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Black Hole Dynamics from Vacuum Spacetime to Surrounding Turbulent
Plasmas

by Mario I MBROGNO

The nonlinear behavior of black holes, governed by the Einstein Þeld equations, cou-
pled with the turbulent dynamics of plasma in relativistic regimes, constitutes the
cornerstone of both general relativity and high-energy astrophysics. In this thesis,
we employ advanced numerical simulations and cutting-edge techniques in numer-
ical relativity and plasma physics to investigate these extreme systems and probe
the intricate nonlinear interactions between black holes and relativistic plasmas.

The investigation begins with simulations of black hole systems in vacuum space-
times, using the 3+1 formalism to explore both binary and multi-body interactions.
The three-body problem is examined by transitioning from Newtonian mechanics to
general relativity. In the classical framework, the interactions are modeled in a typ-
ically chaotic conÞguration, identifying extreme gravitational interactions (EGIs) as
transients characterized by complex and highly energetic dynamics. We concentrate
on selecting these EGIs as initial data for the general relativistic case, performing a
series of numerical relativity simulations to establish a comprehensive set of cases.
The analysis of three-body black hole dynamics reveals intricate gravitational wave-
forms, which are crucial for interpreting observational data and reÞning detection
strategies. Within the 3+1 framework and in the presence of matter, a novel loga-
rithmic formulation has been developed to enhance numerical stability in scenarios
characterized by steep gradients, such as those found in stellar atmospheres. Pre-
liminary applications of this formulation include the propagation of classical sound
waves and the study of the Kelvin-Helmholtz instability.

In the second part, we perform simulations using the BHACcode within the GRMHD
framework to model the accreting plasma ßow near black holes. These simulations
provide signiÞcant insights into the behavior of matter in magnetically dominated
regions, such as those surrounding Sgr A* and M87*, bridging theoretical models
with observational data and offering new perspectives on high-energy astrophysi-
cal processes, including jet formation, accretion mechanisms, and magnetic recon-
nection. Our results demonstrate the presence of a strong turbulent cascade that
transfers energy from large (inhomogeneous) accretion scales down to smaller (ho-
mogeneous) lengths. This process, therefore, may continue to kinetic scales, where
collisionless, relativistic physics becomes dominant.
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Due to the cross-scale cascade, our focus ultimately shifts to local plasma be-
havior, where we explore fully kinetic plasma turbulence through high-resolution,
direct numerical simulations based on the PIC method. These simulations incor-
porate realistic mass ratios between particle species, allowing for a detailed exam-
ination of particle acceleration mechanisms within plasma turbulence. We observe
the formation of long-lived vortices with proÞles typical of macroscopic, magneti-
cally dominated force-free states. Inspired by the Harris pinch model for inhomo-
geneous equilibria, we describe these metastable solutions using a self-consistent
kinetic model in a cylindrical coordinate system centered on a representative vortex,
starting from an explicit form of the particle velocity distribution function. Turbu-
lence is mediated by these long-lived structures, accompanied by transients in which
such vortices merge and self-similarly form new metastable equilibria. For future re-
search, we plan to broaden the scope of this investigation by including positrons as
a third particle species, enabling a more comprehensive analysis of multi-species
plasma behavior and elucidating the dominant processes governing energy transfer,
particle energization, and the resulting electromagnetic emissions.
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Notation and Conventions

Throughout this thesis, geometric units are employed, where fundamental constants
are normalized to unity: c = G = kB = 1, &0 = ( 4' )# 1, and µ0 = 4' . Here, c de-
notes the speed of light, G is NewtonÕs gravitational constant, kB is the Boltzmann
constant, and &0 and µ0 represent the permittivity and permeability of free space,
respectively. In this unit system, all physical quantities are expressed in terms of
length. Time is measured in meters, deÞned as the distance light travels in one me-
ter. Mass is likewise expressed, with one meter of mass corresponding to the mass of
a particle in Newtonian theory that has an escape velocity equal to the speed of light
at a distance of two meters. One meter of time equates to approximately 3 $ 10# 9

seconds, while one meter of mass is approximately 1.3$ 1027 kilograms, or about
200 times the mass of Earth. Consequently, in these units, the mass of the Earth is
roughly 0.5 centimeters, and the SunÕs mass is approximately 1.5 kilometers. Addi-
tionally, EinsteinÕs summation convention is applied throughout this work, meaning
that repeated indices are implicitly summed unless otherwise speciÞed.

As follows, we provide a schematic summary of the fundamental conventions
employed.

Signature

We will use the conventions of Misner, Thorne, and Wheeler [ 1] for the metric sig-
nature together with all the sign conventions. In particular, the signature of the
Minkowski 4-metric will be taken as:

( µ) =

!

"
"
#

# 1 0 0 0
0 + 1 0 0
0 0 + 1 0
0 0 0 + 1

$

%
%
& .

Objects in four-dimensional spacetime

Greek indices (µ, ) , " , $, ...) refer to four-dimensional spacetime and take values from
0 to 3, with 0 indicating the time variable, while others refer to spatial Cartesian
coordinates:

¥ The 4-metric tensor is gµ) , depending on the four-vector xµ = ( t, x, y, z);

¥ The proper distance is ds2 = ( µ) dxµdx) = # dt2 + dx2 + dy2 + dz2;

¥ Covariant derivatives along xµ are deÞned asDµ.

Objects in three-dimensional space

Latin indices ( i, j, k, l , ...) refer to three-dimensional space and take values from 1 to
3:
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¥ The 3-metric tensor is * i j , the three-vector xi = ( x, y, z);

¥ The proper distance is dl2 = ( i j dxidxj = dx2 + dy2 + dz2;

¥ Covariant spatial derivatives along xi are deÞned asD i ;

¥ Partial derivatives along xi are deÞned as+i = +
+xi .

Indices symmetries

¥ The symmetric part of a tensor Tµ) is deÞned asT(µ) ) = 1
2(Tµ) + T) µ);

¥ The antisymmetric part of a tensor Tµ) is deÞned asT[µ) ] = 1
2(Tµ) # T) µ).

These relations are used to simplify notation, for example:

Tµ() T" )$ =
1
2

'
Tµ) T"$ + Tµ" T)$

(
,

Tµ[) T" ]$ =
1
2

'
Tµ) T"$ # Tµ" T)$

(
.

Relevant plasma parameters

In the context of kinetic plasmas, several key parameters must be deÞned to accu-
rately characterize a given conÞguration.

The effective temperature of each plasma speciesT, is related to the dimension-
less temperature - , as follows:

T, =
- , m, c2

kB
.

The effective temperature is directly proportional to the plasma beta of the , -th
species and inversely proportional to the square of the magnetic Þeld strength:

%, =
8' n, kBT,

B2
0

.

In the kinetic plasma framework, quantities are typically expressed in terms of pow-
ers of the electron skin depth. More generally, the skin depth for the , -th species is
deÞned as:

d, =
c

)
4' n, e2

m,

.
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Introduction

Astrophysical phenomena involving black holes and the surrounding relativistic
plasmas provide a remarkable opportunity to explore the intricate interactions be-
tween matter, spacetime, and extreme gravitational forces. The behavior of black
holes, governed by Einstein Þeld equations, combined with the turbulent dynam-
ics of plasmas in relativistic environments, is central to both general relativity and
high-energy astrophysics. This thesis focuses on the numerical simulation of these
extreme systems, employing cutting-edge techniques in numerical relativity and
plasma physics to explore the nonlinear interactions between black holes and rel-
ativistic plasmas.

The Þrst part of this thesis investigates the dynamics of black holes in vacuum
spacetimes, with particular attention to multi-body systems. By applying the 3+1
formalism and the BSSN formulation, stable numerical evolutions of black hole con-
Þgurations were achieved, enabling the extraction of different gravitational signals.
These waveforms are essential for the interpretation of observational data from grav-
itational wave detectors such as LIGO and Virgo. The gravitational wave signals
emitted during these mergers have yielded critical insights into the nature of black
holes and their extreme environments. Through the numerical evolution of binary
systems, we have gained a deeper understanding of the emission phases of gravi-
tational waves, from the inspiral and merger to the formation of the Þnal remnant
black hole. These simulations are vital for improving detection strategies and reÞn-
ing waveform templates for future gravitational wave observations. Beyond binary
systems, this thesis also explores the more complex dynamics of three-body black
hole systems. The gravitational interactions between three massive bodies intro-
duce a level of complexity not present in binaries, due to the chaotic and nonlinear
nature of these interactions. Simulating three-body systems poses signiÞcant nu-
merical challenges, particularly in achieving stability and accuracy when solving the
Einstein Þeld equations in such extreme regimes. Special attention was given to the
computational techniques necessary for obtaining convergent solutions. The simu-
lations conducted for three-body systems reveal intricate gravitational waveforms
that differ from those generated by binary systems, offering potential signatures for
the detection of such systems. The chaotic and non-periodic nature of three-body
interactions leads to gravitational waveforms with multiple frequency components
and non-trivial patterns, creating new possibilities for observational studies in dense
stellar environments or galaxy mergers. These simulations represent an important
step towards understanding multi-body black hole interactions within the frame-
work of general relativity. Triple black hole mergers are anticipated to be relatively
rare phenomena in the Universe, primarily due to the speciÞc and complex condi-
tions required for their occurrence. Nonetheless, they hold signiÞcant interest, as
they offer valuable insights into the dynamics of black holes themselves and the
processes governing galaxy evolution. While precise estimates vary, it is generally
accepted that triple black hole mergers occur far less frequently than binary merg-
ers, which are detected by observatories such as LIGO and Virgo at rates of several
per year. The occurrence of triple mergers is projected to span timescales ranging
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from millions to billions of years within a given galaxy. Consequently, triple black
hole mergers are considered exceedingly rare, likely occurring millions or even bil-
lions of times less frequently than binary mergers. However, this estimate may differ
substantially in the early Universe, where multi-body interactions were likely more
prevalent.

The second part of this thesis shifts focus to the dynamics of relativistic plasmas
near compact objects, particularly black holes. Using the GRHD formalism, we sim-
ulate plasma ßows in the strong gravitational Þelds surrounding black holes, where
the interaction between gravity and ßuid dynamics leads to complex, often turbu-
lent behavior. To address the numerical challenges posed by steep gradients, such
as those encountered in shock formations, we introduce a novel logarithmic method
designed to enhance numerical stability. This approach improves the accuracy of
the simulations by transforming conserved variables into logarithmic space, reduc-
ing numerical errors in extreme environments characterized by large variations in
ßuid properties. One of the primary focuses of this section is the study of the KHI,
which plays a crucial role in the mixing of plasma layers with different velocities.
This instability arises when there is a velocity shear between two ßuids or between
different layers of plasma. In relativistic astrophysical contexts, such as accretion
disks around black holes, the KHI signiÞcantly inßuences the overall dynamics of
the plasma, contributing to the generation of turbulence and enhancing tenergy dis-
sipation. By simulating this instability in relativistic regimes, we aim to understand
its role in the development of turbulence and the subsequent impact on the behav-
ior of plasma in these extreme environments. In addition to the GRHD simulations,
we employ the BHACcode [2] within the GRMHD framework to model magnetized
plasmas in the accretion disks surrounding black holes. These efforts focus on accre-
tion ßows and the role of magnetic reconnection in redistributing energy within the
disk. Due to the inherent turbulence in accretion ßows, magnetic Þelds play a key
role in transferring angular momentum, allowing matter to accrete onto the black
hole. Magnetic reconnection can lead to substantial energy release, contributing to
the complex dynamics observed in these regions. To better characterize the turbu-
lence, we conduct an in-depth spectral analysis across different regions near black
holes, such as the disk, wind, and jet areas. The average power spectrum analysis
reveals variations in the scaling laws governing each region and demonstrates the
presence of a strong turbulent cascade that transfers energy from large (inhomoge-
neous) to smaller (homogeneous) scales, eventually reaching kinetic scales where
collisionless, relativistic physics becomes dominant. These comprehensive studies
on systems such as Sgr A* and M87* provide valuable insights into the role of mag-
netic Þelds in shaping the evolution of accretion ßows and the mechanisms of energy
transfer within magnetically dominated regions. The simulations and spectral anal-
yses may illuminate the conditions that govern the formation of turbulent structures
and the efÞcient transfer of energy in relativistic plasma ßows near black holes.

The Þnal part of this thesis centers on kinetic simulations of relativistic plasmas
using the PIC method. Unlike ßuid-based models, PIC simulations track individ-
ual macro-particles, making them well-suited for studying non-collisional plasmas
dominated by long-range electromagnetic forces. The Zeltron code [3] is employed
to model the complex dynamics of a plasma composed of protons and electrons in
the vicinity of black holes, in a trans-relativistic regime where the velocities of elec-
trons approach the speed of light, while those of protons remain sub-relativistic.
This regime is crucial for understanding the small-scale processes driving particle
acceleration, energy dissipation, and electromagnetic emissions near black holes.
By resolving these microscopic interactions, the simulations offer insights into the
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fundamental mechanisms underlying relativistic plasma behavior, which are es-
sential for understanding high-energy radiation and jet formation. A key focus of
these simulations is the identiÞcation and characterization of long-lived coherent
structures within turbulent plasmas. These persistent structures, resembling macro-
scopic, magnetically dominated force-free states, emerge from the chaotic turbulent
background and play a critical role in driving magnetic reconnection and generat-
ing high-energy radiation. Inspired by the Harris pinch model for inhomogeneous
equilibria, a self-consistent kinetic model is employed to describe these structures in
a cylindrical coordinate system centered on a representative vortex, using an explicit
form of the particle velocity distribution function. These equilibria can be simpliÞed
to a modiÞed force-free state, analogous to the Gold-Hoyle solution, which describes
a twisted magnetic ßux tube. The detailed spectral analysis of these structures re-
veals how these long-lived features play a central role in mediating turbulence,
accompanied by transient events where vortices merge and form new metastable
equilibria in a self-similar manner. This process is relevant to understanding var-
ious astrophysical phenomena, such as the formation of plasmoids and magnetic
islands near compact objects. Moreover, these simulations provide valuable insights
into the interplay between turbulence, magnetic Þelds, and relativistic particles, il-
lustrating how magnetic energy is efÞciently converted into particle kinetic energy,
accelerating particles to ultra-relativistic speeds. The inclusion of additional particle
species, particularly positrons, further enhances the realism of the simulations, as
positrons are often produced in signiÞcant quantities in environments surrounding
black holes, especially within jets. This multi-species approach allows for a more
comprehensive exploration of how different species interact within turbulent Þelds,
resulting in enhanced particle acceleration and energy dissipation. Furthermore,
this investigation may contribute to understanding how energy is redistributed dur-
ing magnetic reconnection events, where magnetic energy is rapidly converted into
kinetic energy and heat, driving particle acceleration.

This thesis aims to bridge the gap between vacuum solutions of Einstein equa-
tions and the complex, nonlinear behavior of relativistic plasmas in extreme astro-
physical environments. By integrating GRHD, GRMHD, and kinetic PIC simula-
tions, this work provides a comprehensive framework for studying interactions be-
tween spacetime curvature, plasma turbulence, and magnetic Þelds in black hole
physics. The results contribute signiÞcantly to both numerical relativity and plasma
physics, laying the groundwork for future research on the interactions between grav-
itational forces, plasma turbulence, and magnetic Þelds in extreme environments
near black holes.

The structure of this work is as follows. Chapter 1 delves into the Einstein Þeld
equations in vacuum, with a particular emphasis on black hole solutions and multi-
body systems, as well as the extraction of gravitational waves from various merging
conÞgurations. Chapter 2 introduces the GRHD formalism and presents a logarith-
mic approach aimed at enhancing numerical stability and handling strong shocks
in simulations of relativistic ßuids. This Chapter also investigates the dynamics of
matter in the vicinity of black holes, focusing on the examination of the KHI in lo-
calized regions (assuming ßat spacetime) and employing GRMHD simulations us-
ing the BHACcode for a broader perspective (considering curved spacetime). The
study offers a detailed exploration of large-scale turbulence, characterized through
spectral analysis across different regions near black holes. Finally, Chapter 3 ex-
plores kinetic simulations of a plasma composed of two species (protons and elec-
trons) in the trans-relativistic regime within local turbulent environments using the
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Zeltron code, emphasizing the emergence of long-lived structures and character-
izing these structures with a self-consistent kinetic model. The inclusion of a third
species, positrons, is preliminarily discussed for future research.
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Chapter 1

The Einstein Field Equations in
Vacuum

The Einstein Þeld equations represent the foundational framework of general rela-
tivity, articulating the profound interconnection between the geometry of spacetime
and the distribution of matter and energy within it. Rooted in the principle of gen-
eral covariance, these equations assert that the curvature of spacetime is directly
linked to the energy-momentum tensor, which encapsulates the content of matter
and energy. The general form of the Einstein Þeld equations is given by [ 4]:

Rµ) #
1
2

Rgµ) + # gµ) =
8' G

c4 Tµ) , (1.1)

where Rµ) is the Ricci curvature tensor, R denotes the Ricci scalar,gµ) is the metric
tensor, # is the cosmological constant, G is the gravitational constant, c is the speed
of light, and Tµ) is the energy-momentum tensor that represents the distribution of
matter and energy in spacetime. The indices µ, ) = 0, 1, 2, 3 label the four spacetime
coordinates, where µ, ) = 0 corresponds to the time coordinate, and µ, ) = 1, 2, 3
correspond to the spatial coordinates. The cosmological constant # , originally intro-
duced by Einstein, plays a signiÞcant role in describing the accelerated expansion of
the Universe as observed in modern cosmology. However, for the purposes of our
discussion, we will set # = 0, simplifying the equations and focusing on spacetimes
without this additional term.

The Ricci curvature tensor Rµ) encapsulates the inßuence of matter and energy
on the geometry of spacetime, describing the degree to which spacetime is curved
in the presence of mass-energy, particularly in relation to the evolution of geodesic
volumes. It plays a crucial role in understanding how the curvature of spacetime
responds to distributions of energy and momentum, making it fundamental for pre-
dicting gravitational phenomena such as the bending of light and the motion of
compact objects. The Ricci tensor, a symmetric tensor, is obtained by contracting
the Riemann tensor R#

µ)" , speciÞcally as:

Rµ) = g"
# g$

" R#
µ$) = R"

µ") = +" $"
µ) # +) $"

µ" + $*
µ) $"

*" # $*
µ" $"

*) , (1.2)

where the Christoffel symbols $#
µ) are deÞned in terms of the metric tensor gµ) as:

$#
µ) =

1
2

g#" (+µg)" + +) g" µ # +" gµ) ). (1.3)

The Riemann tensor provides a comprehensive measure of curvature, capturing
how mass-energy distorts spacetime in all possible directions. The number of in-
dependent components of the Riemann tensor in n dimensions is given by N =
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n2(n2 # 1)/12. In four dimensions, the Riemann tensor has 20 independent compo-
nents, 10 of which are captured by its trace, the Ricci tensor, while the remaining 10
are represented by its traceless part, the Weyl tensor.

The Ricci scalarR, obtained by further contracting the Riemann tensor, is calcu-
lated by taking the trace of the Ricci tensor Rµ) :

R = gµ) Rµ) . (1.4)

It represents a measure of the scalar curvature of spacetime, providing a single value
that characterizes the overall curvature at a given point. In vacuum spacetimes,
where the energy-momentum tensor Tµ) vanishes, the Ricci scalarR must also van-
ish, resulting in a simpliÞed form of the Einstein equations. This vanishing condition
is crucial for describing the geometry of empty regions of spacetime, such as those
far from any mass or energy, where the dynamics are governed solely by the intrinsic
curvature of spacetime.

The metric tensor gµ) is the cornerstone of general relativity, deÞning the in-
Þnitesimal distance between two points in spacetime through the line element:

ds2 = gµ) dxµdx) . (1.5)

The components of the metric tensor are functions of the spacetime coordinates and
encode all the information about the geometry of spacetime, including lengths, an-
gles, and volumes. It also determines how objects move through spacetime and how
gravitational Þelds inßuence that motion, making it a fundamental object in describ-
ing both the structure and dynamics of the Universe.

In the absence of matter or energy, i.e., in a vacuum, the Einstein Þeld equations
become signiÞcantly simpler. However, they still capture the complex dynamics of
spacetime, particularly in regions dominated by strong gravitational Þelds, such as
near black holes or in the propagation of gravitational waves. In these extreme envi-
ronments, the vacuum Einstein equations describe phenomena like the distortion of
spacetime and the emission of gravitational waves, offering profound insights into
the UniverseÕs behavior under the most extreme conditions. With no matter to act
as a source, the energy-momentum tensorTµ) vanishes, leading to the condition:

Rµ) = 0. (1.6)

The above does not imply that spacetime curvature is zero, as the overall curvature
is determined by the full Riemann tensor, not just its trace, the Ricci tensor. The
vacuum equations explain how gravitational Þelds propagate through empty space
and, much like MaxwellÕs equations for electromagnetism, imply the existence of
wavesÑgravitational wavesÑthat travel through spacetime at the speed of light.
These waves are ripples in spacetime itself, carrying information about dynamic
gravitational interactions across vast distances.

For simplicity, we will henceforth adopt geometric units, in which all fundamen-
tal constants are normalized to unity. This unit system streamlines both equations
and calculations by eliminating the need to explicitly include these constants in most
expressions.
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1.1 Black Hole Metric Solutions in General Relativity

In general relativity, the metric describes the geometric structure of spacetime, pro-
viding solutions to the Einstein Þeld equations in speciÞc regions, such as those sur-
rounding black holes. According to the no-hair theorem, all stationary black holes
can be fully characterized by three independent, externally observable classical pa-
rameters: massM, angular momentum (or intrinsic spin) J, and electric charge Q.
These parameters encapsulate all the observable information about the black hole,
with no other features, such as shape or internal structure, being detectable from
outside the event horizon. This theorem underscores the simplicity and profound
nature of black hole solutions within the framework of general relativity.

Solutions to the vacuum Einstein equations are of signiÞcant interest in general
relativity, particularly for understanding the geometry and dynamics of spacetime
around black holes. A prominent application of general relativity is the descrip-
tion of the exterior gravitational Þeld of a static, spherically symmetric object. In
early 1916, Karl Schwarzschild [5] discovered the Þrst non-trivial exact solution to
the Einstein Þeld equations in vacuum, for a spherical, non-rotating ( J = 0), and
non-electrically charged (Q = 0) mass distribution ( M (= 0). This solution is the
Schwarzschild metric, which is expressed as:

ds2 = #
*

1 #
2M
r

+
dt2 +

*
1 #

2M
r

+ # 1

dr2 + r2 '
d- 2 + sin2 - d. 2(

. (1.7)

This metric describes spacetime curvature due to the presence of mass, leading to
well-known relativistic effects such as gravitational lensing and the precession of
planetary orbits, exempliÞed by MercuryÕs perihelion shift. The solution holds in
the vacuum region of any spherical spacetime, including those containing matter.
The parameter M represents the mass as measured by a distant static observer in
the vacuum exterior. When the vacuum extends down to r = 2M, the solution cor-
responds to a black hole with mass M, with the event horizon located at r = 2M,
commonly referred to as the Schwarzschild radius. This surface is also known as the
Òsurface of inÞnite redshift,Ó as photons emitted from just outside r = 2M will ap-
pear inÞnitely redshifted to an observer at inÞnity. While the Schwarzschild metric
seems to have two singularities at r = 0 and r = 2M, only the former represents a
physical singularity. The apparent singularity at r = 2M is a coordinate singularity,
which can be resolved by employing alternative coordinate systems, such as Kruskal
coordinates[6].

Another solution for a spherical black hole with electric charge ( M, Q (= 0) was
independently discovered by Reissner and Nordstršm shortly after SchwarzschildÕs
work [ 7]. However, a non-spherical black hole solution was not found until 1963,
when Kerr derived the spacetime metric for a rotating black hole ( M, J (= 0) [8].
Unlike the Schwarzschild solution, the Kerr metric introduces the concept of the er-
gosphere (see Fig.1.1), a region outside the event horizon where spacetime dragging
becomes signiÞcant due to the black holeÕs rotation. This metric elegantly captures
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FIGURE 1.1: Rotating black hole: the outer region represents the ergo-
sphere, where spacetime is dragged by the black holeÕs rotation; the inner-
most region represents the outer event horizon, which encloses the singular-

ity.

the rotational effects and is given by:

ds2 = #
*

1 #
2GMr

" 2

+
c2 dt2 #

4GMar sin2 -
" 2 dt d.

+
" 2

%
dr2 + " 2 d- 2

+
*

r2 + a2 +
2GMa2r sin2 -

" 2

+
sin2 - d. 2, (1.8)

where % = r2 # 2GMr + a2 is the radial lapse function, " 2 = r2 + a2 cos2 - deÞnes
the radial-angular function, and a = J/ M represents the dimensionless spin param-
eter, with J being the angular momentum and M the mass of the black hole. The
Kerr metric encapsulates the effects of rotation, including frame-dragging and the
presence of the ergosphere, phenomena that are essential for understanding astro-
physical black holes. Still today, it is not clear how Kerr obtained this solution, and
is not that easy to obtain it starting from Þrst principles [ 9].

These solutions not only illustrate the complexity and richness of the Einstein
Þeld equations but also highlight their signiÞcance in describing real astrophysical
phenomena, such as black holes and gravitational waves. It is noteworthy that the
resulting singularities are merely apparent and can be resolved through an appro-
priate change of coordinates, thereby preserving the continuity of spacetime. The
introduction of BoyerÐLindquist coordinates proves particularly useful in simplify-
ing the Kerr metric, as they generalize the coordinates used in the Schwarzschild so-
lution to more effectively capture the rotating nature of Kerr black holes [ 10]. These
coordinates are essential because they reduce the off-diagonal components of the
metric, especially the cross-term involving d. dt, thereby rendering the metric more
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interpretable and manageable. The transformation from BoyerÐLindquist coordi-
nates (r, - , . ) to Cartesian coordinates (x, y, z) is expressed as:

x =
,

r2 + a2 sin - cos. , (1.9)

y =
,

r2 + a2 sin - sin . , (1.10)

z = r cos- . (1.11)

BoyerÐLindquist coordinates allow a clearer geometrical interpretation of the Kerr
spacetime (Eq. (1.8) represents a solution in these coordinates) and facilitate the
study of black hole properties, such as the structure of the ergosphere and the dy-
namics of particles orbiting the black hole. However, standard coordinate systems
attached to physical observers, while regular at the horizon, may lack stationar-
ity. To overcome this, horizon-adapted coordinates are introduced, providing a
stationary metric and a spacelike foliation, better suited for examining the near-
horizon geometry [ 11]. A comprehensive family of horizon-adapted coordinates for
the Kerr spacetime can be constructed through a transformation from the standard
BoyerÐLindquist coordinates to new coordinates ÷t and ÷. . The line element in these
adapted coordinates is given by:

ds2 = # (1 # Z) d÷t2 # 2aZsin2 - d÷t d ÷. + 2Z d÷t dr (1.12)

+( 1 + Z) dr2 # 2a(1 + Z) sin2 - dr d ÷. (1.13)

+ " 2 d- 2 + sin2 -
-
" 2 + a2(1 + Z) sin2 -

.
d ÷. 2, (1.14)

where

d ÷. = d. +
a
%

dr, (1.15)

d÷t = dt +
*

1 + Y
1 + Y # Z

#
1 # Zk

1 # Z

+
dr (1.16)

k= 1= dt +
2Mr

%
dr, (1.17)

with Y = a2 sin2 - / " 2 and Z = 2Mr / " 2. These adapted coordinates are especially
useful for numerical simulations and for analyzing the structure of the Kerr black
hole near its event horizon, where traditional coordinate systems might encounter
singularities (such as the ring singularity depicted in Fig. 1.1) or other complications.

The most general solution for a spherical, rotating ( J (= 0) and electrically charged
(Q (= 0) mass distribution ( M (= 0) is the KerrÐNewman metric [12], whose line ele-
ment in spherical coordinates reads:

ds2 = #
%
" 2

'
dt # asin2 - d.

( 2
+

sin2 -
" 2

'
(r2 + a2) d. # a dt

( 2

+ " 2 d- 2 +
" 2

%
dr2

= #
*

%# a2 sin2 -
" 2

+
dt2 +

" 2

%
dr2

+
(r2 + a2)2 sin2 - # %a2 sin4 -

" 2 d. 2

+ " 2 d- 2 +
2asin2 -

" 2

'
%# (r2 + a2)

(
dt d. , (1.18)
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where the radial lapse function %= r2 # 2Mr + a2 + Q2 accounts for the total charge
of the black hole.

The KerrÐNewman metric, typically expressed in spherical coordinates, can also
be reformulated in a more versatile form known as the KerrÐSchild metric. This
alternative representation, introduced by Kerr and Schild (1965) [ 13], uses a speciÞc
set of Cartesian coordinates that offer signiÞcant advantages for various calculations
in general relativity. The line element in the KerrÐSchild form is given by:

ds2 = dx2 + dy2 + dz2 # dt2 +

f
*

dt +
z
r

dz+
r

r2 + a2 (x dx + y dy) #
a

r2 + a2 (x dy # y dx)
+ 2

(1.19)

where

f =
r2(2Mr # Q2)

r4 + a2z2 , (1.20)

kµ =
*

1,
rx + ay
r2 + a2 ,

ry # ax
r2 + a2 ,

z
r

+
, (1.21)

r =
x2 + y2

r2 + a2 +
z2

r2 = 1. (1.22)

The KerrÐSchild form is particularly useful because it expresses the metric as a per-
turbation of the ßat Minkowski metric, simplifying many calculations in general
relativity. This is especially advantageous when dealing with asymptotic proper-
ties or linearized gravity. In this form, the gravitational Þeld is encapsulated in the
term involving f and the null vector kµ, making it easier to analyze the propagation
of gravitational waves or study the behavior of black holes in the weak-Þeld limit.
Moreover, this coordinate system proves advantageous in numerical relativity, as it
alleviates certain complexities associated with singularities and horizon crossing.

Boyer-Lindquist and Kerr-Schild coordinates are two of the coordinate systems
available within the BHACcode for numerically modeling black hole accretion in arbi-
trary metric theories of gravity [ 2], as we will discuss in Chapter 3. These coordinate
systems, along with ßexible metric data structures, are designed to provide maxi-
mum adaptability.

1.2 The 3+1 Formalism in Numerical Relativity

To facilitate numerical simulations, particularly in scenarios such as black hole merg-
ers or gravitational wave propagation, the Einstein Þeld equations are reformulated
using the 3+1 formalism [ 14]. This method foliates spacetime into a series of three-
dimensional spatial slices &, each labeled by a time coordinate, effectively decou-
pling "space" from "time." In this framework, spatial variables evolve over time, al-
lowing the complex dynamics of spacetime to be expressed in a form amenable to
numerical integration. The resulting system consists of constraint equations, which
must be satisÞed on each spatial slice, and evolution equations, which govern how
these slices progress in time. This decomposition is fundamental for studying dy-
namical spacetimes, as it enables a systematic description of the systemÕs evolution
by integrating both geometric and matter variables over time. Widely employed in
numerical relativity, this method allows for detailed simulations of highly non-linear
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FIGURE 1.2: Slicing of spacetime: the hypersurfaces&i represent level sur-
faces of the coordinate time t. Figure adapted from Gourgoulhon [ 17].

gravitational systems, such as black hole coalescence and neutron star mergers. Ad-
ditionally, it is crucial for predicting gravitational waveforms, which are currently
detected by observatories such as LIGO, Virgo, and KAGRA [ 15].

The ADM formalism [ 14] is a Hamiltonian formulation of general relativity, in
which spacetime is foliated into a family of space-like surfaces &, labeled by a time
coordinate t, with spatial coordinates on each slice denoted by xi . The dynami-
cal variables in this framework are the three-dimensional spatial metric * i j and its
conjugate momentum ' i j . These variables allow the deÞnition of a Hamiltonian, en-
abling the equations of motion for general relativity to be expressed in the form of
HamiltonÕs equations. The original purpose of the ADM formalism was to establish
a Hamiltonian structure for general relativity that could serve as a foundation for
quantum gravity, rather than simply providing a system of evolution equations. In
numerical relativity, however, a signiÞcant reformulation introduced by York [ 16] is
commonly used, where the primary variables are the 3-metric * i j and the extrinsic
curvature Ki j , instead of the canonical conjugate momentum ' i j .

If we denote by M the 4-dimensional spacetime manifold, we can assume it can
be foliated into a family of non-intersecting spacelike 3-surfaces &, as illustrated in
Fig. 1.2. Each hypersurface arises, at least locally, as the level surface of a scalar
function t, which can be interpreted as a global time function [ 18]. This construction
allows for the deÞnition of a time direction through the vector Þeld ' µ = Dµ t, with
the normalization condition:

|| ' µ ||2 = gµ) Dµ tD ) t = #
1
, 2 , (1.23)

where Dµ represents the covariant derivative with respect to the 4-metric gµ) . Here,
, , referred to as the lapse function, plays a central role in general relativity, as it
quantiÞes the proper time elapsing between neighboring time slices along the nor-
mal vector ' µ to the hypersurface &. The unit normal vector nµ to the slices is
deÞned by:

nµ = # , gµ) ' ) = # , gµ) D) t, (1.24)

where the negative sign ensures that nµ points in the direction of increasing t. The
proper time interval d/ between two hypersurfaces &, as measured by an observer
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FIGURE 1.3: Schematic representation of the 3+1 decomposition of space-
time: the four-vector tµ represents the direction of evolution of the time coor-
dinate t and is decomposed into a timelike component , nµ , where nµ is the
timelike unit normal to the hypersurface, and a spacelike component, repre-
sented by the shift vector %i . Figure adapted from Baumgarte and Shapiro

[18].

moving along the normal direction nµ, is given by:

d/ = , (t, xi ) dt. (1.25)

By contracting two unit normal vectors, we Þnd:

nµnµ = , 2gµ) (Dµ t)( D) t) =

/
# 1 if nµ is time-like,

+ 1 if nµ is space-like.
(1.26)

The lapse function , is assumed to be non-negative, ensuring that ' µ is timelike,
and the hypersurface & remains spacelike.

We now consider the vector

tµ = , nµ + %µ, (1.27)

where , is the lapse function and %µ is the spatial shift vector. It is useful to choose
tµ as the vector Þeld that propagates the spatial coordinate grid from one time slice
to the next. In other words, tµ connects points with the same spatial coordinates on
neighboring time slices. The shift vector %µ measures the displacement of spatial
coordinates within a slice relative to the normal vector, encapsulating the effect of
frame-dragging, where the rotation of massive objects, such as black holes, induces a
dragging of spacetime, necessitating the adjustment of spatial coordinates over time.
Solving Eq. (1.27) for the normal vector yields:

nµ =
1
,

(tµ # %µ) =
1
,

(1,# %i ). (1.28)

By normalizing nµ, one obtains the following for the normal vector:

nµ = (, , 0, 0, 0) , nµnµ = n0n0 =
n0

,
= # 1. (1.29)

In this 3+1 formalism, as one transitions from one time slice to the next, a generic
event moves from point A, with coordinates xi , to point B, with coordinates xi + dxi ,
as illustrated in Fig. 1.3. The position change of B, relative to the normal projection
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of A, is determined not only by the displacement dxi , but also by the shift between
the two slices, %idt. Thus, the total displacement is given by 0i = %idt + dxi .

The line element in this formalism is expressed as:

ds2 = # , 2dt2 + * i j (dxi + %idt)(dxj + %jdt), (1.30)

where * i j represents the spatial metric, with i, j = 1, 2, 3, and the other quantities
have been previously introduced.

The extrinsic curvature Ki j measures how the three-dimensional slice is embed-
ded within the four-dimensional spacetime and can be determined by projecting the
gradients of the normal vector into the slice &. More formally, within the framework
of the 3+1 formalism, this tensor is deÞned as:

Kµ) = * "
µ* $

) D" n$. (1.31)

The evolution equations for * i j and Ki j , derived from the Einstein Þeld equations, are
highly non-linear and require careful treatment to ensure numerical stability during
simulations. To express the Einstein equations within the framework of the 3+1
formalism, a number of differential geometry identities due to Gauss, Codazzi, and
Ricci are employed [1]. The ADM equations consist of two constraint equations
(a scalar Hamiltonian constraint and three scalar momentum constraints) and two
evolution equations. The constraint equations are given by:

R + K2 # Ki j K
i j = 16'" , (1.32)

D j (Ki j # * i j K) = 8' Si , (1.33)

while the evolution equations are:

+t* i j = # 2, Ki j + D i %j + D j %i , (1.34)

+tKi j = ,
0

Ri j # 2KikKk
j + KKi j

1
# D i D j ,

+ %k+kKi j + Kik+j %
k + Kkj+i %

k

# 8',
*

Si j #
1
2

* i j (S# " )
+

, (1.35)

where the mass-energy density " , the momentum density Si , the fully spatial pro-
jection of the energy-momentum tensor Si j , and its trace S are zero in a vacuum
spacetime. It is important to note that while the Einstein Þeld equations consist
of ten second-order PDEs, the ADM formulation leads to twenty Þrst-order PDEs:
twelve evolution equations (six for the 3-metric * i j and six for the extrinsic curvature
Ki j ), four constraint equations (one Hamiltonian constraint and three momentum
constraints), and four additional equations that govern the evolution of the gauge
variables , and %i (one for the lapse function and three for the shift vector).

Since researchers began working with full three-dimensional evolution codes in
numerical relativity, it became apparent that the ADM equations lacked the neces-
sary stability properties for long-term numerical simulations. This issue, now un-
derstood to be related to the fact that these equations are only weakly hyperbolic,
posed signiÞcant challenges for accurate and stable computations. In mathematics,
a hyperbolic PDE of order n is one that has a well-posed initial value problem for
the Þrst n # 1 derivatives. More precisely, the Cauchy problem can be locally solved
for arbitrary initial data along any non-characteristic hypersurface. The same holds
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for a system of partial differential equations, where the property of well-posedness
implies that its solutions depend continuously on the initial data. In other words,
small changes in the initial data result in small changes in the solution. More for-
mally, if the solution of a system of PDEs is given by a function f (x, t), the system is
called "well-posed" if one can deÞne a norm || á ||such that:

|| f (x, t)|| ) Cekt|| f (x, 0)||, C, k * R, (1.36)

where C and k are constants independent of the initial data. This indicates that the
norm of the solution at time t increases at most exponentially in relation to its norm
at the initial time t = 0, thereby ensuring that, for a hyperbolic system, the solution
will not exhibit uncontrollably growth over time unless an instability is introduced.

To address the stability issues of the ADM equations, Baumgarte, Shibata, Shapiro,
Nakamura, Oohara, and Kojima introduced a reformulation of the ADM evolu-
tion equations in 1987, based on a conformal transformation that improved stabil-
ity compared to ADM [ 19]. Although this formulation evolved over the following
years, it remained relatively unnoticed by the numerical relativity community un-
til Baumgarte and Shapiro systematically compared it to ADM for various space-
times. They demonstrated that the new formulation exhibited signiÞcantly better
stability properties in all cases considered [ 20]. Since then, this reformulation has
gained widespread adoption and is now used, in one form or another, by most large-
scale three-dimensional codes in numerical relativity. The most effective approach
to achieving stability is known as the BSSN formulation [ 6, 18]. This formulation has
also been referred to as the "conformal ADM," though this name does not emphasize
the most signiÞcant difference between the BSSN and ADM formulations, which is
the introduction of auxiliary variables, such as the conformal Christoffel symbols ÷$i .
In the BSSN formulation, a conformal transformation of the spatial metric is per-
formed, and the extrinsic curvature is decomposed into its trace and trace-free parts.

The spatial metric * i j is conformally rescaled as:

÷* i j = 1# 4* i j , (1.37)

where 1 is the conformal factor. In the BSSN formulation, 1 is chosen such that the
conformal metric ÷* i j has a unit determinant, i.e., det [ ÷* i j ] = ÷* = 1. This condition is
written as:

14 = * 1/3 =+ 1 = * 1/12 , (1.38)

where * represents the determinant of the physical spatial metric * i j . The use of
conformal transformation in the BSSN formulation is vital for improving numerical
stability, particularly in black hole spacetimes, as it efÞciently controls the behavior
of the metric near singularities. Typically, the conformal factor is expressed as . =
ln 1 = 1

12 ln * , resulting in:
÷* i j = e# 4. * i j . (1.39)

This method provides a logarithmic variation of the metric in the vicinity of singular
regions. However, Campanelli et al. [ 21] suggested that evolving the variable

! = 1# 4 = e# 4. (1.40)

offers a more robust alternative, particularly in black hole spacetimes, as it improves
stability and accuracy in numerical simulations. The advantage is that 1 typically
displays a 1/ r singularity near black holes, leading to a logarithmic singularity in . ,
whereas ! remains a smooth C4 function at r = 0.
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Within the current formalism, the extrinsic curvature Ki j is decomposed into its
trace K and its trace-free part A i j as follows:

A i j = Ki j #
1
3

* i j K. (1.41)

The conformally rescaled traceless extrinsic curvature is then expressed as:

÷A i j = 1# 4A i j = ! A i j . (1.42)

The BSSN formulation introduces three auxiliary variables, referred to as the confor-
mal connection functions, deÞned by the following relation:

÷$i = ÷* jk ÷$i
jk = # +j ÷* i j , (1.43)

where ÷$i
jk are the Christoffel symbols associated with the conformal metric ÷* i j , ex-

pressed analogously to Eq. (1.3). The introduction of the conformal connection func-
tions ÷$i is essential in the BSSN formalism, as they are directly involved in the evolu-
tion equations for the metric and curvature. These functions enhance the stability of
numerical simulations by improving the control over the evolution of the conformal
metric and its derivatives.

