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Introduction

The main research topic studied in this work is global optimization | a eld
studying theory, methods, and implementation of models and strategies for
solving multiextremal optimization problems. The rapidly growing interest
to this area is explained by both the raising number of applied decision-
making problems, that are described by multiextremal objective functions,
and the signi cant recent development of advanced computer facilities.

Global optimization problems arise frequently in many real-life applicati-
ons [88, 152, 157, 192, 215, 229]: in engineering, statistics, decision making,
optimal control, machine learning, etc. A general global optimization pro-
blem requires to nd a point x and the corresponding value f(x ) being the
global (i.e., the deepest) minimum of a function f(x) over an N dimensional
domain D, where f(x) can be non-di erentiable, multiextremal, hard to eva-
luate even in one point, and given as a \black box". Therefore, traditional
local optimization methods [141, 145] cannot be used in this situation.

One of the important applied elds of e cient global optimization met-
hods is the investigation of control systems under uncertain values of their
parameters, in order to a ord the desired safe functioning of a controlla-
ble object. For example, many important problems of robust control can
be reduced to the problem of establishing the positiveness of multiextremal
functions. This problem can be successfully solved with the availability of
global optimization methods: it is su cient to establish that the global mi-
nimum of a function describing the system is positive.

It can be noted in this context that not only multidimensional global
optimization problems but also univariate problems of this kind arise fre-
quently in di erent real-life applications, for instance, in engineering (see,
e.g., [82, 93, 105, 113, 230]) and statistics (see, e.g., [26, 68, 72]). In par-
ticular, in structured low rank approximation (see, e.g., [74]), it can be
necessary to solve perturbed problems as well as the original ones. The Lip-
schitz constant for the objective function in that case can be very large and
the problem becomes very di cult to solve. Electrical engineering applica-
tions (see, e.g., [28, 38, 113, 190, 191, 183, 215]) can also require Lipschitz
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global optimization, for example, for solving the minimal root problem (see,
e.g., [114, 193, 189]). This kind of problems very often can be met in the
multidimensional case, as well (see, e.g., [13, 120, 149, 151, 207]).

In the global optimization literature, there exist several ways to consider
various global optimizations strategies (see, e.g., [144, 152, 154]). Such con-
siderations are usually either ‘problem-oriented’ or ‘methodology-oriented’.
The problem-oriented point of view takes into account the problem infor-
mation which can be used by a method during the search for the global
solution. For example, in continuous global optimization, derivative-free or
derivative-based methods can be considered depending on whether the ob-
jective function and constraints are di erentiable and the derivatives can or
cannot be computed or estimated.

The methodology-oriented point of view is more suitable for black-box
problems and mainly based on the methodology applied for solving these
problems. For example, global optimization algorithms can be divided into
deterministic and stochastic. Assuming exact computations and arbitra-
rily long run time, deterministic methods ensure that after a nite time an
approximation of a global minimizer will be found (within prescribed tole-
rances). Stochastic methods only o er a probabilistic guarantee of locating
the global solution: their convergence theory usually states that the global
minimum will be identi ed in an in nite time with probability one.

Among the vast group of deterministic algorithms for solving black-box
global optimization problems the so-called direct (or derivative-free) search
methods should be mentioned (see, e.g., [30, 33, 122, 158]). They are fre-
quently used in engineering design (as, e.g., the DIRECT method, the re-
sponse surface, or surrogate model methods, pattern search methods, etc.;
see [54] for details). Black-box global optimization techniques based on an
adaptive sampling and partition of the domain D are also widely used in
practice (see, e.g., [89, 151, 152, 189, 216]).

Adaptive stochastic search strategies are mainly based on random sam-
pling in the feasible set. Such techniques as adaptive random search, simu-
lated annealing, evolution and genetic algorithms, tabu search, etc., can be
cited here (see [54, 134, 147, 157, 224] for details). Stochastic approaches
can often deal with the described black-box problems in a simpler manner
than the deterministic algorithms (being also suitable for the problems where
the evaluations of the functions are corrupted by noise). However, there can
be di culties with some of these methods, as well (e.g., in studying con-
vergence properties of metaheuristics). Several restarts can also be involved,
requiring more expensive functions evaluations. Moreover, solutions found by
many stochastic algorithms (especially, by popular heuristic nature-inspired
methods like evolutionary algorithms, simulated annealing, etc.; see, e.g.,



[97, 98, 147, 161, 224]) can be only local solutions to the problems, far from
the global ones. This can preclude such methods from their usage in practice,
when an accurate estimate of the global solution is required.

Obviously, the problem of a comparison of existing numerical algorithms
for solving global optimization problems arises. The traditional way to do
this is to use a collection of test functions and to show that on this collection
a new method is better in some sense than its competitors. Then, a trade-
0 between the number of test functions, reliability of the comparison, and
visibility of results arises. Clearly, a small number of test functions does not
lead to a reliable comparison and a huge number of functions produces huge
tables with a lot of data that sometimes are di cult for a fast visualization
and an immediate comprehension.

Another di culty in a convincing demonstration consists in the existence
of methods having a completely di erent structure. A typical example is
the principle trouble arising when one needs to test a deterministic method
A with a stochastic algorithm B. The method A applied to a certain set of
functions returns always the same results while the method B should be run
several times and the results of these runs are always di erent. Consequently
the method A is compared with some average characteristics of the method B.

In the literature, there exist some approaches for a graphical comparison
of methods, as for example, operational characteristics (proposed in 1978 in
[78], see also [214, 215]), subsequently generalized as performance pro les
(see, e.g., [46]) and re-considered later as data pro les (see, e.g., [141]). Alt-
hough they are very similar, performance pro les are mainly based on the
relative behavior of the considered solvers on a chosen test set, while opera-
tional characteristics (and data pro les, which are quite close to operational
characteristics) are more suitable for analyzing performance of a black-box
optimization solver (or solvers) with respect to expensive function evaluati-
ons budget, independently of the behavior of the other involved methods on
the same benchmark set.

All these techniques are, however, not always suitable for the comparison
of methods of a di erent nature (for example, metaheuristics having a sto-
chastic nature and deterministic Lipschitz methods), although an attempt of
the usage of operational characteristics to study the behavior of a method
with di erent parameters’ values has been made in [214].

Today, a rapidly growing interest to modern supercomputers leads to
the necessity of development of new algorithms and methods for working
with novel supercomputing technologies (e.g., [169] for In nity Computing,
[19] for Quantum Computing, [2] for Biocomputing, etc.). In this work, the
In nity Computing, a novel methodology allowing one to work numerically
with in nite and in nitesimal numbers, is studied.
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This numeral system proposed in [172, 176, 180] is based on an in nite
unit of measure expressed by the numeral [J called grossone and introduced
as the number of elements of the set N of natural numbers (a clear di erence
with non-standard analysis can be seen immediately since non-standard in-

nite numbers are not connected to concrete in nite sets and have a purely
symbolic character). Other symbols dealing with in nities and in nitesimals
(1, Cantor’s I, @; @,;:::, etc.) are not used together with . Similarly,
when the positional numeral system and the numeral 0 expressing zero had
been introduced, symbols V, X, and other symbols from the Roman numeral
system had not been involved.

In order to see the place of the new approach in the historical panorama
of ideas dealing with in nite and in nitesimal, see [100, 125, 126, 128, 138,
174, 175, 185]. In particular, connections of the new approach with bijections
are studied in [128] and metamathematical investigations on the theory and
its non-contradictory can be found in [126]. The new methodology has been
successfully used in several elds. We can mention numerical di erentiation
and optimization (see [39, 177, 233]), models for percolation and biologi-
cal processes (see [91, 92, 179, 219]), hyperbolic geometry (see [129, 130]),
fractals (see [91, 92, 171, 173, 179]), in nite series (see [96, 174, 178, 228]),
lexicographic ordering, and Turing machines (see [175, 185, 186]), cellular
automata (see [34, 35, 36]), etc.

It is well-known that in ill-conditioned systems, numerical methods can
lead to incorrect results. However, it has been shown in [180], that in some
cases ill-conditioning can be avoided using [J and the well-known Gauss met-
hod can be used without pivoting to solve the systems of linear equations.
So, it can be very advantageous to use In nity Computing to handle with
ill-conditioning in optimization, as well. In this work, the advantages of ap-
plying the In nity Computing are studied with respect to the traditional
methodologies in order to handle with ill-conditioning occurred in optimiza-
tion.

It should be noticed that the advantages of the In nity Computing are
not limited to working with ill-conditioning only. It has been shown in [181],
that the numerical derivatives of a black-box function y(x) can be calculated
exactly using [J. Moreover, it has been also shown that the derivatives can
be calculated exactly even if the function y(x) is not given explicitly, but
it is a solution to some ordinary di erential equation. So, in this work, the
advantages of the In nity Computing are studied in the eld of ordinary
di erential equations, as well.

The main aims of this research can be formulated as follows.

{ Development of new powerful acceleration techniques in the framework of
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univariate Lipschitz global optimization and new algorithms based on
them.

{ Theoretical and experimental study of the proposed algorithms.

{ Development of new e cient methodologies allowing one to compare
graphically global optimization algorithms of a di erent nature.

{ Massive experimental comparison of several widely-used nature-inspired
metaheuristic algorithms with several deterministic approaches using
the proposed comparison techniques.

{ Development of a new generator of multidimensional test problems with
non-linear constraints, based on the GKLS generator of box-constraints
test problems, allowing one to test di erent constrained global optimi-
zation algorithms.

{ Application of the In nity Computing in order to handle with ill-conditi-
oning occurred in optimization. In particular, two di erent applications
are considered: univariate Lipschitz global optimization problems and
multidimensional convex non-smooth optimization problems.

{ Development of new explicit and implicit methods for solving ordinary
di erential equations on the In nity Computer and a theoretical study
of their convergence properties.

Scienti c novelty and practical importance of the present research consists
of the following:

{ Several new ideas that can be used to speed up the search in the framework
of univariate Lipschitz global optimization algorithms are introduced.
Proposed local tuning and local improvement techniques can lead to
signi cant acceleration of the search and enjoy the following advanta-
ges:

{ the accelerated global optimization methods automatically realize a
local behavior in the promising subregions without the necessity
to stop the global optimization procedure;

{ all the evaluations of the objective function executed during the
local phases are used also in the course of the global ones.

It should be emphasized that proposed global optimization methods
have a similar structure and a smart mixture of new and traditio-
nal computational steps leads to 22 di erent global optimization al-
gorithms. All of them are studied and compared on several sets of
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tests. Performed numerical experiments con rm the advantages of the
proposed techniques.

{ Two practical engineering problems are studied: nding the minimal root
of a non-linear equation problem from electrical engineering and a sum
of damped sinusoids from noisy data tting. Numerical experiments on
the presented classes of engineering problems con rmed the advantages
of the proposed techniques, as well.

{ Two e cient methodologies allowing one to compare global optimization
algorithms of di erent nature, called \Operational zones™ and \Aggre-
gated operational zones™, are proposed in this work. A massive ex-
perimental study of several widely-used nature-inspired metaheuristic
and deterministic global optimization algorithms is performed on more
than 1000 test problems with more than 1000000 runs. It is shown
that this new graphical methodology for comparing global optimiza-
tion methods of a di erent nature is quite representative. Almost all
qualitative characteristics that can be studied from numerical tables
can be also observed from operational zones. Moreover, the best, the
worst, and average performances of stochastic methods can be easily
found, as well.

{ Collections of test problems are used usually in the framework of continu-
ous constrained global optimization (see, e.g., [53]) due to absence of
test classes and generators for such a type of problems. This work in-
troduces a new generator of test problems with non-linear constraints,
known global minimizers, and parameterizable di culty, where both
the objective function and constraints are continuously di erentiable.

{ Application of the In nity Computing in order to handle of ill-conditioning
in optimization shows promising results. In particular, we show in this
work that several ill-conditioned problems in the traditional compu-
tational framework become well-conditioned if the In nity Computing
is applied. Presented techniques can be used in di erent elds, where
ill-conditioning appears.

{ Finally, several explicit numerical methods for solving ordinary di eren-
tial equations are proposed. Theoretical convergence properties of the
proposed methods are studied. It is shown that the methods of hig-
her order can be used with the calculation of the derivatives exactly
using the In nity Computer. Experimental results show the competi-
tive ability of the proposed methods with respect to the well-known
Runge-Kutta and Taylor methods.
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Obtained scienti ¢ results have been presented on 7 international confe-
rences. Moreover, 8 papers have been published in the international journals
and 1 paper has been submitted, 1 contribution to the book and 9 papers in
proceedings of the international conferences have been also published.

This work consists of the introduction, 4 chapters, conclusion, references
and 2 appendices.

The rst Chapter is dedicated to univariate global optimization problems.
Geometric and information frameworks for constructing global optimization
algorithms are considered and several new ideas to speed up the search are
proposed. A general scheme of univariate Lipschitz global optimization met-
hods is presented. Convergence properties of the proposed algorithms are
studied. Numerical experiments over several sets of test problems from the
literature including two classes of practical engineering problems show the
advantages of the proposed techniques.

The second Chapter is dedicated to a numerical comparison of global
optimization algorithms of di erent nature. First, box-constraints problems
are considered. A traditional comparative analysis using test benchmarks
is studied and new methodologies for the comparison are proposed for two
classes of algorithms: deterministic and nature-inspired metaheuristic met-
hods. A new generator of test problems with non-linear constraints called
\Emmental-type GKLS-based generator of test problems" is proposed.

The third Chapter is related to handling with the ill-conditioning in op-
timization using numerical in nities and in nitesimals. First, the In nity
Computing methodology is introduced very brie y. Then, univariate Lip-
schitz global optimization problems are considered in geometric and infor-
mation frameworks for constructing global optimization algorithms. Finally,
a multidimensional variable metric method is considered in the In nity Com-
puting framework, as well. Experimental results on the software simulator
of the In nity Computer con rm theoretical analysis.

The fourth Chapter is dedicated to numerical solution of ordinary di e-
rential equations on the In nity Computer. The In nity Computer studied
in the third Chapter is applied to numerical methods for solving initial va-
lue problems. Several explicit methods are introduced. Properties of the
proposed methods are studied theoretically. Finally, it is shown that an
experimental study substantiates the obtained theoretical results.

Finally, some conclusion remarks are provided. Classes of test problems
used during the work are described in Appendix.






Chapter 1

Univariate Lipschitz Global
Optimization

In global optimization, it is necessary to nd the global minimum f and the
respective minimizer x of the objective function f(x) over a set D, i.e.,

f =f(x)=minf(x); x2D RN; (1.1)

where D is a bounded set (often, an N-dimensional hyperinterval is consi-
dered). In this Chapter, black-box Lipschitz global optimization problems
are considered in their univariate statement, i.e., N =1 in (1.1). Problems
of this kind attract a great attention of the global optimization community.
This happens because, rst, there exists a huge number of real-life applica-
tions where it is necessary to solve univariate global optimization problems
(see, e.g., [25, 26, 28, 37, 68, 72, 74, 83, 109, 155, 170, 193, 203, 166, 187,
189, 230, 234]). This kind of problems is often encountered in scienti ¢
and engineering applications (see, e.g., [82, 93, 105, 114, 113, 123, 152, 193,
166, 189, 214, 215]), and, in particular, in electrical engineering optimiza-
tion problems (see, e.g., [37, 38, 183, 189, 215]). On the other hand, it is
important to study one-dimensional methods because they can be success-
fully generalized in several ways. For instance, they can be extended to the
multi-dimensional case by numerous schemes (see, for example, one-point ba-
sed, diagonal, simplicial, space- lling curves, and other popular approaches in
[32, 54, 88, 120, 149, 150, 151, 152, 168, 189, 207, 213, 215]). Another possible
generalization consists of developing methods for solving problems where the
rst derivative of the objective function satis es also the Lipschitz condition
with an unknown constant (see, e.g., [69, 111, 119, 190, 191, 167, 189, 215]).
In the seventies of the XX century two algorithms for solving the above
mentioned problems have been proposed in [155, 213]. The rst method was
introduced by Piyavskij (see also [210]) by using geometric ideas (based on
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the Lipschitz condition) and an a priori given overestimate of the Lipschitz
constant for the objective function. The method [155] constructs a piecewise
linear auxiliary function, being a minorant for the objective function, that
is adaptively improved during the search. The latter algorithm [212, 213]
was introduced by Strongin who developed a statistical model that allowed
him to calculate probabilities of locating global minimizers within each of the
subintervals of the search interval taken into consideration. Moreover, this
model provided a dynamically computed estimate of the Lipschitz constant
during the process of optimization. Both the methods became sources of
multiple generalizations and improvements (see, e.g., [49, 149, 151, 152, 189,
207, 215, 232]) giving rise to classes of geometric and information global
optimization methods.

Very often in global optimization (see, e.g., [54, 88, 152, 189, 215, 229])
local techniques are used to accelerate the global search and frequently global
and local searches are realized by di erent methods having completely alien
structures. Such a combination introduces at least two inconveniences. First,
evaluations of the objective function (called hereinafter trials) executed by a
local search procedure are not used usually in the subsequent phases of the
global search or, at least, results of only some of these trials (for instance,
the current best found value) are used and the other ones are not taken into
consideration. Second, there arises the necessity to introduce both a rule
that stops the global phase and starts the local one and a rule that stops the
local phase and decides whether it is necessary to re-start the global search.
Clearly, a premature stop of a global phase of the search can lead to the loss
of the global solution while a late stop of the global phase can slow down the
search.

In this work, both frameworks, geometric and information, are taken into
consideration and a number of derivative-free techniques that were proposed
to accelerate the global search are studied and compared.

1.1 Acceleration techniques in Lipschitz
global optimization

Many of the algorithms of both deterministic and stochastic types have a si-
milar structure. Hence, a number of general frameworks for describing com-
putational schemes of global optimization methods and providing their con-
vergence conditions in a uni ed manner have been proposed. The \Divide-
the-Best™” approach DBA (see [168, 189, 194, 202]), which generalizes both
the schemes of adaptive partition [152] and characteristic [80, 189, 215] algo-
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rithms, can be successfully used for describing and studying numerical global
optimization methods.

In the DBA scheme, given a set of the method parameters, an adaptive
partition of the admissible region D from (1.1) into subsets D¥ is considered
at each iteration k. The ‘merit’ (called characteristic) R; of each subset for
performing a subsequent, more detailed, investigation is estimated on the
basis of the obtained information about the objective function. The best
(in some prede ned sense) characteristic obtained over some subregion DX
corresponds to a higher possibility to nd the global minimizer within DY.
Subregion Df is, therefore, subdivided at the next iteration of the algorithm,
thus, improving the current approximation of the solution to problem (1.1).

E cient deterministic global optimization methods belonging to the DBA
scheme (as surveyed, e.g., in [112]) can be developed in the framework of
Lipschitz global optimization (LGO) working with the Lipschitz objective
functions f(x) in (1.1), i.e., with the functions f(x) satisfying the following
condition:

iFN  FXM)j Lk x%;  x%x"2 D; (1.2)

where 0 < L < L is the Lipschitz constant (usually, unknown for black-box
functions).

Condition (1.2) is realistic for many practical black-box problems and
allows the solvers to obtain accurate global optimum estimates after perfor-
ming a limited number of trials.

1.1.1 Local Tuning and Local Improvement techniques

The considered univariate global optimization problem can be formulated as
follows:
f =f(x)=minf(x); x2[a;hb]; (1.3)

where the function f(x) satis es the Lipschitz condition (1.2) over the interval
[a; b] with the Lipschitz constant L;0 < L < 1. It is supposed that the
objective function (x) can be multiextremal, non-di erentiable; black-box;
with an unknown Lipschitz constant L; and evaluation of f(x) even at one
point is a time-consuming operation.

As mentioned above, the geometric and information frameworks are ta-
ken into consideration in this work. The original geometric and information
methods, apart the origins of their models, have the following important dif-
ference. Piyavskij’s method requires for its correct work an overestimate of
the value L that usually is hard to get in practice. In contrast, the informa-
tion method of Strongin adaptively estimates L during the search. As it was
shown in [165, 166] for both the methods, these two strategies for obtaining
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Figure 1.1: An auxiliary function (solid thin line) and a minorant function
(dashed line) for a Lipschitz function f(x) over [a;b], constructed by using
estimates of local Lipschitz constants and by using the global Lipschitz con-
stant, respectively (trial values are circled).

the Lipschitz information can be substituted by the so-called \local tuning
approach™. In fact, the original methods of Piyavskij and Strongin use esti-
mates of the global constant L during their work (the term \global” means
that the same estimate is used over the whole interval [a;b]). However, the
global estimate can provide a poor information about the behavior of the ob-
jective function f(x) over every small subinterval [x; 1;Xi] [a;b]. In fact,
when the local Lipschitz constant related to the interval [x; ;Xi] is signi -
cantly smaller than the global constant L, then the methods using only this
global constant or its estimate can work slowly over such an interval (see,
e.g., [166, 189, 215]).

In Fig. 1.1, an example of the auxiliary function for a Lipschitz function
T(x) over [a;b] constructed by using estimations of local Lipschitz constants
over subintervals of [a; b] is shown by a solid thin line; a minorant function for
T(x) over [a;b] constructed by using an overestimate of the global Lipschitz
constant is represented by a dashed line. Note that the former piecewise
function estimates the behavior of f(x) over [a;b] more accurately than the
latter one, especially over subintervals where the corresponding local Lip-
schitz constants are smaller than the global one.

