB + q2 “collapse”, so that the

two on-shell legs associated with q1 − q2 and pB′ become a unique off-shell external

leg with (outgoing) momenta pB + q1.

• I
(5)
4

Making the propagator between pB and pB′ “collapse”, so that the two on-shell legs
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associated with pB and pB′ become a unique off-shell external leg with (outgoing)

momenta q2.

The results for the reduced version of these integrals are

Î
(1)
4 (s1, s2, s) =

2

ϵ2
rΓ

[
(−α3(α5 − α4))

−ϵ
2F1

(
ϵ, ϵ, 1 + ϵ;

α5α3 + α2α4 − α4α3

α3(α5 − α4)

)

+(−α4(α2 − α3))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;

α5α3 + α2α4 − α4α3

α4(α2 − α3)

)

−((α5 − α4)(α2 − α3))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;−α5α3 + α2α4 − α4α3

(α5 − α4)(α2 − α3)

)]
,

(4.99)

Î
(2)
4 (s2, t2, t1) =

2

ϵ2
rΓ

[
(−α4(α1 − α5))

−ϵ
2F1

(
ϵ, ϵ, 1 + ϵ;

α1α4 + α3α5 − α4α5

α4(α1 − α5)

)

+(−α5(α3 − α4))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;

α1α4 + α5α3 − α5α4

α5(α3 − α4)

)

−((α1 − α5)(α3 − α4))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;−α1α4 + α5α3 − α5α4

(α1 − α5)(α3 − α4)

)]
,

(4.100)

Î
(3)
4 (s, s1, t2) =

2

ϵ2
rΓ

[
(−α5(α2 − α1))

−ϵ
2F1

(
ϵ, ϵ, 1 + ϵ;

α2α5 + α1α4 − α1α5

α5(α2 − α1)

)

+(−α1(α4 − α5))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;

α2α5 + α1α4 − α1α5

α1(α4 − α5)

)

−((α2 − α1)(α4 − α5))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;−α2α5 + α1α4 − α1α5

(α2 − α1)(α4 − α5)

)]
,

(4.101)

Î
(4)
4 (s, s2, t1) =

2

ϵ2
rΓ

[
(−α1(α3 − α2))

−ϵ
2F1

(
ϵ, ϵ, 1 + ϵ;

α1α3 + α2α5 − α2α1

α1(α3 − α2)

)

+(−α2(α5 − α1))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;

α1α3 + α2α5 − α2α1

α2(α5 − α1)

)

−((α3 − α2)(α5 − α1))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;−α1α3 + α2α5 − α2α1

(α3 − α2)(α5 − α1)

)]
,

(4.102)
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Î
(5)
4 (s1, t1, t2) =

2

ϵ2
rΓ

[
(−α3(α1 − α2))

−ϵ
2F1

(
ϵ, ϵ, 1 + ϵ;

α1α3 + α2α4 − α2α3

α3(α1 − α2)

)

+(−α2(α4 − α3))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;

α1α3 + α2α4 − α2α3

α2(α4 − α3)

)

−((α1 − α2)(α4 − α3))
−ϵ

2F1

(
ϵ, ϵ, 1 + ϵ;−α1α3 + α2α4 − α2α3

(α1 − α2)(α4 − α3)

)]
,

(4.103)

where

rΓ =
Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)
. (4.104)

It is clear that with appropriate exchanges of the invariants s, s1, s2, t1, t2 they can be

obtained from each other. In particular, as pointed out in [187], starting from one of

these integrals the others can be obtained by cyclic permutations of the αi’s.

By expanding these results, in multi-Regge kinematics, we have

Î
(1)
4 (s1, s2, s) ≃

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2

(
(−s1)(−s2)

(−s)

)ϵ{
1 +

∞∑

n=1

ϵ2n 2

(
1− 1

22n−1

)
ζ(2n)

}
,

(4.105)

Î
(2)
4 (s2, t2, t1) =

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2
(−t1)ϵ

[(
t2
t1

)ϵ(
e−iπϵΓ(1− ϵ)Γ(1 + ϵ)

+1− ϵ ln
(
t1 − t2
s2

)
−

∞∑

n=2

(−ϵ)nζ(n)
)
− 1 + ϵ ln

(
1− t1

t2

)
+

∞∑

n=2

(−ϵ)nLin
(
t1
t2

)]
.

(4.106)

Î
(3)
4 (s, s1, t2) ≃

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2
(−t2)ϵ

{
1 + ϵ ln

( −s
−s1

)
−

∞∑

n=2

(−ϵ)nζ(n)
}
, (4.107)

Î
(4)
4 (s, s2, t1) ≃

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2
(−t1)ϵ

{
1 + ϵ ln

( −s
−s2

)
−

∞∑

n=2

(−ϵ)nζ(n)
}
, (4.108)

Î
(5)
4 (s1, t1, t2) =

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2
(−t2)ϵ

[(
t1
t2

)ϵ(
e−iπϵΓ(1− ϵ)Γ(1 + ϵ)

+1− ϵ ln
(
t2 − t1
s1

)
−

∞∑

n=2

(−ϵ)nζ(n)
)
− 1 + ϵ ln

(
1− t2

t1

)
+

∞∑

n=2

(−ϵ)nLin
(
t2
t1

)]
.

(4.109)

Again, truncating the summation at n = 4 gives the desired result. The integral Î
(2)
4 , up

to trivial factors, coincides with (4.66), as can be easily verified. Since we have computed



4.3. FUNDAMENTAL INTEGRALS FOR THE ONE-LOOP RRG VERTEX 167

the integral I4B through two independent methods, the integral Î
(2)
4 can be cross-checked.

We can use the technique explained in appendix C.3 to obtain the relation (4.67) and

then, by using the knowledge of I4B integral from the alternative method explained in

section 4.3.4, obtain an alternative expression for Î
(2)
4 . This automatically verifies Î

(5)
4 , that

is obtained from Î
(2)
4 by the substitutions s2 → s1 and t2 ↔ t1. The technique explained

in appendix C.3 can be also applied to Î
(1)
4 , Î

(3)
4 , Î

(4)
4 in order to verify also the results.

These latter cases are really much simpler with respect to the ones computed explicitly

in appendix C.3. We can also verify these integrals using direct Feynman technique, as

explained in C.2 for I4B.

Del Duca, Duhr, Glover, Smirnov result for ÎD=6+2ϵ
5 part

As it can be seen from eq. (4.91), beyond the constant order in the ϵ-expansion, the

pentagon in dimension D = 4 + 2ϵ takes a contribution from the pentagon integral in

dimension D = 6+2ϵ. The latter pentagon integral is finite and hence does not contribute

to the divergent and finite parts in (4.91). It starts to contribute at the order ϵ, and hence,

if one wants to obtain the pentagon in D = 4 + 2ϵ up to ϵ2 accuracy, the first two non-

trivial orders of the pentagon in D = 6 + 2ϵ must be computed. There are different

results in literature for the 6-dimensional pentagon integral [188, 189, 190, 191]; among

these, the one obtained by Del Duca, Duhr, Glover, Smirnov (DDGS) is the most suitable

for our aims, as it is calculated in multi-Regge kinematics and its ϵ-expansion up to the

desired order is given. In [188] the integral is computed by two independent methods:

1) negative dimension approach and 2) Mellin-Barnes technique. The final result can be

expressed in terms of transcendental double sums that, following Ref. [188], we denote by

M-functions; their definition is given in appendix A. Adapting their notation to ours, we

define

x1 ≡
st1
s1s2

=
t1
p⃗ 2

, x2 =
st2
s1s2

=
t2
p⃗ 2

, −p⃗ 2 =
(−s1)(−s2)

(−s) , y1 ≡
1

x2
, y2 =

x1
x2

.

(4.110)

In Ref. [188] the three regions contributing to the pentagonal are identified as

• Region I :
√
x1 +

√
x2 < 1

• Region II (a) : −√x1 +
√
x2 > 1

• Region II (b) :
√
x1 −

√
x2 > 1
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The solution in the Region II (a) is

Î
(D=6+2ϵ)
5 = −Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

√
−s1s2t1

st2

(
(−s1)(−s2)

(−s)

)ϵ
III(a)DDGS(p⃗

2, t1, t2) , (4.111)

where

III(a)DDGS(p⃗
2, t1, t2) = i

II(a)
0 (y1, y2)− ϵ iII(a)1 (y1, y2) +O(ϵ2) , (4.112)

with

i
(IIa)
0 (y1, y2) = (−8 ln y1 − 4 ln y2)M

(
0, 0, (1, 1);−y1, y2

)
− 4 ln y2M

(
(1, 1), 0, 0;−y1, y2

)

+18M
(
0, 0, (1, 2);−y1, y2

)
+ 18M

(
0, 0, (2, 1);−y1, y2

)
− 24M

(
0, 0, (1, 1, 1);−y1, y2

)

+8M
(
0, 1, (1, 1);−y1, y2

)
+ 16M

(
1, 0, (1, 1);−y1, y2

)
− 8M

(
(1, 1), 0, 1;−y1, y2

)

+8M
(
(1, 1), 1, 0;−y1, y2

)
−M

(
0, 0, 0;−y1, y2

)(π2 ln y1
3

+
ln2 y1 ln y2

2
+
π2 ln y2

2
− 2ζ(3)

)

−M
(
0, 0, 1;−y1, y2

)(
2 ln y1 ln y2 + ln2 y1 +

5π2

3

)
+ (6 ln y1 + 3 ln y2)M

(
0, 0, 2;−y1, y2

)

+
(
2 ln y1 ln y2 +

2π2

3

)
M
(
1, 0, 0;−y1, y2

)
+ (4 ln y1 + 4 ln y2)M

(
1, 0, 1;−y1, y2

)

+4 ln y1M
(
0, 1, 1;−y1, y2

)
− 4 ln y1M

(
1, 1, 0;−y1, y2

)
+
(
ln2 y1 + π2

)
M
(
0, 1, 0;−y1, y2

)

+ ln y2M
(
2, 0, 0;−y1, y2

)
− 12M

(
0, 0, 3;−y1, y2

)
− 6M

(
0, 1, 2;−y1, y2

)

− 12M
(
1, 0, 2;−y1, y2

)
− 8M

(
1, 1, 1;−y1, y2

)
+ 2M

(
2, 0, 1;−y1, y2

)

− 2M
(
2, 1, 0;−y1, y2

)
, (4.113)

i
(IIa)
1 (y1, y2) =M

(
0, 0, (1, 1);−y1, y2

)(
4 ln y1 ln y2 − 4 ln2 y1 + 2 ln2 y2 + 4π2

)

+(2 ln2 y2 − 4 ln y1 ln y2)M
(
(1, 1), 0, 0;−y1, y2

)
+ (8 ln y1 − 12 ln y2)M

(
1, 0, (1, 1);−y1, y2

)

+(4 ln y2 − 8 ln y1)M
(
(1, 1), 0, 1;−y1, y2

)
+ (8 ln y1 − 4 ln y2)M

(
(1, 1), 1, 0;−y1, y2

)

− 15 ln y2M
(
0, 0, (1, 2);−y1, y2

)
− 15 ln y2M

(
0, 0, (2, 1);−y1, y2

)

+20 ln y2M
(
0, 0, (1, 1, 1);−y1, y2

)
− 4 ln y2M

(
0, 1, (1, 1);−y1, y2

)

− ln y2M
(
(1, 2), 0, 0;−y1, y2

)
− ln y2M

(
(2, 1), 0, 0;−y1, y2

)

+4 ln y2M
(
(1, 1, 1), 0, 0;−y1, y2

)
+ 32M

(
0, 0, (1, 3);−y1, y2

)
+ 36M

(
0, 0, (2, 2);−y1, y2

)

+32M
(
0, 0, (3, 1);−y1, y2

)
− 48M

(
0, 0, (1, 1, 2);−y1, y2

)
− 48M

(
0, 0, (1, 2, 1);−y1, y2

)

− 48M
(
0, 0, (2, 1, 1);−y1, y2

)
+ 64M

(
0, 0, (1, 1, 1, 1);−y1, y2

)
+ 12M

(
0, 1, (1, 2);−y1, y2

)

+12M
(
0, 1, (2, 1);−y1, y2

)
− 16M

(
0, 1, (1, 1, 1);−y1, y2

)
+ 18M

(
1, 0, (1, 2);−y1, y2

)

+18M
(
1, 0, (2, 1);−y1, y2

)
− 24M

(
1, 0, (1, 1, 1);−y1, y2

)
+ 8M

(
1, 1, (1, 1);−y1, y2

)
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− 2M
(
(1, 2), 0, 1;−y1, y2

)
+ 2M

(
(1, 2), 1, 0;−y1, y2

)
− 2M

(
(2, 1), 0, 1;−y1, y2

)

+2M
(
(2, 1), 1, 0;−y1, y2

)
+ 8M

(
(1, 1, 1), 0, 1;−y1, y2

)
− 8M

(
(1, 1, 1), 1, 0;−y1, y2

)

+M
(
0, 0, 1;−y1, y2

)(
ln y1 ln

2 y2 −
π2 ln y1

3
− ln2 y1 ln y2

2
− 2 ln3 y1

3
+

3π2 ln y2
2

− 6ζ(3)
)

+M
(
0, 1, 0;−y1, y2

)(π2 ln y1
3

− ln2 y1 ln y2
2

+
2 ln3 y1

3
− π2 ln y2

2
+ 2ζ(3)

)

+M
(
1, 0, 0;−y1, y2

)(
− ln y1 ln2 y2 +

π2 ln y1
3

+
3 ln2 y1 ln y2

2
− π2 ln y2

2
+ 2ζ(3)

)

+M
(
0, 0, 2;−y1, y2

)(
− 3 ln y1 ln y2 + 3 ln2 y1 −

3 ln2 y2
2

− 3π2
)

+M
(
0, 1, 1;−y1, y2

)(
− 2 ln y1 ln y2 + 2 ln2 y1 −

4π2

3

)

+M
(
1, 1, 0;−y1, y2

)(
2 ln y1 ln y2 − 3 ln2 y1 +

π2

3

)
+ (ln y2 − 2 ln y1)M

(
2, 1, 0;−y1, y2

)

+M
(
2, 0, 0;−y1, y2

)(
ln y1 ln y2 −

ln2 y2
2

)
+ (9 ln y2 − 6 ln y1)M

(
1, 0, 2;−y1, y2

)

+(4 ln y2 − 4 ln y1)M
(
1, 1, 1;−y1, y2

)
+ (2 ln y1 − ln y2)M

(
2, 0, 1;−y1, y2

)

+M
(
0, 0, 0;−y1, y2

)( ln2 y1 ln
2 y2

4
− π2 ln2 y1

6
− ln3 y1 ln y2

3
− 2 ln y2ζ(3) +

π2 ln2 y2
4

+
2π4

15

)

+
(
3 ln2 y1 − 2 ln2 y2 − π2

)
M
(
1, 0, 1;−y1, y2

)
+ 10 ln y2M

(
0, 0, 3;−y1, y2

)

+3 ln y2M
(
0, 1, 2;−y1, y2

)
− 20M

(
0, 0, 4;−y1, y2

)
− 8M

(
0, 1, 3;−y1, y2

)

− 12M
(
1, 0, 3;−y1, y2

)
− 6M

(
1, 1, 2;−y1, y2

)
. (4.114)

The solution in the Region II (b) is obtained by the replacement

III(a)DDGS(p⃗
2, t1, t2)→ III(b)DDGS(p⃗

2, t1, t2) =
t2
t1
III(a)DDGS(p⃗

2, t2, t1) (4.115)

in eq. (4.111).

The solution in the Region I can be written as

Î
(6+2ϵ)
5 = −Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

√
−st1t2
s1s2

(
(−s1)(−s2)

(−s)

)ϵ
IIDDGS(p⃗ 2, t1, t2) , (4.116)

where IIDDGS(p⃗ 2, t1, t2) can be obtained from III(a)DDGS(p⃗
2, t1, t2) by analytical continuation,

according to the prescription y1 → 1/y1.

4.4 Summary and outlook

We have calculated at the NLO the Reggeon-Reggeon-gluon (also called “Lipatov”) ef-

fective vertex in QCD with accuracy up to the order ϵ2, with ϵ = (D − 4)/2 and D the
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space-time dimension. The NLO Lipatov effective vertex can be expressed in terms of a

few integrals (triangle, boxes, pentagon), which we obtained at the required accuracy in a

two-fold way: 1) taking their expressions, known at arbitrary ϵ, from the literature [187,

188] and expanding them to the required order; 2) calculating them from scratch43, by an

independent method. The purpose of the latter calculation is not only cross-checking, but

also providing with an alternative, though equivalent, expression for the integrals, which

could turn out to be more convenient for the uses of the NLO Lipatov effective vertex.

For instance, the result up to order ϵ of the integral I3, calculated in section 4.3.2, is very

compact compared to the result for the same integral computed in 4.3.1. It contains the

structure Iq⃗ 2
1 ,q⃗

2
2 ,p⃗

2 which has been extensively used in the BFKL literature (see e.g. [37]).

The integrals I4B, I4A and Î
(i)
4 have been written as expansion to all orders in ϵ, in

terms of polylogarithms. The integral I3 has been expanded up to the order ϵ2, but can

be expanded to higher orders, if needed. The residual and most complicated term is the

one related to the pentagonal integral in dimension 6− 2ϵ. Restricting to the order ϵ2 in

MRK, it is given in section 4.3.5. The knowledge of the one-loop Lipatov vertex in QCD

at any successive order in the ϵ-expansion is completely reduced to the computation of

this integral with higher ϵ-accuracy.

43With the exception of the part of the pentagon integral in D = 4 + 2ϵ which depends on the same

integral inD = 6+2ϵ. Nevertheless, in Ref. [188] this contribution was computed through two independent

methods. In the case of I3 we have used an independent method valid just up to the order ϵ2.



Part III
Beyond the linear regime: Saturation

in the Shockwave formalism
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Chapter 5

The Shockwave formalism

Physics is a very difficult thing; ...Unless you think that

physics is the most important thing in your life,

you should not do it. It takes passion, precision, patience.

S. Ting

In this chapter, the Shockwave formalism is introduced following [12, 192]. This

approach, or equivalently his CGC formulation44, applies when one consider the scattering

of a dilute projectile on a dense target with high center-of-mass energy.

The chapter is organized in four sections. In the first section, we introduce the general

picture of saturation. In the second section, we build the effective Lagrangian of the

Shockwave approach. In the third, for pedagogical purposes, we derive the propagator

of a quark crossing the Shockwave. Finally, in the last section, we derive the famous

B-JIMWLK evolution equation for the dipole operator.

5.1 Saturation picture

The BFKL equation has gained much of its fame for being able to predict the rapid growth

of the γ∗p cross section at increasing center-of-mass energy s. In the large s limit, which

in this context corresponds to the small Bjorken-x limit, the kt-factorization is the most

suitable scheme to investigate QCD processes.

If we consider the total cross section of Deep-Inelastic Scattering (DIS) through Eq. (1.158),

44CGC can be used also in the scattering of two dense systems.
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we have

σγ∗P (x) =
1

(2π)D−2

∫
dD−2k⊥

k⃗2

Φγ∗γ∗(k⃗ )

k⃗2

∫
dD−2k′⊥

k⃗′2

ΦPP (−k⃗′)
k⃗′2

∫ δ+i∞

δ−i∞

dω

2πi

(
1

x

)ω
Gω(q⃗A, q⃗B),

(5.1)

where x = Q2

s
. Obviously, it is important to make a clarification. Two impact factors

appear in Eq. (5.1), one describing the γ∗-γ∗ transition and the other describing the

proton-proton transition. The second, clearly, contains non-perturbative information and

cannot be defined and treated like the parton impact factors that we introduced in previous

sections. Suppose we model it on the basis of reasonable physical arguments and define

its convolution in the transverse momentum k⃗′ with the Green’s function as F(x, k⃗). We

then have

σγ∗P (x) = Φγ∗γ∗(k⃗ )⊗k⃗ F(x, k⃗) , (5.2)

where ⊗k⃗ means convolution in the transverse momenta k⃗. The object we have denoted

by F(x, k⃗) is known as unintegrated gluon density and it is defined in such a way that the

gluon collinear parton distribution function, fg, is given by

fg(x,Q
2) =

∫
d2k

πk⃗ 2
F(x, k⃗)θ(Q2 − k⃗ 2) .

From Eq. (5.2) it is clear that the growth of cross sections that BFKL predicts is

σγ∗P (x) ∼
(
1

x

)ω0

=

(
s

Q2

)ω0

.

This growth violates the Froissart bound [193],

σtot < c ln2 s,

where c is a constant. The violation cannot be removed by calculations of radiative

corrections to a fixed NNN...NL order and it is physically interpretable as an infinite

growth of the UGD at low-x. The target appears to become a denser and denser gluon

medium, until at some point it becomes infinitely dense.

It is clear that this scenario is incomplete and that some saturation effects must come

into play in order to slow down this growth. The first idea to incorporate these effects

was introduced by Gribov, Levin and Ryskin (GLR) [34] and it is based on a non-linear

modification of the BFKL equation to incorporate recombination effects. This approach

makes use of the double-log approximation, i.e. resummation of αs ln(s) ln(Q
2) terms.

The most modern approach to saturation physics is based on a hierarchy of equations,
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known under the name of Balitsky-JIMWLK (B-JIMWLK) equations. They were derived,

in the so-called Shockwave approach, by Balitsky [12, 13, 14, 15] and, in the so-called

Color Glass Condensate (CGC) approach, by Jalilian-Marian, Iancu, McLerran, Weigert,

Leonidov and Kovner (JIMWLK) [16, 17, 18, 19, 20, 21, 22, 23, 24]. In the large N -limit,

a closed equation, which is known as Balitsky-Kovchegov (BK), is obtained. This large-N

truncation was recovered by Kovchegov using Mueller’s dipole formalism [194, 195]. It

can also be shown that, in the dipole operator case and in the double logarithmic limit,

the GLR equation is recovered.

In saturation physics, a new dimensional scale is introduced, the so called saturation scale,

Q2
s(x) ≡ (Ax−1)

1
3Λ2

QCD , (5.3)

where A is the mass number of the target. It is estimated that the CGC formalism

(or equivalently Balitsky’s shockwave formalism) must be applied instead of the BFKL

formalism for

Q2 < Q2
s .

Eq. (5.3) contains in itself extremely important information. The saturation scale grows

not only with the inverse of the Bjorken-x, but also with the mass number of the target.

Saturation effects are therefore emphasized in large nuclei. This is crucial, because it

means that if very low values of x have to be reached for a proton to perceive these

effects, for a large enough nucleus, these effects will be seen at larger x.

5.2 Boosted gluonic field and effective Lagrangian

5.2.1 Notation and conventions

We introduce the dimensionless Sudakov vectors n1 and n2, defined as

n1 ≡
1√
2
(1, 0⊥, 1), n2 ≡

1√
2
(1, 0⊥,−1) , n+

1 = n−
2 = n1 · n2 = 1 . (5.4)

With these definitions, for any four-vector p, we can introduce the components

p+ = p− ≡ (p · n2) =
1√
2
(p0 + p3) , p+ = p− ≡ (p · n1) =

1√
2
(p0 − p3) ,

p = p+n1 + p−n2 + p⊥ . (5.5)

A generic scalar product can therefore be written as

(p · k) = pµkµ = p+k− + p−k+ + (p⊥ · k⊥) ≡ p+k− + p−k+ − (p⃗ · k⃗) . (5.6)
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We use the same notation for Dirac matrices, and denote

γ+ = γ− = γµn2,µ , γ− = γ+ = γµn1,µ . (5.7)

Throughout the chapter we also use the notation

γµpµ = p̂ . (5.8)

In the Regge limit, both the projectile and the target possess large components, respec-

tively along the n1 and along n2, of the order

p+p ∼ p−t ∼
√
s

2
. (5.9)

Again, we work in a kt-formalism, therefore the scattering amplitudes will be expressed

as convolutions in transverse momenta between a projectile impact factor and a target

impact factor. The gluons exchanged in the t-channel, describing the interaction between

projectile and Shockwave field, are once again eikonal and carry an effective polarization

proportional to n2. Once again, we work in dimension D = d+ 2 = 4 + 2ϵ.

The fundamental idea of the Shockwave approach is to immediately exploit the Regge

kinematics in such a way as to formulate the high-energy scattering problem in terms of

the relevant degrees of freedom. In particular, since in Regge kinematics all the trans-

verse momenta are of the same order of magnitude, but colliding particles strongly differ

in rapidity, it is natural to factorize in the rapidity space (see Fig. 5.1). This type of fac-

torization is achieved by introducing a rapidity cut-off, eηp+p , which separates the “slow”

modes from the “fast” modes. The interpretation of these modes as “fast” and “slow” is

thought in the rest reference frame of the target. Gluons with +-momentum component

below the cut-off act as an external classical field. The interaction between projectile

and target is through these “slow” modes and, as we will see, it is described in terms of

a Wilson-line operator. The B-JIMWLK evolution equations are the result of quantum

corrections, due to “fast” gluons, to the Wilson line. Practically, in the spirit of the

renormalization group, it is the dependence of the relevant matrix elements on the cut-off

η which determines the high-energy behavior of the original amplitude.

One could reasonably ask why slow gluons can be treated classically. The answer lies

in the fact that, in the saturation regime Q2 < Q2
s(x), we are dealing with weakly coupled

QCD, i.e.

αs(Q
2
s)≪ 1 . (5.10)
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p+ > eηp+p

eηp+p

p+ < eηp+p

Figure 5.1: Schematic representation of the separation in the rapidity space between

quantum “fast” modes (blue) and classical “slow” modes (red).

As it is well known, in the small-coupling regime, field theories are dominated by clas-

sical solutions. In this observation lies one of the most interesting aspects of saturation

approaches. In fact, like other semi-classical approaches, they are able to describe inter-

esting phenomena, which occur for small coupling, but for which approaches based on

perturbation theory only are inadequate.

5.2.2 Boosted gluonic field

Let’s consider a gluon field b0(µ) in the target rest frame. Let’s now perform a boost,

with velocity β, along the z+ axis to move to the projectile rest frame. The coordinate

transformation is

(x+, x−, x⃗ ) ≡
(
z+

Λ
,Λz−, x⃗

)
, with Λ =

√
1 + β

1− β . (5.11)

In the new frame, the gluonic field reads

b+
(
x+, x−, x⃗

)
=

1

Λ
b+0

(
Λx+,

x−

Λ
, x⃗

)
,

b−
(
x+, x−, x⃗

)
= Λb−0

(
Λx+,

x−

Λ
, x⃗

)
,

b i
(
x+, x−, x⃗

)
= bi0

(
Λx+,

x−

Λ
, x⃗

)
.

(5.12)

Assuming that the field vanishes to infinity, and remembering that we are making a very

large boost, the + and i components of the field vanish. Hence, up to Λ−1 corrections,
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bµ0(x)

boost−−−→

δ(x+)B(x⃗)nµ2

Figure 5.2: Schematic representation of the Shockwave approximation.

we get that

b+
(
x+, x−, x⃗

)
= 0 ,

b−
(
x+, x−, x⃗

)
= Λb−0

(
Λx+, 0, x⃗

)
,

b i
(
x+, x−, x⃗

)
= 0 ,

(5.13)

where we note that, in this approximation, the surviving component of the field is always

evaluated in x− = 0. Exploiting that, for any integrable function F ,

lim
Λ→∞

ΛF (Λx) ∝ δ(x) , (5.14)

we can write

bµ
(
x+, x−, x⃗

)
= b−

(
x+, x⃗

)
nµ2 ≡ δ(x+)B(x⃗ )nµ2 . (5.15)

The last equation expresses precisely the idea of re-formulating the problem in terms of

the relevant degrees of freedom. From the point of view of the projectile, the interaction

takes place with an eikonal field (nµ2), well localized in the +-component (δ(x+)) and

whose shape is described by a function depending on transverse coordinates only (B(x⃗ )).

The effect of this transformation is depicted in Fig. (5.2).

Let’s consider the collision of our projectile with a large momentum pp along p
+ on a

target with a large momentum pt along p
− and with mass mt. The energy of the target

in the projectile’s frame is

E =
mt√
1− β2

=
p+t + p−t√

2
∼ p−t√

2
. (5.16)

From Eq. (5.16) it is simple to see that

Λ ∼
√

s

m2
t

,
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when p+p , p
−
t ∼

√
s
2
. Thus, the above approximation (neglecting Λ−1 corrections) is equiv-

alent to neglect terms suppresed by 1√
s
factor.

5.2.3 Effective Lagrangian

We now start from the QCD Lagrangian,

L =− 1

4
FaµνFaµν + iψ̄D̂ψ = Lfree + Lint , (5.17)

where we split the free and the interaction part; this latter reads

Lint = −gfabc (∂µAaν)
(
AµbAνc

)
− 1

4
g2fabcfade

(
AaµAbνAµdAνe

)
+ iψ̄

(
−igtaÂa

)
ψ . (5.18)

In this interaction part, we write the total gluon field, A, as the combination of the external

field, b, and the usual gluon field A. The former describes the effective interaction of the

projectile with the small-x gluons from the target, while the latter contributes to the

quantum evolution of the system. We then have,

Aaµ = Aaµ + baµ . (5.19)

Using the fact that bµbµ ∝ n2
2 = 0, we obtain

Lint =− gfabc
[((

Ab · ∂
)
Aa +

(
bb · ∂

)
Aa
)
· (Ac + bc) +

((
Ab · ∂

)
ba +

(
bb · ∂

)
ba
)
· Ac

]

− 1

4
g2fabcfade

[((
Aa · Ad

)
+
(
bd · Aa

)) ((
Ab · Ae

)
+
(
be · Ab

)
+
(
bb · Ae

))

+
(
ba · Ad

) ((
Ab · Ae

)
+
(
be · Ab

)
+
(
bb · Ae

))]
+ iψ̄

[
−igta

(
Âa + b̂a

)]
ψ.

(5.20)

In the lightcone gauge A · n2 = 0,

A · b ∝ A · n2 = 0

holds, and hence, Eq. (5.20) can be simplified. Therefore, in this case, unlike the formu-

lation of the BFKL approach presented in the previous sections, it is essential to choose

an axial gauge. In the aforementioned gauge, we then have

Lint = −gfabc
(
Ab · ∂

)
(Aa · Ac)− 1

4
g2fabcfade

[(
Aa · Ad

) (
Ab · Ae

)]
+ iψ̄

[
−igtaÂa

]
ψ

−gfabc
(
bb · ∂

)
(Aa · Ac) + gta

(
ψ̄b̂aψ

)
. (5.21)

The first three terms describe the usual interactions of QCD, while the last two terms

describe the interaction between the internal field and the Shockwave field. We denote

this part of the Lagrangian as

LS
int = −gfacbb−cgαβ

[
Aaα

∂Abβ
∂x−

]
+ g

(
ψ̄tab̂aψ

)
. (5.22)



180 CHAPTER 5. THE SHOCKWAVE FORMALISM

5.3 Quark propagator through the shockwave field

To give an explicit example of how Feynman rules describing the effective interaction can

be found, let us re-derive the one for a quark propagator crossing the Shockwave.

5.3.1 Two gluons interaction

We start by considering the propagator interacting twice with the external field while

propagating from a point z0 (at negative light-cone time) to a point z3 (at positive light-

cone time). We have45

G (z3, z0) |z+3 >0>z+0

=

∫
dDz2d

Dz1G0 (z32)
[
igb− (z2) γ

+
]
G0 (z21)

[
igb− (z1) γ

+
]
G0 (z10)

=

∫
dDz2d

Dz1
[
igb− (z2) igb

− (z1)
] ∫ dDp3

(2π)D
dDp2
(2π)D

dDp1
(2π)D

G0 (p3) γ
+G0 (p2) γ

+G0 (p1)

× exp [−i (p3 · z3) + i (p3 − p2) · z2 + i (p2 − p1) · z1 + i (p1 · z0)] ,
(5.23)

where we denote the free quark propagator by G0. As explained before, the field b−(z)

has no dependencies on z−; this means that we can immediately integrate over z−1 , z
−
2 .

These integrations produce two Dirac deltas which impose p+3 = p+2 = p+1 ≡ p+:

G (z3, z0)|z+3 >0>z+0
= (2π)2

∫
dz+2 dz

+
1 d

dz⃗2d
dz⃗1
[
igb−

(
z+2 , z⃗2

)
igb−

(
z+1 , z⃗1

)]

×
∫
dp+

∫
ddp⃗3
(2π)D

ddp⃗2
(2π)D

ddp⃗1
(2π)D

exp
[
i (p⃗3 · z⃗32) + i (p⃗2 · z⃗21) + i (p⃗1 · z⃗10)− ip+z−30

]

×
∫
dp−3

i (p+γ− + p̂3⊥)

2p+
(
p−3 − p⃗ 2

3 −i0
2p+

) exp
[
−ip−3 z+32

] ∫
dp−2 γ

+ i (p+γ− + p̂2⊥)

2p+
(
p−2 − p⃗ 2

2 −i0
2p+

)γ+ exp
[
−ip−2 z+21

]

×
∫
dp−1

i (p+γ− + p̂1⊥)

2p+
(
p−1 − p⃗ 2

1 −i0
2p+

) exp
[
−ip−1 z+10

]
.

(5.24)

In Eq. (5.24), we have already removed the γ+ component in all quarks propagators

exploiting γ+γ+ = 0. The integration over the three variables p−i can be preformed using

Jordan’s lemma. Due to the conditions imposed by theta functions, only the region p+ > 0

45b− contains the SU(3) matrix in the fundamental representation.
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gives a non-zero contribution:

G (z3, z0)|z+3 >0>z+0
= (2π)5

∫
dz+2 dz

+
1 d

dz⃗2d
dz⃗1
[
igb−

(
z+2 , z⃗2

)
igb−

(
z+1 , z⃗1

)]

×
∫
dp+θ

(
p+
)
θ
(
z+32
)
θ
(
z+21
)
θ
(
z+10
)
exp

[
−ip+z−30

]

×
∫

ddp⃗3
(2π)D

(p+γ− + p̂3⊥)

2p+
exp

[
−i z

+
32

2p+

{(
p⃗3 −

p+

z+32
z⃗32

)2

−
(
p+

z+32

)2

z⃗ 2
32 − i0

}]

×
∫

ddp⃗2
(2π)D

γ+ exp

[
−i z

+
21

2p+
(
p⃗ 2
2 − i0

)
+ i (p⃗2 · z⃗21)

]

×
∫

ddp⃗1
(2π)D

(p+γ− + p̂1⊥)

2p+
exp

[
−i z

+
10

2p+

{(
p⃗1 −

p+

z+10
z⃗10

)2

−
(
p+

z+10

)2

z⃗ 2
10 − i0

}]
.