Incorporating these variables, the BSSN formulation encompasses 17 evolution
variables, namely ! , K, ÷* i j , ÷A i j , and ÷$i . The corresponding evolution equations for
these variables are given by:

+t 2* i j = # 2, 2A i j + %k+k2* i j + 2* ik+j %
k + 2* kj+i %

k #
2
3

2* i j +k%k, (1.44)

+t ! =
2
3

!
0

, K # +i %
i
1

+ %i+i ! , (1.45)

+tK = # D2, + ,
*

2A lm
2A lm +

1
3

K2
+

+ %i+iK, (1.46)

+t 2A i j = ,
0

K 2A i j # 2 2A ik 2* mk 2Amj

1
+ !

-
# D i D j , + , Ri j

. TF

+ %k+k
2A i j + 2A ik+j %

k + 2Akj+i %
k #

2
3

2A i j +k%k, (1.47)

+t2$i = 2* lm+l +m%i +
1
3

2* il +l +m%m + %k+k2$
i # 2$k+k%i +

2
3

2$i+k%k

# 2 2A ik+k, + ,
*

22$i
lm

2A lm #
3
!

2A ik+k! #
4
3

2* ik+kK
+

, (1.48)

where D i represents the covariant derivative with respect to the 3-metric tensor * i j ,
and ÒTFÓ stands for the trace-free part of a tensor. The Ricci tensorRi j , as explic-
itly given in Eq. ( 1.2), can be decomposed in terms of the conformal metric ÷* i j into
two components: Ri j = ÷Ri j + ÷R!

ij . In this decomposition, ÷Ri j denotes the Ricci ten-

sor computed from the conformal metric ÷* i j , while ÷R!
ij represents the contribution
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arising from the conformal factor ! . These components are given by:

÷Ri j = #
1
2

÷* lm+l +m ÷* i j + ÷* k( i+j)
÷$k + ÷$k ÷$( i j )k

+ ÷* lm
0

2÷$k
l ( i

÷$j)km + ÷$k
im

÷$kl j

1
, (1.49)

÷R!
ij =

1
2!

34
+i+j ! #

1
2!

(+i ! )(+j ! ) # ÷$k
ij +k!

5

+ ÷* i j ÷* lm
4
+l +m! #

3
2!

(+l ! )(+m! ) # ÷$k
lm+k!

56
, (1.50)

where the subscripts ( i j ) denote symmetrization of the indices. For improved nu-
merical stability, whenever 2$i is not being differentiated, it is replaced by # +j 2* i j [21].
Additionally, imposing the traceless condition on ÷A i j and ensuring that ÷* i j maintains
a unit determinant are key factors that contribute to the overall stability of numerical
simulations [ 22]. The formalism adopted closely aligns with the approach outlined
by Campanelli et al. [ 21].

The evolution of the lapse function , and the shift vector %i is governed by slicing
conditions such as the Bona-Mass— family of conditions [23, 24]. These conditions
introduce a family of lapse functions parametrized by f (, ), offering a tunable frame-
work adaptable to various scenarios. This ßexibility helps control the evolution of
the spacetime geometry and prevents the development of pathological behaviors
that could lead to numerical instabilities. In many simulations, the lapse is evolved
using the widely adopted "1 + log" slicing condition:

+t , = # , 2K + %i+i , , (1.51)

and the shift vector %i is evolved according to the Gamma-driver condition. The
Gamma-driver condition introduces an auxiliary vector Þeld Bi , which is used to
evolve the shift vector %i to prevent excessive distortion in the coordinate system:

+t %i =
3
4

Bi , (1.52)

+t Bi = +t ÷$i # %j+j ÷$
i # ( Bi . (1.53)

Here, ( is a damping parameter introduced to control the growth of the auxiliary
Þeld Bi and stabilize the evolution of the shift vector. As noted in the literature [ 21,
25], ( is a positive constant that inßuences the systemÕs dynamics (with typical val-
ues such as( = 2.8 resulting in stable simulations) and the factor 3/4 is an arbitrary
coefÞcient chosen for its ability to produce stable numerical results.

The Hamiltonian and momentum constraints play a crucial role in ensuring the
consistency and accuracy of the solutions in numerical relativity [ 19, 16, 6]. These
constraints are derived from the Einstein Þeld equations and must be satisÞed at
every time step during the evolution of the system to maintain the physical validity
of the simulation. The Hamiltonian constraint arises from the time-time component
of the Einstein equations and ensures that the total energy density, as measured in a
given spatial slice, is consistent with the geometry of that slice. In the context of the
BSSN formulation, this constraint is expressed as:

H = R # ÷A i j ÷A i j +
2
3

K2 = 0, (1.54)

where R is the Ricci scalar associated with the three-dimensional spatial metric * i j .
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This equation essentially provides a relationship between the curvature of the spa-
tial slice and the distribution of energy (or mass) within that slice. For a vacuum
spacetime, as considered here, the Hamiltonian constraint ensures that the curvature
balances the contributions from the extrinsic curvature. The momentum constraints,
on the other hand, arise from the time-space components of the Einstein equations.
They ensure that the momentum density in the spatial slice is consistent with both
the curvature and the extrinsic curvature. The momentum constraint equations in
the BSSN formulation are written as:

M i = +j ÷A i j + ÷$i
jk

÷A jk #
3

2!
÷A i j +j ! #

2
3

÷* i j +jK = 0. (1.55)

This equation enforces the consistency of the extrinsic curvature with the spatial dis-
tribution of matter and energy within each slice. The term +j ÷A i j represents the diver-
gence of the trace-free part of the extrinsic curvature, while the terms involving ÷$i

jk
and ! account for the geometric properties of the spatial slice, including the effects of
the conformal transformation. During numerical evolution, these constraints must
be continuously monitored to ensure that the solution remains physically accurate.
Violations of the Hamiltonian or momentum constraints can indicate instabilities or
inaccuracies in the numerical simulation.

These adjustments are crucial for evolving black hole spacetimes in a stable and
accurate manner. The introduction of auxiliary variables such as ÷$i , the conformal
metric ÷* i j , and the trace-free part of the extrinsic curvature ÷A i j signiÞcantly enhances
the stability and accuracy of numerical simulations, particularly in the challenging
context of black hole spacetimes, where singularities can complicate the evolution of
the system [19, 21, 26].

1.3 Multiple Black Holes Initial Data

After introducing the 3+1 formalism, which serves as the foundation for numerical
simulations of dynamical spacetimes, we now turn our attention to the initial data
problem, particularly for multiple black holes. This step is crucial because the correct
choice of initial data ensures that the systemÕs evolution adheres to the Einstein Þeld
equations and remains physically consistent. These equations impose strict condi-
tions not only on the evolution of spacetime but also on the initial data used to de-
scribe it. SpeciÞcally, any initial data selected for numerical simulations of spacetime
must satisfy the Hamiltonian ( 1.54) and momentum ( 1.55) constraints to maintain
physical consistency. While the evolution equations govern the geometryÕs progres-
sion over time, the constraint equations must be satisÞed continuously, including at
the simulationÕs outset. Therefore, the initial values of the twelve dynamical vari-
ables,{ * i j , Ki j } , cannot be chosen arbitrarily but must be carefully selected to satisfy
these constraints from the beginning. The constraint equations in this context are
analogous to the Poisson equation in Newtonian gravity, though their nonlinear na-
ture and coupling make them signiÞcantly more complex. In practice, solving these
equations to obtain physically meaningful initial data is a nontrivial task, and vari-
ous approaches have been developed to address this challenge in speciÞc scenarios.

One approach to simplifying the problem of obtaining initial data for black hole
spacetimes is to consider time-symmetric, conformally ßat initial data [ 27]. This sce-
nario reßects a state in which the black holes are temporarily at rest relative to each
other, analogous to a Schwarzschild-type black hole conÞguration [ 16, 28]. Although
this assumption of staticity does not fully capture the dynamic nature of black holes
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in astrophysical systemsÑwhere they are typically in orbital motionÑit provides
a valuable simpliÞcation for exploring the fundamental aspects of the initial data
problem [ 29]. In time-symmetric conÞgurations, the extrinsic curvature vanishes,
i.e., Ki j = 0. This vanishing occurs because, in a time-symmetric scenario, the initial
slice of spacetime is chosen such that the time derivative of the spatial metric * i j is
zero, implying that the geometry of the slice remains unchanged as one moves for-
ward or backward in time from this moment [ 30, 31]. In vacuum spacetimes, the
condition Ki j = 0 ensures that the momentum constraints are automatically satis-
Þed since they involve the divergence of Ki j . However, the Hamiltonian constraint
remains, and it now depends on the Ricci scalar of the physical metric. Solving the
Hamiltonian constraint in this context remains challenging, as it requires determin-
ing a metric that satisÞes the nonlinear differential equation resulting from the con-
straint. To address this, we consider the conformal factor 1, as deÞned in Eq. (1.38),
which is related to the conformal factor ! used in the evolution equations through
Eq. (1.40). The Ricci scalar R can then be reformulated in terms of the conformal
quantities:

R = 1# 4 ÷R # 81# 5 ÷D21, (1.56)

where ÷R and ÷D2 refer to the Ricci scalar and the Laplacian of the conformally related
metric, respectively. Substituting this expression into the Hamiltonian constraint
yields:

H = 8 ÷D21 # 1 ÷R # 15(K2 # Ki j K
i j ) = 0. (1.57)

Since in the time-symmetric case we have Ki j = 0, the Hamiltonian constraint sim-
pliÞes to:

÷D21 =
1
8

1 ÷R. (1.58)

To further simplify the problem, we assume that the conformally related metric is
ßat, meaning ÷* i j = ( i j = diag(1, 1, 1), and that the physical spatial metric is con-
formally ßat. This assumption is particularly useful because it aligns with the ap-
proximate spherical symmetry often present in isolated or binary black hole sys-
tems. Conformal ßatness not only simpliÞes the mathematical formulation but also
reduces the Hamiltonian constraint to a Laplace equation, thereby making the prob-
lem more tractable both analytically and numerically. Conformal ßatness implies
that any spherically symmetric spatial metric can be expressed as:

* i j = 14 ÷* i j = 14( i j . (1.59)

Under this assumption, the Ricci tensor and the scalar curvature of the conformally
related metric vanish, reducing the Hamiltonian constraint to a Laplace equation for
the conformal factor 1:

÷D21 = 0. (1.60)

The solutions to this Laplace equation, assuming spherical symmetry, take the form:

1 = A +
B
r

, (1.61)

where A and B are constants determined by boundary conditions. For asymptoti-
cally ßat solutions, we impose that the metric approaches ßat spacetime at inÞnity,
which sets A = 1. The constantB is related to the mass of the black hole; in isotropic
coordinates [1], B = M /2 ensures that the conformal factor 1 correctly reproduces
the Schwarzschild metric. Consequently, the conformal factor for a single, static,
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spherically symmetric Schwarzschild black hole is given by:

1 = 1 +
M
2r

, (1.62)

where M represents the black holeÕs mass andr is the radial coordinate. While this
scenario is highly idealized, it serves as a fundamental basis for analyzing more
complex conÞgurations, including those involving multiple black holes with initial
linear and/or angular momenta, which will be explored further.

The initial data for a single Schwarzschild black hole, initially at rest in a vac-
uum, can then be described using a conformally ßat metric. By applying Eq. ( 1.62),
the spatial metric * i j is expressed in terms of the conformal metric ÷* i j through the
conformal factor as follows:

* i j = 14 ÷* i j =
*

1 +
M
2r

+ 4

( i j , (1.63)

where ÷* i j = ( i j represents the ßat conformal metric, and the extrinsic curvature is
zero:

Ki j = 0 =+ K = 0. (1.64)

Since Eq. (1.60) is linear, the solution for multiple black holes can be obtained by
superposing the individual contributions of each i-th black hole:

1 = 1BL = 1 +
N

(
i= 1

M i

2r i
. (1.65)

This solution, referred to as the BrillÐLindquist initial data, describes N black holes
that are initially at rest, with zero spin and linear momentum, in a vacuum [ 32, 33].

Time-symmetric initial conÞgurations of multiple black holes can serve as valu-
able test cases for numerical codes, even though their physical relevance is limited,
as black holes are generally expected to have both linear and angular momenta. In
such scenarios, the momentum constraints do not trivially vanish, and the conformal
factor can no longer be expressed as a simple superposition of individual contribu-
tions from each black hole. The constraint equations, in fact, take on the following,
more complicated form:

H = ÷D21 #
1
8

1 ÷R +
1
8

15 ÷A i j ÷A i j #
1
12

15K2 = 0, (1.66)

M i = +j ÷A i j + ÷$i
lm

÷A lm + 61# 1 ÷A i j +j1 #
2
3

÷* i j +jK = 0, (1.67)

The increased complexity of the problem can be addressed by applying a conformal
transformation to the traceless part of the extrinsic curvature A i j (see Chapter 3.1 of
Baumgarte and Shapiro[18]), leading to the following deÞnitions:

øA i j = 12A i j = 16 ÷A i j , (1.68)
øA i j = 110A i j = 16 ÷A i j . (1.69)

This transformation is crucial as it simpliÞes the constraint equations, making them
more tractable under various gauge conditions, as further illustrated within this Sec-
tion.
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One such important gauge condition in numerical relativity is the maximal slicing,
which imposes that the trace of the extrinsic curvature is zero ( K = 0). This condi-
tion is particularly advantageous as it minimizes the growth of the volume element
over time, thereby preventing the formation of singularities and enhancing the sta-
bility of simulations. Imposing maximal slicing simpliÞes the constraint equations,
making them more manageable in numerical calculations. When maximal slicing
is not applied ( K (= 0) and assuming vacuum conditions (i.e., no source terms), by
substituting Eq.s (1.56, 1.69) into Eq. (1.54) and expressing Eq. (1.55) in terms of the
conformal factor 1, the constraint equations take the following form:

H = øD21 #
1
8

1 øR +
1
8

1# 7 øA i j øA i j #
1
12

15K2 = 0, (1.70)

M i = +j øA i j + ø$i
lm

øA lm #
2
3

16 ø* i j +jK = 0, (1.71)

where øD i denotes the covariant derivative with respect to ø* i j = ÷* i j and øR = ÷R.
Conversely, when maximal slicing is imposed ( K = 0) [34] and under vacuum con-
ditions, the constraint equations reduce to:

H = øD21 #
1
8

1 øR +
1
8

1# 7 øA i j øA i j = 0, (1.72)

M i = øD j ÷A i j = +j øA i j + ø$i
lm

øA lm = 0. (1.73)

In this scenario, the momentum constraints become linear and decouple from the
Hamiltonian constraint. This simpliÞed form of the constraints is referred to as the
Bowen-York solutions[32], which can be derived using methods such as the confor-
mal transverse decompositionor the conformal thin-sandwich approach. The conformal
transverse decompositionsimpliÞes the momentum constraint by decomposing the ex-
trinsic curvature into a transverse-traceless part, which is particularly effective for
Þnding initial data for multiple black holes. The conformal thin-sandwich approach, on
the other hand, accounts for the evolution of both the spatial metric and the extrin-
sic curvature, making it well-suited for generating initial data in dynamic scenarios,
such as inspiraling black holes. Both methods are critical for determining initial
data that satisfy the Hamiltonian and momentum constraints, thereby ensuring the
accurate evolution of black hole spacetimes in numerical relativity.

In general relativity, no information can propagate from inside the event hori-
zon of a black hole to the outside, meaning that the external spacetime cannot be
inßuenced by the black holeÕs interior. This leads to the idea that, in numerical sim-
ulations, it sufÞces to evolve only the exterior spacetime, excluding the region inside
the event horizon. This method is known as black hole excision. However, special nu-
merical treatment is often required at the excision boundary to ensure stability and
accuracy in simulations. A different approach to avoid dealing directly with singu-
larities is the so-called puncture method. The central idea of the puncture method is
to decompose the metric into two parts: one that contains the singularity but is ana-
lytically manageable, and another that is regular and must be evolved numerically.
Initial attempts at implementing this method used a Þxed puncture approach. In this
setup, the singular part of the metric remains static, while only the regular correc-
tion evolves. This approach has the disadvantage of keeping the black holes at Þxed
coordinate positions, making it less suited for conÞgurations where the black holes
have signiÞcant momentum. As a result, Þxed puncture methods have not yielded
long-term stable evolutions, particularly for binary black hole systems where orbital
motion is expected. In such cases, the singularities are forced to remain stationary
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in the chosen coordinates, which limits the ßexibility of the simulation. The break-
through came with the development of the moving puncture method. In this approach,
the singular part of the metric is not kept static; instead, the entire metric evolves dy-
namically. The puncture is free to move according to the chosen gauge conditions,
ensuring that the singularity never directly coincides with a grid point. The choice
of gauge conditions is crucial for the stability of the moving puncture method. Typi-
cally, a 1+log slicing conditionis employed for the lapse function, while the shift vector
is evolved using a condition from the Gamma-driver family. These gauge conditions
help ensure that the punctures move smoothly across the grid during the evolution.

The moving puncture method can be considered as a perturbative approach,
where the conformal factor takes the following form [ 27]:

1 = 1BL + u, (1.74)

where 1BL is the Brill-Lindquist conformal factor as deÞned in Eq. ( 1.65), and the
function u represents a regular correction term that must be determined numerically.

Enforcing the conditions K = 0 and a conformally ßat spatial metric, such that
øR = 0, the Hamiltonian constraint for the correction term u can be expressed as:

÷D2u = #
1
8

1# 7
0

øA i j øA i j
0

1 + 1# 1
0 (1 + u)

1# 7
, (1.75)

where 10 = ( N
i= 1 mi /2 r i , and øA i j = 12A i j = 16 ÷A i j , as deÞned in Eq.s (1.69) [6].

The term øA i j øA i j appears with a sufÞciently high power to suppress divergences,
thereby regularizing the source term. This regularity enables the correction term u
to be solved using standard methods for nonlinear elliptic equations. For a system
of multiple black holes ( N), when the linear momentum Pi = ( Px, Py, Pz) and spin
momentum Si = ( Sx, Sy, Sz) are small, the correction term u can be approximated
as:

u =
N

(
k= 1

7
P2

(k)

m2
(k)

0
a1(k) + a2(k)

0
3µ2

p(k) # 1
11

+ 6
a3(k)

m4
(k)

S2
(k)

0
1 + µ2

s(k)

1

+
a4(k)

m3
(k)

P(k) $ S(k) án(k)

8

, (1.76)

where the constants a1(k) , a2(k) , a3(k) , and a4(k) are functions of the parameters speciÞc
to each black hole and their relative distances:

a1(k) =
5l(k)

8

9

1 # 2l(k) + 2l2(k) # l3(k) +
l4(k)

5

:

, (1.77a)

a2(k) =
1

40b2
(k)

0
15+ 117l(k) # 79l2(k) + 43l3(k) # 14l4(k) + 2l5(k)

1
, (1.77b)

a3(k) =
l(k)

20

0
1 + l(k) + l2(k) # 4l3(k) + 2l4(k)

1
, (1.77c)

a4(k) =
l2(k)

10

0
10# 25l(k) + 21l2(k) # 64l3(k)

1
, (1.77d)

with b(k) = 2r (k) / m(k) , l(k) = 1/ (1 + b(k) ), µp(k) = P(k) án(k) / |P(k) |, and µs(k) =
S(k) án(k) / |S(k) | serving as parameters that characterize thek-th black hole.

The momentum constraints require solving for the components of the conformal
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extrinsic curvature tensor øA i j , which are inßuenced by the linear and angular mo-
menta of the black holes. This procedure is commonly known as the Bowen-York
method[35]. The trace-free part of the extrinsic curvature, often referred to as the
Bowen-York extrinsic curvature[32], is expressed as [36]:

øA (k)
i j =

3
2(r (k) )2

;
P(k)

i n(k)
j + P(k)

j n(k)
i #

0
0i j # n(k)

i n(k)
j

1
Pl (k)n(k)

l

+
2

r (k)

0
&ilmSl (k)nm(k)n(k)

j + &jlmSl (k)nm(k)n(k)
i

1 <
, (1.78)

where n(k)
i denotes component of the unit vector pointing from the center of the k-th

black hole, P(k)
i and S(k)

i represent the linear and angular momenta, respectively, and
&i jk is the three-dimensional Levi-Civita symbol.

The process of generating initial data for multiple black holes is computationally
demanding, particularly when the black holes are in motion. To mitigate the compu-
tational cost, a numerical elliptic solver based on an iterative Gauss-Seidel algorithm
[37] is employed, using the initial guess provided by the solution for u in Eq. (1.76).
This solver incorporates an iterative grid-reÞnement technique, which begins with
low-resolution grids and then interpolates the solution onto higher-resolution grids
using Fourier transforms, as outlined by Cao et al.[38].

1.4 The Spectral FIltered Numerical Gravity codE ( SFINGE)

In numerical relativity, accurately solving the Einstein Þeld equations in highly dy-
namic and non-linear scenarios, such as black hole collisions and mergers, neces-
sitates the use of advanced numerical techniques. Spectral methods, which express
the solution of differential equations as a series of basis functionsÑtypically trigono-
metric polynomials or Fourier modesÑare particularly effective in achieving high
precision and stability in such complex simulations. These methods are especially
advantageous for problems with smooth solutions due to their exponential conver-
gence rates, where the accuracy of the solution improves rapidly as more terms are
included in the series. Unlike Þnite difference methods, such as Runge-Kutta or Eu-
ler schemes, which operate locally, spectral methods span the entire computational
grid, thus increasing their computational complexity. However, their primary ad-
vantage lies in their exceptional accuracy: errors are typically limited by machine
precision, and phase errors are entirely eliminated. The exponential convergence
of spectral methods makes them highly efÞcient for a wide range of applications,
though their effectiveness is closely linked to the speciÞc characteristics of the prob-
lem being solved.

In this Section, we outline the main features of the SFINGEcode [39], a compu-
tational algorithm developed at the University of Calabria. The code implements a
Þltered pseudo-spectral scheme to integrate the BSSN equations and extract gravita-
tional wave signals from coalescing black holes. Pseudo-spectral methods alternate
between physical (real) and Fourier (complex) space. The principle is straightfor-
ward: derivatives are computed in spectral space, while products are computed in
physical space to avoid computationally expensive convolutions. The key advan-
tage of this approach is that each Þeld and its derivatives are accurately represented
at the collocation points, ensuring highly precise solutions. Errors in the computa-
tion of derivatives are on the order of machine truncation error, delivering reliable
results in demanding numerical simulations.
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1.4.1 Fast Fourier Transform

The algorithm extensively makes use of Fourier spectral techniques to efÞciently
solve PDEs in the context of general relativity. By expanding functions into Fourier
modes, spectral methods provide highly accurate numerical solutions in a variety of
scenarios.

For simplicity, we consider a 1D compact domain, e.g., D = [ # 1, 1], and a PDE
of the form:

L f (x) = g(x), x * D , (1.79)

where f (x) is the solution that satisÞes speciÞc boundary conditions at x = ± 1,
depending on the operator L = L (+t , +x, +xx, . . .), and g(x) is a source term inde-
pendent of f (x).

In spectral methods, the solution f (x, t) is approximated by a Þnite sum of N
modes:

f (x, t) , fN (x, t) =
N/2

(
k= # N/2

ak(t). k(x), (1.80)

where the coefÞcients ak(t) * C are complex, and . k(x) represents a set of basis
functions. An appropriate selection of basis functions should ensure that the ap-
proximation converges as the number of modes increases, such that asN - ) , the
approximated solution fN (x, t) approaches the true solution f (x, t). Furthermore,
the computation of derivatives +x fN should be efÞcient, allowing for the straightfor-
ward determination of a new set of complex coefÞcients a.

k(t), which characterize
the derivative of fN :

+x fN (x, t) =
N/2

(
k= # N/2

ak(t)
d. k(x)

dx
=

N/2

(
k= # N/2

a.
k(t) . k(x). (1.81)

Finally, it is crucial that the reconstruction of the coefÞcients ak(t) from a given func-
tion f (x, t) remains computationally feasible.

For periodic functions f (x, t), a suitable choice of basis functions is the Fourier
basis . k(x) = eikx, where k = 0,± 1,± 2, . . . ,± Nk, with Nk = N/2 representing the
Nyquist mode, and x * (# ' , ' ). This transforms the series into:

fN (x, t) =
N/2

(
k= # N/2

ak(t)eikx. (1.82)

With this choice, both convergence and differentiation properties are satisÞed, while
computational efÞciency is ensured through the use of the FFT algorithm [ 40].

The term "spectral methods" refers to the expansion of the solution f (x, t) into
a series of orthogonal eigenfunctions of an operator L . For instance, considering
the Laplace operator L = / 2 = +2

j on a periodic domain, the spectrum consists of
Fourier modes, and the operator acts on them as:

#/ 2e# ikx = |k|2e# ikx. (1.83)

The coefÞcientsak(t) of the Fourier expansion can be computed using the inverse
discrete Fourier transform, which is expressed as:

ak(t) =
1
N

N# 1

(
j= 0

f (xj )e# ikxj , xj = j%x = j
2'
N

, (1.84)
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where xj are the collocation points on the grid. Consequently, the function f (xj ) at
each grid point is written as:

f (xj ) =
N# 1

(
k= 0

ak(t) eikxj . (1.85)

One signiÞcant property of the FFT is that the Þrst coefÞcient a0 represents the aver-
age value of the function across all the grid points:

a0 =
1
N

N# 1

(
j= 0

f (xj ) = ! f ". (1.86)

For real-valued functions f (x), the Fourier coefÞcients satisfy ak = a'
(N# k) , and the

coefÞcient aN
2

is real. While this coefÞcient represents a numerical artifact and lacks
physical signiÞcance, it becomes negligible asN increases.

To compute the Þrst derivative of the function f (x) = ( N
k= 0 ak(t)eikx, the Fourier

coefÞcients are transformed as follows:

f .(x) =
N# 1

(
k= 0

ikak eikx =
N# 1

(
k= 0

a.
k eikx, (1.87)

where a.
k = ikak. SpeciÞcally, the Þrst coefÞcienta.

0 = 0, since the derivative of a
constant (the average) is zero. For the remaining modes, a.

k = ikak for 1 ) k < N
2 ,

while a.
N
2

= i N
2 aN

2
is purely imaginary. Since this term should not contribute to the

real derivative of the function, we impose a.
N
2

= 0 to ensure that f .(x) * R.

Similarly, for the second derivative of the function, we have:

f ..(x) =
N# 1

(
k= 0

# k2ak eikx =
N# 1

(
k= 0

a..
k eikx, (1.88)

where a..
k = # k2ak. As expected, the Þrst coefÞcienta..

0 = 0, since the derivative of a
constant is zero. For the higher-order modes, a..

k = # k2ak for 1 ) k < N/2, and for

k = N/2, the second derivative becomes a..
N
2

= # N2

4 aN
2
, which is real and thus not

set to zero.

1.4.2 Aliasing effect

Although pseudo-spectral methods are among the most accurate numerical tech-
niques, particularly well-suited for solving complex small-scale problems such as
wave dynamics and turbulence, careful attention must be given to the treatment of
nonlinear terms. Nonlinearity is a fundamental characteristic not only in gravitation
but also in hydrodynamics and plasma dynamics, though the degree of nonlinearity
is typically less pronounced in the latter Þelds. In spectral methods, nonlinear terms
manifest as convolutions, and several transform-based techniques have been devel-
oped to evaluate them efÞciently [ 41, 42, 40]. Nevertheless, a signiÞcant numerical
challenge arises from aliasing instabilities [ 43], which are caused by spectral leakage.
When products between Þelds are computed, new wavenumber components are
generated that may lie outside the range of the sampled Fourier modes. In discrete
Fourier transforms, aliasing occurs when the number of sampled Fourier modes Nk
is insufÞcient to represent the system adequately. Due to the periodic nature of the
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discrete Fourier transform, wavenumbers exceeding the sampled range are aliased
back into the domain, effectively folding high-frequency components onto lower fre-
quencies. In time-evolving systems, this aliasing can introduce numerical instabil-
ities, signiÞcantly compromising the accuracy and stability of the simulations. The
elimination of aliasing errors, or dealiasing, has been a crucial area of study since
the seminal work by Orszag [ 44], and continues to be a key consideration in the
application of pseudo-spectral methods.

To illustrate this, consider the simplest form of nonlinearity, namely the product
of two functions f (x) and g(x), each represented by their truncated Fourier series
with N modes [45]:

fN (x) =
m

(
p= # m

÷fpeipx, gN (x) =
m

(
q= # m

÷gqeiqx, (1.89)

where ÷fp and ÷gq are the corresponding Fourier coefÞcients. On a periodic domain,
it is easy to show that the above series are simply truncated at m = N/2. The
product of two functions in physical space, deÞned on a Þnite, periodic grid (where
m = N/2), becomes a convolution product in Fourier space:

f (x) ' g(x) =

9
m

(
p= # m

÷fpeipx

: 9
m

(
q= # m

÷gqeiqx

:

=
m

(
p= # m

m

(
q= # m

÷fp ÷gq ei(p+ q)x. (1.90)

The product contains high-order harmonics beyond the truncated Fourier series of
the individual functions, leading to aliasing. The Fourier transform of this product
is given by:

÷Qk =
=

f (x)g(x)e# ikx dx 0 (
p+ q= k

÷fp ÷gq, (1.91)

where we deÞne a single sum over selected couplings,( p+ q= k{ ...} 1 ( p ( q{ ...} 0p+ q,k.
This aliasing error can lead to numerical instabilities. To prevent this, we deÞne a
cutoff k' such that all coefÞcients p, q corresponding to k (= p + q), > k' are set to
zero. For quadratic nonlinearity, it has been shown that Þltering out modes with
k > k' = 2N/3 is sufÞcient to eliminate aliasing instability [ 41, 46].

We adopt the FFT to compute spatial derivatives, while Þltering out high har-
monics:

fN (x) =
N/2

(
k= # N/2

÷fke
ikx* k' (k), (1.92)

where * k' (k) is the Þlter function, often deÞned as aHeaviside step function:

* k' (k) =

/
1, if |k| ) k' ,

0, if |k| > k' .
(1.93)

Alternatively, for smoother Þltering, we use a Gaussian function:

* k(k) = e
# a

0
|k|
k'

1a

, (1.94)

where a is a free parameter that controls the smoothness of the Þlter around the
cutoff k' , often set to 20 in our simulations. In this way, when |k| 2 k' , then * k' (k) ,
1; when |k| ! k' , then * k' (k) approaches zero quickly but smoothly; when |k| > k' ,
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then * k' (k) , 0 [39]. Throughout, we set k' = N/2.5, where N is the number of
grid points in each spatial direction.

1.4.3 The Running Stability Check

The CFL condition ensures convergence in time integration schemes [47]. Suppose
we describe the motion of a wave traveling through a discrete spatial grid with speed
v. The length interval %x of the spatial grid and the time step %t are not indepen-
dent quantities. In order to achieve stable and accurate results, the CFL condition
dictates that %t must be proportional to %x. In simple terms, the condition states
that if a wave is propagating across a discrete spatial grid, the time step must be
smaller than the time it takes for the wave to travel between adjacent grid points.
This establishes a tight relationship between the time step and the spatial step (i.e.,
the grid point separation), where reducing one typically necessitates reducing the
other. For a simple one-dimension propagating ßuctuation with speed v, the CFL
condition imposes:

%t < C
%x
v

, (1.95)

where C is the Courant number, typically chosen as 1/2. To ensure stability in solv-
ing the BSSN equations, we continuously calculate the time step for each variable
using the Running Stability Check. For any variable Ui j , the time step is estimated as

T (Ui j )
d= Ui j / +tUi j . We then apply:

%t < Cmin {T j } , (1.96)

where j runs over all BSSN variables. The time step %t adjusts dynamically based
on the smallest characteristic timescale.

1.4.4 The Implicit Hyperviscous Boundary method

To manage boundary conditions in pseudo-spectral codes, we employ the Implicit
Hyperviscous Boundary(IHB) method [ 44]. The primary advantage of pseudo-spectral
codes lies in their relative speed and high precision. At a given resolution, these
methods generally surpass the accuracy achievable by Þnite difference or Þnite vol-
ume techniques [39]. However, when employing Fourier basis functions, a signiÞ-
cant limitation of this method is the requirement for periodic boundary conditions,
which may not be suitable for all scenarios in general relativity, particularly those
involving the mergers of compact objects. The IHB algorithm mitigates this limita-
tion by using dissipating boundaries, combined with implicit time integration. This
method has been successfully tested in simulations involving gravitational waves
and the dynamics of compact objects, where ripples and numerical artifacts have
been effectively suppressed in regions near corners and boundaries. It is relatively
easy to implement and efÞcient.

For each BSSN variable, we evolve an ideal Þeld f { ideal} (x, t) using the second-
order Runge-Kutta method [ 48, 49], and a hyperviscous Þeld f { H } (x, t) subject to
hyperviscous dissipation. The evolution equation for f { H } is:

+f { H } (x, t)
+t

= N (x, t) # ) 4/ 4 f { H } (x, t), (1.97)
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where N (x, t) stands for the BSSN evolution equations, and ) 4 is the hyperviscous
coefÞcient. The use of the Crank-Nicolson method ensures stability for the hyper-
viscous Þelds. Using the Fourier transform, the Crank-Nicolson scheme for hyper-
viscous Þelds at a give time t ' becomes:

÷f { H }
k (t ' + %t) =

7
1 # ) 4k4

2 %t

1 + ) 4k4

2 %t

8

÷f { H }
k (t ' ) +

7
%t

1 + ) 4k4

2 %t

8

÷Nk

*
t ' +

%t
2

+
. (1.98)

To handle the boundary conditions, we interpolate between the ideal and hyper-
viscous solutions near the boundaries. At the end of each time step, we apply the
following matching condition:

f (x, t) =

/
f { ideal} (x, t) if |x # x0| ) #,

f { ideal} (x, t)
;
2 # |x# x0|

#

<
+ f { H } (x, t)

;
|x# x0|

# # 1
<

otherwise.

(1.99)
Here, # is typically chosen as L0/4, where L0 is the size of the computational domain.
This technique preserves the ideal dynamics in the central region while dissipating
unwanted boundary effects. This method stabilizes the solution while ensuring that
the core dynamics of the computational domain remain unaffected [ 39].

1.5 Gravitational Wave Extraction and Analysis

We aim to analyze gravitational signals arising from multi-body interactions within
the dynamical evolution of the Einstein Þeld equations. Gravitational waves, which
are perturbations of spacetime propagating at the speed of light, constitute one of the
most profound predictions of general relativity. These waves emerge from the accel-
eration of massive objects and are inherently tied to regions with strong, dynamic
gravitational Þelds. In the context of numerical relativity, the study and prediction
of gravitational waves are of paramount importance, as they convey detailed infor-
mation about their sources, including binary black hole mergers, neutron star colli-
sions, and other astrophysical phenomena. Gravitational radiation not only carries
energy and momentum away from isolated systems, but it also encodes information
regarding the intrinsic properties of these systems, such as mass, spin, and orbital
dynamics. Accurate predictions of gravitational waveforms are essential, as they
provide templates for detectors like LIGO and Virgo, signiÞcantly enhancing the
likelihood of detection and enabling precise source characterization. These efforts
are at the heart of gravitational wave astronomy, offering unprecedented insights
into some of the most energetic and enigmatic events in the Universe.

Gravitational wave information is extracted using the components of the Weyl
curvature tensor in a null tetrad frame, as formulated in the NewmanÐPenrose formal-
ism [50]. In an n-dimensional space, the Riemann tensor R,

%µ) can be decomposed
into its traceÑthe Ricci tensor Rµ) = R,

µ,) , given in Eq. (1.2)Ñand its traceless part,
known as the Weyl tensor C,%µ) . The latter, which encodes the free gravitational
Þeld and is central to the study of gravitational waves, is deÞned as:

C,%µ) = R,%µ) #
1

n # 2

'
g, µR)% # g,) Rµ%# g%µR), + g%)Rµ,

(

+
1

(n # 1)(n # 2)
'
g, µg)% # g,) gµ%

(
R, (1.100)
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The Weyl tensor shares the symmetries of the Riemann tensor and is traceless:

C,
µ,) = 0. (1.101)

In n dimensions, the Weyl tensor has n(n+ 1)(n+ 2)(n# 3)
12 independent components (e.g.,

10 components in a 4-dimensional spacetime) and vanishes identically for n ) 3.
Importantly, the Weyl tensor remains invariant under conformal transformations:

÷C,
%µ) = C,

%µ) , (1.102)

which is why it is often referred to as the conformal curvature tensor.
The basic concept behind the Newman-Penrose formalism is to introduce a null

tetrad of vectors, starting from an orthonormal tetrad { e(a) } , which satisÞes:

gµ) = # e(0)µe(0)) + e(1)µe(1)) + e(2)µe(2)) + e(3)µe(3)) . (1.103)

Following the conventional approach in numerical relativity, we construct the tetrad
from the time-like unit normal vector, eµ

t = nµ =
'
1/ , , # %i / ,

(
, as well as applying

the Gram-Schmidt orthonormalization procedure to the three-dimensional vectors:

eµ
r = ( 0,ui ) = (0,x, y, z) , (1.104)

eµ
2 = ( 0,vi ) = (0,# y, x, 0) , (1.105)

eµ
- = ( 0,wi ) = &i

jkvjuk =
'
0,xz, yz, # x2 # y2(

, (1.106)

where x, y, z are the Cartesian coordinates of the computational grid. Using this
orthonormal basis { eµ

t , eµ
r , eµ

2, eµ
- } , two null vectors can be constructed as follows:

lµ =
1

3
2

'
eµ
t + eµ

r
(

=
1

3
2

*
1
,

, #
%i

,
+ ui

+
, (1.107)

kµ =
1

3
2

'
eµ
t # eµ

r
(

=
1

3
2

*
1
,

, #
%i

,
# ui

+
, (1.108)

where lµ is outgoing and kµ is ingoing. The other two null vectors mµ and ømµ are
deÞned as complex combinations of angular unit vectors:

mµ =
1

3
2

(eµ
- + ieµ

2) =
1

3
2

0
0,wi + iv i

1
, (1.109)

ømµ =
1

3
2

(eµ
- # ieµ

2) =
1

3
2

0
0,wi # iv i

1
. (1.110)

This set of four null vectors forms the null tetrad, satisfying the following orthonor-
malization conditions:

lµ lµ = kµkµ = mµmµ = ømµ ømµ = 0,

lµkµ = # 1, mµ ømµ = 1. (1.111)

These properties are crucial in general relativity for describing the paths of light rays
and the structure of spacetime in regions of strong gravitational Þelds. The use of
null vectors within a tetrad provides a more natural framework for describing the
propagation of light and gravitational waves in curved spacetime. With this null
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tetrad, the spacetime metric is expressed as:

gµ) = # lµk) # kµ l) + mµ øm) + ømµm) . (1.112)

In the Newman-Penrose formalism, the components of the Weyl tensor are repre-
sented by Þve complex scalar quantities, known as the Weyl scalars, deÞned as:

! 0 = C,%µ) l , m%lµm) , (1.113)

! 1 = C,%µ) l , k%lµm) , (1.114)

! 2 = C,%µ) l , m%ømµk) , (1.115)

! 3 = C,%µ) l , k%ømµk) , (1.116)

! 4 = C,%µ) k, øm%kµ øm) . (1.117)

As is the case for all Newman-Penrose quantities, the ! a are scalars with respect
to coordinate transformations, but their values depend on the choice of the null
tetrad. These Þve complex scalars are sufÞcient to fully characterize all 10 inde-
pendent components of the Weyl tensor. The symmetries of the Weyl tensor imply
that any other contractions of C,%µ) with tetrad vectors either vanish or can be ex-
pressed as combinations of the ! a. It is possible to identify a class of tetrads, called
transverse frames[51, 52], where the "odd" scalars ! 1 and ! 3 vanish. A further subset
of these, known as quasi-Kinnersley frames[53], allows for an interpretation where ! 0

and ! 4 represent ingoing and outgoing gravitational radiation, respectively, while
! 2 corresponds to the longitudinal, or "Coulombic," part of the gravitational Þeld,
associated with the mass and angular momentum of the spacetime.