The local tuning technique proposed in [165, 166] adaptively estimates
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local Lipschitz constants at di erent subintervals of the search region du-
ring the course of the optimization process. Estimates |; of local Lipschitz

constants L; are computed for each interval [X; 1;X], i = 2;:::;k; as follows:
li=r maxf ;; i g (1.4)
where
i = maxfH; 1; Hi; Hix10; 1=2;:5K; (1.5)
iz zi 4j, .

H =212 2 =2k 1.
1 XI XI 11 I ’ ) ) ( 6)
HX = maxfH; : i = 2; :: kg: (1.7)

Here,z; = T(X;);1 = 1;:::;;k; i.e., values of the objective function calculated
at the previous iterations at the trial points x;;i = 1;:::;k; (when i =2 and
i = k only H;; Hs, and Hy 1;Hy, should be considered, respectively). The
value ; is calculated as follows:

= Hki(x‘xm);‘x ), (1.8)

with H* from (1.7) and
M = maxfx; x; 1: 1=2;:;kg: (1.9)

Let us give an explanation of these formulae. The parameter > 0 from
(1.4) is a small number that is required for a correct work of the local tuning
at initial steps of optimization, where it can happen that maxf ;; ig = 0;
r > 1 is the reliability parameter. The two components, ; and ;, are the
main players in (1.4). They take into account, respectively, the local and
the global information obtained during the previous iterations. When the
interval [X; 1;X;] is large, the local information represented by ; can be not
reliable and the global part ; has a decisive in uence on I; thanks to (1.4)
and (1.8). In this case ; ¥ HX, namely, it tends to the estimate of the
global Lipschitz constant L. In contrast, when [X; 1;X;] is small, then the
local information becomes relevant, the estimate ; is small for small intervals
(see (1.8)), and the local component ; assumes the key role. Thus, the local
tuning technique automatically balances the global and the local information
available at the current iteration. It has been proved for a number of global
optimization algorithms that the usage of the local tuning can accelerate the
search signi cantly (see [110, 170, 193, 203, 166, 167, 189, 215]). This local
tuning strategy will be called \Maximum™ Local Tuning hereinafter.
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Recently, a new local tuning strategy called hereinafter \Additive™ Local
Tuning has been proposed in [66, 67, 214] for certain information algorithms.
It proposes to use the following additive convolution instead of (1.4):

=r maxf%( i+ i) g (1.10)

wherer, , j,and ; have the same meaning as in (1.4). The rst numerical
examples executed in [66, 214] have shown a very promising performance of
the \Additive" Local Tuning. These results induced us to execute in the
present research a broad experimental testing and a theoretical analysis of
the \Additive” Local Tuning. In particular, geometric methods using this
technique are proposed here (remind that the authors of [66, 214] have intro-
duced it in the framework of information methods only). During our study
some features suggesting a careful usage of this technique have been discove-
red, especially, in cases where it is applied to geometric global optimization
methods.

In order to start our analysis of the \Additive™ Local Tuning, let us
remind (see, e.g., [152, 155, 189, 207, 213, 215]) that in both the geometric
and the information univariate algorithms, an interval [X; 1;X¢] is chosen in
a certain way at the (k + 1)-th iteration of the optimization process and a
new trial point x**, where the (k + 1)-th evaluation of f(X) is executed, is
computed as follows:

kel _ XeFXe 1 Ze Z¢ 1,

X 2 21,

(1.11)

For a correct work of this kind of algorithms it is necessary that x*** is such
that x**1 2 (x; 1;%;). It is easy to see that the necessary condition for this
inclusion is Iy > H¢, where Hy is calculated following (1.6). Notice that I; is
obtained by using (1.10), where the sum of two addends plays the leading
role. Since the estimate ; is calculated as shown in (1.8), it can be very small
for small intervals, creating so the possibility of occurrence of the situation
I H¢ and, consequently, x<*1 2 (x; 1;X;). Obviously, by increasing the
value of the parameter r this situation can be easily avoided and the method
should be re-started. In fact, in information algorithms where r 2 is usually
used this risk is less pronounced while in geometric methods where r > 1 is
applied it becomes more probable. On the other hand, it is well known in
Lipschitz global optimization (see, e.g., [152, 189, 207, 215]) that increasing
the parameter r can slow down the search. In order to understand better
the functioning of the \Additive™ Local Tuning, it is broadly tested together
with other competitors.
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The analysis provided above shows that the usage of the \Additive" Local
Tuning can become tricky in some cases. In order to avoid the necessity to
check the satisfaction of the condition x** 2 (x; 1;%;) at each iteration, we
propose a new strategy called the \Maximum-Additive™ Local Tuning where,
on the one hand, this condition is satis ed automatically and, on the other
hand, advantages of both the local tuning techniques described above are
incorporated in the unique strategy. This local tuning strategy calculates
the estimate |; of the local Lipschitz constants as follows:

Ii =r maXin;%( i+ |), 0; (112)

where r, , Hj, i, and ; have the usual meaning. It can be seen from (1.12)
that this strategy both maintains the additive character of the convolution
and satis es condition |; > H;. The latter condition provides that in case
the interval [X; 1;X;] is chosen for subdivision (i.e., t := i is assigned), the
new trial point x**1 will belong to (X; 1;%¢). Notice that in (1.12) the equal
usage of the local and global estimate is applied. Obviously, a more general
scheme similar to (1.10) and (1.12) can be used where % is substituted by
di erent weights for the estimates ; and ;, for example, as follows:

Cor
i=r mafoi;?'+T i g

(r; Hi; §; i,and areasin (1.12)).

Let us now present another acceleration idea. It consists of the following
observation related to global optimization problems with a xed budget of
possible evaluations of the objective function f(x), i.e., when only, for in-
stance, 100 or 1000000 evaluations of f(x) are allowed. In these problems,
it is necessary to obtain the best possible value of f(x) as soon as possible.
Suppose that f, is the best value (the record value) obtained after k iterati-
ons. If a new value f(x*1) < f, has been obtained, then it can make sense
to try to improve this value locally, instead of continuing the usual global
search phase. As was already mentioned, traditional methods stop the global
procedure and start a local descent: trials executed during this local phase
are not then used by the global search since the local method has usually a
completely di erent nature.

Here, we propose two local improvement techniques, the \optimistic™ and
the \pessimistic" one, that perform the local improvement within the glo-
bal optimization scheme. The optimistic method alternates the local steps
with the global ones and, if during the local descent a new promising local
minimizer is not found, the global method stops when a local stopping rule
is satis ed. The pessimistic strategy does the same until the satisfaction of
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the required accuracy on the local phase and then switches to the global
phase where the trials performed during the local phase are also taken into
consideration.

All the methods described in this Chapter have a similar structure and
belong to the class of \Divide the Best" global optimization algorithms intro-
duced in [168] (see also [189]; for methods using the \Additive" Local Tuning
this holds if the parameter r is such that li,) > rHjq for all i and k). The
algorithms di er in the following:

{ methods are either geometric or information;

{ methods di er in the way the Lipschitz information is used: an a priori
estimate, a global estimate, and a local tuning;

{ in cases where a local tuning is applied methods use 3 di erent strategies:
Maximum, Additive, and Maximum-Additive;

{ in cases where a local improvement is applied methods use either the
optimistic or the pessimistic strategy.

Let us describe the General Scheme (GS) of the methods used in this
work. A concrete algorithm will be obtained by specifying one of the possible
implementations of Steps 2{4 in this (GS).

Step 0. Initialization. Execute rst two trials at the points a and b, i.e.,

xt :=a, z! ;= f(a) and x? := b, z? ;= f(b). Set the iteration counter
k:=2.
Let flag be the local improvement switch to alternate global search
and local improvement procedures; set its initial value flag := 0. Let
imin be an index (being constantly updated during the search) of the
current record point, i.e., z; .. = f(x;,.) f), i = 1;::5;k (if
the current minimal value is attained at several trial points, then the
smallest index is accepted as imin).

Suppose that k 2 iterations of the algorithm have already been exe-
cuted. The iteration k + 1 consists of the following steps.

Step 2. Estimates of the Lipschitz constant. Calculate the current esti-
mates |; of the Lipschitz constant for each subinterval [x; 1;X], | =
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Step 2.1. A priori given estimate. Take an a priori given estimate
[* of the Lipschitz constant for the whole interval [a;b], i.e., set

Ii = C
Step 2.2. Global estimate. Set I; := r maxfH*; g; where r and
are two parameters with r > 1 and su ciently small, H¥ is
from (1.7).

Step 2.3. \Maximum™ Local Tuning. Set I; following (1.4).
Step 2.4. \Additive" Local Tuning. Set I; following (1.10).
Step 2.5. \Maximum-Additive™ Local Tuning. Set |; following (1.12).

Step 3. Calculation of characteristics. Compute for each subinterval

lowing rules.

Step 3.1. Geometric methods.

Zi + z; Xi X
Ri — fi 2| 1 Ii i 5 i 1:
Step 3.2. Information methods.
(zi zi 1)*.

Ri=2(zi+z 1) L Xi1) e X 1)

Step 4. Subinterval selection. Determine subinterval [X; 1;X¢], t = t(k),
for performing the next trial by using one of the following rules.

Step 4.1. Global phase. Select the subinterval [X; 1;X¢] corresponding

Steps 4.2{4.3. Local improvement.

if flag = 1 then (perform local improvement)
if zZk = Zi...» then t=argminfR; : i 2 fimin + 1; 1ming0;
else alternate the choice of subinterval between [X; . ;X . +1]
and [Xi,., 1;Xi,,] starting from the right subinterval
Kimin Ximin-+1]-
end if
the current itera’t”i'c')n).
end if
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The subsequent part of this Step di ers for two local improvement
techniques.

Step 4.2. Pessimistic local improvement.
if flag =1 and
Xt Xt 1 : (1.13)

where > 0 is the local search accuracy,

.....

formed since the local search accuracy has been achieved).
end if
Set flag := NOT (flag) (switch the local/global ag).
Step 4.3. Optimistic local improvement.

Set flag := NOT (flag) (switch the local/global ag: the
accuracy of local search is not separately checked in this
strategy).

Step 5. Global stopping criterion. If

Xe Xe 1 (1.14)
where " > 0 is a given accuracy of the global search, then Stop
and take as an estimate of the global minimum f the value f, =

Otherwise, go to Step 6.

Step 6. New trial. Execute the next trial at the point x**! from (1.11):
zk*1 = F(x**1). Increase the iteration counter k := k + 1, and go to
Step 1.

All the Lipschitz global optimization methods considered in the Chap-
ter are summarized in Table 1.1 from which concrete implementations of
Steps 2{4 in the GS can be individuated. As shown experimentally in Sub-
section 1.1.2, the methods using an a priori given estimate of the Lipschitz
constant or its global estimate lose, as a rule, in comparison with methods
using local tuning techniques, in terms of the trials performed to approximate
the global solutions to problems. Therefore, local improvement accelerations
(Steps 4.2{4.3 of the GS) were implemented for methods using local tuning
strategies only. In what follows, the methods from Table 1.1 are furthermore
speci ed (for the methods known in the literature the respective references
are provided).
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Step2 Step3 Step4d
2.1 \ 2.2 \ 2.3 \ 2.4 \ 2.5 4.1 \ 4.2 \ 4.3
Geom-AL +
Geom-GL +
Geom-LTM +
Geom-LTA +
Geom-LTMA +
Geom-LTIMP +
Geom-LTIAP +
Geom-LTIMAP +
Geom-LTIMO +
Geom-LTIAO +
Geom-LTIMAO +
Inf-AL +
Inf-GL +
Inf-LTM +
Inf-LTA +
Inf-LTMA +
Inf-LTIMP +
Inf-LTIAP +
Inf-LTIMAP +
Inf-LTIMO +
Inf-LTIAO +
Inf-LTIMAO +

Method

w
'_\
w
N

+ ]+ ]+

+

+

IR R A Y R A
+

]+ +] +

+

-+
—+
—+

S A I S A A

+

Table 1.1: Description of the considered methods, the signs \+" show a
combination of implementations of Steps 2{4 in the GS for each method.
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1. Geom-AL.: Piyavskij’s method with the a priori given Lipschitz con-
stant (see [155, 210] and [189] for generalizations and discussions): GS with
Step 2.1, Step 3.1 and Step 4.1.

2. Geom-GL: Geometric method with the global estimate of the Lip-
schitz constant (see [189]): GS with Step 2.2, Step 3.1 and Step 4.1.

3. Geom-LTM: Geometric method with the \Maximum™ Local Tuning
(see [166, 189, 215]): GS with Step 2.3, Step 3.1 and Step 4.1.

4. Geom-LTA: Geometric method with the \Additive™ Local Tuning:
GS with Step 2.4, Step 3.1 and Step 4.1.

5. Geom-LTMA: Geometric method with the \Maximum-Additive"
Local Tuning: GS with Step 2.5, Step 3.1 and Step 4.1.

6. Geom-LTIMP: Geometric method with the \Maximum™ Local Tu-
ning and the pessimistic strategy of the local improvement (see [119, 189]):
GS with Step 2.3, Step 3.1 and Step 4.2.

7. Geom-LTIAP: Geometric method with the \Additive" Local Tuning
and the pessimistic strategy of the local improvement: GS with Step 2.4,
Step 3.1 and Step 4.2.

8. Geom-LTIMAP: Geometric method with the \Maximum-Additive"
Local Tuning and the pessimistic strategy of the local improvement: GS with
Step 2.5, Step 3.1 and Step 4.2.

9. Geom-LTIMO: Geometric method with the \Maximum™ Local Tu-
ning and the optimistic strategy of the local improvement: GS with Step 2.3,
Step 3.1 and Step 4.3.

10. Geom-LTIAO: Geometric method with the \Additive" Local Tu-
ning and the optimistic strategy of the local improvement: GS with Step 2.4,
Step 3.1 and Step 4.3.

11. Geom-LTIMAO: Geometric method with the \Maximum-Additive"
Local Tuning and the optimistic strategy of the local improvement: GS with
Step 2.5, Step 3.1 and Step 4.3.

12. Inf-AL: Information method with the a priori given Lipschitz con-
stant (see [189]): GS with Step 2.1, Step 3.2 and Step 4.1.

13. Inf-GL.: Strongin’s information-statistical method with the global
estimate of the Lipschitz constant (see [212, 213, 215]): GS with Step 2.2,
Step 3.2 and Step 4.1.

14. Inf-LTM: Information method with the \Maximum™ Local Tuning
(see [165, 207, 215]): GS with Step 2.3, Step 3.2 and Step 4.1.

15. Inf-LTA: Information method with the \Additive" Local Tuning (see
[66, 214]): GS with Step 2.4, Step 3.2 and Step 4.1.

16. Inf-LTMA: Information method with the \Maximum-Additive™ Lo-
cal Tuning: GS with Step 2.5, Step 3.2 and Step 4.1.
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17. Inf-LTIMP: Information method with the \Maximum" Local Tu-
ning and the pessimistic strategy of the local improvement [118, 207]: GS
with Step 2.3, Step 3.2 and Step 4.2.

18. Inf-LTIAP: Information method with the \Additive™ Local Tuning
and the pessimistic strategy of the local improvement: GS with Step 2.4,
Step 3.2 and Step 4.2.

19. Inf-LTIMAP: Information method with the \Maximum-Additive"
Local Tuning and the pessimistic strategy of the local improvement: GS with
Step 2.5, Step 3.2 and Step 4.2.

20. Inf-LTIMO: Information method with the \Maximum™ Local Tu-
ning and the optimistic strategy of the local improvement: GS with Step 2.3,
Step 3.2 and Step 4.3.

21. Inf-LTIAQ: Information method with the \Additive™ Local Tuning
and the optimistic strategy of the local improvement: GS with Step 2.4, Step
3.2 and Step 4.3.

22. Inf-LTIMAO: Information method with the \Maximum-Additive"
Local Tuning and the optimistic strategy of the local improvement: GS with
Step 2.5, Step 3.2 and Step 4.3.

1.1.2 Convergence study and experimental analysis

Let us spend a few words regarding convergence of the methods belonging to
the GS. To do this we study an in nite trial sequence fxg generated by an
algorithm belonging to the general scheme GS for solving the problem (1.3),
(1.2) with =0 from (1.13) and " = 0 from (1.14).

Theorem 1.1. Assume that the objective function f(x) satis es the Lipschitz
condition (1.2) with a nite constant L > 0, and let X’ be any limit point of
fxXg generated by an algorithm belonging to the GS that does not use the
\Additive" Local Tuning and works with one of the estimates (1.4), (1.7),
(1.12). Then the following assertions hold:

1. if X 2 (a;b) then convergence to X' is bilateral, i.e., there exist two
in nite subsequences of fxKg converging to x' one from the left, the
other from the right;

2. T(x¥) (X, for all trial points x¥, k  1;
3. if there exists another limit point x" & x?, then f(x®) = f(X");

4. if the function f(x) has a nite number of local minima in [a; b], then
the point X’ is locally optimal;
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5. (Su cient conditions for convergence to a global minimizer). Let x be
a global minimizer of f(x). If there exists an iteration number k such
that for all k > k the inequality

ligy > Lig (1.15)

holds, where L, is the Lipschitz constant for the interval [Xjao 1; Xjo]
containing x , and ljq is its estimate. Then the set of limit points of
the sequence fxKg coincides with the set of global minimizers of the
function f(x).

Proof. Since all the methods mentioned in the Theorem belong to the
\Divide the Best" class of global optimization algorithms introduced in [168],
the proofs of assertions 1{5 can be easily obtained as particular cases of the
respective proofs in [168, 189]. O

Corollary 1.1. Assertions 1{5 hold for methods belonging to the GS and
using the \Additive™ Local Tuning if the condition ljx) > rHiq is ful lled
for all i and k.

Proof. Ful llment of the condition liwy > rHiqy ensures that: (i) each
new trial point x*** belongs to the interval (X; 1;X;) chosen for partitioning;
(i) the distances x**1 X ; and x; x¥*! are nite. The ful liment of
these two conditions implies that the methods belong to the class of \Divide
the Best" global optimization algorithms and, therefore, proofs of assertions
1{5 can be easily obtained as particular cases of the respective proofs in
[168, 189]. O

Notice that in practice, since both " and assume nite positive values,
methods using the optimistic local improvement can miss the global optimum
and stop in the -neighborhood of a local minimizer (see Step 4 of the GS).

The next Theorem ensures existence of the values of the reliability para-
meter r satisfying condition (1.15), providing so that all global minimizers
of £(x) will be determined by the proposed methods that do not use the a
priori known Lipschitz constant.

Theorem 1.2. For any function f(x) satisfying the Lipschitz condition (1.2)
with L < 7 and for methods belonging to the GS and using one of the
estimates (1.4), (1.7), (1.10), (1.12) there exists a value r such that for all
r >r condition (1.15) holds.

Proof. It follows from, (1.4), (1.7), (1.10), (1.12), and the niteness of >
0 that approximations of the Lipschitz constant I; in the methods belonging
to the GS are always positive. Since L in (1.2) is nite and any positive value
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of the parameter r can be chosen in (1.4), (1.7), (1.10), (1.12), it follows that
there exists an r such that condition (1.15) will be satis ed for all global
minimizers forr >r . O
Experimental study of the described methods is presented below. Six se-
ries of numerical experiments were executed on the following three sets of test
functions to compare 22 global optimization methods described previously:

1. the widely used set of 20 test functions from [83] reported in Appendix A;
2. 100 randomly generated Pinter’s functions from [153];
3. 100 Shekel type test functions from [215].

Geometric and information methods with and without the local impro-
vement techniques (optimistic and pessimistic) were tested in these expe-
rimental series. In the rst two series of experiments, the accuracy of the
global search was chosen as " = 10 (b a), where [a;b] is the search in-
terval. The accuracy of the local search was set as = " in the algorithms
with the local improvement. Results of numerical experiments are reported
in Tables 1.2{1.15 where the number of function trials executed until the
satisfaction of the stopping rule is presented for each considered method (the
best results for the methods within the same class are shown in bold).

The rst series of numerical experiments was carried out with geome-
tric and information algorithms without the local improvement on 20 test
functions given in Appendix A. Parameters of the geometric methods Geom-
AL, Geom-GL, Geom-LTM, Geom-LTA, and Geom-LTMA were chosen as
follows. For the method Geom-AL, the estimates of the Lipschitz constants
were computed as the maximum between the values calculated as relative dif-
ferences on 10 ’-grid and the values given in [83]. For the methods Geom-GL,
Geom-LTM, and Geom-LTMA, the reliability parameter r = 1:1 was used
as recommended in [189]. The technical parameter = 10 8 was used for
all the methods with the local tuning (Geom-LTM, Geom-LTA, and Geom-
LTMA). For the method Geom-LTA, the parameter r was increased with the
step equal to 0.1 starting from r = 1:1 until all 20 test problems were solved
(i.e., for all the problems the algorithm stopped in the "-neighborhood of a
global minimizer: jx xj "; where x* is the point generated at Step 6
of GS and x is the global minimizer (known a priori for all test problems)).
This situation happened for r = 1:8: the corresponding results are shown in
the column Geom-LTA of Table 1.2.