(5.25)

Up to corrections of order Λ−1 ∼ s−1/2, b(z+i , z⃗i) ∝ δ(z+i ). This allows us to approximate

the Gaussian integral over p⃗2 by setting z+12 = 0 and getting therefore a δ(z⃗12). This is

important, because it tells us that the interaction with the shockwave field occurs at a

single transverse coordinate. We note that the remaining Gaussian integrals are always

convergent since
z+10
p+
,
z+32
p+

> 0. Observing that we can clearly rescale the pole prescription

i0 by using an arbitrary positive quantity, we can make the following manipulation

− i z
+
32

2p+

[(
p⃗3 −

p+

z+32
z⃗32

)2

−
(
p+

z+32

)2

z⃗ 2
31 − i0

]

=− i z
+
32

2p+

[{(
p⃗3 −

p+

z+32
z⃗32

)2

− i0
}
−
(
p+

z+32

)2 (
z⃗ 2
31 + i0

)
]

=− i z
+
32

2p+
(1− i0)

(
p⃗3 −

p+

z+32
z⃗32

)2

+ i
p+

2z+32

(
z⃗ 2
31 + i0

)
.

(5.26)

An analogous manipulation can be done for the exponent depending on p1, and then both

integrations can be performed to get

G (z3, z0)|z+3 >0>z+0
=

∫
dz+2 dz

+
1 d

dz⃗2d
dz⃗1
[
igb−

(
z+2 , z⃗2

)
igb−

(
z+1 , z⃗1

)] δ (z⃗21)

4(2π)2D−3

×
(
γ− +

ẑ31⊥
z+32

)
γ+
(
γ− +

ẑ10⊥
z+10

)∫
dp+

(−2iπp+
z+32

) d
2
(−2iπp+

z+10

) d
2

θ
(
p+
)
θ
(
z+32
)

× θ
(
z+21
)
θ
(
z+10
)
exp

[
−ip+z−30 + i

p+

2z+32

(
z⃗ 2
31 + i0

)
+ i

p+

2z+10

(
z⃗ 2
10 + i0

)]

= i
Γ(D − 1)

4(2π)D−1

∫
dz+2 dz

+
1 d

dz⃗1
[
igb−

(
z+2 , z⃗1

)
igb−

(
z+1 , z⃗1

)]

×
(
z+3 γ

− + ẑ31⊥
)
γ+
(
−z+0 γ− + ẑ10⊥

)
(
−z+3 z+0

)D
2

θ
(
z+32
)
θ
(
z+21
)
θ
(
z+10
)

(
−z−30 + z⃗ 2

31+i0

2z+3
− z⃗ 2

10+i0

2z+0

)D−1
.

(5.27)
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Now, it is useful to define

U
(2)
z⃗ = (ig)2

∫
dz+2 dz

+
1 θ
(
z+32
)
θ
(
z+21
)
θ
(
z+10
)
b−
(
z+2 , z⃗

)
b−
(
z+1 , z⃗

)
, (5.28)

and re-write the previous expression as

G (z3, z0)|z+3 >0>z+0
= i

Γ(D − 1)

4(2π)D−1

∫
ddz⃗1U

(2)
z⃗1

(
z+3 γ

− + ẑ31⊥
)
γ+
(
−z+0 γ− + ẑ10⊥

)

(
−z+3 z+0

)D
2

(
−z−30 + z⃗ 2

31

2z+3
− z⃗ 2

10

2z+0
+ i0

)D−1
.

(5.29)

The physical interpretation of this expression is not immediate. We therefore introduce

a representation which, as we shall see, is completely equivalent:

G̃ (z3, z0)
∣∣∣
z+3 >0>z+0

≡
∫
dDz1δ

(
z+1
)
G0 (z31) γ

+G0 (z10) θ
(
z+3
)
θ
(
−z+0

)
U

(2)
z⃗1

. (5.30)

From Eq. (5.30), the physical picture is clear: first the quark propagates from z0 to z1,

then it interacts instantly at z+1 = 0 with the external field, then it propagates again from

z1 to z3. Let’s now prove that the expression we gave is completely equivalent. We first

integrate over z+1 to get

G̃ (z3, z0)
∣∣∣
z+3 >0>z+0

=

[
Γ
(
D
2

)

2π
D
2

]2 ∫
dz−1 d

dz⃗1U
(2)
z⃗1

(
z+3 γ

− + ẑ31⊥
)
γ+
(
−z+0 γ− + ẑ10⊥

)
(
−2z+3 z−31 + z⃗ 2

31 + i0
)D

2
(
2z+0 z

−
10 + z⃗ 2

10 + i0
)D

2

,

(5.31)

and then we introduce the Schwinger representation for the denominators,

1

(A± i0)n =
(∓i)n
Γ(n)

∫ +∞

0

dα
(
αn−1

)
e±iα(A±i0) . (5.32)

Performing the integration over z−1 and then over one Schwinger parameter, we find

G̃ (z3, z0)
∣∣∣
z+3 >0>z+0

=− (−i)D
4πD−1

∫
ddz⃗1

(
−z

+
3

z+0

) d
2
(
z+3 γ

− + ẑ31⊥
)
γ+
(
−z+0 γ− + ẑ10⊥

)

z+0

× U (2)
z⃗1

∫ +∞

0

dα1 (α1)
d exp

[
iα1

(
−2z+3 z−30 + z⃗ 2

31 −
z+3
z+0
z⃗ 2
10 + i0

)]
.

(5.33)

Integration with respect to the Schwinger parameter now gives

G̃ (z3, z0)
∣∣∣
z+3 >0>z+0

=
iΓ(D − 1)

4(2π)D−1

∫
ddz⃗1

(
z+3 γ

− + ẑ31⊥
)
γ+
(
−z+0 γ− + ẑ10⊥

)
(
−z+3 z+0

)D
2

× θ
(
z+3
)
θ
(
−z+0

)
U

(2)
z1(

−z−30 + z⃗ 2
31

2z+3
− z⃗ 2

10

2z+0
+ i0

)D−1
.

(5.34)

We have proved that

G (z3, z0)|z+3 >0>z+0
= G̃ (z3, z0)

∣∣∣
z+3 >0>z+0

. (5.35)
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5.3.2 The appearance of the Wilson line

We would like to generalize what we saw previously and resum all possible interactions of

the quark line with the external field bµ. A great hint in this direction is given by form of

U
(2)
z⃗ in Eq. (5.28). It is easy to see that it is the (ig)2 term in the (ig)-expansion of the

Wilson line (in the fundamental representation)

[
z+3 , z

+
0

]
z⃗
= P exp

[
ig

∫ z+3

z+0

dz+b−
(
z+, z⃗

)
]
, (5.36)

where P means time-ordered product. We want to establish that the generalization we

seek is obtained by replacing U
(2)
z⃗ with the full Wilson line defined in Eq. (5.36), i.e.

G (z3, z0)|z+3 >0>z+0
=

∫
dDz1δ

(
z+1
)
G0 (z31) γ

+G0 (z10)
[
z+3 , z

+
0

]
z⃗1
. (5.37)

We prove this by mathematical induction. We already proved that (5.37) is correct for

n = 2, where n is the number of interactions, and for n = 1 is trivial. Let’s prove the

n = 0 case by setting the Wilson line to the identity in Eq. (5.33), we get

G(0) (z3, z0)
∣∣
z+3 >0>z+0

=− (−i)D
4πD−1

∫
ddz⃗1

(
−z

+
3

z+0

) d
2
(
z+3 γ

− + ẑ31⊥
)
γ+
(
−z+0 γ− + ẑ10⊥

)

z+0

×
∫ +∞

0

dα1 (α1)
d exp

[
iα1

(
−2z+3 z−30 + z⃗ 2

31 −
z+3
z+0
z⃗ 2
10 + i0

)]
.

(5.38)

A shift in the variable z⃗1 allows us to have a Gaussian integral and hence to obtain

G(0) (z3, z0)
∣∣
z+3 >0>z+0

=− (−i)D
4πD−1z+0

(
−z

+
3

z+0

)a
2
∫ +∞

0

dα1 (α1)
d
2

[
−2z+3 z+0

(
γ−
)
− 2

z+3 z
+
0

z+30
(ẑ30⊥)−

z+3 z
+
0 z⃗

2
30(

z+30
)2
(
γ+
)
+ i

d

2

z+0
α1z

+
30

(
γ+
)
]

× exp

[
iα1

(
−2z+3 z−30 +

z+3
z+30

z⃗ 2
30 + i0

)](−iπz+0
z+30

) d
2

.

(5.39)

After the last integration we recover the usual free quark propagator in coordinates space:

G(0) (z3, z0)
∣∣
z+3 >0>z+0

=
iΓ
(
D
2

)

2π
D
2

ẑ30

(−z 2
30 + i0)

D
2

= G0 (z3, z0) . (5.40)

To complete our proof, we only need to show that, assuming the result holds for n inter-

actions, the case n+ 1 follows. If for n we have

G(n) (z3, z0)
∣∣
z+3 >0>z+0

=

∫
dDz1δ

(
z+1
)
G0 (z31) γ

+G0 (z10)
[
z+3 , z

+
0

](n)
z⃗1

, (5.41)
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then

G(n+1) (z3, z0)
∣∣
z+3 >0>z+0

=

∫
dDz2G0 (z32)

[
igγ+b− (z2)

]
G(n) (z2, z0)

=(ig)

∫
dDz2d

Dz1b
− (z2) δ

(
z+1
) [
G0 (z32) γ

+G0 (z21) γ
+G0 (z10)

]
θ
(
z+2
) [
z+2 , z

+
0

](n)
z⃗1
.

(5.42)

The integration is performed as explained before and we get

G(n+1) (z3, z0)
∣∣
z+3 >0>z+0

=

∫
dDz1δ

(
z+1
) [
G0 (z31) γ

+G0 (z10)
]

× (ig)

∫
dz+2 θ

(
z+32
)
θ
(
z+2
)
θ
(
−z+0

)
b−
(
z+2 , z⃗1

) [
z+2 , z

+
0

](n)
z⃗1

.

(5.43)

This last expression can be immediately re-written as

G(n+1) (z3, z0)
∣∣
z+3 >0>z+0

=

∫
dDz1δ

(
z+1
) [
G0 (z31) γ

+G0 (z10)
]
θ
(
z+3
)
θ
(
−z+0

) [
z+3 , z

+
0

](n+1)

z⃗1
.

(5.44)

This completes our proof.

We want to make one last observation. Since the interaction is localized in light-cone

time, we can have two situations:

• The integration boundaries z+0 and z+3 have the same sign. In this case the Wilson

line reduces to the identity, the Shockwave is not crossed and we have a normal

quark propagator.

• The integration boundaries z+0 and z+3 possess opposite sign. In this case the Wilson

line is nontrivial and the Shockwave is crossed. It is clear that in this case, only the

point z+ = 0 of the entire integration domain contributes and that we can therefore

extend the integration from −∞ to +∞.

We therefore define

Uz⃗ ≡ [−∞,+∞]z⃗ = P exp

[
ig

∫ +∞

−∞
dz+b−

(
z+, z⃗

)]
, (5.45)

and its Fourier transform

U (p⊥) ≡
∫
ddz⊥e

i(p⊥·z⊥)Uz⃗ . (5.46)

In defining the Feynman rules, we use these latter definitions. We avoid to report all of

them here, they can be found in Ref. [192], where the notation is identical to the one used

in the part of this thesis devoted to the Shockwave approach.
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5.4 B-JIMWLK evoultion for the dipole operator

In this section, we want to study quantum corrections to the previous picture. As already

anticipated, we will study the effect of a change in the cut-off η. We consider the external

field at rapidity η1 = η +∆η, where ∆η should be intended as a small deviation from η.

We separate it as

b−η+∆η(z) = b−η (z) + b−∆η(z) , (5.47)

where

b−∆η(z) ≡
∫

dDp

(2π)D
e−i(p·z)b−(p)θ

(
eη+∆ηp+p − p+

)
θ
(
p+ − eηp+p

)
(5.48)

contains gluons with +-momenta between eηp+p and eη+∆ηp+p . Let’s consider now the

Wilson line at rapidity η1 for the propagation between the lightcone time x+ and the

lightcone time y+. From Eq. (5.36), it can be written as

[
x+, y+

]η1
z⃗

=
∑

N

∫ y+

x+
dz+1 (ig)b

−
η1

(
z+1 , z⃗

) ∫ z+1

x+
dz+2 (ig)b

−
η1

(
z+2 , z⃗

)
. . .

∫ zN−1

x+
dz+N(ig)b

−
η1

(
z+N , z⃗

)
.

(5.49)

Now, we perform a perturbative expansion in the small parameter ig∆η to show how the

Wilson line at rapidity η is modified by the small perturbation. Using that [z+i , z
+
j ]
η
z⃗ = 1

if z+i z
+
j > 0, we find

[
x+, y+

]η+∆η

z⃗
=
[
x+, y+

]η
z⃗
+ (ig)

∫ y

x+
dz+1

[
x+, z+1

]η
z⃗
b−∆η

(
z+1 , z⃗

) [
z+1 , y

+
]η
z⃗

+ (ig)2
∫ y+

x+
dz+1 dz

+
2

[
x+, z+1

]η
z⃗
b∆η

(
z+1 , z⃗

) [
z+1 , z

+
2

]η
z⃗
b∆η

(
z+2 , z⃗

) [
z+2 , y

+
]η
z⃗
θ
(
z+21
)
.

(5.50)

We study two eikonal lines propagating through the shockwave at rapidity η1 = η + ∆

and with a color singlet interaction with the external field. They interact “classically”

with the part of the field generated by b−η . However, this classical propagation is modified

by the quantum fluctuations generated by the field b−∆η. These quantum fluctuations lead

to the evolution equation.

In the spirit of the expansion (5.50), taking into account these corrections is equivalent

to considering the two lines that propagate in the part of the field generated by b−η with

the possibility of emitting and reabsorbing a gluon which has a +-component of momenta

strictly between eηp+p and eη+∆ηp+p (see Figs. 5.3, 5.4).
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The propagator of this gluon is built from b−∆η and reads

(
Gµν

∆η

)ab
=(−i)d

∫
ddz⃗3

(2π)d+1
(Uz⃗3)

ab

∫ eη+∆η

eη
dp+

(p+)
d−1

2
(
−z+2 z+1

) d
2
+1

× exp

[
−ip+

{
z−21 −

z⃗ 2
23

2z+2
+

z⃗ 2
31

2z+1
− i0

}]
(z⃗23 · z⃗31) (nµ2nν2) ,

(5.51)

where we want to remark the restriction on the +-component.

Before proceeding, we want to make a small digression to compare BFKL and Shock-

wave approach. Obviously, the physical picture is the same, there is a big rapidity gap

between two interacting objects, and hence, there is phase space for gluon radiation

strongly ordered in rapidity. In both cases, we are interested in resuming the large loga-

rithmic corrections generated by these kinematic conditions. However, it is important to

note that the way we want to construct the evolution is slightly different. For BFKL we

had considered two lines of quarks strongly separated in rapidity which, precisely because

of this separation, exchanged an infinite ladder of gluons. The effective polarization of

gluons attached to the upper line was nµ2 , while the one of gluons attached to the lower line

was nµ1 . In the present case, the two incoming lines represent the whole projectile; their

longitudinal components are both of order p+p , i.e. they are in the same fragmentation

region and there is no rapidity gap between them. The separation in rapidity is between

this projectile and the gluons produced by the entire bµη1 gluon field. This way of deriving

evolution is closer in spirit to that of the Muller dipole, but, as we shall see, in the correct

limit is equivalent to BFKL.

Let’s move on to the calculation of corrections produced by the field b−∆η; they lead

to ten Feynman diagrams. In four of these diagrams, the additional gluon crosses the

Shockwave (see Fig. 5.3), and thus, this class of diagrams involves an additional adjoint

Wilson line
(
Uη
z⃗3

)ab
. We refer to this part as double dipole contribution. In the remaining

six, the Shockwave is crossed only by the eikonal lines (see Fig. 5.4), we refer to this part

as dipole contribution.
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(a)

z⃗2

z⃗3

z⃗1
z+1

z+2−∞+ ∞+

(b)

z⃗2

z⃗3

z⃗1

z+1

z+2

−∞+ ∞+

(c)

z⃗2

z⃗3

z⃗1

z+1 z+2

−∞+ ∞+ (d)

z⃗2

z⃗3

z⃗1
z+1 z+2

−∞+ ∞+

Figure 5.3: Double dipole contribution to the evolution. The Shockwave is always crossed

at z+3 = 0.

Figure 5.4: Dipole contribution to the evolution. The Shockwave is not crossed and hence

only single dipole cntributions are generated.
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We start by considering the diagram (a) in Fig. 5.3, it reads46

I(a) = (ig)(−ig)µ−2ϵ

∫ 0

−∞
dz+1

∫ +∞

0

dz+2

× Tr
([

+∞, z+1
]η
z⃗1
tb
[
z+1 ,−∞

]η
z⃗1

[
−∞, z+2

]η
z⃗2
ta
[
z+2 ,+∞

]η
z⃗2

)
(G∆η)

ab

=
(−i)dg2µ−2ϵ

2(2π)d+1
Tr
(
Uη
z⃗1
tbUη†

z⃗2
ta
)∫

ddz⃗3
(
Uη
z⃗3

)ab
∫ eη+∆η

eη
dp+

(
p+
)d−1

×
∫ 0

−∞

dz+1(
−z+1

) d
2
+1

∫ +∞

0

dz+2(
z+2
) d

2
+1

exp

[
−ip+

{
z−21 −

z⃗ 2
23

2z+2
+

z⃗ 2
31

2z+1
− i0

}]
(z⃗23 · z⃗31)

=
g2µ−2ϵ2d

[
Γ
(
d
2

)]2

2(2π)d+1

∫
ddz⃗3

(z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

[
Tr
(
Uη
z⃗1
tbUη†

z⃗2
ta
) (
Uη
z⃗3

)ab]
∫ en+∆η

eη
dp+

e−ip
+(z−21−i0)

p+
.

(5.52)

This implies

I(a) ∼
g2µ−2ϵ2d

[
Γ
(
d
2

)]2

2(2π)d+1

∫
ddz⃗3

(z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

[
Tr
(
Uη
z⃗1
tbUη†

z⃗2
ta
) (
Uη
z⃗3

)ab]
(∆η) . (5.53)

The diagram (c) in Fig. 5.3 is computed similarly and gives

I(c) ∼
g2µ−2ϵ

[
Γ
(
d
2

)]2
2d

2(2π)d+1

∫
ddz⃗3Tr

(
taUη†

z⃗2
tbUη

z⃗1

) (
Uη
z⃗3

)ba 1

(z⃗ 2
32 + i0)

d−1
(∆η) . (5.54)

Finally, diagram (b) and (d) are obtained from (a) and (c) respectively, by the substitu-

tions z⃗1 ↔ z⃗2 and ig ↔ −ig. We have

I(b) ∼
g2µ−2ϵ2d

[
Γ
(
d
2

)]2

2(2π)d+1

∫
ddz⃗3

(z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

[
Tr
(
Uη
z⃗1
tbUη†

z⃗2
ta
) (
Uη
z⃗3

)ab]
(∆η) , (5.55)

I(d) ∼
g2µ−2ϵ

[
Γ
(
d
2

)]2
2d

2(2π)d+1

∫
ddz⃗3Tr

(
taUη†

z⃗2
tbUη

z⃗1

) (
Uη
z⃗3

)ba 1

(z⃗ 2
31)

d−1
(∆η) . (5.56)

We denote the sum of all these contributions by

IR ≡
αsµ

−2ϵ∆η
[
Γ
(
d
2

)]2

πd

∫
ddz⃗3Tr

(
taUη

z⃗1
tbUη†

z⃗2

) (
Uη
z⃗3

)ab

×
[

2 (z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

+
1

(z⃗ 2
23)

d−1
+

1

(z⃗ 2
31)

d−1

]
.

(5.57)

46Tr means trace with respect to the fundamental representation and it is needed in order to have a

singlet exchange.
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Now, we should compute the six diagrams without crossing. Instead of a direct computa-

tion, there is an elegant trick that allows to obtain directly the sum of all six contributions.

Let’s denote the sum of all these contributions as IV . First, we observe that if we set all

Wilson lines to the identity47, we must have

(IR + IV )
∣∣
Uη
z⃗1,2,3

→1
= 0 =⇒ IR

∣∣
Uη
z⃗1,2,3

→1
= −IV

∣∣
Uη
z⃗1,2,3

→1
. (5.58)

Indeed, we are computing the linear term in the ∆η expansion of the dipole operator.

When every Wilson line is set to one, any dependence on η disappears so this term in the

expansion in exactly zero. Moreover, it is clear that

IV ≡ CV Tr
(
Uη
z⃗1
Uη†
z⃗2

)
=⇒ IV

∣∣
Uη
z⃗1,2,3

→1
= CVNc . (5.59)

Since

IR
∣∣
Uη
z⃗1,2,3

=
αsµ

−2ϵ∆η
[
Γ
(
d
2

)]2

πd
Nc − 1

2

∫
ddz⃗3

[
2 (z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

+
1

(z⃗ 2
23)

d−1
+

1

(z⃗ 2
31)

d−1

]
,

(5.60)

we immediately get

CV = −αsµ
−2ϵ∆η

[
Γ
(
d
2

)]2

πd
Nc − 1

2Nc

∫
ddz⃗3

[
2 (z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

+
1

(z⃗ 2
23)

d−1
+

1

(z⃗ 2
31)

d−1

]
, (5.61)

and hence the full dipole contribution, which reads

IV = −αsµ
−2ϵ∆η

[
Γ
(
d
2

)]2

πd
N2
c − 1

2Nc

×
∫
ddz⃗3

[
2 (z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

+
1

(z⃗ 2
23)

d−1
+

1

(z⃗ 2
31)

d−1

]
Tr
(
Uη
z⃗1
Uη†
z⃗2

)
. (5.62)

Considering together the dipole and double dipole contributions and taking the limit

∆η → 0, we get

∂ Tr
(
Uη
z⃗1
Uη†
z̄2

)

∂η
=
αsµ

−2ϵ
[
Γ
(
d
2

)]2

πd

∫
ddz⃗3

[
Tr
(
Uη
z⃗1
tbUη†

z⃗2
ta
)
(Uz⃗3)

ab − N2
c − 1

2Nc

Tr
(
Uη
z⃗1
Uη†
z⃗2

)]

×
[

2 (z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

+
1

(z⃗ 2
23)

d−1
+

1

(z⃗ 2
31)

d−1

]
.

(5.63)

47From a physical point of view it clearly means that there is no interaction between the eikonal lines

and the target.
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We introduce now the dipole operators

Uηij =
1

Nc

Tr
(
Uη
z⃗i
Uη†
z⃗j

)
− 1 , (5.64)

Using the relation
(
Uη
z⃗3

)ab
= 2Tr

(
taUη

z⃗3
tbUη†

z⃗3

)
(5.65)

and the Fierz identity
(
taij
)
(takl) =

1

2
δilδjk −

1

2Nc

δijδkl , (5.66)

we can immediately find

Tr
(
Uη
z⃗1
tbUη†

z⃗2
ta
) (
Uη
z⃗3

)ab − N2
c − 1

2Nc

Tr
(
Uη
z⃗1
Uη†
z⃗2

)

=2Tr
(
taUη

z⃗3
tbUη†

z⃗3

)
Tr
(
taUη

z⃗1
tbUη†

z̄2

)
− N2

c − 1

2Nc

Tr
(
Uη
z⃗1
Uη†
z⃗2

)

=2

[
1

2
δinδjm −

1

2Nc

δijδmn

] [
1

2
δkqδpl −

1

2Nc

δklδpq

]

×
(
Uη
z⃗3

)
jk

(
Uη†
z⃗3

)
li

(
Uη
z⃗1

)
np

(
Uη†
z⃗2

)
qm
− N2

c − 1

2Nc

Tr
(
Uη
z⃗1
Uη†
z⃗2

)

=
1

2

[
Tr
(
Uη
z⃗1
Uη†
z⃗3

)
Tr
(
Uη
z⃗3
Uη†
z⃗2

)
−NcTr

(
Uη
z⃗1
Uη†
z⃗2

)]

=
N2
c

2
[Uη13 + Uη32 − Uη12 + Uη13Uη32] .

(5.67)

Therefore, Eq. (5.63) in terms of the dipole operator takes the form

∂Uη12
∂η

=
αsNc

[
Γ
(
d
2

)]2
(µ2)

1− d
2

2πd

×
∫
ddz⃗3 [Uη13 + Uη32 − Uη12 + Uη13Uη32]

[
2 (z⃗23 · z⃗31)
(z⃗ 2

23)
d
2 (z⃗ 2

31)
d
2

+
1

(z⃗ 2
23)

d−1
+

1

(z⃗ 2
31)

d−1

]
,

(5.68)

which is the final evolution equation. Taking D = 4, one recovers the usual B-JIMWLK

equation for the dipole operator

∂Uη12
∂η

=
αsNc

2π2

∫
d2z⃗3

(
z⃗ 2
12

z⃗ 2
23z⃗

2
31

)
[Uη13 + Uη32 − Uη12 − Uη13Uη32] . (5.69)

The operators constructed from the Wilson lines lead us to the physical scattering ampli-

tudes when we consider the matrix elements between two (in and out) proton states. In

this sense, the evolution equation for the dipole operator involves a double dipole oper-

ator. This second operator, involving four Wilson lines, in general, cannot be described



5.4. B-JIMWLK EVOULTION FOR THE DIPOLE OPERATOR 191

as a product of two dipole operators. For the latter a second evolution equation has to

be written. This equation will depend on operators with higher number of Wilson lines.

We thus obtain an infinite cascade of equations known as Balitsky hierarchy. We can

recover the closed non-linear BK equation only in the large-Nc approximation (’t Hooft

limit). In this case the double dipole operator becomes a product of dipoles. It is well

known that the next-to-leading corrections in the large Nc approximation are of the order

1/N2
c and hence, naively, we would expect corrections to BK dynamics to be of order

11%. However, saturation effects tend to play an important role in suppressing these

corrections [196]. Finally, we observe that if we completely neglect the non-linear term

(dilute approximation) in Eq. (5.69) we obtain the colour-dipole version of the BFKL

equation (see e.g. [37]).
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Chapter 6

Inclusive diffractive di-hadron

production

Another roof, another proof.

Paul Erdős [197]

In this chapter, we consider again an hybrid high-energy/collinear factorization for the

description of the semi-diffractive di-hadron production. This time, we rely on the Shock-

wave formalism introduced in the previous chapter and on results obtained in Ref. [198].

The cancellation of divergences is explicitly shown, and the finite parts of the NLO differ-

ential cross-sections are found. We work in arbitrary kinematics such that both photopro-

duction and leptoproduction are considered. The results obtained, are usable to detect

saturation effects, at both the future Electron-Ion-Collider (EIC) or already at LHC, us-

ing Ultra Peripheral Collisions (UPC).

The chapter contains six sections. In the first section, we set-up the general framework

and we present the program of computations. In the second, we show counterterms coming

from renormalization of FFs. In the third and fourth section we extract divergences

from real and virtual corrections, respectively. In the fifth chapter we give all additional

finite terms needed to construct the NLO cross section. Lastly, in the sixth section we

summarize and discuss possible developments. The material of this chapter is based on

Ref. [199].

193
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h1

h2
γ(∗)

〈 P |
rapidity gap

| P ′ 〉

X1

X2

h1

h2
γ(∗)

〈P |
rapidity gap

| P ′ 〉

X1

X2

Figure 6.1: Left: Amplitude of the process (6.1) at LO. Right: An example of diagram

contributing to the amplitude of the process (6.1) at NLO. The grey blob symbolizes

the QCD shockwave. The double line symbolizes the target, which remains intact in the

figure, but could just as well break. The quark and antiquark fragment into the systems

(h1X1) and (h2X2). The two tagged hadrons h1 and h2 are drawn in red and blue.

6.1 Theoretical framework

6.1.1 Hybrid collinear/high-energy factorization

We want to perform a full NLO computation of the semi-inclusive diffractive di-hadron

production in the high-energy limit:

γ(∗)(pγ) + P (p0)→ h1(ph1) + h2(ph2) +X + P ′(p′0) , (6.1)

where P is a nucleon or a nucleus target, generically called proton in the following.

The initial photon plays the role of a probe (also named projectile). Our computation

applies both to the photoproduction case (including ultraperipheral collisions) and to the

electroproduction case (e.g. at EIC). A gap in rapidity is assumed between the outgoing

nucleon/nucleus and the diffractive system (Xh1h2). This is illustrated by Fig. 6.1.

We will be working in a combination of collinear factorization and small-x factoriza-

tion, more precisely in the shockwave formalism for the latter.

Kinematics

We work in a reference frame such that the target moves ultra-relativistically and such

that s = (pγ + p0)
2 ∼ 2p+γ p

−
0 ≫ Λ2

QCD, s also being larger than any other scale. Particles

on the projectile side are moving in the n1 (i.e. +) direction while particles on the target

side have a large component along n2 (i.e. −) direction.
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We will use a kinematics such that the photon with virtuality Q is forward, and thus

it does not carry any transverse momentum48:

p⃗γ = 0, pµγ = p+γ n
µ
1 +

p2γ
2p+γ

nµ2 , −p2γ ≡ Q2 ≥ 0. (6.2)

We will denote its transverse polarization εT . Its longitudinal polarization vector reads

εαL =
1√
−p2γ

(
p+γ n

α
1 −

p2γ
2p+γ

nα2

)
, ε+L =

p+γ
Q
, ε−L =

Q

2p+γ
. (6.3)

We write the momentum of the produced hadrons as

pµhi = p+hin
µ
1 +

m2
hi
+ p⃗ 2

hi

2p+hi
nµ2 + pµhi⊥ (i = 1, 2) . (6.4)

The momenta of the fragmenting quark of virtuality p2q reads

pµq = p+q n
µ
1 +

p2q + p⃗ 2
q

2p+q
nµ2 + pµq⊥ (6.5)

and similarly for an antiquark of virtuality p2q̄ ,

pµq̄ = p+q̄ n
µ
1 +

p2q̄ + p⃗ 2
q̄

2p+q̄
nµ2 + pµq̄⊥ . (6.6)

From now, we will use the notation pij = pi − pj.

Collinear factorization

The kinematical region considered here is such that p⃗ 2
h1
∼ p⃗ 2

h2
≫ Λ2

QCD. The hadron mo-

menta are the hard scale, making the use of perturbative QCD and collinear factorization

possible. The constraint p⃗ 2 ≫ p⃗ 2
h1,2

, with p⃗ the relative transverse momentum of the two

hadrons has also been considered. This means that the two produced hadrons have a large

enough separation angle (or, in other words, a large enough invariant mass) so that it will

not be necessary to consider the di-hadron unpolarized fragmentation functions: each

hadron, typically pion, can be produced by two well-separated fragmentation cascades.

The quark and antiquark in the hard part after collinear factorization will be treated as

on-shell particles. For further use, we introduce the longitudinal momentum fraction xq

and xq̄ as

p+q = xqp
+
γ and p+q̄ = xq̄p

+
γ . (6.7)

48Any transverse momentum in Euclidean space will be denoted with an arrow, while a ⊥ index will

be used in Minkowski space.
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Similarly, we denote

p+hi = xhip
+
γ . (6.8)

Shockwave approach

The small-x factorization applies here and the scattering amplitude is the convolution of

the projectile impact factor and the non-perturbative matrix element of operators from

the Wilson lines operators on the target states. One of such operators is the dipole

operator, which in the fundamental representation of SU(Nc) takes the form:

[
Tr
(
U1U

†
2

)
−Nc

]
(p⃗1, p⃗2) =

∫
ddz⃗1d

dz⃗2⊥e
−ip⃗1·z⃗1e−ip⃗2·z⃗2

[
Tr
(
Uz⃗1U

†
z⃗2

)
−Nc

]
, (6.9)

where z⃗1,2 are the transverse positions of the q, q̄ coming from the photon and p⃗1,2 their

respective transverse momentums kicks from the shockwave.

The proton matrix element should be parameterized. This can be done through a

generic function F , following the definition of Ref. [198]

〈
P ′ (p′0)

∣∣∣T
(
Tr
(
U z⊥

2
U †
− z⊥

2

)
−Nc

)∣∣∣P (p0)
〉
≡ 2πδ

(
p−00′
)
Fp0⊥p′0⊥ (z⊥)

≡ 2πδ
(
p−00′
)
F (z⊥) (6.10)

and its Fourier Transform (FT) is

∫
ddz⊥e

i(z⊥·p⊥)F (z⊥) ≡ F (p⊥) . (6.11)

Similar definitions exist for the double dipole operator and its action on proton states,

as can be seen with eqs. (5.3) and (5.6) in [198], with

〈
P ′ (p′0)

∣∣∣
(
Tr
(
U z

2
U †
x

)
Tr
(
UxU

†
− z

2

)
−NcTr

(
U z

2
U †
− z

2

))∣∣∣P (p0)
〉

≡ 2πδ
(
p−00′
)
F̃p0⊥p′0⊥ (z⊥, x⊥) ≡ 2πδ

(
p−00′
)
F̃ (z⊥, x⊥) (6.12)

and its FT is ∫
ddz⊥d

dx⊥e
i(p⊥·x⊥)+i(z⊥·q⊥)F̃ (z⊥, x⊥) ≡ F̃ (q⊥, p⊥) . (6.13)

In this chapter, dimensional regularization will be used withD = 2+d, where d = 2+2ϵ

is the transverse dimension.
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≡
h

Figure 6.2: Graphical convention for the fragmentation function of a parton (here a quark

for illustration) to a hadron h plus spectators. In the rest of this article, we will use the

left-hand side of this drawing.