Of the Þve scalars deÞned above,! 4 is of particular importance because it en-
codes the outgoing gravitational radiation in an asymptotically ßat system. It can
be interpreted as the relativistic analogue of the Poynting vector, representing the
energy ßux of the gravitational waves. In the asymptotic limit, ! 4 is directly related
to the metric perturbation in the TT gauge:

! 4 = +2
t (h+ # ih$ ), (1.118)

where h+ and h$ represent the two independent polarization modes of the gravita-
tional wave.

The calculation of ! 4 from the ADM variables can be carried out by reconstruct-
ing the spacetime metric from the spatial metric, lapse, and shift vector. Alterna-
tively, one can use the electric Ei j and magnetic Bi j components of the Weyl tensor,
deÞned as:

Ei j = Ri j + * mn(Ki j Kmn # KimKjn ), (1.119)

Bi j = * ik&kmnDmKnj , (1.120)

where, for the Levi-Civita symbol, we have &kmn = &kmn. The Þnal expression for ! 4

is given by [ 6]:
! 4 = Qi j ømi ømj = ( Ei j # iBi j ) ømi ømj . (1.121)

or equivalently [ 54, 55, 56, 57]:

! 4 =
1
2

;
Ei j (wiwj # vivj ) # Bi j (wivj + viwj )

<

#
i
2

;
Ei j (wivj + viwj ) + Bi j (wiwj # vivj )

<
.

(1.122)
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It is convenient to project ! 4 onto the sphere and describe its angular dependence

in terms of the spin-weighted spherical harmonics Y(# 2)
lm (- , 2) [58]. These harmonics

are a generalization of the standard spherical harmonics that account for the spin
weight of the Þelds, which for gravitational waves is s = # 2. The reason for this
speciÞc spin weight is rooted in the nature of gravitational waves, which are pertur-
bations in spacetime described by a spin-2 Þeld. Spin-weighted spherical harmonics
are used to correctly represent the angular dependence of such Þelds. They include
the effects of spin by applying differential operators to the standard spherical har-
monics, thereby adapting them to describe Þelds that transform non-trivially under
rotations. By projecting ! 4 onto these harmonics, we can decompose the waveform
into contributions from individual modes characterized by l and m. This method
allows for a clearer analysis of the angular structure and polarization states of the
gravitational wave signal [ 59]. To better understand the role of these harmonics,
consider the Laplace operator in spherical coordinates, expressed as:

/ 2 f =
1
r2 +2

r (r2 f ) +
1
r2

öL2 f , (1.123)

where öL2 is the angular operator:

öL2 f =
1

sin -
+- (sin -+- f ) +

1

sin2 -
+2

2 f . (1.124)

By separating variables, we can show that f solves the Laplace equation / 2 f = 0 if
it can be written as:

f (r, - , 2) = r l g1(- , 2) +
1

r l+ 1 g2(- , 2), (1.125)

where g1,2(- , 2) are eigenfunctions of the angular operator öL2, such that:

öL2g = # l ( l + 1)g. (1.126)

The solutions to this equation are the spherical harmonics Ylm(- , 2), which are ex-
pressed as:

Ylm(- , 2) =
4

(2l + 1)
4'

( l # m)!
( l + m)!

51/2

Plm(cos- )eim2, (1.127)

where Plm(cos- ) are the associated Legendre polynomials, and the orthonormality
condition of these harmonics reads:

=
d' øYlm(- , 2)Yl .m. (- , 2) = 0ll .0mm. . (1.128)

When dealing with spin-weighted functions like ! 4, which has spin weight s = # 2,
the standard spherical harmonics must be generalized. The spin-weighted spherical

harmonics Y(s)
lm (- , 2) are constructed by acting with differential operators on the or-

dinary spherical harmonics and are explicitly given by:

Y(s)
lm (- , 2) = ( # 1)s

>
2l + 1

4'
dl

m(# s) (- )eim2, (1.129)
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where dl
m(# s) (- ) are the real Wigner d-functions. These harmonics satisfy a similar

orthonormality relation:
=

d' øY(s)
lm (- , 2)Y(s)

l .m. (- , 2) = 0ll . 0mm. . (1.130)

The projection of ! 4 onto these spin-weighted spherical harmonics is given by the
scalar product:

A lm =
= 2'

0

= '

0
! 4 øY(# 2)

lm sin - d- d2, (1.131)

which, in practice, is evaluated at a Þnite extraction radius rext. The spin-weighted

spherical harmonics Y(# 2)
lm can be deÞned in terms of the Wigner d-functions (e.g.,

[58]) as:

Y(s)
lm (- , 2) = ( # 1)s

>
2l + 1

4'
dl

m(# s) (- )eim2, (1.132)

where the Wigner d-functions are given by:

dl
ms(- ) =

C2

(
t= C1

(# 1) t
,

( l + m)!( l # m)!( l + s)!( l # s)!
( l + m # t)!( l # s# t)!t!(t + s# m)!

$ (cos- /2 )2l+ m# s# 2t (sin - /2 )2t+ s# m

(1.133)

with C1 = max(0,m # s) and C2 = min ( l + m, l # s).
In practice, more than 98% of the energy is radiated in the dominant l = 2,

m = ± 2 modes [58]. This dominance arises because gravitational waves are primar-
ily emitted due to changes in the quadrupole moment of the source, corresponding
to the l = 2 mode. The m = ± 2 values represent the most symmetric and energeti-
cally favorable conÞgurations, commonly observed in binary systems during inspi-
ral and merger phases. These modes effectively capture the dominant contributions
to gravitational radiation, reßecting the inherent symmetries of the source. Con-
sequently, the Þnal waveform is obtained by projecting ! 4 onto the spin-weighted

spherical harmonic Y(# 2)
22 (- , 2):

A22 = !Y(# 2)
22 , ! 4" =

= 2'

0

= '

0
! 4 øY(# 2)

22 sin - d- d2. (1.134)

This decomposition enables the gravitational wave signal to be broken down into
modes, with the quadrupole mode ( l = 2, m = 2) typically being the most signiÞ-
cant. Higher-order modes may also be present, especially in systems with asymme-
tries or high spins.

The projection of ! 4 onto spin-weighted spherical harmonics reveals the detailed
structure of the gravitational wave signal. In the context of binary black hole merg-
ers, the waveform typically consists of three distinct phases: inspiral, merger, and
ringdown. During the inspiral phase, as the black holes spiral closer together, the
gravitational wave amplitude and frequency increase, reßecting the emission of en-
ergy and angular momentum. The merger phase is characterized by a sharp peak in
the waveform, representing the moment when the two black holes coalesce. Follow-
ing the merger, the ringdown phase begins, where the Þnal black hole emits a series
of decaying quasi-normal modes as it settles into a stable Kerr solution.

The spherical harmonic projection of ! 4 also provides valuable information about
the recoil velocity, or "kick," imparted to the Þnal black hole. This kick results from
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the asymmetric emission of gravitational waves during the merger, which imparts
momentum to the remnant black hole. Accurate predictions of the kick velocity are
critical for understanding the dynamics of black hole mergers, particularly whether
the resultant black hole remains within its host galaxy or is ejected.

Projecting ! 4 onto spherical harmonics not only aids in decomposing the wave-
form components but also offers valuable insights into the angular distribution of
the emitted gravitational radiation. This approach is particularly crucial for ana-
lyzing the dynamics of the system, such as determining the spin and mass of the
remnant black hole, as well as identifying any higher-order modes present in the
signal. To this end, we implemented a module within the SFINGEcode for gravita-
tional wave extraction, as detailed in Imbrogno, Meringolo, and Servidio [ 60].

In summary, the Newman-Penrose formalism, when combined with the projec-
tion of ! 4 onto spin-weighted spherical harmonics, provides a robust framework
for extracting and analyzing gravitational wave signals from numerical simulations.
This methodology not only enhances the study of black hole mergers but also aids
in comparing theoretical predictions with observational data, thereby deepening our
understanding of gravitational wave physics and astrophysical processes.

1.6 Direct Numerical Simulations of Binary Black Holes in
Vacuum

In this Section, we focus on the problem of two black holes, speciÞcally a black-hole
binary. Our goal is to accurately reproduce the gravitational waveforms generated
by such a binary system, comparing the waves detected by the interferometers LIGO
and Virgo [61, 62] with those extrapolated from numerical simulations. The objec-
tive is to validate our simulation by matching it with the experimental data, thereby
establishing a robust foundation for extending the code to simulate more complex
systems, such as three-body mergers of compact objects. By doing so, we aim to
develop a predictive tool that could eventually be conÞrmed by future astronomical
observations. For the evolution of black-hole binaries, we follow the approach out-
lined by Campanelli et al.[21], who employed the Finite Difference Methodto simulate
the Þnal waveform. In contrast, our algorithm leverages the high accuracy offered
by spectral methods, which are particularly well-suited for capturing the subtle fea-
tures of gravitational waveforms in such dynamic systems.

The simulation we conducted describes the evolution of two black holes of equal
mass, with zero total angular momentum and zero intrinsic spin, resulting in a sys-
tem constrained to evolve within the two-dimensional xy-plane. Initially, the black
holes are symmetrically positioned along the x-axis, with equal but opposite ve-
locities along the y-axis. SpeciÞcally, they are moving along the Innermost Stable
Circular Orbit (ISCO), which occurs immediately before the merger and ring-down
phases. To generate the initial data for the black holes, we apply the method out-
lined in Sec. 1.3. In particular, we employ the approach developed by Brandt and
BrŸgmann[27], allowing for a small violation of the condition that the black holes
are initially placed at a sufÞciently large separation. In this context, we veriÞed that
the iterative scheme converges and that the initial constraint violations are minimal,
with values on the order of 10 # 8. The computational grid used for the simulation is a
cube with 512 points in each direction, covering a physical space of 50 M along each
axis, where M denotes the total mass of the system. The initial time step is set to
%t = 8$ 10# 3, but this value is dynamically adjusted to ensure compliance with the
CFL conditionsfor the evolving variables (see Sec.1.4.3). This adaptive time-stepping
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FIGURE 1.4: One-dimensional cuts of the conformal factor ! = 1# 4 along
the y-direction at various time instants during the evolution of the binary

black hole system.

is essential for maintaining both numerical stability and accuracy throughout the
simulation. Furthermore, we rigorously enforce the Hamiltonian and momentum
constraints not only at the initial time but continuously throughout the evolution,
ensuring that the simulated dynamics remain physically realistic (see Appendix A).
For the systemÕs evolution, we employ the "1+ log lapse" and "Gamma-driver shift"
gauge conditions, which are standard choices in numerical relativity for maintain-
ing the stability and accuracy of the evolution. These gauge conditions are particu-
larly effective in controlling the coordinate movement of the black holes, preventing
coordinate singularities. To minimize the impact of boundary effects, which could
otherwise introduce spurious reßections or distortions in the simulation, we apply
the IHB methods as detailed in Sec. 1.4.4. This technique allows us to smoothly
dampen outgoing waves at the grid boundaries, thus preserving the integrity of the
gravitational wave signals generated during the simulation.

We now turn to the results of the simulation. The conformal factor ! , depicted in
Fig. 1.4 (one-dimensional representation) and Fig. 1.5 (two-dimensional representa-
tion), plays a key role in general relativity, analogous to the gravitational potential .
in classical physics. Both ! and . describe how mass warps the surrounding space.
In Newtonian mechanics, . governs gravitational effects, determining the acceler-
ation of a freely falling object via a = # ! . , and is related to the mass density
through / 2. = 4'" . In general relativity, the information about spacetime curva-
ture is encoded in the metric tensor gµ) . The conformal factor ! , associated with the
determinant of the spatial metric * , thus plays the role of the gravitational potential,
describing how the geometry of space evolves under the inßuence of mass and en-
ergy. As such, the evolution of ! reveals the dynamics of spacetime curvature as the
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FIGURE 1.5: Two-dimensional surfaces showing the evolution of the con-
formal factor ! = 1# 4 in the xy-plane at various time steps during the binary
systemÕs evolution. The colors, displayed on a logarithmic scale for improved
comprehension, represent the potential: cool colors indicate weaker potential
values, while warm colors indicate regions where the potential is stronger.

black holes draw closer and eventually merge.
As illustrated in Fig. 1.4, the initial phase of the evolution reveals two distinct

minima in ! , corresponding to the exact locations of the two black holes. These min-
ima gradually merge as the black holes coalesce, eventually forming a single black
hole with spin, characteristic of a Kerr black hole. In non-vacuum environments,
Kerr black holes are notable for their ergoregion, where the dragging of spacetime
caused by the rotating mass creates gravitational vortices, inßuencing the motion of
nearby matter. Over time, as the system stabilizes after the merger, the gravitational
potential smoothly approaches unity, indicating the relaxation of the system and the
formation of a stable, stationary black hole. This behavior shows that the system
has settled into a Þnal state that closely resembles a Kerr black hole. It is important
to note that in the early stages of evolution, the potential does not reach unity at
the boundaries of the computational domain, as it ideally should only approach this
value at inÞnity. This discrepancy arises due to the Þnite size of the simulation box,
which is a necessary constraint in numerical simulations. However, these bound-
ary effects are conÞned to the hyperviscous region and do not inßuence the genuine
dynamics occurring in the central region of the system.

Fig. 1.5 provides a comprehensive view of the black holesÕ positions over time
through the bidimensional map of the conformal factor ! . Light colors represent
regions of spacetime near the singularity, while dark colors indicate areas farther
away, where the metric can be approximated as ßat. Initially, the two black holes are
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FIGURE 1.6: One-dimensional cuts of the trace of the extrinsic curvature
K along the y-direction at different time instants during the binary systemÕs

evolution.

distinct and separate, but they gradually approach each other while orbiting until
they merge, forming a single, stationary black hole.

One way to identify the emergence of gravitational waves from merging black
holes is to analyze the trace of the extrinsic curvature tensor K at various time in-
stants, as shown in Fig. 1.6 for a one-dimensional view. The extrinsic curvature Ki j

represents the relativistic analogue of classical conjugate momenta, offering insights
into the dynamics of spacetime as black holes evolve and merge.

In Fig. 1.6, the increasing orbital frequency of the black holes as they approach
each other leads to a corresponding rise in the scalar extrinsic curvature K in their
vicinity, indicating the intense gravitational interactions that shape the surrounding
spacetime. This behavior may suggest the systemÕs progression towards a Þnal Kerr
black hole. However, to conÞrm this, it would be necessary to analyze the evolution
of the shift vector ! over time, since in the Schwarzschild metric, the mixed terms
involving the shift vector are expected to vanish. It is worth noting that the black
holes were initially given a boost, causing them to rotate around each other and
immediately acquire intrinsic momentum. In contrast, a Schwarzschild-type black
hole, which is the simplest form, exhibits spherical symmetry and remains at rest,
with a metric depending solely on the radial coordinate. As time progresses, the
second panel illustrates the propagation of waves in both directions, coinciding with
the merger of the event horizons. Subsequently, smaller waves are emitted until the
system "relaxes" into a single black hole with intrinsic momentum, as indicated by
the persistent non-zero extrinsic curvature near the object for extended periods. The
detailed investigation of this speciÞc feature lies beyond the scope of this work, so
we did not pursue this point further.



36 Chapter 1. The Einstein Field Equations in Vacuum

FIGURE 1.7: Two-dimensional surfaces illustrating the evolution of the ex-
trinsic curvature K = * i j Ki j in the xy-plane at various time steps during the
binary systemÕs evolution. The colors representK values: white denotes zero

extrinsic curvature, while yellow, blue, and red indicate non-zero values.

A detailed examination of gravitational wave propagation can be achieved through
the analysis of two-dimensional surfaces that illustrate the scalar values of the ex-
trinsic curvature at each point. As depicted in Fig. 1.7, small-amplitude waves are
observed to propagate even before the black holes merge, as their substantial masses
in motion perturb the surrounding spacetime. Following the contact of the event
horizons, larger waves are emitted, and the system eventually "relaxes," leading to
the formation of a single Kerr black hole. The blue region in the Þnal panel signiÞes
the ergoregion, where spacetime is dragged due to the rotation of the resultant black
hole.

Subsequently, the waveform generated by the binary system can be analyzed by
projecting the Newman-Penrose scalar ! 4, which quantiÞes the outgoing radiation
from the gravitational wave source, as outlined in Sec. 1.5. This scalar, interpreted
as the relativistic analogue of the Poynting vector(which represents the energy ßux
emanating from a surface enclosing a given volume), is projected onto the spin-

weighted spherical harmonic Y(# 2)
22 (- , 2), as shown in Fig. 1.8, where we display

both its real and imaginary components.
The x-axis of the waveform represents the temporal coordinate during signal ac-

quisition. It is worth noting that, in geometric units, both distances and time are
expressed in terms of mass. This system of units simpliÞes numerical relativity cal-
culations, as the mass of the system becomes the fundamental scale, eliminating the
need to differentiate between spatial and temporal units. Observing the waveform,
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FIGURE 1.8: Waveform from the binary black hole system. The graph de-
picts the real and imaginary components of the Newman-Penrose scalar ! 4,

projected onto the spin-weighted spherical harmonic Y(# 2)
22 (- , 2) and multi-

plied by the radial coordinate r. The x-axis represents both the time and radial
coordinates normalized to the systemÕs total mass, as the wave propagates at

the speed of light c. The y-axis shows the amplitude A22 = !Y(# 2)
22 , ! 4". The

speciÞc time t ' corresponds to the moment of the binary merger, while the
double arrows indicate the three distinct stages of the binary dynamics: late

inspiral, merger, and ringdown.

one can see that the peaks of the real and imaginary components are offset by' /2.
This phase difference suggests a close relationship between these components and
the two independent polarization states, h+ and h$ , in the Transverse-Traceless (TT)
gauge.

In the context of weak gravitational Þelds, gravitational waves are treated as
small perturbations to the ßat spacetime described by the Minkowski metric. In this
approximation, the metric tensor can be expressed as gµ) = ( µ) + hµ) , where hµ)

represents the small perturbation. The TT gauge is characterized by the conditions
+µhµ

) = 0, h0µ = 0, and h = hµ
µ = 0. These conditions yield the wave equation

" hµ) = 0, indicating that gravitational waves propagate at the speed of light. The
two polarization states, h+ and h$ , describe how spacetime is stretched and com-
pressed in perpendicular directions by the passing wave. This approximation holds
true when observed from large distances, as in our simulations. Consequently, the
numerical results align well with experimental data. As time progresses, the peaks
of the real and imaginary components of the waveform converge, reßecting the de-
creasing orbital period and increasing frequency of the black holes as they merge.
Even after the event horizons have merged, the black holes continue to rotate until
their singularities fully merge, as depicted in Fig. 1.5. It is precisely this phenomenon
that is responsible for the formation of a Kerr-type black hole.

The waveform is multiplied by the radial coordinate r to account for the fact
that the waveÕs amplitude decreases with distance. By doing so, we preserve the
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waveformÕs shape, allowing for consistent comparison of various harmonics at large
distances.

1.7 Direct Numerical Simulations of Three Black Holes in
Vacuum

The gravitational three-body problem represented the non-linear problem par excel-
lence[63]. This problem has applications spanning from microphysical phenomena
to large-scale astrophysical systems. Despite extensive study, the problem remains
enigmatic due to the chaotic behavior exhibited by the bodies involved (see [ 64]
for a review). In classical celestial mechanics, for instance, the three-body problem
typically involves a binary system interacting with a third body. The binary sys-
tem can be treated as a single entity with speciÞc internal properties, analogous to
a molecule. This coupled system interacts with the third body, either in isolated
encounters or repeatedly, resulting in changes to the binaryÕs internal properties.
Throughout these interactions, the system conserves total energy, mass, momen-
tum, and angular momentum, despite the unpredictable nature of the individual
trajectories [65, 63]. During such complex dynamics, the system effectively redis-
tributes energy and angular momentum, leading to an increase in the overall kinetic
energyÑa process often referred to as ÕheatingÕ the system. This has signiÞcant im-
plications for the structure and evolution of stellar clusters. Consequently, three-
body or many-body interactions are expected to be prevalent in clusters and galactic
cores [66]. Multiple black holes may also form in galactic nuclei experiencing se-
quential mergers [67, 64], as well as in triple quasar systems [68], globular clusters,
and galactic disks [69, 70, 71].

At some point during the interaction, it is highly probable that the three bodies
become strongly inßuenced by their mutual gravitational attraction. In this regime,
especially when the masses are large, the complex dynamics of the three-body sys-
tem must be addressed using general relativistic models. Moreover, when distances
approach the scale of gravitational radii, merging events are likely to occur [ 72, 73].
In globular clusters, for instance, N-body interactions play a crucial role in the for-
mation of massive black holes [69, 74, 75]. In such systems, the conservation laws
of classical mechanics require revision in the context of general relativity [ 76, 77]. It
is noteworthy that the dynamics exhibit chaotic behavior only for speciÞc combina-
tions of mass and orbital parameters, while triple systems are relatively frequently
organized as hierarchical systems.

The mergers of compact massive objects represent some of the most remark-
able and extraordinary events in nature. According to general relativity, these sys-
tems are powerful sources of gravitational waves. However, gravitational radiation
detected by modern experimental facilities cannot unambiguously characterize the
processes occurring near the merging region, necessitating complementary studies
in numerical relativity [ 78, 79, 80, 81, 82]. Therefore, it is crucial to guide future
observational campaigns by exploring a wide range of three-body conÞgurations,
varying parameters such as initial distributions, total angular momentum, spin,
and masses. Understanding these extreme, nonlinear interactions poses a signiÞ-
cant challenge for cosmological studies and needs to be tackled using appropriate
models, in line with EinsteinÕs theory of gravitation [ 83, 84].
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Hereafter, we explore the intrinsic dynamics of the three-body problem, as re-
ported in Imbrogno, Meringolo, and Servidio [ 60], starting with a classical mechan-
ics framework and progressively extending the analysis to incorporate the princi-
ples of general relativity. Initially, we examine the motion of three point-like bodies
governed by NewtonÕs classical laws. Utilizing a Lagrangian numerical model, we
adopt a geometric conÞguration known as the Burrau problem[77]. Following this,
we investigate variations in global momentum and mass distribution to establish
a framework for understanding analogous dynamics in systems involving highly
massive objects. In the second part of our research, we perform direct numerical
simulations within the context of general relativity, employing initial conditions de-
rived from the preceding Newtonian analysis. Finally, we analyze the waveform
of gravitational radiation emitted by the system, comparing it with that of a binary
inspiral. These investigations may contribute to a deeper understanding of gravita-
tional signals and have potential applications in the detection and interpretation of
such signals [85, 86, 87].

1.7.1 Three-bodies problem in the Newtonian case

Despite the signiÞcant progress in understanding simpliÞed (reduced) cases [63, 88],
the solution to the general three-body problem remained elusive for nearly 200 years
following the publication of NewtonÕs Principia. In the general three-body problem,
all three masses are comparable, and their initial positions and velocities are not ar-
ranged in any particular manner. The complexity of the problem arises from the
absence of coordinate transformations that could simplify the system. This is in
contrast with the two-body problem, where solutions are most easily found in the
center-of-mass coordinate system. In the three-body case, such transformations do
not alleviate the problem, leaving the system analytically intractable until the advent
of modern computational methods. Numerical simulations, in fact, have demon-
strated that the resulting orbits are prime examples of chaotic behavior in nature
[89, 90, 91].

Various numerical methods can be applied to solve the three-body problem, al-
though our focus was not on classical integration. The problem has been approached
using several methods [92], including arbitrary precision regularization [ 93]. The
literature on this subject is extensive, with many other intriguing approaches being
explored [94, 95], but the detailed investigation of the classical case falls outside the
scope of this discussion. In what follows, we go through the main numerical results
of the classical three-body problem. The system of equations describing the multi-
body system of N point-like masses M i , inßuenced solely by their mutual gravita-
tional forces, is given by:

úxi = vi , (1.135)

M i úvi = #
N

(
j(= i

M i M j

(r i # r j )2 ör i j = #
N

(
j(= i

M i M j
r i # r j

|r i # r j |3
, (1.136)

where r i is the position of the i th body, vi is its velocity, and N = 3 represents the
number of bodies. We numerically solved the above equations using a fourth-order
Runge-Kutta technique with quadruple precision. We began with a speciÞc ini-
tial conÞguration of the three-body problem that leads directly to chaotic motion,
namely the so-called Pythagorean problemproposed by Burrau in the early 1900s [96].
The point-like bodies, with masses M1 = 3, M2 = 4, and M3 = 5, are initially
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TABLE 1.1: Initial parameters for the classical simulations in the four cases
investigated. The values are presented in geometrized units, where the ini-
tial positions and velocities are normalized with respect to the systemÕs total

mass M.

Run a b c d
Name Classical Burrau Equal masses Normalized masses Spinning Burrau

M1 3.0 0.33 0.25 0.25
M2 4.0 0.33 0.33 0.33
M3 5.0 0.33 0.42 0.42

r1/ M (1, 3, 0) (1, 3, 0) (1, 3, 0) (1, 3, 0)
r2/ M (-2, -1, 0) (-2, -1, 0) (-2, -1, 0) (-2, -1, 0)
r3/ M (1, -1, 0) (1, -1, 0) (1, -1, 0) (1, -1, 0)
v1/ M (0, 0, 0) (0, 0, 0) (0, 0, 0) (-0.299, 0.050, 0)
v2/ M (0, 0, 0) (0, 0, 0) (0, 0, 0) (0.149, -0.100, 0)
v3/ M (0, 0, 0) (0, 0, 0) (0, 0, 0) (0.059, 0.050, 0)

positioned at the corners of a Pythagorean triangle. These bodies are primarily lo-
cated on the xy-plane (z = 0), as illustrated in Fig. 1.9(a), with (colored) bullets sized
proportionally to their masses.

In the beginning, the bodies are all at rest. BurrauÕs calculation revealed the typ-
ical behavior of a three-body system: two bodies approach each other, have a close
encounter, and then recede again. Subsequently, Burrau calculated other two-body
encounters until he exhausted his computational capacity. Later works showed that
the solution to this problem is quite typical of initially bound three-body systems.
After many close two-body approaches, a conÞguration arises in which one body es-
capes, leaving the other two to form a binary system [ 63], as represented in Fig. 1.9
(a), where the trajectories of the three bodies are shown up to t = 70 for the chosen
conÞguration.

We measured the kinetic energy T, potential energy U, and total energy E of the
system as functions of time, up until one of the bodies separated from the remaining
binary, which occurs at approximately t 0 60. The potential energy, indicative of
the gravitational interaction, is shown in Fig. 1.9 (b). These interactions are extraor-
dinarily intermittent. We refer to these bursts as Extreme Gravitational Interactions
(EGIs), following the terminology in Imbrogno, Meringolo, and Servidio [ 60], which
occur when two (or all) of the three bodies come into close proximity, resulting in
a system with very high potential (and kinetic) energy. At later times, for t # 60,
small, periodic energy spikes can be observed. This transition marks the point at
which the system evolves into a stable binary conÞguration with one escaping body,
losing the stochastic behavior typical of three-body systems. The phenomenon of
the ÒescaperÓ has been widely explored in the literature [63]. To characterize the
systemÕs conÞguration, especially during the most energetic periods, we measured
the moment of inertia I = ( i M i r2

i and its acceleration

¬I =
d2I
dt2

= 2M1
'
v2

1 + r1 á¬r1
(

+ 2M2
'
v2

2 + r2 á¬r2
(

+ 2M3
'
v2

3 + r3 á¬r3
(

. (1.137)

As shown in Fig. 1.9 (c), ¬I peaks precisely at the EGIs, as expected. Additionally,
by differentiating the moment of inertia twice with respect to time, one obtains the
Lagrange-Jacobi identity ¬I = 4T + 2U = 4E0 + 2|U | (E0 is the total energy of the
system), providing a measure of the compactness of the three-body system: in coa-
lescence events,¬I 4 2|U |, leading to a very large value.
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FIGURE 1.9: Overview of the Burrau three-body problem in the classical
case. Left: (a) Trajectories originating from the Burrau conÞguration, with
the initial positions of the bodies emphasized by colored spheres, extending
up to t = 70. (b) Time history of the potential energy. (c) Second time deriva-
tive of the moment of inertia for the system. The spikes observed in (b) and
(c) correspond to typical Extreme Gravitational Interactions (EGIs). Right:
Temporal evolution of the trajectories of the three bodies from the Burrau
conÞguration. One can easily distinguish the moments at which the objects

are very close to each other and interact strongly, i.e., the EGIs.

To explore the parameter space, we conducted a series of simulations, varying
the masses and the overall angular momentum (and hence the velocities of the in-
dividual bodies) relative to the Burrau case (Run a). The different cases are summa-
rized in Table 1.1. In the case of equal masses, Run b, we essentially retained the
Burrau conÞguration as in Run a, but with the total mass set to unity. Similarly, in
Run c, we maintained the same conditions as in Run a but re-scaled the individual
masses so that the total mass of the system remained equal to one. Finally, in the
"Spinning Burrau" case (Run d), we selected non-zero initial velocities to ensure the
conservation of total angular momentum. In this scenario, the entire system pos-
sessed a global spin, which conÞned the masses to interact within a limited region
of space. This case may be of particular interest for modeling the coalescence of
galactic-scale systems.
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FIGURE 1.10: Overview of the kinetic energy time history for each of the
classical cases, namely, Runs aÐd in Table1.1 (with each label correspond-
ing to a speciÞc conÞguration). The insets depict the positions of the bodies,
represented by mass-proportional spheres, along with the direction of the ve-
locity vectors at the pre-EGI time t0. This particular time point is highlighted

with an arrow.

In Fig. 1.10, we present an overview of all the Newtonian simulations summa-
rized in Table 1.1. Each panel depicts the total kinetic energy of the system, with a fo-
cus on time windows surrounding extreme nonlinear interaction events. In the inset
of each panel, we illustrate the positions of the three bodies at a time just preceding
an EGI, labeled ast0, which will be of practical relevance for our general relativistic
experiments (discussed later). Besides, we include mass-proportional spheres, with
corresponding velocity arrows, to provide a comprehensive view of each EGI event.
The systems are all long-living and exhibit long-term chaotic behavior.

These numerical simulations may hold relevance for systems with small-mass
celestial bodies, but they become unrealistic when applied to massive objects. Specif-
ically, one might naturally question what occurs when three large compact objects
collide during an EGI. To address this, it is necessary to approach the problem from
a completely different perspective, invoking general relativity. We used the Newto-
nian conÞgurations at the quiet times preceding the EGIs, speciÞcally at t0, as initial
data for numerical relativity, thereby exploring the spacetime dynamics of Runs aÐd.

1.7.2 The "Three-black-hole problemÓ in general relativity

In the previous Section, we began by performing Newtonian integration of a three-
body conÞguration using a variety of general initial conditions, primarily to gather
insights pertinent to the general relativistic case. Our objective is to understand how
Newtonian EGIs manifest in the dynamical evolution of such systems and to explore
the potential for detecting observable gravitational wave signals. The loss of energy
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TABLE 1.2: Parameters of the BSSN simulations, based on the Newtonian
cases listed in Table1.1, evaluated at a speciÞc timet0 before the occurrence of
EGIs. The values are reported in geometric units. The Þnal row indicates the
initial ADM mass, calculated according to the method suggested by Baum-

garte [97].

RUN I II III IV V VI
Name 2 BHs Classical Burrau Equal masses Normalized masses Spinning Burrau Intrinsic Momentum

M1 0.450 0.250 0.333 0.250 0.250 0.250
M2 0.450 0.333 0.333 0.333 0.333 0.333
M3 // 0.417 0.333 0.417 0.417 0.417

r1/ M (0, 1.151, 0) (0.931, 2.695, 0) (0.671, 1.857, 0) (2.554, -0.172, 0) (-1.874, 0.856, 0) (-1.874, 0.856, 0)
r2/ M (0, -1.151, 0.0) (-1.544, -0.931, 0) (-0.929, -0.242 , 0) (-2.557, 0.385, 0) (-1.352, -1.048, 0) (-1.352, -1.048, 0)
r3/ M // (0.676, -0.872, 0) (0.259, -0.615, 0) (0.513, -0.205, 0) (2.206, 0.325, 0) (2.206, 0.325, 0)
v1/ M (0.335, 0, 0) (-0.037, -0.039, 0) (-0.119, -0.358, 0) (-0.296, -0.132, 0) (0.036, -0.382, 0) (0.036, -0.382, 0)
v2/ M (-0.335, 0, 0) (0.251, 0.037, 0) (-0.336, 0.229, 0) (0.034, -0.070, 0) (-0.059, -0.035, 0) (-0.059, -0.035, 0)
v3/ M // (-0.179, 0.066, 0) (0.455, 0.129, 0) (0.150, 0.135, 0) (0.025, 0.258, 0) (0.025, 0.258, 0)
J1/ M 2 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0.100)
J2/ M 2 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, -0.050)
J3/ M 2 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, -0.050)
MADM 0.904 1.001 1.003 1.004 1.008 1.007

and angular momentum from the system via gravitational radiation modiÞes the key
parameters governing the three-body problem, necessitating the inclusion of general
relativistic effects. This radiation causes the decay of binary orbits, ultimately lead-
ing to the collapse of the black-hole binary system into a single black hole. The Þnal
stages of this decay are extremely rapid, potentially inducing dramatic changes in
the evolution of the three-body problem within the framework of singular space-
times. When three black holes interact strongly, the possible outcomes include the
escape of one black hole with the binary recoiling in the opposite direction, or the
eventual merger of all three massive objects [77, 83, 84].

In this Section, we focus on the interaction of the three black holes, varying the
initial conÞgurations as outlined in Table 1.1, to explore different scenarios. To better
understand these emissions, we will compare the gravitational waveforms from a
two-body inspiral with those from the three-body case.

The three-body problem in general relativity, involving three interacting black
holes, is signiÞcantly more complex due to the chaotic nature of the system. Unlike
binary black hole systems, where the evolution is relatively predictable, the dynam-
ics of three black holes can lead to a wide range of scenarios. In classical mechanics,
the three-body problem is notorious for its chaotic solutions, where small differences
in initial conditions can produce vastly different results. In general relativity, this
complexity is further ampliÞed by the nonlinear nature of EinsteinÕs equations. The
gravitational radiation emitted during the interaction of three black holes is highly
sensitive to the initial conditions, including the masses, spins, and initial velocities
of the black holes. Possible outcomes include the formation of a single black hole
with the other two being ejected, the creation of a temporary binary with the third
black hole being expelled, or a more intricate interaction where all three black holes
merge into a single, highly spinning black hole.

The initial data for multiple black holes involve more conditions and require
a longer convergence time for the iterative algorithm. SpeciÞcally, these calcula-
tions may require several CPU hours when employing the Gauss-Seidel method
introduced at the end of Sec 1.3. To accelerate convergence, we begin with a low-
resolution initial cube (using a 64 3 mesh), which allows the Hamiltonian constraint
to be solved relatively quickly. Then, to interpolate onto a Þner grid (i.e., reduc-
ing the grid spacing), we Þrst transform to Fourier space, increase the number of
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FIGURE 1.11: Shaded contours of the extrinsic curvature K for the two
black holes (RUN I, top row) and the ÔClassical BurrauÕ three-body interaction
(RUN II, bottom row) at three distinct stages of evolution: before, during, and

after the merger.

k-vectors via zero-padding, and subsequently recover the physical Þelds by per-
forming an inverse FFT. This approach provides a better initial guess on the higher-
resolution grid, leading to a much faster convergence rate. By iteratively applying
this technique and recursively reÞning the solution through interpolation to Þner
grids, we ultimately acquire the initial data.

When dealing with multiple black holes (BHs), accurately estimating their ap-
parent horizons (AHs) is crucial [ 98, 99, 100, 101, 102]. The apparent horizon is a
locally deÞned surface that represents the boundary beyond which light cannot es-
cape, effectively marking the presence of a black hole. Unlike the event horizon,
which is a global feature that requires the entire evolution of spacetime to be fully
determined, the apparent horizon is based on local properties at a speciÞc moment
in time and can be identiÞed using only the current conÞguration. This makes the
apparent horizon particularly valuable in numerical relativity, where simulations
often require a real-time, local criterion to identify black holes during dynamical
processes. Our initial data for the 2-BH case are consistent with those in Campanelli
et al. [21], where each black hole is shown to be a well-separated body with a dis-
tinct AH (and no common initial AH). For our 3-BH cases, given that the masses,
linear momenta, and separations are comparable to those in CampanelliÕs work, it
is reasonable to expect similar AH conÞgurations. Additionally, we estimated the
ellipsoidal AH shapes, typical of boosted (and spinning) black holes, as the initial
guesses described inHuq et al. [103]. These surfaces remain safely separated at the
onset of the EGIs.

Concerning the simulation parameters, for all the BSSN simulations, the domain
is represented by a cube of side L0 = 50M, with 5123 mesh points. The time step
is initially chosen to be %t = 8 $ 10# 3. Furthermore, we ensure that the Hamilto-
nian and momentum constraints are well satisÞed for each case. The parameters
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of the BSSN simulations are summarized in Table 1.2, where they are labeled with
Roman numbers. SpeciÞcally, we focus on the fully relativistic evolution of the clas-
sical system as it approaches an EGI, verifying that, at the initial time t0, the black
holes (BHs) are sufÞciently far apart. On the other hand, we avoid excessively large
distances that would result in an excessive numerical cost.

Before addressing the complex three-body problem, we Þrst calibrate our numer-
ical experiments using the two-body inspiral, which provides us with the classical
waveform [ 104, 105, 106]. As explained in Sec. 1.6, our objective is to compare the
properties of the gravitational waves generated by both binary and three-body sys-
tems. The parameters for this Ò2 BHsÓ conÞguration are summarized in Table1.2as
RUN I. As expected, the black holes spiral around each other, completing a single
orbital period before merging, as shown in Fig. 1.11. A straightforward and efÞcient
way to identify a gravitational disturbance is to examine a scalar measure of the ex-
trinsic curvature, particularly in the ecliptic plane. Panels (a)Ð(c) show that small
amplitude waves propagate outward during the merger. Subsequently, a large am-
plitude modulation propagates away once the two Marginally Outer Trapped Sur-
faces (MOTSs)Ñwhich locally indicate the presence of a black hole by marking the
boundary inside which light rays convergeÑcome into contact [ 107, 108, 109, 110,
111]. At this point, several smaller disturbances propagate until the system ulti-
mately settles into a Kerr-type black hole.

In the second campaign of general relativistic simulations, we focus on the evo-
lution of three black holes (3-BHs), inspired by Runs aÐd. In particular, we use the
initial data from these cases at t0, as described in Fig. 1.10. This strategy allows us,
using spectral methods, to concentrate on events that are energetically signiÞcant
and therefore potentially detectable in experiments. As summarized in Table 1.2,
RUN II corresponds to the "Classical Burrau" case from Run a, but with masses nor-
malized so that the total system mass is unity. RUN III ("Equal masses") describes
a similar system where the black holesÕ masses are equal, as in Runb. RUN IV
describes a case similar to RUN II, but with different initial conÞgurations (i.e., po-
sitions and momenta of the BHs). All these conÞgurations assume that the three
bodies are initially at rest, so no global inspiral is expected. The "Spinning Burrau"
(RUN V) explores a scenario where the initial conÞguration possesses non-zero an-
gular momentum, as in Run d. The Þnal simulation, labeled "Intrinsic spin" (RUN
VI), shares the same initial setup as RUN V, but with the BHs having intrinsic spin.

Focusing on the overview of K depicted in Fig. 1.11(d)Ð(f), it is evident that, com-
pared to the 2-BH case, the patterns are more distorted and exhibit Þner scales. In
the post-merger phase, after the system has been allowed to "relax," a different pat-
tern in the extrinsic curvature emerges, suggesting a distinct asymptotic solution for
the Þnal black hole. Fig. 1.12presents a three-dimensional rendering of this RUN II,
illustrating the gravitational radiation following the successive merger events. The
shaded (red and blue) contours represent isosurfaces of constantK at two different
values, highlighting how the outgoing waves are irregular and skewed. The region
near the Þnal event horizon is represented with a (black) sphere.