As can be seen from Table 1.2, the performance of the method Geom-
LTMA was better with respect to the other geometric algorithms tested.
The experiments also showed that the additive convolution (Geom-LTA) did
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# | Geom-AL | Geom-GL | Geom-LTM | Geom-LTA | Geom-LTMA
1 595 446 50 44 35
2 457 373 49 52 39
3 577 522 176 202 84
4 1177 1235 57 73 47
5 383 444 57 65 43
6 301 299 70 73 50
7 575 402 53 51 41
8 485 481 164 183 82
9 469 358 55 57 41
10 571 481 55 58 42
11 1099 1192 100 109 78
12 993 1029 93 96 68
13 2833 2174 93 88 68
14 379 303 56 60 39
15 2513 1651 89 118 72
16 2855 2442 102 120 83
17 2109 1437 125 171 122
18 849 749 55 58 41
19 499 377 49 47 39
20 1017 166 53 58 40
Avg | 1036.80 828.05 80.05 89.15 57.70

Table 1.2: Number of trials performed by the considered geometric methods
without the local improvement on 20 tests from Appendix A.

not guarantee the proximity of the found solution to the global minimum
with the common value r = 1:1. With an increased value of the reliability
parameter r, the average number of trials performed by this method on 20
tests was also slightly worse than that of the method with the maximum
convolution (Geom-LTM) but better than the averages of the methods using
global estimates of the Lipschitz constants (Geom-AL and Geom-GL).

Results of numerical experiments with information methods without the
local improvement techniques (methods Inf-AL, Inf-GL, Inf-LTM, Inf-LTA,
and Inf-LTMA) on the same 20 tests from Appendix A are shown in Table 1.3.
Parameters of the information methods were chosen as follows. The estimates
of the Lipschitz constants for the method Inf-AL were the same as for the
method Geom-AL. The reliability parameter r = 2 was used in the methods
Inf-GL, Inf-LTM, and Inf-LTMA, as recommended in [189, 213, 215]. For
all the information methods with the local tuning techniques (Inf-LTM, Inf-
LTA, and Inf-LTMA), the value = 10 & was used. For the method Inf-LTA,
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# | Inf-AL | Inf-GL | Inf-LTM | Inf-LTA | Inf-LTMA
1 422 501 46 35 32
2 323 373 47 38 36
3 390 504 173 72 56
4 833 1076 51 56 47
5 269 334 59 47 37
6 208 239 65 46 45
7 403 318 49 38 37
8 157 477 163 113 63
9 329 339 54 48 42

10 406 435 51 42 38

11 773 1153 95 78 75

12 706 918 88 71 64

13 2012 1351 54 54 51

14 264 349 55 44 38

15 1778 1893 81 82 71

16 2023 1592 71 67 64
17 1489 1484 128 121 105
18 601 684 52 43 43
19 352 336 44 34 33

20 681 171 55 39 39

Avg | 720.95 | 726.35 74.05 58.40 50.80
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Table 1.3: Number of trials performed by the considered information methods
without the local improvement on 20 tests from Appendix A.

the parameter r was increased (starting from r = 2) up to the value r = 2:3
when all 20 test problems were solved.

As can be seen from Table 1.3, the performance of the method Inf-LTMA
was better (as also veri ed for its geometric counterpart) with respect to the
other information algorithms tested. The experiments also showed that the
average number of trials performed by the Inf-LTA method with r = 2:3 on
20 tests was better than that of the method with the maximum convolution
(Inf-LTM).

The second series of experiments (see Table 1.4) was executed on the class
of 100 Pinter’s test functions from [153] with all geometric and information
algorithms without the local improvement (i.e., all the methods used in the

rst series of experiments). Each Pinter’s test function is de ned over the
interval [a;b] =[ 5;5] as follows:
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Method Average | StDev Method | Average | StDev
Geom-AL 1080.24 | 91.17 Inf-AL 750.03 | 66.23
Geom-GL 502.17 | 148.25 Inf-GL 423.19 | 109.26

Geom-LTM 58.96 9.92 Inf-LTM 52.13 5.61
Geom-LTA 70.48 17.15 Inf-LTA 36.47 6.58
Geom-LTMA | 42.34 6.63 Inf-LTMA | 38.10 5.96

Table 1.4: Results of numerical experiments with the considered geometric
and information methods without the local improvement on 100 Pinter’s test
functions from [153].

fa(x) = 0:025(x  x,)? +sin’[(x  x,)+ (X x,)2]+sin®(x x,); 1 n 100;
(1.16)

where the global minimizer x,,; 1 n  100; is chosen randomly and di e-
rently for all functions from the search interval by means of the random num-
ber generator used in the GKLS-generator of multidimensional test functi-
ons (see [65] for details). The GKLS-generator can be free-downloaded, so
the source code is available for repeating all the experiments with random
functions. Parameters of the methods Geom-AL, Geom-GL, Geom-LTM,
Geom-LTMA, and Inf-AL, Inf-GL, Inf-LTM and Inf-LTMA were the same
as in the rst experimental series (r = 1:1 for all the geometric methods
and r = 2 for the information methods). The reliability parameter for the
method Geom-LTA was increased from r = 1:1 to r = 1:8 (when all 100
problems were solved). All the information methods were able to solve all
100 test problems with r = 2 (see Table 1.4). The average performance of
the Geom-LTMA and the Inf-LTA methods was the best among the other
considered geometric and information algorithms, respectively.

In the following several series of experiments, the local improvement
techniques were compared on the same sets of test functions. In the third
series (see Table 1.5), six methods (geometric and information) with the op-
timistic local improvement (methods Geom-LTIMO, Geom-LTIAO, Geom-
LTIMAO and Inf-LTIMO, Inf-LTIAO and Inf-LTIMAQO) were compared on
the class of 20 test functions from [83] (see Appendix A). The reliability para-
meter r = 1:1 was used for the methods Geom-LTIMO and Geom-LTIMAO
and r = 2 was used for the method Inf-LTIMO. For the method Geom-LTIAO
r was increased to 1:6 and for the methods Inf-LTIMAO and Inf-LTIAO r
was increased to 2:3. As can be seen from Table 1.5, the best average result
among all the algorithms was shown by the method Geom-LTIMAO (while
the Inf-LTIMAO was the best in average among the considered information
methods).
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# Geom Geom Geom Inf Inf Inf
LTIMO | LTIAO | LTIMAO || LTIMO | LTIAO | LTIMAO
1 45 41 35 47 35 37
2 47 49 35 45 37 41
3 49 45 39 55 45 51
4 47 53 43 49 53 53
5 55 49 47 51 47 47
6 51 49 45 47 43 47
7 45 45 39 49 37 39
8 37 41 35 41 45 47
9 49 51 41 51 51 40
10 47 49 41 51 43 43
11 49 53 45 55 59 55
12 43 53 35 53 67 45
13 51 53 57 41 51 55
14 45 45 43 49 43 45
15 45 57 47 45 55 53
16 49 55 53 47 49 53
17 93 53 95 59 55 53
18 45 47 37 49 41 44
19 45 43 35 46 33 35
20 43 45 37 49 35 39
Avg | 49.00 48.80 44.20 48.95 46.20 46.10
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Table 1.5: Number of trials performed by the considered geometric and in-
formation methods with the optimistic local improvement on 20 tests from
Appendix A.
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# Geom Geom Geom Inf Inf Inf
LTIMP | LTIAP | LTIMAP || LTIMP | LTIAP | LTIMAP
1 49 46 36 47 38 35
2 49 50 38 47 37 35
3 165 212 111 177 56 57
4 56 73 47 51 56 46
5 63 66 48 57 47 38
6 70 71 51 64 46 45
7 54 53 41 51 39 38
8 157 182 81 163 116 99
9 53 57 43 52 52 43
10 56 59 42 52 43 39
11 100 114 77 95 78 72
12 93 97 69 87 73 64
13 97 86 68 55 52 50
14 58 197 43 60 46 42
15 79 120 76 79 82 70
16 97 115 81 71 66 60
17 140 189 139 127 129 100
18 55 60 42 51 42 42
19 52 50 36 46 33 32
20 54 56 40 51 37 40
Avg| 79.85 97.65 60.45 74.15 58.40 52.35

Table 1.6: Number of trials performed by the considered geometric and in-
formation methods with the pessimistic local improvement on 20 tests from
Appendix A.
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Optimistic strategy Pessimistic strategy

Method r |Average | StDev Method r |Average | StDev
Geom-LTIMO |[1:3| 49.52 | 4.28 || Geom-LTIMP |1:1| 66.44 | 21.63
Geom-LTIAO (19| 48.32 | 5.02 || Geom-LTIAP |1:8| 93.92 |197.61
Geom-LTIMAO |1:4| 45.76 | 5.83 ||Geom-LTIMAP |1:1| 48.24 | 14.12
Inf-LTIMO |2:0| 48.31 | 4.29 Inf-LTIMP |2:0| 53.06 | 7.54
Inf-LTIAO |2:1| 36.90 | 5.91 Inf-LTIAP |2:.0| 37.21 | 7.25
Inf-LTIMAO |2:0| 38.24 | 6.36 Inf-LTIMAP |2:0| 39.06 | 6.84

Table 1.7: Results of numerical experiments with the considered geome-
tric and information methods with the local improvement techniques on 100
Pinter’s test functions from [153].

In the fourth series of experiments, six methods (geometric and informa-
tion) using the pessimistic local improvement were compared on the same 20
test functions. The obtained results are presented in Table 1.6. The usual
values r = 1:1 and r = 2 were used for the geometric (Geom-LTIMP and
Geom-LTIMAP) and the information (Inf-LTIMP and Inf-LTIMAP) met-
hods, respectively. The values of the reliability parameter ensuring the so-
lution to all the test problems in the case of methods Geom-LTIAP and
Inf-LTIAP were set as r = 1:8 and r = 2:3, respectively. As can be seen
from Table 1.6, the \Maximum™ and the \Maximum-Additive™ local tuning
techniques were more stable and generally allowed us to nd the global so-
lution for all test problems without increasing r. Moreover, the methods
Geom-LTIMAP and Inf-LTIMAP showed the best performance with respect
to the other techniques in the same geometric and information classes, re-
spectively.

In the fth series of experiments, the local improvement techniques were
compared on the class of 100 Pinter’s functions. The obtained results are
presented in Table 1.7. The values of the reliability parameter r for all the
methods were increased, starting from r = 1:1 for the geometric methods and
r = 2 for the information methods, until all 100 problems from the class were
solved. It can be seen from Table 1.7, that the best average number of trials
for both the optimistic and pessimistic strategies was almost the same (36:90
and 37:21 in the case of information methods and 45:76 and 48:24 in the case
of geometric methods, for the optimistic and for the pessimistic strategies,
respectively). However, the pessimistic strategy seemed to be more stable
since its reliability parameter (needed to solve all the problems) generally
remained smaller than that of the optimistic strategy. In average, the Geom-
LTMA and the Inf-LTA methods was the best among the other considered
geometric and information algorithms, respectively.
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Figure 1.2: Operational characteristics for the geometric (a) and informa-
tion (b) Lipschitz global optimization algorithms over 100 Shekel-type test
functions

Finally, in the sixth series of experiments, the following 10 methods
have been compared on the class of 100 Shekel-type test functions: Geom-
GL, Geom-LTM, Geom-LTIMP, Geom-LTMA, Geom-LTIMAP, Inf-GL, Inf-
LTM, Inf-LTIMP, Inf-LTMA, Inf-LTIMAP. In this series of experiments, con-
trol parameters for each algorithm have been set as follows. First, for each
method the technical parameter was set to 10 8. Second, for each method
the initial value r = 2 was used over all the classes of test functions and
it was increased until all test problems were solved. Each test problem was
considered to be solved if an algorithm has generated a point x* after k trials

such that:
k

Xt X ; (2.17)
where x is the global minimizer for the problem (1.3),(1.2), and is the
given accuracy (that was set 10 © in our experiments). So, for the algorithms
Geom-GL, Geom-LTM, and Geom-LTIMP r was set to 2, for Geom-LTMA {
2:5, for Geom-LTIMAP { 2:3, for Inf-GL { 2:8, for Inf-LTM { 3, for Inf-LTIM
{ 3:7, for Inf-LTMA { 4, and for Inf-LTIMAP { 4:2. However, it should be
noticed that many test problems of the class can be solved also with smaller
values of the parameter r for each algorithm. The use of a common value of
the parameters for the whole class of test functions can increase the number
of trials.

One of the most e cient methods for a numerical comparison on the
class of test problems in terms of costly function evaluations uses operational
characteristics proposed by Grishagin in [78]. The operational characteristic
of a method on a class of test problems is a non-decreasing function that
indicates the number of problems solved by this method after each trial (see
the next Section for details). It is convenient to represent the operational
characteristics of a method in a graph (see Fig. 1.2.a and Fig. 1.2.b). Among
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di erent methods the better method is that with the highest operational
characteristic.

As we can see from Fig. 1.2, all the methods can be divided into three
groups with respect to their performance: methods with the global estimate
of the Lipschitz constant (methods Geom-GL and Inf-GL) with the lower
operational characteristics, local tuning with local improvement (methods
Geom-LTMP, Geom-LTIMAP, Inf-LTMP, and Inf-LTIMAP) with the hig-
hest operational characteristics, and local tuning without local improvement
(methods Geom-LTM, Geom-LTMA, Inf-LTM, and Inf-LTMA), that have
the medium operational characteristics. Since the methods Geom-GL and
Inf-GL use the global Lipschitz constants, they need more trials to achieve
the desired accuracy as the Lipschitz constant can be large in few subintervals
and small in other ones. That is the advantage of the local tuning techni-
ques that use the local Lipschitz constants for each subinterval and avoid
this problem. We can see also that the use of local improvement techniques
improves the results also and a combination of the local tuning with the local
improvement techniques can accelerate the search signi cantly.

Figure 1.2 demonstrates also that the methods with the \maximum-
additive” local tuning show better performance with respect to the other
techniques: among all geometric (information) algorithms over the presented
class of test problems the best one was Geom-LTIMAP (Inf-LTIMAP) and
among all geometric (information) algorithms without local tuning the best
one was Geom-LTMA (Inf-LTMA).

1.2 Solving practical engineering problems

As mentioned above, univariate Lipschitz global optimization are very impor-
tant from a practical engineering point of view. In this work, two practical
engineering problems are considered. The rst problem is the sinusoidal
parameter estimation problem that is considered to t a sum of damped si-
nusoids to a series of noisy observations. It can be formulated as a nonlinear
least-squares global optimization problem (see, e.g., [72, 73, 195]). A one-
parametric case study is examined to determine an unknown frequency of
a signal. The second problem is nding the minimal root of the non-linear
equation. In this problem, a device whose behavior depends on some charac-
teristic function (X) is considered. The device works correctly only if the
value of f(x) is greater than zero. It is necessary to nd the rst point x
for which the value of (x) is equal to zero or to demonstrate that (x) is
positive over the whole search interval. Obviously, the value of (x) at the
initial point Xo = 0 should be positive. This problem was reformulated as
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the global optimization problem in [38, 188].

1.2.1 Applications in noisy data tting and electrical
engineering

A general nonlinear regression model can be often considered in the form
of tting a sum of damped sinusoids to a series of observations corrupted
by noise (see, e.qg., [20, 27, 63, 73, 121]). The sinusoidal functions are fre-
quently used in many real-life applications such as signal processing (see,
e.g., [31, 48, 51, 71, 76, 131, 156]). Parameters x of these functions (consis-
ting of amplitudes, frequencies, and phases) can be estimated by solving the
following minimization problem:

X
fx)=Ff = E(nzigf(x); f(x) = (Y, (x;t))* x2D R"; (1.18)

i=1
where

X
x;t) = aedtsin(2 1 t+ ) t=ty 0ty (1.19)
1=1

It is supposed that real-valued observations y;, are a ected by noise:
Yo = (Xt)+ ¢ i=100T, (1.20)

where X is the true vector of parameters (it coincides with the estimator x
from (1.18) in the case of noise-free observations) and ¢, 1 =1;:::;T, are
independently and identically distributed random variables with zero mean
and a given variance 2.

As a case study to illustrate the performance of various techniques for
solving the global optimization problem (1.18){(1.20), let us consider the
sine function with unknown frequency only in (1.19) (i.e., s =1 and a; =
1,d; =0, 1 = 0in (1.19)) over uniformly sampled observations y;j, i =

component x := 1 = I,, In spite of its apparent simplicity, such a problem
is however representative from the practical point of view (see, e.g., [20, 63,
156]) and useful to obtain conclusions on the problem behavior that can be
then generalized to a general multiparametric model (1.18){(1.20).
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Problem (1.18){(1.20) is thus reduced to the following one-dimensional
global minimization problem:

X
fx)=F = Xg][mj]f(x); f(x)= (yi sin(2 xi))? x2[ah] R;

' i=1
(1.21)
where for any xed number of observations T the function f(x) is Lipschitzian
with the Lipschitz constant L, 0 < L < 14, and continuously di erentiable
(see [72, 75]) with the Lipschitz constant K, 0 < K < 1, for its Lipschitzian
rst derivative f%(x) over the search interval [a; b] (taken here as [0; 1] due to

the periodicity of the sine function in (1.21)).

By changing the number of observations T in (1.20), the objective functi-
ons (1.21) of di erent shapes can be obtained, with the number of local
minima and the average function value proportional to T. In our case study,
the values T = 10, 50, and 100 were considered. The noise-free observati-

(1.21) equal to the true parameter x with f(x ) = 0 (in our experiments,
two values of x were used: x = 0:4 and x = 0:7). The noisy observations

normal distribution (N(0; 2)) with 2 =9 (see, e.qg., [73, 74] for other noise
parameters), to the corresponding noise-free values. Consequently, the global
minimizer x in (1.21) was shifted from the true parameter value x (see the
second column in Table 1.2.1) and the (non-normalized) objective function
(1.21) became more erratic (with an unknown positive minimum value T ).
The search for the global minimizer x from (1.21), rather than for the true
parameter value x, was performed in this case too, in order to estimate the
behavior of the numerical methods from the global optimization viewpoint.

Another important problem is nding the minimal root of the non-linear
equation. It is a common problem in electrical engineering and electronic
measurements. The behavior of a device depends on a characteristic f(x),
x 2 [a;b], where the function f(x) can be, e.g, a multiextremal electrical
signal measured by a computer aided system (as a black box) over a time
interval [a;b] (see the function graph in in Fig. 1.3). The device work is
correct if £(x) > 0. It is required to examine the device performance over
the time interval [a; b] either by nding the point such that

f()=0 f(x)>0 x2[a; ); 2(ab];

or by demonstrating the positiveness of f(x) over the whole interval [a;b]
(in this case the device works correctly for the whole time period, but the
information about the (positive) global minimum of f(x) is useful to measure
the device reliability).
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Figure 1.3: The problem of nding the minimal root of equation f(x) =0
with multiextremal left part arising in applied engineering problems

Function (T; ?) X Lipschitz constant L | Lipschitz constant K
(10;0) X =07 354.1 30567.2
(50;0) x =0:7 7216.4 3390330.5
(100;0) x = 0:7 28126.7 26717 323.0
(10;9) 0:6126936 978.2 47952.8
(50;9) 0:7650428 19486.4 6602 640.8
(100;9) 0:3055982 56 272.4 26 724 566.7

Table 1.8: The Lipschitz constants L and K for the objective functions f(x)
from (1.21) and their derivatives f'(x), respectively, considered in our case
study with di erent numbers of observations T, noise terms from normal
distribution NI(0; ?2), and the true frequency value x = 0:7.

This problem is equivalent to the problem of nding the minimal root
(the rst root from the left) of the equation f(x) = 0, x 2 [a;b], in the
presence of certain initial conditions. Since the function f(Xx) is multiextremal
(see Fig. 1.3) the problem is quite di cult because many roots can exist in
[a; b] and, therefore, classical root nding techniques (often using local search
ideas) can be inappropriate. The problem reformulation in terms of global
optimization (see, €. g., [38, 183, 215]) allows one to apply global optimization
techniques for nding its solution.

1.2.2 Experimental study

In the rst series of the experiments, six particular functions (1.21) were
considered in this study: three of them were based on noise-free terms in
(1.20) and the other three ] on the corresponding noisy observations. In what
follows, these functions are labelled as pairs (T; ?2), with T = 10;50, and 100
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and 2 =9. The values (determined over 10 7 grid) of the Lipschitz constants
L and K for f(x) and f'(x), respectively, are reported in Table 1.2.1. It can
be seen from this Table, how the complexity of the functions increases both
with the increasing of T and with adding the noise. Moreover, high values of
the Lipschitz constants (especially, for K) can be observed from Table 1.2.1:
they make the usage of Lipschitz global optimization methods challenging to
solve the stated problem either in its one-parametric variant (1.21) or in its
general form (1.18){(1.20).

The complexity of the considered instances of problem (1.18){(1.20) from
the global optimization point of view can be also seen from the graphs of
the objective functions f(x) from Table 1.2.1 and their rst derivatives re-
ported in Figures 1.4 and 1.5 for the cases of noise-free ( 2 = 0) and noisy
( 2 =9) observations, respectively. As one can note, the objective functions
are highly multiextremal and irregular, with the global minimizers having
narrow attraction regions, although well separated with respect to the global
minimum values for higher numbers of observations T. Hence, already for
our case study which is a relatively simple case with respect to the general
problem (1.18){(1.20), a particular attention should be paid to the choice of
numerical methods able to tackle e ciently the stated global optimization
problem.