6.1.2 LO order

QCD collinear factorization stipulates that the total cross section, at leading twist and

LO, reads, see ref [3] (chap. 12) and Ref. [200]

dσh1h20JI

dxh1dxh2
=
∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

Dh1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
dσ̂JI
dxqdxq̄

+ (h1 ↔ h2) ,

(6.14)

where q specifies the quark flavor types (q = u, d, s, c, b), and J, I = L, T specify the

photon polarization since we deal here with a modulus square amplitude (J labels the

photon polarization in the complex conjugated amplitude and I in the amplitude). Here

xq and xq̄ are the longitudinal fractions of the photon momentum carried by the frag-

menting partons, xh1,h2 are the longitudinal fraction of the photon momentum carried by

the produced hadrons, µF is the factorization scale, Dh
q(q̄) denotes the quark (antiquark)

Fragmentation Function (FF) and dσ̂ is the partonic cross section, i.e. the cross section

for the subprocess

γ(∗)(pγ) + P (p0)→ q(pq) + q̄(pq̄) + P ′(p′0) . (6.15)

The graphical convention used in the present article for any fragmentation function is

given in Fig. 6.2.

All detailed computations will be done considering only the first term in (6.14), re-

membering the second term is just simply obtained by the replacement h1 ↔ h2.

The partonic cross section (6.15) has been computed in the shockwave framework.

The structure of the result for the whole process 6.1 at LO is illustrated in Fig. 6.3.

Collinear factorization means that the produced hadrons should fly collinearly to the

fragmenting partons. This means here that the following constraints should be fulfilled

p+q =
xq
xh1

p+h1 , p⃗q =
xq
xh1

p⃗h1 , (6.16)
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Figure 6.3: Diagram of the LO process at cross section level. The blob is the shockwave

(we do not draw the coupling with the target for clarity) and the squares the FFs, see

Fig. 6.2. The dashed line is to represent the integration over phase space.

p+q̄ =
xq̄
xh2

p+h2 , p⃗q̄ =
xq̄
xh2

p⃗h2 . (6.17)

Since the photon in the initial state can appear with different polarizations, we con-

struct the density matrix

dσJI =

(
dσLL dσLT

dσTL dσTT

)
, dσTL = dσ∗

LT . (6.18)

Each element of this matrix has a LO contribution dσ0. This Born order result, see

Eq. (5.14) of Ref. [198], has the following structure:

dσ0JI =
αemQ

2
q

(2π)4(d−1)Nc

(
p−0
)2

2xqxq̄s2
dxqdxq̄d

dpq⊥d
dpq̄⊥δ (1− xq − xq̄)

(
εIβε

∗
Jγ

)

×
∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥δ (pq1⊥ + pq̄2⊥) δ (p11′⊥ + p22′⊥)

×
∑

λq ,λq̄

Φβ
0 (p1⊥, p2⊥) Φ

γ∗
0 (p1′⊥, p2′⊥)F

(p12⊥
2

)
F∗
(p1′2′⊥

2

)
. (6.19)

Using the explicit expressions of the product Φβ
0Φ

γ∗
0 , see Eq. (5.18-20) of Ref. [198], as

well as Eq. (6.14), the LO cross sections are obtained and read for LL

dσh1h20LL

dxh1dxh2d
dph1⊥d

dph2⊥
=

4αemQ
2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq

)
Dh2
q̄

(
xh2
xq̄

)
FLL + (h1 ↔ h2) , (6.20)

where

FLL =

∣∣∣∣∣∣∣

∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2

)2
+ xqxq̄Q2

∣∣∣∣∣∣∣

2

. (6.21)
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This LO cross section can be written differently, using transverse momentum conser-

vation, see Eq. (6.19),

dσh1h20LL

dxh1dxh2d
dph1⊥d

dph2⊥
=

4αemQ
2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq

)
Dh2
q̄

(
xh2
xq̄

)
F̃LL + (h1 ↔ h2) , (6.22)

where

F̃LL =

∣∣∣∣∣∣∣

∫
ddp1⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1⊥
))

(
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

∣∣∣∣∣∣∣

2

. (6.23)

Both forms can be used interchangeably in terms of NLO cross sections that are

proportional to the LO cross sections, i.e. when dealing with the soft, virtual, and counter-

term contribution to the NLO cross sections. For the collinear quark-gluon contribution,

Eq. (6.20) will be used, while, for the collinear anti-quark-gluon contribution, Eq. (6.22)

will be used.

Similarly, the non-diagonal interference term TL can be written in the two equivalent

forms:

dσh1h20TL

dxh1dxh2d
dph1⊥d

dph2⊥
=

2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× (xq̄ − xq)δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq

)
Dh2
q̄

(
xh2
xq̄

)
FTL + (h1 ↔ h2) , (6.24)

where

FTL =

∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2

)2
+ xqxq̄Q2

×



∫
ddp2′⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2′

)2
+ xqxq̄Q2

(
xq̄
xh2

p⃗h2 − p⃗2′
)
· ε⃗T




∗ (6.25)

and

dσh1h20TL

dxh1dxh2d
dph1⊥d

dph2⊥
=

2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× (xq̄ − xq)δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq

)
Dh2
q̄

(
xh2
xq̄

)
F̃TL + (h1 ↔ h2) , (6.26)
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where

F̃TL =

∫
ddp1⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1⊥
))

(
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

×



∫
ddp1′⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1′⊥
))

(
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

(
xq
xh1

ph1 − p1′
)
· εT




∗

.

(6.27)

The most complicated contribution TT reads

dσh1h20TT

dxh1dxh2d
dph1⊥d

dph2⊥
=

αem

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq

)
Dh2
q̄

(
xh2
xq̄

)
FTT + (h1 ↔ h2) , (6.28)

where

FTT =
[
(xq̄ − xq)2gri⊥glk⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥
]

×
∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2

)2
+ xqxq̄Q2

(
xq̄
xh2

ph2 − p2
)

r

εT i

×



∫
ddp2′⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2′

)2
+ xqxq̄Q2

(
xq̄
xh2

ph2 − p2′
)

l

εTk




∗
(6.29)

or equivalently

dσh1h20TT

dxh1dxh2d
dph1⊥d

dph2⊥
=

αem

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq

)
Dh2
q̄

(
xh2
xq̄

)
F̃TT + (h1 ↔ h2) , (6.30)

where

F̃TT =
[
(xq̄ − xq)2gri⊥glk⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥
]

×
∫
ddp1⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1⊥
))

(
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

(
xq
xh1

ph1 − p1
)

r

εT i

×



∫
ddp1′⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1′⊥
))

(
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

(
xq
xh1

ph1 − p1′
)

l

εTk




∗

.

(6.31)
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Compared to the LL cross section, the TL cross section has the same form up to a

factor of
1

Q

xq̄ − xq
2xq̄xq

(
xq̄
xh2

p⃗h2 − p⃗2′
)
· ε⃗ ∗

T

or
1

Q

xq̄ − xq
2xq̄xq

(
xq
xh1

ph1 − p1′
)
· ε ∗

T .

The TT cross section differs from the LL cross section by a factor of

1

Q2

1

4x2qx
2
q̄

[
(xq̄ − xq)2gri⊥glk⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥
]( xq

xh1
ph1 − p1

)

r

εT i

(
xq
xh1

ph1 − p1′
)

l

ε ∗
Tk

or

1

Q2

1

4x2qx
2
q̄

[
(xq̄ − xq)2gri⊥glk⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥
]( xq̄

xh2
ph2 − p2

)

r

εT i

(
xq̄
xh2

ph2 − p2′
)

l

ε ∗
Tk .

The factors of 1/Q and 1/Q2 come from the photon polarization while the other

modifications come from the expression of the squared of the impact factors. Those

modifications and additional factors between TL and TT cross section with respect to

LL will remain true when going to NLO, for what concerns the extraction of divergences.

This means that no additional detailed calculations are needed for those cases.

6.1.3 NLO computations in a nutshell

Different types of contributions in the dipole picture

At NLO, since we rely on the shockwave approach, it is convenient to separate the various

contributions from the dipole point of view, as illustrated in Fig. 6.4. In this figure, we

exhibit a few examples of diagrams, either virtual or real, as a representative of each five

classes of diagrams. There are indeed five classes of contributions from the dipole point

of view, namely dσiJI (i = 1, · · · 5), so that the NLO density matrix can be written as

dσJI = dσ0JI + dσ1JI + dσ2JI + dσ3JI + dσ4JI + dσ5JI . (6.32)

Now, we will shortly discuss each of these five NLO corrections.

For the virtual diagrams, there are two classes of diagrams: the diagrams in which the

virtual gluon does not cross the shockwave, thus contributing to dσ1IJ , purely made of

dipole × dipole terms; the diagrams in which the virtual gluon does cross the shockwave,

contributing both to dσ1IJ , made of dipole × dipole terms, as well as to dσ2IJ , made of

double dipole × dipole (and dipole × double-dipole) terms.
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virtual contributions

dσ1IJ dipole × dipole

dσ2IJ double dipole × dipole

real contributions

dσ3IJ dipole × dipole

dσ4IJ double dipole × dipole

dσ5IJ double dipole × double dipole

Figure 6.4: Illustration of the five kinds of contributions to the NLO cross section from

the dipole point of view. Arrows show to which combination of dipole structures each

type of diagrams contributes.
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For the real diagrams, there are three classes of diagrams: the diagrams in which the

real gluon does not cross the shockwave, thus contributing to dσ3IJ , purely made of dipole

× dipole terms; the diagrams in which the real gluon crosses exactly once the shockwave,

contributing both to dσ3IJ , made of dipole × dipole terms as well as to dσ4IJ , made of

double dipole × dipole (and dipole × double-dipole) terms; the diagrams in which the real

gluon crosses exactly twice the shockwave, contributing to dσ3IJ , made of dipole × dipole

terms, to dσ4IJ , made of double dipole × dipole (and dipole × double-dipole) terms, and

to dσ5IJ , made of double dipole × double dipole terms.

Overview of cancellation of divergences

Before providing technical details, let us sketch the way the computation will be done,

putting emphasis on the infrared (IR) sector.

When generically decomposing any on-shell parton momentum in the Sudakov basis

as49

pµ = zp+nµ1 +
p⃗ 2

2zp+
nµ2 + pµ⊥ , (6.33)

in the IR sector, we face three kinds of divergences:

• Rapidity: z goes to zero and p⊥ arbitrary.

• Soft: any component of the gluon momentum goes linearly to zero (obtained with

both z and p⊥ = zp̃⊥ ∼ z going to zero).

• Collinear: parton’s p⊥ goes to zero, z being arbitrary.

Technically, since the z integration is regulated through a lower cut-off (named α),

one should be careful with the fact that the appearance of lnα may have originated from

both rapidity or soft divergences.

The calculation goes as follows. First, the rapidity divergences, appearing only in the

virtual corrections in the present computation, are taken care of at the amplitude level

by absorbing them in the shockwave through one step of B-JIMWLK evolution. This

removes part of terms with lnα related to pure rapidity divergences.

Next, at the level of cross section, we separate the soft divergent contribution from the

non-soft divergent terms. Combining real and virtual contributions, these soft divergent

terms will disappear as guaranteed by the Kinoshita-Lee-Nauenberg theorem.

49Here p+ is a large fixed momentum, eg p+γ in our present case.
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Finally, the remaining type of divergences, which are of purely collinear nature, will

be absorbed into the fragmentation functions through one step of the Dokshitzer-Gribov-

Lipatov-Altarelli-Parisi (DGLAP) evolution equation [5, 201, 7, 6].

Different fragmentation contributions to the NLO cross section

NLO

=

1-loop

+ c.c

(a)

+ +

(b) (c)

+ +

(
+ q ↔ q̄

)

(d) (e)

Figure 6.5: The five kinds of contributions to the NLO cross section.

At NLO, we have to deal with five kinds of contributions to the cross section, illustrated

in Fig. 6.5:

(a) γ∗ + P → h1 + h2 +X + P cross section at one loop (i.e. virtual contributions),

(b) γ∗ + P → h1 + h2 + g +X + P cross section at Born level (i.e. real contributions),
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(c) γ∗ + P → h1 + h2 + q̄ +X + P cross section at Born level (i.e. real contributions),

(d) γ∗ + P → h1 + h2 + q +X + P cross section at Born level (i.e. real contributions),

(e) FFs counterterms,

where X denotes the remnants of the fragmentation.

Contributions (a) and (e) are easy to treat since (a) is simply the convolution of a

known one-loop result with fragmentation functions, while (e) is obtained from the Born

result when one renormalizes the fragmentation functions. We just split them into finite

and divergent parts.

For the real contributions (b), (c), (d), the treatment is less straightforward even if

the partonic real corrections are also already known.

Contribution (b) is the most complicated one, it contains both soft and collinear

divergences. When we square the amplitude contributing to (b), see Fig. 6.6, there is a

series of finite contributions plus one, represented by the sum of contributions (1), (2), (3),

(4) of Fig. 6.6, that contains all divergences, and that belongs only to the dipole-dipole

contribution. We add and subtract to the latter its soft limit to obtain the following

structure

σ̃(b)div =
∑

λq ,λg ,λq̄

|Aqq̄,sing−dipole|2div = σ̃(b)div,1 + σ̃(b)div,2 + σ̃(b)div,3 + σ̃(b)div,4

= σ̃soft(b)div + (σ̃(b)div,1 − σ̃soft(b)div,1) + (σ̃(b)div,2 − σ̃soft(b)div,2) + (σ̃(b)div,3 − σ̃soft(b)div,3)

+(σ̃(b)div,4 − σ̃soft(b)div,4) (6.34)

with the meaning that each of these four contributions is in one-to-one correspondence

to the four diagrams (1), (2), (3), (4) in Fig. 6.6. Among these various terms, the

terms (σ̃(b)div,1− σ̃soft(b)div,1) and (σ̃(b)div,3− σ̃soft(b)div,3) are collinearly divergent, while the terms

(σ̃(b)div,2 − σ̃soft(b)div,2) and (σ̃(b)div,4 − σ̃soft(b)div,4) are finite.

In Fig. 6.7, the contribution with fragmentation from quark and gluon is considered.

Again, we have

σ̃(c)div =
∑

λq ,λg ,λq̄

|Aqg,sing−dipole|2div = σ̃(c)div,3 . (6.35)

Here, one does not encounter any soft divergence. The only divergence comes from the

contribution σ̃(c)div,3 which has a collinear divergence when the fragmenting gluon and the

antiquark are collinear.
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(b)

= +

(1) (2)

+ +

(3) (4)

+ finite contributions

Figure 6.6: NLO cross section in the case of fragmentation from the quark and the

antiquark. We explicitly isolate the diagrams which contain divergences. Diagram (1)

contains a collinear divergence between the fragmenting quark and the gluon as well as a

soft gluon divergence. Diagram (2) contains a soft gluon divergence. Diagram (3) contains

a collinear divergence between the fragmenting antiquark and the gluon as well as a soft

gluon divergence. Diagram (4) contains a soft gluon divergence. By “finite terms”, here,

we mean all diagrams in which the gluon crosses the shockwave at least once.
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=

+ finite contributions.

(c) (3)

Figure 6.7: NLO cross section in the case of fragmentation from the gluon and the quark.

We explicitly isolate the diagram which contains divergences, namely a collinear diver-

gence between the fragmenting gluon and the antiquark.

The discussion for the fourth case, see Fig. 6.8, involving the fragmentation from

antiquark and gluon goes along the same line: the only divergence comes from the con-

tribution σ̃(d)div,1 which has a collinear divergence when the fragmenting gluon and the

quark are collinear.

6.2 Counterterms from FFs renormalization and evo-

lution

The renormalization and evolution equations of FFs express the bare FFs in terms of

dressed ones. In MS scheme, at factorization scale µF , they take the form, following

notations of Ref. [70]

Dh
q (x) = Dh

q (x, µF )−
αs
2π

(
1

ϵ̂
+ ln

µ2
F

µ2

)∫ 1

x

dz

z

[
Dh
q

(x
z
, µF

)
Pqq(z) +Dh

g

(x
z
, µF

)
Pgq(z)

]
,

Dh
g (x) = Dh

g (x, µF )−
αs
2π

(
1

ϵ̂
+ ln

µ2
F

µ2

)∫ 1

x

dz

z

[∑

q,q̄

Dh
q

(x
z
, µF

)
Pqg(z) +Dh

g

(x
z
, µF

)
Pgg(z)

]
,

(6.36)

where 1
ϵ̂
= Γ(1−ϵ)

ϵ(4π)ϵ
∼ 1

ϵ
+ γE − ln(4π) and µ is the arbitrary parameter introduced by

dimensional regularization. The LO splitting functions are given by

Pqq(z) = CF

[
1 + z2

(1− z)+
+

3

2
δ(1− z)

]
, (6.37)

Pgq(z) = CF
1 + (1− z)2

z
, (6.38)
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=

+ finite contributions.

(d) (1)

Figure 6.8: NLO cross section in the case of fragmentation from the gluon and the anti-

quark. We explicitly isolate the diagram which contains divergences, namely a collinear

divergence between the fragmenting gluon and the quark.

Pqg(z) = TR
[
z2 + (1− z)2

]
with TR =

1

2
, (6.39)

Pgg(z) = 2CA

[
1

(1− z)+
+

1

z
− 2 + z(1− z)

]
+

(
11

6
CA −

nf
3

)
δ(1− z) , (6.40)

where the + prescription is defined as

∫ 1

a

dβ
F (β)

(1− β)+
=

∫ 1

a

dβ
F (β)− F (1)

(1− β) −
∫ a

0

dβ
F (1)

1− β . (6.41)

The collinear counterterms due to the renormalization of the bare FFs are calculated by

inserting Eq. (6.36) in the contributions (6.20, 6.24, 6.28) to the LO cross section. This

corresponds to the contribution (e) in Fig. 6.5. For the LL cross section, this counterterm

takes the form

dσqq̄→h1h2
LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×FLL
(
−αs
2π

)(1

ϵ̂
+ ln

µ2
F

µ2

)
Q2
q

{∫ 1

xh1
xq

dβ1
β1

[
Pqq(β1)D

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

+Pgq(β1)D
h1
g

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)]

+

∫ 1

xh2
xq̄

dβ2
β2

[
Pqq(β2)D

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
β2xq̄

, µF

)
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+Pgq(β2)D
h1
q

(
xh1
xq
, µF

)
Dh2
g

(
xh2
β2xq̄

, µF

)]}
+ (h1 ↔ h2)

=
dσh1h2LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct div

+
dσh1h2LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct fin

. (6.42)

The divergent part is the one containing 1/ϵ̂ and the finite term is the one with ln(µ2
F/µ

2).

The dependence on the arbitrary parameter µ disappears at the end when all finite terms

are put together. We stress here that, for any separate term in the curly bracket, one can

indifferently use FLL or F̃LL. In particular, for the first two terms we can use FLL and

for the last two F̃LL. This simple observation is useful when observing the cancellation of

divergences at the level of integrands. The same remark applies also for other transitions.

For cross sections involving other combinations of polarizations, we have

dσqq̄→h1h2
TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct

=
2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
(xq̄ − xq) δ(1− xq − xq̄)

×FTL
(
−αs
2π

)(1

ϵ̂
+ ln

µ2
F

µ2

)
Q2
q

{∫ 1

xh1
xq

dβ1
β1

[
Pqq(β1)D

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

+Pgq(β1)D
h1
g

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)]

+

∫ 1

xh2
xq̄

dβ2
β2

[
Pqq(β2)D

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
β2xq̄

, µF

)

+Pgq(β2)D
h1
q

(
xh1
xq
, µF

)
Dh2
g

(
xh2
β2xq̄

, µF

)]}
+ (h1 ↔ h2)

=
dσh1h2TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct div

+
dσh1h2TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct fin

,

(6.43)

and

dσqq̄→h1h2
TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct

=
αem

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×FTT
(
−αs
2π

)(1

ϵ̂
+ ln

µ2
F

µ2

)
Q2
q

{∫ 1

xh1
xq

dβ1
β1

[
Pqq(β1)D

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
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+Pgq(β1)D
h1
g

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)]

+

∫ 1

xh2
xq̄

dβ2
β2

[
Pqq(β2)D

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
β2xq̄

, µF

)

+Pgq(β2)D
h1
q

(
xh1
xq
, µF

)
Dh2
g

(
xh2
β2xq̄

, µF

)]}
+ (h1 ↔ h2)

=
dσh1h2TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct div

+
dσh1h2TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct fin

. (6.44)

The divergent parts are the ones containing 1/ϵ̂ and the finite terms are the ones with

ln(µ2
F/µ

2). The dependence on the arbitrary parameter µ disappears at the end when all

finite terms are put together.

6.3 NLO cross section: Virtual corrections

Here, we compute 1-loop virtual corrections to the leading order cross section. For sake

of comprehension, we report the dipole-dipole virtual corrections to the γ∗ → qq̄ cross

section, as presented in (5.24) of [198], which we refer to as our partonic cross section.

Adapting to our notation, we have

dσ̂1LL =
αs
2π

Γ(1− ϵ)
(4π)ϵ

CF

(
SV + S∗

V

2

)
dσ̂0LL

+
αsQ

2

4π

(
N2
c − 1

Nc

)
αemQ

2
q

(2π)4Nc

dxqdxq̄d
2pq⊥d

2pq̄⊥δ(1− xq − xq̄)

×
∫
d2p1⊥d

2p2⊥d
2p′1⊥d

2p′2⊥δ (pq1⊥ + pq̄2⊥)
δ (p11′⊥ + p22′⊥)

p⃗ 2
q1′ + xqxq̄Q2

F
(p12⊥

2

)
F∗
(p1′2′⊥

2

)

×
[

6x2qx
2
q̄

p⃗ 2
q1 + xqxq̄Q2

ln

(
x2qx

2
q̄µ

4Q2

(xqp⃗q̄ − xq̄p⃗q)2
(
p⃗ 2
q1 + xqxq̄Q2

)2

)

+

(
p−0
)2

s2p+γ
tr
((
C4

∥ + C5
1∥ + C6

1∥
)
p̂q̄γ

+p̂q
)
]
+ h.c.

(6.45)

in which the divergences are inside the contribution

SV + S∗
V

2
=

1

ϵ

[
− 4ϵ ln(α) ln

(
x2qx

2
q̄µ

2

(xqp⃗q̄ − xq̄p⃗q)2

)
+ 4 ln(α) + 4ϵ ln2(α)− 2 ln(xqxq̄) + 3

+2ϵ ln

(
xqxq̄µ

2

(xqp⃗q̄ − xq̄p⃗q)2

)
ln(xqxq̄) + ϵ ln2(xqxq̄)− 3ϵ ln

(
xqxq̄µ

2

(xqp⃗q̄ − xq̄p⃗q)2

)
− π2

3
ϵ+ 6ϵ

]
,

(6.46)
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where α is an infra-red cut-off imposed on the longitudinal fraction of gluon momenta

in order to regularize rapidity divergences. In Eq. (6.45) the C functions have been

parametrized using (5.25) and (5.26) in Ref. [198] as

(p−0 )
2

s2p+γ
tr(C4

|| p̂q̄γ
+p̂q) =

∫ x

0

dz [(ϕ4)LL]+ + (q ↔ q̄) , (6.47)

and

(p−0 )
2

s2p+γ
tr(Cn

1||p̂q̄γ
+p̂q) =

∫ x

0

dz [(ϕn)LL]+ |p⃗3=0⃗ + (q ↔ q̄) , (6.48)

where n = 5 or 6, and (q ↔ q̄) stands for pq ↔ pq̄, p
(′)
1 ↔ p

(′)
2 , xq ↔ xq̄. The expressions

for (ϕn)LL are given in Appendix D.1.

By using a factorization formula analogous to Eq. (6.14) and the expression (6.45),

as well as the collinear constraints (6.16) and (6.17), we obtain the dipole-dipole virtual

corrections to the full cross section. We split it into divergent part,

dσqq̄→h1h2
1LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
div

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FLL

× αs
2π
CF

1

ϵ̂


−4ϵ ln(α) ln


 µ2

(
p⃗h2
xh2
− p⃗h1

xh1

)2


+ 4 ln(α)

+ 4ϵ ln2(α)− 2 ln(xqxq̄) + 3
]
+ (h1 ↔ h2)

(6.49)

and finite part,

dσqq̄→h1h2
1LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
fin

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FLL

× αs
2π
CF

1

ϵ̂


2ϵ ln


 µ2

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2


 ln(xqxq̄)
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+ϵ ln2(xqxq̄)− 3ϵ ln


 µ2

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2


− π2

3
ϵ+ 6ϵ




+
αsQ

2

4π

(
N2
c − 1

Nc

)
αem

(2π)4Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)

×
(
xq
xh1

)d(
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

×
∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2

)2
+ xqxq̄Q2

∫
ddp2′⊥

F∗
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥
)

(
xq̄
xh2
p⃗h2 − p⃗2′

)2
+ xqxq̄Q2

×


6x

2
qx

2
q̄ ln




µ4Q2

(
p⃗h2
xh2
− p⃗h1

xh1

)2((
xq̄
xh2
p⃗h2 − p⃗2

)2
+ xqxq̄Q2

)2


+

(∫ xq

0

dz [(ϕ4)LL]+

+
∑

n=5,6

[(ϕn)LL]+

∣∣∣∣
p⃗3=0⃗

+ (q ↔ q̄)

)((
xq̄
xh2

p⃗h2 − p⃗2
)2

+ xqxq̄Q
2

)]
+ (h1 ↔ h2) . (6.50)

For the dσTL element of the matrix (6.18), we get from (5.28) of [198]

dσqq̄→h1h2
1TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
div

=
2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
(xq̄ − xq)

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FTL

× αs
2π
CF

1

ϵ̂


−4ϵ ln(α) ln


 µ2

(
p⃗h2
xh2
− p⃗h1

xh1

)2


+ 4 ln(α)

+4ϵ ln2(α)− 2 ln(xqxq̄) + 3
]
+ (h1 ↔ h2) , (6.51)

and

dσqq̄→h1h2
1TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
fin

=
2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
(xq̄ − xq)

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FTL
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× αs
2π
CF

1

ϵ̂


2ϵ ln


 µ2

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2


 ln(xqxq̄) + ϵ ln2(xqxq̄)

−3ϵ ln


 µ2

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2


− π2

3
ϵ+ 6ϵ




+
αsQ

4π

(
N2
c − 1

Nc

)
αem

(2π)4Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq

δ(1− xq − xq̄)

×
(
xq
xh1

)d(
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh1
xq
, µF

)

×
∫
ddp1⊥d

dp2⊥F
(p12⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥
)

×
∫
ddp1′⊥d

dp2′⊥F
∗
(p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1′⊥ +
xq̄
xh2

ph2⊥ − p2′⊥
)
ε∗T i

×


 1
(
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

(∫ xq

0

[
(ϕi4)TL

]
+
+
∑

n=5,6

∫ xq

0

[
(ϕin)TL

]
+

∣∣∣∣
p⃗3=0⃗

+ (q ↔ q̄)

)†

+
3xqxq̄(xq̄ − xq)

(
xq
xh1
ph1⊥ − p1′⊥

)i
((

xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

)((
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

)

×


ln




Q2µ8
(
p⃗h2
xh2
− p⃗h1

xh1

)−4

xqxq̄

((
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

)((
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

)




− xqxq̄Q
2

(
xq
xh1
p⃗h1 − p⃗1′

)2 ln


 xqxq̄Q

2

(
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2





+

1

2xqxq̄

((
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

)

×
(∫ xq

0

[
(ϕi4)LT

]
+
+
∑

n=5,6

∫ xq

0

[
(ϕin)LT

]
+

∣∣∣∣
p⃗3=0⃗

+ (q ↔ q̄)

)]
+ (h1 ↔ h2) . (6.52)

In the case of the TT transition, the result was obtained in Ref. [198] Eq. (5.35) and the

divergent part is

dσqq̄→h1h2
1TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
div

=
αem

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)



214 CHAPTER 6. INCLUSIVE DIFFRACTIVE DI-HADRON PRODUCTION

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FTT

× αs
2π
CF

1

ϵ̂


−4ϵ ln(α) ln


 µ2

(
p⃗h2
xh2
− p⃗h1

xh1

)2


+ 4 ln(α)

+4ϵ ln2(α)− 2 ln(xqxq̄) + 3
]
+ (h1 ↔ h2) (6.53)

while the finite part reads

dσqq̄→h1h2
1TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
fin

=
αem

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FTT

× αs
2π
CF

1

ϵ̂


2ϵ ln


 µ2

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2


 ln(xqxq̄) + ϵ ln2(xqxq̄)

−3ϵ ln


 µ2

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2


− π2

3
ϵ+ 6ϵ




+
αs
4π

(
N2
c − 1

Nc

)
αem

(2π)4Nc

∑

q

∫ 1

xh1

dxq
xq

∫ 1

h2

dxq̄
xq̄

δ(1− xq − xq̄)

×
(
xq
xh1

)d(
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

×
∫
ddp1⊥d

dp2⊥F
(p12⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥
)

×
∫
ddp1′⊥d

dp2′⊥F
∗
(p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1′⊥ +
xq̄
xh2

ph2⊥ − p2′⊥
)

× εT iε∗Tk




3

2

(
xq
xh1
ph1⊥ − p1⊥

)
r

(
xq
xh1
ph1⊥ − p1′⊥

)
l((

xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

)((
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

)

×
[
(xq̄ − xq)2gri⊥glk⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥
]

×


ln




µ4

xqxq̄

(
p⃗h2
xh2
− p⃗h1

xh1

)2((
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2

)



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− xqxq̄Q
2

(
xq
xh1
p⃗h1 − p⃗1

)2 ln


 xqxq̄Q

2

(
xq
xh1
p⃗h1 − p⃗1

)2
+ xqxq̄Q2





+

1((
xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

)
xqxq̄

×
(∫ xq

0

[
(ϕ4)

ik
TT

]
+
+
∑

n=5,6

∫ xq

0

[
(ϕn)

ij
TT

]
+

∣∣∣∣
p⃗3=0⃗

+ (q ↔ q̄)

)
+h.c.

∣∣∣∣
1↔1′,i↔k

}

+ (h1 ↔ h2) . (6.54)

6.4 NLO cross section: Real corrections

In this section, we will discuss the real corrections. Since, as explained above, the cal-

culation is almost completely identical in the LL, TL, and TT cases (apart from factors

that do not affect the general strategy), we will show the details of the LL case only. For

the others, we will just report the final results.

The dipole-dipole partonic cross section is given by Eq. (6.6) of Ref. [198]:

dσ̂3JI =
αs
µ2ϵ

(
N2
c − 1

Nc

)
αemQ

2
q

(2π)4(d−1)Nc

(p−0 )
2

s2x′qx
′
q̄

εIαε
∗
Jβdx

′
qdx

′
q̄δ(1− x′q − x′q̄ − xg)ddpq⊥ddpq̄⊥

× dxgd
dpg⊥

xg(2π)d

∫
ddp1⊥d

dp2⊥F
(p12⊥

2

)
δ(pq1⊥ + pq̄2⊥ + pg⊥)

×
∫
ddp1′⊥d

dp2′⊥F
∗
(p1′2′⊥

2

)
δ(pq1′⊥ + pq̄2′⊥ + pg⊥)

× Φα
3 (p1⊥, p2⊥)Φ

β∗
3 (p1′⊥, p2′⊥) ,

(6.55)

where we introduce shorthand notation by suppressing summation over helicities of par-

tons

Φα
3 (p1⊥, p2⊥)Φ

β∗
3 (p1′⊥, p2′⊥) ≡

∑

λq ,λg ,λq̄

Φα
3 (p1⊥, p2⊥)Φ

β∗
3 (p1′⊥, p2′⊥) . (6.56)

The impact factor has the form Φα
3 = Φα

4 |p⃗3=0 + Φ̃α
3 . Only the square of Φ̃α

3 provides

divergences in the cross section and it is given by (B.3) in Ref. [198]. The LL contribution



216 CHAPTER 6. INCLUSIVE DIFFRACTIVE DI-HADRON PRODUCTION

reads

Φ̃+
3 (p⃗1, p⃗2)Φ̃

+∗
3 (p⃗1′ , p⃗2′)

=
8x′qx

′
q̄(p

+
γ )

4
(
dx2g + 4x′q(x

′
q + xg)

)
(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)
(x′qp⃗g − xgp⃗q)2

− 8x′qx
′
q̄(p

+
γ )

4
(
2xg − dx2g + 4x′qx

′
q̄

) (
x′qp⃗g − xgp⃗q

)
·
(
x′q̄p⃗g − xgp⃗q̄

)
(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q1

x′q(1−x′q)

) (
x′qp⃗g − xgp⃗q

)2 (
x′q̄p⃗g − xgp⃗q̄

)2

+
8x′qx

′
q̄(p

+
γ )

4
(
dx2g + 4x′q̄(x

′
q̄ + xg)

)
(
Q2 +

p⃗ 2
q1

x′q(1−x′q)

)(
Q2 +

p⃗ 2
q1′

x′q(1−x′q)

)
(x′q̄p⃗g − xgp⃗q̄)2

− 8x′qx
′
q̄(p

+
γ )

4
(
2xg − dx2g + 4x′qx

′
q̄

) (
x′qp⃗g − xgp⃗q

)
·
(
x′q̄p⃗g − xgp⃗q̄

)
(
Q2 +

p⃗ 2
q1′

x′q(1−x′q)

)(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

) (
x′qp⃗g − xgp⃗q

)2 (
x′q̄p⃗g − xgp⃗q̄

)2 .