To gain deeper insights into the dynamics of multiple black holes, we analyze
the waveform by computing the projection of the Newman-Penrose scalar ! 4. After
calculating this quantity following the procedure outlined in Sec. 1.5, we interpo-
late ! 4 from a Cartesian grid to a spherical grid using trilinear interpolation, which
enables the calculation of outgoing gravitational radiation using the spin-weighted

spherical harmonic Y(# 2)
22 (- , 2). This projection isolates the dominant contribution

to the emitted waves, which primarily arises from the quadrupole mode ( l = 2,
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FIGURE 1.12: 3D representation of the three-black hole interaction, at time
t/ M = 26 for RUN II (ÒClassical BurrauÓ in Table1.2). The (red and blue) iso-
surfaces represent constant values of the extrinsic curvature K, outside from
the Þnal black hole (central black-shaded region). The 2D transparent plane
represents a color contour of the Newman-Penrose scalar ! 4, with maxima

in light-green color.

m = 2). In Fig. 1.12, we present a color contour plot of ! 4 in the equatorial xy-plane
(at z/ M = 25), for the three-body case (RUN II), where the outgoing gravitational
radiation is clearly visible.

We compared all the signals resulting from these multiple black hole interactions
by examining the outgoing radiation as measured at a distance from the sources.
SpeciÞcally, we evaluated the projection described above at a Þxed distance from
the center of the computational domain, namely at r ! = 20M, as a function of time
while the disturbances pass through the virtual detector. We deÞned the merging
time t ' as the moment when a single connected isosurface of the lapse, = 0.3 forms
around the two approaching black holes [ 57, 112, 106]. These times are indicated in
Fig. 1.13using vertical dotted black lines. It is important to note that, since our focus
is on EGIs, we do not describe the long-duration ÒchirpedÓ signal occurring before
the merger.

The signals are depicted in Fig. 1.13, revealing clear differences among the cases.
First, unlike the binary case [panel (a)], the real and imaginary parts of the waveform
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FIGURE 1.13: Reconstruction of the gravitational wave signal for (a) the
binary black hole system and (b)Ð(f) the three-black hole systems. Figures (a)Ð
(f) correspond respectively to RUNs IÐVI listed in Table 1.2. The solid (dash-
dotted) lines represent the real (imaginary) part of the spherical projection of
! 4; the vertical dotted black lines indicate the merging time(s) of the black
holes (t ' corresponds to the 2-BH merger, while t '

1 and t '
2 correspond to the

3-BH mergers), as deÞned in [57, 112, 106]. All simulations are carried out
up to t/ M = 145. The three-black hole cases reveal a more complex and

nonlinear behavior.

in some of the 3-BH cases are almost in phase. Second, while the 2-BH system ex-
hibits a single peak corresponding to the merger, the other cases show multiple-scale
disturbances due to subsequent collapses. Third, the signal from the three-body
system is signiÞcantly more irregular and unpredictable, indicating the presence
of higher-order nonlinearities [ 108, 113, 26, 21, 77, 83, 84]. These more structured
signals necessitate a more in-depth statistical investigation, which is conducted as
follows.

To further highlight the differences among the conÞgurations and identify pos-
sible peculiarities in the 3-BH interactions, we performed a spectral analysis of the
metric disturbances shown in Fig. 1.13. First, we smoothed the boundaries using a
generalized normal window, then computed the Fourier transform to obtain the power
spectrum. This spectrum was cross-validated using the Blackman-Tukey method
[114], which involves transforming the windowed auto-correlation function of the
signal. The spectrum was calculated for both the real and imaginary parts of the
projection shown in Fig. 1.13. To reduce statistical uncertainties, we averaged the
power spectra. As shown in the averaged power spectra in Fig. 1.14, the 3-BH cases
generally produce a broader frequency distribution. The excess of high frequencies
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FIGURE 1.14: Power spectrum of the waveforms in Fig. 1.13. The spectrum
represents an average of the power spectra of both the real and imaginary

components of the Newman-Penrose scalar ! 4 projection.

reßects the small-scale features observed near the three-body system, as previously
noted in Fig.s 1.11and 1.12. The narrowest spectrum is observed in the binary sys-
tem and in RUN III, where the head-on collision of the smallest black holes did not
produce signiÞcant nonlinearity. On the other hand, the "Spinning Burrau" case ex-
hibits the smallest scales of our simulation campaign. Notably, in the three-body
case, the spectrum shows a power-law behavior for 0.6 < 3 < 3, raising intrigu-
ing possibilities regarding a gravitational turbulent cascade. However, the classical
one-dimensional Fourier spectrum alone is insufÞcient to fully characterize the dy-
namics, as these processes are highly non-stationary. Therefore, we proceed with a
more reÞned analysis, detailed below.

Due to the non-stationary nature of the signal, we apply wavelet decomposition
to the wavefront. Wavelet transforms offer a time-frequency representation of the
gravitational wave signal, providing a complementary analysis particularly suited
for complex systems like three-body black hole interactions, where the signal may
exhibit multiple close encounters or successive mergers. By decomposing the wave-
form into localized frequency components, wavelet analysis enables the identiÞca-
tion of distinct features within the chaotic dynamics of multi-black hole systems.
A key advantage of wavelets lies in their ability to naturally split ßuctuations into
different scale components according to multi-scale resolution analysis [ 115], mak-
ing them a powerful tool for studying multi-body coalescence events. Among the
various options, all of which provide qualitatively consistent results, the clearest
Þndings are obtained here using the Shannon generating function [ 116]. This recon-
struction uses the Òsinc functionÓ, which is highly localized and rapidly decays to
zeroÑideal for capturing discrete frequencies, though less effective for time local-
ization [ 117, 118]. A typical wavelet spectrogram is presented in Fig. 1.15, where we
consider three characteristic cases: RUN I, II, and V. The 2-BH case exhibits a distinct
single peak in frequency, corresponding to the merger event. A frequency increase is
observable for 5 < t < 40, characteristic of the inspiral phase [21, 108]. The real and
imaginary components of the scalar exhibit very similar behavior. At later times,
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FIGURE 1.15: Spectrogram of the Shannon wavelet (second and third row)
for three different waveforms (Þrst row), corresponding to RUN I (left), RUN
II (center), and RUN V (right). The middle and bottom rows present the
wavelet analysis for the real and imaginary parts of ! 4, respectively. The

signals and spectra have been normalized to one for ease of comparison.

the system shows the typical low-frequency modulation of the resultant perturbed
black hole. In contrast, the behavior of the 3-BH cases is markedly different. In the
ÕClassical BurrauÕ scenario, focusing onRe{ ! 4} , aside from the main frequency sim-
ilar to that of the 2-BH case due to the initial head-on merger, secondary peaks are
evident. A secondary peak occurs at t 4 70 and f 4 0.08, resulting from the subse-
quent disturbance propagating from the secondary EGI, when the larger BH eatsthe
remaining one. This corresponds to a disturbance arising from the coalescence of a
large mass ratio system. Finally, we performed the same analysis for the case with
the broadest Fourier spectrum in Fig. 1.14, namely RUN V. In the Spinning Burrau
case, the BHs are conÞned by the large global angular momentum. This constraint
forces the two mergers to occur nearly simultaneously, with multiple nonlinear ef-
fects. This highly nonlinear interaction is evident as a noticeable broadening of the
wavelet spectrum. In this scenario, the outgoing gravitational waves carry away
from the Þnal event horizon the remnants of this extreme interaction.

In Fig. 1.15, we present the spectrograms from our numerical simulations to
assess their potential for comparison with future observational data, with the ex-
pectation that future measurements may capture signals similar to those simulated,
thereby enhancing our understanding of merger dynamics and the associated spec-
tral features. The prospects for measuring spectrograms of merging black holes de-
pend on the sensitivity and frequency range of current and upcoming gravitational
wave detectors, such as LIGO, Virgo, and the planned LISA mission. These detectors
are capable of capturing gravitational wave signals from black hole mergers, which
can then be analyzed to obtain corresponding spectrograms (e.g., [61]). Advances in
detector sensitivity and the extension of their frequency coverage will signiÞcantly
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improve the accuracy and resolution of these spectrograms, enabling more detailed
studies of such astrophysical events.

1.8 Discussions and Future Directions

The three-body problem serves as a classical example of complex dynamics, where
the interactions between three massive objects can lead to chaotic behavior. In this
study, we focused on two distinct approaches: (1) the Newtonian approach and (2)
EinsteinÕs theory of general relativity. In the Þrst part, we reviewed classical results
and developed a highly accurate Lagrangian code to solve the trajectories of the
bodies, beginning with the Pythagorean conÞguration. This conÞguration rapidly
evolves into a nonlinear regime. Throughout the evolution, the system experiences
quiet transients interspersed with highly intermittent, burst-like behaviors, charac-
teristic of chaotic dynamics [ 119]. We precisely calculated the trajectories and iden-
tiÞed these intense spikes, known as EGIs. For future research, it would be of great
interest to compare these Þndings with models that incorporate post-Newtonian cor-
rections [120].

In the second, and more challenging, part, we built a gravitational model to in-
vestigate the dynamics of EGIs within the framework of general relativity. Through
a sequence of conformal transformations, we brießy introduced the BSSN equations,
which were subsequently integrated using the SFINGEcode, described in Sec 1.4.
As a preliminary step for our general relativistic experiments, we examined the bi-
nary black hole problem during the Þnal stage of coalescence within the ISCO. To
measure the emitted gravitational waves, we addressed the issue of wave extrac-
tion. Employing spherical interpolation and following the Newman-Penrose pre-
scription, we quantiÞed the outgoing gravitational waves, as is traditionally done
in simulations involving compact objects. After conducting two-body simulations,
we extended our analysis to the interaction of three black holes. We derived initial
data preceding a strong EGI from Newtonian simulations, ensuring that the bodies
were sufÞciently far apart. We monitored several key quantities, such as the metric
tensor and the extrinsic curvature of the system, which indicated intense emission
during the multiple-coalescence events. Analogous to the 2-BH case, we employed
numerical extraction techniques to reconstruct the emitted waveform, which proved
to be highly irregular and nonlinear. Finally, we compared the binary merger with
the extreme three-body interaction by computing the power spectra of the signals
for all cases. We observed signiÞcant differences, particularly at high frequencies,
where the 3-BH system exhibited a broader power distribution. The spectrum ap-
peared consistent with a power-law distribution, suggesting that gravitation, similar
to hydrodynamics, may be subject to a turbulent cascade.

To further investigate the outcome of multi-black-hole radiation, we performed
a reÞned analysis of the signals. SpeciÞcally, to detect the main differences among
the cases, we employed a Shannon wavelet analysis. This analysis reveals distinct
differences between the 2-BH and 3-BH cases. In the former, the projection shows
a single dominant frequency, whereas in the 3-BH case the wavelets indicate the
presence of multiple frequencies during the evolution, attributable to the multiple
EGIs. Finally, in scenarios where there is a global angular momentum conÞning the
black holes, a signiÞcant broadening of the wavelet power spectrum is observed,
characteristic of nonlinear phenomena.

While the 2-BHs inspiral has been extensively investigated in the literature [ 110,
38, 121, 122, 123, 124, 125, 126, 106], much less documentation exists regarding the
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initial data for 3-BHs EGIs [ 77, 76], and currently, no observational evidence has
been found. These results may hold considerable signiÞcance for future observa-
tional campaigns, as advancements in modern technologies are expected to enhance
signal-to-noise sensitivity, enabling the exploration of whether such extraordinary
events might indeed occur in the Universe.

Numerical simulations of both binary and multiple black hole systems have pro-
vided valuable insights, particularly in the context of gravitational waveforms. The
comparison between the relativistic and Newtonian dynamics of the three-body
problem, alongside the extraction of gravitational waves, reveals discrepancies that
become pronounced in highly relativistic regimes. As observed in the waveforms,
deviations from the expected Newtonian trajectories increase as the system approaches
the relativistic regime, consistent with the predictions of General Relativity. These
Þndings corroborate previous studies [ 21, 78], further validating the robustness of
the BSSN formalism in 3+1 relativity.

A particularly novel aspect of this study is the comprehensive analysis of wave-
forms generated by the interaction of three black holes in vacuum, an area that has
received limited attention so far. The incorporation of higher harmonic modes in
the waveform analysis has provided new insights, particularly when compared to
the results from binary black hole systems. The complex gravitational interactions
among the three black holes produce unique waveform signatures, which could po-
tentially be detected by next-generation observatories such as LISA [86, 85]. This
presents an exciting opportunity for future research, offering the potential to ob-
serve and analyze such rare events. Moreover, these Þndings raise new questions
about the stability of triple black hole systems and their relevance in astrophysical
scenarios, including hierarchical systems in dense stellar environments. Future work
could expand these simulations to encompass more intricate initial conditions, such
as non-vacuum spacetimes or charged black holes, and examine the long-term sta-
bility of such systems. In conclusion, this study contributes to the expanding body
of research on black hole mergers by exploring novel dynamical conÞgurations and
extracting gravitational wave signals that have yet to be observed, thereby advanc-
ing our understanding of black hole dynamics and laying the groundwork for future
observational discoveries.
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Chapter 2

Einstein Field Equations in the
Presence of Matter

In the previous Chapter, we focused on the Einstein Þeld equations in vacuum,
which describe the dynamics of spacetime in the absence of matter. These vacuum
solutions provide valuable insights into the geometric structure of spacetime, partic-
ularly in regions dominated by gravitational effects, such as near black holes or dur-
ing gravitational wave propagation. Nevertheless, a comprehensive understanding
of many astrophysical phenomena, especially those involving compact objects like
neutron stars, black holes, and their accretion disks, or the dynamics of the early
Universe, requires considering the interaction between matter and spacetime. To
accurately model such systems, it is necessary to extend the vacuum framework to
include matter, typically treated as a ßuid interacting with spacetime curvature. In
this context, the ßuid approximation conceptualizes matter as a continuum, con-
sidering an inÞnitesimal ßuid element that is small relative to the system but large
enough to contain a signiÞcant number of particles. For plasmas, this means that the
mean distance between particles and the mean free path between collisions must
be much smaller than the systemÕs microscopic characteristic length. Thus, GRHD
becomes indispensable, providing a robust framework for describing the behavior
and evolution of matter under strong gravitational Þelds, while neglecting the inßu-
ence of electromagnetic forces. This approach is particularly crucial for simulating
highly energetic astrophysical phenomena, such as neutron star or black hole merg-
ers and supernovae, where both gravitational forces and ßuid dynamics play signif-
icant roles. Furthermore, modeling accretion disks around black holes adds another
layer of complexity. These disks, composed of plasmaÑa highly conductive, quasi-
neutral state of matter consisting of charged particlesÑmust be carefully treated
to capture ßuid dynamics accurately in such extreme environments, even though
the electromagnetic backreaction on spacetime is not considered in this framework.
Plasma dynamics introduce essential processes for understanding mass and energy
transport within the disk. This Chapter, therefore, establishes the foundation for
investigating GRHD and plasma dynamics in astrophysical contexts, where the in-
teraction between matter and spacetime is intricately coupled.

Firstly, we extend the 3 + 1 formalism by incorporating the stress-energy tensor
of a perfect ßuid into the Einstein Þeld equations, thereby enabling the modeling of
interactions between matter and spacetime curvature. This extension allows for the
simultaneous evolution of both spacetime geometry and the physical properties of
matter, such as density, pressure, and velocity, within the strong gravitational Þelds
produced by compact objects [6]. All these features are appropriately integrated into
the SFINGEcode, illustrated in the previous Chapter, to facilitate simulations of mat-
ter in an evolving curved spacetime using pseudo-spectral methods, which provide
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high precision in the calculation of derivatives. Introducing matter into the equa-
tions signiÞcantly increases the complexity of the system, especially when dealing
with phenomena involving steep gradients, discontinuities, and shock waves, which
present challenges for both the mathematical formulation and numerical stability.
Therefore, we aim to examine the fundamental equations governing GRHD and pro-
vide the necessary tools for understanding the evolution of matter and spacetime in
numerical relativity. In this regard, we present a "logarithmic" formalism designed
to handle discontinuities, with the objective of ensuring numerical stability in sim-
ulations, as detailed in Imbrogno et al. [ 127] (submitted). By expanding beyond
vacuum solutions to those involving matter, we can simulate more realistic astro-
physical scenarios, offering deeper insights into the behavior of matter in extreme
gravitational environments.

Following this, we present preliminary tests performed using the SFINGEcode
in a ßat metric to systematically verify the effectiveness of the strategy adopted to
incorporate matter into the systemÕs dynamics. To this end, a concise introduction
to special relativistic hydrodynamics is provided, focusing on the Kelvin-Helmholtz
Instability (KHI) within the framework of Minkowski spacetime. SpeciÞcally, we
analyze the KHI in the absence of electromagnetic Þelds, deriving its dispersion re-
lation and growth rate, and performing numerical simulations of unstable layers to
study the evolution of the instability.

Finally, we investigate the interplay between gravitational and magnetic forces
in shaping the dynamics of accretion disks and driving the formation of relativis-
tic jets, using the well-established BHACcode [2]. Among the available coordinate
systems, we select Kerr-Schild coordinates and simulate a magnetized plasma sur-
rounding a Kerr-type black hole. The processes examined are critical for understand-
ing key astrophysical phenomena such as X-ray emissions, gamma-ray bursts, and
gravitational waves. Indeed, the interaction between gravitational, hydrodynamic,
and electromagnetic forces in systems involving compact objects gives rise to some
of the most energetic events in the Universe. In particular, magnetic Þelds play a
fundamental role in these environments, necessitating the extension of the GRHD
framework to GRMHD to accurately model the evolution of matter and magnetic
Þelds in the intense gravitational environments surrounding black holes, as well as
for investigating the mechanisms driving accretion and jet formation. The GRMHD
framework allows for the investigation of energy extraction mechanisms from rotat-
ing black holes, such as the Blandford-Znajek process [128], which is widely believed
to power astrophysical jets.

Black holes, with their extreme gravitational inßuence and event horizons, ex-
ert a profound effect on the surrounding matter. Accretion disks, composed of gas
and plasma spiraling inward, are key structures in these systems. The dynamics of
accretion disks are governed by a delicate balance of gravitational forces, pressure
gradients, and angular momentum transport. Introducing magnetic Þelds adds fur-
ther complexity through MHD processes, which signiÞcantly inßuence the behav-
ior of accretion disks. These Þelds can channel plasma into relativistic jets that eject
matter at nearly the speed of light. Such jets are associated with observable phenom-
ena, including gamma-ray bursts and radio emissions from active galactic nuclei, all
intricately linked to the magnetic Þelds near the black hole (see Fig. 2.1 for a com-
prehensive illustration of the black hole environment). Due to the inherent turbu-
lence in accretion ßows, magnetic Þelds play a key role in transferring angular mo-
mentum, allowing matter to accrete onto the black hole. Magnetic reconnection can
lead to substantial energy release, contributing to the complex dynamics observed
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FIGURE 2.1: Illustration of M87*, with emphasis on its accretion disk and
relativistic jets. Image courtesy of the Event Horizon Telescope Collaboration .

in these regions. To better characterize the turbulence, we conduct an in-depth spec-
tral analysis across different regions near black holes, such as the disk, wind, and jet
areas. The average power spectrum analysis reveals variations in the scaling laws
governing each region and demonstrates the presence of a strong turbulent cascade
that transfers energy from large (inhomogeneous) to smaller (homogeneous) scales,
eventually reaching kinetic scales where collisionless, relativistic physics becomes
dominant. These comprehensive studies on systems such as Sgr A* and M87* pro-
vide valuable insights into the role of magnetic Þelds in shaping the evolution of
accretion ßows and the mechanisms of energy transfer within magnetically domi-
nated regions. The simulations and spectral analyses illuminate the conditions that
govern the formation of turbulent structures and the efÞcient transfer of energy in
relativistic plasma ßows near black holes.

Numerous astrophysical phenomena, such as accretion disks around black holes,
neutron star mergers, and core-collapse supernovae, are best understood within
the framework of RHD in curved spacetime. These events take place in regions
dominated by extreme gravitational Þelds, making it essential to describe matter-
spacetime interactions in the context of general relativity. In such extreme envi-
ronments, ßuid dynamics cannot be studied in isolation, as the strong gravitational
Þeld signiÞcantly inßuences the ßuidÕs motion and behavior, requiring a precise in-
tegration of RHD with Einstein Þeld equations. RHD, and its extension to GRHD,
play a central role in investigating these high-energy events. Commonly, scenarios
such as accretion onto compact objects, neutron star mergers, and supernova explo-
sions are modeled using these equations, offering valuable insights into the gravita-
tional wave emissions and electromagnetic signals observed from these phenomena.
However, a comprehensive understanding often requires the inclusion of magnetic
Þelds, extending the framework to GRMHD. While incorporating magnetic Þelds
introduces additional complexity, the Þrst part of this Chapter focuses on the purely
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hydrodynamic regime, initially excluding magnetic Þelds from the discussion. In
such cases, the dynamics of matter are primarily dictated by the curvature of space-
time, necessitating advanced techniques to couple the ßuidÕs equations of motion
with the evolving geometry described by Einstein Þeld equations.

Over the years, signiÞcant advancements have been made in the numerical meth-
ods used to solve the GRHD equations. WilsonÕs pioneering work [129] laid the
foundational framework that later became the standard in RHD simulations. This
approach has been reÞned and enhanced over the decades by various researchers.
Notably, Font [ 130] made substantial contributions to improving the resolution and
stability of numerical schemes for GRHD, while Shibata and Sekiguchi [ 131] ex-
panded these techniques to tackle more complex scenarios involving dynamic space-
times, such as binary neutron star mergers and stellar collapses. Additionally, Gam-
mie, McKinney, and T—th [132] introduced innovative methodologies for modeling
magnetized disks and their role in angular momentum transport within accretion
ßows, pushing forward the connection between GRHD and GRMHD frameworks.
In this context, KomissarovÕs work [133] is a pioneering contribution to GRMHD,
advancing understanding of magnetospheres and relativistic plasma around black
holes. In recent years, Sironi, Petropoulou, and Giannios [134] has made key ad-
vancements in the study of relativistic plasma dynamics and magnetic reconnection,
offering new insights into particle acceleration mechanisms in turbulent environ-
ments.

Modern numerical methods for GRHD often rely on the 3+1 decomposition of
spacetime, as discussed in the previous chapter, especially when combined with
the BSSN formalism. This reformulation of the Einstein equations enhances sta-
bility and reduces numerical errors in simulations of strongly gravitating systems.
A critical aspect of GRHD simulations is the accurate modeling of shock formation
and propagation, which is prevalent in many high-energy astrophysical scenarios.
For instance, during the collision of two neutron stars, strong shock waves prop-
agate through the surrounding material, generating intense radiation and gravita-
tional waves. Accurately simulating these shock fronts requires specialized numer-
ical techniques, such as High-Resolution Shock-Capturing (HRSC) methods. Mart’
and MŸller [ 135] introduced a suite of HRSC techniques speciÞcally designed for
relativistic ßows, which have since become the gold standard for simulations of sys-
tems with shocks and discontinuities. These methods have been further reÞned by
various researchers, including Del Zanna and Bucciantini [ 136], who improved the
accuracy of HRSC techniques in relativistic hydrodynamic ßows, Shibata [ 137], who
applied these methods to highly dynamic spacetimes, and Mignone, Plewa, and
Bodo [138], who made signiÞcant advances in ensuring the stability and precision
of simulations involving relativistic shocks. Building on these developments, sig-
niÞcant efforts in recent years have focused on modeling plasma dynamics around
supermassive black holes and neutron stars [139], leading to the development of
numerous GRMHD codes worldwide. Notable examples include BHAC(Porth et
al. [2]), which is extensively used in this Chapter, HARM(Gammie, McKinney, and
T—th [132]), which employs HRSC schemes tailored for relativistic MHD in accre-
tion ßows, H-AMR(Liska et al. [140]), IllinoisGRMHD (Etienne et al. [141]), WhiskyMHD
(Giacomazzo and Rezzolla [142]), SpEC(Szil‡gyi [143]), GRHydro(Mšsta et al. [144]),
Athena++(Stone et al. [145]), and ECHO(Londrillo and Del Zanna [ 146]), among oth-
ers. With modern computational resources and the enormous physical scales in-
volved, global ßuid approaches are now capable of capturing the dynamics of entire
systems.

Despite recent advancements, accurately modeling environments characterized
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by steep gradients and discontinuities remains a signiÞcant challenge, particularly
in the context of stellar atmospheres. This difÞculty is further exacerbated by the
extreme conditions surrounding neutron stars, where high-density regions are jux-
taposed with low-density areas. Traditional shock-capturing methods often face dif-
Þculties in maintaining physical consistency, frequently resulting in negative den-
sities or unphysical states, while excessively dampening the nonlinearity of under-
lying processes. In these environments, adopting a logarithmic approach may be
crucial, as it inherently ensures the preservation of the positivity of conserved ßuid
variables. Spectral methods, known for their very high precision, can be employed
to capture the intricate details of the system. However, achieving a balance between
accuracy and stabilityÑparticularly in the presence of strong shocksÑrequires the
careful integration of Þltering techniques and controlled dissipation mechanisms to
mitigate numerical instabilities.

2.1 The Logarithmic Formalism of GRHD

In this study, we aim to address some of the challenges outlined in the introduc-
tory part of this Chapter by proposing a novel logarithmic formalism for solving
the GRHD equations. This approach builds on existing numerical techniques while
introducing new strategies to improve the stability and accuracy of simulations, par-
ticularly in scenarios involving steep gradients, shocks, and stellar atmospheres. The
logarithmic formulation offers several advantages over traditional methods, espe-
cially when employing pseudo-spectral techniques. This is particularly beneÞcial
when dealing with strongly curved spacetimes and extreme astrophysical events.
By leveraging advanced numerical methods within the 3+1 framework, this new
formalism is well-suited for simulating systems where ßuid dynamics and grav-
itational interactions are deeply intertwined, such as neutron star mergers or the
formation of black hole accretion disks.

Moreover, the proposed logarithmic formalism is particularly advantageous for
studying high-energy astrophysical phenomena characterized by large density con-
trasts and steep gradients. Such conditions often present numerical challenges, as
the signiÞcant variations in ßuid properties can cause standard numerical methods
to break down. The present logarithmic formulation addresses these issues by trans-
forming the conserved variables into a logarithmic space, which smooths out ex-
treme variations and enhances numerical stability. This feature may prove especially
valuable for investigating gravitational wave signals and electromagnetic counter-
parts from binary mergers, where accurately modeling ßuid behavior is important
for understanding the dynamics of these events and their observational signatures.

This study aims to present the logarithmic GRHD formalism as a method for
improving numerical stability and accuracy. By integrating this approach with the
well-established 3+1 decomposition, we provide a useful tool for investigating a
wide range of astrophysical phenomena, from the dynamics of accretion disks to the
complex interactions in neutron star mergers. As will be discussed, the logarithmic
approach addresses several of the persistent challenges in relativistic hydrodynam-
ics simulations, establishing a more robust framework for examining the intricate
dynamics of matter in strong gravitational Þelds.

The conservation laws governing relativistic hydrodynamics are derived from
the stress-energy tensorTµ) and the continuity equation. In curved spacetime, these
conservation laws are expressed using the 3+1 decomposition, which separates space-
time into three spatial dimensions and one temporal dimension, thereby simplifying
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FIGURE 2.2: Schematic diagram illustrating the components of the energy-
momentum tensor for a perfect ßuid in the local rest frame of a co-moving
observer. The mass-energy densityT00 is highlighted in red, the energy ßux
T0i and momentum density Ti0 in violet, the momentum ßux Ti j in green,
and the isotropic pressure in yellow. Adapted from Rezzolla and Zanotti

[147].

the numerical analysis of both Einstein Þeld equations and the ßuid dynamics. The
stress-energy tensor, which encodes the distribution and ßow of energy and momen-
tum within spacetime, for a perfect ßuid is given by:

Tµ) = ( " + P)uµu) + Pgµ) , (2.1)

where " is the total mass-energy density as measured by a Lagrangian observer (co-
moving with the ßuid), P is the pressure,uµ is the four-velocity of the ßuid element,
and gµ) is the contravariant spacetime metric. Typically, the total mass-energy den-
sity is decomposed into contributions from the rest mass-energy density and the
internal energy density, i.e., " = " 0(1 + 4), where 4 denotes the speciÞc internal
energy density. A schematic representation of Tµ) in the local rest frame of a co-
moving observer is depicted in Fig. 2.2. In our framework, the stress-energy tensor
is symmetric, a property that arises from the conservation of angular momentum
and derives directly from the underlying principles of general relativity and Þeld
theory.

The evolution of the ßuid can be described starting from Þve conservation laws
(one for the conservation of rest mass, three for the conservation of energy-momentum)
and one EoS for the pressure:

Dµ(" 0uµ) = 0, (2.2)

DµTµ) = 0, (2.3)

P = P(" 0, h), (2.4)

where Dµ denotes the covariant derivative with respect to the 4-metric gµ) , " 0 is the
rest-mass energy density as measured by an Eulerian observer (normal to the slice
&), and h is the speciÞc enthalpy, namely the enthalpy per unit mass.

Within the 3+1 formalism, the stress-energy tensor can be decomposed into its
constituent components using the contravariant spatial metric * i j and the time-like
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unit normal vector nµ, which is orthogonal to the hypersurface &, as follows:

Tµ) =

!

"
"
#

S0 = nµn) Tµ) Si = # * µin) Tµ)

Si = # * iµn) Tµ) Si j = * iµ* j) Tµ)

$

%
%
& , (2.5)

where the components are deÞned as:

S0 = " 0hW2 # P = / + D, (2.6)

Si = " 0hW2vi , (2.7)

Si j = (/ + D + P) vivj = Sivj + * i j P. (2.8)

Here, S0, Si , and Si j represent, respectively, the total mass-energy density, momen-
tum density, and stress tensor as measured by a normal observer. Here, D is the
rest-mass energy density, and / is the difference between the total energy density
and the rest-mass energy density as measured by an Eulerian observer. The three-
velocity of the ßuid, vi , is related to the four-velocity by:

vi =
ui

W
, (2.9)

vi =
ui

W
+

%i

,
, (2.10)

where W = , u0 = ( 1 # vivi )# 1/2 is the Lorentz factor, and, as usual, , and %i denote
the lapse function and the shift vector, as derived in Sec. 1.2.

The state of the ßuid at any given time is characterized by the variables ( " 0, P,
and vi ), which will henceforth be referred to as the primitive variables. These variables
are fundamental because theconserved variablescan be expressed in terms of them as
follows:

D = " 0W, (2.11)

Si = " 0hW2vi , (2.12)

/ = " 0hW2 # P # D, (2.13)

where the speciÞc enthalpy h is deÞned as:

h = 1 +
$

$ # 1
P
" 0

, (2.14)

with $ being the adiabatic index. These quantities are referred to as conserved vari-
ablesbecause they satisfy conservation laws, enabling their direct evolution in nu-
merical simulations. It is important to note that while the energy density equation
can be derived in different ways, we opt to use / as the conserved variable to evolve
rather than, for instance, the internal energy density E = " 04W. This choice is moti-
vated by the fact that the conservation equation for E would involve the time deriva-
tive of the Lorentz factor W, complicating its formulation as a balance law. However,
since these conserved variables are derived from the primitive variables, recovering
the primitive variables from the conserved quantities is a non-trivial taskÑa chal-
lenge that will be addressed in detail in the next Section.

The evolution of ßuid in curved spacetime is governed by the conservation laws
for mass, momentum, and energy. These laws, when expressed within the "3+1"



60 Chapter 2. Einstein Field Equations in the Presence of Matter

GRHD framework, are written as follows:

+t D = , KD + %i+i D # +i
'
, Dv i ( , (2.15)

+tSi = # (/ + D) +i , + , KSi + %j D jS
i # Sj D j %

i # +j

4
,

0
Sivj + * i j p

1 5
, (2.16)

+t / =
*

/ + p + D
+*

, vjvl Kjl # vj+j ,
+

+ , K
*

/ + p
+

# +i

4
, vi

*
/ + p

+5
+ %i+i / . (2.17)

We now manipulate the above equations as follows. A logarithmic transformation
is applied speciÞcally to the rest-mass density D and the energy density / , as these
scalar quantities are particularly prone to discontinuities and are inherently well-
suited for logarithmic representationÑunlike quantities such as the 3-velocity vi ,
which can assume negative values. In this way, the evolution equations ( 2.15)Ð(2.17)
become less sensitive to large variations in these quantities, thereby enhancing nu-
merical stability, particularly when using pseudo-spectral methods. This approach
is especially crucial in simulations of phenomena such as neutron star mergers, su-
pernovae, and accretion onto black holes, where sharp transitions in ßuid properties
are common.

For the mass conservation equation, we introduce the logarithmic rest-mass den-
sity 0, deÞned as:

0 = ln D, (2.18)

so that, from Eq. (2.15), the evolution of 0 follows:

e0+t0 = , Ke0 # e0+i
'
, vi ( # , vi+ie

0 + %i+ie
0. (2.19)

This expression simpliÞes to:

+t0 = , K #
0

, vi # %i
1

+i0# +i

0
, vi

1
, (2.20)

where all relevant variables have been previously introduced.
For the momentum density equation, we deÞne the new variable $i = hui =

hWvi , where h is the speciÞc enthalpy, W is the Lorentz factor, and vi represents the
ßuidÕs three-velocity. This allows us to express the momentum density as:

Si = " 0hW2vi = ( " 0W)( hWvi ) = D$i = e0$i , (2.21)

where " 0 denotes the rest-mass density,D = " 0W is the conserved density, and 0 is
the logarithmic scaling factor introduced in Eq. ( 2.18). Starting from Eq. (2.16), the
evolution equation for $i becomes:

+t$i = #
0

, vj # %j
1

D j$
i #

0
1 + e# (0# 4)

1
* i j +j ,

# $ j D j %
i # e# 0D j

0
,* i j P

1
, (2.22)

where * i j is the inverse spatial metric, and P denotes the pressure. This equation in-
corporates the pressure gradient and accounts for spacetime curvature effects, rep-
resented by the extrinsic curvature, as well as the lapse and shift functions.
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Finally, for the energy density / , we introduce the logarithmic variable 4, deÞned
as:

4= ln / , (2.23)

so that the evolution equation ( 2.17), in its logarithmic form, reads:

+t4 = #
0

, vi # %i
1

+i4+
;
+ + , K # D i

0
, vi

1< '
1 + Pe# 4(

+ + e0# 4 # e# 4, vi+i P, (2.24)

where + = , vivjKi j # vj+j , . This equation governs the evolution of the energy
density, ensuring that the effects of both the ßuidÕs motion and the curvature of
spacetime are appropriately accounted for.

The complete set of GRHD evolution equations (BSSN + HD) in logarithmic
form, compatible with the 3 + 1 formalism, is given by:

+t ÷* i j = # 2, ÷A i j + ÷* ik+j %
k + ÷* kj+i %

k #
2
3

÷* i j +k%k

+ %k+k ÷* i j , (2.25)

+t ÷A i j = !
4
,

*
÷Ri j + ÷R!

ij #
1
3

÷* i j R
+

#
*

D i D j , #
1
3

÷* i j D
kDk,

+5

+ ,
0

K ÷A i j # 2 ÷A ik ÷* kl ÷A l j

1

+ ÷A ik+j %
k + ÷Akj+i %

k #
2
3

÷A i j +k%k

+ %k+k
÷A i j + 4',

'
÷* i j S# 2Si j

(
, (2.26)

+t ! =
2
3

!
0

, K # +k%k
1

+ %k+k! , (2.27)

+tK = # ÷* i j D i D j , + ,
*

÷A i j ÷A i j +
1
3

K2
+

+ %k+kK

+ 4', (e0 + e4 + S), (2.28)

+t ÷$i = ÷* jk+j+k%i +
1
3

÷* i j +j+k%k + %j+j ÷$
i # ÷$j+j %

i +
2
3

÷$i+j %
j

# 2 ÷A i j +j , + ,
*

2÷$i
jk

÷A jk #
3
!

÷A i j +j !

#
4
3

÷* i j +jK # 16' e0$i
+

, (2.29)

+t0 = , K #
0

, vi # %i
1

+i0# D i

0
, vi

1
, (2.30)

+t$i = #
0

, vj # %j
1

D j$
i #

0
1 + e# (0# 4)

1
* i j +j ,

# $ j D j %
i # e# 0D j

0
,* i j P

1
, (2.31)

+t4 = #
0

, vi # %i
1

+i4+
;
+ + , K # D i

0
, vi

1< '
1 + Pe# 4(

+ + e0# 4 # e# 4, vi+i P, (2.32)

where we have deÞned + = , vivjKi j # vj+j , , Si j = ( e4 + e0 + P)vivj + ! # 1 ÷* i j P,
S = ! ÷* i j Si j , and we have substituted " = e4 + e0 and Si = e0$i . These trans-
formed equations establish a robust framework for simulating relativistic hydrody-
namics in strongly curved evolving spacetimes. By converting key ßuid quantities
into logarithmic form, greater numerical stability may be achieved, particularly in
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high-energy astrophysical contexts where shocks and strong gravitational Þelds are
prevalent.

2.2 Recovery of Primitive Variables and Numerical Imple-
mentation

An essential step in solving the GRHD equations is the recovery of the primitive
variablesÑpressure P, Lagrangian rest-mass density " 0, and three-velocity viÑfrom
the conserved variablesÑEulerian rest-mass density D, momentum density Si , and
energy density / . This process is crucial for accurately representing ßuid dynamics
within a simulation. The transition from conserved to primitive variables is non-
trivial, particularly in the context of highly relativistic ßows in curved spacetimes.
In the context of GRHD, the conserved quantities are evolved in time as prescribed
by the logarithmic formalism. However, these quantities do not directly represent
the physical state of the ßuid; rather, they are derived from the primitive variables,
which are essential for deÞning the pressure, rest-mass density, and velocity of the
ßuid. Consequently, to close the system of equations, it is necessary to invert the
conserved quantities to recover the primitive variables at each time step. Recover-
ing primitive variables from conserved quantities presents a non-linear challenge. A
commonly employed solution is the Newton-Raphson method [ 148, 149], an itera-
tive algorithm used for root-Þnding. This method is particularly well-suited for ob-
taining precise approximations to the roots of non-linear equations, making it ideal
for the recovery of primitive variables in numerical simulations of relativistic ßuids.

In numerical analysis, the Newton-Raphson scheme is a root-Þnding algorithm
that provides good approximations to the zeroes of a real-valued function. Consider
a real function f : (a, b) - R and an initial guess x0 for the root, assuming the
regime where f (x) behaves approximately linearly. The basic idea is to approximate
the function by its tangent line at x0 and to assume that the approximate root is the
x-intercept of this tangent line. SpeciÞcally, consider f * C2(a, b), which, according
to the Weierstrass theorem, admits a minimum or maximum within the interval. By
computing the Þrst-order Taylor series approximation, we have:

f (x) , f (x0) + ( x # x0) f
.
(x0), (2.33)

provided that |x # x0| is sufÞciently small. This leads to the iterative formula:

xn+ 1 = xn #
f (xn)
f .(xn)

, (2.34)

where f .(xn) is the derivative of the function f (x) evaluated at xn. This process is re-
peated until convergence, that is, when the change in xn between iterations becomes
sufÞciently small.

In the context of GRHD, the function f (Q) that we aim to solve corresponds
to the residual function, which quantiÞes the discrepancy between the total energy
density E = S0 (derived from the conserved quantities as in Eq. ( 2.6)) and the energy
predicted by the EoS. SpeciÞcally, we deÞne:

r(Q) = E(P(Q), D(Q)) # E = Q # P(Q) # E, (2.35)

where Q = " 0hW2, and E = / + D represents the total energy density. The function
r(Q) essentially measures how well the current estimate of the primitive variables
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aligns with the conserved quantities. The goal of the Newton-Raphson method is
to iteratively adjust Q (and consequently the primitive variables) to minimize r(Q),
ultimately driving it to zero.

In the speciÞc case of relativistic hydrodynamics, the primitive variables are intri-
cately related to the conserved quantities through the Lorentz factor W, the speciÞc
enthalpy h, and the pressure P. The pressure, which plays a critical role in deter-
mining the state of the ßuid, is obtained from the EoS. For an ideal gas, the EoS is
expressed as:

P =
$ # 1

$
(" 0h # " 0) . (2.36)

The initial step in the recovery procedure involves expressing the conserved vari-
ables in terms of these primitive variables. SpeciÞcally, for the rest-mass density D,
the momentum density Si , and the total energy density / , these relationships are
given by:

D = " 0W, (2.37)

Si = " 0hW2vi , (2.38)

/ = " 0hW2 # P # D. (2.39)

These expressions are essential for accurately evolving the ßuidÕs state in a relativis-
tic context, as they form the bridge between the conserved and primitive variables,
enabling the application of numerical methods to solve the GRHD equations.