The following Lipschitz global optimization methods belonging to the
general scheme described above are used in this part of the study: Geom-AL,
Geom-GL, Inf-GL and Geom-LTM. Moreover, the following two algorithms
with smooth auxiliary functions are also studied:

Smooth-AK: Geometric method constructing Smooth auxiliary functions
based on the usage of the rst derivative information £°(x) and A priori
estimate of the Lipschitz constant K for f'(x) (see, e.g., [69, 167, 189,
213]);

Smooth-LTM: Geometric derivative-based method constructing Smooth
auxiliary functions and using the Local Tuning technique with the
Maximum convolution product of local and global estimates of the
Lipschitz constant for f'(x) (see, e.qg., [165, 166, 189, 207]);

These two methods use the smooth characteristics R; from [189]. The
\Maximum" local tuning for the rst derivative has been used as follows: set
the estimate K; :=r maxf j; ;j; g of the Lipschitz constant K for the rst
derivative f'(x), where

j=maxfG;:2 § kij 1 F j+1g;

j=maxfGy i j=2;:: kg (X X5 1)=XT,
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G _J2z 1 7))+ (dzi+dzi )04 X5 )it .
! (Xj  Xj 1)?

with

i=Tf2(z; 1 7))+ (dz; +dz; )X X DI+

+ (dz; dz; 1)%(% X 1)°g"°

and dz; = f'(x;), X" =maxfx; Xj 1: j=2;:::;kg, and r and have
the same sense as in the general scheme presented above.

In order to estimate the behavior of the Lipschitz global optimization
methods, some widely used metaheuristic algorithms were taken for the com-
parison, namely: Di erential Evolution (DE), Particle Swarm Optimization
(PSO), Arti cial Bee Colony (ABC), and FireFly (FF) algorithms (see the
next Chapter for their detailed description).

Parameters of these methods were chosen as follows (see, e.g., [107, 106];
all the parameters were thoroughly studied to respect the multiextremal cha-
racter of the objective functions, as suggested in the literature). For the DE
algorithm, the di erential weight F was set equal to 0:7; the crossover rate
CR was set equal to 0:5; and the mutation strategy DE/rand/1/exp was used
as one of the most powerful strategies. For the PSO algorithm, the static
inertia weight I was set equal to 0:6; the cognitive | and social § parame-
ters were set both equal to 2:0; and the velocity vimax Was set equal to 15%
of the search interval. For the ABC method, the number of the employed
bees was set equal to the number of the onlooker bees and was equal to half
population; the number of scout bees was set equal to 1; and the limit para-
meter was set equal to the number of food sources (candidate solutions) as
half population. Finally, for the FF algorithm, the randomization parameter

waﬁos@ual to 0:005(b a); the absorbtion coe cient was set equal to
0:01=" b a; and the attractiveness parameter , was set equal to 1.
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Func Geom- | Geom- | Inf- | Geom- | Smooth- | Smooth-
AL GL GL LTM AK LTM
(10;0) 109 83 72 45 26 21
(50;0) 149 130 116 80 128 65
(100;0) | 273 173 185 150 250 128
(10;9) 113 87 111 50 23 17
(50;9) 199 191 188 145 116 84
(100;9) | 329 315 323 290 149 138
Avg 195.3 163.2 | 165.8 | 126.7 115.3 77.5

Table 1.9: Number of trials for the considered Lipschitz methods stopped by
their internal stopping criterion (1.14) with " =10 *

Geom- | Geom- | Inf- | Geom- | Smooth- | Smooth-

Func A GL | GL | LTM | AK LTM
(10:0) | 677 | 535 | 668 | 66 32 23
(50:0) | 433 | 395 | 353 | 101 135 67

(100:0) | 452 | 352 | 385 | 174 256 129
(10:9) | 845 | 763 | 730 | 73 28 21
(50:9) | 513 | 501 | 424 | 165 120 85
(100:9) | 545 | 511 | 516 | 314 153 141
Avg | 5775 | 5095 | 512.7 | 1488 | 120.7 777

Table 1.10: Number of trials for the considered Lipschitz methods stopped
by their internal stopping criterion (1.14) with " =10 ©
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Figure 1.4: Graphs of the objective functions (left column) and their rst
derivatives (right column) for the considered noise-free problems from Ta-
ble 1.2.1
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derivatives (right column) for the considered noisy problems from Table 1.2.1



Func Geom- | Geom- | Inf- | Geom- | Smooth- | Smooth- DE PSO ABC FF
AL GL GL LTM AK LTM Avg | Fails | Avg | Fails | Avg | Fails | Avg | Fails

(10;0) 55 27 35 34 22 16 254.1 | 0% | 187.0| 0% 548.3 | 0% | 188.2 | 0%
(50;0) 130 109 87 44 71 63 4720 | 0% | 4334 | 0% |1493.2 | 0% | 277.2 | 0%
(100;0) | 130 134 136 135 220 100 635.7 | 0% |669.6 | 7% |1456.4| 1% | 410.3 | 0%
(10;9) 60 58 54 40 19 15 258.4 | 4% | 232.1| 0% 338.8 | 0% | 183.0 | 7%
(50;9) 153 156 159 129 112 73 658.0 | 20% | 541.5 | 52% | 2668.7 | 8% | 853.7 | 0%
(100;9) | 251 240 195 262 146 130 769.2 | 16% | 737.1 | 37% | 2722.2 | 1% | 1133.7 | 0%

Avg 129.8 | 120.7 | 111.0 | 107.3 98.3 66.2 507.9 | 6.7% | 466.8 | 16.0% | 1537.9 | 1.7% | 507.7 | 1.2%

Table 1.11: Number of trials for the considered Lipschitz and metaheuristic methods stopped by the rst-successful-
point stopping criteria with " =10 4
Func Geom- | Geom- | Inf- | Geom- | Smooth- | Smooth- DE PSO ABC FF
AL GL GL LTM AK LTM Avg | Fails | Avg Fails | Avg Fails | Avg Fails

(10;0) 145 199 131 59 29 20 3849 | 0% | 479.9 0% | 3620.6 | 20% | 4088.6 | 23%
(50; 0) 277 228 151 97 132 65 615.7 | 0% | 607.1 0% | 5850.5| 84% | 4045.1 | 20%
(100;0) | 342 162 221 169 253 127 798.2 | 0% | 717.3 8% |5035.1| 90% | 4239.3 | 25%
(10;9) 386 281 85 60 25 19 399.4 | 4% | 528.8 0% |1878.7 | 0% | 3701.1| 27%
(50;9) 293 221 202 157 118 83 859.1 | 20% | 860.6 | 52% | 4330.7 | 97% | 3866.7 | 63%
(100;9) | 386 298 406 309 150 138 1011.4 | 16% | 1053.4 | 38% | 4956.0 | 89% | 5538.3 | 74%

Avg 304.8 | 2315 | 199.3 | 141.8 117.8 75.3 678.1 | 6.7% | 707.9 | 16.3% | 4278.6 | 63.3% | 4246.5 | 38.7%

Table 1.12: Number of trials for the considered Lipschitz and metaheuristic methods stopped by the rst-successful-
point stopping criteria with " =10 ©
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The reliability parameter r of the considered Lipschitz global optimization
methods (except the methods with a priori given Lipschitz constants) was
set close to 1 (namely, 1:1) for the geometric methods Geom-GL, Geom-
LTM, Smooth-AK, and Smooth-LTM, and to 2:0 for the Inf-GL method, as
recommended by the convergence study of these algorithms.

For all metaheuristic algorithms the population size was set equal to 10,
the number of runs was set equal to 100 (i.e., each metaheuristic algorithm
was launched 100 times for a given problem) and for all the methods the
maximal number of trials was set equal to 10000. Since the metaheuristic
methods do not have any internal stopping criterion, each their run has been
arrested when a trial point in an "-neighborhood of the global minimizer
x (known for the considered benchmark instances) has been generated, i.e.,
when the algorithm has generated a point x after k trials such that

k

xHoxg) oo™
In what follows, such a stopping criterion will be termed as the rst-successful-
point stopping criterion.

The results of the experiments are presented in Tables 1.9{1.12. Parti-
cularly, the numbers of trials generated by the considered Lipschitz global
optimization methods when using their internal stopping criterion (aiming at
the global optimality certi cation) with di erent accuracy coe cients " are
given in Tables 1.9{1.10. It can be seen from Tables 1.9{1.10 that the usage
of the local information (as in the methods Geom-LTM, Smooth-AK, and
Smooth-LTM) allowed us to solve the problems by executing less trials with
respect to the methods that used in their work only global information (as
the Geom-AL, Geom-GL, and Inf-GL methods). Moreover, the local tuning
methods were less sensitive (in terms of the performed trials) to increasing
the accuracy (compare Tables 1.9 and 1.10). In this context, it would be
interesting to notice that the functions based on T = 50 and T = 100 ob-
servations were solved (in the case of a higher precision " = 10 ; see Table
1.10) faster by the three methods Geom-AL, Geom-GL, and Inf-GL than
the functions with the smaller observations number T = 10. This happened
because the functions (50; 2) and (100; 2) had the global minimum values
much smaller than the mean function values (proportional to T) and, thus,
the functions (10; 2) were more di cult for the methods using only global
information during the search. It should be also noted that due to extremely
high values of the Lipschitz constants K for '(x) in our case study (see Ta-
ble 1.2.1), the rst derivative information gave less advantage with respect
to the situations when more regular objective functions are minimized.

Results of the numerical comparison of all the methods when using the

rst-successful-point criterion with di erent accuracy coe cients " are shown
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in Tables 1.11{1.12, where all the average values for the metaheuristic al-
gorithms were calculated without taking into consideration the failed runs.
Even in this condition advantageous for the metaheuristics, their performance
was worse than that of the Lipschitz-based methods in our case study.
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Figure 1.6: Distribution of trial points generated by the tested methods
when minimizing the function (50;0) with the accuracy " = 10 # in the
rst-successful-point stopping criterion

The distribution of trial points generated by all the methods when mi-
nimizing the functions (50;0) (T = 50 noise-free observations) and (50;9)
(T = 50 noisy observations) with the rst-successful-point stopping criterion
and two di erent accuracy coe cients " = 10 4 and " = 10 ° is illustra-
ted in Figures 1.6{1.7 (for " = 10 %) and Figures 1.8{1.9 (for " = 10 ©),
respectively.

The other series of the experiments is dedicated to both the sinusoidal
parameter estimation problem and nding the minimal root of the equation.
Four test problems are studied in this part (see Table 1.13): rst two pro-
blems dedicated to nding the minimal root are from [189] and the other two
functions are from (1.21).

First, all the methods without the local improvement used in the previ-
ous subsection (Geom-AL, Geom-GL, Geom-LTM, Geom-LTA, Geom-LTMA
and Inf-AL, Inf-GL, Inf-LTM, Inf-LTA, Inf-LTMA) were tested and all the
parameters for these methods were the same as above, except the reliability
parameters of the methods Geom-LTA and Inf-LTA. Particularly, the app-
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Figure 1.7: Distribution of trial points generated by the tested methods
when minimizing the function (50;9) with the accuracy " = 10 * in the
rst-successful-point stopping criterion
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Figure 1.8: Distribution of trial points generated by the tested methods when
minimizing the function (T = 50; 2 = 0) with the accuracy " =10 ©

lied problem 4 was not solved by the Geom-LTA method with r = 1:1. With
the increased value r = 1:8, the obtained results (reported in Table 1.14)
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Figure 1.9: Distribution of trial points generated by the tested methods when
minimizing the function (T = 50; ? = 9) with the accuracy " =10 °

# Function f(x) [a; b] L Global Minimizers | Ref.
. g 3/n: 4 A . X1 = 2:356;

1 | jsin®(x) +cos°(x)j+0:1| [0;2 ] 2.2 X, = 5:498 [189]

Xjsin(x)j + 6 [ 10;10] 9.7 X = 7979 [189]

“ 20 sin@ xip? | [0:1] 432.0 x =04 [74]

4| " Ow@ sin@ xi)? | [0;1] | 28690.8 x =0:4 [74]

Table 1.13: Four one-dimensional test functions taken from practical appli-
cations.

of this geometric method were worse than the results of the other geometric
methods with the local tuning (Geom-LTM and Geom-LTMA). The method
Inf-LTA solved all the four applied problems also with a higher value r = 2:3
and was outrun by the Inf-LTMA method (the latter one produced the best
average result among all the competitors; see Table 1.14).

Second, the local improvement techniques presented above were compared
on these four applied test problems. The results are presented in Table 1.15,
where in the third column the values of the reliability parameter used to solve
all the problems are also indicated. As well as in the previous subsection, the
pessimistic local improvement strategy seemed to be more stable in the case
of this test set, since the optimistic strategy required a signi cant increase
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Test problem
1 2 3 4
Geom-AL 37 | 395 | 261 | 332 | 256.25
Geom-GL 39 | 388 | 216 | 307 | 237.50
Geom-LTM | 37 | 54 | 59 | 232 95.50
Geom-LTA | 74 | 58 | 68 | 204 | 101.00
Geom-LTMA | 33 | 39 | 48 | 137 | 64.25

Inf-AL 12 | 278 | 180 | 187 | 164.25
Inf-GL 35| 333 | 215 | 229 | 203.00
Inf-LTM 25| 53 | 56 | 212 86.50
Inf-LTA 19 | 35 | 40 | 165 64.75
Inf-LTMA 24 | 35 | 40 | 122 | 55.25

Method

Average

Table 1.14: Number of trials performed by the considered geometric and
information methods without the local improvement on four test functions
from Table 1.13.

Test problem
Method r 1 5 3 7]
GeomLTIMO 6:5 | 59 55 | 63 79 64.00
Geom-LTIAO | 1.8 | 55 | 49 | 49 | 41 48.50
GeomLTIMAO | 69| 63 | 59 | 71 75 67.00

Average

optimistic LI —— e 1651 49 [ 55 [ 67 | 77 | 62.00

INfLTIAO [ 94 | 47 [ 55 [ 71 71 | 6L00

IN-LTIMAO | 80 | 55 [ 55 |74 | 73 | 63.50

Geom-LTIMP | L1] 30 | 64 | 71 | 228 | 10050

Geom-LTIAP | 1.8 | 243 | 102 | 63 | 1254 | 415.50

L Geom-LTIMAP | .1 | 31 | 46 | 51 | 106 | 58.50
Pessimistic LI

Inf-LTIMP 20| 25 | 52 | 58 | 185 80.00
Inf-LTIAP 23| 18 | 36 | 49 | 174 69.25
Inf-LTIMAP 20| 24 | 35 |43 | 134 59.00

Table 1.15: Number of trials performed by the considered geometric and
information methods with the local improvement techniques on four test
functions from Table 1.13.

of the parameter r to determine global minimizers of these applied problems
(although the best average value obtained by the optimistic Geom-LTIAO
method was smaller that that of the best pessimistic Geom-LTIMAP method,
see the last column in Table 1.15).






Chapter 2

A Systematic Comparison of
Global Optimization
Algorithms of Di erent Nature

Among existing derivative-free global optimization methods two classes of al-
gorithms can be marked out: stochastic metaheuristic algorithms (see, e.g.,
[41, 62, 87, 97, 102, 157, 225, 222]) and deterministic mathematical program-
ming methods (see, e.g., [59, 87, 88, 94, 152, 188, 192, 215], etc.) The former,
due to their simplicity and attractive nature-inspired interpretations (genetic
algorithms [41, 87, 222], particle swarm optimization [62], re y algorithms
[225, 222], etc.), are used by a broad community of engineers and practiti-
oners to solve real-life problems whereas the latter are actively studied in
academia due to their interesting theoretical properties including a guaran-
teed convergence. Historically, these two communities are almost completely
disjoint: they have di erent journals, di erent conferences, and di erent test
functions. Due to the hardness of global optimization problems and di erent
nature of methods from these two groups, the problem of their comparison is
very di cult and methods are collated on some dozens of test functions (see,
e.g., [45, 55, 62, 88, 94, 108, 152]) giving so a very poor information and non
reliable results. In order to bridge the gap between the two communities new
e cient visual techniques for a systematic comparison of global optimization
algorithms having di erent nature is proposed.

The rst Section of this Chapter is dedicated to traditional ways of the
comparison: using a number of test functions and showing that a new method
is better in some sense than its competitors. In this methodology, a trade-o
between the number of test functions, reliability of the comparison, and visi-
bility of results is searched. The second Section of this Chapter is dedicated
to graphical methods of the comparison of algorithms. Instead of traditional
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comparisons executed just on several dozens of tests in this Section more
than 800000 runs on 900 randomly generated test problems have been per-
formed for a systematic comparison of the methods. One known and two
novel methodologies for comparing global optimization algorithms are app-
lied here: Operational Characteristics from [78] for comparing deterministic
algorithms and new Operational Zones and Aggregated Operational Zones
generalizing ideas of operational characteristics to collate multidimensional
stochastic algorithms.

Finally, in the third Section of this Chapter, a new generator of multi-
dimensional test problems for methods solving constrained Lipschitz global
optimization problems is proposed. New classes of GKLS-based multidimen-
sional test problems with non-di erentiable, continuously di erentiable and
twice continuously di erentiable multiextremal objective functions and non-
linear constraints are described. In these constrained problems, the global
minimizer does not coincide with the global minimizer of the respective un-
constrained test problem, and is always located on the boundaries of the
admissible region. Four types of constraints are introduced. The possibility
to choose the di culty of the admissible region is also available.

2.1 Numerical Comparison of Nature-Inspired
Metaheuristics Using Benchmarks

The following univariate Lipschitz global optimization problem is considered
in this Section:

f =f(x)=minf(x); x2[a;bh] R; 2.1)

where the function f(x) satis es the Lipschitz condition (1.2) over the interval
[a; b] with the Lipschitz constant L;0 < L < . It is supposed that the
objective function f(X) can be multiextremal, non-di erentiable; black-box;
with an unknown Lipschitz constant L; and evaluation of f(X) even at one
point is a time-consuming operation.

In this Section, several widely-used nature-inspired metaheuristic algo-
rithms are presented and studied in their univariate implementations. More-
over, the rst steps in systematic comparison of methods of di erent nature
are performed using traditional ways: using tables with di erent numeri-
cal characteristics (average, best and worst number of trials, percentage of
fails, standard deviations, etc.). Di erent constraint handling strategies to
launch nature-inspired algorithms are studied. Moreover, multiple runs with
di erent randomly chosen initial points are performed on each test problem.
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2.1.1 Description of algorithms

In this work, the widely used nature-inspired metaheuristic algorithms such
as Genetic algorithm (GA), Di erential Evolution algorithm (DE), Particle
Swarm Optimization (PSO), Arti cial Bee Colony algorithm (ABC), Fire y
algorithm (FA) and Simulated Annealing (SA) are considered and compared
with several deterministic Lipschitz global optimization algorithms.
Metaheuristic methods form an important part of the state-of-the-art
global optimization algorithms. These algorithms are often nature-inspired
with multiple interacting agents (see, e.g., [54, 224]). A signi cant sub-
set of metaheuristcs consists of the so-called swarm intelligence algorithms,
developed by mimicking the behavioral characteristics of biological agents
such as sh, birds, bees, and so on. For example, particle swarm optimi-
zation is based on the swarming intelligence of birds and sh (see, e.g.,
[102]), the re y algorithm re ects the ashing pattern of tropical re ies
(see, e.qg., [223, 224]). A great number of metaheuristic algorithms such as
di erential evolution, particle swarm optimization, arti cial bee colony, and
re y algorithms have appeared and shown their potential in solving impor-
tant engineering decision-making problems (see, e.g., the references given
in [54, 147, 224]). These methods are brie y described in this Section and
their parameters are speci ed as those often recommended in the literature
to solve black-box global optimization problems. Since these algorithms were
originally designed for the multidimensional case, they have been adopted to
the case of univariate problems, as explained below.

GA. Genetic algorithm proposed in [87]. It is one of the basic popula-
tion based evolutionary algorithms that simulates the evolution on a
genotype level. This method uses in its work three main operators:
crossover, mutation, and selection. We used the real-coded genetic al-
gorithm with the simulated binary crossover(see, e.g., [40, 41]). The
realization of the algorithm was taken from http://www.egr.msu.edu/
~kdeb/codes/rga/rga.tar.

DE. Di erential Evolution algorithm in its standard form from [157] (as im-
plemented in http://wwwl. icsi.berkeley.edu/~storn/DenewC.zip).
As a population-based algorithm, it solves problem (2.1) by maintai-
ning a population of candidate solutions and creating new candidate
solutions by combining existing ones with the usage of the crossover,
mutation and selection operators, and then keeping the candidate so-
lution with the currently best score (or tness).

PSO. Particle Swarm Optimization algorithm in its classical version, e.g.,
from [102]. It solves problem (2.1) starting from a population (swarm)
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of candidate solutions (particles) and moving these particles in the
search domain according to the particle’s position and velocity. At each
iteration, a particle of the swarm updates its position by following the
best local particle’s position and the best solution of the whole swarm,
thus guiding the swarm toward the best solutions. The algorithms has
been implemented in C++.

ABC. Arti cial Bee Colony algorithm as described, e.g., in [97, 98], and
implemented in http://sci2s.ugr.es/eamhco/#Software. ABC si-
mulates the intelligent foraging behavior of a honey-bee swarm. It pro-
vides a population-based search procedure in which candidates (foods
positions) are modi ed by the arti cial bees with time. The bee’s aim
is to discover the places of food sources with higher nectar amounts
(related to the objective function). In an ABC system, some of the
arti cial bees (employed and onlooker bees) choose food sources depen-
ding on the experience of themselves and their nest mates and adjust
their positions. Other bees (scouts) y and choose the food sources
randomly without using experience. Therefore, during the work, the
ABC system combines the local search (carried out by employed and
onlooker bees) with the global one (managed by onlookers and scouts),
thus attempting to balance exploration and exploitation processes.