(6.57)

The TL contribution is

Φ̃+
3 (p⃗1, p⃗2)Φ̃

i∗
3 (p⃗1′ , p⃗2′)

=
4x′q

(
p+γ
)3

(
x′q + xg

)(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q1

x′q(1−x′q)

)
((

x′qpg⊥ − xgpq⊥
)
µ

(
x′q̄pg⊥ − xgpq̄⊥

)
ν(

x′qp⃗g − xgp⃗q
)2 (

x′q̄p⃗g − xgp⃗q̄
)2

)

×
[
xg
(
4x′q̄ + xgd− 2

) (
pµq̄2′⊥g

iν
⊥ − pνq̄2′⊥gµi⊥

)
−
(
2x′q̄ − 1

) (
4x′qx

′
q̄ + xg (2− xgd)

)
gµν⊥ piq̄2′⊥

]

−
4x′q

(
p+γ
)3 (

2x′q̄ − 1
) (
x2gd+ 4x′q

(
x′q + xg

))
piq̄2′⊥

(
x′q + xg

)(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

)(
x′qp⃗g − xgp⃗q

)2 + (q ↔ q̄) , (6.58)

and finally, the TT contribution reads

Φ̃i
3(p⃗1, p⃗2)Φ̃

k∗
3 (p⃗1′ , p⃗2′)

=
−2
(
p+γ
)2

(
x′q + xg

) (
x′q̄ + xg

)(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q1′

x′q(1−x′q)

)

×
((

x′qpg⊥ − xgpq⊥
)
µ

(
x′q̄pg⊥ − xgpq̄⊥

)
ν(

x′qp⃗g − xgp⃗q
)2 (

x′q̄p⃗g − xgp⃗q̄
)2

)
{
xg((d− 4))xg − 2)

[
pνq1′⊥

(
pµq̄2⊥g

ik
⊥ + pkq̄2⊥g

µi
⊥
)

+gµν⊥
(
(p⃗q1′ · p⃗q̄2) gik⊥ + piq1′⊥p

k
q̄2⊥
)
− gνk⊥ piq1′⊥pµq̄2⊥ − gµi⊥ gνk⊥ (p⃗q1′ · p⃗q̄2)

]
− gµν⊥

×
[(
2x′q − 1

) (
2x′q̄ − 1

)
pkq1′⊥p

i
q̄2⊥
(
4x′qx

′
q̄ + xg(2− xgd)

)
+ 4x′qx

′
q̄((p⃗q1′ · p⃗q̄2)gik⊥ + piq1′⊥p

k
q̄2⊥)

]

+
(
pµq1′⊥p

ν
q̄2⊥g

ik
⊥ − pµq1′⊥pkq̄2⊥gνi⊥ − piq1′⊥pνq̄2⊥gµk⊥ − gµk⊥ gνi⊥ (p⃗q1′ · p⃗q̄2)

)
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× xg((d− 4)xg + 2) + xg(2x
′
q̄ − 1)(xgd+ 4x′q − 2)

(
gµk⊥ pνq1′⊥ − gνk⊥ pµq1′⊥

)
piq̄2⊥

+xg(2x
′
q − 1)pkq1′⊥(4x

′
q̄ + xgd− 2)

(
gνi⊥ p

µ
q̄2⊥ − gµi⊥ pνq̄2⊥

)}

−
2x′q(p

+
γ )

2(x2gd+ 4x′q(x
′
q + xg))

(
(p⃗q̄2 · p⃗q̄2′)gik⊥ − (1− 2x′q̄)

2piq̄2⊥p
k
q̄2′⊥ + piq̄2′⊥p

k
q̄2⊥
)

x′q̄(x′q + xg)2
(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)(
x′qp⃗g − xgp⃗q

)2

+ (q ↔ q̄) . (6.59)

The divergent part of the LL partonic cross section from real emission is given by

dσ̂3LL|div =
4αemQ

2

(2π)4(d−1)Nc

Q2
qdx

′
qdx

′
q̄δ(1− x′q − x′q̄ − xg)ddpq⊥ddpq̄⊥

αsCF
µ2ϵ

dxg
xg

ddpg⊥
(2π)d

×
∫
ddp1⊥d

dp2⊥δ(pq1⊥ + pq̄2⊥ + pg⊥) F
(p12⊥

2

)

×
∫
ddp1′⊥d

dp2′⊥δ(pq1′⊥ + pq̄2′⊥ + pg⊥) F
∗
(p1′2′⊥

2

)

×





dx2g + 4x′q(x
′
q + xg)

(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)
(x′qp⃗g − xgp⃗q)2

−
(
2xg − dx2g + 4x′qx

′
q̄

) (
x′qp⃗g − xgp⃗q

)
·
(
x′q̄p⃗g − xgp⃗q̄

)
(
Q2 +

p⃗ 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 +

p⃗ 2
q1

x′q(1−x′q)

) (
x′qp⃗g − xgp⃗q

)2 (
x′q̄p⃗g − xgp⃗q̄

)2

+
dx2g + 4x′q̄(x

′
q̄ + xg)

(
Q2 +

p⃗ 2
q1

x′q(1−x′q)

)(
Q2 +

p⃗ 2
q1′

x′q(1−x′q)

)
(x′q̄p⃗g − xgp⃗q̄)2

−
(
2xg − dx2g + 4x′qx

′
q̄

) (
x′qp⃗g − xgp⃗q

)
·
(
x′q̄p⃗g − xgp⃗q̄

)
(
Q2 +

p⃗ 2
q1′

x′q(1−x′q)

)(
Q2 +

p⃗ 2
q̄2

x′q̄(1−x′q̄)

) (
x′qp⃗g − xgp⃗q

)2 (
x′q̄p⃗g − xgp⃗q̄

)2





.

(6.60)

When two partons labeled i and j become collinear, the variable

A⃗ij = xip⃗j − xj p⃗i (6.61)

vanishes. In the present case, the first term in the bracket of Eq. (6.60) gives the collinear

divergences (A⃗2
qg → 0, i.e. quark-gluon channel) and the third (A⃗2

q̄g → 0, i.e. antiquark-

gluon channel).

For the LT , the relevant divergent squared impact factor is (6.58) and for the TT , it

is (6.59).
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6.4.1 Fragmentation from quark and anti-quark

As explained above, there are several contributions to the final cross section that contain

divergences. In this section, we deal with extracting the soft and collinear divergences

associated with the contribution (b) in Fig. 6.5. This contribution corresponds to the

situation in which the quark and the anti-quark fragment and there is an additional

emission of a gluon with respect to the LO case. Below,

• We compute the collinear divergence of the diagram (1) of Fig. 6.6 and show that

it is removed by the + prescription part of the first term of Eq. (6.42).

• Similarly, we calculate the collinear divergence of the diagram (3) of Fig. 6.6 and

show that it is removed by the + prescription part of the third term of Eq. (6.42).

• We extract the soft divergences of diagrams (1), (2), (3), (4) of Fig. 6.6 and discuss

the complete cancellation of divergences of this contribution.

The calculations of the collinear divergences is done by Fourier transforming the F(p12⊥
2

),

as defined in (6.11), and by using the identity (see eg Ref. [202]):

1

µ2ϵ

∫
d2+2ϵq⊥e

−iq⊥·r⊥ 1

q2⊥
= π

(
4π

µ2r2⊥

)ϵ
Γ(ϵ) . (6.62)

We also have to change variables from the usual fraction of longitudinal photon momentum

of the partons (x′i, xg) with i = q, q̄, in the spirit of the definition (6.7), as used in

Eq. (6.60), to the variable of the fraction of longitudinal photon momentum of the parent

parton xi and longitudinal fraction β with respect to the parent parton and not with

respect to the photon anymore:

(x′i, xg)→ (xi, β) with x′i = βxi . (6.63)

Changing variables is necessary to be able to compare with (6.42), (6.43), and (6.44).

Note that to make notations lighter, we will remove the apex ’ when one particle is a

spectator, see Figs. 6.9 and 6.10.

The Fourier transform of F
(
p12⊥
2

)
is necessary in order to be able to integrate over the

transverse momentum of the spectator parton, as it allows for the complete factorization

of this momentum from this non-perturbative function.

Collinear contributions: q-g splitting

We use the kinematics illustrated in Fig. 6.9. The term in (6.57) considered for this

collinear contribution is the first one in the bracket:
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xq, p⃗q + p⃗g
x′q = β1xq, p⃗q

xg = (1− β1)xq, p⃗g
xq̄, p⃗q̄

Figure 6.9: Kinematics for the q − g splitting contribution. We indicate the longitudinal

fraction of momentum carried by the partons as well as their transverse momenta.

dσqq̄→h1h2
3LL |coll. qg

= dxh1dxh2
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg
xg

δ(1− x′q − xq̄ − xg)

×Q2
qD

h1
q

(
xh1
x′q
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
ddpq⊥d

dpq̄⊥
αs
µ2ϵ

CF
ddpg⊥
(2π)d

×
∫
ddp1⊥d

dp2⊥δ(pq1⊥ + pq̄2⊥ + pg⊥) F
(p12⊥

2

)

×
∫
ddp1′⊥d

dp2′⊥δ(pq1′⊥ + pq̄2′⊥ + pg⊥) F
∗
(p1′2′⊥

2

)

× (dx2g + 4x′q(x
′
q + xg))x

2
q̄(1− xq̄)2(

xq̄(1− xq̄)Q2 + p⃗ 2
q̄2

) (
xq̄(1− xq̄)Q2 + p⃗ 2

q̄2′

)
(x′qp⃗g − xgp⃗q)2

+ (h1 ↔ h2)

= dxh1dxh2d
dph1⊥d

dph2⊥
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

∫ 1

xh2

dxq̄
xq̄

δ(1− x′q − xq̄ − xg)

×
(
x′q
xh1

)d(
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1
x′q
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αs
µ2ϵ

CF
ddpg⊥
(2π)d

×
∫
ddp1⊥d

dp2⊥δ

(
x′q
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥ + pg⊥

)
F
(p12⊥

2

)

×
∫
ddp1′⊥d

dp2′⊥δ

(
x′q
xh1

ph1⊥ − p1′⊥ +
xq̄
xh2

ph2⊥ − p2′⊥ + pg⊥

)
F∗
(p1′2′⊥

2

)

× (dx2g + 4x′q(x
′
q + xg))x

2
q̄(1− xq̄)2(

xq̄(1− xq̄)Q2+
(
xq̄
xh2
p⃗h2 − p⃗2

)2)(
xq̄(1− xq̄)Q2+

(
xq̄
xh2
p⃗h2 − p⃗2′

)2)(
x′qp⃗g − xg

x′q
xh1
p⃗h1

)2

+ (h1 ↔ h2)
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= dxh1dxh2d
dph1⊥d

dph2⊥
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

∫ 1

xh2

dxq̄
xq̄

δ(1− x′q − xq̄ − xg)

×
(
x′q
xh1

)d(
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1
x′q
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αs
µ2ϵ

CF
ddpg⊥
(2π)d

×
∫
ddp2⊥ F

(
x′q
2xh1

ph1⊥ +
xq̄
2xh2

ph2⊥ − p2⊥ +
pg⊥
2

)

×
∫
ddp2′⊥ F∗

(
x′q
2xh1

ph1⊥ +
xq̄
2xh2

ph2⊥ − p2′⊥ +
pg⊥
2

)

× (dx2g + 4x′q(x
′
q + xg))x

2
q̄(1− xq̄)2(

xq̄(1− xq̄)Q2 +
(
xq̄
xh2
p⃗h2 − p⃗2

)2)(
xq̄(1− xq̄)Q2+

(
xq̄
xh2
p⃗h2 − p⃗2′

)2)(
x′qp⃗g − xg

x′q
xh1
p⃗h1

)2

+ (h1 ↔ h2) .

After performing the change of variable

x′q = β1xq

xg = (1− β1)xq

and using the Jacobian dx′qdxg = xq dxqdβ1 we can rewrite the longitudinal integration in

the symbolic form

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg
xg

δ(1− x′q − xq̄ − xg)

=

∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

∫ +∞

−∞

dxq̄
xq̄

θ(xq̄ − xh2)θ(1− xq̄)δ(1− x′q − xq̄ − xg)

=

∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

θ(1− x′q − xg − xh2)θ(x′q + xg)
1

1− x′q − xg

=

∫ 1−xh2

xh1

dxq
xq

1

1− xq

∫ 1− α
xq

xh1
xq

dβ1
β1(1− β1)

. (6.64)

After this manipulation, we obtain

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1−xh2

xh1

dxqxq(1− xq)
(
xq
xh1

)d(
1− xq
xh2

)d

×
∫ 1− α

xq

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)
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×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
β1xq
2xh1

ph1⊥+
1−xq
2xh2

ph2⊥−p2⊥
)
F (z1⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

p⃗h2 − p⃗2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
β1xq
2xh1

ph1⊥+
1−xq
2xh2

ph2⊥−p2′⊥
)
F ∗(z2⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

p⃗h2 − p⃗2′
)2

× 2(1 + β2
1) + 2ϵ(1− β1)2 + 4ϵ(1 + β2

1) ln β1
1− β1

× ei(
z1⊥−z2⊥

2 )· (1−β1)xq
xh1

ph1⊥ αs
µ2ϵ

CF

∫
ddpg⊥
(2π)d

ei(
z1⊥−z2⊥

2 )·pg⊥

(p⃗g)
2 + (h1 ↔ h2). (6.65)

The integral over pg⊥ gives, using Eq. (6.62),

µ−2ϵ

∫
ddpg⊥
(2π)d

ei(
z1⊥−z2⊥

2 )·pg⊥

(p⃗g)
2 =

1

(2π)d
πµ−2ϵ

[(
z1⊥−z2⊥

2

)2

4π

]−ϵ
Γ(ϵ)

=
1

4π

(
1

ϵ̂
+ ln

(
c20(

z1⊥−z2⊥
2

)2
µ2

))
+O(ϵ)

=
1

4π

1

ϵ̂

(
c20(

z1⊥−z2⊥
2

)2
µ2

)ϵ

+O(ϵ) (6.66)

where c0 = 2e−γE . This leads to

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg.

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d(
xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+

1−xq
2xh2

ph2⊥−p2⊥
)
F (z1⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

p⃗h2 − p⃗2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+

1−xq
2xh2

ph2⊥−p2′⊥
)
F ∗(z2⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

p⃗h2 − p⃗2′
)2

×
∫ 1− α

xq

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

× αsCF
2π

[
1

ϵ̂

(
c20(

z1⊥−z2⊥
2

)2
µ2

)ϵ
1 + β2

1

1− β1
+

(1− β1)2 + 2(1 + β2
1) ln β1

(1− β1)

]
+ (h1 ↔ h2).

(6.67)
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Here in Eq. (6.67) we have put back the integral in xq̄ using

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ δ(1− xq − xq̄) =
∫ 1

xh1

dxq

∫ +∞

−∞
dxq̄ δ(1− xq − xq̄)θ(1− xq̄)θ(xq̄ − xh2)

=

∫ 1−xh2

xh1

dxq

(6.68)

in order to have the same form as in the LO cross section (6.20).

Now, to separate the collinear and soft contribution, we introduce the plus prescription,

as defined in Eq. (6.41), and after, we expand the factor 1
ϵ

(
c20

( z1⊥−z2⊥
2 )

2
µ2

)ϵ
within accuracy

of order ϵ0, only in those terms whose integrand is safe in the limit β1 → 1:

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg.

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d(
xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+

xq̄
2xh2

ph2⊥−p2⊥
)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2
p⃗h2 − p⃗2

)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+

xq̄
2xh2

ph2⊥−p2′⊥
)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2
p⃗h2 − p⃗2′

)2

×
{∫ 1

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αsCF
2π

1

ϵ̂

1 + β2
1

(1− β1)+

+

∫ 1− α
xq

xh1
xq

dβ1Q
2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αsCF
2π

1

ϵ̂

(
c20(

z1⊥−z2⊥
2

)2
µ2

)ϵ
2

1− β1

−Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αsCF
2π

1

ϵ̂
2 ln

(
1− xh1

xq

)

+

∫ 1

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1
β1xq

, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αsCF
2π

[
ln

(
c20(

z1⊥−z2⊥
2

)2
µ2

)
1 + β2

1

(1− β1)+

+
(1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)

]
−Q2

qD
h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

×αsCF
2π

2 ln

(
1− xh1

xq

)
ln

(
c20(

z1⊥−z2⊥
2

)2
µ2

)}
+ (h1 ↔ h2)

=
dσqq̄→h1h2

3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+
dσqq̄→h1h2

3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

, (6.69)
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where the term denoted by the label “coll. qg div” corresponds to the sum of the first three

terms in the curly bracket, whereas the remaining terms in the curly bracket contribute

to the term denoted “coll. qg fin”.

This gives the following expression for the divergent part:

dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×
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The first term in the bracket cancels part of the first term in the bracket in Eq. (6.42),

i.e. the part involving the + prescription in the spitting function Pqq, and the remaining

part of the Pqq term is cancelled by an analogous contribution in the virtual part. The

second term in Eq. (6.70) has to be removed to avoid double counting as it corresponds

to the soft contribution and will be taken into account later in the chapter. The third

and last term, in Eq. (6.70), will compensate an analogous term in the soft contribution.

The finite part for the LL contribution takes the form
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(6.71)

Similarly, one gets for the TL case
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, (6.72)

where
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(6.73)

and finally, one obtains for the TT case
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(6.75)

Collinear contributions: q̄-g splitting

Here the term in (6.57) to consider is the third one. The calculation proceeds in the

same way as for the quark-gluon collinear contribution but this time the integration is

performed over p2⊥ and p2′⊥. To observe the cancellation of these collinear divergences,

one has to use the different representations we gave for the LO cross section, as explained

before, see eqs. (6.22, 6.23) with respect to eqs. (6.20, 6.21).
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xq̄, p⃗q̄ + p⃗g

xq, p⃗q

xg = (1− β2)xq̄, p⃗g
x′q̄ = β2xq̄, p⃗q̄

Figure 6.10: Kinematics for the q̄− g splitting contribution. We indicate the longitudinal

fraction of momentum carried by the partons as well as their transverse momenta.

This time, the change of variable to be done is

x′q̄ = β2xq̄,

xg = (1− β2)xq̄ . (6.76)

This kinematics is illustrated in Fig. 6.10. The boundaries of integration for (xq̄, β2) are

calculated in the same spirit as in eq (6.64).

Thus, after changes of variable and integrations, the third term in (6.57) takes the

form
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=
dσqq̄→h1h2

3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+
dσqq̄→h1h2

3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

. (6.77)

Adding the + prescription and expanding up to ϵ0, just like for the collinear qg con-

tribution, one gets the finite and divergent part of (6.77). The divergent part is
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The first term cancels with the + prescription term in the second Pqq in (6.42). We

have to remove the second term to avoid double counting with the soft contribution. The

third term is to be removed by the soft contribution.

The finite part is
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(6.79)

For the TL transition,
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(6.80)

where
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and
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(6.82)

For the TT case, we get
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where
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and
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(6.85)

Soft contribution

To calculate the soft contribution of the divergent part of the real emission cross section,

the soft limit of (6.60) is taken by setting p⃗g = xgu⃗, where |u⃗| ∼ |p⃗h|, which extracts the

divergence on xg.
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×





dx2g + 4x′q(x
′
q + xg)

Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′
)2

(1−x′q̄)x′q̄


x′2q

(
u⃗− p⃗h1

xh1

)2

+
dx2g + 4x′q̄(x

′
q̄ + xg)

Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2+xgu⃗
)2

(1−x′q)x′q




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′+xgu⃗
)2

(1−x′q)x′q


x′2q̄

(
u⃗− p⃗h2

xh2

)2

−
[2xg − dx2g + 4x′qx

′
q̄]
(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)


Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2+xgu⃗
)2

(1−x′q)x′q


x′qx

′
q̄

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2

−
[2xg − dx2g + 4x′qx

′
q̄]
(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)


Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′+xgu⃗
)2

(1−x′q)x′q


x′qx

′
q̄

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2




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The limit xg → 0 in the F function and impact factor can be taken safely in the non-

divergent terms of the cross section, as x′q and x
′
q̄ are limited from below by xh1 , xh2 and

so cannot be arbitrary small (ie of order xg). The cross section in the soft limit becomes:
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xh1

dx′q
x′q

∫ 1

xh2

dx′q̄
x′q̄

Q2
qD

h1
q

(
xh1
x′q
, µF

)
Dh2
q̄

(
xh2
x′q̄
, µF

)

×
(
x′q
xh1

)d( x′q̄
xh2

)d ∫ 1

α

dxg
x3−dg

δ(1− x′q − x′q̄ − xg)
αsCF
µ2ϵ

∫
ddu⃗

(2π)d

×
∫
ddp1⊥d

dp2⊥ F
(p12⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1⊥ +
x′q̄
xh2

ph2⊥ − p2⊥
)

×
∫
ddp1′⊥d

dp2′⊥ F∗
(p1′2′⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1′⊥ +
x′q̄
xh2

ph2⊥ − p2′⊥
)
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×





4
Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′
)2

(1−x′q̄)x′q̄



(
u⃗− p⃗h1

xh1

)2

+
4

Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q)x′q




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′
)2

(1−x′q)x′q



(
u⃗− p⃗h2

xh2

)2

−
4
(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)


Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q)x′q



(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2

−
4
(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)


Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗
′
2

)2

(1−x′q)x′q



(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2





+ (h1 ↔ h2)

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dx′q̄
x′q̄

Q2
qD

h1
q

(
xh1
x′q
, µF

)
Dh2
q̄

(
xh2
x′q̄
, µF

)

×
(
x′q
xh1

)d( x′q̄
xh2

)d ∫ 1

α

dxg
x3−dg

δ(1− x′q − x′q̄ − xg)
αsCF
µ2ϵ

∫
ddu⃗

(2π)d

×
∫
ddp1⊥d

dp2⊥ F
(p12⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1⊥ +
x′q̄
xh2

ph2⊥ − p2⊥
)

×
∫
ddp1′⊥d

dp2′⊥ F∗
(p1′2′⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1′⊥ +
x′q̄
xh2

ph2⊥ − p2′⊥
)

× 4
Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2
)2

(1−x′q̄)x′q̄




Q2 +

(
x′q̄
xh2

p⃗h2−p⃗2′
)2

(1−x′q̄)x′q̄








1
(
u⃗− p⃗h1

xh

)2 +
1

(
u⃗− p⃗h2

xh2

)2

−
2
(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2





+ (h1 ↔ h2) .

Then, the cross section is divided into two parts in order to do two different changes

of variables, which are the same changes as in eqs. (6.64, 6.76), in each part:

x′q = β1xq , xg = (1− β1)xq , (6.86)
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x′q̄ = β2xq̄ , xg = (1− β2)xq̄ , (6.87)

where the integration boundaries are calculated following the steps in Eq. (6.64). This

division and changes of variable respect the symmetry between diagrams (1) + (2) on one

side, and (3) + (4) on the other side in Fig. 6.6. The limits β1,2 → 1, corresponding to

xg → 0 are then taken. The choice of splitting the cross section in this way, comes from

the will to observe the cancellation of divergences at integrand level. The first term, after

the transformation (6.86) and after taking the limit, gives

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β1

=
2αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1−xh2

xh1

dxq
xq

1

1− xq

(
xq
xh1

)d(
1− xq
xh2

)d

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥ F

(
xq
2xh1

ph1⊥ +
1− xq
2xh2

ph2⊥ − p2⊥
)

×
∫
ddp2′⊥ F∗

(
xq
2xh1

ph1⊥ +
1− xq
2xh2

ph2⊥ − p2′⊥
)

×
∫ 1− α

xq

xh1
xq

dβ1
(1− β1)1−2ϵx1−2ϵ

q

xq

× 4(1− xq)2x2q(
(1− xq)xqQ2 +

(
1−xq
xh2

p⃗h2 − p⃗2
)2)(

(1− xq)xqQ2 +
(

1−xq
xh2

p⃗h2 − p⃗2′
)2)

× αsCF
µ2ϵ

∫
ddu⃗

(2π)d





1
(
u⃗− p⃗h1

xh1

)2 +
1

(
u⃗− p⃗h2

xh2

)2 − 2

(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2





+ (h1 ↔ h2) .

(6.88)

In a similar fashion, the transformation (6.87) leads to second contribution, which reads

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β2

=
2αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1−xh1

xh2

dxq̄
xq̄

1

1− xq̄

(
xq̄
xh2

)d(
1− xq̄
xh1

)d

×Q2
qD

h1
q

(
xh1

1− xq̄
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

×
∫
ddp2⊥ F

(
1− xq̄
2xh1

ph1⊥ +
xq̄
2xh2

ph2⊥ − p2⊥
)
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×
∫
ddp2′⊥ F∗

(
1− xq̄
2xh1

ph1⊥ +
xq̄
2xh2

ph2⊥ − p2′⊥
)

×
∫ 1− α

xq̄

xh2
xq̄

dβ2

(1− β2)1−2ϵx1−2ϵ
q̄

xq̄

× 4(1− xq̄)2x2q̄(
(1− xq̄)xq̄Q2 +

(
xq̄
xh2
p⃗h2 − p⃗2

)2)(
(1− xq̄)xq̄Q2 +

(
xq̄
xh2
p⃗h2 − p⃗2′

)2)

× αsCF
µ2ϵ

∫
ddu⃗

(2π)d





1
(
u⃗− p⃗h1

xh1

)2 +
1

(
u⃗− p⃗h2

xh2

)2 − 2

(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2





+ (h1 ↔ h2) .

(6.89)

Next, we integrate over u⃗, which gives

Iu =
αsCF
µ2ϵ

∫
ddu⃗

(2π)d





1
(
u⃗− p⃗h1

xh

)2 +
1

(
u⃗− p⃗h2

xh2

)2 − 2

(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2





=
αsCF
µ2ϵ

(
p⃗h1
xh1
− p⃗h2
xh2

)2 ∫
ddu⃗

(2π)d
1

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2

=
αsCF
µ2ϵ

(
p⃗h1
xh1
− p⃗h2
xh2

)2 ∫
ddu⃗

(2π)d
1

u⃗2
(
u⃗−

(
p⃗h1
xh1
− p⃗h2

xh2

))2

=
αsCF
µ2ϵ

(
p⃗h1
xh1
− p⃗h2
xh2

)2
1

(2π)d
π1+ϵΓ(1− ϵ)β(ϵ, ϵ)

[(
p⃗h1
xh1
− p⃗h2
xh2

)2
]ϵ−1

=
αs
2π
CF

1

ϵ̂


1 + ϵ ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2





 . (6.90)

Finally, the integral over β leads to

∫ 1−α
x

xh
x

dβ

(1− β)3−d =

∫ 1−α
x

xh
x

dβ

1− β [1 + 2ϵ ln(1− β)]

= − ln
(α
x

)
+ ln

(
1− xh

x

)
− ϵ ln2

(α
x

)
+ ϵ ln2

(
1− xh

x

)

= − lnα + lnx+ ln
(
1− xh

x

)
− ϵ
[
ln2 α− 2 lnα lnx+ ln2 x

]

+ ϵ ln2
(
1− xh

x

)
. (6.91)

Combining both integrals over β (6.91) and over u⃗ (6.90) and keeping only the divergent
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terms, eqs. (6.88) and (6.89) become respectively

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β1

=
2αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FLL

αSCF
2π

4

ϵ̂

[
− lnα + lnxq + ln

(
1− xh1

xq

)

−ϵ ln2 α− ϵ lnα ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ ϵ lnxq

(
lnxq + 2 ln

(
1− xh1

xq

)

+ ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2





+ ϵ ln

(
1− xh1

xq

)

ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ ln

(
1− xh1

xq

)






+ (h1 ↔ h2) ,

and

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β2

=
2αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FLL

αSCF
2π

4

ϵ̂

[
− lnα + lnxq̄ + ln

(
1− xh2

xq̄

)

−ϵ ln2 α− ϵ lnα ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ ϵ lnxq̄

(
lnxq̄ + 2 ln

(
1− xh2

xq̄

)

+ ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2





+ ϵ ln

(
1− xh2

xq̄

)

ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ ln

(
1− xh2

xq̄

)






+ (h1 ↔ h2) .

As said above, the total soft contribution expression is found by summing the two above

equations. As usual, we split the final result into divergent and finite part. In the LL
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case, we obtain

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft div

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FLL

× αsCF
2π

1

ϵ̂

[
−4 lnα + 2 lnxq + 2 ln

(
1− xh1

xq

)
− 4ϵ ln2 α

−4ϵ lnα ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ 2 lnxq̄ + 2 ln

(
1− xh2

xq̄

)



+ (h1 ↔ h2) . (6.92)

and

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft fin

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄xqxq̄

(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FLL

× αsCF
π


lnxq


lnxq + 2 ln

(
1− xh1

xq

)
+ ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2







+ ln

(
1− xh1

xq

)

ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ ln

(
1− xh1

xq

)



+ lnxq̄

(
lnxq̄ + 2 ln

(
1− xh2

xq̄

)
+ ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2







+ ln

(
1− xh2

xq̄

)

ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ ln

(
1− xh2

xq̄

)






+ (h1 ↔ h2) . (6.93)

For the TL and TT case, the calculation leads respectively to

dσqq̄→h1h2
3TL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft div

=
2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄(xq̄ − xq)
(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FTL
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× αsCF
2π

1

ϵ̂

[
−4 lnα + 2 lnxq + 2 ln

(
1− xh1

xq

)
− 4ϵ ln2 α

−4ϵ lnα ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2


+ 2 lnxq̄ + 2 ln

(
1− xh2

xq̄

)



+ (h1 ↔ h2) , (6.94)

dσqq̄→h1h2
3TL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft fin

=
2αemQ

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄(xq̄ − xq)
(
xq
xh1

)d(
xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
FTL

× αsCF
π


lnxq


lnxq + 2 ln

(
1− xh1

xq

)
+ ln




(
p⃗h1
xh1
− p⃗h2

xh2

)2

µ2







+ ln

(
1− xh1

xq

)

ln



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+ (h1 ↔ h2) . (6.95)

and

dσqq̄→h1h2
3TT
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
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− p⃗h2
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)
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
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+ (h1 ↔ h2) , (6.96)

dσqq̄→h1h2
3TT
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(
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(
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(
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+ (h1 ↔ h2) . (6.97)

At this level, we are already able to observe the full cancellation of soft divergences

(and hence the disappearance of lnα-terms). Consider, for instance, the longitudinal

cross section. Combining the divergent soft contribution, coming from the real part, see

Eq. (6.92), with the virtual contribution (6.49) we see the complete cancellation of these

lnα-terms and also of 1
ϵ
ln(xqxq̄)-term. Moreover, surviving 1

ϵ
divergent terms cancel in

combination with:

• Terms proportional to 3
2
δ(1− βi) appearing inside the splitting functions in (6.42)

• Term proportional to ln
(
1− xh1

xq

)
in Eq. (6.70)

• Term proportional to ln
(
1− xh2

xq̄

)
in (6.78)

Now, we are only left with collinearly divergent contributions related to the case of frag-

mentation from quark and gluon or from anti-quark and gluon. These should cancel the

only two divergent contributions left in Eq. (6.42), i.e., the ones proportional to Pgq(βi).
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6.4.2 Fragmentation from anti-quark and gluon

In this section, we deal with extracting the collinear divergences associated with the

contribution (d) in Fig. 6.5. This contribution corresponds to the situation in which

the anti-quark and the gluon fragment, while the quark plays the role of “spectator”

emitted particle. This case is much simpler than before. We do not have to deal with

any soft divergence and the only IR divergence that appears is when the fragmenting

gluon is emitted by the quark line after the shockwave and the emitted quark and gluon

become collinear. Hence, we can directly compute the contribution due to the first term

of Eq. (6.60).

We emphasize the difference with the contribution calculated in section 6.4.1. Although

at the level of hard computation the term that generates the present divergence is the

same as the one that generates the collinear divergence in section 6.4.1, the situation is

completely different. In the present case, we integrate out the quark kinematic variables

and remain differential in the variable of the emitted gluon, while, in section 6.4.1 it was

exactly the opposite.

Collinear contribution: q-g splitting

According to the above discussion, we should focus on the first term of Eq. (6.57), which

exhibits a collinear pole, namely

dσgq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxg
x2g

∫ 1

0
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∫ 1
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dxq̄
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×
(
xg
xh1

)d(
xq̄
xh2

)d
Q2
qD
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g

(
xh1
xg
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)
αs
µ2ϵ

CF

∫
ddpq⊥
(2π)d

×
∫
ddp2⊥F

(
pq⊥
2

+
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2xh2

ph2⊥ − p2⊥ +
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)
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∗
(
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2
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)

× 1(
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2
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)2 + (h1 ↔ h2) .
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Using a change of variable similar to (6.64), here

xg = β1xq

x′q = (1− β1)xq

with the Jacobian dx′qdxg = dxqdβ1xq and treating the integration over longitudinal frac-

tions as follows
∫ 1

xh1

dxg
x2g

∫ 1
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dxq̄
xq̄

∫ 1

0

dx′qδ(1− x′q − xq̄ − xg)

=

∫ 1

xh1

dxg
x2g

∫ 1

0

dx′q

∫ +∞

−∞
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=
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1
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1

,

we get
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+ (h1 ↔ h2) . (6.98)

Using Eq. (6.62) in Eq. (6.98) to perform the integration over quark transverse momenta,

we obtain
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dσgq̄→h1h2
3LL
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where the term labeled with “div” contains the first term of the square bracket.

Putting back xq̄ using Eq. (6.68), this divergent term takes the form:
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This is the term needed to cancel the divergent term proportional to Pgq(β1) in (6.42).

Instead, the finite part in Eq. (6.99) reads
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In a similar way, in the TL case, we get
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× δ(1− xq − xq̄)
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. (6.102)

Finally, in the TT case, we have
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These results conclude the discussion of divergences in the case of fragmentation from

antiquark and gluon.

6.4.3 Fragmentation from quark and gluon

In this section, we deal with extracting the collinear divergences associated with the

contribution (c) in Fig. 6.5. This contribution corresponds to the situation in which

the quark and the gluon fragment, while the anti-quark plays the role of the “spectator”

emitted particle.