Given the relationships between the conserved and primitive variables, the next
step involves applying the Newton-Raphson method to solve for the primitive vari-
ables. To do this, we require the derivative of the residual function r(Q) with respect
to Q. The total energy density E depends on the pressure P(Q), which in turn is a
function of Q through the EoS. Consequently, the derivative of r(Q) is given by:

r .(Q) = 1 #
dP(Q)

dQ
. (2.40)

The derivative of the pressure with respect to Q is computed from the EoS. For an
ideal gas, the pressureP(Q) is related to Q by:

P(Q) =
$ # 1

$
Q # DW

W2 . (2.41)

Given that:

dv2

dQ
= # 2

S2

Q3 , (2.42)

dW
dQ

=
W3

2
dv2

dQ
, (2.43)

d" 0

dQ
= #

DW
2

dv2

dQ
, (2.44)

dD
dQ

= 0, (2.45)

where v2 = S2/ Q2, the derivative of P(Q) with respect to Q is then:

dP(Q)
dQ

=
$ # 1

$

9
1

W2 #
W

'
D + 2(Q # DW )(1 # v2)W

(

2
dv2

dQ

:

. (2.46)



64 Chapter 2. Einstein Field Equations in the Presence of Matter

By substituting this expression into the Newton-Raphson iteration formula, we ob-
tain an updated estimate for Q at each iteration:

Qn+ 1 = Qn #
r(Qn)
r .(Qn)

= Qn #
Qn # P(Qn) # / # D

1 # dP
dQ

?
?
?
Qn

. (2.47)

To ensure that the Newton-Raphson method converges efÞciently, it is crucial to
have a good initial guess for Q. One effective approach is to approximate Q by
solving a quadratic equation derived from the momentum density Si and the total
energy density E. SpeciÞcally, the quadratic equation is:

f (Q) = S2 # Q2 + 2Q(2Q # 2E), (2.48)

where S2 = SiSi represents the magnitude of the momentum density. The positive
root of this equation provides an initial estimate for Q:

Q+ =
2E +

3
4E2 # 3S2

3
. (2.49)

This initial guess ensures that the Newton-Raphson iterations begin close to the true
solution [ 150], thereby enhancing the efÞciency and stability of the recovery proce-
dure.

The Newton-Raphson method is pivotal for recovering primitive variables in
high-energy astrophysical simulations dominated by relativistic effects and strong
gravitational Þelds. Accurate recovery of these variables is essential for capturing
the dynamics of relativistic shocks, accretion processes around compact objects, and
neutron star mergers. The stability and efÞciency of this method are critical for en-
suring the accuracy of numerical simulations over long timescales. Recent advance-
ments have conÞrmed the robustness of the Newton-Raphson scheme in relativistic
hydrodynamics, both in ßat and curved spacetimes [ 151, 152]. This approach re-
mains reliable under extreme conditions, such as those near black holes or during
supernovae. Numerical relativity codes, such as GRHydro[144] and Whisky [142,
153], extensively utilize this method in simulations of gravitational wave sources
and compact object mergers [151, 154, 155]. As gravitational wave observatories like
LIGO and Virgo continue to detect events involving neutron star mergers and black
hole collisions, accurate GRHD simulations will be increasingly vital for interpret-
ing observational data. The Newton-Raphson method, by providing a reliable initial
guess, enhances the efÞciency and stability of the solution process without the need
to store primitive variables from previous steps. Its ability to consistently recover
primitive variables from conserved quantities ensures the precision and robustness
of relativistic hydrodynamics simulations across both ßat and curved spacetimes.

2.3 Kelvin-Helmholtz Instability in Special Relativistic Hy-
drodynamics

To effectively investigate key astrophysical phenomenaÑsuch as gravitational col-
lapse leading to black hole formation, neutron star mergers with binary companions,
black hole accretion disks, and supernova explosionsÑit is imperative to develop a
rigorous and self-consistent framework for describing the dynamics of matter [ 156].
In such extreme environments, various hydrodynamic instabilities can emerge, sig-
niÞcantly impacting the transport of energy and angular momentum. Among these,



2.3. Kelvin-Helmholtz Instability in Special Relativistic Hydrodynamics 65

the KHI plays a fundamental role. This instability arises at the interface of shear-
ing layers of ßuid with differing velocities, leading to the formation of vortices and
enhanced mixing. The KHI is particularly relevant in the study of relativistic ßows,
where velocity shears and steep density gradients are prevalent, such as in accretion
disks, relativistic jets, and stellar atmospheres.

In this Section, we analyze the KHI within the framework of relativistic hydro-
dynamics, utilizing a ßat Minkowskian metric. We derive the governing equations
and linearize them to obtain the dispersion relation, exploring the key conditions
for instability. Additionally, we compare numerical simulations to theoretical pre-
dictions to elucidate the implications of KHI on turbulence and mixing processes in
astrophysical systems.

Typically, the state of a ßuid is characterized by its velocity ui , mass-energy den-
sity " , and pressureP. The foundation of special relativistic hydrodynamics is rooted
in the stress-energy tensor for a perfect ßuid, which assumes the absence of viscos-
ity and heat conduction. Within the context of special relativity, employing a ßat
Minkowski metric, the stress-energy tensor is analogous to Eq. (2.1), presented in
Sec.2.1, and is expressed as:

Tµ) = ( " + P)uµu) + P( µ) , (2.50)

where the metric is given by gµ) = ( µ) = diag(# 1, 1, 1, 1).
Following a similar derivation as in Sec. 2.1, the set of GRHD equations, namely

Eq.s (2.15Ð2.17), simplify for a special relativistic ßuid to:

+t D + +i (Dv i ) = 0, (2.51)

+tSi + +j (Siv
j ) + +i P = 0, (2.52)

+t / + +i [(/ + P)vi ] = 0, (2.53)

where the various quantities, all measured in an Eulerian frame, have been thor-
oughly deÞned in the previous Chapter. The adoption of a ßat metric is justiÞed by
our focus on examining instabilities and dynamics locally within accretion disks and
relativistic jets, thereby allowing the approximation of spacetime as Minkowskian.

KHI represents a fundamental hydrodynamic instability that arises when a per-
turbation is introduced into a ßow exhibiting transverse velocity shear, which may
manifest as either a continuous or discontinuous variation [ 157]. This instability was
independently identiÞed by Helmholtz [ 158] and by Lord Kelvin [ 159]. HelmholtzÕs
initial contribution provided a qualitative framework for understanding the inter-
action between two vertically stratiÞed ßuids of differing densities, whereas Kelvin
extended the analysis to geophysical phenomena, with a particular focus on the in-
teraction between wind and water or, more generally, between ßuids and air cur-
rents in relative motion. The KHI leads to the dissipation of ordered kinetic energy
into turbulent forms, thereby inducing turbulence, heating, and particle accelera-
tion. This instability is frequently observed in natural systems, such as vertical strat-
iÞcation within air currents [ 160, 161], as depicted in Fig. 2.3, and within EarthÕs
atmosphere [162, 163, 164, 165, 166]. The KHI has also been extensively investigated
in various astrophysical contexts, including the study of astrophysical jets, interac-
tions within EarthÕs magnetosphere, the dynamics of interstellar clouds, clumping
in supernova remnants, high-energy plasmas, and even in quantized vortices within
quantum ßuids [ 167, 168, 169, 170].

When a denser ßuid is situated above a less dense ßuid, the ensuing instability is
known as the Rayleigh-Taylor Instability (RTI) [ 171, 172], predominantly driven by
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FIGURE 2.3: The so-called Kelvin-Helmholtz clouds arise due to the interac-
tion of two superposed air currents moving at different velocities. This shear

ßow leads to the formation of vortices, which, in turn, trigger turbulence.

gravitational forces. Another signiÞcant ßuid instability is the Richtmyer-Meshkov
Instability (RMI) [ 173, 174], which arises due to shock interactions and plays a crucial
role in processes such as supernova explosions and the generation of non-uniform
turbulence. Each of these instabilitiesÑKHI, RTI, and RMIÑexhibits distinct growth
characteristics: both KHI and RTI display exponential growth rates, whereas RMI is
characterized by linear growth proportional to time. However, in complex interfa-
cial ßows where rolling and mixing of layers occur, these instabilities often become
intertwined and are collectively referred to as KHI.

To investigate the Kelvin-Helmholtz Instability (KHI) within the framework of
relativistic hydrodynamics, Bodo et al. [175] analyzed two adjacent ßows of a rela-
tivistic unmagnetized ßuid, with the xz-plane acting as the interface. The system is
considered in a reference frame where the two ßows move with equal and opposite
velocities, described by:

u =

/
(+ U, 0, 0) for y 5 0,

(# U, 0, 0) for y < 0,
(2.54)

where U denotes a positive velocity, as depicted in Fig. 2.4. Both ßows consist of
the same ßuid, thus possessing identical uniform unperturbed mass-energy density
" and pressure P.

The theoretical foundation of this analysis is grounded in the equations of rel-
ativistic hydrodynamics for a perfect ßuid in ßat Minkowskian geometry [ 176]. A
perfect ßuid is characterized by having a velocity u at each point, such that an ob-
server co-moving with this velocity perceives the ßuid as isotropic. In the labora-
tory reference frame, where the ßuid is observed to move with velocity u at a given
spacetime point, the energy-momentum tensor can be expressed in its boosted form
as:

T,% = # ,
* (u)# %

0(u) ÷T*0 , (2.55)

where ÷T*0 denotes the energy-momentum tensor in the ßuidÕs rest frame, and# ,
* (u)

represents the transformation operators that map quantities from the ßuidÕs co-
moving frame to the laboratory rest frame. Decomposing the energy-momentum
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FIGURE 2.4: Sketch of ßuid ßows in the xy-plane: the two streams move
with equal magnitude but in opposite directions within the positive and neg-

ative y-half planes, respectively.

tensor into its spatial, mixed, and temporal components, the expression can be writ-
ten as:

Ti j = P0i j + ( P + " )
uiuj

1 # u2 ,

Ti0 = T0i = ( P + " )
ui

1 # u2 ,

T00 =
(" + Pu2)

1 # u2 ,

(2.56)

where the four-velocity components are given by:

dxi

d/
=

ui
3

1 # u2
1 U i ,

dt
d/

=
1

3
1 # u2

1 U0.
(2.57)

We note that in this context, / represents the proper time, which is the time interval
measured by an observer co-moving with the ßuid element, corresponding to the
time experienced along the ßuidÕs worldline.

The motion of the ßuid is governed by the conservation equations for rest-mass
density, momentum, and energy, as given in Eq.s (2.51)Ð(2.53). These equations are
closed by an EoS, which is typically expressed as:

h = h(P, " 0), (2.58)
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from which the sound speed is deÞned as:

cs =

@A
A
B 1

h
+P
+"0

?
?
?
?
?
s

, (2.59)

where the derivative is taken at constant entropy s. For a relativistic non-degenerate
perfect gas, the sound speed must satisfy the condition cs < 1/

3
3. This can be

demonstrated by considering a ßuid composed of structureless point particles inter-
acting through localized collisions. The energy-momentum tensor for a collection of
such particles, which describes the distribution and ßow of energy and momentum
through spacetime, is given by:

T,% = (
N

p,
N p%

N

EN
03(x # xN ), (2.60)

where p,
N and EN are the momentum and energy of the N-th particle, respectively,

and 03 is the three-dimensional Dirac delta function. In a co-moving Lorentz frame,
the energy-momentum tensor T,% assumes the isotropic form (2.56), with the pres-
sure P and mass-energy density " expressed as:

P =
1
3

3

(
i= 1

Tii =
1
3 (

N

p2
N

EN
03(x # xN ), (2.61)

" = T00 = (
N

EN 03(x # xN ), (2.62)

where the particle number density n is deÞned as:

n = (
N

03(x # xN ). (2.63)

From these relations, we deduce that, in the general case whereEN 5 |pN |, the pres-
sure P and energy density " must satisfy the inequality 0 ) P ) " /3. This inequality
arises because the energy density" includes both rest mass energy and kinetic en-
ergy contributions, whereas the pressure P is related to the kinetic energy alone. In
the case of an extremely relativistic gas, where the particle energies are dominated by
their kinetic contributions, i.e., EN , |pN | 6 m, the pressure and energy density be-
come closely related, leading to the simpliÞed relation " , 3P 6 nm. This indicates
that the ßuidÕs behavior approaches that of a radiation-dominated system, where the
pressure is approximately one-third of the energy density. Consequently, the sound
speed cs in such a gas is constrained to be less than 1/

3
3, as higher sound speeds

would imply superluminal signal propagation, which is physically forbidden.
Our objective now is to derive the dispersion relation for the KHI. To accomplish

this, we Þrst obtain the perturbative solutions to the linearized form of the RHD
equations (2.51)Ð(2.53). We begin by considering the reference frame in which the
ßuid ßows are stationary. In this frame, sound wave solutions naturally arise. De-
noting a generic three-dimensional perturbation of the ßow variables by 0q (where q
represents either the mass-energy density" , the pressure P, or the 4-velocity ui ), we
express this perturbation as:

0÷q± , exp
-
i
' ÷k± ÷x + ÷l± ÷y + ÷m± ÷z # ÷3 ± ÷t

(.
, (2.64)
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where the tilde denotes quantities in the rest frame, ÷k, ÷l , and ÷m are the components of
the spatial wave vector in the x-, y-, and z-directions, respectively, ÷3 is the frequency,
and the ± subscripts correspond to the ßuid regions in y > 0 (positive velocity) and
y < 0 (negative velocity), respectively. Consequently, the dispersion relation for
sound waves in the rest frame is given by:

÷3 2
± = ( ÷k2

± + ÷l2± + ÷m2
± )c2

s. (2.65)

In the laboratory frame, where the ßows move with equal and opposite velocities as
described by Eq. (2.54), a generic three-dimensional perturbation takes the form:

0q± , exp[i(kx + l± y + mz# 3 t)], (2.66)

where only the component of the wave vector in the y-direction, l± , varies across
the interface between the two ßows. The dispersion relation ( 2.65) in the laboratory
frame can be obtained by applying a Lorentz transformation to the wave 4-vector
Kµ

± = ( k, l± , m, 3 ), translating it into the rest frame quantities ÷k± , ÷l± , ÷m± , and ÷3 ± .
SpeciÞcally:

÷3 ± = W(3 7 kU),
÷k± = W(k 7 3 U ),
÷l± = l± ,

÷m± = m.

(2.67)

Substituting these into the dispersion relation, the expression in the laboratory frame
becomes:

W2(3 7 kU)2 = [ W2(k 7 3 U )2 + l2± + m2]c2
s. (2.68)

If we consider the Lagrangian (or material) derivative of the ßuid displacements
05± (t, x) at the interface, we obtain:

d05± (t, x)
dt

=
+05± (t, x)

+t
+ v á/ 05± (t, x), (2.69)

where the Lagrangian derivative
d05± (t, x)

dt
represents the rate of change of displace-

ment as experienced by a ßuid element, with v denoting the velocity Þeld of the

ßuid. It is important to note that
d05± (t, x)

dt
corresponds to the transverse velocity

0vy of the ßuid element. Consequently, ensuring the continuity of displacements
across the interface leads to the following condition:

0vy+

3 # kU
=

0vy#

3 + kU
. (2.70)

This equation arises from the requirement that the displacement of ßuid elements
on either side of the interface remains continuous. It implies that the ratio of the
transverse velocity 0vy to the effective frequency, adjusted for the Doppler shift due
to the ßow velocity U, must be equal on both sides of the interface. Such continuity
is essential for accurately describing the behavior of perturbations at the boundary
between the two ßows.
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To determine the tangential velocity 0vy, we linearize the transverse component
of EulerÕs equation (2.52), which yields the following linearized equation:

# i30vy± + ivxk0vy± = #
1

" hW2 ( il ± 0p) +
i3 vy0p
" hW2 . (2.71)

Simplifying by cancelling the imaginary unit and multiplying by # 1, and noting that
vx takes the values± U while vy is zero, we obtain:

0vy± =
l± 0p

(3 7 kU)" hW2 . (2.72)

Next, we introduce the dimensionless particle velocity . = 3 / csk, the classical Mach
number M = U/ cs, and %= U/ c = U (considering that we are using natural units
where c = 1). With these deÞnitions, the dispersion relation ( 2.68) can be solved to
express l± as a function of . , k, m, M, and %. After step-by-step simpliÞcation, we
Þnd:

l± = Wk

)
0

. 7 M
12

#
0

1 7
.%2

M

12
#

m2

W2k2 . (2.73)

In this expression, l± may generally be complex. For physical consistency, the imag-
inary part of l+ must be positive for y > 0, while the imaginary part of l# must be
negative for y < 0. A revised version of the dispersion relation can be obtained by
substituting Eq. ( 2.72) into Eq. (2.70), yielding:

l+ 0p
(3 # kU)2" hW2 =

l# 0p
(3 + kU)2" hW2 . (2.74)

Given that l± is deÞned by the Þnal form of Eq. (2.73), the expression above becomes:

Wk

> 0
. + M

12
#

0
1 +

.%2

M

12
#

m2

W2k2

(3 + kU)2 . (2.75)

By introducing the parameter , = m/ k and explicitly expressing the Lorentz factor
asW = ( 1 # %2)# 1/2 , after some algebraic manipulation, Eq. (2.75) can be rewritten
as a biquadratic equation:

.

/9
.
M

: 4

[M 2 + %2 # 2%4]

# 2

9
.
M

: 2;
M 2 + 1 + , 2 # , 2%2 # 3%2 + %4

<

+ M 2 # 2 # 2, 2 + 2, 2%2 + %2

C

= 0.

(2.76)

As we will discuss later, the above equation can be reformulated in various ways to
ultimately derive the expression for the growth rate of the KHI. At this point, it is
useful to introduce the relativistic Mach number, deÞned as M = MW / Ws, where
Ws = ( 1 # c2

s)# 1/2 represents the Lorentz factor associated with the sound speed cs.
Furthermore, we deÞne the effective relativistic Mach number as M e = M cos- ,
where - denotes the angle between the ßuid velocity and the wave vector projection
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in the xz-plane. Consequently, cos- is given by cos - = ( 1 + , 2)# 1/2 , with , = m/ k
as introduced earlier. With all these preconditions, we can derive a new expression
for the Mach number as follows:

M =
WsM

W
=

)
1 # %2

M 2 # %2

M e

cos-
M, (2.77)

Dividing by M and then squaring, we obtain:

M 2 = %2 + M 2(1 # %2). (2.78)

Returning to Eq. (2.76), we substitute the Þnal form of M 2 from Eq. (2.78). By simpli-
fying the factor (1# %2), common to all terms, and then dividing by (1+ , 2) (which
corresponds to cos2 - ), and recalling the deÞnitions of the effective relativistic Mach
number M e and the effective ßuid velocity %e = %cos- , we obtain:

.

/ *
.
M

+ 4

(M 2
e + 2%2

e) # 2
*

.
M

+ 2

(M 2
e + 1 # %2

e) + ( M 2
e # 2)

C

= 0. (2.79)

The non-trivial solution to the biquadratic equation is given by:

. 2

M 2 =

'
M 2

e + 1 # %2
e

(
±

D
4M 2

e (1 # %2
e) + (1 + %2

e)
2

M 2
e + 2%2

e
. (2.80)

It is important to note that if . , and consequently 3 , are purely imaginary, we can
express3 as3 = i ÷3 , where ÷3 * R. This leads to:

0q± , exp[i(# i ÷3 t)] = exp( ÷3 t). (2.81)

This equation represents the classical exponential growth of the perturbation. There-
fore, from Eq. (2.80), to obtain an unstable mode, we must consider only the solution
with the negative sign, as this ensures that . , and thus 3 , are purely imaginary.
Given that the denominator is always positive, we must analyze the conditions un-
der which the numerator becomes negative:

M 2
e + 1 # %2

e #
D

4M 2
e(1 # %2

e) + ( 1 + %2
e)2 < 0. (2.82)

After performing the necessary calculations, we arrive at the following condition for
instability:

M e <
3

2. (2.83)

This implies that when M e <
3

2, the solution in Eq. (2.80) with the negative sign
is unstable, whereas for M e >

3
2, the solution becomes stable. Using the instabil-

ity condition in Eq. ( 2.83), we can derive a criterion for the velocity. Applying the
deÞnitions of M e, M , M , W, and Ws, we obtain:

U cos-
cs

<
3

2

)
1 # U2

1 # c2
s

. (2.84)
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FIGURE 2.5: 2D shaded contour plot of the growth rate for the most un-
stable mode. The range ofM and %is constrained by the unphysical region
where cs exceeds 1/

3
3. The blue curve delineates the upper boundary of

this unphysical region for - = 0. The gray area indicates the region in which
this mode becomes stable, speciÞcally forM e >

3
2.

Isolating U, we derive the instability condition for the velocity:

|U | <
1

cos-

)
2c2

s

1 + c2
s
. (2.85)

It is also possible to deÞne a physically accessible region by considering the restric-
tion cs < 1/

3
3. Given the deÞnitions of %and M, it follows that cs = %/ M. There-

fore, we can express this as:

%
M

<
1

3
3

+ M >
3

3%. (2.86)

A corresponding condition can be established for the relativistic Mach number M
to deÞne the physical region. By multiplying all terms of Eq. ( 2.86) by W/ Ws, we
obtain:

M >
3

3%W
D

1 # c2
s. (2.87)

Given the upper limit of c2
s as 1/3, the physically accessible region is deÞned by the

following condition:
M >

3
2%W. (2.88)

At this stage, we introduce a graphical algorithm to represent the growth rate
of the instability by solving for the roots of Eq. ( 2.80). For simplicity, we focus on
a two-dimensional scenario, neglecting the spatial wave number in the z-direction,
m. Consequently, , = 0 asm = 0, and thus cos- = 1, allowing us to consider the
case where- = 0. In Fig. 2.5, . is plotted as a function of M and %for cos - = 1.
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FIGURE 2.6: Sketch of the ßuid velocity in the yz-plane as implemented in
our code. The Þgure illustrates the proÞle of a single hyperbolic tangent, with

a change in direction at z = 0.25.

The growth rate of the unstable mode is depicted, with the condition in Eq. ( 2.88)
satisÞed only above the blue curve.

2.3.1 Numerical Simulations of the KHI in Special Relativity

In the following, we conduct a numerical investigation of the KHI within the frame-
work of special relativity, utilizing a conÞguration that qualitatively reßects the shear
layer conditions described by Bodo et al. [175]. To this end, we employ the logarith-
mic extension of the SFINGEcode, implemented in accordance with the prescriptions
outlined in Sec.s 2.1Ð2.2. Our objective is to compute the speciÞc growth rate . for
given values of the effective Mach number M and %. We construct an unstable ßow
in special relativity by perturbing a smooth shear layer of Þnite thickness. SFINGE
is implemented in Fortran and leverages parallel computing, with parallelization
along the z-direction. Accordingly, our reference frame is the yz-plane, as illustrated
in Fig. 2.6. As is typical in numerical methods, we employ hyperbolic tangent pro-
Þles. SpeciÞcally, we apply periodic boundary conditions in all directions, using a
double-hyperbolic-tangent proÞle to satisfy these conditions, as detailed below.

We now delve into the initial conditions of our KHI simulations. In this case, the
2D spatial domain is deÞned as y, z * [0,L], with L = 1, and the computational grid
consists of Ny $ Nz = 10242 points. The velocity shear proÞle is implemented as
follows:

vy(z) = vs

4
tanh

*
z # z1

a0

+
# tanh

*
z # z2

a0

+
# 1

5
, (2.89)

where z1 = 0.25,z2 = 0.75, anda0 = 0.01. Fig.2.7 illustrates this shear proÞle for a
velocity amplitude vs = 0.5. The imposed velocity perturbation is expressed as:

vz(y, z) = A

/

exp

7

# 0.5
*

z # z1

$0

+ 2
8

# exp

7

# 0.5
*

z # z2

$0

+ 2
8C

%n, (2.90)
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FIGURE 2.7: ProÞle of the shear velocity vy(z) for a shear layer thickness
a0 = 0.01 and a shear velocity amplitude vs = 0.5.

where the amplitude factor is set to A = 10# 8 vs, and $0 = 0.1. The term %n is
deÞned as:

%n =
n

(
i= 1

cos
*

2' y
L

i + . r

+
, (2.91)

with n = 10, and . r representing randomly chosen phases.
The equilibrium rest-mass density ÷" 0 is assumed to be constant, while the en-

thalpy is derived from the EoS as follows:

h = 1 +
$

$ # 1

÷P0

÷" 0
, (2.92)

where ÷P0 represents the equilibrium pressure, and the adiabatic index is given as
$ = 4/3. From the expression for the sound speed:

cs =

)
$ ÷P0

÷" 0h
, (2.93)

substituting the expression for enthalpy h from Eq. (2.92), and given the values of cs,
$, and ÷" 0 = 1, we Þnd:

÷P0 =
c2

s

$(1 # 3c2
s)

. (2.94)

This expression for ÷P0 can then be substituted back into Eq. (2.92) to yield:

h = 1 +
3c2

s

1 # 3c2
s
. (2.95)

It is important to note that both ÷P0 and h are functions of the sound speed cs. Ad-
ditionally, it should be clariÞed that ÷" 0 and ÷P0 refer to the equilibrium rest-mass
energy density and equilibrium pressure, respectively, and should not be confused



2.3. Kelvin-Helmholtz Instability in Special Relativistic Hydrodynamics 75

with the rest-mass energy density and pressure introduced earlier. For clarity, these
equilibrium quantities are denoted with a tilde.

For a relativistic non-degenerate perfect gas, the sound speed must satisfy cs <
1/

3
3. In our analysis of the growth rate, we determined that for an unstable solu-

tion, the relativistic Mach number M (with M 1 M e since - = 0) must satisfy the
condition given in Eq. ( 2.83). Additionally, the velocity shear vs is constrained by the
condition provided in Eq. ( 2.85), where cos- = 1. With these clariÞcations, we are
now prepared to simulate the KHI in special relativistic ßows, as described in the
following Section. Before proceeding, we will discuss the procedure for measuring
the growth rate from our numerical simulations.

For each simulation run, we extract the velocity perturbation vz(y, z, t) from the
data corresponding to each time frame t. A 1D FFT is then applied along the y-
direction. At any given time t, the perturbation is projected into Fourier space to
obtain the complex coefÞcients:

÷vz(ky, z, t) =
=

vz(y, z, t)e# ikyy dy, (2.96)

which are numerically derived via an inverse FFT. To analyze the power spectrum
of the ßuctuations, we compute the modal energy:

E(ky, z, t) = | ÷vz|2. (2.97)

The spectra are then averaged along thez-direction through a simple summation:

! E"(ky, t) =
1

N '

N '

(
i= 1

| ÷vz|2(ky, z, t), (2.98)

where the sum extends over a set of N ' points in the z-direction. In practice, this
averaging is conducted at the locations corresponding to the maxima of the shear
layers (approximately at z 4 0.25 andz 4 0.75). From this, the temporal evolution
of the modes is determined as !v"(ky, t) =

,
! E".

If the KHI is accurately modeled, the perturbation modes will exhibit exponential
growth over time. This growth can be mathematically expressed as:

!v"(ky, t) = Ae3 t , (2.99)

from which the exponent 3 can be determined. To extract this value, we apply a
logarithmic transformation followed by linear regression:

log!v" = log A + 3 t. (2.100)

This methodology enables the determination of the experimental growth rate, which
can subsequently be compared to the theoretical prediction, given that the growth
rate is deÞned as. = 3 / csk. It is noteworthy that the Þnite thickness of the shear
layers in our simulations may give rise to multiple unstable modes ky, where ky =
2' m/ L. The focus of our analysis is on identifying the most unstable mode, namely
the k-vector that demonstrates the most rapid growth over time.

In addition to the initial conditions, it is essential to discuss several other nu-
merical parameters. For the Þrst test introduced here, we select a Þltering mode of
k' = N/2.5, where N represents the number of mesh points along either the z- or
y-direction, and an initial integration time step of %t = 10# 4. The sound speed is
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chosen as:

cs = 0.4 <
1

3
3

0 0.577, (2.101)

which yields the equilibrium pressure as ÷P0 = 0.2308. For the velocity shear, we
select:

vs = 0.5 <

)
2c2

s

1 + c2
s

0 0.525. (2.102)

Using the values of cs and vs, we compute the relativistic Mach number M as:

M =

,
1 # c2

s,
1 # v2

s

vs

cs
0 1.3228<

3
2 0 1.4142. (2.103)

All the relevant parameters are summarized in Table 2.1.

Parameter Symbol Value
Filtering mode k' N/2.5
Time step %t 10# 4 M
Sound speed cs 0.4
Equilibrium pressure ÷P0 0.2308
Velocity shear vs 0.5
Relativistic Mach number M 1.3238

TABLE 2.1: Initial conditions of the Þrst KHI simulation.

In Fig. 2.8, we present the time evolution of different modes. The data Þtting is
restricted to the interval t * [0.8, 1.4], as the modes undergo stabilization in the early
stages, leading to deviations from the expected linear behavior. Among the most
unstable modes, the second modem = 2 exhibits the most consistent growth. The
growth rate for this mode is given by:

. =
3

cs

*
2' m

L

+ =
0.8955

0.4(4' )
= 0.18. (2.104)

This value shows good agreement with the theoretical prediction:

. th = 0.27. (2.105)

Better agreement could be achieved with larger simulations and higher resolution.
For the second test, we modify the values of cs and %= U, and to ensure nu-

merical stability, we introduce a dissipation coefÞcient. The Þltering mode is set to
k' = N/2.5, with an initial integration time step of %t = 6.0$ 10# 5 and a hypervis-
cous coefÞcient) 4 = 10# 12. For the sound speed, we select:

cs = 0.5633<
1

3
3

0 0.577, (2.106)

which yields an equilibrium pressure of ÷P0 = 4.9497. For the velocity shear, we set:

vs = 0.6 <

)
2c2

s

1 + c2
s

0 0.694. (2.107)
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FIGURE 2.8: Natural logarithm of the growth of the perturbation modes
!v" as a function of t, for the most unstable modes m. The linear regression is
performed from t = 0.8 to t = 1.4. Different colors represent different modes.

Consequently, the relativistic Mach number M is given by:

M =

,
1 # c2

s,
1 # v2

s

vs

cs
= 1.1 <

3
2. (2.108)

All the parameters are summarized in Table 2.2.

Parameter Symbol Value
Filtering mode k' N/2.5
Time step %t 6.0$ 10# 5

Hyperviscous coefÞcient ) 4 10# 12

Sound speed cs 0.5633
Equilibrium pressure ÷P0 4.9632
Velocity shear vs 0.6
Relativistic Mach number M 1.1

TABLE 2.2: Initial conditions of the second KHI simulation.

In Fig. 2.9, the time history of each mode is shown. We focus on the linear regime,
restricting the analysis to t ) 2.4. It can be observed that the most unstable mode
corresponds to m = 4. The growth rate for this conÞguration is given by:

. =
3

cs

*
2' m

L

+ =
2.269

0.5633(8' )
= 0.16, (2.109)

while the theoretical prediction, assuming a sharp boundary, is:

. th = 0.46. (2.110)
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FIGURE 2.9: Natural logarithm of the growth of the perturbation modes !v"
as a function of t, for the most unstable modes m. Only the linear regime is
considered, with the analysis focused on the time interval t ) 2.4. Different

colors represent different modes.

Although the agreement between the numerical and theoretical growth rates is
primarily qualitative (with the observed numerical growth rates being of the same
order as the theoretical predictions), these preliminary tests offer promising insights,
particularly in light of the limited literature on this subject under such extreme rela-
tivistic conditions. Minor discrepancies between the observed and theoretical values
may be attributed to the fact that our simulations account for a shear layer of Þnite
thickness, whereas G. Bodo [175] assumes an inÞnitesimally thin layer, character-
ized by a sharp gradient. These simulations are numerically demanding, requiring
high resolution and extremely small time steps to maintain accuracy. Improved out-
comes may be achieved by employing sufÞciently long wavelengths, allowing the
shear layer to be perceived as sharp. This approach, which is intended to be explored
for future investigation, should still adhere to the theoretical limit.

2.4 Discussion on the Logarithmic Method and Preliminary
Numerical Applications

The logarithmic method within the BSSN formalism, detailed in Eq.s ( 2.25)Ð(2.32),
may represent a signiÞcant advancement in the numerical modeling of GRHD in
curved spacetimes. This approach effectively overcomes many challenges that tra-
ditionally limit the precision and stability of simulations involving strong gravita-
tional Þelds. Its relevance is particularly evident in systems characterized by sharp
gradients, shocks, and discontinuities, such as neutron star mergers or black hole
accretion disks.

A key advantage of the logarithmic method lies in its transformation of con-
served ßuid variables, such as rest-mass density and energy density, into logarith-
mic space. This transformation inherently ensures the positivity of these variables
throughout their evolution, thereby preventing numerical instabilities that can arise
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in conventional approaches. Such stability is particularly beneÞcial for modeling
stellar atmospheres, where steep gradients between high-density and low-density
regions are prevalent. By effectively handling these sharp transitions, the logarith-
mic formalism can signiÞcantly enhance both the accuracy and stability of simula-
tions, especially in scenarios dominated by intense gravitational forces. This capabil-
ity is indispensable for simulating high-energy astrophysical events, where abrupt
changes in density and pressure frequently occur, such as in the environments sur-
rounding compact objects like neutron stars and black holes.

One of the most notable applications of this method is in the simulation of binary
neutron star mergers. During these events, the interaction of relativistic ßuid ßows
with intense gravitational Þelds generates both gravitational waves and electromag-
netic radiation. Accurate simulations of such mergers are crucial for predicting ob-
servable phenomena, including gravitational waveforms and their electromagnetic
counterparts.

As a preliminary validation of the logarithmic approach, we now proceed to per-
form tests within a ßat metric framework. This choice of a ßat Minkowskian metric
allows for a controlled examination of two key scenarios: the propagation of sound
waves in a relativistic ßuid and the nonlinear evolution of the KHI. Focusing on a
ßat metric simpliÞes the problem by removing the complexity introduced by curved
spacetimes, thereby enabling a more precise evaluation of the numerical methods
and their stability. It is important to note that, while the linearized KHI was previ-
ously addressed, the current section explores its fully nonlinear development. These
tests serve to validate the robustness of the logarithmic approach and provide fur-
ther insights into the behavior of relativistic ßuids in diverse astrophysical contexts.

2.4.1 Propagation of a classical sound wave in the nonlinear regime

To numerically tackle these challenges, we have integrated a dedicated module into
the SFINGEcode, following the prescriptions outlined in Sec.s 2.1and 2.2. This exten-
sion enables the code to solve the system of evolution equations (2.25)Ð(2.32) using
the numerical architecture described in Sec. 1.4. As a preliminary test of the ef-
fectiveness of the logarithmic method, we focus on the propagation of a classical
1D sound wave in the nonlinear regime, within a Þxed ßat Minkowski spacetime.
This scenario provides a straightforward but rigorous benchmark for assessing the
methodÕs ability to maintain stability and accuracy in the presence of sharp tran-
sitions and discontinuities. For this purpose, we initialize the x-component of the
3-velocity in the form of a monochromatic sound wave:

vx(x, t) = Acs sin (kx # 3 t), (2.111)

where A = 0.5 is the amplitude, k = 2' / Lx is the wavenumber, and Lx = 1 is the
size of the simulation box. Here, cs represents the phase velocity, equivalent to the
classical sound speed (cs 2 c), and is deÞned as:

cs =
3
k

=

)
$ ÷P0

÷" 0
= 10# 2, (2.112)
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FIGURE 2.10: High-amplitude shock wave proÞles for the x-component of
the velocity (top) and the rest-mass density (bottom) at t ' = 30, displayed for
different spectral Þlters k' and dissipative coefÞcients ) 4. The inset provides a
magniÞed view of the shock region, centered around x , 0.8, for both Þelds.

with unperturbed quantities ÷" 0 = 1 and ÷P0 = 10# 4/ $, where $ = 4/3 denotes the
adiabatic index. The rest-mass density and pressure are initialized as follows:

" 0(x, t) = ÷" 0 [1 + Acs sin (kx # 3 t)] , (2.113)

P(x, t) = ÷P0 [1 + Acs sin (kx # 3 t)] . (2.114)

The objective is to evolve a clean shock wave, free of spurious oscillations, while
ensuring that the simulation remains numerically stable. To this end, we aim to
identify the optimal values for the anti-aliasing Þlter k' and the dissipative coefÞ-
cient ) 4, both of which were introduced in Sec. 1.4. It is important to emphasize that,
when evolving logarithmic variables ( 0, $i , 4), the hyperviscous method is applied
exclusively to the equation for $i , as this variable is not logarithmic. Throughout
all simulated conÞgurations, the spatial and temporal resolutions are kept constant,
with Nx = 2048 and%t = 10# 3, while the parameters being adjusted are the values
of k' for the Þlter and ) 4 for the hyperviscous scheme. Each simulation runs until
the shock formation stage, at which point the results are analyzed and compared.

Fig. 2.10presents the proÞles of the numerically simulated wave velocity vx(x, t ' )
(top) and the rest-mass density " 0(x, t ' ) (bottom) at t ' = 30. The grid resolution is
Þxed at Nx = 2048 mesh points, while the dissipation coefÞcient is varied from ) 4 =
10# 13 to ) 4 = 5 $ 10# 12, passing through intermediate values of ) 4 = 5 $ 10# 13 and
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FIGURE 2.11: Spatial (top) and temporal (bottom) convergence tests for
shock wave proÞles of the rest-mass density " 0 at t ' = 30, presented for
k' = 3.0 and ) 4 = 10# 12. The inset shows a magniÞed view of the shock

region, centered around x , 0.8, for both tests.

) 4 = 10# 12. The Þlter is simultaneously adjusted from k' = Nx/2.0 to k' = Nx/4.0,
with k' = Nx/3.0 as an intermediate value. Additionally, the ÔbasicÕ case (blue line)
is included, where the hyperviscous scheme is not applied ( ) 4 = 0.0) and the Þlter
acts on as few Fourier modes as possible, speciÞcally atk' = Nx/2.0, corresponding
to the Nyquist mode, which is dependent on the discretization. The Þgure also in-
cludes a magniÞed view of the shock region along the x-axis, which highlights the
differences between conÞgurations. For higher values of the dissipation coefÞcient,
the wave is excessively damped, while for lower values, ripples are not fully elimi-
nated. The choice of Þlter appears to have minimal inßuence on the smoothness and
cleanliness of the wave, particularly as the hyperviscous coefÞcient increases (the
pink line perfectly overlaps with the brown line). Based on this analysis, the optimal
parameters arek' = Nx/3.0 and ) 4 = 10# 12 (represented by the purple line).

Selecting the optimal Þlter and dissipation coefÞcient, we intend to perform a
convergence test for the new code formulation. This involves evolving nonlinear
classical sound waves while enhancing spatial and temporal resolution to assess the
accuracy of the computed solutions. As depicted in Fig. 2.11, the convergence be-
havior of the rest-mass density " 0 has been analyzed. The results indicate that the
solution exhibits clear convergence for spatial resolutions greater than Nx = 1024.
In this regime, the purple and brown lines in the top panel become nearly indis-
tinguishable, signifying that further reÞnement of the spatial grid yields negligible
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differences in the numerical solution. Similarly, for temporal resolutions, conver-
gence is observed for time step sizes smaller than%t = 5 $ 10# 3. This is evidenced
by the green, red, and purple lines in the bottom panel, which demonstrate a consis-
tent and closely aligned trend, indicating that the temporal discretization errors are
sufÞciently minimized at these Þner resolutions.

2.4.2 Kelvin-Helmholtz instability in a ßat spacetime

As a second test, we aim to trigger the KHI within the special relativistic frame-
work, adhering to the setup delineated by Beckwith and Stone [ 177] and Radice and
Rezzolla [178], as previously detailed in Subsec. 2.3.1. In this instance, the 2D com-
putational domain is deÞned by x, y * [0,Lx] $ [0,Ly], with Lx = 1 and Ly = 2, and
the grid consists of Nx $ Ny = 1024$ 2048 points. The velocity shear proÞle vx(y)
is initialized using a hyperbolic tangent function as expressed in Eq. ( 2.89), where
a0 = 0.01 denotes the thickness of the shear layer,vs = 0.5 represents the shear ve-
locity amplitude, and the positions y1 = 1.5 and y2 = 0.5 deÞne the shear layer. A
velocity perturbation vy(x, y) is introduced as speciÞed in Eq. (2.90), with a pertur-
bation amplitude of A = 10# 1vs, a perturbation mode given by %n = %1 = sin (kx)
where the wavenumber is k = 2' / Lx, and $0 = 0.1. The rest-mass density is initial-
ized as:

" 0(y) = 1 + 0.45
4
tanh

*
y # 1.5

a0

+
# tanh

*
y # 0.5

a0

+5
. (2.115)

The simulation is performed up to t = 10, allowing the characteristic KHI rolls to
fully develop and become distinctly visible. The evolved Þelds are illustrated in
Fig.s 2.12Ð2.14, where the onset of the Kelvin-Helmholtz rolls in the rest-mass den-
sity becomes evident around t = 2.5. The evolution of the instability is consistent
with the numerical Þndings of Beckwith and Stone [ 177] and Radice and Rezzolla
[178] for a single perturbation mode. Notably, we were able to capture the full evolu-
tion of the KHI using the logarithmic approach to GRHD introduced in the previous
Sections. This formulation allowed for a stable numerical treatment of the strong
gradients characteristic of KHI and provided an efÞcient means to simulate its com-
plex, non-linear dynamics.
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FIGURE 2.12: Two-dimensional evolution of the rest-mass density Þeld.