FA. Fire y algorithm as described in [224, 225] (see also [52] for implemen-
tation http://github.com/firefly-cpp/Firefly-algorithm--FFA-).
FF belongs to the swarm intelligence algorithms and is inspired by the

ashing behavior of re ies. Each re y (candidate solution) ashes
its lights with some brightness (associated with the objective function).
This light attracts other re ies within its neighborhood. This attracti-
veness depends on the (Euclidean) distance r between the two re ies
and is determined by (r) = oe ", where o is the attractiveness
at r = 0. Hence, the search domain is explored by moving the ref-
lies towards more attractive neighbors (with some randomized moves
allowed), thus improving the current best solution to problem (2.1).

SA. Simulated Annealing algorithm as described, e.g., in [1, 124]. It is
a variance of widely used Monte-Carlo Methods. It is based on the
imitation of the physical process of the crystallization of substances.
Algorithm generates a sequence of points Xo; X1; ::1; Xk starting from an
initial random point Xo. To select the next trial point X+ it is neces-
sary to realize a uniform roulette and to make a choice depending the
result from this roulette, like standard Monte-Carlo methods. At each
iteration i the acceptance of a new point is a probabilistic procedure
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Accepted(x). It is based on Metropolis Monte Carlo method proposed
in [134] and was extended to continuous global optimization problems.
The algorithm has been implemented in C++.

2.1.2 Results of the comparison

In this subsection, traditional ways to compare the algorithms are presen-
ted. In the rst series of experiments, 5 nature-inspired algorithms DE, PSO,
ABC, FA and SA are compared with 5 Lipschitz global optimization algo-
rithms Geom-AL, Geom-GL, Inf-GL, Geom-LTM and Geom-LTIMP, with
with the reliability parameter r = 2:0 for Inf-GL, r = 1:2 for Geom-GL, and
r =1:1 with =10 ° for Geom-LTM and Geom-LTIMP, over the set of 24
test problems. The rst 20 test problems are from Appendix A and the last
4 test problems are from the Table 1.13.

The population number in the considered one-dimensional case was set
equal to 10 for all the population-based methods (i.e., DE, PSO, ABC, and
FA algorithms), as recommended, e. g., in [157]. Since they require a random
initialization of the initial population, m = 100 di erent runs (with di e-
rent randomly chosen initial populations) were executed by a method for
minimizing a particular test function.

A percentage of failed runs (indicating in some sense the method’s relia-
bility) was calculated for all the nature-inspired methods over m independent
minimizations of each test function. Thus, for each test problem, both the
average number Avg of the performed trialst;, 1 j  ms, over mg success-
ful runs of a method (1 <mg m) and the standard deviation

>
(. Avg)’
i=1

mCC<

StDev =

ms 1

were registered over the total 100 runs of the method, as often done for
metaheuristic algorithms. Obviously, by taking into consideration all m runs
(and not only successful mg ones), the average and standard deviation would
increase (sometimes, signi cantly) for a concrete test problem.

All the metaheuristic methods described above were analyzed and adap-
ted to the one-dimensional case as follows. First, it was observed that a stra-
tegy of bound handling is very important for the performance of methods.
Di erent strategies were analyzed and the one with the best performance was
chosen. So, for each metaheuristic algorithm, rst two trials were executed
at the boundaries a and b from (2.1). Then, the bound handling strategy,
which is known as \Re ect-Z" (see, e.g., [84]), was used to keep trials within
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the boundaries. Then, in order to keep the random mutations for each solu-
tions, small perturbations (depending on the method) to each new solution
were produced. Other characteristics were taken as was recommended by the
authors of the methods.

In particular, the bound handling strategy \Re ect-Z" is determined as
follows. Let x* be the next trial point, generated by an algorithm. If x* is
out of the interval [a;b] from (2.1), then it is re ected from the respective
boundaries, till the point belongs to the search interval, i.e.,

while xk 2 [a; b]

if xXK<athenx*=2 a xX;

else if XX >bthen xk=2 b xk:
end while

Parameters of the nature-inspired algorithms have been set as follows.
The values F = 0:7 and CR = 0:5 of the control parameters of DE have
been used in the experiments, as recommended, e.g., in [157]. Cognitive
7y and social ”4 parameters of PSO have been set to 2:0, while the inertia
weight ! and the maximal velocity vimax have been set to 0:6 and 15% of the
search space, respectively. The parameter limit of ABC have been set to 5
as in previous experiments. The parameters of FA have been set as follows:
attractiveness parameter 4 was set equal to 1:0, the absorbtion coe cient

was set equal to 0:01=" 1, and the randomization parameter — was set
equal to 0:005l, as recommenged, e. g., in [225], where | is the average scaling
factor of problem (2.1) (I = !\'zl(bi a;j)=N for the hyperinterval D = [a; b]
in (2.1), with N =1 in our case). Finally, the parameters of SA have been
set as follows. The decreasing static cooling schedule Ty, k 1, was realized
by following [1] as Tk := cTx 1, where c is the cooling factor (usually chosen
between 0.8 and 0.99). The initial temperature T, was set equal to 10 and ¢
was set equal to 0:8 in order to obtain a faster cooling. The parameter , as
considered in [124], was set equal to 10% of the respective search interval for
each component (one in our case) of the candidate solution, in order to avoid
a chaotic behavior and to generate solutions more closely to the previous
one. Moreover, Tmin from the re-annealing procedure (see, e.g., [124]) was
set equal to 0:001 (to avoid too many re-annealing runs) and the number of
evaluations on each temperature Ty was set equal to 100.

For all the one-dimensional tests, a global minimizer x 2 D = [a;b] from
(2.1) was considered to be found (and, therefore, the problem (2.1) solved)
when the tested algorithm generated a trial point X’ in an "-neighborhood of
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X, e,
X' xj "0 a: (2.2)

An algorithm stopped either when the maximal number of trials equal
to 10000 was reached, or when condition (2.2) was satis ed. Such a type of
stopping criterion is acceptable only when the global minimizer x is known,
I.e., for the case of test functions. When a real black-box objective function
is minimized and global minimization algorithms have an internal stopping
criterion (this is the case of the considered DBA-LGO methods and is not
the case of the aforementioned nature-inspired algorithms), they execute a
number of iterations after a ‘good’ estimate of f(x) has been obtained in
order to demonstrate a ‘goodness’ of the found solution (see, e.g., the related
discussion in [188]). The maximal number of trials was used in the averages
calculations when condition (2.2) was not satis ed for some tests in the case
of the nature-inspired methods.

In view of the high computational complexity of each trial of the objective
function in real-world black-box optimization problems, the methods were
compared in terms of the numbers of evaluations of f(x) required to solve
the test problems. The maximum number of trials was set equal to 10000.
Two values " =10 % and " =10 ° were used in (2.2).

In Tables 2.1 and 2.2, results of numerical experiments on the 24 test
functions for the metaheuristics with stopping criterion (2.2) are reported,
where the obtained numbers of trials are given for the accuracy " equal to
10 “and 10 5, respectively. To estimate these numbers, the following worst-
case results produced by a pure random search method on this test set can be
taken into consideration: Avg = 3051:5, StDev = 2434:5, the average number
of fails equal to 10.7% for " = 10 #4; and Avg = 6058:3, StDev = 2178:3, the
average number of fails equal to 76.1% for " = 10 °.

It can be observed from Tables 2.1 and 2.2 that when the accuracy was
increased, the numbers of trials performed to stop the methods (together with
the averages and standard deviations), as well as the numbers of fails, were
also increased. The methods DE and PSO were less sensitive to the accuracy
increment with respect to the other metaheuristics. On a higher accuracy,
their performance (expressed by the numbers of trials and the numbers of
successful runs) on the considered tests was signi cantly better than that of
the ABC, FA, and SA methods. Moreover, while the ABC method’s behavior
was generally acceptable on the used test problems, a poor performance of the
FA and SA algorithms can be noticed from Tables2.1 and 2.2, especially on a
higher accuracy (see Table 2.2). Particularly, the SA method (in its standard
sequential form as indicated in the previous subsection) performed too many
trials when solving all the tests for both the accuracies, with high values of the
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standard deviation and many unsuccessful runs, thus resulting not suitable
to tackle multiextremal one-dimensional functions. To better capture the
multimodality of the objective functions, the usage of some population-based
versions of the SA algorithm can be suggested.

Results of numerical experiments on the same 24 test functions for the
DBA-LGO methods with the heuristic stopping criterion (2.2) are repor-
ted in Table 2.3, where the trial numbers are given for both the accuracies
" =10 *“and " = 10 °. As expected, the numbers of trials performed to
stop the methods were increased when the accuracy coe cients were redu-
ced. This increment, however, was less pronounced for the Geom-LTM and
Geom-LTIMP algorithms using the local tuning approach since they balance
the local and global information about f(x) in a smart way during their
work. These two algorithms were better, in average, among the considered
DBA-LGO methods on the given test set. Moreover, the DBA-LGO methods
behaved usually much better (except for some singular cases regarding the
methods Geom-AL and Geom-GL with global estimates of the Lipschitz con-
stants) than the considered nature-inspired algorithms not only when they
stopped due to criterion (2.2), as reported in Table 2.3 (that can be used only
for benchmark tests with known solutions), but when their internal stopping
criteria was satis ed too, i.e., when the length of the interval for the next
subdivision is smaller, than (see the rst Chapter for details):

Xt Xt 1 (2.3)

where [X¢; X¢ 1] is the interval for the next subdivision.

This fact is extremely important for solving practical black-box problems
when some guarantee of the solution is required. Therefore, the considered
DBA-LGO methods can be suggested as good candidates for solving practical
multiextremal optimization problems.



# DE PSO ABC FA SA
Avg | StDev | Fails Avg | StDev | Fails Avg | StDev | Fails Avg | StDev | Fails Avg | StDev | Fails
1 | 1455 42.8 | 0% 178.2 711 | 0% 201.1 | 1184 | 0% 645.8 | 6355 | 0% | 1116.9 | 1214.0 | 0%
2 | 177.8 479 | 0% 200.5 65.4 | 0% 182.1 | 113.7 | 0% 412.6 | 318.2 | 0% | 2105.1 | 1966.2 | 0%
3 362.3 | 151.0 | 0% | 233.6 | 109.6 | 0% 663.4 | 6915 | 0% | 1650.8 | 1689.1 | 1% | 1287.3 | 1258.0 | 0%
4 158.3 41.2 | 0% 194.4 70.3 | 0% | 145.1 82.0 | 0% 237.8 | 161.3 | 0% | 2395.7 | 1960.2 | 0%
5 216.7 544 | 2% 288.7 | 227.2 | 6% 452.0 | 3705 | 0% | 183.3 953 | 7% | 2006.4 | 11815 | 1%
6 | 174.4 39.1 | 0% 202.5 70.3 | 0% 198.1 | 1428 | 0% | 1807.3 | 1572.0 | 7% | 2089.0 | 1408.3 | 0%
7 | 183.8 52.8 | 0% 194.8 67.5 | 0% 228.1 | 146.2 | 0% 386.9 | 320.7 | 2% | 1855.9 | 1395.8 | 0%
8 340.1 | 136.7 | 0% | 229.1 715 | 0% 521.9 | 465.3 | 0% | 1464.2 | 1310.3 | 1% | 1303.1 | 1180.8 | 0%
9 |182.3 395 | 0% 213.6 835 | 0% 474.7 | 336.7 | 0% 9125 | 807.3 | 0% | 2265.2 | 1862.5 | 2%
10 | 155.9 43.2 | 0% 187.4 68.4 | 0% 310.0 | 250.6 | 0% 649.9 | 601.2 | 0% | 1405.4 | 1108.5 | 0%
11 256.7 91.8 | 0% 221.2 914 | 0% | 196.1 | 1438 | 0% 591.9 | 559.1 | 0% | 1686.0 | 1353.2 | 0%
12 261.1 95.6 | 0% | 195.1 720 | 0% 201.6 | 153.7 | 0% 488.5 | 439.6 | 0% | 1587.9 | 1404.1 | 0%
13 163.8 36.8 | 0% 189.1 76.0 | 0% | 162.9 95.1 | 0% 210.1 | 152.0 | 0% | 2655.6 | 1764.9 | 3%
14 178.5 39.8 | 0% | 154.9 62.0 | 4% 442.7 | 363.0 | 0% 3185 | 2152 | 0% | 2524.8 | 1160.8 | 2%
15 | 160.7 41.3 | 0% 187.9 68.5 | 0% 172.2 | 1126 | 0% 716.9 | 610.9 | 0% | 1997.8 | 1566.4 | 1%
16 | 160.5 425 | 0% 188.6 65.3 | 0% 163.8 86.9 | 0% 502.0 | 4223 | 0% | 1619.1 | 1339.9 | 0%
17 253.3 934 | 0% | 200.5 72.8 | 0% 328.2 | 268.4 | 0% 697.0 | 624.3 | 0% | 1206.5 | 1261.7 | 0%
18 163.5 48.1 | 0% 197.7 70.2 | 0% | 162.3 98.9 | 0% 457.8 | 400.3 | 0% | 2023.5 | 1483.0 | 0%
19 | 145.7 46.3 | 0% 187.3 65.4 | 0% 173.8 | 120.2 | 0% 504.2 | 500.0 | 0% | 1876.2 | 1402.7 | 2%
20 | 156.6 50.1 | 0% 192.2 67.6 | 0% 162.9 98.3 | 0% | 1430.9 | 1339.6 | 1% | 2731.0 | 2020.2 | 3%
21 255.1 79.9 | 0% | 218.5 89.0 | 0% 237.8 | 1814 | 0% 469.7 | 403.7 | 0% | 1686.9 | 1515.7 | 0%
22 | 161.9 43.1 | 0% 187.4 68.9 | 0% 410.8 | 413.7 | 0% 939.5 | 947.1 | 0% | 1487.4 | 1106.9 | 0%
23 244.5 73.2 | 0% 215.6 83.0 | 0% 379.7 | 3065 | 0% | 160.3 945 | 0% | 1640.2 | 1327.4 | 0%
24 688.1 | 304.7 | 1% |404.4 | 6475 | 0% | 1456.6 | 1302.7 | 0% 457.2 | 266.5 | 0% | 1400.7 | 1230.3 | 0%
Avg | 222.8 72.3 | 0.1% | 211.0 | 104.4 | 0.4% | 3345 | 269.3 | 0.0% | 679.0 | 603.6 | 0.8% | 1831.4 | 1436.4 | 0.6%

Table 2.1: Numbers of trials for metaheuristics on 24 univariate problems, accuracy " =10 4 in (2.2)




#H DE PSO ABC FA SA

Avg | StDev | Fails Avg | StDev | Fails Avg | StDev | Fails Avg | StDev | Fails Avg | StDev | Fails
1 |210.3 47.0 | 0% 323.8 91.3 | 0% 402.5 | 300.0 | 0% | 3817.0 | 2903.0 | 13% | 4390.5 | 2828.2 | 45%
2 | 2429 48.7 | 0% 329.2 92.7 | 0% 382.7 | 279.7 | 0% | 2891.8 | 2287.4 | 4% | 4809.0 | 2739.1 | 51%
3 5415 | 162.0 | 0% | 374.6 | 126.8 | 0% | 2566.1 | 2407.3 | 1% | 4640.0 | 2817.9 | 51% | 4090.5 | 2972.4 | 55%
4 | 223.4 447 | 0% 335.4 924 | 0% 288.0 | 2105 | 0% | 12455 | 1091.9 | 0% | 4570.0 | 2553.4 | 59%
5 |283.8 612 | 2% | 4249 | 2354 | 6% | 1197.1 | 981.9 | 0% 900.3 | 7675 | 7% | 4587.1 | 2337.1 | 61%
6 | 234.7 50.6 | 0% 333.8 96.0 | 0% 474.0 | 396.0 | 0% | 4403.1 | 2658.5 | 58% | 4266.3 | 2452.3 | 52%
7 | 253.5 51.3 | 0% 333.4 90.5 | 0% 540.9 | 488.4 | 0% | 2985.0 | 2448.2 | 4% | 4385.1 | 2384.1 | 55%
8 496.3 | 1720 | 0% | 372.4 | 121.1| 0% | 2098.4 | 1956.8 | 2% | 4750.8 | 2958.4 | 52% | 4029.5 | 3311.0 | 46%
9 |245.6 40.3 | 0% 349.0 | 1049 | 0% | 11034 | 997.6 | 0% | 4041.6 | 3009.4 | 35% | 4559.2 | 2702.3 | 54%
10 | 225.6 46.5 | 0% 337.4 98.9 | 0% 706.8 | 611.2 | 0% | 4229.1 | 3019.4 | 29% | 4471.0 | 2680.6 | 44%
11 380.4 | 1188 | 0% | 357.6 | 100.3 | 0% 446.3 | 352.4 | 0% | 3158.0 | 2183.2 | 15% | 5485.0 | 2992.9 | 40%
12 395.2 | 120.2 | 0% | 336.3 | 1009 | 0% 527.7 | 471.0 | 0% | 3735.5 | 2762.7 | 14% | 3946.1 | 2806.3 | 48%
13 | 219.2 48.4 | 0% 333.5 | 108.7 | 0% 310.6 | 216.2 | 0% 692.6 | 463.7 | 0% | 4275.1 | 2553.5 | 65%
14 | 240.2 46.3 | 0% 300.6 84.3 | 4% | 1404.8 | 1425.7 | 0% | 2283.9 | 1867.9 | 2% | 4338.9 | 2071.3 | 66%
15 | 220.7 43.2 | 0% 327.2 | 1041 | 0% 401.6 | 370.0 | 0% | 3954.9 | 2619.6 | 19% | 4645.4 | 2774.8 | 56%
16 | 229.6 46.6 | 0% 322.6 80.2 | 0% 334.2 | 2204 | 0% | 2602.1 | 2092.5 | 11% | 4450.6 | 2764.8 | 48%
17 378.4 | 1164 | 0% | 327.6 975 | 0% | 1024.1 | 9353 | 0% | 4258.6 | 2843.5 | 12% | 3806.7 | 2822.2 | 36%
18 | 227.2 50.4 | 0% 326.4 86.1 | 0% 317.1 | 255.3 | 0% | 3126.5 | 2410.2 | 6% | 4482.6 | 2162.6 | 51%
19 | 218.4 42,6 | 0% 325.5 82.8 | 0% 413.8 | 362.6 | 0% | 2937.7 | 2211.6 | 9% | 4743.1 | 2920.3 | 45%
20 | 231.2 47.7 | 0% 322.7 89.3 | 0% 342.7 | 249.7 | 0% | 4595.7 | 3057.0 | 55% | 4556.1 | 1981.2 | 63%
21 3935 | 1294 | 0% | 336.0 | 116.0 | 0% 664.8 | 576.4 | 0% | 3651.8 | 2743.4 | 12% | 4697.8 | 2857.7 | 46%
22 | 233.0 37.8 | 0% 314.4 824 | 0% | 1160.5 | 1057.1 | 0% | 4265.2 | 3073.2 | 39% | 4081.5 | 2577.0 | 52%
23 | 310.9 725 | 0% 327.7 | 1222 | 0% 991.8 | 8574 | 0% 814.6 | 625.7 | 0% | 4564.0 | 2977.8 | 50%
24 8134 | 2538 | 1% |476.0 | 690.3 | 0% | 3881.1 | 2454.2 | 40% | 1255.5 | 900.1 | 0% | 5181.9 | 2812.7 | 39%

Avg | 310.4 79.1 | 0.1% | 343.7 | 129.0 | 0.4% | 915.9 | 768.0 | 1.8% | 3134.9 | 2242.3 | 18.6% | 4475.5 | 2668.2 | 51.1%

Table 2.2: Numbers of trials for metaheuristics on 24 univariate problems, accuracy " =10 ° in (2.2)




2 accuracy " =10 4 in (2.2) accuracy " =10 °in (2.2)
Geom-AL | Geom-GL | Inf-GL | Geom-LTM | Geom-LTIMP || Geom-AL | Geom-GL | Inf-GL | Geom-LTM | Geom-LTIMP
1 26 38 41 30 28 151 201 175 40 40
2 65 40 38 32 26 230 134 93 46 38
3 88 132 121 123 32 97 246 178 130 44
4 208 58 133 26 22 414 334 266 47 42
5 51 32 35 43 36 51 140 129 51 48
6 66 67 20 25 36 130 102 101 56 44
7 13 75 33 31 24 155 75 163 44 24
8 99 109 89 98 20 99 138 89 112 32
9 50 51 49 29 30 169 188 90 48 44
10 40 70 59 36 26 40 264 110 52 38
11 130 63 79 62 24 388 253 205 68 44
12 131 85 96 45 26 507 96 96 75 38
13 230 172 78 55 28 994 731 669 70 46
14 65 57 46 33 28 109 77 100 41 36
15 143 356 55 36 32 143 356 952 63 42
16 167 278 193 68 32 706 278 193 88 44
17 200 117 35 77 76 390 581 35 109 84
18 38 36 121 27 28 304 151 121 27 36
19 48 51 31 21 24 48 205 117 37 38
20 317 36 43 38 12 424 77 70 45 36
21 26 30 26 22 18 29 35 29 31 21
22 83 50 52 36 30 83 117 52 43 42
23 45 51 40 30 32 106 83 85 50 44
24 132 166 167 131 64 132 166 182 131 64
Avg 102.5 92.5 70.0 48.1 30.6 245.8 209.5 179.2 62.7 42.0

Table 2.3: Numbers of trials for DBA-LGO methods on 24 univariate problems, accuracies " = 10 4 and " =10 °

in (2.2)




“ accuracy =10 %in (2.3) accuracy =10 °in (2.3)
Geom-AL | Geom-GL | Inf-GL | Geom-LTM | Geom-LTIMP || Geom-AL | Geom-GL | Inf-GL | Geom-LTM | Geom-LTIMP
1 149 138 127 37 37 595 468 501 50 49
2 155 134 135 36 38 457 513 373 49 49
3 196 228 224 145 132 577 562 504 176 165
4 413 334 379 45 43 1177 972 1076 57 56
5 151 140 126 46 53 383 360 334 57 63
6 129 102 101 58 59 301 324 239 70 70
7 153 138 115 41 40 575 412 318 53 54
8 187 196 188 126 126 485 510 477 164 157
9 119 132 125 44 45 469 368 339 55 53
10 203 194 157 43 45 571 522 435 55 58
11 367 364 405 74 77 1099 1156 1153 100 100
12 327 344 271 71 72 993 954 918 93 93
13 993 516 472 73 75 2833 1654 1351 93 97
14 145 136 108 43 a7 379 358 349 56 58
15 629 714 471 62 65 2513 2010 1893 89 79
16 997 570 557 79 79 2855 2304 1592 102 97
17 549 506 470 100 115 2109 1630 1484 125 140
18 303 268 243 44 43 849 845 684 55 55
19 125 143 117 39 37 499 403 336 49 52
20 493 76 70 43 43 1017 200 171 53 54
21 34 38 31 33 35 37 44 35 37 39
22 151 116 124 42 51 395 322 333 54 64
23 105 82 64 49 57 261 202 215 59 71
24 271 271 182 219 215 332 313 229 232 228
Avg 306.0 245.0 219.3 66.3 67.9 906.7 725.3 639.1 82.6 83.4

Table 2.4: Numbers of trials on 24 problems from Appendix A for DBA-LGO methods stopped by their internal

criteria with the accuracy coe cients

=10 % and

=10 5in (2.3)
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In the second series of the experiments, the same methods with the same
parameters have been compared over the set of 100 randomly generated
Pinter test functions. Similar conclusions with regard to the tested methods
can be done also on this class of test problems. Results of numerical experi-
ments with all the methods on this multiextremal and noisy class are sum-
marized in Table 2.5 (all the numbers were averaged over 100 functions). As
estimates, the pure random search results can be considered: Avg = 3360:0,
StDev = 304:5, the average number of fails equal to 13.42% for " = 10 *
in (2.2); and Avg = 6199:7, StDev = 2432:5, the average number of fails
equal to 80.37% for " = 10 ° in (2.2). The neat advantage of the DBA-LGO
methods (except the rather theoretical Geom-AL algorithm) with respect to
the examined nature-inspired algorithms (among which the DE algorithm
was again the best one) can be observed from Table 2.5. The local tuning
methods Geom-LTM and Geom-LTIMP behaved particularly well on these
noisy-type functions, due to the methods computational schemes tuning on
the functions shape.