Collinear contribution: q̄-g splitting

The term in Eq. (6.57) to consider is the third one. The calculation proceeds in the same

way as for the anti-quark and gluon fragmentation, but this time the integration is over

p2,2′⊥ in the F function.

For the LL case, we get

dσqg→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. q̄g

=
4αemQ

2

(2π)4(d−1)Nc

∑

q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d(
xq̄
xh2

)d

×
∫ 1

xh2
xq̄

dβ2
β2

Q2
qD

h2
q

(
xh1
xq
, µF

)
Dh2
g

(
xh2
β2xq̄

, µF

)

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq̄

2xh2
ph2⊥+p1⊥− xq

2xh1
ph1⊥

)

xqxq̄Q2 +
(
xq
xh1
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)2 F (z1⊥)
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e
−iz2⊥·
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− xq̄
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ph1⊥

)
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(
xq
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)2F ∗(z2⊥)

× αs
2π
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[
1

ϵ̂

1 + (1− β2)2
β2

+ β2 +
2(1 + (1− β2)2) ln β2

β2

+
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β2
ln

(
c20(
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2
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µ2

)]
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=
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3LL
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dph2⊥

∣∣∣∣
coll. q̄g div

+
dσqg→h1h2

3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

. (6.104)
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This term cancels the divergent term proportional to Pgq(β2) in (6.42). This is the last

remaining cancellation of divergences, the rest of the cross section is now completely finite.

For the TL case, we get

dσqg→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. q̄g
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q
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qD
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q

(
xh1
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, µF

)
Dh2
g
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β2xq̄

, µF
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ddz1⊥

e
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(
− xq̄

2xh2
ph2⊥+p1⊥− xq
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)

xqxq̄Q2 +
(
xq
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p⃗h1 − p⃗1

)2 F (z1⊥)

×
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e
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(
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2xh2
ph2⊥−p1′⊥− xq
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)

xq(1− xq)Q2 +
(
xq
xh1
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1

ϵ̂
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(
c20(
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∣∣∣∣
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. (6.105)

Finally, for the TT case, we get

dσqg→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. q̄g

=
αem
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× αs
2π
CF

[
1

ϵ̂

1 + (1− β2)2
β2

+ β2 +
2 ln β2(1 + (1− β2)2)

β2

+
1 + (1− β2)2

β2
ln

(
c20(

z2⊥−z1⊥
2

)2
µ2

)]
+ (h1 ↔ h2)

=
dσqg→h1h2

3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+
dσqg→h1h2
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dph2⊥

∣∣∣∣
coll. q̄g fin

. (6.106)

6.5 Additional finite terms

Some of the finite terms of our calculation are presented in previous sections. They come

as a result of the extraction of divergences. There are many other terms, completely

disconnected from divergences, which however contribute to the final result. We proceed

to list them, also emphasizing again what their nature is.

6.5.1 Virtual corrections: Dipole × double-dipole contribution

The 1-loop correction to the γ∗ → qq̄ contains a dipole and double-dipole terms. The first

one receives a contribution from all diagrams, while the second one gets contributions

only from diagrams where the virtual gluon crosses the shockwave. At the cross section

level there will therefore be two contributions:

• The one due to the interference between the dipole correction and the Born ampli-

tude. This contains divergences and it is the one that we have completely computed

in section 6.3.

• The one due to the interference between the double-dipole correction and the Born

amplitude. Any rapidity divergence present in this term is completely reabsorbed

into the renormalized Wilson operator, at the amplitude level, with the help of the

B-JIMWLK evolution. After this operation, this contribution is finite and can be

taken in convolution with FFs without any additional manipulation.

Starting from Eq. (5.34) of [198], we get

dσqq̄→h1h2
2LL

dxh1d
2ph1⊥dxh2d

2ph2⊥

=
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2
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Q2
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xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄ δ(1− xq − xq̄)Dh1
q

(
xh1
xq
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)
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q̄

(
xh2
xq̄
, µF

)
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×
∫
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2p2′⊥
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Concerning other transitions, we have

dσqq̄→h1h2
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+ (h1 ↔ h2) , (6.108)

and

dσqq̄→h1h2
2TT

dxh1d
2ph1⊥dxh2d

2ph2⊥

=
αemαs

(2π)5Ncx2h1x
2
h2

∑

q

Q2
q

2

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄ δ(1− xq − xq̄)Dh1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

×
∫
d2p1⊥d

2p2⊥

∫
d2p3⊥
(2π)2

∫
d2p1′⊥d

2p2′⊥
εT iε

∗
Tj(

xq
xh1
p⃗h1 − p⃗1′

)2
+ xqxq̄Q2

×
[
δ

(
xq
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥ − p3⊥
)
δ

(
xq
xh1

ph1⊥ − p1′⊥ +
xq̄
xh2

ph2⊥ − p2′⊥
)

× F̃
(p12⊥

2
, p3⊥

)
F∗
(p1′2′⊥

2

){[( xq
xh1

ph1 − p1′
)

l

(
xq
xh1

ph1 − p1
)

k



252 CHAPTER 6. INCLUSIVE DIFFRACTIVE DI-HADRON PRODUCTION
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∣∣
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]

+ (h1 ↔ h2) . (6.109)

The ϕ function are defined in Appendix D.1.

6.5.2 Real corrections: Fragmentation from quark and anti-

quark

In this case, we refer to the finite terms related to the contribution (b) of Fig. 6.5. In order

to better understand what these contributions are, referring to Ref. [203], we recall that

the impact factor for the transition γ∗ → qq̄g has a double dipole contribution (Φ
(+,i)
4 )

and a single dipole (Φ
(+,i)
3 ) contribution. The finite contributions which we obtain are

• Finite terms related to the dipole × dipole contribution.

• Dipole × double dipole contribution.

• Double dipole × double dipole contribution.

Finite part of dipole × dipole contribution

When we square the dipole contribution, using shorthand notation introduced in (6.56),

we obtain the following structure:

Φα
3 (p⃗1, p⃗2)Φ

β∗
3 (p⃗1′ , p⃗2′) = Φ̃α

3 (p⃗1, p⃗2)Φ̃
β∗
3 (p⃗1′ , p⃗2′)
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+
(
Φ̃α

3 (p⃗1, p⃗2)Φ
β∗
4 (p⃗1′ , p⃗2′ , 0⃗) + Φα

4 (p⃗1, p⃗2, 0⃗)Φ
β∗
3 (p⃗1′ , p⃗2′)

)

+ Φα
4 (p⃗1, p⃗2, 0⃗)Φ

β∗
4 (p⃗1′ , p⃗2′ , 0⃗) . (6.110)

The first term in the RHS is the one containing divergences that we have considered in

previous sections. After isolating soft and collinear divergences, finite terms remain. The

finite contributions for σ̃(b)div,1 and σ̃(b)div,3 have been computed respectively in sections

6.4.1 and 6.4.1, see eqs. (6.71), (6.73), (6.75) and (6.79) (6.82) (6.85). Besides, the terms

(σ̃(b)div,2 − σ̃soft(b)div,2) and (σ̃(b)div,4 − σ̃soft(b)div,4) in Eq. (6.34) are finite. Their contribution

read
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∣∣∣∣∣
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)


Q2 +

(
xq̄
xh2

p⃗h2−p⃗2′
)2

xq̄(1−xq̄)




Q2 +

(
xq
xh1

p⃗h1−p⃗1
)2

xq(1−xq)




(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2

−
(2xg − dx2g + 4xqxq̄)δ

(
xq
xh1
ph1⊥ − p1⊥ + xq̄

xh2
ph2⊥ − p2⊥ + xgu⊥

)


Q2 +

(
xq̄
xh2

p⃗h2−p⃗2′
)2

xq̄(1−xq̄)




Q2 +

(
xq
xh1

p⃗h1−p⃗1
)2

xq(1−xq)




(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2

−
(2xg − dx2g + 4xqxq̄)δ

(
xq
xh1
ph1⊥ − p1⊥ + xq̄

xh2
ph2⊥ − p2⊥ + xgu⊥

)


Q2 +

(
xq̄
xh2

p⃗h2−p⃗2
)2

xq̄(1−xq̄)




Q2 +

(
xq
xh1

p⃗h1−p⃗1′
)2

xq(1−xq)




×

(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2





+ (h1 ↔ h2) , (6.111)
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in the LL case. The same contribution in the TL and TT cases is, respectively,

dσqq̄→h1h2
3TL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
finite, (b) 2,4

=
αsCF
µ2ϵ

2αemQ

(2π)4(d−1)Ncxdh1x
d
h2

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

xq̄
xq̄

∫ 1

α

dxg
x3−dg

(xqxq̄)
d−1δ(1− xq − xq̄ − xg)

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)∫
ddu⃗

(2π)d

∫
ddp1⊥d

dp2⊥F
(p12⊥

2

)

×
∫
ddp1′⊥d

dp2′⊥F
∗
(p1′2′⊥

2

)
δ (p11′⊥ + p22′⊥) ε

∗
T i

×





δ
(
xq
xh1
ph1⊥ − p1⊥ + xq̄

xh2
ph2⊥ − p2⊥ + xgu⊥

)


Q2 +

(
xq̄
xh2

p⃗h2−p⃗2′
)2

xq̄(1−xq̄)




Q2 +

(
xq
xh1

p⃗h1−p⃗1
)2

xq(1−xq)




(
u⊥ − ph1⊥

xh1

)
µ

(
u⊥ − ph2⊥

xh2

)
ν(

u⃗− p⃗h1
xh1

)2 (
u⃗− p⃗h2

xh2

)2

× 1

xq̄(xq + xg)

[
xg(4xq̄ + dxg − 2)

((
xq̄
xh2

ph2⊥ − p2′⊥
)µ

giν⊥ −
(
xq̄
xh2

ph2⊥ − p2′⊥
)ν

giµ⊥

)

−(2xq̄ − 1)(4xq̄xq + xg(2− xgd))gµν⊥
(
xq̄
xh2

ph2⊥ − p2′⊥
)i]

+
δ
(
xq
xh1
ph1⊥ − p1⊥ + xq̄

xh2
ph2⊥ − p2⊥ + xgu⊥

)


Q2 +

(
xq
xh1

p⃗h1−p⃗1′
)2

xq(1−xq)




Q2 +

(
xq̄
xh2

p⃗h2−p⃗2
)2

xq̄(1−xq̄)




(
u⊥ − ph2⊥

xh2

)
µ

(
u⊥ − ph1⊥

xh1

)
ν(

u⃗− p⃗h1
xh1

)2 (
u⃗− p⃗h2

xh2

)2

× 1

xq(xq̄ + xg)

[
xg(4xq + dxg − 2)

((
xq
xh1

ph1⊥ − p1′⊥
)µ

giν⊥ −
(
xq
xh1

ph1⊥ − p1′⊥
)ν

giµ⊥

)

−(2xq − 1)(4xq̄xq + xg(2− xgd))gµν⊥
(
xq
xh2

ph1⊥ − p1′⊥
)i]

−
8 δ
(
xq
xh1
ph1⊥ − p1⊥ + xq̄

xh2
ph2⊥ − p2⊥

)


Q2 +

(
xq̄
xh2

p⃗h2−p⃗2′
)2

xq̄(1−xq̄)




Q2 +

(
xq
xh1

p⃗h1−p⃗1
)2

xq(1−xq)




(
u⃗− p⃗h1

xh1

)
·
(
u⃗− p⃗h2

xh2

)

(
u⃗− p⃗h1

xh1

)2 (
u⃗− p⃗h2

xh2

)2

×
(
xq̄
xh2

ph2⊥ − p2′⊥
)i

(xq̄ − xq)
}

+ (h1 ↔ h2) ,
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and

dσqq̄→h1h2
3TT

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
finite, (b) 2,4

=
αsCF
µ2ϵ

αem

(2π)4(d−1)Ncxdh1x
d
h2

∑

q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg
x3−dg

δ(1− xq − xq̄ − xg)(xqxq̄)d−1

×Q2
qD

h1
q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)∫
ddu⃗

(2π)d

∫
ddp1⊥d

dp2⊥F
(p12⊥

2

)

×
∫
ddp1′⊥d

dp2′⊥F
∗
(p1′2′⊥

2

)
δ(p11′⊥ + p22′⊥)εT iε

∗
Tk

×









−

δ (pq1⊥ + pq̄2⊥ + xgu⊥)(
Q2 +

p⃗2q̄2
xq̄(1−xq̄)

)(
Q2 +

p⃗2
q1′

xq(1−xq)

)

(
u⊥ − pq⊥

xq

)
µ

(
u⊥ − pq̄⊥

xq̄

)
ν(

u⃗− p⃗q
xq

)2 (
u⃗− pq̄

xq̄

)2

× 1

(xq + xg)(xq̄ + xg)xqxq̄

{
xg((d− 4))xg − 2)

[
pνq1′⊥

(
pµq̄2⊥g

ik
⊥ + pkq̄2⊥g

µi
⊥
)

+gµν⊥
(
(p⃗q1′ · p⃗q̄2) gik⊥ + piq1′⊥p

k
q̄2⊥
)
− gνk⊥ piq1′⊥pµq̄2⊥ − gµi⊥ gνk⊥ (p⃗q1′ · p⃗q̄2)

]
− gµν⊥

×
[
(2xq − 1) (2xq̄ − 1) pkq1′⊥p

i
q̄2⊥ (4xqxq̄ + xg(2− xgd)) + 4xqxq̄((p⃗q1′ · p⃗q̄2)gik⊥ + piq1′⊥p

k
q̄2⊥)

]

+
(
pµq1′⊥p

ν
q̄2⊥g

ik
⊥ − pµq1′⊥pkq̄2⊥gνi⊥ − piq1′⊥pνq̄2⊥gµk⊥ − gµk⊥ gνi⊥ (p⃗q1′ · p⃗q̄2)

)

× xg((d− 4)xg + 2) + xg(2xq̄ − 1)(xgd+ 4xq − 2)
(
gµk⊥ pνq1′⊥ − gνk⊥ pµq1′⊥

)
piq̄2⊥

+ xg(2xq − 1)pkq1′⊥(4xq̄ + xgd− 2)
(
gνi⊥ p

µ
q̄2⊥ − gνk⊥ pνq1′⊥

)})
+ (q ↔ q̄)

]

+
8 δ(pq1⊥ + pq̄2⊥)(

Q2 +
p⃗2q̄2

xq̄(1−xq̄)

)(
Q2 +

p⃗2
q1′

xq(1−xq)

)

(
u⃗− p⃗q

xq

)
·
(
u⃗− p⃗q̄

xq̄

)

(
u⃗− p⃗q

xq

)2 (
u⃗− p⃗q̄

xq̄

)2

× 1

xqxq̄

[
−(xq̄ − xq)2gri⊥gkl⊥ + gil⊥g

rk
⊥ − grl⊥gik⊥

]
pq̄2⊥rpq1′⊥l

}
+ (h1 ↔ h2) .

In the above expression, the following replacement needs to be done:

pq⊥ =
xq
xh1

ph1⊥ , pq̄⊥ =
xq̄
xh2

ph2⊥ . (6.112)

The remaining term in Eq. (6.110), for arbitrary polarization, is

dσqq̄→h1h2
3JI

dxh1dxh2d
dph1d

dph2

=
2αsαemCF

µ2ϵ(2π)4(d−1)Nc

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(xqxq̄)
d−1Dh1

q

(
xh1
xq
, µF

)

×Dh2
q̄

(
xh2
xq̄
, µF

)∫ 1

0

dxg
xg

∫
ddpg⊥
(2π)d

δ(1− xq − xq̄ − xg)
∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥



256 CHAPTER 6. INCLUSIVE DIFFRACTIVE DI-HADRON PRODUCTION

× F
(p12⊥

2

)
F∗
(p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥ + pg⊥

)
δ(p11′⊥ + p22′⊥)

× εIα ε∗Jβ
[
Φα

3 (p1⊥, p2⊥)Φ
β∗
3 (p1′⊥, p2′⊥)− Φ̃α

3 (p1⊥, p2⊥)Φ̃
β∗
3 (p1′⊥, p2′⊥)

]

+ (h1 ↔ h2) . (6.113)

Dipole × double-dipole contribution and double-dipole × double-dipole con-

tribution

The dipole × double dipole contribution, for arbitrary polarization, is given by

dσqq̄→h1h2
4JI

dxh1dxh2d
dph1⊥d

dph2⊥

=
αsαem

µ2ϵ(2π)4(d−1)Nc

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(xqxq̄)
d−1Dh1

q

(
xh1
xq
, µF

)
Dh2
q̄

(
xh2
xq̄
, µF

)

×
∫ 1

0

dxg
xg

∫
ddpg⊥
(2π)d

δ(1− xq − xq̄ − xg)
∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥
ddp3⊥d

dp′3⊥

(2π)d

× δ
(
xq
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥ + pg3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)(εIαε

∗
Jβ)

×
[
Φα

3 (p1⊥, p2⊥)Φ
β∗
4 (p′1⊥, p

′
2⊥, p

′
3⊥)F

(p12⊥
2

)
F̃∗
(p1′2′⊥

2
, p′3⊥

)
δ(p3⊥) (6.114)

+ Φα
4 (p1⊥, p2⊥, p3⊥)Φ

β∗
3 (p1′⊥, p2′⊥) F̃

(p12⊥
2
, p3⊥

)
F∗
(p1′2′⊥

2

)
δ(p′3⊥)

]
+ (h1 ↔ h2) .

The double-dipole × double-dipole contribution, for arbitrary polarization, is given by

dσqq̄→h1h2
5JI

dxh1dxh2d
dph1d

dph2

=
αsαem(εIαε

∗
Jβ)

µ2ϵ(2π)4(d−1)(N2
c − 1)

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(xqxq̄)
d−1Dh1

q

(
xh1
xq
, µF

)

×Dh2
q̄

(
xh2
xq̄
, µF

)∫ 1

0

dxg
xg

∫
ddpg⊥
(2π)d

δ(1− xq − xq̄ − xg)
∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥

×
∫
ddp3⊥d

dp′3⊥

(2π)2d
δ

(
xq
xh1

ph1⊥ − p1⊥ +
xq̄
xh2

ph2⊥ − p2⊥ + pg3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× Φα
4 (p1⊥, p2⊥, p3⊥)Φ

β∗
4 (p′1⊥, p

′
2⊥, p

′
3⊥)F̃

(p12⊥
2
, p3⊥

)
F̃∗
(p1′2′⊥

2
, p′3⊥

)

+ (h1 ↔ h2) . (6.115)

The expression for the squared impact factors can be found in Appendix D.2. They are

written in terms of pq, pq̄, pg, z and the following identification should be done:

pq⊥ =
xq
xh1

ph1⊥ , pq̄⊥ =
xq̄
xh2

ph2⊥ , z = xg . (6.116)
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6.5.3 Real corrections: Fragmentation from anti-quark and gluon

Finite part of dipole × dipole contribution

When squaring the dipole contribution, we have also finite terms. This time we write

separately for each polarization transition. In the LL case, we have

dσgq̄→h1h2
3LL

dxh1dxh2d
dph1d

dph2

=
2αsαemCF

µ2ϵ(2π)4(d−1)Nc

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)
d−1Dh1

g

(
xh1
xg
, µF

)

×Dh2
q̄

(
xh2
xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d

δ(1− xq − xq̄ − xg)
∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥

× F
(p12⊥

2

)
F∗
(p1′2′⊥

2

)
δ

(
pq1⊥ +

xq̄
xh2

ph2⊥ − p2⊥ +
xg
xh1

ph1⊥

)
δ(p11′⊥ + p22′⊥)

Q2

(p+γ )
2

×



Φ+

3 (p1⊥, p2⊥)Φ
+∗
3 (p1′⊥, p2′⊥)−

8xqxq̄(p
+
γ )

4
(
dx2g + 4xq(xq + xg)

)

Q2 +

(
xq̄
xh2

p⃗h2−p⃗2
)2

xq̄(1−xq̄)




Q2 +

(
xq̄
xh2

p⃗h2−p⃗2′
)2

xq̄(1−xq̄)




× 1
(
xq

xg
xh1
p⃗h1 − xgp⃗q

)2


+ (h1 ↔ h2) . (6.117)

For the TL case, we have

dσgq̄→h1h2
3TL

dxh1dxh2d
dph1d

dph2

=
2αsαemCF

µ2ϵ(2π)4(d−1)Nc

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)
d−1Dh1

g

(
xh1
xg
, µF

)

×Dh2
q̄

(
xh2
xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d

δ(1− xq − xq̄ − xg)
∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥

× F
(p12⊥

2

)
F∗
(p1′2′⊥

2

)
δ

(
pq1⊥ +

xq̄
xh2

ph2⊥ − p2⊥ +
xg
xh1

ph1⊥

)
δ(p11′⊥ + p22′⊥)ε

∗
T i

Q

p+γ
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×



Φ+

3 (p1⊥, p2⊥)Φ
i∗
3 (p1′⊥, p2′⊥) +

4xq
(
p+γ
)3

(2xq̄ − 1)
(
x2gd+ 4xq (xq + xg)

)

Q2 +

(
xq̄
xh2

p⃗h2−p⃗2
)2

xq̄(1−xq̄)




Q2 +

(
xq̄
xh2

p⃗h2−p⃗2′
)2

xq̄(1−xq̄)




×

(
xq̄
xh2
ph2⊥ − p2′⊥

)i

(xq + xg)
(
xq

xg
xh1
p⃗h1 − xgp⃗q

)2


+ (h1 ↔ h2) . (6.118)

Finally, for TT case, we obtain

dσgq̄→h1h2
3TT

dxh1dxh2d
dph1d

dph2

=
2αsαemCF

µ2ϵ(2π)4(d−1)Nc

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)
d−1Dh1

g

(
xh1
xg
, µF

)

×Dh2
q̄

(
xh2
xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d

δ(1− xq − xq̄ − xg)
∫
ddp1⊥d

dp2⊥

∫
ddp1′⊥d

dp2′⊥

× F
(p12⊥

2

)
F∗
(p1′2′⊥

2

)
δ

(
pq1⊥ +

xq̄
xh2

ph2 − p2⊥ +
xg
xh1

ph1⊥

)
δ(p11′⊥ + p22′⊥)εT i ε

∗
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2xq(p
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


×
(
(1− 2xq̄)

2gri⊥g
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⊥ − gli⊥grk⊥ + grl⊥g

ik
⊥
) ( xq̄

xh2
ph2 − p2
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r
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xq̄
xh2
ph2 − p2′

)
l

xq̄(xq + xg)2
(
xq

xg
xh1
p⃗h1 − xgp⃗q

)2




+ (h1 ↔ h2) . (6.119)
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Dipole × double-dipole contribution and double-dipole × double-dipole con-

tribution

The dipole × double dipole contribution, for arbitrary polarization, is given by

dσgq̄→h1h2
4JI

dxh1dxh2d
dph1⊥d

dph2⊥

=
αsαem

µ2ϵ(2π)4(d−1)Nc

(p−0 )
2

s2xdh1x
d
h2

∑

q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
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(xgxq̄)
d−1Dh1

g

(
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xg
, µF

)

×Dh2
q̄

(
xh2
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, µF
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0

dxq
xq
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ddpq⊥
(2π)d
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ddp1⊥d

dp2⊥d
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dp′2⊥
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(2π)d
δ

(
pq1⊥ +

xq̄
xh2

ph2⊥ − p2⊥ +
xg
xh1

ph1⊥ − p3⊥
)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× (εIαε
∗
Jβ)
[
Φα

3 (p1⊥, p2⊥)Φ
β∗
4 (p′1⊥, p

′
2⊥, p

′
3⊥)F

(p12⊥
2

)
F̃∗
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2
, p′3⊥

)
δ(p3⊥) (6.120)

+ Φα
4 (p1⊥, p2⊥, p3⊥)Φ

β∗
3 (p1′⊥, p2′⊥) F̃

(p12⊥
2
, p3⊥

)
F∗
(p1′2′⊥

2

)
δ(p′3⊥)

]
+ (h1 ↔ h2) .

The double-dipole × double-dipole contribution, for arbitrary polarization, is given by

dσgq̄→h1h2
5JI

dxh1dxh2d
dph1d

dph2

=
αsαem

µ2ϵ(2π)4(d−1)(N2
c − 1)

(p−0 )
2

s2xdh1x
d
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q
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q
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2
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)

+ (h1 ↔ h2) . (6.121)

Expression for the squared impact factors can be found in Appendix D.2. They are written

in terms of pq, pq̄, pg, z and the following identification should be done:

pg⊥ =
xg
xh1

ph1⊥ , pq̄⊥ =
xq̄
xh2

ph2⊥ , z = xg . (6.122)
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6.5.4 Real corrections: Fragmentation from quark and gluon

Finite part of dipole × dipole contribution

When squaring the dipole contribution, one also gets finite terms. This time we write

separately for each polarization transition. In the LL case, we have

dσqg→h1h2
3LL

dxh1dxh2d
dph1d

dph2

=
2αsαemCF

µ2ϵ(2π)4(d−1)Nc
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∑
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q
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q
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For the TL case, we have

dσqg→h1h2
3TL
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×

(
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xh1
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
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Finally, for the TT case, we obtain

dσqg→h1h2
3TT
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+ (h1 ↔ h2) . (6.125)

Dipole × double-dipole contribution and double-dipole × double-dipole con-

tribution

The dipole × double dipole contribution is given, for arbitrary polarization, by

dσqq̄→h1h2
4JI
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+ Φα
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]
+ (h1 ↔ h2) .

The double-dipole × double-dipole contribution is given, for arbitrary polarization, by

dσqq̄→h1h2
5JI
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+ (h1 ↔ h2) . (6.127)

Expression for the squared impact factors can be found in Appendix D.2. They are

written in terms of pq, pq̄, pg, z and the following identification should be done:

pq⊥ =
xq
xh1

ph1⊥ , pg⊥ =
xg
xh2

ph2⊥ , z = xg . (6.128)

6.6 Summary and outlook

We have considered the diffractive production of a pair of hadrons at large pT , in γ(∗)

nucleon/nucleus scattering, at NLO, in the most general kinematics in the eikonal ap-

proximation.

This new class of processes provides an access to precision physics of gluon saturation

dynamics, with very promising future phenomenological studies both at the LHC in UPC

(in photoproduction) and at the future EIC (both in photoproduction and leptoproduc-

tion). Our main result is the explicit finite result for the cross section at NLO, obtained

after showing explicitly the cancellation of rapidity divergences (through the B-JIMWLK

equation), soft divergences and collinear divergences between real, virtual contributions,

and DGLAP evolution equation governing fragmentation functions. Finite contributions

and purely divergent contributions have been separated and the sum of the latter has been

shown to be zero. Hence, the collection of all terms labeled with “fin” in sections 6.2,

6.3, 6.4, plus all the formulas in section 6.5 give the final result. The natural continua-

tion of this work is to evaluate the cross sections numerically, employing a model for the
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description of the target, such as the McLerran Venugopalan (MV) [204, 205, 206] or the

Golec-Biernat Wusthoff (GBW) [207] ones.

This NLO result adds a new piece in the list of processes which are very promising

to probe gluonic saturation in nucleons and nuclei at NLO, including inclusive DIS [208,

209], photon-dijet production in DIS [210], dijets in DIS [211, 212], single hadron [213]

and dihadrons production in DIS [214, 215], diffractive exclusive dijets [198, 203, 216] and

exclusive light meson production [217, 218], exclusive quarkonium production [219, 220],

and inclusive DDIS [221].
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Chapter 7

Final thoughts and outlook

Deep questions answered, deeper questions posed.

Sir. Roger Penrose [222]

In the present work, we have presented a series of results aimed at reaching an era

of precision in the high-energy factorization (HEF) framework, both in the linear and

non-linear evolution regimes. To this aim we provided:

• The next-to-leading order correction to the impact factor (vertex) for the production

of a forward Higgs boson, in the infinite top-mass limit. We obtained the result both

in the momentum representation and as superposition of the eigenfunctions of the

leading-order BFKL kernel. As already mentioned earlier, this impact factor allows

to describe the inclusive hadroproduction of a forward Higgs in the limit of small

Bjorken x, as well as the more interesting case of the inclusive forward emissions of

a Higgs boson in association with a backward identified object.

• Predictions for a number of partially inclusive processes featuring a forward-plus-

backward two-particle final-state configuration. They provide stringent tests for

BFKL dynamics at the LHC.

• The computation of the Lipatov vertex in QCD within accuracy ϵ2, which can be

used for several purposes. The most important one is the computation of one of the

contributions to the BFKL kernel in the NNLLA. Other include the proof of gluon

Reggeization and the calculation of discontinuites of multiple production amplitudes

in the MRK (which must be taken into account in the NNLLA).

265
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• The next-to-leading order cross sections for the diffractive production of a pair of

hadrons at large pT , in γ
(∗) nucleon/nucleus scattering, at NLO, in the most general

kinematics. This new class of processes gives access to precision physics of gluon

saturation dynamics, with very promising phenomenological studies both at the

LHC in UPC (in photoproduction) and at the future EIC (both in photoproduction

and leptoproduction).

Since the pioneering works of Balitsky, Fadin, Kuraev and Lipatov, the BFKL ap-

proach (along with its extensions) and more in general the high-energy factorization

framework have proven to be among the most powerful tools for understanding several

aspects of QCD and more in general of QFTs, an incomplete list of them includes:

• The proton structure at small Bjorken-x and various class of processes featuring a

forward-plus-backward two-particle final-state configuration [86].

• The asymptotic behaviour of partonic scattering amplitudes in QCD and in N = 4

Super Yang-Mills theories [96, 97, 223, 224, 225].

• The connection between high-energy scattering and exactly solvable models [226,

227].

• The duality between the Pomeron in the maximally extended N = 4 super symme-

try and the Reggeized graviton in the 10-dimensional anti-de-Sitter space [228].

Regardless of the sheer elegance of its theoretical formulation, as shown in Chapter 3, the

high-energy factorization is an important tool for achieving accuracy at modern acceler-

ators such as the EIC and the LHC. The impact of high-energy resummation is expected

to grow in the future and, as already shown in recent studies [229, 230, 231], important

production channels at the new generation of colliders such as the FCC, will receive such

large contributions that they will make the physics of those energies the BFKL physics.

In order to continue what started in this thesis and more generally by the scientific

community of the sector, there are many developments that, in our opinion, it is necessary

to consider in the near future.
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Combined resummations and central productions

In Chapter 3, and especially when we discussed the pT -distribution of the Higgs, we

pointed out how different resummation mechanisms come into play in the description of

this observable. It is important to note that while developing calculations at the frontier

in high-energy resummation does not guarantee the absence of residual large logarithmic

corrections, of a different nature, that can spoil the stability of the results and must

therefore be resummed in a closed form. For example, the jet impact factor at NLO

(projected onto the LO eigenfunctions of the BFKL kernel) has contributions of the type
∫ 1

α

dζ

ζ
fq

(
α

ζ

)(
ln(1− ζ)
1− ζ

)

+

,

where fq is the quark PDF. These contributions are not divergent due to the +-prescription

structure, but contain logarithmically large corrections at the threshold α→ 1. Moreover,

because of the +-prescription structure, these logarithms will multiply the derivative of

the PDF (which is not small for α → 1). Similar contributions can also be found in

the NLO hadron impact factor. Another example is represented by the forward Higgs

boson cross section, at small transverse momentum. Here, we expect also Sudakov-type

logarithmically large contributions. Perhaps, it would be extremely interesting to supple-

ment the calculations with a resummation of such enhanced corrections in a Sudakov-like

manner [232]. One of the great challenges for the future is precisely the construction of

versatile formalisms that can accommodate different types of resummations.

In the thesis, we have extensively used the concept of hybrid high-energy/collinear

factorization. It is important to stress that the present ansatz of factorization does not

provide a complete interpolation between collinear and high-energy resummations. The

underlying idea of this factorization is that even if collinear information is inserted for a

correct treatment of the initial and/or final state IR-singularities, the dominant dynamic

is that of BFKL-type logarithms. In this way, collinear dynamics is considered in the

impact factors only. However, it is well known that collinearly enhanced NLO corrections

to the BFKL kernel can be sizable. One of the approaches to improve this lack is the

BLM procedure for the scale fixing [147, 148, 149, 150], that leads to a suppression of the

NLO corrections. An alternative is an all order resummation of the collinearly enhanced

terms, also called collinear improvement [233, 234, 235, 236, 237]. In the future, it would

be interesting to consider the impact of collinear improvement on some of the observables

seen in the thesis [85, 238].
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Lastly, within the high-energy factorization, remarkable results have been produced

in the context of forward and forward/backward productions. However, as highlighted

in [229], at the next generation of accelerators, the high energy corrections will be large

also in the central productions, making also the calculation of impact factors in the

central region of rapidity very important. In this context, to date a single next-to-leading

calculation has been performed [239] (the central jet). The calculation of these amplitudes

requires evaluating 2→ 3 amplitudes, such as the one used to extract the Lipatov vertex.

Hypothesis on the remainder function of the BDS ansatz

In chapter 4 we computed the Lipatov vertex in QCD with the required ϵ-accuracy to

construct one of the contribution to the BFKL kernel in the next-to-next-to leading loga-

rithmic approximation. The result obtained is suitable for the purpose, since to obtain the

part of the kernel containing the product of two one-loop RRG vertices, the integration

over the phase space is that over a single particle and therefore completely trivial. This

result is furthermore supplemented by the knowledge of the vertex at arbitrary ϵ in the

soft limit of the emited particle.