FIGURE 2.13: Two-dimensional evolution of the x-component of the three-
velocity Þeld.
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FIGURE 2.14: Two-dimensional evolution of the y-component of the three-
velocity Þeld.

Future tests will incorporate the dynamic evolution of spacetime curvature to
evaluate the performance of the code when curvature and matter are fully coupled.
In this scenario, the complete set of equations, Eq.s (2.25)Ð(2.32), governing the in-
teraction between matter and spacetime geometry, will be solved while allowing the
metric to evolve. This extension aims to provide a comprehensive assessment of the
robustness and accuracy of the numerical methods under more physically realistic
conditions.

Another promising avenue for future research lies in integrating the logarith-
mic method with GRMHD, enabling a more in-depth investigation of how mag-
netic Þelds inßuence astrophysical phenomena such as magnetar ßares, gamma-ray
bursts, and relativistic jet formation. Expanding this framework to include MHD
simulations would provide a more comprehensive toolset for studying a wide range
of astrophysical systems where magnetic Þelds play a crucial role. Indeed, many
astrophysical environments, particularly those involving compact objects like black
holes and neutron stars, cannot be fully understood without considering the inter-
play between matter and magnetic Þelds. The incorporation of magnetic Þelds, as
in GRMHD, allows for a more thorough exploration of systems where gravitational
and electromagnetic forces are intricately intertwined.

Thus far, throughout this Chapter, we have gained signiÞcant insights into ßuid
dynamics in extreme relativistic regimes. However, at this stage, one may naturally
ask: What happens to the matter surrounding a black hole when both gravitational and
electromagnetic Þelds are present?This is the natural question we must now address
as we transition from studying ßuid dynamics and vacuum solutions to examining
the intricate interactions between matter, magnetic Þelds, and gravity. While the
behavior of matter in the presence of strong gravitational Þelds alone has yielded
profound insights, the introduction of electromagnetic Þelds adds a new layer of
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complexity. Magnetic Þelds are believed to play a crucial role in shaping the dynam-
ics of accretion disks, powering relativistic jets, and inßuencing the overall structure
of the plasma surrounding black holes. The coupling of gravity and electromag-
netism in such extreme environments may lead to unexpected phenomena, pushing
the boundaries of our current understanding of relativistic ßuid dynamics.

2.5 Dynamics of Matter in the Vicinity of Black Holes: BHAC
Simulations

In this Section, we present the numerical algorithms utilized to explore the dynam-
ics of matter under the inßuence of gravitational and electromagnetic Þelds in the
vicinity of compact objects. We utilize the Black Hole Accretion Code ( BHAC)Ña
multidimensional GRMHD code based on the MPI-AMRVAC frameworkÑto study
large-scale phenomena near black holes and explore the potential for vortical pattern
formation. BHACsolves the equations of ideal GRMHD in arbitrary spacetimes, lever-
aging AMR techniques through an efÞcient block-based approach [ 2]. The AMR pro-
cess operates as follows: the computational domain is initially divided into blocks,
each containing an equal number of cells. Each block can subsequently be reÞned
into two (1D), four (2D), or eight (3D) child blocks, each with the same Þxed number
of cells. This reÞnement can be repeatedad libitum, resulting in a hierarchical data
structure akin to a forest (a collection of trees). During our numerical simulations
using the surface grid, we observe this reÞnement process, as illustrated in Fig. 2.15:
regions requiring higher precision are reÞned with a denser mesh, while other areas
of the multidimensional grid maintain lower levels of precision and resolution.

The code implements the standard set of MHD equations in covariant form:

Dµ(" uµ) = 0,

DµTµ) = 0,

Dµ
' Fµ) = 0,

(2.116)

which correspond to the conservation of mass, conservation of energy-momentum,
and the homogeneous form of FaradayÕs law, respectively. Here," represents the
rest-mass density. The dual Faraday tensor ' Fµ) is expressed in terms of the electric
and magnetic Þelds in the ßuid frame, as we focus on the ideal MHD limit, where
the electric Þeld vanishes in the ßuid frame deÞned by the four-velocity uµ. Addi-
tionally, the total pressure P and the total speciÞc enthalpy h are included, with an
EoS linking these variables, which is required to close the system. Common choices
for the EoS include the ideal gas, Synge gas, or isentropic ßow models.

Additionally, in BHAC, spacetime is decomposed into its 3+ 1 components by in-
troducing a foliation of spacelike hypersurfaces, as discussed in previous Chapters.
Unlike SFINGE, BHACassumes a Þxed background metric, which remains static in
time. Various coordinate systems can be selected, including Boyer-Lindquist coor-
dinates, Kerr-Schild coordinates, Rezzolla-Zhidenko [ 179] coordinates, and Hartle-
Thorn coordinates [180]. Consequently, an external numerical code is required to
evolve the metric dynamically. From this perspective, BHACis not fully self-contained,
as it relies on other codes, such as the Einstein Toolkit [181], to handle the evolution
of the spacetime geometry.
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FIGURE 2.15: AMR observed in the numerical simulation.

The GRMHD equations can be decomposed into their spatial and temporal com-
ponents, resulting in the Þnal form of the conservation laws:

+t (
3

* U) + +i (
3

* Fi ) =
3

* S, (2.117)

where U represents the conserved variables,Fi the ßuxes,S the source terms, and* is
the determinant of the spatial metric. Since BHACsolves these equations using a Þnite
volume formulation, integrating Eq. ( 2.117) and applying the divergence theorem to
the ßuxes yields a semi-discrete equation for the cell-averaged state in the cell ( i , j, k)
as:

d øU i ,j,k

dt
= #

1
%Vi ,j,k
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<

+ Si ,j,k, (2.118)

where øU i ,j,k is the volume average of U in the cell, and %Si are the surface-averaged
ßuxes. The terms inside the brackets represent the values of the ßuxes at the cell
midpoints. For computational efÞciency, all static integrals, including cell volumes
%V, surfaces%Si , and barycenter coordinates, are precomputed during the initial-
ization phase using SimpsonÕs rule with fourth-order accuracy.

For the temporal update, the semi-discrete form is treated as an ordinary differ-
ential equation in time for each cell, utilizing a multi-step Runge-Kutta scheme to
evolve the cell-averaged state, øU i ,j,k. This approach is commonly referred to as the
method of lines. At each substep, the pointwise interface ßuxes, Fi , are computed by
performing a limited reconstruction of the cell-averaged state, øU, at the interfaces,
followed by the application of approximate Riemann solvers.

The second-order Þnite volume algorithm implemented requires the numerical
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ßuxes to be centered at the interface midpoints. Thus, for higher than Þrst-order
accuracy, the ßuid variables must be reconstructed at the interface using an appro-
priate spatial interpolation. The reconstruction process follows these steps:

(1) Compute the primitive variables, øP, from the averages of the conserved vari-
ables, øU, located at the cell barycenter;

(2) Apply the reconstruction formulae to obtain two distinct representations of the
state at the interface, øPL and øPR;

(3) Convert the newly obtained pointwise values back into their conserved states,
øUL and øUR, which serve as input for the approximate Riemann solver.

At each Runge-Kutta substep, the ßuxes at the interfaces are computed based
on the previous substep, allowing the state to advance to the next substep using
the combined ßuxes across the cell. To compute these ßuxes from the reconstructed
conserved variables at the interface, øUL and øUR, two approximate Riemann solvers
are employed: the total variation diminishing Lax-Friedrichs (TVDLF) scheme and
the HLL solver. The Rusanov ßux, also known as TVDLF, is based on the largest
absolute value of the characteristic wave speeds normal to the interface, while the
HLL solver uses the leftmost (high-frequency) and rightmost (low-frequency) wave
speeds of the characteristic fan relative to the interface. The calculation of ßuxes and
source terms requires knowledge of the primitive variables, P. While the transfor-
mation from P to U is straightforward, the inversion from U to P is non-trivial. The
primitive variables are determined by solving a single nonlinear equation, which
can be approached in various ways, such as by utilizing the entropy. A Newton-
Raphson iterative scheme is commonly used to Þnd the root of this equation. Upon
completion of the iteration, the primitive variables, P, are recovered.

We now introduce the constrained transport (CT) method, a divergence-control
technique that, rather than eliminating magnetic Þeld divergence after it is created,
modiÞes the evolution of the magnetic Þeld transport to prevent the formation of
divergence in the Þrst place [182]. The central concept of CT is to assign speciÞc spa-
tial locations to the electromagnetic variables, as illustrated in Fig. 2.16. SpeciÞcally,
a magnetic ßux, * , is associated with each face of the cell, while a line integral of the
electric Þeld, E, is assigned to each edge. The magnetic ßux at each face is updated
by the circulation of the electric Þeld, following the integral form of FaradayÕs law.
Since each line integral of the electric Þeld is shared by two adjacent faces but ap-
pears with an opposite sign in the time update formula for each, the average value
of the magnetic Þeld divergence, (/ áBcell), remains zero up to machine precision.

A more advanced method of constrained transport is the Upwind Constrained
Transport (UCT) scheme. UCT is used to evolve the magnetic Þeld while, like other
constrained transport methods, maintaining the divergence of the magnetic Þeld at
machine precision. However, UCT further improves accuracy in reproducing the
continuity and transport properties of the magnetic Þeld through the use of limited
reconstructions. Two variants of UCT are implemented in BHAC, as detailed in [183,
184], and will be referred to as UCT1 and UCT2, respectively. In this Section, we
focus on the calculation of Ez, noting that the other components can be obtained by
cyclically rotating x - y, y - z, and z - x. The implementation of UCT2 proceeds
as follows:

(1) During the computation of the numerical ßuxes, the characteristic wave speeds,
cmin

i and cmax
i , obtained from the Riemann solver, are stored alongside the
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FIGURE 2.16: The constrained transport scheme: line integrals of the elec-
tric Þeld, E, are located along the edges of the grid cells, while magnetic
ßuxes, * , and numerical ßuxes, Fi , are placed on the faces of each cell. The
spatial arrangement of variables corresponds to a cell with indices ( i , j, k)
along the (x, y, z) directions, respectively. Figure adapted from Olivares et

al. [182].

transverse transport velocities at the left and right states. For example, for
the x-interface, these velocities areVy

L, Vz
L, Vy

R, and Vz
R;

(2) A new transverse transport velocity is computed by weighting the velocities of
the left and right states by the characteristic speeds [184]. For the x-interface,
this is given by

øVy,z =
cmax

x Vy,z
L + cmin

x Vy,z
R

cmax
x + cmin

x
; (2.119)

(3) The magnetic Þelds and transport velocities are then reconstructed at the edge
where Ez is to be calculated, yielding Bx,y

L,R and øVx,y
R,L;

(4) The maximum characteristic speeds in each direction are subsequently com-
puted;

(5) Finally, the electric Þeld is approximated as a weighted average of the maxi-
mum characteristic speeds, corrected by the transport of the magnetic Þeld, as
follows [ 184]:
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Parameter Symbol Value
Dimensionless spin a 0.9375
Inner radius r in 6 M
Radius maximum rmax 12 M
(Gas) Adiabatic index $ 5/3
(Electron) Adiabatic index $e# 4/3
(Proton) Adiabatic index $p 5/3
Beta of the plasma %plasma 102

Initial entropy S 10# 3

Minimum density scale " 0 min 10# 5

Minimum pressure parameter Pmin 1/3 $ 10# 7

TABLE 2.3: Initial conditions for the black hole torus simulation.

At this stage, we approximate Ez = Ez%z and use this value to calculate the
circulation needed to evolve the magnetic ßuxes. Due to its symmetry, UCT2 is
preferred over UCT1. While CT schemes ensure that no magnetic Þeld divergence
is created during evolution, they do not eliminate any divergence that may already
exist. To fully exploit the beneÞts of constrained transport in an AMR code, it is
necessary to use prolongation and restriction operators that preserve the constraint
/ áB = 0 to machine precision. Additionally, care must be taken to synchronize
the different representations of the electric and magnetic Þeld components across
Þne-coarse interfaces.

As previously outlined, our primary focus pertains to the large-scale behavior in
the vicinity of black holes, which serves as a foundation for conducting a detailed
and high-precision analysis of the ensuing dynamics observed within the large-scale
framework. The speciÞc solution examined in this context is that of an equilibrium
torus with constant speciÞc angular momentum, initially formulated by Fishbone
and Moncrief [ 185]. This solution is expressed in Kerr-Schild coordinates, and we
hereby present the initial conditions for the two-dimensional axisymmetric Fishbone-
Moncrief torus.

2.5.1 GRMHD Simulations: 2D Fishbone-Moncrief Torus

We consider a hydrodynamically stable equilibrium torus permeated by a weak
magnetic Þeld loop. The surrounding spacetime corresponds to that of a Kerr black
hole with a dimensionless spin parameter a = 0.9375. The inner radius of the torus
is located at r in = 6 M, while the position of the maximum rest-mass density is
at rmax = 12 M. Both the radial and azimuthal coordinates are deÞned in Boyer-
Lindquist coordinates, where M denotes the mass of the black hole. The EoS for the
ßuid is modeled as an ideal gas, characterized by an adiabatic index $ = 5/3. The
particles emitted stochastically from the vicinity of the black hole follow a speciÞc
heat ratio of $e# = 4/3 for electrons and $p = 5/3 for protons. The plasma beta,
deÞned as the ratio of plasma pressure to magnetic pressure, is set to%plasma = 102,
while the initial entropy is Þxed at S = 10# 3. The minimum rest-mass density is
" 0 min = 10# 5, and the minimum pressure is speciÞed as Pmin = 1/3 $ 10# 7. A
summary of these parameters is provided in Table 2.3. For the 2D simulation, the
resolution is dynamically adjusted by the AMR technique, with the following reso-
lutions employed: Nr $ N- * { 256$ 128, 512$ 256, 1024$ 512} .
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FIGURE 2.17: Schematic representation of the inner region of the black hole
torus as modeled in GRMHD simulations. The black hole is encircled by an
accretion disk, which rotates about the vertical axis. Surrounding this system
is a torus composed of neutral gas and dust. The black hole and the accretion
disk generate narrow jets of energetic particles that are ejected in opposite
directions away from the disk. The right panel provides a zoomed-in view of

the region analyzed in our BHACsimulations.

In the following, we present a series of 2D visualizations illustrating key quan-
tities from the numerical simulations. All the Þgures share the same fundamental
characteristics:

¥ The computational grid is spherical, and only half of the accretion disk with
the torus is depicted, as the other half is symmetrically equivalent.

¥ The plots represent 2D sections of a fully axially symmetric accretion torus,
with x along the horizontal axis, y (the axis of black hole rotation) along the
vertical axis, and z directed orthogonally outward from the xy-plane.

¥ Time is expressed in geometric units, speciÞcally in terms of M (as discussed
earlier for radial units), and is indicated in the upper-right corner of each Þg-
ure.

¥ The quantity plotted in color scale is indicated in the lower-left corner of each
Þgure, with the color scale representing values in logarithmic units.

To facilitate the understanding of the region under analysis in our simulations,
a schematic is provided in Fig. 2.17. Models of black holes often include a region
composed of cold gas and dust, typically shaped as a torus, with the black hole and
accretion disk located in the central cavity. Along the rotational axis, on opposite
sides of the disk, jets of relativistic plasma may be ejected. The right-hand side of
the Þgure offers a magniÞed view of the region explored in our BHACnumerical sim-
ulations.
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FIGURE 2.18: Initial conÞguration of the rest-mass density, " , at time t = 2
for the numerical black hole torus test. The colors represent the logarithmic
density of the matter in the accretion torus. The region containing 99% of
the maximum density corresponds to the accretion torus, while the density
decreases in the surrounding region, which represents the wind around the

torus. The black hole is denoted by an open circle on the left.

The initial conÞguration of the rest-mass density in the black hole torus is illus-
trated in Fig. 2.18. The small black dot at the cusp of the torus (denoted by an open
circle) represents the inner region of the black hole, while the torus extends outward
into the surrounding space. The region encompassing 99% of the maximum den-
sity corresponds to the accretion disk, with the density gradually decreasing as one
moves away from the torus. In the zoomed view of the inner region of the accretion
disk, distinct isodensity contours can be observed, as shown in Fig. 2.19.

FIGURE 2.20: Rest-mass density distribution, as depicted in Fig. 2.18, at
time t = 129, clearly showing the development of the jet along the y-axis.
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FIGURE 2.19: Initial conÞguration of the rest-mass density, " , at time t =
2 for the numerical black hole torus test, with a zoomed view of the inner
region. The plot highlights the area containing 99% of the maximum density,

showing the visible isodensity contours.

When observing the density plot of the numerical simulation on a large scale,
once the instability is triggered, the jet funnel becomes apparent (see Fig. 2.20).
Gradually, the sharp structure of the torus diminishes, and the jet evolves along
the y-axis, aligned with the black holeÕs rotation axis.

As the simulation progresses, distinct regions emerge, which can be classiÞed
based on the conÞguration of the magnetic Þeld and the distribution of matter [ 186]:

¥ Torus Ð characterized by a matter density that dominates over the magnetic
Þeld (high plasma beta), where the ßow remains turbulent and chaotic.

¥ Corona Ð a region where the matter density is signiÞcantly lower than that of
the torus, yet it still dominates over the turbulent magnetic Þeld.

¥ Jet funnel Ð where the magnetic Þeld becomes dominant (low plasma beta).

The numerical simulation spans a time period from t = 0 to t = 200, during
which we observe the evolution of the rest-mass density, " , along with its primary
characteristics (Fig. 2.21). Initially, the torus remains stable; however, as particles are
emitted, instabilities are triggered. Clear vortex structures begin to form, with local-
ized KHIs becoming apparent. Eventually, these instabilities grow strong enough to
disrupt the torus structure. To substantiate this observation, we computed the mag-
nitude of the ßuid velocity in the plane, as depicted in Fig. 2.22. The plane velocity
is deÞned as:

uplane =
D

u2
x + u2

y, (2.121)

and its evolution is tracked across several key time-frames, particularly during the
formation of the jets. Notably, from t = 155 onward, strong localized shear ßows,
susceptible to the KHI, are observed. These result in the formation of large-scale vor-
tex structures, which dominate the turbulent and intermittent transport in the disk
region. To further explore the onset of turbulence in these extreme environments,
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the next Chapter will introduce the PIC method to simulate the particle dynamics
within localized regions of the black hole surroundings.

FIGURE 2.21: The evolution of the rest-mass density, " , in the numerical
simulation. Plasma is emitted, and at t = 63 (Þrst image in the top-left cor-
ner), the instability is triggered. By t = 79, vortex structures become visible,
likely indicating the onset of local KHI. As the simulation progresses (from
t = 88 until the Þnal time t = 200), the torus structure is gradually disrupted

and eventually destroyed.
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FIGURE 2.22: The evolution of the plane velocity, uplane, in the numerical
simulation. Notably, from t = 155 until the end of the simulation, strong

localized shear ßows, unstable to the KHI, are observed.
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2.6 The Power Spectrum of Turbulence near Black Holes

The well-known black holes Sagittarius A* and Messier 87*, which represent the
Þrst directly imaged black holes (see Fig. 2.23), are classiÞed as low-luminosity ac-
tive galactic nuclei (LLAGNs) [ 187, 188]. In many such systems, strong collimated
jets have been observed, particularly in X-ray observations, with their mechanisms
commonly attributed to the theoretical models proposed by Blandford and Znajek
[128] and Blandford and Payne [ 189].

FIGURE 2.23: The supermassive black holes captured by the EHT collabo-
ration: M87* on the left, and SgrA* on the right. Image credit: Event Horizon

Telescope.

Black hole accretion disks are characterized by the accumulation of diffuse ma-
terial in orbital motion. GRMHD provides a framework to describe the relativistic
macroscopic plasma dynamics observed in astrophysical phenomena, such as accre-
tion processes near compact objects. This framework reveals that turbulence is ubiq-
uitously present in astrophysical plasmas with high Reynolds numbers, often trig-
gered by instabilities. For instance, the Magneto-Rotational Instability (MRI) serves
as a crucial mechanism for angular momentum transport in turbulent accretion disks
[190], while the KHI leads to the formation of swirl-like vortices [ 191]. These insta-
bilities act as perturbative channels that can initiate magnetic reconnection within
the accretion diskÑa rapid reconÞguration of magnetic Þeld lines at interfaces of
opposing polarity, leading to the formation of circular magnetic islands [ 192, 193].
The second-order structure function is a key tool for investigating density ßuctu-
ations within the disk, offering critical insights into gravitational instabilities and
turbulence that signiÞcantly inßuence matter distribution. SpeciÞcally, identifying
evidence of an inertial range and a ßuid-like turbulent cascade in the plasma orbit-
ing around compact objects is essential. The relationship between the power spec-
trum of a generic scalar Þeld and the second-order structure function establishes a
connection between macroscopic observations of accretion disks and the underlying
microphysical processes governing their dynamics.

The structure function of a generic scalar Þeld f (e.g., temperature, density)
quantiÞes the statistical relationship between the Þeld at position x and the Þeld
displaced by x + l . It is deÞned as

S2( l ) = ! | f (x + l ) # f (x)|2" =
1
V

=
| f (x + l ) # f (x)|2d3x, (2.122)
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where, in the second expression, we apply the ergodic theorem, replacing the en-
semble average with the volume average. This approach is commonly employed in
turbulence studies, particularly when the system volume V contains several integral
scales, which is valid under the assumption of homogeneity. The structure function,
representing density ßuctuations, is intricately related to the autocorrelation func-
tion through the following relation:

S2( l ) = 2E0 # 2C( l ), (2.123)

where E0 denotes the mean square density, which corresponds to the autocorrelation
function at zero separation, namely the variance ( E0 = C(0)).

We employ an increment-space estimation of the power spectra, utilizing the
BlackmanÐTukey (B-T) estimation technique [194, 195], applied to the second-order
structure function in Eq. 2.122. The B-T method is a widely used approach for es-
timating the Power Spectral Density (PSD) of a signal [ 114]. It involves calculating
the autocorrelation function of the signal, applying an appropriate window function,
and then performing a DFT or FFT to obtain the PSD. According to this methodol-
ogy, the power spectrum is ultimately determined by applying the Wiener-Khinchin
theorem [196], which involves taking the Fourier transform of the autocorrelation
function. This can be expressed as:

P(k, - ' ) =
=

÷C(r, - ' ) e# ikrdr, (2.124)

where P(k, - ' ) is the power spectral density function and ÷C(r, - ' ) is the windowed
autocorrelation function at a Þxed angle - = - ' in spherical coordinates. In the B-T
method, windowing is critical to mitigate spectral leakage and enhance the accuracy
of the PSD estimation. Zero padding is often employed to smooth the PSD estimate
and improve frequency resolution by increasing the number of data samples with
additional zeros in the given data sequence [197]. Using this approach, we focus on
analyzing turbulence locally in the vicinity of black holes, where ßat spacetime can
be assumed.

The simulation conducted to explore these complex and intriguing features in the
environment of compact objects utilizes BHAC[2, 182]. This code is capable of solv-
ing the ideal GRMHD equations in arbitrary but Þxed and stationary spacetimes,
particularly in a Kerr background expressed in the modiÞed Kerr-Schild (MKS) co-
ordinate system [198, 1]. It employs second-order high-resolution shock-capturing
Þnite-volume methods, using the geometrized unit system. The relevant equations
are given by Eq.s (2.116). As outlined in the previous Section, the code employs
AMR techniques using an efÞcient block-based approach, along with a constrained-
transport method that ensures the divergence of the magnetic Þeld is maintained to
round-off precision [ 184].

For the initial conÞguration, we consider an axisymmetric equilibrium torus with
constant angular momentum [ 185] orbiting a Kerr black hole with a dimensionless
spin parameter a = 0.9375. A magnetically arrested disk (MAD) regime is imposed
[199, 200], where the accretion process is heavily inßuenced by the magnetic Þeld,
which inhibits the inward ßow of matter, creating a dynamic equilibrium where
material can only accrete through magnetic instabilities or reconnection events. The
system is initialized with a vector potential of the form

A . = max

7
"

" max

*
r

r in

+ 3

sin3 - exp
0

#
r

400

1
# 0.2, 0

8
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FIGURE 2.24: Logarithmic density " in the xz-plane, with three distinct
regions highlighted: the disk (pink), the wind (white), and the jet (yellow).

Lengths are expressed in units of the total mass M of the black hole.

where " max denotes the maximum rest-mass density within the torus, and the inner
radius of the torus, which determines the size and available matter, is set to r in =
12rg, with rg being the Schwarzschild radius. The adiabatic index of the gas is $ =
4/3, and the effective resolution used is (Nr , N- ) = ( 4096, 2048).

Fig. 2.24 displays the logarithmic density " in the xz-plane of the simulation.
The plot reveals intriguing spiral patterns, which suggest the potential emergence
of vortices within the accretion disk. These vortices are compact, toroidal struc-
tures of magnetized plasma that form in highly dynamic environments. In addition
to the large-scale vortices, the magnetized plasma within the accretion disk leads
to the formation of smaller-scale structures known as plasmoids [ 201]. Plasmoids
are highly localized, transient magnetic structures that arise from magnetic recon-
nection events occurring within the disk. During reconnection, magnetic Þeld lines
break and reconnect, releasing stored magnetic energy and accelerating plasma par-
ticles. This process leads to the formation of vortices near the reconnection region,
which can propagate through the disk, transferring energy and inßuencing its over-
all evolution in a complex, multi-scale manner. Vortices primarily impact the global
dynamics of the disk by redistributing mass and angular momentum, while also
contributing to magnetic energy dissipation and particle acceleration processes at
smaller scales.

Qualitatively, the simulation domain reveals three distinct regions, indicated by
colored squares: the disk, the wind, and the jet. The disk is characterized by a re-
gion where the matter density dominates over the magnetic Þeld, resulting in low
magnetization and a high plasma beta, with turbulent and chaotic ßow. The wind
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FIGURE 2.25: Logarithmic magnetization $ in the xz-plane. Lengths are
expressed in units of the total mass M of the black hole.

represents a transition zone where the matter density decreases but still remains
dominant over the turbulent magnetic Þeld. In this region, current layers are also
observed, with signiÞcant variations in density [ 202]. Lastly, the jetÑa beam of par-
ticles and radiation ejected from the black holeÕs polesÑis characterized by lower
density and a dominant magnetic Þeld, with a low plasma beta. These three zones
are clearly distinguishable in Fig. 2.25, where the magnetization is plotted across the
domain.

We then analyze the shell-integrated mean power spectra of the rest-mass den-
sity " for each of the identiÞed regionsÑthe disk, wind, and jetÑas depicted in
Fig. 2.24. This analysis is extended to explore variations in spectral characteristics
as a function of the angle - . To address challenges posed by irregular boundaries,
AMR, and the curved spacetime geometry, we apply the procedure detailed in Ap-
pendix B, which includes a test on a synthetic Kolmogorov Þeld.

Fig. 2.26presents the spectral characteristics of the disk region. The measured
data points, obtained through the B-T method, are depicted as blue markers con-
nected by a curve. A red dashed line labeled "K41" represents the Kolmogorov law
(k# 5/3 ). Additionally, a black dashed line illustrates the Þtted power law ( k, ), where
the exponent , is determined via curve Þtting. Notably, this exponent may deviate
from the expected Kolmogorov exponent ( # 5/3) for various reasons. In this case, we
do not observe a Kolmogorov scaling, as , 0 2 (instead of # 1.7). This discrepancy
may arise due to the turbulence being (1) two-dimensional, (2) magnetized, and (3)
compressible. Vertical dashed lines labeled kmin and kmax indicate the minimum and
maximum wavenumbers considered in the analysis, respectively. These limits are
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FIGURE 2.26: Average Power Spectrum for the rest-mass density in the
disk region.

deÞned based on the systemÕs characteristics:

kmin =
2'

rmax
, (2.126)

where rmax = %r N r , with %r denoting the spatial separation between two consecu-
tive points, and Nr = 2Nx/3. Conversely, kmax, determined by the Nyquist mode, is
deÞned as:

kmax =
2'

rmax
m =

2'
Nx%x

Nx

2
=

'
%x

, (2.127)

where %x = Lx/
,

Npt, and m denotes the Nyquist mode, which corresponds to
the maximum frequency an analog signal can exhibit while still being accurately
converted into a digital signal. Here, Lx represents the extent of the x-axis, and Npt

is the total number of points in the region.
The analysis of the wind spectra in Fig. 2.27and the jet spectra in Fig. 2.28pro-

vides interesting comparisons with the disk spectrum, highlighting distinct behav-
iors across these regions. The wind spectrum closely mirrors that of the disk, al-
though it shows less developed turbulence. Additionally, it is noteworthy that the
high-frequency region of the spectra reveals signs of possible aliasing and interpola-
tion effects. This outcome was expected, as the wind spectrum was anticipated to be
lower than that of the disk due to the reduced energy and activity in this zone. The
similarity in spectral patterns suggests consistent turbulence characteristics between
these two regions, with the primary difference being the overall lower energy levels
in the wind.



100 Chapter 2. Einstein Field Equations in the Presence of Matter

FIGURE 2.27: Average Power Spectrum for the rest-mass density in the
wind region.

The jet spectrum exhibits a similar behavior to the wind and disk spectra, al-
though the average spectrum of the jet region shows signiÞcantly lower values com-
pared to the other two, along with a shallower slope. This observation is likely
attributed to the inÞnitesimally small density values present in the jet region, along
with the limited presence of shocks.
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FIGURE 2.28: Average Power Spectrum for the rest-mass density in the jet
region.

The power spectrum plots at different angles, - , provide valuable insights into
the systemÕs behavior, as illustrated in Fig.2.29. These datasets reveal a distribu-
tion of points following a descending slope as k increases. In addition to the data,
several reference lines are included: a dashed black line labeled "k# 5/3 ," represent-
ing the Kolmogorov power law, a dashed vertical purple line indicating kmin , and
a dashed green line marking kmax. The behavior of the spectrum suggests adher-
ence to the power law with a slope of k# 5/3 within a speciÞc range of wavenumbers,
before diverging or exhibiting signiÞcant variation at higher wavenumbers. This
variation with respect to the angle - could be attributed to various physical pro-
cesses occurring near the black hole, such as matter accretion or relativistic jets. The
data points follow the slope implied by the k# 5/3 power law, with slight differences
in distribution depending on the angle. For instance, at larger angles (e.g., - = 1308,
highlighted in red), the data spread appears broader compared to smaller angles.
Furthermore, the variation in the power spectrum as a function of - suggests the
presence of anisotropic turbulence around the black hole, where turbulence proper-
ties such as energy distribution and ßow characteristics exhibit directional depen-
dence.
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FIGURE 2.29: Average power spectrum for the rest-mass density in the jet
region for different polar angles - .

For future research, we intend to extend this analysis of turbulence in the vicinity
of black holes to a general relativistic framework, accounting for the effects of curved
spacetime induced by these compact objects, as well as the natural geodesic paths in
a generic Riemannian manifold [ 203].

In this Chapter, we have focused on the macroscopic dynamics of plasmas sur-
rounding Kerr-type black holes, particularly examining the turbulence that arises
within accretion disks. These disks are characterized by strong shearing motions
and intense magnetic Þelds, that give rise to various instabilities, notably the KHI
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and the MRI. The KHI develops at ßuid layer interfaces due to velocity shear, gener-
ating vortices and redistributing energy, while the MRI drives turbulence in magne-
tized disks, facilitating angular momentum transport and enabling accretion. Tur-
bulence in these systems effectively transfers energy from large scales to progres-
sively smaller scales. While at macroscopic scales, energy dissipation primarily af-
fects the global structure and evolution of the disk, the cascading process eventually
reaches plasma-speciÞc scales, such as the Larmor radius and skin depth. At these
kinetic scales, the plasma behaves as a collisionless medium, making the ßuid-based
GRMHD framework insufÞcient for capturing the intricate particle dynamics. To
accurately describe plasma behavior at these scales, it becomes necessary to employ
the Vlasov-Maxwell equations, which govern the kinetic interactions between parti-
cles and electromagnetic Þelds. This transition from a ßuid to a kinetic description is
essential, especially in regions dominated by magnetic reconnection and small-scale
turbulence. The most suitable approach for capturing these phenomena at kinetic
scales is through PIC simulations.

Up to this point, in the context of GRMHD, our focus has been on the large-
scale dynamics of plasmas near black holes, examining phenomena such as accre-
tion disks and relativistic jets. GRMHD simulations offer a powerful framework to
model plasma dynamics under the inßuence of strong gravitational Þelds. However,
certain regimesÑparticularly those involving the microphysics of plasmasÑdemand
a kinetic approach to accurately capture local particle interactions and dynamics, es-
pecially in regions with high turbulence or intense magnetic reconnection.

While GRMHD simulations are highly effective in capturing global plasma dy-
namics, they are not designed to resolve the microscopic behavior of individual
particles. Here, kinetic simulations, particularly those using PIC methods, become
indispensable. These simulations enable us to investigate the interactions of indi-
vidual electrons, protons, and other species in regions where magnetic Þelds domi-
nate at small scales. The aim is not to replace GRMHD simulations but to comple-
ment them with a local, high-resolution perspective on plasma behavior. Integrating
GRMHD and PIC simulations may signiÞcantly enhance our capacity to model and
predict matter dynamics in extreme astrophysical environments.

In the next Chapter, we will delve into the kinetic dynamics of relativistic plasma
composed of electrons and protons in a turbulent regime, using high-resolution PIC
simulations. These simulations allow us to investigate the behavior of individual
particles and analyze the emergence of coherent magnetic structures from the tur-
bulent background. By capturing the detailed interactions between particles and
magnetic Þelds at small scales, we aim to deepen our understanding of phenomena
such as particle acceleration and localized instabilities, which play a crucial role in
shaping the evolution of accretion disks.
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Chapter 3

Kinetic Plasma Turbulence near
Black Holes

The previous Chapter focused on the complex dynamics of matter surrounding
black holes, emphasizing the critical roles of magnetic Þelds and large-scale dynam-
ics. The matter surrounding black holes is, therefore, characterized by turbulence,
which transfers energy from large to small scales. Transitioning from a GRMHD
framework to a kinetic approach provides a more detailed perspective on plasma
behavior at smaller spatial and temporal scales, where the dynamics of individ-
ual particles become essential for a comprehensive understanding of the underlying
physical processes.

While the GRMHD approach is widely employed to describe compact astrophys-
ical objects in various realistic scenarios, it largely leaves the microphysical proper-
ties of non-thermal plasmas undetermined. It is therefore necessary to complement
global ßuid simulations with local kinetic approaches to capture plasma dynamics
at the microphysical level that would otherwise remain unresolved. To this end,
we present results from large-scale PIC simulations using the Zeltron code [3]. This
methodological shift allows us to explore turbulent behavior in fully kinetic plasmas
through high-resolution simulations. Unlike MHD, which assumes ßuid-like behav-
ior and averages out complexities at larger scales, kinetic simulations resolve the in-
teractions between particles, such as electrons and protons. This enables the capture
of intricate dynamics across multiple scales, elucidating how turbulence drives the
formation of coherent structures, including vortices, current sheets, and plasmoids.
These structures play a key role in energy dissipation in various astrophysical en-
vironments. Moreover, the kinetic approach provides valuable insights into particle
acceleration mechanisms, particularly in turbulent regions.

Magnetic reconnection, often triggered by turbulence, generates localized re-
gions where particles experience signiÞcant energy gains. Such acceleration pro-
cesses are relevant in many astrophysical contexts, including solar ßares and the ex-
treme environments around black holes and neutron stars (see Sironi and Spitkovsky
[204]). By resolving the interactions between two particle species, electrons and
protons, these advanced simulations enhance our understanding of the kinetic pro-
cesses that lead to the formation of long-lived structures, such as ßux ropes and mag-
netic vortices. These coherent patterns have been observed in both controlled labo-
ratory experiments and space-based measurements, notably within the solar wind
and EarthÕs magnetosphere.

Recent advancements in numerical methods and computational capabilities have
enabled detailed simulations of these phenomena, unveiling the intricate interplay
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between large-scale turbulence and the subtler effects of kinetic dynamics. The re-
sults from these high-resolution simulations pave the way for constructing a self-
consistent kinetic model that characterizes the emergent structures in turbulent plas-
mas. Additionally, these advancements allow us to establish a connection between
the microphysical properties of the plasma and its macroscopic (ßuid-like) descrip-
tion using the well-established and extensively tested Gold-Hoyle solution [ 205,
206], achieved through a local relaxation process where magnetic helicity remains
Þnite and plays a crucial role. By employing a cylindrical coordinate framework, we
can derive solutions that converge to modiÞed force-free equilibria. This approach
provides a robust theoretical foundation for understanding the formation and evo-
lution of these structures. Such equilibria have practical applications in various as-
trophysical contexts, from plasmoid formation in accretion ßows around black holes
to the generation of ßux ropes in the solar wind.

Furthermore, we extend our plasma model to include a third species: positrons.
Although the role of positrons in plasmas has been widely studied (e.g., Sironi and
Spitkovsky [ 204] and Sironi, Petropoulou, and Giannios [ 134]), their concentration in
different regions around black holesÑsuch as jets, accretion disks, and windsÑremains
an open question. Variations in positron density can signiÞcantly inßuence key
processes like energy transfer, particle acceleration, and emission spectra through
mechanisms such as inverse Compton scattering and pair production. This is par-
ticularly relevant in turbulent environments, where these processes occur on small
spatial scales and interact nonlinearly with magnetic Þelds. With this in mind, we
intend to employ high-resolution kinetic simulations to systematically explore dif-
ferent positron concentrations across each of these regions. By doing so, we seek to
understand how variations in positron density affect the evolution of plasma tur-
bulence, especially over large AlfvŽn timescales. This approach aims to bridge the
gap between global GRMHD models and the underlying kinetic processes, shed-
ding light on the local plasma dynamics in accretion environments. These insights
are crucial for advancing our understanding of matter behavior near black holes and
how turbulent energy cascades impact particle energization and radiative phenom-
ena.

3.1 A kinetic approach to plasmas

The classical or relativistic kinetic description of a physical system is based on mod-
eling the interaction of matter elements via force Þelds, and PIC methods have been
among the most successful approaches. In PIC simulations, plasma is treated as an
ensemble of computational particles, where the system consists of charged particles
(e.g., negative electrons and positive ions) interacting via the Lorentz force. The use
of PIC simulations began in the 1950s, and the development of codes worldwide
has been continuously expanding. With the exponential growth of computational
resources, many large-scale 3D PIC simulations have now been conducted, despite
the fact that such simulations typically require substantial memory.

Several PIC codes have been developed in recent years by different research
groups, employing various techniques. Among the most noteworthy are TRISTAN
(TRIdimensional STANford) [ 207], VPIC(Vector Particle-In-Cell) [ 208], iPIC3D [209],
Zeltron [3], PHOTON-PLASMA[210], PIConGPU[211], PICCANTE[212], FBPIC[213], and
others.
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Hybrid models have been developed to retain key aspects of collisionless plasma
physics while achieving signiÞcant improvements in resolution or simulation du-
ration by incorporating certain ßuid descriptions. For instance, in the hybrid-PIC
method, electrons are treated as massless and form a perfectly conducting ßuid
[214, 215]. An MHD-PIC approach has been introduced to kinetically treat a spe-
ciÞc species (e.g., cosmic rays) and to study the interaction between this collisionless
plasma and a thermal plasma [216]. Relativistic fully kinetic approaches, in which
both electrons and ions are treated as particles, are widely employed in the astro-
physics community to simulate plasmas in turbulent regimes and to model particle
acceleration processes (e.g., Duütan et al. [217], Sironi and Cerutti [ 218], Comisso and
Sironi [219], Comisso et al. [220], and Comisso and Sironi [ 221]). More recently, the
GRZeltron code has been introduced [222], representing the Þrst PIC code that ac-
counts for spacetime curvature in a full general relativity framework using a modi-
Þed 3+ 1 formulation of the equations. The authors provide a Þrst-principles model
for the magnetosphere and corona around supermassive rotating black holes [ 223,
224, 225].