Algorithm "=10 %in (2.2) =10 %in (2.3) "=10 °in (2.2) =10 °in (2.3)
Avg StDev Avg StDev Avg StDev Avg StDev
Geom-AL 154.7 48.8 401.6 57.3 419.3 136.4 | 1080.2 91.2
Geom-GL 68.8 28.5 166.0 44.7 179.3 76.4 489.8 127.6
Inf-GL 54.0 26.8 144.7 39.1 149.0 66.4 423.2 109.3
Geom-LTM 37.7 11.2 47.6 9.8 48.3 11.0 59.0 9.9
Geom-LTIMP 29.6 6.8 54.5 19.2 39.9 6.7 66.5 21.7
184.6 251.4
DE (99.99%) 156 I (99.99%) 151 1
190.8 318.4
PSO ©a.75%) | %7 I ©9.75%) | 8 I
299.9 728.0
ABC (100%) 112.3 1 (99.96%) 358.2 1
676.6 37324
FA (100%) 116.8 1 (80.05%) 435.7 1
2249.7 4787.6
SA (99.48%) 230.8 1 (41.41%) 354.2 1

Table 2.5: Average numbers of trials and standard deviations over 100 functi-
ons (1.16) for the considered DBA-LGO and nature-inspired methods with
di erent stopping criteria (percentage of successful runs are indicated for
metaheuristics)

A distribution of trial points generated by all the methods when mini-
mizing function 63 from the class (1.16) with the accuracies " = 10 4 and
"=10 %in (2.2) isillustrated in Fig. 2.1 and Fig. 2.2, respectively (particular
runs of the methods DE, PSO, ABC, FA, and SA have been chosen to obtain
results close to the averages in Table 2.5). It can be seen from these Figures,
how the density of trial points was increased around the global minimizer x
and was higher for a higher precision (see Fig.2.2). The methods ABC, FA,



66 A Systematic Comparison of GO Algorithms of Di erent Nature

and SA performed many trials around local minimizers of (), thus manifes-
ting an excessive locally oriented behavior on such multiextremal functions.
Trial points generated by DE and PSO were distributed in a more smart
manner with respect to the other metaheuristics and even better than the
distribution obtained by the Geom-AL algorithm. It is also evident from
Figures 2.1{2.2 that once the tested methods determined a neighborhood of
the global minimizer, an additional number of trials (which was higher for a
higher accuracy as in Fig.2.2) was still required to stop each method, as it
often happens in global optimization. This density, however, was not exces-
sive for the Geom-LT and Geom-LTI methods, on both the accuracies. In
fact, since these methods usually balance better the local and global infor-
mation during the search for the global minimizer x , they captured a close
neighborhood of x much faster than the other considered methods.

In the third series of experiments, the same nature-inspired algorithms
have been compared on ten constrained non-di erentiable functions from [50]
with the following methods:

Pen-AL. The Geom-AL method combined with the penalty approach used
to reduce the constrained problem to a box-constrained one (see [50,
193] for the choice of the penalty coe cients).

Index-AL. The index branch-and-bound algorithm from [184] using the in-
dex scheme (see, e.g., [193, 215]; in this scheme a constrained problem
is reduced to a discontinuous box-constrained one without introducing
additional parameters or variables) in combination with the branch-
and-bound approach and the known Lipschitz constants.

Index-LT. The geometric method from [193] based on the index approach
and using \Maximum" local tuning.

In this class of benchmarks, problems 1{3 have one constraint, problems
4{7 have two constraints, and problems 8{10 have three constraints (see
http:\\wwwinfo.dimes.unical . it\~yaro\constraints.html for a detailed
description of this constrained test set, where all the problems are illustrated
and their Lipschitz constants and global solutions are reported). In these ex-
periments, all nature-inspired algorithms were used in combination with the
penalty approach (the same penalty coe cients from [50] as for the Pen-AL
were taken to reduce the constrained problems to the box-constrained ones).

Results of numerical experiments with the considered methods on the
constrained problems are reported in Table 2.6. Here, Lipschitz methods were
stopped by their internal stopping criterion (2.3), while the metaheuristics
were stopped by condition (2.2). Criterion (2.3) is aimed at proving the
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Figure 2.1: Graph of the function number 63 from (1.16) and the trial points
(+) generated by the tested methods while minimizing this function with the
accuracy " =10 4in (2.2)
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Figure 2.2: Graph of the function number 63 from (1.16) and the trial points
(+) generated by the tested methods while minimizing this function with the
accuracy " =10 °in (2.2)
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global optimality of the found solution and, therefore, is computationally
more expensive than criterion (2.2). However, also when stopped by this more
challenging criterion, Lipschitz methods based on the index approach (Index-
AL and Index-LT) performed very well with respect to the metaheuristics also
on this constrained test set. Again, the DE algorithm manifested a better
performance over the tested metaheuristics.

In order to illustrate graphically the methods performance on the con-
strained test set, a distribution of trial points generated by all the methods
when minimizing function 9 from the constrained benchmark set [50] with the
accuracies 10 % and 10 ° is illustrated in Fig.2.3 and Fig. 2.4, respectively
(these accuracies are referred to condition (2.3) for the DBA-LGO methods
Pen-AL, Index-AL, and Index-LT and to condition (2.2) for the considered
metaheuristics, for which particular runs have been chosen to obtain results
close to the averages in Table 2.6). This test problem has three constraints
and is de ned by the following formulae:

min f(xX) = 3 2ex 1.2 «  gin 2
x2[0;4] () P33 5
subject to
60) =8 sin §ox +g 50 (2.4)
8 2
<6 x 1 1. x 1
Go(x) = _ - 2o
T X 3 X>3
0s(x) = 3 exp sin 3sin x  +1tx® 10

leading to disjoint feasible region = tx 2 [0;4] : gi(xX) 0;i = 1;2;3g
shown by three continuous horizontal bold lines in Figures 2.3{2.4. The
global minimizer of the objective function f(X) is located at the point x =
0:95024. The line of symbols ‘+’ drawn under the graphs of the function
T(x) (solid line) and the constraints g;(x); i = 1;2;3 (dashed lines) in these
Figures shows points at which trials have been executed by the corresponding
methods.
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Figure 2.3: Graphs of the objective function (solid line) and three constraints
(dashed lines) from (2.4) and the trial points (+) generated by the tested
methods with accuracy 10 #
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Figure 2.4: Graphs of the objective function (solid line) and three constraints
(dashed lines) from (2.4) and the trial points (+) generated by the tested
methods with accuracy 10 °



accuracy "= =10 4

DE PSO ABC FA SA
# | Pen-AL | Index-AL | Index-LT Avg | Fails | Avg | Fails | Avg| Fails | Avg | Fails | Avg | Fails
1 247 51 44 | 206.7 0% | 207.5 0% | 440.3 0% | 647.2 0% | 2057.9 1%
2 241 34 34 | 246.2 7% | 195.2 0% | 1277.6 0% | 1501.2 1% | 3707.2 18%
3 917 190 21 | 279.2 3% | 204.3 4% | 2707.3 2% | 1354.4 0% | 2554.7 10%
4 273 235 93 216 0% | 210.8 0% | 9824 0% | 401.3 0% | 2241.4 4%
5 671 283 132 | 339.7 41% | 342.9 | 24% | 1635.8 0% | 2375.5 3% | 2065.9 0%
6 909 629 74 | 231.4 6% | 90.4 0% | 709.7 0% | 419.6 9% | 3377.2 19%
7 199 120 100 | 354.1 31% | 189.5 | 61% | 2691.5 8% | 2513.5 3% | 2960.7 18%
8 365 64 59 | 408.6 16% | 228.5 3% | 2301.8 0% | 2570.1 2% | 2697.4 11%
9 1183 334 56 | 240.6 3% | 370.9 1% | 665.1 0% | 414.2 0% 3068 5%
10 135 75 42 | 201.2 0% | 192.7 0% | 466.8 0% | 481.9 0% | 1863.1 0%
Avg 514 201.5 65.5 | 272.4 | 10.7% | 223.3 | 9.3% | 1387.8 1% | 1267.9 | 1.8% | 2659.3 | 8.6%
accuracy "= =10 °
1 419 57 46 | 270.5 0% | 355.8 0% | 982.1 0% | 3495.2 20% | 4656.5 49%
2 313 42 38 | 3314 7% | 376.8 0% | 3508.1 17% | 4235.9 46% | 5106.2 75%
3 2127 196 24 | 350.9 3% | 353.9 4% | 5044.4 53% | 4303.9 49% | 5454.7 59%
4 861 411 104 | 279.2 0% | 347.4 0% | 3128.1 3% 2244 1% | 4732.5 47%
5 1097 315 137 | 4404 41% | 499.3 | 24% | 3453.8 27% | 4963.4 65% | 4586.7 63%
6 6367 2719 96 | 289.2 6% | 146.5 0% | 1802.7 0% | 2883.3 13% | 4588.7 74%
7 221 127 110 | 457.4 31% | 296.2 | 61% | 5057.9 61% | 4403.8 37% | 3650.7 5%
8 415 69 62 | 483.2 16% | 378.8 3% | 4238.1 29% | 4264.7 60% | 4465.1 2%
9 4549 1006 63 | 309.3 3% | 531.2 1% | 1881.6 1% | 2594.4 2% | 4579.1 64%
10 169 77 47 | 265.4 0% | 326.5 0% 967 0% | 2914.5 8% 4535 55%
Avg 1653.8 501.9 72.7 | 347.7 | 10.7% | 361.2 | 9.3% | 3006.4 | 19.1% | 3630.3 | 30.1% | 4635.5 | 63.3%
Table 2.6: Numbers of trials for 10 constrained problems from [50] with accuracy coe cients "= = 10 # and

10 ° in the internal stopping criterion (2.3) for the DBA-LGO methods and in the heuristic criterion (2.2) for the
metaheuristic algorithms
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The advantages of the LGO algorithms Index-AL and Index-LT con-
structed in the framework of the index scheme with respect to the penalty
method PEN-AL can be seen from these Figures (con rming the results from
Table 2.6). The local tuning method Index-LT demonstrated a signi cant
improvement (more pronounced when the search accuracy increases) in terms
of the executed trials with respect to the Index-AL algorithm with a priori
given Lipschitz constants. As observed, e.g., in [193], this improvement be-
comes higher when the di erence between estimates of the local Lipschitz
constants (for the objective function or for the constraints) becomes greater.
This fact is particularly evident if the global minimizer is located inside a
feasible region with a small value of the local Lipschitz constant with respect
to the global one, as for the considered problem 9 (similar conclusions can
be done for problem 6, too; see Table 2.6).

2.2 A systematic comparison using classes of
randomly generated test problems

As it has been emphasized previously, the concept of operational characte-
ristics for comparing deterministic algorithms was proposed by Grishagin in
[78]. The operational characteristic of a method on a class of test problems
is a non-decreasing function that indicates the number of problems solved by
this method after each function evaluation within a prescribed trials budget.

It can be asserted that the operational characteristics approach is a very
representative technique for comparing deterministic algorithms. However,
it has not been used so far for a comparison of stochastic methods. In
this Section, it is shown how this approach can be adapted for the study of
stochastic methods. In particular, a new comparison methodology developed
in this work is applied to the metaheuristic algorithms that have multiple
launches with di erent randomly chosen initial populations (see [196] for
details).

2.2.1 Operational zones for comparing metaheuristic
and deterministic univariate algorithms

Operational characteristics approach can be illustrated very easily using a
graph. For example, the operational characteristics of the methods Geom-
AL and Geom-GL on the class of 100 Pinter’s test functions from [153] are
presented in Fig. 2.5.

It can be seen that after 100 trials the method Geom-AL has solved 17
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Figure 2.5: Operational characteristics for the methods Geom-AL and Geom-
GL

test problems and the method Geom-GL has solved 90 test problems. Then,
it can be also seen from Fig. 2.5 that the method Geom-AL has executed 150
trials to solve 39 test problems whereas the method Geom-GL has solved 39
test problems in about 50 trials. To solve all 100 test problems, the method
Geom-GL has executed only 150 trials whereas the method Geom-AL has
solved only 39 test problems after the computational budget of 150 trials.

This approach has been generalized for the stochastic metaheuristic al-
gorithms in [198] (see also [201] and [196]) as follows. Each stochastic algo-
rithm is launched several times. First, each launch (among the total number
of launches set equal to 100 in our experiments) of a metaheuristic method
is considered as a particular method. Then, for each of 100 launches of
the algorithm the respective 100 operational characteristics are constructed:
see Fig. 2.6.a where 100 operational characteristics for the method DE are
shown. Finally, the upper and lower bounds of all operational characteristics
are constructed as it is illustrated in Fig. 2.6.b.

It should be noticed that these two characteristics (upper and lower
bounds) are the best and the worst cases, respectively, for the tested method
and they usually are not realized in practice since in general case they can
consist of parts of several operational characteristics for all runs.

Theese bounds determine a zone where all constructed operational cha-
racteristics are presented and the average operational characteristic for all
runs (like in Figure 2.6.c) can be computed. Let us denominate this zone
the operational zone. It should be noticed that for all considered metaheu-
ristics the operational zones constructed by using 30 and 100 launches di er
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Figure 2.6: (a) 100 Operational characteristics for the DE method; (b) their
lower and upper bounds shown in bold; and (c) operational zone with the
average operational characteristic

insigni cantly.

We can, thus, compare operational zones of stochastic algorithms with
operational characteristics of deterministic methods. In this Section, 5 me-
taheuristic algorithms described above (GA, DE, PSO, ABC and FA) are
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compared with several univariate and multidimensional Lipschitz global op-
timization algorithms on the randomly generated classes of test functions.

In the rstseries of experiments, numerical experiments on the class of 100
univariate randomized Pinter’s test functions (1.16) from [153] were carried
out. The nature-inspired algorithms have been adapted to the univariate
case as previously using the box-constraints handling strategy \Re ect-Z".
In this part, the algorithms GA, DE, PSO, ABC and FA are compared with
three univariate Lipschitz global optimization methods described in the rst
Section: Geom-AL, Geom-GL and Geom-LTIMAP.

For each test function the problem (2.1) was considered to be solved if
an algorithm generated a trial point x¥ in an "-neighborhood of the global
minimizer X , i.e.,

X xj " a): (2.5)
The values " = 10 4 and " = 10 ® were used in our experiments. The
operational characteristic of method m on the class of Pinter’s test problems
is de ned as the function

mK)= mk D+pk: 1 Kk Kmas m(0)=0;

where pX, is the number of test problems solved by the method m at k-th
trial and Kmax 1S the maximum number of trials (this computational budget
was set equal to 10000 trials in our experiments).

For the tested geometric methods the following values of control para-
meters were used. For the method Geom-AL that uses an a priori given
Lipschitz constants the maximum absolute values of relative di erences over
the 10 “-grid were taken to obtain an estimate of the Lipschitz constant.
The method Geom-GL uses in its work the reliability control parameter r
that was set equal to 1:1 in our experiments. The method Geom-LTIMAP
uses the reliability parameter r, the technical parameter and the local im-
provement accuracy , that were set equal to 1:1, 10 8, and ="(b a),
respectively, where " is from (2.5).

Parameters of the metaheuristic algorithms were set as follows. Follo-
wing recommendations from [41] the crossover and mutation probabilities in
GA were set equal to 0.95 and 0.25, respectively, in our experiments. The
parameter of \Simulated Binary Crossover” (SBX) was set equal to 4 by
following recommendations from [40]. In DE, the exponential crossover as
one with a better performance and the mutation strategy \DE/rand/2" from
[157] were used. The control parameters of DE were set as follows: the di e-
rential weight F from the mutation unit was set equal to 0.7 and the crossover
rate (CR) was set equal to 0.5 by following the recommendations from [157].
The cognitive | and social 4 parameters of PSO were set equal to 2.0, while
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the inertia weight and maximum velocity value were set to 0:6 and 15% of
the search domain, respectively. The parameter limit of ABC was set to 5
as previously. The attractiveness parameter , the absorbtion coe Bgnt
and the randomization parameter of FA were set equal to 1:0, 0:01=" | and
0:005I, respectively, where | is the average scaling factor of the problem (i.e.,
| =b ain our one-dimensional case).

First, the operational characteristics of deterministic methods (Geom-AL,
Geom-GL and Geom-LTIMAP) were compared with the average operational
characteristics of metaheuristic methods. The results are presented in Fig. 2.7
with the accuracies " =10 # and " = 10 ® from (2.5).

It can be seen from Figures 2.7.a and 2.7.b that the method with local
tuning and local improvement (Geom-LTIMAP) demonstrates a better per-
formance with respect to the methods with global estimates of the Lipschitz
constant (Geom-AL and Geom-GL). Moreover, the global estimate of the
Lipschitz constant (Geom-GL) gives better results with respect to the usage
of an a priori given Lipschitz constant (Geom-AL). It can be also seen from
Fig. 2.7 that the advantage of the method Geom-LTIMAP becomes more
pronounced when the search accuracy increases.

It can be also seen from Fig. 2.7 that, with respect to metaheuristics,
the best average performance on the class of Pinter’s test functions has been
shown by the DE method: it has solved all 100 problems faster in average
than the other tested metaheuristic methods. The worst performance on this
test class was shown by the FA method that has executed a huge number of
trials to solve all test problems.

Then, the operational characteristics of deterministic methods were com-
pared with the operational zones of metaheuristic methods. It can be seen
from Figures 2.8, 2.9, and 2.10 that with the accuracy (" = 10 4) all Lip-
schitz methods have solved all 100 problems faster than metaheuristic met-
hods even with respect to the upper bound of the metaheuristics operational
zones, i.e., with respect to the best unrealizable case. By increasing the
accuracy the situation was changed. Using a higher accuracy (" = 10 9),
the best three metaheuristic algorithms (GA, DE and PSO) have solved all
test problems much faster in average than the geometric methods with global
estimates of the Lipschitz constant (Geom-AL and Geom-GL), being howe-
ver inferior with respect to the local tuning method Geom-LTIMAP. This
happens due to the fact that the Lipschitz constant of the objective function
in a small neighborhood of the global minimizer is very small since Pinter’s
functions are di erentiable. So, the methods with global estimates of the
Lipschitz constants (Geom-AL and Geom-GL) use too overestimated values
of the Lipschitz constant at their nal phase, thus slowing down the search.
In contrast, the algorithm Geom-LTIMAP has mechanisms of an adaptation
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Figure 2.7: Average operational characteristics for metaheuristic methods
and operational characteristics for Lipschitz methods with " =10 4 (a) and

" =10 % (b) from (2.5)

to a local information received during the search and, as a result, it has the
possibility to accelerate the nal searching phase. Here, one of the advanta-
ges of the local tuning techniques can be seen: the method Geom-LTIMAP
uses local estimates of the local Lipschitz constants avoiding so a signi cant
increase of the number of trials inherent in the Geom-AL and Geom-GL al-
gorithms at their nal search stage. Mechanisms of a local adaptation in the
metaheuristic methods also allow them to improve the performance without
a signi cant increase of the costly trials. However, it should be noticed that
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in some runs the metaheuristic methods did not nd the global solutions
getting stuck in the local solutions. Although the number of trials performed
by some metaheuristic algorithms can be small in average (as it happens, for
example, for the DE method), the number of failed runs puts obstacles in a
\good" behavior of the operational zones for such methods.