However, we briefly mentioned at the beginning of the chapter that the disconti-

nuities of multiple gluon production amplitudes in the MRK are interesting also from

another point of view. They can be used [171] for a simple demonstration of violation of

the ABDK-BDS (Anastasiou-Bern-Dixon-Kosower — Bern-Dixon-Smirnov) ansatz [172,

173] for amplitudes with maximal helicity violation (MHV) in Yang-Mills theories with

maximal supersymmetry (N = 4 SYM) in the planar limit and for the calculations of

the remainder functions to this ansatz. There are two hypothesis about the remainder

functions: the hypothesis of dual conformal invariance [240, 241], which asserts that the

MHV amplitudes are given by products of the BDS amplitudes and that the remainder

functions depend only on anharmonic ratios of kinematic invariants, and the hypothesis

of scattering amplitude/Wilson loop correspondence [242, 243, 244, 245], according to

which the remainder functions are given by expectation values of Wilson loops. Both

these hypotheses are not proved. They can be tested by comparison of the BFKL dis-

continuities with the discontinuities calculated with the use of these hypothesis [246, 247].

To this aim, impact factors for the Reggeon-gluon transition, which are the natural
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generalization of the impact factors for the particle-particle transitions, entering the dis-

continuities of elastic amplitudes, must be constructed with higher ϵ-accuracy. Again, the

Lipatov vertex (in N = 4 SYM) will be part of these impact factors. Also in N = 4 SYM,

the pentagon in 6 + 2ϵ contributes to the vertex [174], which implies that the great com-

plications that appear in QCD are also present in this theory. For the computation of the

remainder functions non-trivial convolutions of impact factors are required, which impliy

that a form as simple as possible of the vertex is required. Attacking this calculation, in

our opinion, requires finding a more manageable expression of the second contribution in

Eq. (4.91), which is one of our plans for the future.

BFKL vs B-JIMWLK and NNLL resummation

In this thesis, we presented works aimed at testing both BFKL and saturation dynam-

ics. As explained in Chapter 5, the B-JIMWLK hierarchy of equations contains different

aspects of small-x physics compared to the BFKL one. One of these is that saturation

effects in large nuclei are emphasized, as can be understood from Eq. (5.3). Here, the

atomic number dependence is due to presence of multiple re-scatterings in a large enough

nucleus. This leads to an additional resummation parameters α2
sA

1/3. The physical mean-

ing of the parameter α2
sA

1/3 is rather straightforward: at a given impact parameter the

dipole interacts with A1/3 nucleons, exchanging two gluons with each (two-gluon exchange

is parametrically of order α2
s). However, in small nuclei or a proton, the BFKL dynamics

is expected to precede the onset of saturation physics. It is the opinion of the author and

collaborators that considering observables in which predictions can be built both in the

linear regime (à la BFKL) and in the effective Shockwave/CGC approaches, perhaps in

a full NLLA, could help to find the point at which saturation effects modify the shape of

BFKL predictions.

Last but not least, it is interesting to point out a different connection between the

BFKL and the Shockwave approach. To date, after more than twenty-five years since

the NLO corrections to BFKL were obtained, as explained in section 4.1, the problem of

NNLO corrections remains opened and challenging. From a conceptual point of view, the

main reason is that the pole Regge form of QCD amplitudes is violated in the NNLLA,

as observed by direct computation at two-and three-loop. There exist two approaches for

the explanation of this violation:
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• The first has been developed in [175, 181] and employs the contribution of the cut

alone to explain this phenomenon, considering triple Reggeon exchange.

• The second is an effective approach based on the Shockwave formalism (as formu-

lated in [248]). In this approach, the phenomenon of gluon Reggeization, that we

have discussed in Chapter 1 of the thesis essentially comes out from the funda-

mental ingredients of the Shockwave formalism: rapidity factorization and eikonal

Wilson lines. It is revealed by expanding the Wilson lines close to the identity. In

particular, the logarithm of a Wilson line is used as a gauge-invariant interpolating

operator for a Reggeized gluon. In this context, the above violation is interpreted

in terms of triple Reggeon exchange (Regge cut) and, in addition, its mixing with a

single Reggeon [182].

Even not being a formal proof, the validity of these approaches may be confirmed or

questioned in the four loop approximation [249], upon comparing their results with the

results of four-loop calculations performed by the infrared-factorization method. In any

case, the assertion that the QCD amplitudes with gluon quantum numbers in cross-

channels and negative signature are given in the NNLLA, to all orders in perturbation

theories, by the contributions of the Regge pole and the three-Reggeon cut (with or

without mixing) is still only an hypothesis. It is our personal opinion that this problem

undoubtedly represents one of the most fascinating aspects in the study of scattering

amplitudes in non-Abelian gauge theories.



Appendix A

Further details on the Higgs impact

factor

For consistency with individual papers, definitions of some special functions are repeated

in different appendices.

A.1 Feynman rules of the gluon-Higgs effective field

theory and definitions

In this Appendix we give more details about the gluon-Higgs effective theory. The Feyn-

man rules associated to the Lagrangian (2.1) and used in this work are shown in Fig. A.1.

The tensor structures appearing in Fig. A.1 are

Hµν(p1, p2) = gµν(p1 · p2)− pν1pµ2 , (A.1)

p1, a, µ

p2, b, ν

(a) igHδabHµν(p1, p2) (b) gHgf abcV µνρ(p1, p2, p3)

p1, a, µ
p2, b, ν

p3, c, ρ

Figure A.1: Feynman rule for the (a) ggH vertex and (b) gggH vertex.
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V µνρ(p1, p2, p3) = (p1 − p2)ρgµν + (p2 − p3)µgνρ + (p3 − p1)νgρµ . (A.2)

It is important to note that, as in QCD, in using Feynman rules for this theory, symmetry

factors must be taken into account correctly. In particular, the first and second diagram

in the Fig. 2.7 require a symmetry factor S = 1/2.

We also define here some useful functions used in the main text:

ψ(z) =
Γ′(z)

Γ(z)
, ψ′(z) =

d

dz
ψ(z) , Hn = γE + ψ(n+ 1) , (A.3)

Li2(z) = −
∫ z

0

ln(1− t)
t

dt = −
∫ 1

0

ln(1− zt)
t

dt , (A.4)

2F1(a, b, c, z) =
1

B(b, c− b)

∫ 1

0

dx xb−1(1− x)c−b−1(1− zx)−a for ℜe{c} > ℜe{b} > 0 ,

(A.5)

where B is the Euler beta function and z is not a real number such that it is greater

than or equal to 1. It is useful to show the behaviour for z → 1− of the hypergeometric

function:

• If ℜe{c} > ℜe{a+ b}, then

2F1(a, b, c, 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) . (A.6)

• If ℜe{c} = ℜe{a+ b}, then

lim
z→1−

2F1(a, b, a+ b, z)

− ln(1− z) =
Γ(a+ b)

Γ(a)Γ(b)
for c = a+ b , (A.7)

and

lim
z→1−

(1− z)a+b−c
(

2F1(a, b, c, z)−
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

)
=

Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)

(A.8)

for c ̸= a+ b.

• If ℜe{c} < ℜe{a+ b}, then

lim
z→1−

2F1(a, b, c, z)

(1− z)c−a−b =
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
. (A.9)
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A.2 Integrals for the virtual corrections

We give here definition and result of Feynman integrals that appear in the calculation of

the virtual corrections. The integrals B0 and C0 can be found also in the Appendix A of

Ref. [47], the integral D0 in Ref. [250] (see also Ref. [251]).50 Concerning integrals with

two denominators, we have

B0(−q⃗ 2) =

∫
dDk

i(2π)D
1

k2(k + q)2
= − 1

(4π)2−ϵ
Γ(1 + ϵ)Γ2(−ϵ)
2(1− 2ϵ)Γ(−2ϵ)(q⃗

2)−ϵ , (A.10)

B0(m
2
H) =

∫
dDk

i(2π)D
1

k2(k + pH)2
= − 1

(4π)2−ϵ
Γ(1 + ϵ)Γ2(−ϵ)
2(1− 2ϵ)Γ(−2ϵ)(−m

2
H)

−ϵ . (A.11)

Independent integrals with three denominators appearing in the computation are

C0(m
2
H , 0,−q⃗ 2) = C0(0,−q⃗ 2,m2

H) =

∫
dDk

i(2π)D
1

k2(k + q)2(k + pH)2

=
1

(4π)2−ϵ
Γ(1 + ϵ)Γ2(−ϵ)

2Γ(−2ϵ)
1

ϵ

(
(q⃗ 2)−ϵ − (−m2

H)
−ϵ
)

m2
H + q⃗ 2

, (A.12)

C0(0, 0,−q⃗ 2) =

∫
dDk

i(2π)D
1

k2(k + q)2(k + k2)2
=

1

(4π)2−ϵ
Γ(1 + ϵ)Γ2(−ϵ)

2Γ(−2ϵ)
1

ϵ
(q⃗ 2)−ϵ−1 ,

(A.13)

C0(m
2
H , 0, s) =

∫
dDk

i(2π)D
1

k2(k + pH)2(k + k1 + k2)2

≃ − 1

(4π)2−ϵ
Γ(1 + ϵ)Γ2(−ϵ)

2Γ(−2ϵ)
1

ϵ

(
(−s)−ϵ − (−m2

H)
−ϵ
)

s
, (A.14)

C0(0, 0, s) =

∫
dDk

i(2π)D
1

k2(k − k1)2(k + k2)2
=

1

(4π)2−ϵ
Γ(1 + ϵ)Γ2(−ϵ)

2Γ(−2ϵ)
1

ϵ
(−s)−ϵ−1 ,

(A.15)

There is only one relevant four-denominator integral,

D0(m
2
H , 0, 0, 0;−q⃗ 2, s) =

∫
dDk

i(2π)D
1

k2(k + pH)2(k + q)2(k − k′2)2

=
Γ(1 + ϵ)Γ2(−ϵ)
(4π)2−ϵq⃗ 2s

1

ϵΓ(−2ϵ)
[
(q⃗ 2)−ϵ + (−s)−ϵ −

(
−m2

H

)−ϵ
(A.16)

50In our notation the subscript 0 means that all propagators appearing in the integral are massless.

The arguments in the definitions of B0 and C0 integrals below represent the squared of the external

momenta on which they depend. D0, in addition to the four squared of the external momenta, depends

also on the two independent Mandelstam variables typical of a 2→ 2 process.
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−ϵ2
(
Li2

(
1 +

m2
H

q⃗ 2

)
+

1

2
ln2

(
− q⃗

2

s

)
+
π2

3

)]
+O(ϵ) ,

where k′2 = k2 − q and (pH + k′2)
2 = (k1 + k2)

2 = s. The definition of the integrals

C0(m
2
H , 0,−s), C0(0, 0,−s), D0(m

2
H , 0, 0, 0;−q⃗ 2,−s) can be obtained by exchanging k2

and −k′2; the result for these integrals is obviously obtained through the s → −s trans-

formation. We observe that what said above is valid in the Regge limit; it allows us to

neglect m2
H and q⃗ 2 when these appear summed to s.

A.3 Master Integrals for the projection

For the projection onto the eigenfunctions of the BFKL kernel we just need the following

integrals:

I1(γ1, γ2, n, ν) =

∫
d2−2ϵq⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ(q⃗ 2)−γ1

[
(q⃗ − p⃗H)2

]−γ2
,

I2(γ1, n, ν) =

∫
d2−2ϵq⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ(q⃗ 2)−γ1

1

[(q⃗ − p⃗H)2]
[
(1− zH)m2

H + (p⃗H − zH q⃗)2
] ,

I3(γ1, γ2, n, ν) =

∫
d2−2ϵq⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ(q⃗ 2)−γ1

[
(1− zH)m2

H + (p⃗H − zH q⃗)2
]−γ2

.

We note that

lim
zH→1

I2(γ1, n, ν) = I1(γ1, 2, n, ν) , (A.17)

lim
zH→1

I3(γ1, γ2, n, ν) = I1(γ1, γ2, n, ν) . (A.18)

We show here the explicit calculation of the most complicated one, I2 and just quote

the result for the other two. First, we introduce the vector l ≡ (1, i) and write

einϕ = (cosϕ+ i sinϕ)n =

(
qx + iqy
|q⃗ |

)n
=

(q⃗ · l⃗ )n
(q⃗ 2)

n
2

. (A.19)

Then, after Feynman parameterization and the shift

q⃗ → q⃗ +

(
x+

y

zH

)
p⃗H (A.20)

one finds

I2(γ1, n, ν) =
1

z2H

Γ
(
7
2
+ γ1 +

n
2
− iν

)

Γ
(
3
2
+ γ1 +

n
2
− iν

)
∫
d2−2ϵq⃗

π
√
2

∫ 1

0

dx

∫ 1−x

0

dy(1− x− y) 1
2
+γ1+

n
2
−iν
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[
q⃗ · l⃗ +

(
x+ y

zH

)
p⃗H · l⃗

]n

[
q⃗ 2 −

(
x+ y

zH

)2
p⃗ 2
H + xp⃗ 2

H + y
(
m̃2
H +

p⃗ 2
H

z2H

)] 7
2
+γ1+

n
2
−iν

, (A.21)

where m̃2
H =

(1−zH)m2
H

z2H
. Now, we expand the binomial in the numerator as

[
q⃗ · l⃗ +

(
x+

y

zH

)
p⃗H · l⃗

]n
=

n∑

j=0

(
n

j

)
(q⃗ · l⃗)j

(
x+

y

zH

)n−j
(p⃗H · l⃗)n−j (A.22)

and observe that only the term with j = 0 survives. At this point, we are able to obtain

the simple form,

I2(γ1, n, ν) =
(p⃗ 2
H)

n
2 einϕH

z2H

Γ
(
7
2
+ γ1 +

n
2
− iν

)

Γ
(
3
2
+ γ1 +

n
2
− iν

)

×
∫ 1

0

dx

∫ 1−x

0

dy(1− x− y) 1
2
+γ1+

n
2
−iν
(
x+

y

zH

)n ∫
d2−2ϵq⃗

π
√
2

1

[q⃗ 2 + L]
7
2
+γ1+

n
2
−iν

, (A.23)

where

L = xp⃗ 2
H + y

(
m̃2
H +

p⃗ 2
H

z2H

)
−
(
x+

y

zH

)2

p⃗ 2
H . (A.24)

Finally, we can integrate over q⃗ and then make the change of variables

x = λ∆ , y = λ(1−∆) , (A.25)

to obtain

I2(γ1, n, ν) =
(p⃗ 2
H)

n
2 einϕH

z2H
√
2πϵ

Γ
(
5
2
+ γ1 +

n
2
− iν + ϵ

)

Γ
(
3
2
+ γ1 +

n
2
− iν

)
∫ 1

0

d∆

(
∆+

(1−∆)

zH

)n
,

[(
∆+

(1−∆)

z2H

)
p⃗ 2
H + (1−∆)m̃ 2

H

]− 5
2
−γ1−n

2
+iν−ϵ ∫ 1

0

dλ λ−
3
2
−γ1+n

2
+iν−ϵ

×(1− λ) 1
2
+γ1+

n
2
−iν(1− λζ)− 5

2
−γ1−n

2
+iν−ϵ , (A.26)

where

ζ =

(
∆+ (1−∆)

zH

)2
p⃗ 2
H[(

∆+ (1−∆)

z2H

)
p⃗ 2
H +

(1−∆)(1−zH)m2
H

z2H

] . (A.27)

It is easy to see that the integral over λ gives a representation of the hypergeometric

function. By using Eq. (A.5) we arrive at the final form

I2(γ1, n, ν) =
(p⃗ 2
H)

n
2 einϕH

z2H
√
2πϵ

[
Γ
(
5
2
+ γ1 +

n
2
− iν + ϵ

)
Γ
(
−1

2
− γ1 + n

2
+ iν − ϵ

)

Γ (1 + n− ϵ)

]
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×
∫ 1

0

d∆

(
∆+

(1−∆)

zH

)n [(
∆+

(1−∆)

z2H

)
p⃗ 2
H +

(1−∆)(1− zH)m2
H

z2H

]− 5
2
−γ1+iν−n

2
−ϵ

× 2F1

(
−1

2
− γ1 +

n

2
+ iν − ϵ, 5

2
+ γ1 − iν +

n

2
+ ϵ, 1 + n− ϵ, ζ

)
. (A.28)

It is very important to note that this integral is indeed divergent for every ϵ > −1 (see

the asymptotic behaviors of the hypergeometric function in Appendix A). It is important

to extract the divergent contribution of the integral I2 in the form of a pole in ϵ. For this

purpose, we take the limit ∆→ 1 in the integrand of I2. Using Eq. (A.9), we have, up to

terms O(ϵ),

I2,as(γ1, n, ν) =
(p⃗ 2
H)

− 3
2
−γ1+iν−ϵeinϕHΓ(1 + ϵ)

(1− zH)
√
2πϵ

1

(m2
H + (1− zH)p⃗ 2

H)

∫ 1

0

d∆(1−∆)−ϵ−1

= −1

ϵ

(p⃗ 2
H)

− 3
2
−γ1+iν−ϵeinϕHΓ(1 + ϵ)

(1− zH)
√
2πϵ

1

(m2
H + (1− zH)p⃗ 2

H)
(A.29)

This simpler integral has the same singular behavior of I2, therefore the combination

I2,reg ≡ I2 − I2,as =
(p⃗ 2
H)

n
2 einϕH

z2H
√
2

[
Γ
(
5
2
+ γ1 +

n
2
− iν

)
Γ
(
−1

2
− γ1 + n

2
+ iν

)

Γ (1 + n)

]

×
∫ 1

0

d∆

(
∆+

(1−∆)

zH

)n [(
∆+

(1−∆)

z2H

)
p⃗ 2
H +

(1−∆)(1− zH)m2
H

z2H

]− 5
2
−γ1+iν−n

2

×
{

2F1

(
−1

2
− γ1 +

n

2
+ iν,

5

2
+ γ1 − iν +

n

2
, 1 + n, ζ

)
− z2H(p⃗

2
H)

− 3
2
−γ1−n

2
+iν

(m2
H + (1− zH)p⃗ 2

H)

× Γ(1 + n)

Γ(5
2
+ γ1 +

n
2
− iν)Γ(−1

2
− γ1 + n

2
+ iν)

1

(1−∆)(1− zH)

}
, (A.30)

is not divergent and has a finite ϵ→ 0 limit.

The other two integrals can be computed by using the same technique:

I1(γ1, γ2, n, ν) =

∫
d2−2ϵq⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ(q⃗ 2)−γ1

[
(q⃗ − p⃗H)2

]−γ2
=

(p⃗ 2
H)

− 1
2
+iν−ϵ−γ1−γ2einϕH√

2πϵ

×
[
Γ
(
1
2
+ γ1 + γ2 +

n
2
− iν + ϵ

)
Γ
(
−1

2
− γ1 + n

2
+ iν − ϵ

)
Γ (1− γ2 − ϵ)

Γ
(
3
2
+ γ1 +

n
2
− iν

)
Γ
(
1
2
− γ1 − γ2 + n

2
+ iν − 2ϵ

)
Γ (γ2)

]
, (A.31)

note that for γ2 ≥ 1 and integer, we cannot put ϵ = 0 because the integral is divergent;

I3(γ1, γ2, n, ν) =

∫
d2−2ϵq⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ(q⃗ 2)−γ1

[
(1− zH)m2

H + (p⃗H − zH q⃗)2
]−γ2
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=
(p⃗ 2
H)

n
2 einϕH

(z2H)
γ2+

n
2

√
2πϵ

(
p⃗ 2
H

z2H
+

(1− zH)m2
H

z2H

)− 1
2
−γ1−γ2−n

2
+iν−ϵ

(A.32)

×
[
Γ
(
1
2
+ γ1 + γ2 +

n
2
− iν + ϵ

)
Γ(−1

2
− γ1 + n

2
+ iν − ϵ)Γ(3

2
+ n

2
+ γ1 − iν)

Γ
(
3
2
+ γ1 +

n
2
− iν

)
Γ (γ2) Γ(1 + n− ϵ)

]

× 2F1

(
−1

2
− γ1 +

n

2
+ iν − ϵ, 1

2
+ γ1 + γ2 +

n

2
− iν + ϵ, 1 + n− ϵ, ξ

)
,

where

ξ =
1

1 +
(1−zH)m2

H

p⃗ 2
H

. (A.33)
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Appendix B

Heavy-quark pair impact factor

B.1 Impact factor in the transverse momentum space

In this Section we give the expression of the leading-order impact factor, together with

the functional form of the amplitude for the g+R→ qq̄ subprocess, where R here means

“Reggeized gluon”. The leading-order impact factor is defined as [35]

dΦ{QQ̄}
gg (zQ, p⃗Q, q⃗) =

⟨cc′|P̂|0⟩
2 (N2 − 1)

×
∑

λQλQ̄λG

∑

QQ̄a

∫
dsgR
2π

dρ{QQ̄}Γ
ca
g→{QQ̄} (q⃗)

(
Γac

′

g→{QQ̄} (q⃗)
)∗

,
(B.1)

where

⟨cc′|P̂|0⟩ = δcc
′

√
N2 − 1

(B.2)

is the projector on the singlet state. We take the sum over helicities, {λQ, λQ̄}, and over

color indices, {Q, Q̄}, of the two produced particles (quark and antiquark) and average

over polarization and color states of the incoming gluon. In Eq. (B.1), sgR denotes the

invariant squared mass of the gluon-Reggeon system, while dρ{QQ̄} is the differential phase

space of the outgoing particles. The amplitude Γca
g→{QQ̄} describes the production of quark-

antiquark pair in a collision between a gluon and a Reggeon. The latter, as before, can

be treated as an ordinary gluon in the “nonsense” polarization state ϵµR = −kµ2 /s. Having
two particles produced in the intermediate state, one can write

dsgR
2π

dρ{QQ̄} =
1

2 (2π)3
δ
(
1− zQ − zQ̄

)
δ(2)

(
q⃗ − p⃗Q − p⃗Q̄

) dzQdzQ̄
zQzQ̄

d2p⃗Q d
2p⃗Q̄ , (B.3)

with pQ̄ the antiquark momentum, and zQ̄ its longitudinal momentum fraction (with

respect to the incoming gluon). Summing over the three contributions, {M1,2,3}, of

279
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M1

pQ

q, c

pQ̄

p1, a
pQ − q

M2

pQ

q, c

p1, a

pQ − p1

pQ̄

M3

p1, a p1 + q

q, c

pQ

pQ̄

Figure B.1: Feynman diagrams relevant for the calculation of the impact factor for the

heavy-quark pair hadroproduction.

Fig. B.1, one gets

Γcag→{QQ̄} = −ig2 (tatc) ū (pQ)
(
mR/ϵ − 2zQP⃗ · ϵ⃗− /⃗P/ϵ

) /k2
s
v
(
pQ̄
)

− ig2 (tcta) ū (pQ)
(
mR̄/ϵ − 2zQ

⃗̄P · ϵ⃗− /̄⃗P/ϵ
) /k2
s
v
(
pQ̄
)
,

(B.4)

where ϵµ identifies the gluon polarization vector, {t} are the SU(3) color matrices and

R, R̄, P⃗ , ⃗̄P are defined as

R =
1

m2
Q + p⃗ 2

Q

− 1

m2
Q + (p⃗Q − zQq⃗)2

, (B.5)

R̄ =
1

m2
Q + (p⃗Q − zQq⃗)2

− 1

m2
Q + (p⃗Q − q⃗)2

, (B.6)

P⃗ =
p⃗Q

m2
Q + p⃗ 2

Q

− p⃗Q − zQq⃗
m2
Q + (p⃗Q − zQq⃗)2

, (B.7)

⃗̄P =
p⃗Q − zQq⃗

m2
Q + (p⃗Q − zQq⃗)2

− p⃗Q − q⃗
m2
Q + (p⃗Q − q⃗)2

. (B.8)

Using Eq. (B.4) together with Eq. (B.1) and performing sums and integrations (the latter

ones only on the antiquark variables), our final result reads

dΦ{QQ̄}
gg (zQ, p⃗Q, q⃗) =

α2
s

√
N2 − 1

2πN

[(
m2
Q

(
R + R̄

)2
+
(
z2Q + z2Q̄

)(
P⃗ + ⃗̄P

)2)

− N2

N2 − 1

(
2m2

QRR̄ +
(
z2Q + z2Q̄

)
2P⃗ · ⃗̄P

)]
d2p⃗Q dzQ .

(B.9)
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B.2 Projection onto the eigenfunction of the LO BFKL

kernel

In the following we compute the projection of the impact factors onto the eigenfunctions

of the leading-order BFKL kernel, to get the (n, ν)-representation. We get

dΦ
{QQ̄}
gg (n, ν, p⃗Q, zQ)

d2p⃗Q dzQ
≡
∫

d2q⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ

dΦ
{QQ̄}
gg (q⃗, p⃗Q, zQ)

d2p⃗Q dzQ
=
α2
s

√
N2 − 1

2πN

×
{
m2
Q

(
J3 − 2

J2(0)

m2
Q + p⃗ 2

Q

)
+ (z2Q + z2Q̄)

(
−m2

Q

(
J3 − 2

J2(0)

m2
Q + p⃗ 2

Q

)
+

J2(1)

m2
Q + p⃗ 2

Q

)

− N2

N2 − 1

[
2m2

Q

[(
z2Q + z2Q̄ − 1

)(
1−

(
z2Q
) 1

2
−iν
)] J2(0)

m2
Q + p⃗ 2

Q

+
[
2m2

Q(z
2
Q + z2Q̄ − 1)

(
z2Q
) 1

2
−iν
]


J3 −

J4(0)
(
z2Q
) 1

2
−iν


− (z2Q + z2Q̄)

[
(1− zQ)2J4(1)−

(
1−

(
z2Q
) 1

2
−iν
)

m2
Q + p⃗ 2

Q

J2(1)

]]
 , (B.10)

where J2(λ), J3 and J4(λ) read

J2 (λ) ≡
∫

d2q⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ

(q⃗ 2)λ

m2
Q + (p⃗Q − q⃗)2

=

(
p⃗ 2
Q

)n
2 einϕQ√
2

1
(
m2
Q + p⃗ 2

Q

) 3
2
+n

2
−iν−λ

Γ
(
1
2
+ n

2
+ iν + λ

)
Γ
(
1
2
+ n

2
− iν − λ

)

Γ (1 + n)

×
(
1
2
+ n

2
− iν − λ

)
(
−1

2
+ n

2
+ iν + λ

) 2F1

(
−1

2
+
n

2
+ iν + λ,

3

2
+
n

2
− iν − λ, 1 + n, χ

)
,

(B.11)

J3 ≡
∫

d2q⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ

1
(
m2
Q + (p⃗Q − q⃗)2

)2

=

(
p⃗ 2
Q

)n
2 einϕQ√
2

1
(
m2
Q + p⃗ 2

Q

) 5
2
+n

2
−iν

Γ
(
1
2
+ n

2
+ iν

)
Γ
(
1
2
+ n

2
− iν

)

Γ (1 + n)

(
1
2
+ n

2
− iν

)
(
−1

2
+ n

2
+ iν

)

×
(
3

2
+
n

2
− iν

)
2F1

(
−1

2
+
n

2
+ iν,

5

2
+
n

2
− iν, 1 + n, χ

)
,

(B.12)
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J4 (λ) ≡
∫

d2q⃗

π
√
2
(q⃗ 2)iν−

3
2 einϕ

(q⃗ 2)λ

(m2
Q + (p⃗Q − q⃗)2)(m2

Q + (p⃗Q − zQq⃗)2)

=

(
p⃗ 2
Q

)n
2 einϕQ

z2Q
√
2

(
3
2
− iν − λ+ n

2

)
(
m2
Q + p⃗ 2

Q

) 5
2
−iν−λ+n

2

Γ
(
1
2
+ n

2
+ iν + λ

)
Γ
(
1
2
+ n

2
− iν − λ

)

Γ (1 + n)

×
(
1
2
+ n

2
− iν − λ

)
(
−1

2
+ n

2
+ iν + λ

)
∫ 1

0

d∆

(
1 +

∆

z
−∆

)n(
1 +

∆

z2
−∆

)− 5
2
+iν+λ−n

2

× 2F1

(
−1

2
+ iν + λ+

n

2
,
5

2
− iν − λ+

n

2
, 1 + n, χ

(
1 + ∆

z
−∆

)2
(
1 + ∆

z2
−∆

)
)
,

(B.13)

and χ ≡ p⃗ 2
Q

m2
Q+p⃗ 2

Q
; the azimuthal angles ϕ and ϕQ are defined as cosϕ ≡ qx/|q⃗| and cosϕQ ≡

pQ,x/|p⃗Q|.



Appendix C

Further details on the Lipatov vertex

C.1 Polylogarithms, Hypergeometric functions and

Nested harmonic sums

In this appendix we give some usual definitions and useful relations.

Polylogarithms [252]

We define polylogarithms as

Lia+1(z) =
(−1)a z
a!

∫ 1

0

dt
lna(t)

1− tz (C.1)

and Nielsen generalized polylogarithms as

Sa,b(z) =
(−1)a+b−1

(a− 1)!b!

∫ 1

0

dt
lna−1 t lnb(1− zt)

t
, Sa,1(z) = Lia+1(z) , (C.2)

where a and b are integers. During calculations, the following inversion and reflection

formulas for polylogarithms are useful [252],

Lin(z)+(−1)nLin
(
1

z

)
= − 1

n!
lnn(−z)−

n−2∑

j=0

1

j!
(1+(−1)n−j)(1−21−n+j)ζ(n−j) lnj(−z) ,

Sn,p(z) =
n−1∑

j=0

lnj z

j!

{
sn−j,p −

p−1∑

k=0

(−1)k lnk(1− z)
k!

Sp−k,n−j(1− z)
}
+
(−1)p
n!p!

lnn z lnp(1−z) ,

where

sn,p = Sn,p(1) .
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In particular, from these relations, we obtain

Li2(z) = −Li2
(
1

z

)
− ζ(2)− 1

2
ln2(−z) , Li3(z) = Li3

(
1

z

)
− ζ(2) ln(−z)− 1

6
ln3(−z) ,

Li4(z) = −Li4
(
1

z

)
− 7

4
ζ(4)− 1

2
ζ(2) ln2(−z)− 1

4!
ln4(−z) ,

Li2(z) = ζ(2)− Li2(1− z)− ln z ln(1− z) ,

Li3(z) = −Li3(1− z)− Li3

(
1− 1

z

)
+ ζ(3) +

1

6
ln3 z + ζ(2) ln z − 1

2
ln2 z ln(1− z) ,

Li4 (z) = ζ(4)−S1,3(1−z)+ln z(ζ(3)−S1,2(1−z))+
ln2 z

2
(ζ(2)−Li2(1−z))−

1

6
ln3 z ln(1−z) .

It is also useful to know that,

d

dy
Li2 (y) = −

ln(1− y)
y

,
d

dy
Li3 (y) =

Li2 (y)

y
,

d

dy
S1,2 (y) =

ln2(1− y)
2y

, (C.3)

ℑ{Li2(y + iε)} = πθ(y − 1) ln(y) , ℑ{Li3(y + iε)} = πθ(y − 1)
ln2(y)

2
, (C.4)

ℑ{S1,2(y + iε)} = πθ(y − 1)

[
ζ(2)− Li2

(
1

y

)
− ln2(y)

2

]
. (C.5)

Hypergeometric function 2F1

We can represent the hypergeometric function 2F1 as

2F1(a, b, c; z) =
1

B(b, c− b)

∫ 1

0

dx xb−1(1− x)c−b−1(1− zx)−a , (C.6)

for ℜ{c} > ℜ{b} > 0. The definition is valid in the entire complex z-plane with a cut along

the real axis from 1 to infinity. Using the integral representation (C.6) and performing

the transformation

x = − y

z
[
1−

(
1 + 1

z

)
y
] , (C.7)

one can prove the following identity

2F1(a, b, 1 + b; 1 + z) = (−z)−b 2F1

(
1 + b− a, b, 1 + b; 1 + z−1

)
. (C.8)

Choosing a = b = ϵ, we get

2F1(1, ϵ, 1 + ϵ; 1 + z) = (−z)−ϵ 2F1(ϵ, ϵ, 1 + ϵ; 1 + z−1) . (C.9)

One can also prove the following expansions [253]

2F1(1,−ϵ, 1− ϵ; z) = 1−
∞∑

i=1

ϵiLii(z) , (C.10)
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2F1(2− 2ϵ, 1− ϵ, 2− ϵ; z) = 1

1− z

{
1 +

[
1 +

(
1 + z

z

)
ln(1− z)

]
ϵ

+

[
2 +

(
1 + z

z

)
ln(1− z) ln((1− z)e)−

(
1− z
z

)
Li2(z)

]
ϵ2

+

[
4 + ln(1− z)

(
2(1 + z)

z
+

2(1− z)
z

ζ(2) +
ln(1− z)

3z

×
(
3(1 + z) + 2(1 + z) ln(1− z)− 3(1− z) ln z

))
− 1− z

z
Li2(z) (1 + 2 ln(1− z))

−2(1− z)
z

(
Li3(1− z) +

Li3(z)

2
− ζ(3)

)]
ϵ3
}
+O(ϵ4) . (C.11)

Nested harmonic sums and M functions [188]

The nested harmonic sums are defined recursively by

Si(n) =
n∑

k=1

1

ki
, Si⃗j(n) =

n∑

k=1

Sj⃗(k)

ki
, (C.12)

while theM-functions are defined by the double series

M(⃗i, j⃗, k⃗;x1, x2) =
∞∑

n1=0

∞∑

n2=0

(
n1 + n2

n1

)2

S⃗i(n1)Sj⃗(n2)Sk⃗(n1 + n2)x
n1
1 x

n2
2 . (C.13)

C.2 Some useful integrals

The integral Ia,b,c

The integral

Ia,b,c =

∫ 1

0

dx
1

ax+ b(1− x)− cx(1− x) ln
(
ax+ b(1− x)
cx(1− x)

)
(4.50)

is invariant with respect to any permutation of its arguments, as it can be seen from the

representation

Ia,b,c =

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3
δ(1− x1 − x2 − x3)

(ax1 + bx2 + cx3)(x1x2 + x1x3 + x2x3)
. (C.14)

To prove that (4.50) and (C.14) are equivalent, we first integrate over x3 and then perform

the change of variables

x =
x2

x1 + x2
, z =

x1x2
(1− x1)x1 + (1− x2)x2 − x1x2

,
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x1 =
(1− x)z

z + x(1− x)(1− z) , x2 =
xz

z + x(1− x)(1− z) , x3 =
x(1− x)(1− z)

z + x(1− x)(1− z) ,

with Jacobian

J =
xz(1− x)

[z + x(1− x)(1− z)]3 . (C.15)

We obtain

Ia,b,c =

∫ 1

0

dx

∫ ∞

0

dz
Θ
(

x(1−x)(1−z)
z+x(1−x)(1−z)

)

az(1− x) + bxz + cx(1− x)(1− z)

=

∫ 1

0

dx
1

a(1− x) + bx− cx(1− x) ln
(
bx+ a(1− x)
cx(1− x)

)
, (C.16)

which is equal to (4.50) after the trivial change of variables x↔ 1− x.
Another useful representation of immediate proof is

Ia,b,c =

∫ 1

0

dx

∫ ∞

1

dt
1

t [ax(1− x)(t− 1) + b(1− x) + cx]
. (C.17)

In the case when a = q⃗ 2
1 , b = q⃗ 2

2 and c = (q⃗1 − q⃗2)2 ≡ p⃗ 2, the explicit solution of the

integral is [254]

Iq⃗ 2
1 ,q⃗

2
2 ,p⃗

2 =

∫ 1

0

dx
1

q⃗ 2
1 x+ q⃗ 2

2 (1− x)− p⃗ 2x(1− x) ln
(
q⃗ 2
1 x+ q⃗ 2

2 (1− x)
p⃗ 2x(1− x)

)

= − 2

|q⃗1||q⃗2| sinϕ

[
ln ρ arctan

(
ρ sinϕ

1− ρ cosϕ

)
+ ℑ

(
−Li2(ρeiϕ)

)]
, (C.18)

where ϕ is the angle between q⃗1, q⃗2 and ρ = min
(

|q⃗1|
|q⃗2| ,

|q⃗2|
|q⃗1|

)
.