3.1.1 TheZeltron code

The fundamental idea behind PIC codes is to solve the Vlasov equation indirectly:

+t f, + v á! x f, + q,

;
E +

v
c

$ B
<

á! p f, = 0, (3.1)

where f, = f, (x, p, t) is the distribution function for the , -th species that character-
izes the plasma, p = * m, v is the momentum of the particles, v is the 3-velocity of the
particles, and * = 1/

,
1 # (v/ c)2 is the Lorentz factor, while q, and m, represent

the charge and mass of the, -th species, respectively. We point out that throughout
this Section, we will refer to the Lorentz factor as * instead of W, as used in previous
Chapters and Sections, following the standard convention in the literature.

In the particle approximation, each particle does not represent a single electron
(or ion), but rather an ensemble of particles. For this reason, particles are often re-
ferred to as macro-particles. A macro-particle in a PIC code can be viewed as a small
portion of the phase space distribution of the system. This approach is physically
consistent, as it represents many particles within a constant-sized macro-particle,
given that particles with the same momentum remain close to each other in phase
space. It can be demonstrated that integrating the discrete particle trajectories is
equivalent to solving the full kinetic, collisionless Vlasov equation along character-
istic curves.

In this approach, the distribution function for N macroparticles is approximated
by

f, (x, p, t) =
N

(
j= 1

wj 0(r # r j (t)) 0(p # pj (t)) , (3.2)

where r j (t) and pj (t) are the position and momentum of the j-th particle, and wj

is a coefÞcient referred to as the weight of the j-th particle. In PIC simulations,
particle dynamics are driven by collective processes operating through the electro-
magnetic Þelds, rather than by individual collisions, which are not resolved by the
PIC method. Plasma physics becomes relevant only at scales larger than the Debye
length, deÞned as

#D =

>
kBTe

4' ne2 , (3.3)
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FIGURE 3.1: Schematic representation of the computational domain in PIC
methods. The electromagnetic Þelds are deÞned and evolved at the grid
points (red dots), while the particles evolve in continuous space (blue ar-
rows). Each cell is delimited by four neighboring grid points. Figure from

https://ipag.osug.fr/ ceruttbe/Zeltron/index.html .

where e is the electron charge. In PIC simulations, resolving microscopic kinetic
scales is essential.

A PIC code must solve, in a self-consistent manner, NewtonÕs equations for the
particles and MaxwellÕs equations for the electric and magnetic Þelds. The compu-
tational macroparticles move on a grid (Lagrangian approach), where their charge
and current density are weighted at every time iteration %t. The Þelds are then
computed from MaxwellÕs equations on the grid (Eulerian approach), based on the
interpolated sources. Finally, the force on each particle is extrapolated from the grid,
allowing for the advancement of their position and momentum in time. The force
acting on the particles is calculated from the electric and magnetic Þelds evaluated at
the particleÕs position, while the Þelds themselves are inßuenced by the particles in
the system. A schematic representation of this approach is shown in Fig. 3.1, where
the grid nodes are marked with red dots, and the blue arrows represent the posi-
tions and velocities of the particles. This sequence of operations is repeated at each
time-step in a self-consistent manner, evolving both the particle and electromagnetic
Þeld states. Fig.3.2 illustrates the procedure for a single time-step %t.

In our relativistic kinetic simulations, we made use of the publicly available
Zeltron code [3], an explicit relativistic electromagnetic PIC code ideally suited for
modeling particle acceleration in astrophysical plasmas. Here, we brießy describe
the method. In the Zeltron code, the equations of motion are solved at each time
step %t for each of the N particles in the simulation, with N # 109. Therefore, when
choosing the integration scheme for the particles, a compromise must be made be-
tween efÞciency, accuracy, and computational storage capacity.

The Zeltron code employs a Leap-Frog algorithm to evolve macroparticles in
time, which we describe here for a simple 1D case. In this approach, positions and
velocities are staggered on the time axis by half a time step %t/2, so that positions
are deÞned at tn = n%t, while velocities are deÞned at tn+ 1/2 = ( n + 1/2 )%t. At



3.1. A kinetic approach to plasmas 109

FIGURE 3.2: Typical computational procedure of the PIC algorithm per time
step. Yellow box: "E and "B Þelds are evolved via MaxwellÕs equations. Green
box: the Lorentz force acting on the particles is computed using the updated
Þelds, evaluated at the particle positions. Purple box: the equation of mo-
tion for the particles is solved using the Lorentz force. Red box: charge and
current densities are deposited on the grid points, where "E and "B can be up-
dated. Figure from http://gaps.ing2.uniroma1.it/alberto/alberto/PIC.html .

time step n, the basic integration formula for the Leap-Frog algorithm is:

xn+ 1 = xn +
%t
m,

pn+ 1/2 , (3.4)

pn+ 3/2 = pn+ 1/2 + %t F(xn+ 1), (3.5)

where F(x) is the velocity-independent force acting on the particles. The initial-
ization of this scheme may appear problematic, as for a given initial position and
momentum, one must compute p1/2 . This induces a Þrst-order error, but this is in-
consequential since it only needs to be done once. It can be shown through a Taylor
expansion in time that this scheme is accurate to second order. Unlike the second-
order Runge-Kutta method, it requires only one evaluation of the function F per
time step. It is worth noting that the Þnite difference scheme in the equations is
time-centered, making it time-reversal invariant. However, a minor inconvenience
of this scheme is that positions and velocities are never known at the same time step,
which may pose challenges for certain diagnostics.

The main advantage of the Leap-Frog algorithm lies in its symplecticity, which
ensures the global stability of the algorithm. This property implies that no secu-
lar trends can arise, and globally conserved quantities, such as energy and angular
momentum, remain bounded over time [ 226, 227]. In contrast, such trends can be ob-
served over long time scales even in highly accurate non-symplectic schemes, such
as the fourth-order Runge-Kutta scheme.

The equation of motion for a single macro-particle is given by the Lorentz Ð Abra-
ham Ð Dirac equation [228]:

dr
dt

=
cu
*

, (3.6)

du
dt

=
q,

m, c

;
E +

u
c

$ B
<

. (3.7)



110 Chapter 3. Kinetic Plasma Turbulence near Black Holes

FIGURE 3.3: Area-weighting procedure on a 2D Cartesian grid. The
fractional charge of a particle at point P is deposited on the four sur-
rounding nodes in proportion to the colored shaded areas. Figure from

https://ipag.osug.fr/ ceruttbe/Zeltron/index.html .

The above is the special relativistic version of NewtonÕs equations for a macro-
particle with 3-velocity v and normalized momentum u = * v/ c = * ! . The Zeltron
code also includes the radiation reaction force if synchrotron radiation is considered
in the simulation, though this is not taken into account in our simulations. More-
over, the Þelds appearing in these equations are evaluated at the particleÕs position.
A linear interpolation from the grid to the particleÕs position sufÞces for this pur-
pose. A practical implementation of the particle mover is the Boris push[229], which
separates the effects of the electric and magnetic forces and can be used to evolve the
momentum under the action of the Lorentz force. This method allows us to write
the discretized momentum equation as

u+ # u#

%t
=

q,

2m, c*

-
u+ # u# .

$ B, (3.8)

u± = un± 1/2 7
q, %t
2cm,

En. (3.9)

The Lorentz force is evaluated at integer time steps (see Fig.3.4), and thus the mean
velocity un ,

'
un+ 1/2 + un# 1/2

(
/2 is employed.

In order to solve the time-dependent MaxwellÕs equations, the source terms must
Þrst be computed. The charge density and current density are determined by the
contributions of the particles:

" (r) =
N

(
j= 1

qj wj 0(r # r j ), (3.10)

j (r) =
N

(
j= 1

qj wj v j 0(r # r j ). (3.11)

The values of these source terms must be deposited onto the grid nodes, so they
can be injected into the spatially discretized Maxwell equations. The Zeltron code
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FIGURE 3.4: Representative diagram of the Leap-Frog scheme for the par-
ticles. The positions are deÞned at integer time steps, whereas the velocities

are deÞned at half-integer time steps. Figure from Crinquand [ 223].

employs linear interpolation to deposit the charges and currents generated by each
particle onto the nodes of the computational grid (see Fig. 3.3). The code also assigns
variable weights to the macro-particles to model particle density gradients. Once
the source terms have been updated and deposited on the grid nodes, the Þnal step
involves evolving the Þeld equations. The code employs the Yee algorithm [ 230] to
solve the time-dependent Maxwell equations:

+t B = # c/ $ E, (3.12)

+t E = c/ $ B # 4' J, (3.13)

where B is the magnetic Þeld, E is the electric Þeld, and J is the current density. The
key idea behind the Yee algorithm is to stagger the different components of the Þelds
on distinct nodes of the grid. For instance, it is instructive to present FaradayÕs law
in Eq. (3.12) in its discretized form, which reads:

(Bx)n+ 1/2
i,j+ 1/2 # (Bx)n# 1/2

i,j+ 1/2 = #
c%t
%y

;
(Ex)n

i,j+ 1 # (Ex)n
i,j

<
, (3.14)

(By)n+ 1/2
i+ 1/2, j # (By)n# 1/2

i+ 1/2, j =
c%t
%x

;
(Ez)n

i+ 1,j # (Ez)n
i,j

<
, (3.15)

(Bz)n+ 1/2
i+ 1/2, j+ 1/2 # (Bz)n# 1/2

i+ 1/2, j+ 1/2 = c%t
3

#
1

%x

;
(Ey)n

i+ 1,j+ 1/2 # (Ey)n
i,j+ 1/2

<

+
1

%y

;
(Ex)n

i+ 1/2, j+ 1 # (Ex)n
i+ 1/2, j

<6
. (3.16)

In the above equations, the upper index denotes the time step, and the lower in-
dex denotes the spatial position on the Yee grid. A schematic representation of the
electromagnetic Þelds staggered on a 2D Cartesian grid is shown in Fig. 3.5.

To advance the particles, the electric and magnetic Þelds must be known at the
same time. The magnetic Þeld is Þrst advanced by half a time step, %t/2, so that
the particle motion can be computed. Then, the magnetic Þeld is advanced again by
%t/2. Assuming En and Bn are initially known, the following Þve steps are taken in
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FIGURE 3.5: Graphic representation of a 2D Cartesian Yee grid. The
blue arrows denote the components of the electric Þelds, while the red ar-
rows denote the magnetic Þelds. The positions on the mesh are labeled
by the indices i in the x direction and j in the y direction. Note that the
two Þelds are staggered in space. Figure from https://ipag.osug.fr/ cerut-

tbe/Zeltron/index.html .

order to update the system:

(1) un# 1/2 #- un+ 1/2 ;

(2) rn #- rn+ 1;

(3) Bn+ 1/2 #- Bn #
c%t
2

[/ $ E]n ;

(4) En+ 1 #- En # c%t [/ $ B]n+ 1/2 # 4' %t Jn+ 1/2 ;

(5) Bn+ 1 #- Bn+ 1/2 #
c%t
2

[/ $ E]n+ 1 ;

(3.17)

where the current density Jn+ 1/2 is computed as the average between J(rn, un+ 1/2 )
and J(rn+ 1/2 , un+ 1/2 ). Note that in step (1), the electric Þeld En and the magnetic
Þeld Bn are used to update the momentum, while in step (2), the position is updated
using the momentum un+ 1/2 .

The Zeltron code does not exactly satisfy the Maxwell-Gauss constraint / áE =
4'" c, where " c is the charge density, and the electric charge deposited on the grid
is not perfectly conserved. If this occurs, small errors can accumulate and lead to
unphysical charge densities. Therefore, the electric Þeld must be corrected at every
time step by a small amount 0E, obtained by solving the following Poisson equation:

/ 2(0. ) = / áE # 4'" c, (3.18)

with 0E = #/ (0. ), where . is the electrostatic potential. This method is referred
to as divergence cleaning[231]. Zeltron exhibits second-order accuracy in both space
and time, while ensuring that the magnetic constraint / áB = 0 is satisÞed at every
instant of the simulation. One of the major advantages of employing the Yee grid
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FIGURE 3.6: Evolution of the total number density n over time, progress-
ing from left to right and expressed in AlfvŽn times, with selected electron

trajectories traced throughout the evolution.

is that the divergence of the magnetic Þeld is automatically maintained to machine
round-off precision, provided that this constraint is satisÞed at the initial time.

3.2 Turbulence and Long-lived Structures in Kinetic Plasmas

Turbulence in classical ßuids is distinguished by the emergence of coherent, long-
lived structures from an otherwise chaotic environment. In this Section, we explore
an analogous phenomenon within the framework of fully kinetic plasma turbulence,
leveraging high-resolution direct numerical simulations in two spatial dimensions.
Our results reveal the development of persistent vortices exhibiting features charac-
teristic of large-scale, magnetically dominated force-free conÞgurations. These vor-
tices endure over extended timescales, as shown in Fig.3.6, mirroring the behavior
typically observed in classical ßuid turbulence, and thereby bridging the conceptual
gap between ßuid dynamics and plasma physics.

Inspired by the Harris pinch model for inhomogeneous equilibria, we construct
a self-consistent kinetic model in cylindrical coordinates, centered around a repre-
sentative vortex (see Imbrogno et al. [232]). This formulation begins with an explicit
representation of the particle velocity distribution function for the local equilibrium
regions. The resulting equilibrium can be simpliÞed to a Gold-Hoyle solution of a
modiÞed force-free state. During this process, turbulence is mediated by these long-
lived structures, which are accompanied by transient events where vortices merge
and form new metastable equilibria. This dynamic is crucial for understanding a
range of astrophysical phenomena, from the formation of plasmoids near compact
objects to the emergence of coherent structures in the heliosphere.

Astrophysical turbulence is one of the most intricate processes, shaping diverse
environments such as the heliosphere, the interstellar medium, and the surround-
ings of compact objects [233, 234, 235]. It spans a wide range of length and time
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scales, from large eddies to sub-electron scales [236]. The cascade of energy, trans-
ferred from large-scale shear ßows and boundary layers to particle-interaction scales,
is central to energy conversion and dissipation [ 237].

While turbulence is often perceived as chaotic and unpredictable, this view over-
simpliÞes its complexity. Persistent, long-lived structures can emerge even within
turbulent states, as observed across various systems [238, 239, 240]. These coherent
structuresÑranging from vortices to waves and sheetsÑare important for under-
standing the underlying dynamics of turbulence [ 237]. Among these, AlfvŽn vor-
tices [241, 239] are particularly noteworthy, as they represent large-scale structures
that signiÞcantly inßuence plasma dynamics.

Although much research has focused on stable structures in classical (viscous)
ßuids [ 242], there remains a notable gap in understanding their counterparts in col-
lisionless, magnetized plasmas. In such systems, stable structures can propagate
undisturbed for extended periods, particularly in environments like stellar winds
[243, 244] and accretion ßows [202, 245]. These structures, often referred to as plas-
moids or magnetic vortices, resemble hydrodynamic vortices and play a crucial role
in particle energization and energy dissipation [ 246, 247, 248, 225]. Despite extensive
research, many aspects of their internal structure remain elusive due to the intricate
coupling between large-scale turbulence and plasma microphysics [ 206, 249].

We investigate the formation of coherent structures within fully kinetic plasma
turbulence through 2.5D numerical simulations (2D in spatial dimensions with 3D
Þeld components). Our results demonstrate the emergence of long-lived, magnet-
ically dominated force-free structures that exhibit metastability. We model these
structures using a self-consistent kinetic framework in cylindrical coordinates, start-
ing from the particle velocity distribution function. This modiÞed force-free state
provides a robust description of coherent structures in astrophysical plasmas, such
as plasmoids in accretion ßows and ßux ropes within the solar wind.

We now provide a brief summary of the previous Sections, presenting the Þnal
set of equations addressed by Zeltron [3]. The code solves the motion of a dis-
tribution of charged particles (i.e., the characteristic curves of the Vlasov equation)
coupled to MaxwellÕs equations. These equations are expressed in terms of the to-
tal magnetic Þeld b, the electric Þeld " , the current density j = ( , q, n, u, , and the
charge density " c = ( , q, n, , where n, denotes the number density of each species,
u, represents the bulk velocity, q, is the charge, and , is the species index, repre-
senting either protons ( p) or electrons (e). Zeltron solves the system of equations
outlined in Subsec. 3.1.1, speciÞcally the LorentzÐNewton and MaxwellÕs equations,
governing the evolution of particles and Þelds.

Throughout this analysis, we revert to the geometrized unit system, where the
speed of light c, the gravitational constant G, the elementary charge qe, the electron
massme, the Boltzmann constant kB, and the reduced Planck constant øh are normal-
ized to unity, while the vacuum permittivity is set to 40 = 1/4 ' and the vacuum
permeability to µ0 = 4' . All quantities are expressed in terms of the electron skin
depth, deÞned as de = c/ 3 pe = c

,
me/4 ' n0q2

e = 1, where the equilibrium number
density is n0 = ne = np = ( 4' )# 1.

The simulation setup is described as follows. We implement periodic boundary
conditions with a spatial resolution such that the grid spacing is %x = %y = de/3,
employing 10 particles per cell (PPC), namely 5 ions and 5 electrons, with the full
mass ratio. The time resolution is set to %t = 0.45%x = 0.15de. The magneti-
zation, which determines the available magnetic energy per particle, is deÞned as
$ = b2

0z/4 ' w0, where the out-of-plane mean magnetic Þeld magnitude is b0z 0 43,
and the enthalpy density is given by w0 = ( npmp + neme)c2 + $e6e + $p6p. Here,
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FIGURE 3.7: RMS of the vertical component of the current density (black
solid line). The dotted (red) line marks the time of peak nonlinear activity,

while the dashed (blue) line indicates the time of analysis.

the internal energy density is 6, 0 n, kBT, ($, # 1)# 1, and the adiabatic index is
$, = 4/3. Since we are in a weakly relativistic regime, the magnetization $ is ap-
proximately equal to $cold

p = b2
0z/4 ' npmpc2. The choice $ 0 $cold

p = 1 indicates
an equilibrium between magnetic and kinetic forces, a condition commonly found
in astrophysical scenarios such as black hole winds near accretion disks. Addition-
ally, the plasma beta is deÞned as %p = %e = 8' n0kBT, / b2

0z = 3 $ 10# 3, where
the temperature T, = - , m, c2/ kB is chosen to ensure initial thermal equilibrium be-
tween species. The selection of both$ and %is crucial in determining the plasma
regime [250]. The dimensionless temperatures for each species are- p = 1.5$ 10# 3

for protons and - e 0 2.75 for electrons, respectively. This conÞguration allows us

to resolve the Debye length, deÞned as#D =
D

(me- e + mp- p)c2/4 ' n0e2 0 2.35de.

As the turbulence fully develops, the electron velocity distribution becomes highly
non-thermal, with their Larmor radius signiÞcantly increasing due to large acceler-
ations, effectively enhancing our resolution. The AlfvŽn crossing time is deÞned as
tA = L0/ vA 0 7748, where the AlfvŽn velocity is vA = c

,
$/ (1 + $) 0 0.71.

To establish a strongly turbulent state, we initialize the simulation by impos-
ing large-scale random conditions for the magnetic Þeld power spectrum. This is
achieved by superimposing low-wavenumber Fourier modes and setting 0b/ b0z 4
1, where 0b denotes the RMS of the magnetic Þeld ßuctuations, and b0z represents
the mean magnetic Þeld strength along the z-axis. To prevent excessive compressive
activity, no initial out-of-plane magnetic Þeld ßuctuations, bulk ßows, or density
perturbations are introduced. The in-plane magnetic Þeld components ( bx and by)
are then initialized by applying a 2D Fourier spectrum of random modes to the z-
component of the vector potential (whose curl generates the in-plane magnetic Þeld),
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expressed as:

az(x, y) = (
kx,ky

÷az(k)ei(káx# 2k) , ÷az(k) =
1

1 +
0

k
k0

115/3 , (3.19)

where the phases 2k are randomly assigned. The spectrum peaks at k0 = 4 and
is truncated for k > k' = 7, ensuring consistency with large-scale structures. The
analysis focuses on a time t 0 3.23tA , by which the peak of nonlinear activity has
subsided. As shown in Fig. 3.7, the RMS of the vertical current density component,
jz = (! $ b/4 ' ) áöz, reaches its maximum much earlier, at t 0 0.62tA .

The simulation setup closely follows that described in Meringolo et al. [ 251],
employing Nx = Ny = 16384 mesh points in a square domain with side length
L0 0 5461de, where de represents the electron skin depth. A realistic mass ratio of
mp/ me = 1836 is used, with approximately 2.7 $ 109 macroparticles. With a magne-
tization $ 0 1, which quantiÞes the ratio of magnetic pressure to enthalpy density
(the latter being the sum of the mass-energy density ( , n, m, c2 and the internal en-
ergy density ( , 6, 0 ( , P, ($, # 1)# 1, where $, is the adiabatic index and P, is the
partial pressure of species , ), and a plasma beta %p = %e = 3 $ 10# 3, which mea-
sures the ratio of kinetic to magnetic pressure, the resulting dynamics correspond to
a weakly relativistic plasma.

The initial conditions rapidly produce a turbulent cascade, similar to ßuid plasma
models [192]. Our analysis focuses on the point when the peak of the averaged cur-
rent density (see Fig. 3.7), which also corresponds to the time of most intense non-
linear activity [ 252], has long been reached. Furthermore, under these conditions, a
balance between the large-scale energy ßux and the collisionless energy-conversion
mechanisms is established, resulting in a quasi-steady state. The power spectrum
at this stage is fully developed, as shown in Fig. 3.8-(a), and is consistent with typ-
ical observations of astrophysical turbulence [ 253, 236, 254]. As the broadband tur-
bulence evolves, coherent structures emerge and propagate through the turbulent
background, as inferred from the out-of-plane component of the magnetic poten-
tial az in Fig. 3.8-(b). Similar to MHD [ 255, 256], kinetic turbulence tends to form
localized correlations, where the current j exhibits a signiÞcant tendency to align
with the total magnetic Þeld b. We estimate the strength of this alignment by com-
puting cos ( j , b) = j áb/ | j ||b|, and, as displayed in Fig. 3.8-(b), dominant structures
are evident, with morphologies reminiscent of hydrodynamic swirls and cyclones.
These structures possess a distinct Òeye," where the alignment is strongest, and an
outer region with advecting arms, where the cosine regularly changes sign while
maintaining overall circular symmetry. The characteristic size of these structures is
approximately 140 de(3 dp) for the eye and approximately 515 de(12dp) for the spiral
arms, which are typical of inertial-range turbulence, as seen in Fig. 3.8-(a). Notably,
the largest vortices (eye and arms) are on the order of a few dp, corresponding to the
correlation length, #C, set by the initial conditions of homogeneous turbulence. For
the analyzed conÞguration, #C 0 440de 0 10dp.

To gain further insight into the properties of these long-lived features, we fo-
cus on regions where the magnitude of the magnetic potential az at the center of
the structure signiÞcantly exceeds its own RMS value [192]. After the time of max-
imum turbulence, we select four principal vortices, which are indicated by (white)
circumferences in Fig. 3.8-(b). For each of these vortices, we adopt a local cylindrical
coordinate system centered at the O-point of the vector potential and use it to derive
locally azimuthally averaged quantities. More speciÞcally, for any generic Þeld h,
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FIGURE 3.8: (a) Magnetic power spectrum at a time beyond the peak of
nonlinear activity as a function of kde. The vertical (orange) line marks the
wavenumber k0de, which corresponds to the typical scale of the persistent
vortices. (b) 2D contour plot of the magnetic vector potential component az
(right panel) and the cosine of the angle between the current density and the
total magnetic Þeld (left panel). The y-axis is normalized to both the electron

skin depth de (left axis) and the proton skin depth dp (right axis).

we Þrst transform it into the cylindrical coordinate frame, i.e., h(x, y) - h(r, . ), and
then compute the corresponding average as

H (r) =
1

2'

= 2'

0
h(r, . .) d. ..

From this point forward, capital letters are used to denote azimuthally averaged
quantities.

The components of the Þeld h at any given point on the new 2D cylindrical grid
are computed through bilinear interpolation. First, we identify the corresponding
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cell in the Cartesian grid that contains the point. Then, for each direction ( x and
y), we determine the points immediately preceding and following the interpolation
point within the Cartesian grid. Subsequently, the area of each of the four subre-
gions, into which the cylindrical grid point divides the Cartesian cell along its diag-
onally opposite vertices, is computed. Using the known values of the Þeld at each
vertex, we then calculate a weighted sum to interpolate the value of h at the cylindri-
cal grid point. Hence, the interpolated Þeld at the cylindrical grid point is expressed
as:

h(xc) =
1

%x%y

4

(
i= 1

- i h(xi ), (3.20)

where - i denotes the areas of the subregions, which act as the weights in the summa-
tion. Next, a coordinate transformation is applied to convert the Þeld components
from the Cartesian to the cylindrical system. This is accomplished using the coor-
dinate transformation operator # , allowing the transformation of both tensors and
vectors. For a tensor Þeld hi j and a vector Þeld hi , the transformed components in
cylindrical coordinates are given by:

öh,% = # i T
, hi j #

j
%, öh, = # i T

, hi , (3.21)

where the superscript T indicates the transpose of the matrix, and the hat denotes
the components of the Þeld in the new coordinate system.

In Fig. 3.9-(a), we present the angle between the azimuthally averaged current
density J and the magnetic Þeld B, deÞned as" = cos# 1 ( J áB/ |J||B|), evaluated
within the structures. The alignment is notably strong, with all vorticesÑvarying
in size and intensityÑexhibiting the same behavior: they form highly aligned cores
(eyes) and wall boundaries, followed by spiraling arms [ 257, 258, 259, 260, 261].
These spirals display alternating J # B alignment, indicative of a characteristic ra-
dial mode. We denote r0 as the radius of the vortex eye, deÞned as the distance from
the center to the Þrst spiraling arm where the scalar product J áB changes sign (see
Fig. 3.9). The alignment progressively weakens, and the plasmoid eventually merges
with the surrounding background on scales of approximately O(4r0), which quali-
tatively correspond to the last closed magnetic surfaces (dotted lines in Fig. 3.8-(b)).
The observed alignment suggests a tendency of the system to approach force-free
states, where J = ( 4' )# 1! $ B = #B, similar to large-scale ßuid models [ 262]. In
this context, we present the force-free parameter #(r) = J áB/ B2 in Fig. 3.9-(b). Un-
like classical, global (constant-#) force-free states, our local minimization process for
each vortex reveals a strong radial dependence of #, approaching zero at the vortex
boundaries. This behavior is indicative of a nonlinear force-free state with uniform
twist per unit length. The radial variation of # suggests a more complex and nu-
anced relaxation process.

In what follows, we discuss the interpretation of long-lived structures within the
framework of kinetic plasma theory. We begin by recalling that the Vlasov equa-
tion for the distribution function of the , -th species, denoted as f, (x, v, t), can be
expressed as+f, / +t = { H, f, } , where H is the particle Hamiltonian and {á, á} rep-
resents the standard Poisson bracket. A stationary equilibrium is thus character-
ized by { H, f, } = 0, which implies that f, must depend on the integrals of motion.
Following the approach of Harris [ 263], we assume an exponential dependence on
the invariants (energy and momenta), neglecting relativistic corrections (as the bulk
ßows are nonrelativistic), and adopt a simple drifting-Maxwellian distribution in a
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FIGURE 3.9: (a) Radial variation of the angle between the current density
and the total magnetic Þeld, shown as azimuthal averages, for each struc-
ture illustrated in Fig. 3.8-(b). (b) Force-free parameter#(r). The vortex eye

radius, r0, is deÞned as the location of the Þrst spiraling arm.

cylindrical coordinate system:

f, (x, v) = f, 0 exp
4
#

E, # v'
, Pz, # ' '

, P.,

kBT,

5
, (3.22)

where f, 0 = N, 0 (m, /2 ' kBT, )3/2 is a normalization constant, with N, 0 representing
the particle density at the center of the vortex, and T, is the temperature. The particle
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energy E, and the canonical momenta Pi , are deÞned as follows:

E, =
m, (v2

r + v2
. + v2

z)

2
+ q, 1 (r), (3.23)

P., = r
*

m, v. +
q, A . (r)

c

+
, (3.24)

Pz, = m, vz +
q, Az(r)

c
, (3.25)

where A i are the components of the averaged vector potential in the Lorenz gauge,
1 is the electrostatic potential, and vi denotes the components of the particle veloci-
ties. The undetermined (free) parameters in Eq. (3.22), v'

, and ' '
, , correspond to the

characteristic out-of-plane linear velocity and azimuthal velocity, respectively. Once
these parameters are speciÞed, an exact kinetic equilibrium can be constructed.

Considering a particle distribution function with an exponential dependence on
the three invariants deÞned in Eqs. (3.23)Ð(3.25), the probability density of locating
a particle at a speciÞc point in phase space! v can be explicitly expressed as

f,
'
r, vr , v. , vz

(
= N0,

*
m,

2' kBT,

+ 3/2

$ exp
4

#
m,

2kBT,
(v2

r + v2
. + v2

z) +
m, v'

,

kBT,
vz +

m, ' '
,

kBT,
rv .

+
q, v'

,

c kBT,
Az(r) +

q, ' '
,

c kBT,
rA . (r) #

q,

kBT,
1 (r)

5
,

(3.26)

which must satisfy MaxwellÕs equations:

! áE = 4' e
* =

! v

fp(r, v) d3v #
=

! v

fe(r, v) d3v
+

,

! áB = 0,

! $ E = #
1
c

+B
+t

= 0,

! $ B =
4' e

c

* =

! v

v fp(r, v) d3v #
=

! v

v fe(r, v) d3v
+

.

(3.27)

We assume stationarity, i.e.,+/ +t = 0. Given that the Þelds depend only on the radial
coordinate, we have +/ +. = +/ +z = 0. Consequently, Eqs. (3.27) reduce to three
ODEs for the potentials (one for the electric potential and two for the azimuthal and
vertical components of the vector potential):

1
r

d
dr

*
r
d1
dr

+
= # 4' e

* =

! v

fp d3v #
=

! v

fed3v
+

,

d
dr

*
1
r

d(rA . )
dr

+
= #

4' e
c

* =

! v

v. fp d3v #
=

! v

v. fed3v
+

,

1
r

d
dr

*
r
dAz

dr

+
= #

4' e
c

* =

! v

vz fp d3v #
=

! v

vz fed3v
+

.

(3.28)
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By taking the moments of Eq. (3.22), after some algebra, we can compute the particle
number densities as follows:

N, (r) =
=

! v

f, d3v = exp [* , (r)], (3.29)

where

* , (r) = ln (N0, ) +
q,

ckBT,

4
v'

, Az(r) + r ' '
, A . (r)

# c1 (r)
5

+
m,

2kBT,

0
r2' ' 2

, + v' 2

,

1
.

(3.30)

Similarly, by computing the azimuthally averaged bulk velocity, deÞned as U, (r) =
N# 1

, (r)
E

! v
v f, d3v, we can establish its relationship with the free parameters:

U, z(r) = v'
, z, U,. (r) = ' '

, r. (3.31)

With these quantities deÞned, the current densities can subsequently be expressed
as J., (r) = q, N, (r) U., (r) and Jz, (r) = q, N, (r) Uz, (r). The problem can be further
simpliÞed by assuming a negligible net constant charge separation, deÞned as:

7 = Ne(r) # Ni (r) = exp [* e(r)] # exp
-
* p(r)

.
, (3.32)

where 7 is a constant. It is important to emphasize that this charge separation, al-
though small (less than 10%), is nonetheless present, particularly in the vortex eye.
Consequently, the calculation can be simpliÞed by assuming ! áE = #/ 21 =
# 4' e7. This assumption leads directly to a straightforward expression for the elec-
tric potential of the form 1 (r) = 1 (0) + ( ' e7) r2. Due to gauge invariance, we set
all potentials to zero at the vortex axis, i.e., 1 (0) = 0, Az(0) = 0, and A . (0) = 0.
Introducing the quantity ( (r) = * e(r) # * p(r), Eq. (3.32) can be reformulated as

7 = exp [* e(r)] # exp [* e(r) # ( (r)], (3.33)

which yields ( (r) = # ln { 1 # 7exp [# * e(r)]} . The relationship between the expo-
nents * e(r) and * p(r) leads to the following expression:

Cp +
qp v'

p

c kBTp
Az(r) +

qp ' '
p

c kBTp
rA . (r) #

qp

kBTp
1 (r)

+
mp

2kBTp
' ' 2

p r2 +
mp

2kBTp
v' 2

p = Ce +
qev'

e

c kBTe
Az(r)

+
qe ' '

e

c kBTe
rA . (r) #

qe

kBTe
1 (r) +

me

2kBTe
' ' 2

e r2

+
me

2kBTe
v' 2

e # ( (r),

(3.34)

where ( (r) is a small function associated with minimal net charge separation (con-
sistent with quasi-neutrality), and C, = ln (N0, ). By employing the correspondence
between the exponents at the vortex center, where * p(0) = * e(0) # ( (0), we derive
explicit expressions for Cp and Ce, which are then substituted into Eq. ( 3.34). Not-
ing that ( (r) # ( (0) is negligible, we perform algebraic manipulation to obtain the
following polynomial relation:

801 (r) + 81Az(r) + 82A . (r) r + 83r2 = 0. (3.35)
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A potential solution emerges by setting 81 = 0 and 82 = 0. These conditions
correspond to the Harris equilibrium in the sheet pinch conÞguration for a non-
homogeneous magnetic Þeld in cylindrical geometry, along with an additional con-
dition for the in-plane azimuthal ßow that is not included in the Harris formulation.
Under this assumption, a straightforward relation for the electric potential can be
expressed as:

1 (r) = #
83

80
r2 = ( ' e7) r2 =

mp' '
p

2Te # me' '
e

2Tp

2e(Tp + Te)
r2. (3.36)

Ultimately, the conditions for the free parameters and charge separation, derived
from Eq. (3.35), are expressed as follows:

v'
p = #

Tp

Te
v'

e, ' '
p = #

Tp

Te
' '

e,

7 =
mp' '

p
2Te # me' '

e
2Tp

2' e2(Tp + Te)
.

(3.37)

By substituting Eq. ( 3.26) into MaxwellÕs equations using the expressions for den-
sities and currents, and assuming stationarity ( +/ +t = 0), along with the simpliÞ-
cations outlined in Eq. ( 3.37), we derive a set of ODEs that constitute our Kinetic
Vortex Reconstruction (KVR) model:

dAz

dr
= # B. (r) , (3.38)

dA.

dr
= #

A . (r)
r

+ B.
z(r) , (3.39)

dB.
z

dr
=

4' e
c

0
' '

e # ' '
p

1
r e* e(r) + ' '

p7r , (3.40)

dB.

dr
= #

B. (r)
r

+
4' e

c

0
v'

p # v'
e

1
e* e(r) # v'

p7 . (3.41)

Here, B.
z denotes the ßuctuations in the out-of-plane magnetic Þeld, such that Bz =

B.
z + b0z. Equations (3.38)Ð(3.41) can be integrated numerically after specifying the

internal temperatures of the vortex eye T, for each vortex, along with the free pa-
rameters (v'

e, ' '
e).

The KVR system of equations can be solved through direct numerical integration
using a second-order Runge-Kutta scheme once the typical bulk electron velocity v'

e
and angular velocity ' '

e are provided, along with boundary conditions applied at
each vortex center. For each coherent structure, we search for this pair of free pa-
rameters by implementing a data-driven Monte Carlo numerical technique capable
of selecting the optimal Þt for each vortex, starting from the results of the integration
over a parameter spaceS deÞned by { v'

e, ' '
e} .

By examining the most representative vortex depicted in Fig. 3.8-(b) at a time be-
yond the peak of nonlinear activity ( t 0 3.23tA), we impose the boundary conditions
B.

z(0) 0 40.5,B. (r)/ r |r= 0 = 0, and A . (r)/ r |r= 0 = 0. For the species temperatures
(Te, Tp), we select the averaged parallel temperature proÞles within the vortex eye,
speciÞcally T, = T9, , with T9e = 51.8 and T9p = 51.7. Each long-lived structure is
uniquely characterized by the selection of the star parameters v'

e and ' '
e. This se-

lection must ensure that the distribution function, when integrated over the phase
space! , yields the various Þelds and momenta in optimal agreement with the data.
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FIGURE 3.10: Average error estimated by considering all vortex proÞles.
The optimal selection for the free parameters is highlighted by a cyan circle.
This Þgure illustrates the optimization process employed to identify the best
Þt for the free parameters v'

e and ' '
e, ensuring that the KVR model closely

aligns with the observed vortex proÞles.

Consequently, a Monte Carlo method is employed over the parameter space S to
calculate the discrepancies between the KVR outputs and the observed proÞles as
described below.

We span the parameter space by discretizing the domain

{ v'
e, ' '

e} * { [# 0.2, 0.2], [# 0.0015, 0.0015]} , (3.42)

performing a series of reconstructions to minimize the error deÞned as

4g(v'
e, ' '

e) =

Er0
0 [gKVR(r) # gsim(r)]2 dr

Er0
0 gsim(r)2dr

, (3.43)

where gsim represents a generic Þeld from the simulation, while gKVR denotes the
reconstructed Þeld derived from Eqs. (3.38)Ð(3.41).

We minimize for g = [ A . , Az, B. , B.
z, J. , Jz, Ne, Np], obtaining the associated

error 4g for each Þeld. To achieve the best possible proÞles, we compute a single
average over all Þelds, expressed as4avg(v'

e, ' '
e) = ø4g(v'

e, ' '
e). In Fig. 3.10, we

present a zoomed-in view of the average error 4avg, with its minimum located in the
fourth quadrant of the parameter space (positive v'

e and negative ' '
e). The minimum

is found at v'
e = 0.09 and ' '

e = # 5.30$ 10# 4, as indicated by a cyan circle. The
resulting parameters are closely related to the ßux tube current density. For the KVR
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FIGURE 3.11: (a) Total magnetic Þeld and current density components for
the central vortex shown in Fig. 3.8 (open symbols) compared to the KVR
model (solid lines). The data have been time-averaged in the reference frame

of the vortex.

model, we obtain

J' (r) = qe

;
0,

0
Np(r) ' '

p # Ne(r) ' '
e

1
r,

0
Np(r) v'

p # Ne(r) v'
e

1<
, (3.44)

from which we derive ! J'
. "r 0 1.17$ 10# 2 and ! J'

z "r 0 # 2.73$ 10# 2. For the
observed structures in Fig. 3.8-(b), we measure ! J. "r 0 1.27$ 10# 2 and ! Jz"r 0
# 4.69$ 10# 2. This estimate indicates a strong agreement between the model and
the observed data.

Fig. 3.11 presents a direct comparison between the KVR model (lines) and the
actual numerical data (symbols). The model effectively captures the behavior of all
Þelds, particularly in the inner regions of the vortex ( r ! r0) and in terms of the
dependence of the magnetic Þeld. Notably, an azimuthal current J. vanishes at both
the center and asymptotically, while a non-zero vertical current Jz is present along
the axis. Even outside the eye, the magnetic Þeld components exhibit qualitative
consistency with the model, despite the inßuence of the cyclonic arms observed in
Fig.s 3.8Ð3.9. Similar behaviors are also exhibited by the other vortices tracked dur-
ing the evolution: Bz demonstrates a peak in the eye and diminishes at larger r,
whereas B. reaches its maximum at the vortex wall.

To understand the merging dynamics of existing vortices, we analyze the sim-
ulation at various time intervals, identifying and monitoring the most stable and
long-lasting structures. In particular, we present in Fig. 3.13the Òmerging historyÓof
two individual, isolated vortices (or magnetic islands) that traverse the background
until they ultimately merge with a companion. The Þgure illustrates, as a func-
tion of time (from top to bottom), the plasma number density, the cosine angle, and
the magnetic helicity density (see later). When both structures possess high energy,
their encounter can be quite explosive, resulting in a net current layer between them,
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FIGURE 3.12: Components of the momentum equation for the ßuid ap-
proximation within the vortex eye.

where magnetic reconnection occurs [264, 192] and non-thermal particles are gener-
ated [221]. The cosine of the angle between the current density and the magnetic
Þeld, cos( j , b), is notably strong within the structures and changes sign between
them. The example depicted in Fig. 3.13further illustrates that the spiral arms men-
tioned previously are indeed the remnants of merger events. This process is associ-
ated with the conservation of magnetic helicity, akin to the framework proposed by
Alexakis, Mininni, and Pouquet [ 265], where the inverse cascade of magnetic helicity
can occur across all scales. In our case, this results in meta-stable vortices that range
from large injection scales (a few dp) to electron scales, falling within the sub-inertial
range.