[ Operational zone | |

Eavg

—— Geom-AL H

Geom-GL

— > — Geom-LTI
T T

| | |
o] 50 100 150 200 250 300 350 400
=
x
90 |
x
1
b3
80 |
%
oF
X
60 [ [
I
>k
50
|
a0 “
x
30+ |
|
x
20 [ Operational zone |
* PSO,
avg
10+ X‘ —<— Geom-AL
Geom-GL

— =< — Geom-LTI
T T

Figure 2.9: Operational zones for the DE and PSO methods and operational characteristics for the geometric methods
with " =10 # ((a) for DE and (c) for PSO) and " = 10 ¢ ((b) for DE and (d) for PSO) from (2.5)

50

100

L
150

350 400

100
S
ES
90 X
>
*
80 :
x
|
70+ *
l
|
60 - ¥
I
of
*
40+ !
#
30+ %
1
20 ! H
* 1 Operational zone
| —DE g
10 | ——<— Geom-AL H
¥* Geom-GL -
— > — Geom-LTI
o P L L T T
o 50 100 150 200 250 300 350 400
1
00 ¥
F
90 - x |
>
*
80 : R
x®
|
70 %
1
|
60 - x*
50 - %
*
40 !
¥
30+ %
1
20 ! H
* [ Operational zone
| PSO,
avg
10 | ——<— Geom-AL H
* Geom-GL el
— < — Geom-LTIl
0 i ‘ : :
50 100 150 200 250 300 350 400

d)

8.

a4nJeN JuaJs 1 4O SWyllioby 09 Jo uosuedwo)d 213eWslSAS v



100 #
T
90 - x
|
x
8o |
%
|
701
*
6o !
|
|
x
50 |
|
|
40 - |
*
30!
|
X
20| [ Operational zone | |
* ABC
: avg
10 —<— Geom-AL
I Geom-GL
% — > — Geom-LTI
o I T T
[} 500 800 900
100 #
x
sof !
X
|
x
8o |
%
|
701
*
60
1
|
x
50 |
|
|
40 - |
X
30!
|
x
20 [ Operational zone| |
* FA
'avg
10 ——— Geom-AL
x Geom-GL
X — =< — Geom-LTI
o I T T
o] 500 800 900

Figure 2.10: Operational zones for the ABC and FA methods and operational characteristics for the geometric

c)

100

80—

70

60 -

50

40

30

20

10+

— X — Geom-LTI
T T

[ Operational zone |

Geom-GL

100

90

80

70

60

50

40

30

20

10

800 900

[ Operational zone |

d)

methods with " = 10 # ((a) for ABC and (c) for FA) and " = 10 © ((b) for ABC and (d) for FA) from (2.5)

swiajqo.d 1s91 Jo sasse|d Buisn uosrLedwod J17eWslSAS

6.



80 A Systematic Comparison of GO Algorithms of Di erent Nature

2.2.2 Techniques for comparing multidimensional
stochastic and deterministic methods

In another series of experiments, multidimensional randomly generated test
problems are used for a systematic comparison of the methods. In order to
make this comparison more reliable, parameters of all tested algorithms were

xed following recommendations of their authors and then were used in all
the experiments as follows.

The parameters of GA have been set as follows: the crossover probability
was set to 0.95, mutation probabilities for binary and real coded variables
were set to 0.2 and 0.25, respectively, in our experiments. dD=2e binary-
coded variables and bD=2c real-coded variables were used. The chromosome
length for binary-coded variables was set to 16. Finally, the parameter of
Simulated Binary Crossover (SBX) was set to 4.

The rst control parameter F of DE was set to 0:7, while the second one
CR was set to 0:5 in the experiments. The strategy \DE/Rand/2/exp" was
used as one of the most powerful mutation strategies.

Cognitive | and social ¢ parameters of PSO were set to their default
value 2.0, while the inertia weight was set to 0.6 as for di cult and multi-
modal functions. The maximal velocity value was set equal to 15% of the
longest side of the search domain.

The parameter limit of ABC was set to FoodNumber N, where the
FoodNumber is the number of food sources, i.e., the number of employed
bees and N is the dimension of the problem.

Finally, the attractiveness parameter o, the absorbtion §e cient and
the randomization parameter  of FA were set to 1, 1= | and 0:2, re-
;gectlvely, where | is the average scaling factor of the problem (i.e., | =

-_1(b aij)=N for the search hyperinterval fx = (Xy;::;; Xn)jXi 2 [ai; b ]g

In the traditional local optimization (see, e.g., [145]), where strong as-
sumptions on the structure of the objective function (such as convexity, con-
tinuity, di erentiability, etc.) are made, the dimensionality of the solved
problem is often a measure of the goodness of optimization algorithms. In
contrast, as was proved in [211], if the only information about the objective
function f(x) from the global optimization problem (2.1), (1.2) is that it
belongs to the class of Lipschitz functions and the Lipschitz constant L is
unknown, there does not exist any deterministic or stochastic algorithm that,
after a nite number of function evaluations, is able to provide an accurate
"-estimate of the global minimum f . That is why in this case instead of the
theoretical statement (P1) Construct an algorithm able to stop in a given
time and to provide an "-approximation of the global minimum f the more
practical statement (P2) Construct an algorithm able to stop after a xed
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number M of evaluations of f(x) and to return the lowest found value of
T(x) is used. Under the latter statement, not the dimension of the problem
(that is important in local optimization) but the number of allowed function
evaluations (often called budget) becomes critical. In other words, when one
has the possibility to evaluate f(x) M times in the global optimization pro-
blem of the dimension 5, 10 or 100, then the quality of the found solution
after M evaluations is crucial and not the dimensionality of f(x). This hap-
pens because it is not possible to adequately explore the multi-dimensional
search region D at this limited budget of expensive evaluations of f(x). For
instance, if D R? is a hypercube, then it has 22° vertices. This means
that one million of trials is not su cient not only to explore well the whole
region D but even to evaluate f(x) at all vertices of D. Thus, the statement
(P2) makes sense both because in practice the budget is always limited and
because the problem under consideration is NP-hard.

As a result, the goal of global optimization methods is often to obtain a
better estimate of f and x given a xed limited budget of evaluations of
T(x). Infact, in global optimization the words \A method has solved a global
optimization problem™ very often do not mean that the global solution f has
been found. They mean just that the found solution was better than solutions
found by other competitors (this is especially true for highly dimensional
global optimization problems where the global solutions are unknown). That
is why the possibility to compare the found solutions with the known global
optimum o ered by the generator of classes of test functions (see, e.g., [65]
for details) is very precious. It allows us not only to see that a solution A
found by one method is better than a solution B found by another method,
but to check whether these solutions are in a pre xed "-neighborhood of the
global optimum, i.e., to consider (P1) instead of (P2).

Two methodologies for comparing global optimization algorithms are app-
lied here: Operational Characteristics for comparing deterministic algorithms
and Operational Zones described above. Another methodology called \Ag-
gregated Operational Zones" generalizing ideas of operational characteristics
and operational zones to collate multidimensional stochastic algorithms (see
[201] for details) is also studied in the next subsection.

First of all, to construct classes of test functions, the popular GKLS ge-
nerator (see [65]) of multidimensional, multiextremal test functions was used
(see also Section 2.3 for details). This generator allows one to generate rand-
omly classes of 100 test problems each having the same dimension, number of
local minima, and di culty. The property making this generator especially
attractive consists of the fact that for each function a complete information
of coordinates and values of all local minima (including the global one) is
provided. Here, 8 di erent classes from [188] were used. For each dimen-
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sion N from N = 2 to N = 5 two classes (a simple and a hard one) have
been generated.

In these experiments, the nature-inspired algorithms given above are com-
pared with three multidimensional Lipschitz global optimization methods:
DIRECT method from [94], its locally-biased version DIRECT-L from [59],
and the algorithm from [188] based on adaptive diagonal curves (called ADC
hereinafter). The results of these three methods have been taken from [189].

Fig. 2.11.a shows operational characteristics for methods DIRECT,
DIRECT-L, and ADC. Higher is a characteristic of a method with respect
to characteristics of its competitors better is the behavior of this method.
Operational characteristics allow us also to see the best performers in depen-
dence on the available budget of evaluations of f(x). For instance, it can be
seen from Fig. 2.11.a that if the search budget is less than 14 000 possible tri-
als than DIRECT method shows the best performance whereas for a budget
superior to 14000 the best method is ADC.

As it has been mentioned previously, to build a zone, a tested stochastic
method should be launched K times (in our experiments each metaheuristic
was launched K = 100 times for each of 100 test problems from each of 8
classes) with di erent randomly chosen populations and a maximum number
of trials Nmax (in our experiments, Npax = 10%). Then, each run of a tes-
ted metaheuristic was considered as a particular method and its operational
characteristic was constructed. The totality of all 100 operational characte-
ristics form the respective operational zone (see Fig. 2.11.b for an operational
zone obtained by FA). Then, the upper and the lower boundaries of the zone
(shown in Fig. 2.11.b as dark blue curves) can be outlined (notice that they
can contain parts of several characteristics) representing the best and the
worst performances of the tested method, respectively. The graph for the
average performance within the zone can be also depicted (see Fig. 2.12.b
where the average performance of FA is shown as a continuous black line
inside the yellow operational zone).

Fig. 2.12 shows results on the 5-dimensional simple and hard classes for
metaheuristics FA, GA, and ABC. Figs. 2.12.a and b compare, respectively,
performance of the three deterministic methods and FA on the simple (with
Nmax = 2 10%) and the hard (with Ny = 10°) classes. The joint represen-
tation of operational zones together with characteristics o ers a lot of visual
information. It can be seen, for example, in Fig. 2.12.a that operational cha-
racteristics of DIRECT and ADC are higher than the upper boundary of the
zone of FA and, therefore, on this class deterministic methods have a better
performance. Fig. 2.12.b shows that the lower boundary of the FA zone is
higher than characteristics of DIRECT and DIRECT-L and, therefore, FA
outperforms these competitors. If the budget is less than 30000 trials (see
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Figure 2.11: Construction of operational characteristics for deterministic
methods and of the operational zone for metaheuristic Fire y Algorithm
(FA) built on the hard 5-dimensional class of 100 GKLS test functions. (a)
Operational characteristics for methods DIRECT, DIRECT-L, and ADC.
After executing 34,000 trials DIRECT-L has solved 31 problem, DIRECT 42
problems, and ADC 65 problems; after performing 94,000 trials DIRECT-L
has solved 46 problems, DIRECT 58 problems, and ADC all 100 problems.
(b) The operational zone built using 10,000 runs performed by FA (100 runs
for each of the 100 problems). The upper and the lower boundaries of the
zone are shown as dark blue curves.

Fig. 2.12.b) than in average FA is better than ADC, as well. If the budget is
higher than 40000 trials than ADC behaves better since its characteristic is
higher than the upper boundary of this FA zone. Notice also that Fig. 2.12.b
shows that after 10° trials only the method ADC was able to solve all 100 test
problems of the class. For the same two test classes, Fig. 2.12 presents opera-
tional zones for metaheuristics GA and ABC and for the three deterministic
methods.

In order to see the advantages of the proposed methodologies for compa-
ring methods, Table 2.7 constructed in a traditional way is shown. Due to
the huge amount of data, only average results can be considered and inclu-
ded in Table 2.7. Notice that for deterministic methods and metaheuristics,
due to the stochastic nature of the latter ones, di erent averages should be
used: for metaheuristics the results on 10000 runs for each class are used,
whereas for the deterministic algorithms results on 100 runs (one run for
each of 100 functions). This creates di culties in comparing (see, e.g., [18]).
For instance, which method is better on the 5-dimensional simple class: DI-
RECT or FA? On the one hand, DIRECT did not solve only one problem in
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100 runs, demonstrating so success rate of 99%, whereas FA did not solve 16
problems in 10000 runs, demonstrating, i.e., 99:84% of success. On the ot-
her hand, the average number of trials for DIRECT was only 16 057:5, while
for FA 47203:1 trials required in average. Moreover, Table 2.7 cannot give
results for 50% or 75% of solved test problems, that can be also important.
To see the detailed results, larger tables with hundreds of rows and columns
should be used, complicating so the visual analysis of the results.

In contrast, operational zones very well present visually performance of
tested methods giving the entire panorama of their behavior for di erent
budgets. For instance, it can be seen from Fig. 2.12 that metaheuristics
perform very well on small budgets showing better results w.r.t. deterministic
algorithms whereas the best algorithm for the higher budget on the used test
classes is the algorithm ADC since it was able to solve all 100 test problems
faster than other methods on both the classes. Even though this result can
be also obtained from Table 2.7, the operational zones allow us to observe
the performance of methods at all the stages of the search for each class. The
average, the best, and the worst cases for each metaheuristic can be easily
obtained from the graphs for any chosen number of trials. Moreover, the
number of trials required to solve 50% (or 75%, 90%, etc.) of problems can
be easily obtained and performance of methods is visualized clearly.

Let us see now another way for a statistical comparison of the two groups
of algorithms using the same data. Let X5 be a random variable describing
the consumed percentage of the computational budget N« performed by an
algorithm A for solving a problem from the test class C. Let us consider the
sample x§ of 100 realizations of X5 for A 2 fADC, DIRECT, DIRECT-Lg
and 100 100 = 10000 realizations of X5 for A 2 fFA, GA, ABC, PSO, DEg,
i.e., if, for instance, the algorithm ADC solved the 2-dimensional hard test
problem number 5 after 574 trials, then x3 & = %% 100% = 0:0574%.

106
Then, after the construction of the cumulative distribution functions Fxg (%),

one can obtain the sampled distribution quantiles of X§. For instance, in
Tables 2.8{2.9, the sampled 25%; 50%; 75%; and 90% quantiles are presen-
ted for simple and hard classes, respectively. These results can be interpreted
as follows. The 90%-quantile for the FA on the 5-dimensional simple class
is 14:11%, whereas the same quantile for the ADC is 1:02%. This means
that with the probability 90% FA will consume no more than 14:11% of the
computational budget (i.e., no more than 141100 trials), while ADC will
consume no more than 1:02% of the computational budget (i.e., no more
than 10200 trials) to solve successfully the test problem. As it can be seen
from Table 2.8, GA for the same test class and the same con dence level
will consume 100% of the computational budget. This means that it cannot
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be claimed with the probability 90% that GA will solve the problem in the
selected computational budget. However, it should be noted that with the
probability 75% GA will resolve the test problem of the same class with no
more than 9:24% of the computational budget (i.e., with no more than 92 400
trials).

On can see that the presented quantiles correspond to the results presen-
ted in Figures 2.11{2.19. In particular, the results presented in Tables 2.8{2.9
correspond to the average operational zones for each metaheuristic algorithm
presented in Figures 2.12{2.19.

2.2.3 Aggregated operational zones and restarts of
metaheuristics

One can see also that in many runs metaheuristics got trapped into local
minima and were not able to exit from their attraction regions producing
so operational zones with long horizontal parts (see, e.g., Fig. 2.12.d where
metaheuristic GA works signi cantly better than DIRECT and DIRECT-L
if the budget is less than 40000 trials and then almost does not improve the
number of solved problems remaining, however, always better than the two
deterministic methods). This means that increasing the number of trials does
not improve results in this case and it is necessary to restart metaheuristics.
Aggregated operational zones proposed here show what happens in this case.
They are constructed as follows.

First, an algorithm is launched K times (K = 100 was used again here
in order to have the same computational resources available for constructing
operational zones) with an allowed number of trials Npax < Nmax (in our
experiments Nmax = 50000, Nmax = 10° for each metaheuristic). Then, for
non-solved problems the algorithm is launched again with the same number
Nmax Of allowed trials. Thus, if the algorithm did not solve a problem p in the

rstn;1 n<T;T =bNmnax=NmaxC; runs but has solved it in the (n+ 1)-th
runint;l t nNpax; trials then the number of trials to solve the problem p
is equal to N Npax +t. Otherwise, if the algorithm did not solve the problem
p in T runs, then the number of executed trials for the problem p is set equal
to the maximal allowed number Npmax (in order to remind that more than
Nmax trials are required to solve this problem the mark \> 108" is used in
Table 2.7). In this way, T runs are executed to complete the aggregated
characteristic. Finally, k = K=T aggregated operational characteristics are
used to build the aggregated operational zone in the same way as operational
characteristics are used to construct an operational zone. The lower and
upper boundaries are de ned analogously.
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Figure 2.12: Operational characteristics built on two 5-dimensional classes
of 100 GKLS test functions for deterministic methods DIRECT, DIRECT-L,
and ADC and operational zones for stochastic metaheuristics Fire y Algo-
rithm (FA), Genetic Algorithm (GA) and Arti cial Bee Colony (ABC). (a)
Operational characteristics for deterministic methods and the operational
zone for FA for the simple 5-dimensional class. (b) The same as (a) for the
hard class. (c) Operational characteristics for deterministic methods and the
operational zone for GA for the simple 5-dimensional class. (d) The same as
(c) for the hard class. (e) Operational characteristics for deterministic met-
hods and the operational zone for ABC for the simple 5-dimensional class.
(f) The same as (e) for the hard class.
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class. (e) Operational characteristics for deterministic methods and operati-
onal zones for ABC are presented for the simple class. (f) The same as (e)

for the hard class.
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Figure 2.14: Operational characteristics and operational zones for the 3-
dimensional GKLS classes for metaheuristics FA, GA, and ABC. (a) Opera-
tional characteristics for deterministic methods and operational zones for FA
are presented for the simple class. (b) The same as (a) for the hard class. (c)
Operational characteristics for deterministic methods and operational zones
for GA are presented for the simple class. (d) The same as (c) for the hard
class. (e) Operational characteristics for deterministic methods and operati-
onal zones for ABC are presented for the simple class. (f) The same as (e)
for the hard class.
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Figure 2.15: Operational characteristics and operational zones for the 4-
dimensional GKLS classes for metaheuristics FA, GA, and ABC. (a) Opera-
tional characteristics for deterministic methods and operational zones for FA
are presented for the simple class. (b) The same as (a) for the hard class. (¢)
Operational characteristics for deterministic methods and operational zones
for GA are presented for the simple class. (d) The same as (c) for the hard
class. (e) Operational characteristics for deterministic methods and operati-
onal zones for ABC are presented for the simple class. (f) The same as (e)
for the hard class.
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Figure 2.16: Operational characteristics and operational zones for the 2-
dimensional GKLS classes for metaheuristics PSO and DE. (a) Operational
characteristics for deterministic methods and operational zones for PSO are
presented for the simple class. (b) The same as (a) for the hard class. (c)
Operational characteristics for deterministic methods and operational zones
for DE are presented for the simple class. (d) The same as (c) for the hard
class.
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Figure 2.17: Operational characteristics and operational zones for the 3-
dimensional GKLS classes for metaheuristics PSO and DE. (a) Operational
characteristics for deterministic methods and operational zones for PSO are
presented for the simple class. (b) The same as (a) for the hard class. (c)
Operational characteristics for deterministic methods and operational zones
for DE are presented for the simple class. (d) The same as (c) for the hard

class.
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Figure 2.18: Operational characteristics and operational zones for the 4-
dimensional GKLS classes for metaheuristics PSO and DE. (a) Operational
characteristics for deterministic methods and operational zones for PSO are
presented for the simple class. (b) The same as (a) for the hard class. (c)
Operational characteristics for deterministic methods and operational zones
for DE are presented for the simple class. (d) The same as (c) for the hard
class.
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Figure 2.19: Operational characteristics and operational zones for the 5-
dimensional GKLS classes for metaheuristics PSO and DE. (a) Operational
characteristics for deterministic methods and operational zones for PSO are
presented for the simple class. (b) The same as (a) for the hard class. (c)
Operational characteristics for deterministic methods and operational zones
for DE are presented for the simple class. (d) The same as (c) for the hard
class.



Metaheuristic algorithms Deterministic algorithms

N Class (10000 runs for each algorithm and class) (100 runs for each algorithm and class)

Di erential Particle Swarm Genetic Arti cial Fire y DIRECT DIRECT-L Diagonal

Evolution Optimization Algorithm Bee Colony Algorithm Algorithm
2 | simple >52910.38(511) >110102.74(1046) | >327452.5(2735) 2120.8 1190.3 198.9 292.8 176.3
2 hard >357467.49(3556) | >247232.35(2282) | >370907.3(3149) 10366.2 >4299.6(3) 1063.8 1267.1 675.7
3 | simple | >165125.02(1515) | >170320.10(1489) | >242231.7(1599) 10245.0 15269.2 1117.7 1785.7 735.8
3 hard >476251.20(4603) | >285499.04(2501) | >412037.8(2874) 26254.2 >21986.3(1) >42322.7(4) 4858.9 2006.8
4 | simple | >462401.52(4546) | >303436.36(2785) | >150597.5(1290) >57669.5(19) 23166.7 >47282.9(4) 18983.6 5014.1
4 hard >773481.03(7676) | >456996.08(4157) | >247860.8(1900) | >150706.5(255) 40380.7 >05708.3(7) 68754.0 16473.0
5 | simple | >294839.01(2815) | >181805.17(1561) | >237392.9(2208) >38068.0(14) >47203.1(16) >16057.5(1) 16758.4 5129.9
5 hard >751930.00(7473) | >250462.63(2109) | >249965.6(2311) | >230192.9(879) | >79555.2(38) | >217215.6(16) | >269064.4(4) 30471.8

YThe record \>m(i)" means that the algorithm did not solve a global optimization problem i times in 100 runs
and in 100 runs for deterministic algorithms). In this case, the maximal number of trials set to 108 was used to calculate the average number of trials m.