The box integral with one external mass

Here, we derive the result for I4B in Eq. (4.54), i.e. a box integral with massless propa-

gators and one external mass, using direct Feynman technique. The integral is

I4B =
1

i

∫
dDk

1

(k2 + iε)[(k + q1)2 + iε][(k + q2)2 + iε][(k − pB)2 + iε]
. (4.53)

Defining

d1 = k2+ iε , d2 = (k+q1)
2+ iε , d3 = (k+q2)

2+ iε , d4 = (k−pB)2+ iε , (C.19)

we can write

1

d1d4
=

∫ 1

0

dx
1

((1− x)d1 + xd4)
2 ,

1

d2d3
=

∫ 1

0

dy
1

((1− y)d2 + yd3)
2 , (C.20)
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and hence

1

d1d2d3d4
= Γ(4)

∫ 1

0

dy

∫ 1

0

dx

∫ 1

0

dz
z(1− z)

[(1− z) ((1− x)d1 + xd4) + z ((1− y)d2 + yd3)]
4 .

(C.21)

After integration in the dDk, we obtain for I4B,

I4B = πD/2Γ(4−D/2)

×
∫ 1

0

dz

∫ 1

0

dx

∫ 1

0

dy
z(1− z)

[z(1− z) (−s2x(1− y) + (by + a(1− y))(1− x))− i0]4−D/2
,

(C.22)

where a = −t1, b = −t2. Performing the trivial integrations over z and x, we have

I4B = πD/2Γ(1− ϵ)Γ
2(ϵ)

Γ(2ϵ)

×
∫ 1

0

dy

s2(1− y) + by + a(1− y)
[
(−s2(1− y)− i0)ϵ−1 − (by + a(1− y))ϵ−1

]
. (C.23)

The first term in the square bracket gives

(−s2 − i0)ϵ−1

∫ 1

0

dy
(1− y)ϵ−1

(s2 + a) (1− y) + by
= (−s2 − i0)ϵ−1 1

b

∫ 1

0

dx
xϵ−1

1− x (1− (s2 + a) /b)

= (−s2 − i0)ϵ−1 1

b

1

ϵ
2F1

(
1, ϵ, 1 + ϵ; 1− (s2 + a)

b

)
. (C.24)

In the second term, denoting t = by + a(1− y), one can organize the integral as

∫ b

a

dt =

∫ b

0

dt−
∫ a

0

dt = b

∫ 1

0

dx− a
∫ 1

0

dx . (C.25)

In this way, we obtain

∫ 1

0

dy

s2(1− y) + by + a(1− y)(by + a(1− y))ϵ−1 =
bϵ

s2b

∫ 1

0

dx
xϵ−1

1− x (1− (b− a) /s2)

− aϵ

s2b

∫ 1

0

dx
xϵ−1

1− x (1− (b− a) (s2 + a) / (s2b))
=

bϵ

s2bϵ
2F1

(
1, ϵ, 1 + ϵ; 1− (b− a)

s2

)

− aϵ

s2bϵ
2F1

(
1, ϵ, 1 + ϵ; 1− (b− a) (s2 + a)

(s2b)

)
. (C.26)

Finally, restoring t1 and t2, we have

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(1 + ϵ)

Γ(1 + 2ϵ)

2

ϵ2

[
(−s2 − i0)ϵ 2F1

(
1, ϵ, 1 + ϵ; 1− (s2 − t1)

(−t2)

)
(C.27)
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+(−t2)ϵ2F1

(
1, ϵ, 1 + ϵ; 1− (t1 − t2)

s2

)
− (−t1)ϵ2F1

(
1, ϵ, 1 + ϵ; 1− (s2 − t1) (t1 − t2)

s2(−t2)

)]
.

This result is exact and coincides with that in (4.57).

Feynman integrals with logarithms

In the calculation it happens to come across momentum integrals that have logarithms in

the numerator. We explain below how to evaluate them, considering the example

∫
dD−2k

ln k⃗ 2

k⃗ 2(k⃗ + q⃗2)2
. (C.28)

Using ln k⃗ 2 = ∂
∂α
(k⃗ 2)α

∣∣
α=0

and exchanging the order of integration and derivative, we get

∂

∂α

[∫
dD−2k

1

(k⃗ 2)1−α(k⃗ + q⃗2)2

]

α=0

= π1+ϵ(q⃗ 2
2 )

−1+ϵ ∂

∂α

[
(q⃗ 2

2 )
αΓ(1− α− ϵ)Γ(ϵ)Γ(α + ϵ)

Γ(1− α)Γ(2ϵ+ α)

]

α=0

= π1+ϵ(q⃗ 2
2 )

−1+ϵΓ(1− ϵ)Γ2(ϵ)

Γ(2ϵ)

[
ln q⃗ 2

2 + ψ(1) + ψ(ϵ)− ψ(1− ϵ)− ψ(2ϵ)
]
. (C.29)

C.3 Relation between Euclidean and Minkowskian

integrals

In this appendix, we give an explicit derivation of the following relations:

I5 =
π2+ϵΓ(1− ϵ)

s

[
ln

(
(−s)(q⃗1 − q⃗2)2
(−s1)(−s2)

)
I3 + L3 − I5

]
, (4.87)

I4B = −π
2+ϵΓ(1− ϵ)

s2

[
Γ2(ϵ)

Γ(2ϵ)
(−t2)ϵ−1

(
ln

(−s2
−t2

)
+ ψ(1− ϵ)− 2ψ(ϵ) + ψ(2ϵ)

)
+ I4B

]
.

(4.67)

• Let’s start from the definition of I5:

I5 =
1

i

∫
dDk

1

(k2 + iε)[(k + q1)2 + iε][(k + q2)2 + iε][(k + pA)2 + iε][(k − pB)2 + iε]
.

We introduce the standard Sudakov decomposition for momenta,

k = αpB + βpA + k⊥ , dDk =
s

2
dαdβdD−2k⊥ , (C.30)
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q1 = pA− pA′ = − q⃗
2
1

s
pB +

s2
s
pA+ q1⊥ , q2 = pB′ − pB = −s1

s
pB +

q⃗ 2
2

s
pA+ q2⊥ . (C.31)

By expressing denominators in terms of Sudakov variables, we can reduce the integration

over α to a simple computation of residues in the complex plane. We have the following

five simple poles:

α1 =
k⃗ 2 − iε
βs

, α2 =
(k + q⃗1)

2 − iε
s(β + s2

s
)

+
q⃗ 2
1

s
, α3 =

(k + q⃗2)
2 − iε

s(β +
q⃗ 2
2

s
)

+
s1
s
, (C.32)

α4 =
k⃗2 − iε
(1 + β)s

, α5 =
k⃗2 − iε
βs

+ 1 . (C.33)

We observe that in the region Ω = {β < −1 ∨ β > 0} the integral always vanishes,

since all poles are on the same side with respect to the real α-axis; in the region Ω̄ =

{−1 < β < 0} we have contributions from three poles lying in the lower real α-axis: α4

in the whole region −1 < β < 0, α2 in the region − s2
s
< β < 0 and α3 in the region

− q⃗ 2
2

s
< β < 0. The integral can therefore be expressed as

I5 = −π
∫ 0

−1

dβ

1 + β

∫
dD−2k

1[
α4βs− k⃗2 + iε

] 1[
(α4 − q⃗ 2

1

s
)(β + s2

s
)s− (k + q⃗1)2 + iε

]

× 1[
(α4 − 1)βs− k⃗2 + iε

] 1[
(α4 − s1

s
)(β +

q⃗ 2
2

s
)s− (k⃗ + q⃗2)2 + iε

]

−π
∫ 0

− s2
s

dβ

β + s2
s

∫
dD−2k

1[
α2βs− k⃗2 + iε

] 1[
(α2 − s1

s
)(β +

q⃗ 2
2

s
)s− (k⃗ + q⃗2)2 + iε

]

× 1[
α2(1 + β)s− k⃗2 + iε

] 1[
(α2 − 1)βs− k⃗2 + iε

]

−π
∫ 0

−
q⃗ 2
2
s

dβ

β +
q⃗ 2
2

s

∫
dD−2k

1[
α3βs− k⃗2 + iε

] 1[
(α3 − q⃗ 2

1

s
)(β + s2

s
)s− (k⃗ + q⃗1)2 + iε

]

× 1[
α3(1 + β)s− k⃗2 + iε

] 1[
(α3 − 1)βs− k⃗2 + iε

] .

(C.34)

Substituting the explicit values of poles and doing simple algebric manipulations, we end

up with (omitting the iε’s in the denominators)

I5 ≃ −π
∫ 1

0

dββ3

∫
dD−2k

1

k⃗ 2(k⃗ + βq⃗1)2[(k⃗ + βq⃗2)2 + β(1− β)(−s1)][⃗k 2 + β(1− β)(−s)]
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+π

∫ 1

0

dββ3

∫
dD−2k

(s2
s

) 1

(k⃗ + q⃗1)2(k⃗ + (1− β)q⃗1 + βq⃗2)2[(k⃗ + (1− β)q⃗1)2 + β(1− β)q⃗ 2
1 ]

× 1

[(k⃗ + (1− β)q⃗1)2 + β(1− β)(−s2)]

−π
∫ 1

0

dβ(1− β)3
∫
dD−2k

(q⃗ 2
2 )

2

s2s

1

[(k⃗ + q⃗2)2]2(k⃗ + βq⃗2)2[(k⃗ + βq⃗2)2 + β(1− β)q⃗ 2
2 ]

.

(C.35)

The third integral is suppressed in the high-energy approximation; as for the other two,

they can be calculated by first performing the change of variable k⃗ → βk⃗ in the integration

over k⃗ and then integrating some terms in β by using the following integral:

∫ 1

0

dβ
(1− β)D−n

δ + β
=

∫ 1

0

dβ
(1− β)D−n − 1

δ + β
+

∫ 1

0

dβ
1

δ + β

≃
∫ 1

0

dβ
(1− β)D−n − 1

β
+

∫ 1

0

dβ
1

δ + β
≃ ψ(1)− ψ(D − n− 1)− ln δ , (C.36)

where δ is a generic quantity tending to zero, like k⃗ 2/s for instance, and n = 5 and 6 in

the cases we are interested in. We obtain

I5 =
π

s

∫
dD−2k

1

k⃗ 2(k⃗ + q⃗1)2(k⃗ + q⃗2)2

[
ln

(
(k + q⃗2)

2(−s)
(−s1)(−s2)

)
− (ψ(1)− ψ(D − 5))

]

+ π
q⃗ 2
1

s

∫ 1

0

dββ3

∫
dD−2k

1

k⃗ 2(k⃗ + βq⃗1)2(k⃗ + βq⃗2)2 [⃗k 2 + β(1− β)q⃗ 2
1 ]

.

(C.37)

To get the desired form, we rewrite the last two terms in the square bracket as an integral

over β,

ψ(1)− ψ(D − 5) =

∫ 1

0

dβ
(1− β)D−6 − 1

β
=

∫ 1

0

dβ
βD−6

1− β −
∫ 1

0

dβ
1

β
,

and combine with the last term of the full expression, to get

I5 =
π

s

∫
dD−2k

1

k⃗ 2(k⃗ + q⃗1)2(k⃗ + q⃗2)2
ln

(
(k + q⃗2)

2(−s)
(−s1)(−s2)

)

−π
s

∫ 1

0

dβ

1− β

∫
dD−2k

k⃗ 2

[
β2

(k⃗ − β(q⃗1 − q⃗2))2[(1− β)k⃗ 2 + β(k⃗ − q⃗1)2]
− 1

(k⃗ − q⃗1 + q⃗2)2(k⃗ − q⃗1)2

]

=
π

s

∫
dD−2k

1

k⃗ 2(k⃗ − q⃗1)2(k⃗ − q⃗2)2

[
ln

(
(−s)(q⃗1 − q⃗2)2
(−s1)(−s2)

)
+ ln

(
(k⃗ − q⃗1)2(k⃗ − q⃗2)2
k⃗ 2(q⃗1 − q⃗2) 2

)]
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−π
s

∫ 1

0

dβ

1− β

∫
dD−2k

k⃗ 2

[
β2

(k⃗ − β(q⃗1 − q⃗2))2[(1− β)k⃗ 2 + β(k⃗ − q⃗1)2]
− 1

(k⃗ − q⃗1 + q⃗2)2(k⃗ − q⃗1)2

]

+
π

s

∫
dD−2k

1

k⃗ 2(k⃗ − q⃗1)2(k⃗ − q⃗2)2

[
ln

(
k⃗ 2

(k⃗ − q⃗1)2

)]
.

Expressing the term in the last line as

π

s

∫ 1

0

dβ
1

1− β

∫
dD−2k

1

(k⃗ − q⃗1)2(k⃗ − q⃗2)2

[
1

βk⃗ 2 + (1− β)(k⃗ − q⃗1) 2
− 1

k⃗ 2

]
,

and performing simple manipulations, we get

I5 =
π

s

∫
dD−2k

1

k⃗ 2(k⃗ − q⃗1)2(k⃗ − q⃗2)2

[
ln

(
(−s)(q⃗1 − q⃗2)2
(−s1)(−s2)

)]

+
π

s

∫
dD−2k

1

k⃗ 2(k⃗ − q⃗1)2(k⃗ − q⃗2)2

[
ln

(
(k⃗ − q⃗1)2(k⃗ − q⃗2)2
k⃗ 2(q⃗1 − q⃗2) 2

)]

−π
s

∫ 1

0

dβ
1

1− β

∫
dD−2k

1

k⃗ 2[(1− β)k⃗ 2 + β(k⃗ − q⃗1)2]

[
β2

(k⃗ − β(q⃗1 − q⃗2))2
− 1

(k⃗ − q⃗1 + q⃗2)2

]
,

which, by using definitions (4.15), (4.16), (4.18), leads exactly to eq. (4.87).

• Let’s prove the second relation; again we start from the definition of I4B:

I4B =
1

i

∫
dDk

1

(k2 + iε)[(k + q1)2 + iε][(k + q2)2 + iε][(k − pB)2 + iε]
. (C.38)

We again introduce the Sudakov decomposition (C.30)-(C.31) and observe that we have

four poles:

β1 =
k⃗ 2 − iε
αs

, β2 =
(k⃗ + q⃗1)

2 − iε
(α− q⃗ 2

1

s
)s
−s2
s
, β3 =

(k⃗ + q⃗2)
2 − iε

(α− s1
s
)s
− q⃗

2
2

s
, β4 =

k⃗ 2 − iε
(α− 1)s

.

In the region Ω = {α < 0 ∨ α > 1} the integral always vanishes, while, in the region

Ω̄ = {0 < α < 1}, if we close the integration path over β in the half-plane ℑβ > 0 and

use the residue theorem, we have

I4B = −π
∫ 1

0

dα

1− α

∫
dD−2k

1

(αβ4s− k⃗2 + iε)

× 1

[α(β4 +
s2
s
)s− (k⃗ + q⃗1)2 + iε][(α− s1

s
)(β4 +

q⃗ 2
2

s
)s− (k⃗ + q⃗2)2 + iε]
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+π

∫ s1
s

0

dα

α− s1
s

∫
dD−2k

(αβ3s− k⃗2 + iε)[α(β3 +
s2
s
)s− (k⃗ + q⃗1)2 + iϵ][(α− 1)β3s− k⃗2 + iε]

.

(C.39)

In the last expression, we neglected the contribution of the pole β2, which is present in the

region Ω′ = {0 < α < q⃗ 2
1 /s}, since it is suppressed in the MRK. For the same reason, in

the previous integrals we approximated α− q⃗ 2
1 /s with α. Substituting the explicit values

of β3 and β4, one gets (recalling that s1s2/s = (q⃗1− q⃗2)2 and taking the high-energy limit)

I4B = π

∫ 1

0

dαα2

∫
dD−2k

1

k⃗2(k⃗ + αq⃗2)2[(k⃗ + αq⃗1)2 + α(1− α)(−s2 − iε)]
(C.40)

−π (q⃗1 − q⃗2)
2

s2

∫ 1

0

dα α2

∫
dD−2k

(k⃗ + q⃗2)2[(k⃗ + (1− α)q⃗2)2 + α(1− α)q⃗ 2
2 ](k⃗ + (1− α)q⃗2 + αq⃗1)2

.

Manipulating the first term and using the integral in eq. (C.36), one can obtain the

following form:

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2

2 )
ϵ

[
ln

(−s2
−t2

)
+ ψ(1− ϵ)− ψ(ϵ)

]

+
π

s2

∫ 1

0

dα

α

∫
dD−2k

1

(k⃗ − q⃗1)2(k⃗ − (q⃗1 − q⃗2))2

− π
s2

∫ 1

0

dα

1− α

∫
dD−2k

1

(k⃗ + q⃗2)2
[
αk⃗2 + (1− α)(k⃗ + q⃗1)2

]

−π (q⃗1 − q⃗2)
2

s2

∫ 1

0

dα α2

∫
dD−2k

1

k⃗2[(k⃗ + αq⃗2)2 + α(1− α)q⃗ 2
2 ](k⃗ + α(q⃗2 − q⃗1))2

. (C.41)

In the last integral we perform the transformation

k⃗ → k⃗′ = k⃗ − p⃗ , α→ α′ =
αk⃗′

2

(1− α)k⃗2 + αk⃗′
2 with p⃗ ≡ q⃗1 − q⃗2 ,

and get

I4B =
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2

2 )
ϵ

[
ln

(−s2
−t2

)
+ ψ(1− ϵ)− ψ(ϵ)

]

+
π

s2

∫ 1

0

dα

α

∫
dD−2k

1

(k⃗ − q⃗1)2(k⃗ − (q⃗1 − q⃗2))2

− π
s2

∫ 1

0

dα

1− α

∫
dD−2k

1

(k⃗ + q⃗2)2
[
αk⃗2 + (1− α)(k⃗ + q⃗1)2

]
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− π
s2

∫ 1

0

dα

∫
dD−2k

α2p⃗ 2

(k⃗ + αp⃗)2[(k⃗ + αp⃗)2 + α(1− α)p⃗ 2][(1− α)k⃗2 + α(k⃗ + q⃗1)2]
.

(C.42)

The last two terms can be shown to lead to

− π
s2

∫ 1

0

dα

α

∫
dD−2k

1− α
(k⃗ − (1− α)(q⃗1 − q⃗2))2[αk⃗ 2 + (1− α)(k⃗ − q⃗1)2]

+
π2+ϵ

s2t2

Γ(1− ϵ)Γ2(ϵ)

Γ(2ϵ)
(q⃗ 2

2 )
ϵ(ψ(2ϵ)− ψ(ϵ)) , (C.43)

so that we finally find

I4B = −π
2+ϵΓ(1− ϵ)

s2

[
Γ2(ϵ)

Γ(2ϵ)
(−t2)ϵ−1

(
ln

(−s2
−t2

)
+ ψ(1− ϵ)− 2ψ(ϵ) + ψ(2ϵ)

)]

−π
2+ϵΓ(1− ϵ)

s2

∫ 1

0

dα

α

∫
dD−2k

π1+ϵΓ(1− ϵ)

×


 1− α[
αk⃗2 + (1− α)(k⃗ − q⃗1)2

]
(k⃗ − (1− α)(q⃗1 − q⃗2))2

− 1

(k⃗ − q⃗1)2(k⃗ − (q⃗1 − q⃗2))2


 ,

(C.44)

which is exactly eq. (4.67).

C.4 Soft limit

In this appendix we evaluate the soft limit (p⃗→ 0) of the integrals considered so far. We

start from I3, given by eq. (4.15). In the soft limit, the dominant contribution comes

from the region k⃗ ≃ q⃗1 ≃ q⃗2; hence we can make the replacement

1

k⃗ 2
→ 1

Q⃗ 2
with Q⃗ ≡ q⃗1 + q⃗2

2

and obtain

I3 ≃
1

Q⃗2

1

π1+ϵΓ(1− ϵ)

∫
d2+2ϵk

1

k⃗ 2(k⃗ + p⃗)2
=

1

Q⃗2

Γ2(ϵ)

Γ(2ϵ)
(p⃗ 2)ϵ−1 . (C.45)

To obtain the soft limit of I4B, eq. (4.17), we restart from the representation

I4B =

∫ 1

0

dx

x
(JB(x)− JB(0)) ,

where

JB(x) =

∫ 1

0

dz
1− x

[z(1− x)(ax+ b(1− x)(1− z))]1−ϵ
, a = q⃗ 2

1 , b = q⃗ 2
2 . (C.46)
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and we observe that, in the soft region

q⃗1 ≃ q⃗2 ≃
q⃗1 + q⃗2

2
= Q⃗ ,

JB(x) becomes

JB(x) ≃
1

(Q⃗2)1−ϵ

∫ 1

0

dz
1

z1−ϵ(1− x)−ϵ[1− z(1− x)]1−ϵ =
1

(Q⃗2)1−ϵ

∫ 1−x

0

dz [z(1− z)]ϵ−1

and

I4B = − 1

(Q⃗2)1−ϵ

∫ 1

0

dx

x

∫ 1

1−x
dz [z(1− z)]ϵ−1 = − 1

(Q⃗2)1−ϵ

∫ 1

0

dz [z(1− z)]ϵ−1

∫ 1

1−z

dx

x

=
Γ2(ϵ)

Γ(2ϵ)

1

(Q⃗2)1−ϵ
(ψ(ϵ)− ψ(2ϵ)) .

Alternatively one can use the property of the Euler-Beta function to find

I4B = − 1

(Q⃗2)1−ϵ

∫ 1

0

dx

x

∫ 1

1−x
dz [z(1−z)]ϵ−1 = − 1

(Q⃗2)1−ϵ

∫ 1

0

dx

x
[B(ϵ, ϵ)−B(1− x, ϵ, ϵ)] ,

where B(x, a, b) is the incomplete Euler beta function and B(a, b) = B(1, a, b). Introduc-

ing the regularized Euler beta function,

I1−x(ϵ, ϵ) =
B(1− x, ϵ, ϵ)

B(ϵ, ϵ)
, (C.47)

and using the property 1− I1−x(ϵ, ϵ) = Ix(ϵ, ϵ), we find

I4B = − B(ϵ, ϵ)

(Q⃗2)1−ϵ

∫ 1

0

dx

x
Ix(ϵ, ϵ) =

Γ2(ϵ)

Γ(2ϵ)

1

(Q⃗2)1−ϵ
(ψ(ϵ)− ψ(2ϵ)) . (C.48)

The soft limit of the pentagon integral, eq. (4.86), can be immediately obtained and

reads [47]

I5 ≃
π2+ϵΓ(1− ϵ)

s

Γ2(ϵ)

Γ(2ϵ)

(p⃗ 2)ϵ−1

Q⃗2
(ψ(ϵ)− ψ(1− ϵ) + iπ) . (C.49)

From this, by using eq. (4.87), we obtain

I5 − L3 ≃
Γ2(ϵ)

Γ(2ϵ)

(p⃗ 2)ϵ−1

Q⃗2
(ψ(1− ϵ)− ψ(ϵ)) . (C.50)



Appendix D

Further details on the di-hadron

production

D.1 Finite parts of virtual corrections

D.1.1 Building-block integrals

Ik1 (q⃗1, q⃗2, ∆1, ∆2) ≡
1

π

∫
ddl⃗
(
lk⊥
)

[
(⃗l − q⃗1)2 +∆1

] [
(⃗l − q⃗2)2 +∆2

]
l⃗ 2
, (D.1)

I2(q⃗1, q⃗2, ∆1, ∆2) ≡
1

π

∫
ddl⃗[

(⃗l − q⃗1)2 +∆1

] [
(⃗l − q⃗2)2 +∆2

] , (D.2)

Ik3 (q⃗1, q⃗2, ∆1, ∆2) ≡
1

π

∫
ddl⃗
(
lk⊥
)

[
(⃗l − q⃗1)2 +∆1

] [
(⃗l − q⃗2)2 +∆2

] , (D.3)

Ijk(q⃗1, q⃗2, ∆1, ∆2) ≡
1

π

∫
ddl⃗
(
lj⊥l

k
⊥
)

[
(⃗l − q⃗1)2 +∆1

] [
(⃗l − q⃗2)2 +∆2

]
l⃗ 2
. (D.4)

The arguments of these integrals will be different for each diagram so we will write them

explicitly before giving the expression of each diagram, but we will omit them in the

equations for the reader’s convenience.

Explicit results for the first three integrals in (D.1-D.4) are obtained by a straightforward

Feynman parameter integration. We will express them using the following variables:

ρ1 ≡
(q⃗ 2

12 +∆12)−
√

(q⃗ 2
12 +∆12)

2
+ 4q⃗ 2

12∆2

2q⃗ 2
12

, (D.5)

295
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ρ2 ≡
(q⃗ 2

12 +∆12) +
√
(q⃗ 2

12 +∆12)
2
+ 4q⃗ 2

12∆2

2q⃗ 2
12

, (D.6)

where ∆ij = ∆i −∆j .

One gets

Ik1 =
qk1⊥

2 [q⃗ 2
12 (q⃗

2
1 +∆1) (q⃗ 2

2 +∆2)− (q⃗ 2
1 − q⃗ 2

2 +∆12) (q⃗ 2
1 ∆2 − q⃗ 2

2 ∆1)]
(D.7)

×
{
(q⃗ 2

2 +∆2) q⃗
2
12 + q⃗ 2

2 (∆1 +∆2) + ∆2 (∆21 − 2q⃗ 2
1 )

(ρ1 − ρ2) q⃗ 2
12

ln

[( −ρ1
1− ρ1

)(
1− ρ2
−ρ2

)]

×
(
q⃗ 2
2 +∆2

)
ln

[
∆2 (q⃗

2
1 +∆1)

2

∆1 (q⃗ 2
2 +∆2)

2

]
+ (1↔ 2)

}
,

I2 =
1

q⃗ 2
12 (ρ1 − ρ2)

ln

[( −ρ1
1− ρ1

)(
1− ρ2
−ρ2

)]
, (D.8)

and

Ik3 =
(q⃗ 2

12 +∆12) q
k
1 + (q⃗ 2

21 +∆21) q
k
2

2 (ρ1 − ρ2) (q⃗ 2
12)

2
ln

[( −ρ1
1− ρ1

)(
1− ρ2
−ρ2

)]

− qk12
2q⃗ 2

12

ln

(
∆1

∆2

)
. (D.9)

Please note that in some cases the real part of ∆1 or ∆2 will be negative so the previous

results can acquire an imaginary part from the imaginary part ± i0 of the arguments.

The last integral in (D.4) can be expressed in terms of the other ones by writing

Ijk = I11
(
qj1⊥q

k
1⊥
)
+ I12

(
qj1⊥q

k
2⊥ + qj2⊥q

k
1⊥
)
+ I22

(
qj2⊥q

k
2⊥
)
, (D.10)

with

I11 = −
1

2

[q⃗ 2
2 q1⊥k − (q⃗1 · q⃗2) q2⊥k][
q⃗ 2
1 q⃗

2
2 − (q⃗1 · q⃗2)2

]2 (D.11)

×
[(

q⃗1 · q⃗2
q⃗ 2
1

)
ln

(
q⃗ 2
1 +∆1

∆1

)
qk1⊥ + (q⃗2 · q⃗21) Ik3 +

{
q⃗ 2
2 (q⃗1 · q⃗12) + ∆1q⃗

2
2 −∆2 (q⃗1 · q⃗2)

}
Ik1

]
,

I12 =
−1

4
[
q⃗ 2
1 q⃗

2
2 − (q⃗1 · q⃗2)2

] ln
(
q⃗ 2
1 +∆1

∆1

)

+
q⃗ 2
2 (q⃗1 · q⃗2)

2
[
q⃗ 2
1 q⃗

2
2 − (q⃗1 · q⃗2)2

]2
[(
q⃗ 2
1 +∆1

) (
q1⊥kI

k
1

)
+
(
q1⊥kI

k
3

)]
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− (q⃗ 2
1 q⃗

2
2 ) + (q⃗1 · q⃗2)2

4
[
q⃗ 2
1 q⃗

2
2 − (q⃗1 · q⃗2)2

]2
[(
q⃗ 2
2 +∆2

) (
q1⊥kI

k
1

)
+
(
q1⊥kI

k
3

)]
+ (1↔ 2), (D.12)

I22 = I11|1↔2 . (D.13)

In what follows, for the ϕ’s functions we use the variables x, x̄. In the main text these

should be identified as x = xq and x̄ = xq̄.

D.1.2 ϕ4

The arguments in the integrals of D.1.1 are

q⃗1 = p⃗1 −
(
x− z
x

)
p⃗q, q⃗2 =

(
x− z
x

)
(xp⃗q̄ − x̄p⃗q) ,

∆1 = (x− z) (x̄+ z)Q2, ∆2 = −
x (x̄+ z)

x̄ (x− z) q⃗
2 − i0 .

Let us write the impact factors in terms of these variables.