We now reconcile the KVR model presented in Fig. 3.11with the ßuid-like states
depicted in Fig. 3.9. By taking the moments of the Vlasov equation, a hierarchy
of contributions that inßuence the equilibrium within the islands can be deÞned,
leading to the conclusion that magnetic forces dominate the dynamics of long-lived
equilibria. SpeciÞcally, upon computing the moments of the Vlasov-Maxwell sys-
tem, one derives the momentum equation, which, in a stationary case, is expressed
as

! á(" mU : U ) + ! áPtot # " cE # J $ B = 0, (3.45)

where " m denotes the total mass density, " c represents the total charge density, and
Ptot signiÞes the total pressure tensor. Employing the continuity equation in the
expression above, while recalling the divergence of a symmetric tensor of rank two
in cylindrical coordinates, and imposing the conditions Ur = 0, +/ +. = +/ +z = 0,
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one can decompose Eq. (3.45) along the three cylindrical axes:

ör :#
" m U2

.

r
+

*
1
r

+r (r Prr )#
P..

r

+
# " cEr

#
'
J. Bz # JzB.

(
= 0;

(3.46)

ö. :
*

+r Pr. +
2Pr.

r

+
# " cE. # ( JzBr # Jr Bz) = 0; (3.47)

öz :
1
r

+r (r Prz) # " cEz #
'
Jr B. # J. Br

(
= 0. (3.48)

Given that the radial components of the currents and magnetic Þeld are negligi-
ble, the out-of-diagonal terms of the pressure can be disregarded, and the dominant
electric Þeld is radial. It is important to note that the only nontrivial equation is the
radial one. Establishing a hierarchical order for all the terms appearing in the radial
momentum equation is instrumental in identifying the critical constituents of these
metastable states. We compute all relevant quantities from Eq. (3.46) and present
a comparison in Fig. 3.12. By calculating radial averages for each of these quanti-
ties, it becomes evident that magnetic forces dominate the dynamics. In fact, a clear
ordering can be inferred:

|Ji Bj |i ,j(= r > |" cEr | 6 | (! áPtot ) áör | > | [! á(" m U : U )] áör |. (3.49)

As a result, neglecting secondary effects such as charge separation, one can combine
Eqs. (3.40)Ð(3.41) to yield

! $ B =
4'
c

J'
0e* e(r) , (3.50)

where J'
0 = qe

;
0,

0
' '

p # ' '
e

1
r,

0
v'

p # v'
e

1<
represents the current density normal-

ized to the number density, and * e(r) is deÞned in Eq. (3.30). As r - 0, all functions,
including * e(r) and 1 (r), remain regular, smooth, and continuous. Furthermore, for
all vortices, we observe that Bz peaks near the origin at a non-zero value, while the
azimuthal component behaves as B. 4 , r, where , is a constant. Phenomenologi-
cally, to suppress the Lorentz force term in the momentum equation, the magnetic
Þeld B tends to align with J , J'

0e* e(r) . Thus, Eq. (3.50) can be approximated as

! $ B = f (r) J'
0 4 #(r)B(r), (3.51)

where all rescaling constraints are incorporated in #(r).
A very robust solution to Eq. ( 3.51) is known as the Gold-Hoyle (GH) vortex

[205], which describes a ßux tube featuring a force-free, twisted magnetic Þeld. This
equilibrium was initially discovered for force-free coronal structures and has poten-
tial applications in astrophysical contexts [ 266]. The GH vortex is expressed as [206]

A(÷r) =
B0

25

*
0,

1
÷r

ln (1 + ÷r2), 7 ln (1 + ÷r2)
+

, (3.52)

B(÷r) = B0

*
0,±

÷r
1 + ÷r2 ,

1
1 + ÷r2

+
, (3.53)

J(÷r) = 2
5B0

µ0

*
0,

÷r
(1 + ÷r2)2 , ±

1
(1 + ÷r2)2

+
, (3.54)
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FIGURE 3.13: Merging historyof two long-lived structures as a function of
AlfvŽnic crossing time (from top to bottom). The plot displays the plasma
density (left column), the cosine of the angle representing the force-free con-
dition (middle column), and the magnetic helicity density (right column).

The black circumferences represent the eye of each vortex.

where B0 represents a typical magnetic Þeld strength, ÷r = 5r is a dimensionless ra-
dial coordinate, and 5 is a characteristic gradient. The solution is valid for "strong"
vortices (where ßuctuations are of the order of the mean Þeld) and can be general-
ized for clockwise (upper sign) or counterclockwise (lower sign) rotation.

To determine whether the above model is a universal property of the turbulent
cascade, we detect and analyze all ten long-lived structures appearing during the
simulation, as collected in Fig. 3.14. Here, the Þeld components are normalized
to B0 and rescaled via 5, which is determined through a simple Þtting procedure.
Also reported are the corresponding GH magnetic components from Eq. ( 3.53) (to
avoid overcrowding, we represent # |B. |). The GH solution provides a qualita-
tively accurate description, suggesting that the KVR model (and its GH approxi-
mation) may characterize energetic structures in plasma turbulence. This type of
solution is achieved through a local relaxation process where the magnetic helicity
is Þnite and plays a crucial role [ 267, 262, 268, 265]. Such an MHD invariant mea-
sures the twisting of the Þeld lines and, in 2.5D, is deÞned as the volume average
Hm = V# 1

E
V hm d3x, where hm = a; áb; , with a; = ( ax, ay) and b; = ( bx, by) rep-

resenting the in-plane components. Contrary to the classical Bessel solutions of the
linear force-free state, the numerical results are more consistent with a constant twist
per unit length along the vortex axis. As shown in Fig. 3.13, the structures retain a
Þnite amount of magnetic helicity before and after the merging. From Eqs. ( 3.52)Ð
(3.53), performing a volume average over the ßux tube yields:

|Hm| =
B2

0

25

= 1

0

ln (1 + ÷r2)
1 + ÷r2 d÷r =

B2
0

25

0 '
2

ln 2 # C
1

4 10# 1B2
0 r0, (3.55)
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FIGURE 3.14: Radial behavior of the magnetic Þeld components for all
long-lived vortices observed during the simulation (points). The components
have been rescaled to the Þeld at the center,B0, and normalized using their
typical gradient, 5. The GH solution (shaded) qualitatively describes the pro-

Þles near the eye.

where C 0 0.916 is CatalanÕs constant,B0 0 43, and r0 0 170de for Vortex 1 in
Fig. 3.8-(b). This is in accordance with the observed values in Fig. 3.13(Hm 4 3 $
104). It is particularly noteworthy that all the structures described in the context of
kinetic theory closely resemble those observed in the magnetosheath [269] and in
the solar wind, with sizes spanning from MHD to sub-ion scales [ 270].

Exploiting the results of direct numerical PIC simulations, we propose a descrip-
tion of plasma turbulence envisioned as a mosaic of equilibrium-like patterns. In
this scenario, coherent structures emerge from the turbulent background and occa-
sionally encounter and merge with other similar metastable structures during their
lifetime. This self-similar process systematically generates new equilibria that ad-
here to a kinetic stationary solution of the Vlasov equation. The magnetic vortices
qualitatively conform to a universal form that can be simply characterized using the
Gold-Hoyle equilibrium. These structures exhibit a characteristic size typical of in-
ertial range turbulence, rendering them macroscopically relevant; they may grow
through coalescence to a signiÞcant fraction of astrophysical system size, potentially
producing observable signatures [ 225, 201].

The present discussion has focused on a 2.5D model, which considers the plane
perpendicular to a mean magnetic Þeld. While this two-dimensional approxima-
tion qualitatively differs from the more complex and computationally demanding
three-dimensional case, it may still provide insights into certain relaxation processes
characteristic of magnetized astrophysical plasmas. Indeed, these equilibria could
also be relevant in full three-dimensional anisotropic settings, particularly in scenar-
ios where an external Þeld effectively reduces the dimensionality of turbulence [ 271,
248, 235, 272]. In such general cases, which will motivate future investigations, the
KVR model may exhibit a weak dependency along the magnetic Þeld coordinate, de-
noted as z, which is typical of solar ßux ropes. Since the long-lived structures may
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potentially grow, our results could be signiÞcantly relevant for the comprehension
of astrophysical plasmas, especially in scenarios where transient and ßare emissions
are associated with the formation of plasmoids during the accretion process, as ob-
served, for instance, in Sgr A*, as well as in the observation of ßux tubes in the solar
wind and corona (varying the magnetization $ and the plasma %parameters).

The analysis presented thus far has illuminated the intricate dynamics of tur-
bulent plasmas composed of electrons and protons. However, understanding the
full complexity of astrophysical plasmas necessitates considering additional species,
such as positrons. The inclusion of positrons introduces new layers of complexity
and can signiÞcantly alter the dynamics of the plasma. In the following Section, we
transition to a more comprehensive kinetic model that includes positrons, allowing
us to examine their inßuence on the formation and evolution of coherent structures
within turbulent environments. This expanded approach will enable us to capture
the full spectrum of interactions among these three species, offering deeper insights
into the microphysical processes that govern energy dissipation, particle accelera-
tion, and the overall behavior of astrophysical plasmas, as discussed in Imbrogno
et al. [232].

3.3 Multi-species plasma turbulence

In the vicinity of black holes, plasma is not conÞned to electrons and protons but may
also include other species, such as positrons. Positrons are produced through vari-
ous mechanisms, including pair production and inverse Compton scattering, where
high-energy photons interact with matter to create electron-positron pairs. Incorpo-
rating these additional species into the analysis is essential for accurately modeling
the complex environments surrounding black holes, such as jets, accretion disks,
and outßows. The interaction among these particles in such extreme conditions can
profoundly inßuence the plasmaÕs dynamics, stability, and energy distribution, es-
pecially in turbulent regions where non-linear interactions with magnetic Þelds and
high-energy processes dominate. The interactions among these three species give
rise to intricate phenomena that warrant further investigation. Notably, the pres-
ence of positrons introduces additional effects related to particle acceleration and
energy dissipation mechanisms. Understanding how these dynamics manifest in
the vicinity of black holes could yield new insights into the mechanisms driving jet
formation and the behavior of accreting matter. This broader perspective encourages
a thorough examination of multi-species plasma, paving the way for future research
into the fundamental processes that govern the astrophysical environments in which
these structures are observed.

The objective of this study is to investigate the kinetic behavior of plasma incor-
porating a third species, the positrons. Our primary focus is to perform a series of
simulations, speciÞcally in the wind region (see Fig. 3.15), by varying the species
concentration ratio, as outlined in Imbrogno et al. [ 273] (submitted). This approach
is based on the observation that limited information is available regarding this pa-
rameter in that region, suggesting that the resulting plasma dynamics could vary
signiÞcantly depending on this choice. With respect to the selection of other key pa-
rameters, such as plasma beta%and magnetization $, previous research within the
framework of GRMHD provides valuable insights into the orders of magnitude for
these critical features. Our simulation campaign draws inspiration from the Þnd-
ings of Ripperda, Bacchini, and Philippov [ 202]. As illustrated in Fig.s 3.16aÐ3.16b,
it is reasonable to set the total plasma beta at % 0 0.2 (with %e 0 0.1, where %e
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FIGURE 3.15: Schematic representation of the investigation regions for PIC
simulations within the "KITCOM project", a collaboration initiated in recent
months. Notably, the black hole wind region is of signiÞcant interest, as the

concentration ratio between species remains uncertain.

represents the electron beta) and the magnetization at $ 0 1. This latter choice re-
ßects a balance between magnetic and kinetic forces, allowing the plasma to exhibit
characteristic behaviors, including the formation of vortex structures and magnetic
stability, while remaining susceptible to instabilities. At this stage, the focus of our
investigation is to understand how the dynamics of the plasma evolve with varying
the concentration ratio ! , deÞned below.

In our simulation, the condition of charge neutrality ensures the continuous pres-
ence of electrons. Accordingly, we deÞne ! as the concentration ratio of positrons
(e+ ) to electrons (e# ):

! =
ne+

ne#
, (3.56)

where the concentration of protons (p) can be determined from the charge neutrality
condition:

ne# = np + ne+ = n0 =
1

4'
. (3.57)

This formulation is advantageous because, given ! and ne# , it is straightforward to
ascertain the concentrations of the other species, namely:

ne# = n0, (3.58)

np = ( 1 # ! )n0, (3.59)

ne+ = ! n0. (3.60)

An illustrative sketch that facilitates the understanding of the above notation is pre-
sented in Fig. 3.17.

Table 3.1summarizes the settings of some simulations conducted to demonstrate
the relevance of the present study. The parameters listed in the table are explained
as follows. The enthalpy-weighted magnetization, commonly referred to as the
"hot" magnetization, quantiÞes the magnetic energy available per particle and is ex-
pressed as:

$ =
B2

0

4' w
=

B2
0

4' (" m
totc2 + $utot)

, (3.61)
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(A ) Magnetization $ illustrating that the
current sheets along the jetÕs sheath oper-
ate within the relativistic regime, while
those in the disk function within the
trans-relativistic regime. Image credit:
Ripperda, Bacchini, and Philippov [ 202].

(B) Total plasma beta %during the quasi-steady-state phase of accretion. Image credit: Ripperda, Bacchini,
and Philippov [ 202].

FIGURE 3.16: Top: magnetization $ in the jetÕs sheath and disk. Bot-
tom: total plasma beta %during the accretion phase.

where " m
tot stands for the total rest-mass density of the system, deÞned as:

" m
tot = (

,
n, m, = n0

'
me# + ( 1 # ! )mp + ! me+

(
, (3.62)

and utot is the total internal energy density, approximated by:

utot 0 (
,

P,

$ # 1
= (

,

n, kBT,

$ # 1
. (3.63)
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FIGURE 3.17: Pie charts for ! = 0.0 (left), ! = 0.5 (middle), and ! = 1.0
(right).

For each species, = e# , p, e+ , we can also deÞne a "cold" magnetization as:

$c
, =

B2
0

4' n, m, c2 . (3.64)

In the aforementioned relations, n, , m, , and T, denote the number density, mass,
and temperature of the , -th particle species, $ = 4/3 is the adiabatic index, and
B0 represents the strength of the guiding magnetic Þeld, as previously detailed in
Sec.3.2. The distinction between "hot" and "cold" magnetization is based on the
contributions from both particle mass and thermal energy; "hot" magnetization re-
ßects a scenario where thermal motion is signiÞcant, whereas "cold" magnetization
accounts solely for particle mass density, disregarding thermal effects.

The effective temperature of each speciesT, is determined by the dimensionless
temperature - , through the following relationship:

T, =
- , m, c2

kB
. (3.65)

The effective temperature is directly proportional to the , -th plasma beta, which
quantiÞes the ratio of kinetic to magnetic pressure:

%, =
8' n, kBT,

B2
0

. (3.66)

It is important to note that most constants in the equations above (i.e., me, kB, and c)
are set to unity in accordance with the geometrized unit system adopted throughout
this thesis.

For all the simulations performed, we utilized Nx = Ny = 4096 mesh points
within a physical box length of L0 = 5461.33de# , resulting in a spatial resolution of
%x = 4/3 de# . In general, the skin depth for species , is deÞned as:

d, =
c

3 p,,
=

c
)

4' n, e2

m,

, (3.67)

where 3 p,, represents the plasma frequency of the , -th species. The time resolu-
tion is set as a fraction of the spatial resolution, speciÞcally %t = 0.45%x, ensuring
compliance with the CFL condition for the stability of the numerical evolution. In
all simulations, 80 PPC are evolved, and thermal equilibrium is initially imposed
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(Te# = Tp = Te+ ).

# $ $ c
e $e B0

0.0 0.99 1836 152.8 42.85
0.5 1.95 1836 152.8 42.85
1.0 76.4 1836 152.8 42.85

# (%e" , %p, %e+ ) ( ! e" , ! p, ! e+ ) T f in
mac

0.0 (2.754, 1.5$ 10# 3, // ) (3 $ 10# 3, 3$ 10# 3, // ) 18000
0.5 (2.754, 1.5$ 10# 3, 2.754) (3 $ 10# 3, 1.5$ 10# 3, 1.5$ 10# 3) 18000
1.0 (2.754, //, 2.754 ) (3 $ 10# 3, //, 3 $ 10# 3) 18000

TABLE 3.1: Initial parameters for the multi-species plasma simulations.

The time evolution in our simulations is measured in machine time tmac. Never-
theless, to facilitate comparisons across different conÞgurations, it is essential to nor-
malize this time to a characteristic timescale. In Table 3.2, we present several perti-
nent characteristic quantities at the moment of maximum energy, including the RMS
of the electron bulk velocity !ve"RMS, the ßuctuations of the magnetic Þeld !b"RMS

(where b = B # B0), the correlation length #c, and the Taylor length #T associated
with the magnetic Þeld. Additionally, we report the AlfvŽn time and the nonlinear
time, which are two distinct methodologies for normalizing time. The AlfvŽn time
is expressed as follows:

tAlf =
L0(de# )
>

$
1 + $

, (3.68)

while the nonlinear time is deÞned as the ratio of the correlation length to the RMS
of the electron bulk velocity:

tnonlin =
#c

!ve"RMS
. (3.69)

# tmac #ve$RMS #b$RMS &c &T tAlf tnonlin

0.0 10000 0.21 873.0 437.0 37.0 7748.0 2063.0
0.5 10000 0.22 875.0 420.0 42.0 6717.0 1875.0
1.0 10000 0.24 850.0 433.0 36.0 5497.0 1798.0

TABLE 3.2: Characteristic quantities at the time of maximum energy for the
multi-species plasma simulations.

Since both deÞnitions yield quantities that exhibit minimal variation across the
three distinct conÞgurations, we opt to normalize the machine time using the AlfvŽn
time, a measure commonly employed in analogous astrophysical contexts.

Other meaningful quantities that must be considered to monitor the scales we
can resolve are the Debye length and the Larmor radius (or gyroradius) associated
with each species. In a classical framework, these are deÞned as follows:

#D,, =

)
m, - , c2

4' n, e2 =
,

- , d, (3.70)
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FIGURE 3.18: Variation of total energy, kinetic energy (excluding rest-mass
energy), and magnetic energy (considering only ßuctuations) as a function of

time.

and
" L,, =

m, c vth,,

eB0
=

,
%, d, , (3.71)

respectively, where vth,, =
3

2kBT, / m, denotes the thermal velocity of the , -th
species. It is crucial that, in PIC simulations, the following relationships are strictly
satisÞed for each species:

#D,,

%x
> 1, 3 p,, %t < 1, (3.72)

where, as speciÞed previously, %t = 0.45%x.
Another useful parameter to consider for diagnostics is the total energy of the

system Etot , which is deÞned as the sum of the kinetic energy of the particles (ex-
cluding the rest-mass energy) Etot

kin and the electromagnetic energy Eem (considering
only the ßuctuations of the electric and magnetic Þelds):

Etot = Etot
kin + Eem = (

,
(W, # 1)m, c2 +

!e2" + !b2"
8'

, (3.73)

where W, is the Lorentz factor associated with each species of particles. As illus-
trated in Fig. 3.18, the total energy remains conserved across all three test simula-
tions. However, the kinetic and electromagnetic energies exhibit an inverse relation-
ship: as one decreases, the other increases. This exchange occurs as magnetic energy
is transferred to the kinetic energy of particles, a characteristic feature of decaying
turbulence.

The initial conditions for all simulations are standardized to ensure comparable
dynamics and facilitate effective analysis. We construct the initial in-plane magnetic
Þeld (bx, by) from the spectrum of the vertical component of the magnetic potential
÷az. The initial magnetic Þeld, in which the particles are immersed, is derived from
the curl of the vector potential, b = ! $ a, where the in-plane Þeld is expressed as
b% = ! %az $ öz. The spectral shape is deÞned as follows:

az(x, y) = (
kx, ky

÷az(k)ei(káx+ 2k) ,

÷az(k) =
1

1 +
*

k
k0

+ 15/3 . (3.74)
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FIGURE 3.19: Initial conditions for the z-component of the vector potential.

where, as usual, a low wavenumber k0 = 4 is selected to inject energy at large scales,
thereby promoting the onset of turbulence, with truncation of the spectrum occur-
ring at k' = 7. Finally, the amplitude of the magnetic Þeld ßuctuations is imposed
to ensure that !b" 0 B0. The initial two-dimensional representation of the vertical
component of the magnetic potential az is illustrated in Fig. 3.19.

The simulations, whose principal parameters are listed in Table 3.1, are evolved
up to a machine time corresponding to the peak of nonlinear activity, as illustrated
in Fig. 3.20, which shows the RMS of the vertical component of the current density,
! jz"RMS. Our focus is on the time period around the point of maximum energy, which
occurs at approximately tmac 0 10000 and is indicated by (black) dashed lines.

Fig. 3.21 illustrates the two-dimensional evolution of the total number density
n, normalized to the initial density n0, for different concentration ratios ( ! = 0,
! = 0.5, and! = 1, as depicted in Fig. 3.17), around the time of maximum nonlinear
activity. The plots reveal slight variations in the evolution timescales, with coherent
structures emerging, approaching each other, and merging, thereby forming current
layers and plasmoids in the regions between them.

The particle spectra of electrons, protons, and positrons, along with the mag-
netic spectra presented in Appendix C, exhibit noticeable differences as ! is varied.
The former indicates that, as ! increases, the particles become more energetic and
thus experience greater acceleration. The latter reveals that when ! is higher, the
spectrum broadens in the inertial range, indicating enhanced energy transport. This
suggests that energy is being transferred more efÞciently from large to small scales,
where it is ultimately dissipated. Indeed, Fig. 3.20indicates that dissipation is more
pronounced in pair plasmas compared to plasmas composed solely of electrons and
protons, or those with intermediate concentration ratios.

Due to the highly challenging nature of these simulations, we submitted a pro-
posal to secure computing time. We were awarded a CINECA ISCRA-B project,
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FIGURE 3.20: RMS of the vertical component of the current density for
electron-proton plasma (blue solid line), electron-proton-positron plasma (or-
ange solid line), and electron-positron plasma (green solid line). The black
dashed line represents the time of maximum energy, where the analysis is

focused.

named ÒKITCOMÓ (Kinetic Simulations of Turbulence near Compact Objects with
Multi-species), granting us 3.5 million CPU hours. Within the framework of the
ÒKITCOM project," we aim to replicate identical simulation parameters while achiev-
ing the same or improved spatial resolution, speciÞcally %x = 4/3 de# or %x =
1/3 de# . This will be accomplished using a squared physical box that is four times
larger than previous conÞgurations, with dimensions deÞned as L0 = 10922.66de#

and grid sizes of Nx = Ny = 8192 or Nx = Ny = 32768. Notably, the choice of par-
ticles per cell is ßexible, and adjustments are allowed as long as the total number of
particles within the physical box remains constant, approximately 5.4 á109. This con-
straint is crucial for mitigating shot noise during the simulations. For instance, one
may select 5 PPC with Nx = Ny = 32768 or 80 PPC withNx = Ny = 8192. Addition-
ally, we plan to monitor 1000 particles per species, tracking them at each timestep.
To facilitate system relaxation and ensure evolution well beyond the phase of peak
nonlinear activity, the Þnal simulation time is established at tÞn = 4tAlf . These sim-
ulations will be conducted on the "Leonardo HPC cluster," which is supported by
CINECA.

The primary areas of interest surrounding a black hole include the disk, the jets,
and the wind, as schematized in Fig. 3.15. Among these, a particularly intriguing
and poorly explored region involves the current sheets within the black hole wind.
Consequently, we intend to perform several local high-resolution simulations in this
region, adhering to our computing budget, while maintaining a Þxed magnetization
of $ 0 1.0 and a total plasma beta of %0 0.2 (with %e 0 0.1), varying the concentra-
tion ratio ! = { 0, 0.1, 0.4, 0.5, 0.6, 0.9, 1} .

Given that the magnetization $ and the total plasma beta %are Þxed, the strength
of the out-of-plane (guide) magnetic Þeld B0 and the dimensionless electron temper-
ature - = - e are interdependent. SpeciÞcally, starting from the expression for %and
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FIGURE 3.21: Total number density evolution map around the peak of
nonlinear activity for electron-proton plasma (left column), electron-proton-
positron plasma (middle column), and electron-positron plasma (right col-

umn).

assuming initial thermal equilibrium ( Te# = Tp = Te+ ), the guide magnetic Þeld
strength is expressed as:

%=
8' n0

kBTe#F GH I
(- me# c2) f!

B2
0

=+ B0 = B0(- ) =

)
8' n0- me# c2 f!

%
, (3.75)

while the dimensionless electron temperature can be obtained from the expression
for $:

$ =
B2

0

4' n0

4
(me# + ( 1 # ! )mp + ! me+ )c2 +

$
$ # 1

f! (- me# c2)
5 (3.76)

- =

'
me# + ( 1 # ! )mp + ! me+

(
$%

me# f!

*
2 #

$
$ # 1

$%
+ , (3.77)

where f! is a ! -dependent function expressible as:

f! = 1 + ! + ( 1 # ! ) Tratio, Tratio =
Tp

Te#
= 1. (3.78)
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It is important to note that the total plasma beta %is deÞned as the sum of the indi-
vidual plasma betas of each species%, , which can be inferred as follows:

%e# =
1
f!

%, (3.79)

%p =
(1 # ! ) Tratio

f!
%, (3.80)

%e+ =
!
f!

%. (3.81)

In Appendix C, we conduct convergence tests to demonstrate that the selected reso-
lution for the multi-species simulations remains valid, even when the electron skin
depth is not fully resolved in some cases and the electron Debye length in others.
Our primary objective is to achieve simulations with a high number of particles per
species to mitigate shot noise, which necessitates a compromise on resolution while
ensuring it remains within reasonable limits. Further methodological details are
provided in Imbrogno et al. [ 273] (submitted).
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Conclusions

This thesis has been devoted to the study of black hole dynamics, in fully nonlin-
ear regimes. In particular, we investigated the behavior of such compact objects
in complex conÞgurations, starting from vacuum spacetimes, with multiple bodies
problem, going to the study of relativistic turbulent plasmas in their surrounding
regions. By employing advanced numerical simulations, we have investigated these
extreme systems and uncovered intricate nonlinear behaviors.

The work began with simulations of black hole systems in vacuum, focusing on
binary and multi-body interactions. Using the 3+1 formalism and the BSSN for-
mulation, we performed stable numerical simulations of black hole mergers, allow-
ing an accurate extraction of gravitational wave signals. After recovering the typi-
cal gravitational radiation of binary systems, this effort established the foundation
for exploring more complex scenarios involving three black holes. On this regard,
we started from Newtonian mechanics, where chaotic conÞgurations led to extreme
gravitational interactions (EGIs). These EGIs were used as initial data for the gen-
eral relativistic case, resulting in a comprehensive set of scenarios that revealed the
complexity of three-body dynamics. The analysis of three-body dynamics revealed
complex gravitational waveforms that provide critical insights into the nature of
multi-body interactions and offer potential signatures for detection by observatories
like LIGO and Virgo. These results could contribute to the reÞnement of waveform
templates and improve the interpretability of gravitational wave data in cases of
multi-body systems, thereby advancing the strategies for future detections.

Since multi-body interactions eventually culminate in the formation of a single,
spinning black hole, we subsequently shifted our attention towards understanding
the behavior of relativistic plasmas in the vicinity of Kerr-type black holes. Within
the framework of GRHD, we proposed a novel logarithmic formulation that might
enhance numerical stability in scenarios characterized by steep gradients, such as
shock fronts or stellar atmospheres. This approach has been tested under a Minkowski
metric, demonstrating promising stability characteristics, with plans to extend these
tests to curved spacetimes in future studies to fully assess its robustness and appli-
cability in more realistic astrophysical settings. Additionally, we investigated both
the linear and nonlinear KHI, emphasizing its role in driving turbulence and mixing
within regions dominated by strong velocity shear. The outcomes of these simu-
lations have the potential to enhance our understanding of the interplay between
plasma instabilities and gravitational Þelds in governing energy transport and an-
gular momentum redistribution in the vicinity of black holes, while also providing
valuable insights to guide future observational efforts.

Extending this study to magnetized plasmas, we used the BHACcode, within the
GRMHD framework. A series of simulations were carried out to model accretion
disks around supermassive black holes such as Sgr A* and M87*, with the aim of
capturing the complex dynamics of matter in magnetically dominated regions. By
performing a spectral analysis of the surrounding matter within the accretion disks,
we identiÞed the presence of a vigorous, strong turbulent cascade characterized by
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cross-scale coupling, where energy is efÞciently transferred from large, inhomoge-
neous scales down to smaller, homogeneous lenghts. This active energy transfer
was observed consistently across various regions, including the accretion disk, the
wind, and the relativistic jet. The results of this comprehensive analysis revealed
the crucial role of magnetic Þelds in shaping the behavior of turbulent plasma ßows,
uncovering key mechanisms that inßuence energy dissipation, angular momentum
transport, and jet formation.

Finally, as energy is effectively transferred to smaller scales, we explored fully ki-
netic, relativistic plasma turbulence using PIC simulations. These simulations were
designed to capture the microscopic physics of particle acceleration and magnetic
reconnection processes by incorporating realistic mass ratios between different par-
ticle species. This approach provided detailed insights into the kinetic processes that
drive the turbulent dynamics of relativistic plasmas. With the planned inclusion of
positrons, our aim is to enable a more comprehensive investigation of multi-species
plasma dynamics, offering a deeper understanding of how these additional particle
species interact within turbulent magnetic Þelds. The analysis of these simulations
revealed the emergence of long-lived coherent structures, which play a fundamental
role in mediating turbulence, energy transfer, and high-energy emissions in mag-
netically dominated environments. To accurately characterize these structures, we
developed a self-consistent kinetic model inspired by the Harris equilibrium, which
Þnds validation in a robust, but not so popular, ßuid description. This model pro-
vided a clearer framework for understanding the interplay between coherent pat-
terns and the underlying plasma dynamics. In light of the potential presence of
positrons in accretion ßows around black holes, we propose the development of new
numerical models to explore such multi-species, turbulent plasmas. By integrat-
ing these additional particle species into our kinetic framework, we aim to uncover
the dominant mechanisms responsible for energy distribution, particle energization,
and the resulting high-energy emissions.

In conclusion, this thesis has integrated multiple theoretical and computational
frameworks to offer a comprehensive, cross-scale perspective on the dynamics of
black holes and their interactions with surrounding relativistic plasmas. The present
results might provide new theoretical background to support current and upcoming
observational campaigns.



3.3. Multi-species plasma turbulence 141

FIGURE 3.22: Turbulent starry night at University of Calabria.
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Appendix A

ADM Constraint Violations

The constraints of the ADM formalism must be satisÞed throughout the entire dura-
tion of the simulation. Consequently, it is essential to monitor any violations of the
Hamiltonian and momentum constraints during the whole evolution of the system.
In principle, one expects that the numerical solution satisÞes these constraints or at
least results in residuals that do not grow as the evolution of the gravitational Þeld
progresses. The violation of the constraints is evaluated through their average øL2

error, deÞned as [274]

øL2 = ||&(x, y, z)||2 =

@A
A
B

E
' &2

,
|* |d'

E
'

,
|* |d'

. (A.1)

Here,
,

|* |d' represents the volume element calculated using the square root of
the determinant of the spatial metric, and &denotes the local error the Hamiltonian
and momentum constraints. We emphasize that the volume integrals in equation
(A.1) have been computed over the entire computational domain, including the grid
regions closest to the singularities. Fig. A.1 shows the time-dependent Hamiltonian
and momentum constraints for each of the analyzed conÞgurations, indicating the
violation of each constraint, which must be satisÞed at every time slice. As shown,
the violation remains low and fairly constant throughout the simulation, without
any exponential growth.
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FIGURE A.1: Time evolution of the Hamiltonian constraint (a) and the mo-
mentum constraints (b)Ð(d). The values on the yÐaxis are shown in logarith-

mic scale.
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Appendix B

Numerical Challenges in BHAC
Simulations and Synthetic Field
Analysis

Numerical simulations performed using the BHACcode present several challenges
for subsequent analysis:

1. Irregular boundaries: The complex shapes of the boundaries in the simulation
domain can complicate both the analysis and interpretation of results.

2. AMR: While AMR is advantageous for resolving Þne details in speciÞc re-
gions, it introduces variability in grid resolution, which poses difÞculties for
Fourier analysis that requires a uniform grid.

3. Curved spacetime: The presence of a non-ßat spacetime metric adds further
complexity to the analysis.

To assess the effectiveness of the increment-space estimation technique for com-
puting power spectra, as described in Sec.2.6, we design a toy problem by deÞning
a synthetic Þeld with a Kolmogorov # 5/3 power spectrum across the three regions
shown in Fig. 2.24. The synthetic Þeld is expressed in the following form:

F(x) =
+ )

(
kx= # )

+ )

(
kz= # )

Ak exp[i(k áx + 2k)], (B.1)

where k denotes the wavevector in Fourier space, 2k are randomly assigned phases,
and Ak is the amplitude, deÞned as:

Ak = exp
*

# ,

?
?
?
?

*
k

kmax

+ , ?
?
?
?

+ k# 1/2 k
k0

7

1 +
*

k
k0

+ 11/3
81/2 . (B.2)

Here, , is a constant parameter that Þlters the Þeld within a speciÞed range, kmax

is the cut-off wavenumber beyond which the Þlter suppresses spectral components,
and k0 represents the peak of the power spectrum. The synthetic Þeld described by
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Analysis

FIGURE B.1: Power spectrum of the synthetic Þeld for the three regions: the
disk (blue), the wind (orange), and the jet (green). The spectra for the wind
and jet overlap. The red dash-dotted line represents the Kolmogorov # 5/3

scaling law.

Eq. (B.1) yields the following power spectrum P(k):

P(k) =

*
k
k0

+ 2

7

1 +
*

k
k0

+ 11/3
8 . (B.3)

In the Kolmogorov power spectrum [ 275], as shown in Fig. B.1, the behavior at large
values of k (small scales) is dominated by the inertial range, following

P(k) 0 k# 5/3 . (B.4)

To address the analytical challenges posed by AMR, we implement a technique to
construct a structured and uniform grid that facilitates both analytical and compu-
tational tasks. By interpolating the data onto this regular grid, we obtain a more
coherent and uniform dataset, which improves the accuracy and efÞciency of the
analysis. The interpolation is performed using the griddata function, which esti-
mates values at regular grid points based on the original irregular data. This pro-
cess is crucial for transforming irregularly distributed data into a structured format.
SpeciÞcally, we use cubic interpolation based on the Clough-Tocher method, which
employs piecewise polynomial interpolants, ensuring C1 smoothness and curvature-
minimizing properties [ 276, 277]. For instance, Figure B.2 compares the synthetic
Þeld constructed on the irregular BHACgrid for the disk region with the same Þeld
interpolated onto a regular grid with dimensions (Nx, Nz) = ( 256, 256). The com-
parison demonstrates a perfect alignment with the interpolation technique. This
same procedure is applied to both the wind and jet regions.
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FIGURE B.2: The synthetic Þeld with Kolmogorov # 5/3 scaling law on the
"original" unstaggered BHACgrid (left) and with cubic interpolation (right) for

the disk region.
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Appendix C

Convergence Analysis for
Multi-Species Plasma Simulations

Simulating multi-species plasmas accurately requires selecting resolution parame-
ters that capture key physical scales, such as the electron skin depth and Debye
length, while ensuring numerical convergence. In this section, we present the key
parameters for different concentration ratios ! , representing the proportion of positrons
relative to electrons in the plasma. The resolution criteria and convergence stud-
ies are designed to achieve an optimal balance between computational efÞciency
and physical accuracy, particularly in cases where the electron skin depth or Debye
length may be slightly under-resolved. Tables C.1 and C.2 summarize the parame-
ters for each concentration ratio, followed by a discussion of convergence tests on
magnetic spectra and particle distribution functions.

# Nx Ny " x " t PPC PPd2
e" PP&2

D,e"

0.0 8192 8192 4/3 de# 0.60de# 80 45 6889
0.1 8192 8192 4/3 de# 0.60de# 80 45 6195
0.4 8192 8192 4/3 de# 0.60de# 80 45 4135
0.5 8192 8192 4/3 de# 0.60de# 80 45 3453
0.6 8192 8192 4/3 de# 0.60de# 80 45 2756
0.9 8192 8192 4/3 de# 0.60de# 80 45 696
1.0 32768 32768 1/3 de# 0.15de# 5 45 7

TABLE C.1: Corresponding parameters for each concentration ratio ! , in-
cluding values for mesh points, spatial and temporal resolutions, number of
PPC, and the number of particles per electron skin depth squared and per

electron Debye length squared.
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# de" /" x dp/" x de+ /" x ' L,e" /" x ' L,p/" x ' L,e+ /" x

0.0 0.75 32.14 // 0.24 10.16 //
0.1 0.75 33.87 2.37 0.24 10.16 0.24
0.4 0.75 41.49 1.19 0.24 10.16 0.24
0.5 0.75 45.45 1.06 0.24 10.16 0.24
0.6 0.75 50.81 0.97 0.24 10.16 0.24
0.9 0.75 101.62 0.79 0.24 10.16 0.24
1.0 3.0 // 3.0 0.95 // 0.95

# &D,e" /" x &D,p/" x &D,e+ /" x

0.0 9.28 9.28 //
0.1 8.80 9.28 27.84
0.4 7.19 9.28 11.37
0.5 6.57 9.28 9.28
0.6 5.87 9.29 7.58
0.9 2.95 9.32 3.11
1.0 1.22 // 1.22

TABLE C.2: Corresponding parameters for each concentration ratio ! , in-
cluding values for the skin depth resolution, Larmor radius resolution, and

Debye length resolution of the , -th species.

As evidenced by the Tables above, selecting a resolution of%x = 4/3 de# does not
adequately resolve the electron skin depth for cases with ! = { 0, 0.1, 0.4, 0.5, 0.6, 0.9} .
To ensure that this choice does not compromise the results, we conduct a conver-
gence study on magnetic spectra and particle distribution functions across different
conÞgurations with varying grid spacings, all while maintaining the same physi-
cal box length of L0 = 5461.33de# . SpeciÞcally, we analyzed the following reso-
lutions: %x = de# /3 (Nx = Ny = 16384, PPC= 5), %x = 2/3 de# (Nx = Ny =
8192, PPC= 20), %x = 4/3 de# (Nx = Ny = 4096, PPC= 80), %x = 8/3 de# (Nx =
Ny = 2048, PPC= 320), and %x = 16/3 de# (Nx = Ny = 1024, PPC= 1280). The
results, focusing on a plasma composed solely of electrons and protons (! = 0),
conÞrm that a resolution of %x = 4/3 de# is adequate for our purposes.

FIGURE C.1: Convergence study of magnetic spectra at various resolutions
and different machine times, speciÞcally for the case where ! = 0.
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FIGURE C.2: Convergence study of the particle distribution functions for
electrons (Þrst row) and protons (second row) across different resolutions at

various machine times for ! = 0.

We conclude that, for ! = { 0, 0.1, 0.4, 0.5, 0.6, 0.9} , employing a resolution of
%x = 4/3 de# is deemed acceptable. Consequently, it is feasible to implement 80
PPC to minimize noise in the Þelds and moments. Furthermore, once the turbu-
lence is fully developed, the velocity distribution of electrons exhibits signiÞcant
non-thermal characteristics, and their Larmor radius increases substantially due to
considerable accelerations. This effectively enhances our resolution.

Once again, as inferred from Table C.1 and Table C.2, when the positron num-
ber density exceeds that of protons, the Debye length progressively decreases, be-
coming under-resolved in the case of ! = 1. To address this issue, it is neces-
sary to reduce the resolution to %x = 1/3 de# . Due to computational cost con-
straints, which limit further resolution reÞnement, we verify this adjustment by
conducting convergence studies on magnetic spectra and particle distribution func-
tions across different conÞgurations. These simulations maintain the same phys-
ical box length, though smaller, set at L0 = 1365.33de# , while varying the grid
spacing. SpeciÞcally, we analyze the following cases: %x = 1/6 de# (#D,e# / %x =
2.45, Nx = Ny = 8192, PPC= 5), %x = 1/3 de# (#D,e# / %x = 1.22, Nx = Ny =
4096, PPC = 20), %x = 2/3 de# (#D,e# / %x = 0.61, Nx = Ny = 2048, PPC =
80), %x = 4/3 de# (#D,e# / %x = 0.31, Nx = Ny = 1024, PPC= 320), and %x =
8/3 de# (#D,e# / %x = 0.15, Nx = Ny = 512, PPC = 1280). The results, focusing
on a plasma composed solely of electrons and positrons (pair plasma) with ! = 1,
demonstrate that a resolution slightly smaller than the Debye length can be em-
ployed effectively.
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FIGURE C.3: Convergence study of magnetic spectra at various resolutions
and different machine times, speciÞcally for the case where ! = 1.

FIGURE C.4: Convergence study of the particle distribution functions for
electrons (Þrst row) and positrons (second row) across different resolutions

at various machine times for ! = 1.

We conclude that, for ! = 1, a resolution of %x = 1/3 de# is deemed sufÞcient,
enabling the implementation of 5 PPC to effectively reduce noise in the Þelds and
moments.
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