100 problems (i.e., in 10000 runs for metaheuristics

Table 2.7: Results of the experiments. For each test class the average number of trials required to solve all 100
problems is presented for each deterministic algorithm. For each metaheuristic method, the average number of trials
required to solve each problem on 100 runs has been calculated, and the average of these 100 values is presented.”




Metaheuristic algorithms Deterministic algorithms
(10,000 runs for each algorithm and class) (100 runs for each algorithm and class)
N Q Di erential | Particle Swarm | Genetic Arti cial Fire y DIRECT | DIRECT-L ADC
Evolution Optimization | Algorithm | Bee Colony | Algorithm i
25 0.07% 0.04% 0.13% 0.03% 0.05% 0.01% 0.01% 0.01%
5 50 0.14% 0.08% 3.28% 0.05% 0.08% 0.01% 0.02% 0.02%
75 0.26% 0.21% 99.53% 0.12% 0.14% 0.02% 0.04% 0.02%
90 0.60% 95.74% 100.00% 0.69% 0.22% 0.04% 0.07% 0.02%
25 0.22% 0.29% 1.35% 0.09% 0.43% 0.02% 0.03% 0.05%
3 50 0.44% 0.92% 4.83% 0.16% 0.84% 0.04% 0.06% 0.06%
75 1.99% 3.60% 26.64% 1.06% 1.66% 0.15% 0.19% 0.10%
90 35.70% 97.61% 99.83% 2.94% 2.91% 0.30% 0.57% 0.12%
25 0.17% 0.25% 0.24% 0.12% 0.32% 0.13% 0.23% 0.28%
4 50 2.49% 1.04% 0.83% 1.34% 0.83% 0.50% 0.73% 0.41%
75 89.48% 97.25% 3.78% 6.03% 2.69% 1.12% 3.07% 0.73%
90 | 100.00% 100.00% 96.73% 15.89% 6.18% 2.21% 5.57% 0.89%
25 0.17% 0.27% 0.46% 0.12% 0.33% 0.06% 0.32% 0.21%
5 50 0.29% 0.87% 1.56% 0.34% 0.62% 0.16% 0.93% 0.39%
75 97.05% 4.04% 9.24% 3.73% 2.86% 0.64% 1.90% 0.64%
90 | 100.00% 99.78% 100.00% 10.89% 14.11% 1.54% 3.54% 1.02%
Table 2.8: Results of the experiments. For each algorithm, quantiles Qs; Qso; Q75; and Qg for the number of trials

for simple test classes are presented.




Metaheuristic algorithms Deterministic algorithms
(10,000 runs for each algorithm and class) (100 runs for each algorithm and class)
N | Q Di erential | Particle Swarm | Genetic Arti cial Fire y DIRECT | DIRECT-L ADC
Evolution Optimization | Algorithm | Bee Colony | Algorithm i
25 0.09% 0.08% 0.43% 0.05% 0.07% 0.03% 0.06% 0.04%
5 50 0.40% 0.26% 6.12% 0.23% 0.12% 0.11% 0.13% 0.06%
75 2.96% 25.03% 99.05% 1.32% 0.22% 0.14% 0.18% 0.09%
90 | 100.00% 100.00% 100.00% 2.87% 0.47% 0.22% 0.22% 0.12%
25 0.54% 0.61% 2.80% 0.13% 0.54% 0.04% 0.08% 0.12%
3 50 14.88% 2.28% 18.64% 0.95% 1.11% 0.17% 0.20% 0.17%
75 32.84% 99.91% 99.63% 3.20% 2.14% 0.37% 0.62% 0.27%
90 | 100.00% 100.00% 100.00% 7.20% 4.02% 0.64% 1.25% 0.35%
25 93.83% 1.18% 0.48% 1.23% 0.63% 0.69% 0.67% 1.04%
4 50 93.83% 12.42% 2.66% 6.16% 1.85% 1.61% 3.32% 1.51%
75 | 100.00% 99.10% 26.78% 18.51% 4.93% 4.31% 11.31% 2.16%
90 | 100.00% 100.00% 99.57% 41.96% 10.52% 13.40% 18.89% 2.90%
25 45.86% 0.59% 0.55% 1.27% 0.82% 0.89% 1.90% 1.31%
5 50 95.77% 2.28% 1.82% 7.51% 2.46% 5.51% 18.29% 2.46%
75 | 100.00% 21.34% 13.81% 30.74% 8.97% 15.09% 47.71% 4.44%
90 | 100.00% 100.00% 100.00% 88.36% 21.57% 19.01% 69.96% 6.43%

Table 2.9: Results of the experiments.

for hard test classes are presented.

For each algorithm, quantiles Qas; Qso; Q75; and Qgo for the number of trials
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Figure 2.20: Aggregated operational zones for stochastic metaheuristics Fi-
re y Algorithm (FA), Genetic Algorithm (GA), and Arti cial Bee Colony
(ABC) and operational characteristics for deterministic methods DIRECT,
DIRECT-L, and ADC built on two 5-dimensional classes of 100 GKLS test
functions. (a) Operational characteristics for deterministic methods and the
aggregated operational zone for FA for the simple 5-dimensional class. (b)
The same as (a) for the hard class. (c) Operational characteristics for deter-
ministic methods and the aggregated operational zone for GA for the simple
5-dimensional class. (d) The same as (c) for the hard class. (e) Operatio-
nal characteristics for deterministic methods and the aggregated operational
zone for ABC for the simple 5-dimensional class. (f) The same as (e) for the
hard class.
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Fig. 2.20 shows results of experiments for the three deterministic met-
hods and metaheuristics FA, GA, and ABC. It should be stressed that the
aggregated operational zones allow one to emphasize better the potential
of nature-inspired metaheuristics. In fact, the advantage of the aggregated
zones with respect to the operational zones can be illustrated, for exam-
ple, by situations shown in Fig. 2.12.f and Fig. 2.20.f. It can be seen from
Fig. 2.12.f that operational characteristics of deterministic methods DIRECT
and DIRECT-L are located inside the zone of the metaheuristic ABC and,
therefore, it is not possible to determine which of the three methods behaves
better. In contrast, the aggregated zone of ABC is higher than the charac-
teristics of both deterministic methods, i.e., it can be concluded that ABC
outperforms them.

In conclusion, the proposed operational zones and aggregated operatio-
nal zones allow one to compare e ectively deterministic and stochastic glo-
bal optimization algorithms having di erent nature and give a handy vi-
sual representation of this comparison for di erent computational budgets.
Nature-inspired metaheuristics and deterministic Lipschitz algorithms have
been compared on 800 of tests giving so a new understanding for both classes
of methods and opening a dialog between the two communities. It can be
seen that both classes of algorithms are competitive and surpass one another
in dependence on the available budget of function evaluations.

2.3 Emmental-type GKLS-based generator of
test classes for global optimization with
nonlinear constraints

Continuous constrained global optimization problems are considered here. A
problem of this kind can be formally stated as follows (see, e.g., references
in [54, 192, 207, 215]):

f =f(x)=minf(x); D RN; (2.6)
x2D
where D is a bounded N-dimensional region de ned as
D=fx2 :g(x) 0,1 j po 2.7)

=[a;blj=fx2RN:a x bi;1 i Ng ab2RM: (2.8)

The objective function f(x) from (2.6) and constraints g;(x), 1 j p,
from (2.7) are continuous, nonlinear, and can be multiextremal.
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A new generator of classes of multidimensional test problems for bench-
marking continuous constrained global optimization methods is described in
this Section. It is based on the GKLS-generator as given in Algorithm 829
[65] and extends the previous generation procedure from the box-constrained
case to the case of nonlinear constraints (see [197] and [199] for details). The
user has the possibility to x the di culty of tests in an intuitive way by
choosing several types of constraints. A detailed information (including the
global solution) for each of 100 generated problems in each class is provided
to the user.

2.3.1 Box-constrained GKLS generator of test problems

There exists a huge number of methods for solving problem (2.6){(2.8) (see,
e.g., references in [54, 207, 215]). As a consequence, the necessity of their
fair numerical comparison on a well-structured benchmarking set arises, es-
pecially when methods having a completely di erent nature are to be com-
pared (see, e.g., [107] for the related discussion on a numerical compa-
rison of metaheuristic and deterministic global optimization algorithms).
In global optimization tests taken from real-life applications, the lack of
such information as the number of local minimizers, their locations and
attraction regions, and local and global minimum values creates additio-
nal di culties in verifying validity of the algorithms (see benchmark clas-
ses and related discussions on testing global optimization algorithms, e.g.,
in [18, 55, 140, 158, 160, 162, 188, 215, 229]).

One of the important aspects to be considered in this context is an in-
tuitive visualization of numerical results. For example, in [198] (see also
Section 2.2), new tools called operational zones and aggregated operational zo-
nes for comparing global optimization algorithms of a di erent nature (e.qg.,
stochastic and deterministic methods) by means of a particular graphical re-
presentation of the obtained numerical results have been proposed. To use
this tool, classes of test problems are required. On the one hand, there exist
many generators of test problems for continuous box-constrained local and
global optimization (see, e.g., [60] for the landscape generators; [146] for the
large-scale nonconvex quadratic problems generator; [17], [21], and [55] for
some interesting test classes; and [4], [78], [153], and [162] for other generators
of global optimization test problems). On the other hand, in the framework
of a general continuous constrained global optimization only collections of
benchmark test problems are usually used (see, e.g., [53, 148, 193]) due to
the absence of test classes and generators for this type of problems.

The research meets this lack and introduces a new generator of classes of
100 random global optimization test problems with similar characteristics,
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nonlinear constraints, known minimizers, and a parameterizable di culty.
In order to obtain a powerful instrument for testing constrained global opti-
mization methods, the following requirements have been particularly taken
into consideration:

1. The global solution of the constrained and box-constrained problems
should be known but di er from each other.

2. The global solution of the constrained problem should be placed on the
boundary of the feasible region, since in practice this is a frequently
encountered situation.

3. The di culty of the admissible region should be controllable in several
ways.

4. The gradient value of the objective function at the global minimizer of
the constrained problem should be di erent from zero!.

5. The number of active constraints at the global solution to the constrai-
ned problem should be controllable?.

In order to guarantee the properties given above, the Emmental-type
generator of classes of constrained test problems is built by extending the
GKLS-generator (see [65]) of classes of test problems with non-di erentiable,
di erentiable, and twice continuously di erentiable objective functions for
box-constrained global optimization. Since 2003, when the GKLS-generator
has been proposed, it has gain a high popularity within the global optimiza-
tion community for testing numerical methods (in fact, it is now used in more
than 40 countries of the world) due to its simplicity and exibility. Therefore,
its extension to the case of constrained global optimization problems seems
to be an opportune and useful contribution in such an important research
area as benchmarking numerical global optimization software.

Constrained Emmental-type tests are built using one of the following
three classes produced by the GKLS-generator [65]: non-di erentiable (ND-
type), di erentiable (D-type), and twice continuously di erentiable (D2-
type). We recall that box-constrained test problems in the GKLS classes
are generated by de ning a convex quadratic function distorted by polyno-
mials of orders 2, 3, or 5 for ND, D, or D2 classes, respectively, in order to

1Suggested by Julius Zilinskas.
2Suggested by Renato De Leone.
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Figure 2.21: Examples of a box-constrained D-type GKLS test problem (a)
and the corresponding box-constrained Emmental-type test problem (b) over

=[ 1;1]%: the functions do not coincide even in the absence of nonlinear
constraints.

introduce local minima. In particular, the objective function of a GKLS class
is constructed by modifying a paraboloid Z

Z: z(x)=jjx TjP+t x2 (2.9)

with the minimum t at a point T 2 int( ), where int( ) denotes the interior
of from (2.8) and jj jj denotes the Euclidean norm, in such a way that
the resulting box-constrained problem has m, m 2, local minimizers: the
point T from (2.9) and points M; 2 int( ), Mi& T, M; &M;,2 i;j m,
i & J. The paraboloid Z from (2.9) is modi ed by the polynomials within
balls S; (not necessarily entirely contained in ) around each point M;,
2 1 m (with M; := T being the vertex of the paraboloid and M, being
the global minimizer of the box-constrained test problem), where

Si=tx2RY:jjx Mjj i i>0g (2.10)

Each GKLS test class includes 100 functions and is de ned by ve parameters
to be chosen by the user (see [65] for details):

(1) the problem dimension N 2;



102 A Systematic Comparison of GO Algorithms of Di erent Nature

(2) the number of local minimizers m 2 (including the paraboloid vertex
M; =T from (2.9));

(3) the global minimum value f <t (t = 0 by default in (2.9));
(4) the radius  of the attraction region of the global minimizer M;

(5) the distance r from the global minimizer M, to the paraboloid vertex
M;.

Many other necessary parameters are set randomly by the GKLS-generator
for each test function of the selected class. It is important to notice that the
generator produces the same test classes for a xed set of the user-de ned
parameters thus allowing the repeatability of numerical experiments.

As an illustration, Fig. 2.21.a shows an example of a GKLS test function
de ned over the box = 1;1]2. This function has number 3 in the D-
type test class with the following parameters: (1) N = 2; (2) m = 30; (3)
f = 1,4 =% and (5)r = % The randomly generated global
minimizer of this function is M, * ( 0:086; 0:478) and the paraboloid vertex
isM; * ( 0:842;0:216).

Let us show now, how the global minimum points and values of the box-
constrained GKLS problems are modi ed in order to take into account the

rst of the requirements for constrained tests mentioned previously. By doing

this, the box-constrained Emmental-type test problem corresponding to a
box-constrained GKLS test problem but di erent from the latter one will
be obtained. Then, nonlinear constraints will be introduced in the resulting
box-constrained Emmental-type test problems to construct the desired con-
strained Emmental-type tests. The global minimum value of the constrained
Emmental-type test problem remains equal to that of the corresponding box-
constrained GKLS problem (as one of the user-de ned parameters) but its
location is di erent and is shifted to the boundary of the admissible region
D from (2.7) de ned by a set of active nonlinear constraints.

2.3.2 Generator with parameterizable di culty and
known global solution

In order to ensure that the global solution to the newly constructed box-
constrained and constrained Emmental-type problems and the original box-
constrained GKLS problems di er from each other, the following modi cation
to the GKLS tests is performed (see [199] for details). For a particular
box-constrained GKLS test problem with m 3 (cf. [65] where m 2 is
allowed) local minimizers, the local (not global M;) minimizer M; . having

Imin
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the attraction region closest to the paraboloid vertex M; = T from (2.9) is
determined by index inin as follows

imin=ar93rqinmfjjl\/li Mijj 0 (2.11)

where ; is the radius of the ball S; from (2.10) (index i starts from 3 in (2.11),
since i = 1 and i = 2 are reserved for the paraboloid vertex and the global
minimizer, respectively). Polynomial P; . for the ND-type GKLS function
(polynomials C;_,, or Q;_., for D-type or D2-type GKLS functions, respecti-
vely), de ned in [65] by formula (15) (formulae (8) or (13)) is then modi ed
as follows. Its smallest value over S; . is set equal to 3 jf j, where f
is the user-de ned global minimum value of the considered box-constrained
GKLS problem (recall that £ should be smaller than the function value t
at the paraboloid vertex from (2.9); t is set equal to 0 by default in the
GKLS-generator). After this modi cation, the global solution to the box-
constrained problem moves to the point M;_ .. (with iy, from (2.11)) with
a new global minimum value equal to 3 jf j. In this way, the global mi-
nimum point and value of the box-constrained GKLS and Emmental-type
problems are di erent (see Fig. 2.21.a and Fig. 2.21.b). The updated in-
formation about the global solution of the box-constrained Emmental-type
problem under consideration is provided to the user.

In order to have a global minimizer x of the constrained Emmental-
type problem di erent from the corresponding box-constrained GKLS and
Emmental-type problems and with a non-zero gradient value (the fourth
requirement), x is placed between the points M; (the paraboloid vertex form
(2.9)) and M, (the global minimizer of the box-constrained GKLS problem)
with an unknown distance d from the point M,, d =jjx  Myjj,

d d
S T VARG TTV I VS i (212
To ensure that the global minimum value of the constrained Emmental-type
problem (2.6) at the point x is equal to f (i.e., equal to the user-de ned
global minimum value of the box-constrained GKLS test problem), the dis-
torting polynomial P,(x), C,(x), or Qx(x) of order 2, 3, or 5 in the box-
constrained Emmental-type problem of ND, D, or D2 types, respectively
(see formulae (15), (8), or (13) in [65]), is rede ned over the attraction re-
gion S, of the point M, by setting its smallest value in S, equal to 2 jf j.
Taking into consideration that the points My, x , and M, are aligned along
the ray from M; and denoting d = jjx M,jj (where d expresses the distance
from M, to a point x 2 S, at the one-dimensional segment [My; M,]), this
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polynomial can be written along the one-dimensional segment [My; M;] S,
in terms of the argument d as

8
=P,(d); for ND-type classes;

P@) = >C2(d); for D-type classes; (2.13)
= Q,(d); for D2-type classes;

where the polynomials P,(d), C,(d), and Q,(d) are de ned as follows

Po(d) = (1 M+ LA 2 jfj;
Co(d) = (R Za)d+ (1 P+ 308 2 jf j;
Q2(d) [ GMi Mol 4 6.A, + L(1 5)]d>+

e e VORI T ) S

+ 12]]M12szj + 1_%A2 + i(l §)]dS +% a2 2 if j;

(2.14)
with  being the radius of the attraction region S, of M, (one of the ve user-
de ned parameters in the GKLS-generator), A, = jjM;  Myjj? +t+2 jf j
(tis from (2.14)) and being a properly chosen random number (see [65] for
details).

The distance d in (2.12) can be, therefore, found as the solution to the
nonlinear equation

Eqd):=P@) f =0 (2.15)

where P (d) is from (2.13){(2.14). It can be seen from (2.15) that E4(0) =

2 jfj f <0.On the other hand, Eq( ) =P( ) T > 0 due to the
fact that P( ) is the polynomial (2.13) value at the border of S, (and so
it is equal to a value of the paraboloid Z from (2.9)) and, by the generator
settings, f <t = r)pzin z(X), where z(x) is from (2.9). All the values P (d)

withd 2 [0; ] correspond to the functions P,(d), C,(d), or Q,(d) from (2.14)
and, as a consequence, to the polynomials P,(x), C,(X), or Q,(x) with x 2 S,.
Since the point M, is the unique local minimizer of these polynomials over
the ball S,, they are monotonous in the direction (M;  M;). Thus, P (d) is
also monotonous along the one-dimensional segment [0; ], with its values
of opposite signs on the endpoints 0 and . It follows that the solution to
(2.15) exists, is unique and the location of the global minimizer x is uniquely
de ned in (2.12). This location can be determined either analytically for the
functions of ND-type, or numerically for the functions of D- or D2-type by
using some simple numerical methods (e.g., bisection method) for nding
solution to (2.15) over a one-dimensional segment. Once de ned, the global
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minimizer x of the constrained Emmental-type test problem is provided to
the user.

Four types of constraints are proposed for the Emmental-type constrained
test problems. Satisfaction of each constraint g;(x), 1 j p, from (2.7)
gives the exterior of a ball with a center G; and a radius rj, i.e.,

GeI=r Jx Gii 0 1 j p (2.16)

Constraints of the rst type are related to the local minimizers of the
corresponding box-constrained Emmental-type test problem; the number p;
of these constraints is such that 3 P1 m. Constraints of the second
type are connected with the vertices of from (2.8); the number p, of these
constraints is such that 0 p, 2N, where N is the problem dimension
from (2.8). Constraints of the third type are constructed by de nition (with
some safeguards) of a number of random balls in  and their number p; 0.
Finally, p4 constraints (p;  0) of the fourth type ensure the required number
Nactive 1 Of active constraints, ps; = Nactive 1. They are generated by
de ning several random balls of the same radius in such a way that they
cross at the global minimizer x from (2.12). The total number of nonlinear
constraints isequal top = p; +po +ps+ps, p 3. Fig. 2.22 illustrates
constraints of di erent types for the di erentiable objective function from
Fig. 2.21.b.

Let us describe more in detail how nonlinear constraints are generated in a
constrained Emmental-type test problem, starting from p; constraints of the

rst type. A ball with its center at the point G; = M; being the paraboloid
vertex from (2.9) is considered as constraint g;,(x) in (2.16). Radius ry of this
ball (see Fig. 2.22.a) is taken as the distance between M; and the attraction
region of the global minimizer M;_.  (imin is from (2.11)) of the corresponding
box-constrained Emmental-type test problem, ensuring meanwhile that the
balls S; and S, do not overlap, i.e.,

re=minfjjiMy Miji i iiMz Mijj 20 (2.17)

In order to satisfy the rst requirement for constrained tests described
previously, the ball S; . (imin is from (2.11)) is taken as the following con-
straint of the rst type (see Fig. 2.22.a),

gz(x) = imin jjx Mlmmjj.
To place the global minimizer of the constrained test problem on the
boundary of the feasible region D from (2.7), the following constraint gs(x)
in (2.16) is built by using a ball with its center at the point

d 2
Gi= — 2 — M +(Q+—2 " My 2.18
1+ ( M, szj) 2 (2.18)

7ML Myjj






















































































































































































































































































































