They read:

(longitudinal NLO) × (longitudinal LO) contribution:

(ϕ4)LL = −4(x− z)(x̄+ z)

z
[−x̄(x− z)(z + 1)I2 + q2⊥k(2x

2− (2x− z)(z + 1))Ik1 ] , (D.14)

(longitudinal NLO) × (transverse LO) contribution:

(ϕ4)
j
LT = (1−2x)pq1′j⊥ (ϕ4)LL−4(x−z)(x̄+z)(1−2x+z)[(q⃗·p⃗q1′)gj⊥k+qj2⊥pq1′⊥k]Ik1 , (D.15)

(transverse NLO) × (longitudinal LO) contribution:

(ϕ4)
i
TL = 2{[(x− x̄− z)qi2⊥q1⊥k + (−8xx̄− 6xz + 2z2 + 3z + 1)qj1⊥q2⊥k]I

k
1

− 2[4x2 − x(3z + 5) + (z + 1)2]q2⊥kI
ik + (x− x̄− z) (q⃗2 · q⃗1) I i

+ I2[(x− x̄− z)qi2⊥ + x̄(2(x− z)2 − 5x+ 3z + 1)qi1⊥]

− x̄[2(x− z)2 − 5x+ 3z + 1]I i3

+
xx̄(1− 2x)

z
[2q2⊥kI

ik + I i3 − qi1⊥(2q2⊥kIk1 + I2)]} , (D.16)

(transverse NLO) × (transverse LO) contribution:

(ϕ4)
ij
TT =

[
(x− x̄− 2z)(x− x̄− z)(q⃗2 · p⃗q1′)qi1⊥ + (z + 1)((q⃗1 · q⃗2) piq1′⊥ − (q⃗1 · p⃗q1′)qi2⊥)

]
Ij1

+ 2x̄[q2⊥k − (x− z)q1⊥k](piq1′⊥Ijk − gij⊥pq1′⊥lIkl)
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+ 2(x− z)[(2x̄+ z)(q⃗2 · p⃗q1′)− x̄(q⃗1 · p⃗q1′)]I ij

+ [(1− z)((q⃗1 · p⃗q1′)qj2⊥ − (q⃗2 · p⃗q1′)qj1⊥)− (1− 2x)(x̄− x+ z) (q⃗1 · q⃗2) pjq1′⊥]I i1
− 2

[
(x− z)(x̄qj1⊥ − (2x̄+ z)qj2⊥)pq1′⊥k

+ (1− 2x)
(
4x2 − (3z + 5)x+ (z + 1)2

)
q2⊥kpq1′

j
⊥
]
I ik

− x̄ (x̄− x)
(
2(x− z)2 − 5x+ 3z + 1

)
pjq1′⊥I

i
3

+ x̄ (x̄+ z) (piq1′⊥I
j
3 − gij⊥pq1′⊥kIk3 )

+ I2
[
gij⊥ ((1− z)(q⃗2 · p⃗q1′)− x̄(1 + x− z)(q⃗1 · p⃗q1′))

+ ((1− z)qj2⊥ − x̄(1 + x− z)qj1⊥)pq1′ i⊥
− (x̄− x)

(
(x̄− x+ z)qi2⊥ − x̄

(
2(x− z)2 − 5x+ 3z + 1

)
qi1⊥
)
pq1′

j
⊥
]

+ Ik1
[
gij⊥ ((x− x̄+ z)(q⃗1 · p⃗q1′)q2⊥k + (1− z)(q⃗2 · p⃗q1′)q1⊥k − (z + 1) (q⃗1 · q⃗2) pq1′⊥k)

+ qj1⊥((x− x̄+ z)q2⊥kp
i
q1′⊥ − (z + 1)qi2⊥pq1′⊥k)

+ qj2⊥((x− x̄− 2z)(x− x̄− z)qi1⊥pq1′⊥k + (1− z)q1⊥kpq1′ i⊥)
− (1− 2x)((1− 2x+ z)qi2⊥q1⊥k − (2z2 + 3z − x(8x̄+ 6z) + 1)qi1⊥q2⊥k)pq1′

j
⊥
]

+
xx̄

z

[
(x− x̄)2pjq1′⊥(2q2⊥kI ik + I i3 − qi1⊥(I2 + 2q2⊥kI

k
1 ))

+ piq1′⊥(q
j
1⊥(I2 + 2q2⊥kI

k
1 )− 2q2⊥kI

jk − Ij3)
+ gij⊥((q⃗1 · p⃗q1′)(I2 + 2q2⊥kI

k
1 ) + pq1′⊥k(2q2⊥lI

kl + Ik3 ))
]
. (D.17)

D.1.3 ϕ5

Here the integrals from D.1.1 will have the following arguments :

q⃗1 =

(
x− z
x

)
p⃗3 −

z

x
p⃗1, q⃗2 = p⃗q1 −

z

x
p⃗q , (D.18)

∆1 =
z(x− z)
x2x̄

(p⃗ 2
q̄2 + xx̄Q2), ∆2 = (x− z)(x̄+ z)Q2 . (D.19)

With such variables, it is easy to see that the argument in the square roots in (D.6) are

full squares. In terms of the variables in (D.18), the impact factors read,

(longitudinal NLO) × (longitudinal LO):

(ϕ5)LL =
4(x− z)(−2x(x̄+ z) + z2 + z)

xz

[
x̄(x− z)I2 − (zq1⊥k − x (x̄+ z) q2⊥k) I

k
1

]
,

(D.20)

(longitudinal NLO) × (transverse LO) :

(ϕ5)
j
LT = (x̄− x)pjq1′⊥ (ϕ5)LL (D.21)
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+
4(x− z)(x− x̄− z)

x

(
zqk1⊥ − x(x̄+ z)qk2⊥

)
pq1′⊥l

(
gj⊥kI

l
1 + Ij1

)
,

(transverse NLO) × (longitudinal LO) :

(ϕ5)
i
TL = 2

[
(x− x̄− z) (q⃗1 · q⃗2)− x̄(x− z)2Q2 + (

z

x
− x)q⃗ 2

1

]
I i1

+
2

x

[
xq2⊥k(−8xx̄− 6xz + 2z2 + 3z + 1) + 2q1⊥k(2xz − 2x2 + x− z2)

]
qi1⊥I

k
1

+ 2qi2⊥q1⊥k(x− x̄− z)Ik1 + 2
x̄

x
(x(8x− 3)− 6xz + 2z2 + z)I i1

+
2

x

[
xqi2⊥(x− x̄− z) + qi1⊥(8x

3 − 6x2(z + 2) + x(z + 3)(2z + 1)− 2z2)
]
I2

− 4

x

[
(x− z)(x̄+ z)q1⊥k + x(4x2 − x(3z + 5) + (z + 1)2)q2⊥k

]
I ik

− 4

z
xx̄(x− x̄)

[
q2⊥kI

ik + I i3 − qi1⊥
(
q2⊥kI

k
1 + I2

)]
, (D.22)

(transverse NLO) × (transverse LO) :

(ϕ5)
ij
TT = −2(x− z)

[z
x
(q⃗1 · p⃗q1′)− (2x̄+ z)(q⃗2 · p⃗q1′)

]
I ij

+
[
−x̄(x− z)2Q2piq1′⊥ + (x̄− x+ 2z)(x̄− x+ z)(q⃗2 · p⃗q1′)qi1⊥

− (q⃗1 · p⃗q1′)((z + 1)qi2⊥ − 2
z

x
(2x− z)qi1⊥)

+ ((z + 1) (q⃗1 · q⃗2)−
(
x+

z

x

)
r⃗ 2)piq1′⊥

]
Ij1

− 2
x̄

x
(xq2⊥k + (x− z)q1⊥k)

(
gij⊥pq1′⊥lI

kl − pq1′ i⊥Ijk
)

+
[
x̄ (x− x̄) (x− z)2Q2pjq1′⊥ − (z − 1)(q⃗1 · p⃗q1′)qj2⊥

+ (z − 1)(q⃗2 · p⃗q1′)qj1⊥ +
x− x̄
x

(
(x2 − z)q⃗ 2

1 + x(x̄− x+ z)(q⃗1 · q⃗2)
)
pkq1′⊥

]
I i1

+ 2

[
x− x̄
x

(
x(4x2 − (3z + 5)x+ (z + 1)2)q2⊥k + (x− z)(x̄+ z)q1⊥k

)
pjq1′⊥

− x− z
x

(
x(2x− z − 2)qj2⊥ + zqj1⊥

)
pq1′⊥k

]
I ik

+
x̄ (x̄− x)

x

(
2z2 − 6xz + z + x(8x− 3)

)
pjq1′⊥I

i
3

+

[
(x− x̄)

(
(x̄− x+ z)qi2⊥ +

(
6(z + 2)x− 8x2 − (z + 3)(2z + 1) + 2

z2

x

)
qi1⊥r

i
⊥

)
pjq1′⊥

+ (1− z)(gij⊥(q⃗2 · p⃗q1′) + qk2⊥p
i
q1′⊥) + (2x+ z − 3)(gik⊥ (q⃗1 · p⃗q1′) + qk1⊥p

i
q1′⊥)

]
I2

+
(
3x̄+ z − z

x

)
piq1′⊥I

k
3 −

x̄

x
(3x− z)gij⊥pq1′⊥kIk3

+
[
(x− x̄)pjq1′⊥

{
(x̄− x+ z)qi2⊥q1⊥k − (2z2 − 6xz + 3z − 8xx̄+ 1)q2⊥kq

i
1⊥
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− 2(x̄− x+ 2z − z2

x
)q1⊥kq

i
1⊥

}
+ x̄(x− z)2Q2gij⊥pq1′⊥k

+ (1− z)q1⊥k(gij⊥(q⃗2 · p⃗q1′) + qj2⊥p
i
q1′⊥)

+ ((x− x̄+ z)q2⊥k − 2q1⊥k) (g
ij
⊥(q⃗1 · p⃗q1′) + qj1⊥p

i
q1′⊥)

+ gij⊥

((
x+

z

x

)
q⃗ 2
1 − (z + 1)(q⃗1 · q⃗2)

)
pq1′⊥k

+
(
(x− x̄− 2z)(x− x̄− z)qi1⊥qj2⊥ − (z + 1)qi2⊥q

j
1⊥ + 2(2x− z)z

x
qi1⊥q

j
1⊥

)
pq1′⊥k

]
Ik1

+
2xx̄

z

[
(x− x̄)2pjq1′⊥(q2⊥kI ik + I i3)− piq1′⊥(q2⊥kIjk + Ik3 ) + gij⊥pq1′⊥k(q2⊥lI

kl + Ik3 )

+ (I2 + q2⊥kI
k
1 )
(
gij⊥(q⃗1 · p⃗q1′) + qj1⊥p

i
q1′⊥ − (1− 2x)2qi1⊥p

j
q1′⊥
)]
. (D.23)

D.1.4 ϕ6

We will use the variable

q⃗ =

(
x− z
x

)
p⃗3 −

z

x
p⃗1 . (D.24)

In terms of these variable we have (longitudinal NLO) × (longitudinal NLO) :

(ϕ6)LL = −4xx̄2J0 , (D.25)

(longitudinal NLO) × (transverse NLO) :

(ϕ6)
j
LT = (1− 2x)pjq1′⊥(ϕ6)LL , (D.26)

(transverse NLO) × (longitudinal NLO) :

(ϕ6)
i
TL = 2x̄

[
(1− 2x)piq̄2⊥J0 − J i1⊥

]
, (D.27)

(transverse NLO) × (transverse NLO) :

(ϕ6)
ij
TT = x̄

[
(x− x̄)2piq̄2⊥pjq1′⊥ − gij⊥(p⃗q̄2 · p⃗q1′)− piq1′⊥pjq̄2⊥

]
J0

+ x̄
[
(x− x̄)pjq1′⊥gi⊥k − pq1′⊥kgij⊥ + piq1′⊥g

j
⊥k
]
Jk1⊥ . (D.28)

We introduced

Jk1⊥ =
(x− z)2
x2

qk⊥
q⃗ 2

ln

(
p⃗ 2
q̄2 + xx̄Q2

p⃗ 2
q̄2 + xx̄Q2 + x2x̄

z(x−z) q⃗
2

)
, (D.29)

and

J0 =
z

x(p⃗ 2
q̄2 + xx̄Q2)

− 2x(x− z) + z2

xz(p⃗ 2
q̄2 + xx̄Q2)

ln

(
x2x̄µ2

z(x− z)(p⃗ 2
q̄2 + xx̄Q2) + x2x̄q⃗ 2

)
. (D.30)
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D.2 Finite part of squared impact factors

In this section, we present the finite part of squared impact factors for the real corrections

case.

D.2.1 LL transition

The double-dipole × double-dipole contribution is

Φ+
4 (p1⊥, p2⊥, p3⊥)Φ

+∗
4 (p′1⊥, p

′
2⊥, p

′
3⊥) =

8p+γ
4

z2
(

p⃗ 2
q̄2′

xq̄(1−xq̄) +Q2

)(
Q2 +

p⃗ 2
q1′

xq
+

p⃗ 2
q̄2′

xq̄
+

p⃗ 2
g3′

z

)

×


 xq̄ (dz

2 + 4xq (xq + z)) (xqp⃗g3 − zp⃗q1)(xqp⃗g3′ − zp⃗q1′)
xq (xq + z)2

(
(p⃗g3+p⃗q1)2

xq̄(xq+z)
+Q2

)(
(p⃗g3+p⃗q1)2

xq̄
+

p⃗ 2
g3

z
+

p⃗ 2
q1

xq
+Q2

)

− (4xqxq̄ + 2z − dz2)(xq̄p⃗g3 − zp⃗q̄2)(xqp⃗g3′ − zp⃗q1′)
(xq̄ + z) (xq + z)

(
(p⃗q̄2+p⃗g3)2

xq(xq̄+z)
+Q2

)(
(p⃗q̄2+p⃗g3)2

xq
+

p⃗ 2
g3

z
+

p⃗ 2
q̄2

xq̄
+Q2

)


+ (q ↔ q̄). (D.31)

The interference term in the dipole × dipole contribution reads

(
Φ̃+

3 (p⃗1, p⃗2)Φ
+∗
4 (p⃗1′ , p⃗2′ , 0⃗) + Φ+

4 (p⃗1, p⃗2, 0⃗)Φ̃
+∗
3 (p⃗1′ , p⃗2′)

)

=




8p+γ
4

z (xq + z)

(
p⃗ 2
q̄2′

xq̄(xq+z)
+Q2

)(
p⃗ 2
q1′

xq
+

p⃗ 2
q̄2′

xq̄
+ p⃗g2

z
+Q2

)

×





(4xqxq̄ + z(2− dz)) (p⃗g − z
xq̄
p⃗q̄)(xqp⃗g − zp⃗q1′)

(p⃗g − zp⃗q̄
xq̄

)2
(

p⃗ 2
q1′

xq(xq̄+z)
+Q2

)

−
xq̄ (dz

2 + 4xq (xq + z)) (p⃗g − z
xq
p⃗q)(p⃗g − z

xq
p⃗q1′)

(p⃗g − zp⃗q
xq

)2
(

p⃗ 2
q̄2

xq̄(xq+z)
+Q2

)



+ (q ↔ q̄)




+ (1↔ 1′, 2↔ 2′). (D.32)

The double-dipole × dipole contribution has the form

Φ+
4 (p⃗1, p⃗2, p⃗3) Φ

+∗
3 (p⃗1′ , p⃗2′) = Φ+

4 (p⃗1, p⃗2, p⃗3)Φ
+∗
4 (p⃗1′ , p⃗2′ , 0⃗) + Φ+

4 (p⃗1, p⃗2, p⃗3)Φ̃
+∗
3 (p⃗1′ , p⃗2′),

(D.33)
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where

Φ+
4 (p⃗1, p⃗2, p⃗3)Φ̃

+∗
3 (p⃗1′ , p⃗2′) =

8p+γ
4

z (xq + z)
(

p⃗ 2
q̄2

xq̄(xq+z)
+Q2

)(
p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄
+

p⃗ 2
g3

z
+Q2

)

×





(4xqxq̄ + z(2− dz)) (p⃗g − z
xq̄
p⃗q̄)(xqp⃗g3 − zp⃗q1)

(p⃗g − zp⃗q̄
xq̄

)2
(

p⃗ 2
q1′

xq(xq̄+z)
+Q2

)

−
xq̄ (dz

2 + 4xq (xq + z)) (p⃗g − z
xq
p⃗q)(p⃗g3 − z

xq
p⃗q1)

(p⃗g − zp⃗q
xq

)2
(

p⃗ 2
q̄2′

xq̄(xq+z)
+Q2

)





+ (q ↔ q̄). (D.34)

For the dipole × double-dipole contribution, one just has to complex conjugate (D.34)

and also invert the name of the momenta i.e. 1′, 2′ ↔ 1, 2.

D.2.2 LT/TL transition

The double-dipole × double-dipole contribution is

Φi
4(p1⊥, p2⊥, p3⊥)Φ

+∗
4 (p′1⊥, p

′
2⊥, p

′
3⊥)

=
−4p+γ 3

(
Q2 +

p⃗ 2
g3

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
g3′

z
+

p⃗ 2
q1′

xq
+

p⃗ 2
q̄2′

xq̄

)

×



z
(
(P⃗ ·p⃗q1)Gi

⊥−(G⃗·p⃗q1)P i
⊥

)
(dz + 4xq − 4)− (G⃗ · P⃗ )piq1⊥ (2xq − 1) (4 (xq − 1)xq̄ − dz2)

z2xq̄ (z + xq̄) 3
(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)(
Q2 +

p⃗ 2
q1′

xq(z+xq̄)

)

+
z
(
(P⃗ ·p⃗q1)H i

⊥− (H⃗ · p⃗q1)P i
⊥

)
(dz + 4xq − 2)− (H⃗ · P⃗ )piq1⊥ (2xq − 1) (z(2− dz) + 4xqxq̄)

z2xq (z + xq) (z + xq̄) 2

(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)

+
H i

⊥ (z(zd+ d− 2) + xq (2− 4xq̄))xq̄

z (z + xq) 2 (z + xq̄)

(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)


+ (q ↔ q̄). (D.35)

Here,

Gi
⊥ = xq̄p

i
g3′⊥ − zpiq̄2′⊥, H i

⊥ = xqp
i
g3′⊥ − zpiq1′⊥, P i

⊥ = xq̄p
i
g3⊥ − zpiq̄2⊥. (D.36)

The interference term in the dipole × dipole contribution reads
(
Φi

4(p⃗1, p⃗2, 0⃗)Φ̃
+∗
3 (p⃗1′ , p⃗2′) + Φ̃i

3(p⃗1, p⃗2)Φ
+∗
4 (p⃗1′ , p⃗2′ , 0⃗)

)
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= 4p+γ
3




∆q
i
⊥xqxq̄ (dz

2 + dz − 2z + 2xq − 4xqxq̄)

∆⃗2
q (z + xq) 2 (z + xq̄)

(
Q2 +

p⃗ 2
g

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)

−
(J⃗ · ∆⃗q)p

i
q̄2⊥ (dz2 + 4xq (z + xq)) (1− 2xq̄) + z

(
(J⃗ · p⃗q̄2)∆i

q⊥ − (p⃗q̄2 · ∆⃗q)J
i
⊥

)
(dz + 4xq̄ − 4)

z (z + xq) 3∆⃗2
q

(
Q2 +

p⃗ 2
g

z
+

p⃗ 2
q1′

xq
+

p⃗ 2
q̄2′

xq̄

)(
Q2 +

p⃗ 2
q̄2

(z+xq)xq̄

)(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)

−
xq

(
z
(
(K⃗ · p⃗q̄2)∆i

q⊥ − (p⃗q̄2 · ∆⃗q)K
i
⊥

)
(dz + 4xq̄ − 2) + (K⃗ · ∆⃗q)p

i
q̄2⊥ (1− 2xq̄) (z(dz − 2)− 4xqxq̄)

)

z (z + xq) 2xq̄ (z + xq̄) ∆⃗2
q

(
Q2 +

p⃗ 2
g

z
+

p⃗ 2
q1′

xq
+

p⃗ 2
q̄2′

xq̄

)(
Q2 +

p⃗ 2
q̄2

(z+xq)xq̄

)(
Q2 +

p⃗ 2
q1′

xq(z+xq̄)

)

−
z
(
(p⃗q1 · ∆⃗q)X

i
⊥ − (X⃗ · p⃗q1)∆i

q⊥

)
(dz + 4xq − 2) + (X⃗ · ∆⃗q)p

i
q1⊥ (1− 2xq) (z(dz − 2)− 4xqxq̄)

z∆⃗2
q (z + xq) (z + xq̄) 2

(
Q2 +

p⃗ 2
g

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)

+
z
(
(X⃗ · p⃗q1)∆i

q̄⊥ − (p⃗q1 · ∆⃗q̄)X
i
⊥

)
(dz + 4xq − 4)− (X⃗ · ∆⃗q̄)p

i
q1⊥ (2xq − 1) (4 (xq − 1)xq̄ − dz2)

z (z + xq̄) 3∆⃗2
q̄

(
Q2 +

p⃗ 2
g

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)(
Q2 +

p⃗ 2
q1′

xq(z+xq̄)

)




+(q ↔ q̄) , (D.37)

where

∆⃗q =
xqp⃗g − xgp⃗q
xq + xg

, ∆⃗q̄ =
xq̄p⃗g − xgp⃗q̄
xq + xg

, (D.38)

X i
⊥ = xq̄p

i
g⊥ − zpiq̄2⊥ =P i

⊥|p3=0, J i⊥ = xqp
i
g⊥ − zpiq1′⊥ = H i

⊥|p′3=0,

Ki
⊥ = xq̄p

i
g⊥ − zpiq̄2′⊥ = Gi

⊥|p′3=0. (D.39)

The TL transition is obtained from above by complex conjugation and inverting the

naming of the different momenta in (D.37) and (D.35).

The double-dipole × dipole have, respectively, the form

Φi
4(p⃗1, p⃗2, p⃗3)Φ

+∗
3 (p⃗1′ , p⃗2′) = Φi

4(p⃗1, p⃗2, p⃗3)Φ
+∗
4 (p⃗1′ , p⃗2′ , 0) + Φi

4(p⃗1, p⃗2, p⃗3)Φ̃
+∗
3 (p⃗1′ , p⃗2′) ,

(D.40)

Φ+
4 (p⃗1, p⃗2, p⃗3)Φ

i∗
3 (p⃗1′ , p⃗2′) = Φ+

4 (p⃗1, p⃗2, p⃗3)Φ
i∗
4 (p⃗1′ , p⃗2′ , 0⃗) + Φ+

4 (p⃗1, p⃗2, p⃗3)Φ̃
i∗
3 (p⃗1′ , p⃗2′) ,

(D.41)

where

Φi
4(p⃗1, p⃗2, p⃗3)Φ̃

+∗
3 (p⃗1′ , p⃗2′) =

4p+γ
3

(xq + z) ∆⃗2
q

(
p⃗ 2
q̄2′

xq̄(xq+z)
+Q2

)(
p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄
+

p⃗ 2
g3

z
+Q2

)
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×




xqxq̄∆

i
q (dz(z + 1)− 2 (1− 2xq) (xq + z))

(xq + z) (xq̄ + z)
+

(dz + 4xq − 2)
(
∆i
qP⃗ · p⃗q1 − P ip⃗q1 · ∆⃗q

)

(xq̄ + z) 2
(

p⃗ 2
q1

xq(xq̄+z)
+Q2

)

+
(2xq − 1) piq1P⃗ · ∆⃗q (z(dz − 2)− 4xqxq̄)

z (xq̄ + z) 2
(

p⃗ 2
q1

xq(xq̄+z)
+Q2

) −
((d− 4)z − 4xq)

(
W ip⃗q̄2 · ∆⃗q −∆i

qW⃗ · p⃗q̄2
)

(xq + z) 2
(

p⃗ 2
q̄2

xq̄(xq+z)
+Q2

)

+
(2xq̄ − 1) (dz2 + 4xq (xq + z)) piq̄2W⃗ · ∆⃗q

z (xq + z) 2
(

p⃗ 2
q̄2

xq̄(xq+z)
+Q2

)



+ (q ↔ q̄) , (D.42)

and

Φ+
4 (p⃗1, p⃗2, p⃗3)Φ̃

i∗
3 (p⃗1′ , p⃗2′) =

4p+γ
3

z∆⃗2
q (xq + z) 2

(
Q2 +

p⃗ 2
g3

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)

×



xqz ((d− 4)z − 4xq + 2)

(
P i
(
p⃗q̄2′ · ∆⃗q

)
−∆i

q

(
P⃗ · p⃗q̄2′

))

xq̄ (xq̄ + z)
(

p⃗ 2
q1

xq(xq̄+z)
+Q2

)

−
xq (xq − xq̄ + z) piq̄2′

(
P⃗ · ∆⃗q

)
(z(dz − 2)− 4xqxq̄)

xq̄ (xq̄ + z)
(

p⃗ 2
q1

xq(xq̄+z)
+Q2

)

−
(xq − xq̄ + z) (dz2 + 4xq (xq + z)) piq̄2′

(
W⃗ · ∆⃗q

)

(xq + z)
(

p⃗ 2
q̄2

xq̄(xq+z)
+Q2

)

−
z ((d− 4)z − 4xq)

(
∆i
q

(
W⃗ · p⃗q̄2′

)
−W i

(
p⃗q̄2′ · ∆⃗q

))

(xq + z)
(

p⃗ 2
q̄2

xq̄(xq+z)
+Q2

)


+ (q ↔ q̄).

(D.43)

Here, we introduced

W i
⊥ = xqp

i
g3⊥ − zpiq1⊥. (D.44)

D.2.3 TT transition

The double-dipole × double-dipole contribution is

Φi
4(p1⊥, p2⊥, p3⊥)Φ

k
4(p

′
1⊥, p

′
2⊥, p

′
3⊥)

∗ =




p+γ
2

(
Q2 +

p⃗ 2
g3

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
g3′

z
+

p⃗ 2
q1′

xq
+

p⃗ 2
q̄2′

xq̄

)
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×


−g

ik
⊥xqxq̄ (zd+ d− 2 + 2xq̄)

(z + xq)
2 (z + xq̄)

−
2P k

⊥p
i
q1⊥ (1− 2xq)

z (z + xq̄)
2
(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)
(
(d− 2)z − 2xq̄

z + xq̄
+
dz + 2xq̄
z + xq

)

−
2
(
gik⊥ (P⃗ · p⃗q1) + P i

⊥pq1⊥
k
)

z (z + xq̄)
2
(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)
(
(d− 4)z − 2xq̄

z + xq
+

(d− 2)z − 2xq̄
z + xq̄

)

− 1

z2xq (z + xq)
2 xq̄ (z + xq̄)

2

(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)
{
(H⃗ · P⃗ )

[
piq1⊥p

k
q̄2′⊥ (1− 2xq)

× (1− 2xq̄) (z(2− dz) + 4xqxq̄) + (gik⊥ (p⃗q1 · p⃗q̄2′) + pkq1⊥p
i
q̄2′⊥) (z(2− (d− 4)z) + 4xqxq̄)

]

+ ((d− 4)z − 2)
[
z(H⃗ · p⃗q̄2′)(gik⊥ (P⃗ · p⃗q1) + P i

⊥p
k
q1⊥) + zHk

⊥

(
(P⃗ · p⃗q1)piq̄2′⊥ − (p⃗q1 · p⃗q̄2′)P i

⊥

)]

+ ((d− 4)z + 2)
[
zH i

(
(P⃗ · p⃗q̄2′)pkq1⊥ − (p⃗q1 · p⃗q̄2′)P k

⊥

)
+ z(H⃗ · p⃗q1)(gik⊥ (P⃗ · p⃗q̄2′) + P k

⊥p
i
q̄2′⊥)

]

+ 2z
(
(H⃗ · p⃗q̄2′)P k

⊥ − (P⃗ · p⃗q̄2′)Hk
⊥

)
pq1⊥

i (1− 2xq) (dz + 4xq̄ − 2)
}

− 1

z2xqxq̄ (z + xq̄) 4
(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)(
Q2 +

p⃗ 2
q1′

xq(z+xq̄)

)
{
z ((d− 4)z − 4xq̄)

×
[
gik⊥

(
(G⃗ · p⃗q1′)(P⃗ · p⃗q1)− (G⃗ · p⃗q1)(P⃗ · p⃗q1′)

)
+ (p⃗q1 · p⃗q1′)

(
Gi

⊥P
k
⊥ −Gk

⊥P
i
⊥
)

+ 2(G⃗ · p⃗q1′)
(
P i
⊥p

k
q1⊥ + P k

⊥p
i
q1⊥ (1− 2xq)

)
− 2(G⃗ · p⃗q1)

(
P k
⊥p

i
q1′⊥ + P i

⊥p
k
q1′⊥ (1− 2xq)

)]

+ (G⃗ · P⃗ )
[
pkq1⊥p

i
q1′⊥ − piq1⊥pkq1′⊥ (1− 2xq)

2 + gik⊥ (p⃗q1 · p⃗q1′)
] (
dz2 + 4xq̄ (z + xq̄)

)}]

+ (1↔ 1′, 2↔ 2′, 3↔ 3′, i↔ k)
)
+ (q ↔ q̄). (D.45)

The interference term in the dipole × dipole contribution reads
(
Φ̃i

3(p⃗1, p⃗2)Φ
k∗
4 (p⃗1′ , p⃗2′ , 0⃗) + Φi

4(p⃗1, p⃗2, 0⃗)Φ̃
k∗
3 (p⃗1′ , p⃗2′)

)

=




2p+γ
2

∆⃗2
q

(
Q2 +

p⃗ 2
g

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)

×
[
((d− 2)z − 2xq)xq

(z + xq) 3

(
gik⊥ (p⃗q̄2′ · ∆⃗q) + pq̄2′

i
⊥∆

k
q⊥ + pkq̄2′⊥∆

i
q⊥ (1− 2xq̄)

)

+
xq

(
((d− 4)z − 2xq)

(
gik⊥ (p⃗q̄2′ · ∆⃗q) + piq̄2′⊥∆

k
q⊥

)
+ pkq̄2′⊥∆

i
q⊥ (dz + 2xq) (1− 2xq̄)

)

(z + xq) 2 (z + xq̄)

− 1

z (z + xq) 2xq̄ (z + xq̄) 2
(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)
{
z((d− 4)z + 2)
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×
[
pq1

i
⊥

(
(p⃗q̄2′ · ∆⃗q)X

k
⊥ − (X⃗ · p⃗q̄2′)∆k

q⊥

)
(2xq − 1)− (X⃗ · p⃗q̄2′)

(
gik⊥ (p⃗q1 · ∆⃗q) + pkq1⊥∆

i
q⊥

)

−Xk
⊥

(
(p⃗q1 ·∆⃗q)p

i
q̄2′⊥− (p⃗q1 · p⃗q̄2′)∆q

i
⊥

)]
+4xqz (1−2xq) p

i
q1⊥

(
(p⃗q̄2′ ·∆⃗q)X

k
⊥−(X⃗ · p⃗q̄2′)∆k

q⊥

)

+ z (1− 2xq̄) (dz + 4xq − 2) pkq̄2′⊥

(
(p⃗q1 · ∆⃗q)X

i
⊥ − (X⃗ · p⃗q1)∆i

q⊥

)
− z((d− 4)z − 2)

×
[(
gik⊥ (X⃗ · p⃗q1) +X i

⊥p
k
q1⊥

)
(p⃗q̄2′ · ∆⃗q) +

(
(X⃗p⃗q1)pq̄2′

i
⊥ − (p⃗q1p⃗q̄2′)X

i
⊥

)
∆k
q⊥

]

+ (X⃗ · ∆⃗q)p
i
q1⊥p

k
q̄2′⊥ (1− 2xq) (1− 2xq̄) (z(dz − 2)− 4xqxq̄)

− (X⃗ · ∆⃗q)
(
gik⊥ (p⃗q1 · p⃗q̄2′) + pkq1⊥p

i
q̄2′⊥
)
(z(2− (d− 4)z) + 4xqxq̄)

}

− 1

z (z + xq) 4
(
Q2 +

p⃗ 2
q̄2

(z+xq)xq̄

)
xq̄

{
z (dz + 4xq̄ − 4)

[
(1− 2xq̄)

×
(
pkq̄2′⊥

(
(p⃗q̄2 · ∆⃗q)V

i
⊥ − (V⃗ · p⃗q̄2)∆i

q⊥

)
+ piq̄2⊥

(
(V⃗ p⃗q̄2′)∆

k
q⊥ − (p⃗q̄2′ · ∆⃗q)V

k
⊥

))

+ V k
⊥

(
(p⃗q̄2 · ∆⃗q)p

i
q̄2′⊥ − (p⃗q̄2 · p⃗q̄2′)∆i

q⊥

)
+
(
(p⃗q̄2 · p⃗q̄2′)V i

⊥ − (V⃗ · p⃗q̄2)piq̄2′⊥
)
∆k
q⊥

+ gik⊥

(
(V⃗ · p⃗q̄2′)(p⃗q̄2 · ∆⃗q)− (V⃗ · p⃗q̄2)(p⃗q̄2′ · ∆⃗q)

)
+ pkq̄2⊥

(
(V⃗ · p⃗q̄2′)∆i

q⊥ − (p⃗q̄2′ · ∆⃗q)V
i
⊥

)]

+ (V⃗ · ∆⃗q)
(
piq̄2⊥p

k
q̄2′⊥ (1− 2xq̄)

2 − gik⊥ (p⃗q̄2 · p⃗q̄2′)− pkq̄2⊥piq̄2′⊥
) (
dz2 − 4xq (xq̄ − 1)

)} ]

+ (1↔ 1′, 2↔ 2′, i↔ k)
)
+ (q ↔ q̄). (D.46)

Here,

V i
⊥ = xqp

i
g⊥ − zpiq1⊥. (D.47)

The double-dipole × dipole contribution has the form

Φi
4(p⃗1, p⃗2, p⃗3) Φ

k∗
3 (p⃗1′ , p⃗2′) = Φi

4(p⃗1, p⃗2, p⃗3)Φ
k∗
4 (p⃗1′ , p⃗2′ , 0⃗) + Φi

4(p⃗1, p⃗2, p⃗3)Φ̃
k∗
3 (p⃗1′ , p⃗2′),

(D.48)

where

Φi
4(p⃗1, p⃗2, p⃗3)Φ̃

k∗
3 (p⃗1′ , p⃗2′)

=
2p+γ

2

∆⃗2
q

(
Q2 +

p⃗ 2
g3

z
+

p⃗ 2
q1

xq
+

p⃗ 2
q̄2

xq̄

)(
Q2 +

p⃗ 2
q̄2′

(z+xq)xq̄

)

×
[
((d− 2)z − 2xq)xq

(z + xq) 3

(
gik⊥ (p⃗q̄2′∆⃗q) + pq̄2′

i
⊥∆q⊥

k + pq̄2′⊥
k∆q⊥

i (1− 2xq̄)
)

+
xq

(
((d− 4)z − 2xq)

(
gik⊥ (p⃗q̄2′∆⃗q) + piq̄2′⊥∆

k
q⊥

)
+ pkq̄2′⊥∆

i
q⊥ (dz + 2xq) (1− 2xq̄)

)

(z + xq) 2 (z + xq̄)

− 1

z (z + xq) 2xq̄ (z + xq̄) 2
(
Q2 +

p⃗ 2
q1

xq(z+xq̄)

)
{
z((d− 4)z + 2)
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×
[
pq1

i
⊥

(
(p⃗q̄2′∆⃗q)P

k
⊥ − (P⃗ p⃗q̄2′)∆q

k
⊥

)
(2xq − 1)− (P⃗ p⃗q̄2′)

(
gik⊥ (p⃗q1∆⃗q) + pq1

k
⊥∆q

i
⊥

)

−P k
⊥

(
(p⃗q1∆⃗q)pq̄2′

i
⊥−(p⃗q1p⃗q̄2′)∆q

i
⊥

)]
+ 4xqz (1− 2xq) pq1

i
⊥

(
(p⃗q̄2′∆⃗q)P

k
⊥ − (P⃗ p⃗q̄2′)∆q

k
⊥

)

+ z (1− 2xq̄) (dz + 4xq − 2) pq̄2′
k
⊥

(
(p⃗q1∆⃗q)P

i
⊥ − (P⃗ p⃗q1)∆q

i
⊥

)
− z((d− 4)z − 2)

×
[(
gik⊥ (P⃗ p⃗q1) + P i

⊥pq1
k
⊥

)
(p⃗q̄2′∆⃗q) +

(
(P⃗ p⃗q1)pq̄2′

i
⊥ − (p⃗q1p⃗q̄2′)P

i
⊥

)
∆q

k
⊥

]

+ (P⃗ ∆⃗q)pq1
i
⊥pq̄2′

k
⊥ (1− 2xq) (1− 2xq̄) (z(dz − 2)− 4xqxq̄)

− (P⃗ ∆⃗q)
(
gik⊥ (p⃗q1p⃗q̄2′) + pq1

k
⊥pq̄2′

i
⊥
)
(z(2− (d− 4)z) + 4xqxq̄)

}
. (D.49)

As above, the dipole × double-dipole contribution is obtained by complex conjugation

and changing the momenta.
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